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An existence result for the fractional Kelvin—Voigt’s model
on time-dependent cracked domains

MaicoL CAPONI@) AND FRANCESCO SAPIO

Abstract. We prove an existence result for the fractional Kelvin—Voigt’s model involving Caputo’s deriva-
tive on time-dependent cracked domains. We first show the existence of a solution to a regularized version
of this problem. Then, we use a compactness argument to derive that the fractional Kelvin—Voigt’s model
admits a solution which satisfies an energy-dissipation inequality. Finally, we prove that when the crack is
not moving, the solution is unique.

1. Introduction

This paper deals with the mathematical analysis of the dynamics of elastic damping
materials in the presence of external forces and time-dependent brittle fracture. In this
framework, it is important to find the behavior of the deformation when the crack
evolution is known. This is the first step toward the development of a complete model
of dynamic crack growth in viscoelastic materials. From a mathematical point of view,
this means solving the following dynamic system

ii() — div(oc(t)) = f(t) inQ\T:, 7€ (0,T). (1.1)

In the equation above, 2 C R¥ represents the reference configuration of the material,
the set I'; C € models the crack at time ¢ (which is prescribed), u(r): Q \ I'; — R?
is the displacement of the deformation, o (¢) the stress tensor, and f (¢) is the forcing
term.

In the classical theory of linear viscoelasticity, the constitutive stress—strain relation
of the so-called Kelvin—Voigt’s model is given by

o (1) = Ceu(t) + Beir(t) inQ\ Ty, te(0,T), (1.2)

where C and B are two positive tensors acting on the space of symmetric matrices,
and ev denotes the symmetric part of the gradient of a function v (which is defined
as ev = %(Vv + VuT)). The local model associated with (1.2) has already been
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widely studied and we can find several existence results in the literature; we refer to
[2,3,6,7,17,24] for existence and uniqueness results in the pure elastodynamics case
(B = 0) and in the classic Kelvin—Voigt’s one.

In recent years, materials whose constitutive equations can be described by non-
local models are of increasing interest. In this context, by non-local we mean that
the state of the stress at instant ¢ depends not only on that instant, but also on the
previous ones (long memory). For solid viscoelastic materials, some experiments are
particularly in agreement with models using fractional derivative, see for example
[10,11,23,25] and the references therein.

In this paper, we focus on the fractional Kelvin—Voigt’s model, i.e., we consider the
following constitutive stress—strain relation

o (t) = Ceu(t) + BDeu(t) inQ\T,.1€(0,T),

where D{ denotes a fractional derivative of order & € (0, 1). In the literature, we can
find several definitions for the fractional derivative of a function g: (a, b) — R; here,
we focus on the most used ones which are Riemann—Liouville’s derivative of order o
at starting point a

RL 1o . 1 i/l gr)
« DisO=ra=ga ), tore O

and Caputo’s derivative of order o at starting point a
g
rd—ow) J, t—r)*

EDig(t) =

We recall that I' denotes Euler’s Gamma function; notice that in order to define Ca-
puto’s derivative the function g must be differentiable, while this is not necessary for
Riemann-Liouville’s derivative. Given g € AC([a, b]), and t € (a, b), we have the
following relation between Riemann—Liouville’s and Caputo’s derivative (see, e.g.,

[13]):

gla)
I'd—a) (—a)*

S Dy g(t) = D g(t) + (1.3)
In particular, when g(a) = 0, these two notions coincide. For more properties re-
garding these two fractional derivatives, we refer for example to [4,16,20,21] and the
references therein.

In this paper, we use Caputo’s derivative, which means we consider the dynamic
system

ii(1) — div ((Ceu(t) +Bng‘eu(t)> — f() inQ\T,,1e©,T). (14

One of the qualities of this definition for the fractional derivative is that the initial
conditions can be imposed in the classical sense, see for example [16,20]. The choice
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of 0 as a starting point is due to the fact that we want to couple dynamic system (1.1)
with the initial conditions at time ¢ = 0.

Dealing with (1.4) is very difficult, since in the definition of g Dfeu(t) we need
that eu is differentiable, which is a very strong request. Hence, we rephrase Caputo’s
derivative in a more suitable way. Thanks to (1.3) for g € AC([0, T']), we can write

§ DY (l)—;i - (g(r) 0)d (1.5)
0518 _F(l—a)dt/() (1 — e &) &V '

This formulation of Caputo’s derivative is well-posed in the distributional sense also
when the function g is only integrable. We point out that formula (1.5) can be found
in the recent literature on fractional derivatives, where it is used to define the notion
of weak Caputo’s derivative for less regular functions, see for example [9,15].

Thanks to formula (1.5), we can write system (1.4) in a weaker form (see Defini-
tion 2.2) as

t
i(t) — div <(Ceu (1) + % / F(t —r)(eu(r) — eu(0)) dr)
0
= f@) in Q\TI',1€(0,7), (1.6)

where

1 1
F@) :=p@®)B, p@):= l’(l——a)t_"‘ for 1 € (0, 00). 1.7
Notice that the scalar function p appearing in F is positive, decreasing, and convex
on (0, 00). Moreover, p € L'(0, T) for every T > 0, but it is not bounded on (0, T).
In particular, we cannot compute the derivative in front of the convolution integral
in (1.6).

In the literature, we can find several existence and uniqueness results for fractional
type systems related to (1.6), but only when €2 is a smooth domain without cracks.
For example in [5], the authors studied an integral version of (1.6) with eu replaced
by Vu, and in [1, 14,19] other fractional viscoelastic models are considered and the
existence of solutions is obtained via Laplace’s transform. However, in the case of
dynamic fracture, there are no existence results for the problem (1.6), since most of
the previous techniques fail given that the set 2 \ I'; is irregular and time dependent.

To prove the existence of a solution to (1.6), we proceed into two steps, taking
inspiration by [5]. First, we consider a regularized version of (1.6), where we replace
the kernel IF by a regular kernel G € C2([0, T]). Then, we prove the existence of a
solution to the more regular system

'
i(t) — div ((Ceu(t) + % / Gt —r)(eu(r) — eu(0)) dr)
0
=f(t) in Q\Flvte(()’T)v (18)

and we show that this solution satisfies a uniform bound depending on the L'-norm
of G. Finally, we consider a sequence of regular tensors G¢ converging to F in L!
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and we take the solutions to (1.8) with G := G*. By a compactness argument, we
show that the sequence u€ converge to a function u™ which solves (1.6). Moreover,
we prove that this solution satisfies an energy-dissipation inequality. We conclude this
paper by showing that, when the crack is not moving, the fractional Kelvin—Voigt’s
system (1.6) admits a unique solution.

The paper is organized as follows: in Sect. 2, we fix the notation and the framework
of our problem. Moreover, we give the notion of solution to the fractional Kelvin—
Voigt’s system involving Caputo’s derivative (1.6) and we state our main existence
result (see Theorem 2.4). Section 3 deals with the regularized system (1.8). First, by
a time-discretization procedure in Theorem 3.13 we prove the existence of a solution
to (1.8). Then, in Lemma 3.14 we derive the uniform energy estimate which depends
on the L'-norm of G. In Sect. 4 we consider Kelvin—Voigt’s system (1.6): we prove
the existence of a generalized solution to system (1.6) and in Theorem 4.2 we show
that such a solution satisfies an energy-dissipation inequality. Finally, in Sect. 5 we
prove that, for a not moving crack, the solution to (1.6) is unique.

2. Notation and framework of the problem

The space of m x d matrices with real entries is denoted by R xdincasem = d, the

dxd
sym °

we denote its Jacobian matrix by Vu, whose components are (Vu);; := d;u; for
i=1,....mand j = 1,...,d; when u: RY — RY, we use eu to denote the
symmetric part of the gradient, namely eu := %(Vu + VuT). Given a tensor field
A: R?Y — R™*4 by div A we mean its divergence with respect to rows, namely
(div A); == Y9_, 8;A;; fori =1,....m.

We denote the d-dimensional Lebesgue measure by £¢ and the (d — 1)-dimensional
Hausdorff measure by ?~!; given a bounded open set Q with Lipschitz boundary,
by v we mean the outer unit normal vector to 9€2, which is defined He= 1 a.e. on the
boundary. The Lebesgue and Sobolev spaces on €2 are defined as usual; the boundary
values of a Sobolev function are always intended in the sense of traces.

The norm of a generic Banach space X is denoted by || - ||x; when X is a Hilbert
space, we use (-, -)x to denote its scalar product. We denote by X’ the dual of X and
by (-, -)x’ the duality product between X’ and X. Given two Banach spaces X| and
X, the space of linear and continuous maps from X to X» is denoted by .Z(X; X»);
given A € Z(X1; Xp) andu € X1, we write Au € X» to denote the image of u under
A.

Moreover, given an open interval (a,b) C R and p € [1, oo], we denote by
L?(a, b; X) the space of L? functions from (a, b) to X; we use Wk’p(a, b; X) and
H¥*(a, b; X) (for p = 2) to denote the Sobolev space of functions from (a, b) to X with
k derivatives. Given u € W!-? (a, b; X), we denote by u € L?(a, b; X) its derivative
in the sense of distributions. When dealing with an element u € WI’P(a, b; X) we
always assume u to be the continuous representative of its class; in particular, it makes

subspace of symmetric matrices is denoted by R Given a function u: R¢ — R™,
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sense to consider the pointwise value u(¢) forevery ¢ € [a, b]. We use C SJ ([a, b]; X) to

denote the set of weakly continuous functions from [a, b] to X, namely, the collection

of maps u: [a, b] — X such that 7 > (x’, u(¢))x is continuous from [a, b] to R for

every x' € X'.

Let T be a positive real number and let @ C R¢ be a bounded open set with
Lipschitz boundary. Let dp <2 be a (possibly empty) Borel subset of d<2 and let oy €2
be its complement. Throughout the paper we assume the following hypotheses on the
geometry of the cracks:

(H1) T c Qis aclosed set with £4(I') = 0 and HY~ (' N 9Q) = 0;

(H2) for every x € I there exists an open neighborhood U of x in R such that
(U N Q) \ T is the union of two disjoint open sets U™ and U~ with Lipschitz
boundary;

(H3) {I't}tef0.77 1s an increasing family in time of closed subsets of I', i.e., I'y C I';
forevery0 <s <t <T.

Thanks (H1)—(H3), the space L2(Q\ T'y; R™) coincides with L2(2; R™) for every
t € [0, T] and m € N. In particular, we can extend a function u € Lz(Q \ I't; R™) to
a function in L2(2; R™) by setting u = 0 on I';. To simplify our exposition, for every
m € N we define the spaces H := L2(S; R™), Hy := L%*(0y$2: R™) and Hp =
L?(3pQ; R™); we always identify the dual of H by H itself, and L2((0, T) x §; R™)
by the space L2(0, T; H). We define

U == H (Q\T;;RY) foreveryr € [0, T].

Notice that in the definition of U, we are considering only the distributional gradient
of uin 2\ I'; and not the one in Q2. By (H2) we can find a finite number of open sets
U;j c Q\T,j=1,...m, with Lipschitz boundary, such that Q \ I = U’j’.’:1 U;. By
using second Korn’s inequality in each U; (see, e.g., [18, Theorem 2.4]) and taking
the sum over j we can find a constant Cg, depending only on €2 and I, such that

IVl < Ck (||u||§, + ||eu||§,) forevery u € H'(Q \ I'; RY),

where eu is the symmetric part of Vu. Therefore, we can use on the space U; the
equivalent norm

2 2.4
lully, :== (lullgy + lleuly)? forevery u € U;.

Furthermore, the trace of u € H'(Q \ I'; RY) is well defined on 3. Indeed, we may
find a finite number of open sets with Lipschitz boundary V;, C Q\ T,k =1,...1,
such that 02\ (I'MaJ2) C Uizl dVy. Since HY~1(I'N3Q) = 0, there exists a constant
C, depending only on €2 and I", such that

1
lull 290.rdy < Cllullgi@yrigey foreveryu € H'(Q\ T'; RY).
Hence, we can consider the set

U,D ={uelU; :u=00n0dpR} foreveryt € [0, T],
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which is a closed subspace of U;. Moreover, there exists a positive constant Cy such
that

lullay < Cerllully, foreveryu € Ur.
Now, we define the following sets of functions
Cy = {ueC20,T); Ur) : i € C°([0, T1; H), u(r) € U fort € [0, T},
Cli={peclo,T;UP): p(t) e UP fort € [0, T},
in which we develop our theory. Moreover, we consider the Banach space

B = L(; Loym(REXT RIXDY),

sym > sym

where Lsym(R‘slyxn‘f, Rfyflfl ) represents the space of symmetric tensor fields, i.e., the

collections of linear and continuous maps A : Rfyxnf — ngxnfl satisfying

AE-n=An-£ forevery &, ne R

sym *

We assume that the Dirichlet datum z, the Neumann datum N, the forcing term f,
the initial displacement #°, and the initial velocity u' satisfy

ze W20, T: Uy), (2.1
N ewhl0,T; Hy), feL*0,T;H), (2.2)
u® € Uy with u® — z(0) e UP, u' € H. (2.3)

We consider a coercive tensor C € B, which means that there exists ¥ > 0 such that
C(x)& -& > y|€)* forevery & € R%and aex € Q. (2.4)

Moreover, let us take a time-dependent tensor F: (0, T 4+ §9) — B, with §9 > O,
satisfying

Fe C%0,T +80; BYNL' (0, T + 8y; B), (2.5)
F(r,x)E-£ >0 foreveryé e Rt € (0, T +8),and a.e. x € Q, (2.6)
F(r, x)E - £ <0 forevery& e Rt € (0, T + &), and a.e. x € Q, (2.7
F(r, x)€ - £ >0 forevery& e Rt € (0, T + &), and a.e. x € Q. (2.8)

Remark 2.1. The tensor FF may be not defined at # = 0 and unbounded on (0, T + §¢).
In the case of (1.7), the function I associated with the fractional Kelvin—Voigt’s model
involving Caputo’s derivative, satisfies (2.5)—(2.8) provided that B € B is nonnegative,
that is

B(x)¢-& >0 foreveryé € RYand ae. x € Q.

Since in our existence result we first regularize the tensor FF by means of translations
(see Sect. 4), we need that [ is defined also on the right of 7. This is not a problem,
because our standard example for IF, which is (1.7), is defined on the whole (0, o).
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In this paper, we want to study the following problem

i(t) — div(Ceu(r)) — div <d% fot F(t — r)(eu(r) — eu) dr) = f(t) inQ\TIY, te0,7),

u() = 2(1) ondpQ, 1e(0T),
Ceu(t)v + (% JEF@ = r)(eutr) — en®) dr) V=N ondnQ, 1e(0,T),
Ceu(t)v + (% SR = r)(eutr) — en®) dr) V=0 on T}, te0,T),
w(©) =u®, 0(0) =u' in 2\ To.

(2.9)

We give the following notion of solution to system (2.9):

Definition 2.2. (Generalized solution) Assume (2.1)—(2.8). A function u € C,, is
a generalized solution to system (2.9) if u(t) — z(¢t) € UZD for every t € [0, T],
1(0) = u% in Uy, 4(0) = u! in H, and for every ¢ € CCl the following equality holds

T T
_/0 @), () n dt+/0 (Ceu(t), ep(t)) g dt
T ot
— / / Tt —r)(eur) — euo), ep(t)) g drdt
0 0

T T
:/0 (f (@), () u dt+/0 (N (@), 9()y dt. (2.10)

Remark 2.3. The Neumann conditions appearing in (2.9) are only formal; they are
used to pass from the strong formulation in (2.9) to the weak one (2.10).

The main existence result of this paper is the following theorem:

Theorem 2.4. Assume (2.1)—(2.8). Then, there exists a generalized solution u € C,,
to system (2.9).

The proof of this theorem requires several preliminary results. First, in the next
section, we prove the existence of a generalized solution when the tensor I is replaced
by atensor G € C2([0, T1; B). Then, we show that such a solution satisfies an energy
estimate, which depends via G only by its L'-norm. In Sect. 4, we combine these two
results to prove Theorem 2.4.

3. The regularized model

In this section, we deal with a regularized version of the system (2.9), where the
tensor I is replaced by a tensor G which is bounded at ¢+ = 0. More precisely, we
consider the following system

(1) — div(Ceu(r)) — div (5 JEG(t = r)(eutr) — eu®) dr) = f() inQ\T;, 1€0,7),

u(t) = z(1) ondpQ,  te(0,7),
Ceu(t)v + (% Jo Gt — r)(eu(r) — eu")dr) v=N() ondyQ, te© 1), ((3.1)
Ceuw + (i f3 G = r)eut) —euydr) v =0 onT,, 1e,1),

u(0) =u’, i(0) =u' inQ\ Iy,
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and we assume that G: [0, T] — B satisfies

G e C*([0,T; B), (3.2)
G, x)E-£>0 forevery £ e R?, 1 € [0, T], and a.e. x € €, (3.3)
G, x)E-£<0 forevery € e R?, 1 € [0, T], and ae. x € €, (3.4)
G, x)E-£>0 forevery € e R?, 1 € [0, T], and ae. x € . (3.5)

As before, on N, u®, u!, and C we assume (2.2)—(2.4), while for the Dirichlet datum
z we can require the weaker assumption

ze W2L0, T; H)yn w10, T; Up). (3.6)
The notion of generalized solution to (3.1) is the same as before.

Definition 3.1. (Generalized solution) Assume (2.2)—(2.4) and (3.2)—(3.6). A func-
tion u € Cy, is a generalized solution to system (3.1) if u(t) — z(¢) € U,D for every
t €[0,T], u(0) = u9 in Ug, u(0) = u' in H, and for every ¢ € CC1 the following
equality holds

T T
-—A ma»¢a»Hdr+A (Ceut), ep(t) g dt
T t
- / f (Gt — r)(eu(r) — eu), e¢ (1)) dr dt
0 0

T T
=/O (f(t),fp(t))Hdt+/O (N(@), 9(1))ny dt. (3.7

Since the time-dependent tensor G is well defined in # = 0, we can give another
notion of solution. In particular, the convolution integral is now differentiable, and we
can write

d ! .
T /0 Gt — r)(eu(r) — eu®) dr = G(0)(eu(t) — eu®) —1—/0 Gt — r)(eu(r) — eu®) dr.
Definition 3.2. (Weak solution) Assume (2.2)—(2.4) and (3.2)—(3.6). A function u €

Cy is a weak solution to system (3.1) if u(t) — z(t) € UtD for every t € [0, T],
u(0) = u® in Up, it(0) = u' in H, and for every ¢ € C/ the following equality holds

T T
—A(ﬂm¢mmm+ﬁ;@wmxmem
T
+ / (GO)(eu(r) — eu®), ep(t))y dt
0
T t
+ / / (Gt —r)(eur) — eu®), ep(t))y dr dt
0 0

T T
=f0 (f(t),fp(t))Hdt+/0 (N (D), o) my dr. (3.8)
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In this framework, the two previous definitions are equivalent.

Proposition 3.3. Assume (2.2)—-(2.4) and (3.2)—(3.6). Then, u € Cy, is a generalized
solution to (3.1) if and only if u is a weak solution.

Proof. We only need to prove that (3.8) is equivalent to (3.7). This is true if and only
if the function u € C,, satisfies for every ¢ € Cc1 the following equality

T
f (G(0)(eu(t) — eu®), ep(t)) y dt
0
T pt |
+/ / (Gt — r)(eur) — eu), ep(t)) y dr dt
0 0
T t
= —/ / (Gt —r)(eu(r) — eu), e (1)) dr dt. (3.9)
0 0
Let us consider for ¢ € [0, T'] the function
t
p) = /0 (Gt —r)(eu(r) — euo), ep(t))y dr.

We claim that p € Lip([0, T']). Indeed, for every s, ¢ € [0, T] with s < t we have

p(s) = p(0)] < / @l — P(eutr) — en®). ept) dr
+ /0 “(Gls — P(eu(r) — en), ep(t) — ep(s)n dr
- /OS((G(I —7) = G(s — r))(eu(r) — eu®), ep(t))y dr|.
Since

t
/ (Gt = r)(eu(r) — eu’), ep(t) p dr

N
<2t = )Gl oo, 71: 3 le®ll coqo, 71, iy leull Lo, 7: 1)

/ "(Gs = r)(eu(r) — en®), ep(t) — eg(s)p dr
0

<2 = )Gllcoqo, 1. ) le@lcoqo, 1. 1) T leull L o.7; 1),

/ (Gt —r) — G(s — ) (eu(r) — eu®), ep(t)) y dr
0
<20t — )IGllcogo.r1. 8 le@ll cogo. 3. T llewll Lo, 7: 1),

we deduce that p € Lip([0, T']). In particular, there exists p(¢) for a.e. t € (0, T).
Givent € (0, T) and h > 0, we can write
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Y Y (eu(r) — euo), ep(t 4+ h))ydr

p(t+h) — p(t) Z/Z(G(l—i-h—r)—([}(t—r)
0
t+h
+][ (G(t + h — r)(eu(r) — eu®), ep(t + h)) g dr
t

t —
+ /0 (G(t — r)(eu(r) — eu®), M)H dr.

Let us compute these three limits separately. We claim that for a.e. t € (0, T') we have
1+h
}m&][ (Gt 4+ h — r)(eu(r) — eu®), ep(t + h)) g dr = (G(0)(eu(t) — eu®), ep(t) .
h— t

Indeed, by the Lebesgue’s differentiation theorem, for a.e. ¢ € (0, T') we get

t+h
b[ (Gt +h —r)(eu(r) — eu’), ep(t + h) g dr — (G(0)(eu(t) — eu’), ep(t))

t

t+h
< IIG(O)IIBIIew(I)IIH][ leu(r) — eu(r)|| g dr
t
t+h 0
IO alleptt +) — ep®lluf  leutr) = euldr
t

t+h
+ llep(r + h)”H][ IG(t +h —r) — GO glleu(r) — eu’ || dr 7 0.
t e

Moreover, for every t € (0, T) we have

. /’ Gt+h—r)—G@t—-r)
lim (
h—0* Jo h

t
= / (G = r)(eu@r) — eu®), ep(t))y dr
0

(eu(r) — euo), ep(t +h))gdr

since

H
ep(t +h) —— ep(1),
h—0t

Gt+h—-)—-G@t - ')(eu(~) e LY(0,t;H)

Gt — )(eu() — eu).
h h—0t

Finally, for every ¢t € (0, T')) we get

t —
lim | (GG - r)eutr) — e, LLTD —e@
h—0% Jo h

t
= / (Gt —r)(eu(r) — eu®), e¢p(t)) g dr
0

because

ep(t +h)—eplt) H
h h—0t

ep(t).
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Therefore, by the identity

T
0=p<T>—p<0>=/0 ) dr

and the previous computations we deduce (3.9). 0

In the particular case in which the tensor G appearing in (3.1) is the one associated
with the Standard viscoelastic model, i.e.,

G(r) = %e‘%B fort € [0, T]

with 8 > 0 and B € B nonnegative tensor, then the existence of weak solutions (and
so generalized solutions) was proved in [22]. Here, we adapt the techniques of [22] to
a general tensor G satisfying (3.2)—(3.5).

3.1. Existence and energy-dissipation inequality

In this subsection, we prove the existence of a generalized solution to system (3.1),
by means of a time-discretization scheme in the same spirit of [6]. Moreover, we show
that such a solution satisfies the energy-dissipation inequality (3.40).

We fix n € N and we set
T
n

Ty = —, ug = uO, ul=u® — t,,ul, 870 = z(0), SGB =0.

n

Let us define

Ul =UP 2] = 2(jt). Gh = G(jm) for j=0,....n,
i il j_ s il
- - A A
§z) = T 20, Ofn T O for j=1,...,n
Ty T,
. Gl-Gi™! . 8G) —sG)!
SGf, = ¥,82G{l =t " forj=1,...,n.
Tn Tn

Regarding the forcing term and the Neumann datum, we pose

N = N(jty) for j=0,...,n,
. JTn . Nj _ Nj_1
1l :=][ f(rydr, 8N = ———"_ forj=1,...,n.
(-Dmn Tn
Forevery j = 1, ..., n, letus consider the unique u{; € Ut with u{l —zﬁ. S U,{,Which
satisfies

(8%u), v) i + (Ceu)), ev)y + (GO(eu — eu®), ev)y

J
+ Y G (el — eu®). ev)y = (f . v)m + N vy (3.10)
k=1
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for every v € U], where

; wh —ui™!
n n .
Suf =2 " forj=0,...,n
Tn
, -
Suj, — Sus) _
6214,]1 = " forj=1,...,n.
Tn

The existence and uniqueness of u;, are a consequence of Lax—Milgram’s lemma.
Notice that equation (3.10) is a sort of discrete version of (3.8), which we already
know that is equivalent to (3.7).

We now use equation (3.10) to derive an energy estimate for the family {u{l};le,
which is uniform with respect to n € N.

Lemma 3.4. Assume (2.2)—(2.4) and (3.2)—(3.6). Then, there exists a constant C,
independent of n € N, such that

max ||8uj |y + max |leup|q < C. (3.1
j=0,...,n j=0,...,n

Proof. First, since

Jj—1 J
Gl ' -Gl =) Gk =3 1,66, " forj=1.....n,
k=0 k=1

we have

J
Gg (eu — eu®) + Z tnSGﬁ_k (euﬁ —eu?)
k=1

J
= G,ﬁ_l(eu,ﬁ —eu’) + ZIHSGf,_k(euﬁ —eu)) forj=1,... n.
k=1

Therefore, equation (3.10) can be written as

8%u}, v + (Ceud, ev)yr + (G (eu) — eu), ev)

J : : . :
+ 316G eul — eul), ev)y = (fl . vym + N v
k=1

for every v € U,{. We fixi € {1,...,n}. By taking v := t,l(Suf; — Szf;) € U,{ and
summing over j = 1, ..., i, we get the following identity

i i i
Y @b bu)y + Y w(Ceus edup)y + Y w(Gi (euh — eu®), edui)
j=1 j=1 Jj=1

i j i
- ) . .
+ Z Z t2(8G) " (euk — eu)), eSu)y = Z L, (3.12)
j=1k=1 j=l1

where
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L) = (f]. 8ul — 8z + (N, 8ul) — 82 my + (8%u, 82y
+ (Ceul, edz)) i + (G (eus) — eu®), edzh)
j . S
+Y T G ™ (euk — eu)), eszh)n.

k=1

By using the identity
2 1 2 1 2 1 2 d
la|* —a-b= <l|a|” — <|b|" + <|a — b|* foreverya,b e R
2 2 2
we deduce

i j j j j—1
0 (8%uy, Sup) = |Sunll3y — (Sup, Sujy Hu

1 1 iy 1 ~
S 180l = S 18w I+ S 18%unll.

Therefore, . . .
l o) RN ‘ RN 12, L 2ys i
ern@%ﬁ, dunn = 3 2”5”’]1”3’ -5 Zlnau,i 15+ 5 ern 18%u 1%
J= J= J= J=

1 1 1< :
= 18wl — Sl Wy + 5 D w187l (3.13)
j=1

Similarly, we have

i i
. ) 1 o 1 1 ) )
Zrn((Ceu,Jl, eSul)y = E((Ceu;, euy)H — E(Ceuo, euyy + 5 Z r,f((CeSu,jl, eSul)y.
j=1 j=1
(3.14)

Moreover, we can write
wW(Gyy~ (euh — eu), esup) g = (G~ (eus, — eu®), ey — ey
— (G (eu}, — eu®), eu) " —eu®)y
1 i ) .
0 0
= E(G{l (eu,Ji —eu ),euﬁ —eu)y
Uoi=t, j-1 0y -1 0 Vo=t o i o
- E(Gn (eup, ~—eu”),euy —eu)y+ Ern (Gy  eduy, edun)
1. .
0 0
= E(G,Jl(euf, —eu), eu) — ey
1. - .
— 3G ey — ey, euy ! — ey
1 o 0y 0
— —1,(8G; (euy, —eu’), euy —eu )y

2

1 . . .
+ EI,%(GZ, 16814{,, eSul)m.
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As consequence of this, we obtain

i
Jj—1 J 0 J
Z (Gy  (eun —eu”), eduy) g
j=1

J. Evol. Equ.

1< o . 1< . . .
=5 2 Gileuy —eu®). eup — euyy — Zl«Gé Hewy ™ = eu), eu ™ —eu®)n
j:

j=1

1< . . . 1< - . .
-3 Z rn((SGfl(eu{, — euo), eu,jl — euO)H + 3 Z fnz(Gfl leéu{,, eSul) i

Jj=1 J=1

Lo i 0 i 0 1 g oo 0 j 0
= E(G;(eu; —eu’), eu, —eu )y — 3 Ztn((SG‘,’l(eufl —eu?), eu —eu”)y

J=1

1< - ) )
+ EZ;tf(Gﬁ edul, edul)y.
j=

Finally, let us consider the term

i J i i
- . ‘ -
§ § t2(5G;) (euﬁ—eu,ll),e(Sufz)H:E:E t2(8G) " (euk —

j=1k=1 k=1 j=k
We can write
i
2 j—k k J J
Z T (8G; " (eus — euy), edup)u
Jj=k

i
=— Z 1, (8G " (eus) — euk), euj — el Yy
j=k

i
= — Z tn(SGﬁ,_k(eu',’, — eu’,‘l), eu) — eul,‘l)H
j=k

i
=k, j—1
+ Z 128Gy (eup — eub), el — eubyy
Jj=k

1< P )
=5 Z 1, (8G), ™" (eu), — eulr‘l), eu) — eulfl)H
j=k

1 ¢ ik, -1 i1
—I—EZI,,(SG{l (eus —euﬁ),euﬁ —euﬁ)H

j=k

1< . . )
-3 Z r,?((SG{L keéu{,, eSul)
=k

(3.15)

euy), eSun) -
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BN JoRAL ek
= _Ezr,,(ﬁGn (eu; — euy,), eun — eu,)y
=k

I o ik, j-1 i1
+ 3 Z 1. (8G) " (eu) " — eul), eu)” —euf)y
j=k

1< g r ikl .
. . k . k
+ 3 E 7, (8 G}, (eu;, — eu,), eu; — eu,)H
j=k

1< i ; i
-3 Z 1:3(8((}{1 keSu{,, eSul) u
j=k

= i—k+1, j
=3 Z 13(82(6}{, (eus — euﬁ), euj — euﬁ)y
Jj=k

1< . . )
-3 Z r,?(BG{l ke8u£,, eSul)n
j=k

1 - . .
— Ern(SG’n Ml eu! — eub), eu’, — eut)y

because 8@2 = 0. Therefore, we deduce

i
Z Z t,%(SG{,fk(euln‘ —eul), edul)y

j=1k=1
R PP S R S
=3 ZZT’! (5°Gy, (euy — euy), euy —eu,)y
k=1 j=k
1< 3 - ) )
—3 Z Z T, (8G] " edui,, esul)
k=1 j=k

1

1 . . .
- = rn((SGil_kH(eu’n - eu],‘l), eu, — euﬁ)H
1

2k=
R R PR ST A S
=3 Z 7, (6°Gy (eun — eu,), euy — euy,) g
j=lk=1
Pdade e
_EZ T3 (8G) " edu), eSui)u
j=1k=1

1< _— ) . ) .
~3 ZIH(SGZ It (eul, — euy), eul, — eun) .
j=1

(3.16)
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By combining together (3.12)—(3.16), we obtain for i = 1, ..., n the following
discrete energy equality

1 . 1 . ) | ) .
§||8u§l ||%1 + E(Ceu'n, eu, )y + E((G;1((3u;1 —eu?), eu;, — eu®yp
1< L , . , .
~3 Z 7,(8G, ]H(euﬁ, — euy), eul, — eun)y
=1

1d S .
—3 Z 7, 8G (eu’, — eu?), eus — eu®) g
j=1

i ]
I P ; ;
2 2mJj—k+1 J k J k
+ 3 E lkg 1rn (8°Gy, (eun — eu,), euy — euy,) g
j=1k=

i i
+ [ D 18%uilF + D (Cedus,. edun)
j=1

j=1
‘L'2 i ) ) ) i J ) ) )
+ S G esui edupy g =YY 1 (8G Keus, edu)
j=1 j=1k=1
Lo 1 0,0 i J
= Sl I3 + 5 (Ceu®, eu i+ Y tali. (3.17)
j=1

By our assumptions on G, we deduce that for a.e. x € Q and every £ € R?

Gf;(x)é-ézO forevery j =0,...,n,
. JTn .
SGl(x)E - £ = G(r,x)€-£dr <0 forevery j=1,...,n,
(=D

andeverySGIR{dandjzl,...,n,

. Jtn r .
SZGf,(x)S &= G(s,x)é -&dsdr >0 forevery j =2,...,n.

(=Dwndr—1,

andeveryéeRdandjzl...,n.

Hence, thanks to (3.17), forevery i = 1, ..., n we can write
1 i2 1 i i L1 1 0 ,.0 i J
18wy + 5 Ceuyoewy)n = Sllully + 5 (Ceu”, eut)y + > wlh. (3.18)
j=1
Let us estimate the right-hand side in (3.18) from above. We set

Ky:= max [Suhllg, En:= max [eufs.
j=0,..,n j=0,..,n
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Therefore, we have the following bounds

i
S (i suma| < VTl m Kns (3.19)
j=1
S w8z m| < I f 2o rm 2 20,7 (3.20)
j=1
> " t(Ceu, esz3) | < |ICllsllezl| 10,7 ) En- (3.21)
j=1
i
o . .
> (Gl (euh — en®), edzh) | < 201Gl ooy mllezlipi o7 Ene  (3:22)

Notice that the following discrete integrations by parts hold

i i
> (6%ui Sz = Guly, 5zl — Gul), 8205 — Y T (Su L 8.

j=1 j=1

(3.23)
i
D TN Sun) my = (N ul) iy — (NS 1)y, — Zr,,(aNn’,un Vi, (3.24)

j=1
D TN 8z my = (Ni 2y — (ND. 2 ay — Zn,(aNn’,é Viy-  (3.25)
j=1

By means of (3.23), we can write

i
. , , .
Z(azun, Sz | < 16wl 16z Il + 18wl 18200 b + Y Talldus ™ 11672 1
j=1
= Qlzlicogo, 711y + 1211 0,75 1)) K- (3.26)

Moreover, thanks to
1
_ . . .
iy < Ml + En <Y tallunlle + 141 + En

j=1
<TK,+E,+ |u’lg fori=0,....n (3.27)

and to (3.24) we obtain

i
D T(Ni, Sui)

j=1
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i
- - 0 0 j j-1
<INyl ay g, Ly + N ey g Ly + anIISNn I Ey llun Ny
=1

1
; i i—1
< CurINll oo, 711y (Nt log + T lor) + Cor Y TallSNG Lz e~ oz
j=1
< Cir (2N llcoqo,r1:10y) + N1 0.7 1)) (En + TKn + 16°llm). (3.28)

Similarly, by (3.25) we obtain

i
Z T (Nil, 8z iy | < Cor (2Nl coqo.71: 11y + IN L1 0.7 1)) 121 00,770 -
=1

(3.29)

Finally, we have

i i
2 =k, k i i 2 j—k k i j
DO I GG  (eul — eun). sz | < Y D Tr8Gh " lIslleuy — eunllulledziln

j=1k=1 j=1k=1
< 2T|IG”C0([0,T];B) ”ei”Ll(O,T;H)En' (330)

By considering (3.18)—(3.30) and using (2.4), we obtain the existence of a constant
Ci =Ci(z, N, f, u% C,G) such thatfori = 1,...,n

I18ul 13 + v leul 13, < llu' 13 + ICH g lleu® I}, + C1 (1 + Ky + En).

In particular, since the right-hand side is independent of i, ug = 4% and Sug = ul,

there exists another constant Co = C,(z, N, f, ul ul, C, G) for which we have
K,% + E,% <Cy(1+ K, + E,) foreveryn € N.

This implies the existence of a constant C = C(z, N, f, u®, ul, C, G) independent of
n € N such that

ISully + lleullly < Kn+ E, <C  forevery j=1,...,nandn € N,

which gives (3.11). O

A ﬁrst consequence of Lemma 3.4 is the following uniform estimate on the family
{8%un)_;.

Corollary 3.5. Assume (2.2)—(2.4) and (3.2)—(3.6). Then, there exists a constant C,
independent of n € N, such that

Zrnnsz Miypy = €. (3.31)
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Proof. Thanks to equation (3.10) and to Lemma 3.4, for every j = 1,...,n and
ve U c Uyl with ||lv]y, < 1 we have

(8%, vl < C (ICI5 + 201Gl cogo.71:8) + 2T 1G] cogo.77: )
+ 1S + CoirlIN T o0, 77: ) -

< 1, we obtain

By taking the supremum over v € UOD with [|v|ly,

. . 5
”82”{'”?%’)/ < 3¢? (ICli8 + 21Gllcogo, 11 ) + 2T IGllcoo,71: 5))

J 2 2 2
+ 3||fn ”1—1 + 3Ctr ”N”CO([O,T];HN)'
We multiply this inequality by 7, and we sum over j = 1, ..., n to get (3.31). 0

We now want to pass to the limit into equation (3.10) to obtain a generalized solution
to system (3.1). Let us recall the following result, whose proof can be found for example
in [8].

Lemma 3.6. Let X, Y be two reflexive Banach spaces such that X < Y continuously.
Then,

L0, T; X)nCY(0,T1; v) = ([0, T; X).

Let us define the following sequences of functions which are an approximation of
the generalized solution:

un(t) = ul, + (t —ity)dul, fort € [(i — Dty ity]andi = 1,...,n,
wh (t) = u’, fort € (i — Vg, itylandi=1,...,n, u(0)=ul,
u, (t) = ui~! fort € [(i — Dry,ity)andi=1,....n, u, (T)=u".

Moreover, we consider also the sequences

i (t) = Sul, 4+ (t —it,)8%ul, fort € [(i — Dy, itylandi =1,...,n,
it =sul fort € (i — Dy, itylandi = 1,...,n, i (0) = su®,
i, (1) = du ! fort € [(i — Dy, ity) andi = 1,...,n, i, (T) = ul,

which approximate the first time derivative of the generalized solution. In a similar
way, we define also £, Nf, Nt zF, 7, z+, GF, G,, G;'. Thanks to the uniform

estimates of Lemma 3.4, we derive the following compactness result:

Lemma 3.7. Assume (2.2)—(2.4) and (3.2)—(3.6). There exists a function u € Cy N
H?, T; (UOD )Y such that, up to a not relabeled subsequence

H'(0.T:H) 4+ L®0.T:07)
Up ————— U, U, ——— U,
n—oo n—0oo
H'(0,T;(UPY) L®(0,T;H) «
g ————— 0, G ——A7y, (3.32)

n—o00 n—o00
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and for every t € [0, T]
Ur - H .
wE () —— u(r), @) — (). (3.33)
n—od n— 00

Proof. Thanks to Lemma 3.4 and the estimate (3.31), the sequences

{un}n € L®O, T:Un) N H'O, T: H),  {iin}a € L0, T; H)NH' (0, T3 (Ug)),
{u}n € L0, T3 Up), (it hn © L0, T3 H),
are uniformly bounded with respect to n € N. By Banach—Alaoglu’s theorem and

Lemma 3.6 there exist two functions u € Cg([O, T, Ur)nN Hl(O, T;H)and v €
Cg([O, T HYNH' 0, T: (UOD)’), such that, up to a not relabeled subsequence

HY(0,T;H) L®(0,T;UT) «
Up ———— U, Uy ————> U,
n—0oo n— 00
. HYO,1;(UPY) _L®0,T:H) 4
Uy ——— U, Uy ——— V. (3.34)
n—0oo n—0oo

Thanks to (3.31), we get

. ~ 12 ~ 2
”un M””LZ(O,T;(U(?)/) = CTn n O,

therefore we deduce that v = 1. Moreover, by using (3.11) and (3.31) we have

+ ~ ~ 2 ~ 2
— . < ( N _ < ( —_
”un Mn”LOO(()’T’H) = Tn n Oa ”un u””Lz(O,T;(UOD)’) — Tn n 0

We combine the previous convergences with (3.34) to derive

+ L*(0,T;Ur) « ~+ L*®(0.T:H) 4 .
n —_— U, u, —_— Uu.
n—o0 n—o0

By (3.34) for every t € [0, T], we have
Ur ~ H .
upy(t) ——u(t),  u,(t) —— u(1).
n—0oo n— 00

Again, thanks to (3.11) and (3.31), for every ¢ € [0, T'] we get

luz )l < C, luZ(t) = u,()|lg < Cty, —— 0,
n—oo
~+ ot 5 ) -
luy Olle = C, iz, (1) — ”"(t)”(U({’)’ < Cty —— 0,

which imply (3.33). Finally, observe that for every ¢ € [0, T]
_ _ Ur
u, (t) € Uy, u, (t) —— u(t).
n— 00

Therefore, u(t) € U, forevery t € [0, T] since U, is a closed subspace of Ur. Hence,
u € Cy. O
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Let us check that the limit function u defined before satisfies the boundary and
initial conditions.

Corollary 3.8. Assume (2.2)—(2.4) and (3.2)—(3.6). Then, the function u € Cy of
Lemma 3.7 satisfies for every t € [0, T] the condition u(t) — z(t) € UP, and it
assumes the initial conditions u(0) = u® in Uy and 1(0) = u' in H.

Proof. By (3.32), we have

H .
#(0) —— ii(0),

<t

U
W =y (0) —— u(0), u'=
n—oQ

Hence, u € C,, satisfies u(0) = u® in Up and (0) = u' in H. Moreover, since
z € C([0, T1; Up) and thanks to (3.33), we have for every t € [0, T]

_ _ D _ _ Ur
u, (t) —z, () e U, u, (t) —z, (t) —= u(t) —z(1).
Thus, u(t) — z(t) € UP forevery t € [0, T] because UP is a closed subspace of Uy

O

Lemma 3.9. Assume (2.2)-(2.4) and (3.2)—(3.6). Then, the function u € C, of
Lemma 3.7 is a generalized solution to system (3.1).

Proof. We only need to prove that the function u € Cy, satisfies (3.7). We fixn € N
and a function ¢ € Cg. Let us consider
. -
P — on
Tn

<p,{::(p(jrn) for j =0,...,n, (S(p,{:: forj=1,...,n,

and, as we did before for the family {u,j;}’}zl, we define the approximating sequences

{o, 1y and {@;F},. If we use rn<p,{ € U,{ as a test function in (3.10), after summing
over j =1,...,n, we get

n n n
D wun o + Y w(Ceun, e u + Y (G (eun — eu’), epi)u

j=1 j=1 j=1
n J ) )
+ Z Z t,%(BG{l_k (euﬁ —eu®), ep)n
j=1k=1
n . . n . .
=Y i ou+ Y N o) - (3.35)
j=1 j=1

By means of a time discrete integration by parts, we obtain

n n T
. L o
> @uh g ==Y tGun L Sen = — fo (i, (1), @, () dt,

j=1 J=1
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and since G! = 0 and ¢ = ¢ = 0 we get

Zm(@%un —eu”), ewn)H+ZZr, $Gh " (eul — eu®), epi)n

J=1k=1
n—1 J
——ZZT,?(GJ k(eu —eu), el ™y
j=1k=1

T—1,
= / / (G (t, — r)(eu+(r) - euO) e‘P (t + 1)) g drdt,

where 1, := ’V;—n-‘ 7, fort € (0, T) and [x] is the superior integer part of the number
x. Thanks to (3.35), we deduce

T T
—/ (i, ), & ) u dt+/ (Ceuyt (1), e, (1)) dt
T—1,
/ / (G, (tn — r)(euS (r) — eu®), e@F (t 4 1)) dr dt

= /0 S @, of ) g dr +/ (N (@), @ () my dr. (3.36)

We use (3.32) and the following convergences

4+ L*O,1;Un) -+ L*(0.T;H)
n ) n 4
n—oQo n—o00

L2(0,T;H) L2(0,T; Hy)
fif ——— f N —2
n—oo n—oo

N,

to derive

T T

f (it (), @ (1)) dt —>/ (1), @(1)) g dt,
/ ((Ceu"'(t) ey, )y dt—)/ (Ceu(t), ep(t))y dt,
/0 0.0 O dt —— / (F (). 0D dt,

| L 0. )y bt —— / (N, ()1 .
Moreover, for every fixed € (0, T)
X10,7-5,1 D X10,6,1 ()G (0 — ey (t + )
EOTH, o nxon( )G — )ed ). (337)

which together with (3.32) gives

In
X[O,T—r,,](t)/o Gy, (ta — r)(ew;f (r) — eu®), eyl (t + 1)) dr
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13
— x0.11(0) /0 (Gt = r)eu(r) — e, ep(t)p dr. (3.38)

By (3.11) for every ¢ € (0, T) we deduce

In
‘X[O,T—rn](t)/o (G, (ta — r)(ew;f (r) — eu®), eg;f (¢ + 1)) dr

< 2T|Gllcogo.11: ) Clle@ll coqo.71: - (3.39)

Therefore, we can use the dominated convergence theorem to pass to the limit in the
double integral of (3.36), and we obtain that u satisfies (3.7) for every function ¢ € CCI.
O

Now we want to deduce an energy-dissipation inequality for the generalized solution
u € Cy, of Lemma 3.7. Let us define for every ¢ € [0, T'] the total energy £(¢) and the
dissipation D(t) as

@) = %nu(t)n%, + %((Ceu(t), eu())y + %((G(t)(eu(t) —eu®), eu(r) — eu®)y
t
— % / (G(t —r)(eu(t) —eu(r)), eu(t) — eu(r)) gy dr,
0
t
D) := —%/ (G(r)(eu(r) — euo), eu(r) — euO)H dr
0

t r
+ % / f (G(r —s)(eu(r) —eu(s)), eu(r) — eu(s))y ds dr.
0 JO

Notice that £(t) is well defined for every time ¢ € [0, T'] since u € CSJ([O, T, Ur)
andu € C 3([0, T1; H). Moreover, by the initial conditions we have

1 1
£0) = §||u1||%{ + E(Ceuo, eu)y.

Proposition 3.10. Assume (2.2)—(2.4) and (3.2)—(3.6). Then, the generalized solution
u € Cy to system (3.1) of Lemma 3.7 satisfies for everyt € [0, T] the following energy-
dissipation inequality

EM) +D(t) = EO0) + Wio (1), (3.40)
where the total work is defined as

t
Wiot (1) := /O [(f(r),u(r) —z2(r))u + (Ceu(r), ez(r))n1dr

t
- /0 (NG, u(r) — 20 )y — @), () g 1dr
+ (N(@), u(t) — 2(t)) iy — (N(©0), u® — 2(0) iy, + (1), 2(t)) i — (', 2(0)) g

1
+/ (Gr)(eu(r) — eu®), ez(r)) g dr
0

t r
+ / / (G(r —s)(eu(s) —eu(r)), ez(r))gy dsdr. (3.41)
0 Jo
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Proof. Fixedt € (0, T] and n € N there exists a unique i = i(n) € {1, ..., n} such
thatt € ((i — 1)1y, it,]. In particular, i (n) = (é-‘ . After setting f,, := it, and using
that 862 = 0, we rewrite (3.17) as

%”ft;(l)”%{ + %(Ceu,j(t), ew )m + %(G;(I)(w:{(,) —eu), eut (1) — ey

o

_ %/ (G (ty = r)(eu;t (1) — eu;t (1), euyl (1) — eu,l (r)) g dr
0
In 'n—Tn o

+ %/ / (Gu(rp — s)(euj,'(r) — eu;:'(S)), €M;1|—(r) _ @M:(S))H ds dr
Tn 0

1 In

=) Gy euS (r) — eu®), euS (r) — eu®)y dr
0

1 1
< Euu1 1% + E«Ceuo, e’y + W), (3.42)

where r,, := {%—I 1, for r € (tp, ), and the approximate total work W, (¢) is given
by

W, (1) := /0 t”[(f,f(r), i} (r) =55 () m + Cew, (r), ez} () uldr
+ fo '"[<N,f(r>, i (r) = 2 )y + @ (r), 25 () gl dr
+ /0 " (@ (et () — en®). ez dr
+ / " /0 " G — ) eut (5) — ewt (), €5F () ds dr.

By (2.4), (3.3), and (3.33), we derive
()13 < liminf i} ()11 (3.43)
n—oo
(Ceu(t), eu(t))y < liminf(Ceu; (t), eu; (1)) u, (3.44)
n—oo

(G@)(eut) — eu®), eu(r) — eu)y < linigéf(((}(t)(eu:{(t) —eu®), euf (1) — eu®)y.
(3.45)

Moreover, the estimate (3.11) imply
[(G) = G () (euf (1) — e, ewf (1) — eu®y | < 4C2 Bl cogo, 1y 70— O,
which together with inequality (3.45) gives

(G (1) (eu(r) — eu®), eu(r) — eu®)y < lim inf (G, (1) (e} (1) eu®), eut (1) — eu)y.

(3.46)



An existence result for the fractional Kelvin—Voigt’s model

By (3.4) and (3.33), for every r € (0, t) we have

(—G(t —r)(eu(t) —eu(r)), eu(t) — eu(r))y

< linn_1)ior<1)f(—G(t —r)(eu,t (1) — eu (r), eu (t) — euS (r)m.

Moreover,

~ . th—rn+tn . .
IG5 —n = Ce-nla=f 166 - G- nlads — 0

In—rp

because t, — r, — t — r. Hence, we can argue as before to deduce

(—G(t —r)(eu(t) —eu(r)), eu(t) — eu(r))y

< linrgiorcl)f(—G,‘:r (t, — r)(eu,J[(t) — eu:[(r)), eu,}|r (1) — eu;f r)y.

In particular, we can use Fatou’s lemma and the fact that ¢ < #,, to obtain
l .
/ (=G —r)(eu(t) — eu(r)), eu(t) — eu(r))y dr
0

o
< lim inf[ (=G (ty — r)(euS (t) — ewS (r)), euS (t) — eu) (r)) g dr.
0

n— o0

By arguing in a similar way, we can derive

r
/ (—G(r)(eu(r) — euo), eu(r) — euO)H dr
0

n— o0

th -
< liminf / (=GF () eut (r) — eu®), eut (r) — eu®)y dr.
0

Let us consider the double integral in the left-hand side. We fix r € (0, ¢) and
by (3.5) for every s € (0, r) we have

(@(r —s)(eu(r) —eu(s)), eu(r) —eu(s))y

< lirgioréf(@(r — ) (ew) (r) — eu} (s)), euS (r) — ewS () n.

Moreover, for a.e. s € (0, r,, — 1) by defining s;, := IV%—‘ T, we deduce

~ . I'n—=S8n~+Tn A . .
Gutrn =)~ B =ola= [ 160 - EC - 9ladsar 0.
Fn—Sn A—Tp n—
Therefore, for a.e. s € (0, r) we get

(G(r — s)(eu(r) — eu(s)), eu(r) — eu(s)) u

=< lilgiolgf(@n (rn = $)(euy (r) — eu,y (5)), euy (r) — ey (s))m,
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sinces € (0, r, —1,) for n large enough. If we apply again Fatou’s lemma, we conclude
r
f (G(r —s)(eu(r) — eu(s)), eu(r) — eu(s))y ds
0
ro.
< lim inf/ (G (rn — s)(ewS (r) — euS (s)), eul (r) — euS (s))y ds.
n—o0 0

By (3.11), we get

r .
f (G = ) (e, (r) — et (), euy (r) — eu,y (s)) g ds
'n—Tn
< 4C?|Glicogo, 718 (" = + ) ——> 0,

from which we derive

/Or(@(r —s)(eu(r) — eu(s)), eu(r) — eu(s))n ds
< lim inf /O " Gl — ) et () — ewt 5)), eu () — ewt () ds.
Since this is true for every r € (0, ¢), arguing as before we obtain
/Ot /Or(@(r — s)(eu(r) — eu(s)), eu(r) — eu(s)) g ds dr
< lim inf / /O " Gl — $)euF (1) — eu (5)), eut () — ewd () ds dr.

Let us study the right-hand side of (3.42). Given that

L%(0,T:H) - . L%0.,T;H)
+ ) ) + + . .
X10.6,1Sn ——— x10.1/, Uy =2, ————u—2,
n—oo n—oo
- LY0,T:H) L%(0,T:Ur) «
- + oLy . +
X10,61Gy ez, ———— x0,nGez, u, —————u,

n—oo

we can deduce
In t
/0 ()i (r) = 27 (r) g dr —— /0 (f(r).i(r) = 2r)udr,  (347)
In t
/ ((Ceu;f(r), eZ;:'(r))H dr —— / (Ceu(r), ez(r))y dr, (3.48)
0 n—00 Jo

th t
/ Gy (e} (r) = eu’), ez (M) dr —— / (G(r)(eu(r) = eu®), ez(r)p dr.
’ ’ (3.49)

By using the same argumentations of (3.37)—(3.39), together with the dominate con-
vergence theorem, we can write

In 'm—Th
/ / G, (ry — s)(eu,“lL (s) — eu:(r)), er,'(r))H ds dr
7, JO
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n—o0

/ / G — 5)euls) — eu(r)), 2Ny dsdr.  (3.50)
Thanks to the discrete integration by parts formulas (3.23)~(3.25), we have
/0 " ). 5 ) dr = @05 O — 20— fo " i (). b dr.
/0 " NE, T — Dy dr = (N0, 1 0 — 2Oy
— (N(0), u” = 2(0)) y, — /O t”(l\%f(r), wy, (r) = 2, () ay dr.
By arguing as before, we deduce

o, t
[ .20 8 — 0. 200m = @ 200 = [z

(3.51)
f " NF) ) — 2Oy dr
L—Og (N0, (D) = 20 1y — (NO), 1 — 2(0)
- /0 N u ) — 2y (3.52)

thanks to Lemma 3.7 and to the following convergences:
In
0 =0l < 1)~ i0ldr >0
th—Tn n—oo
Iz (1) — 2|y < Cor Tl 2l 20.7:0) P 0,

[
INF@) = NOlly < / IN(5) 1y ds ——> 0,
t n—oo

and
LY(0,T;H) -_ L*(0.T:H) « .
X[0,2,12n —> X[0.01Z u, —————u,
n—oo
<. LY0,T;Hy) . _ _ L™®0.T:Ur)«
X[O,tn]N;T ———— X[0.1, u, —z, ———————U—2.
n—0o0o n—0oo

By combining (3.42) with (3.43)—(3.52), we deduce the energy-dissipation inequal-
ity (3.40) for every ¢t € (0, T']. Finally, for + = 0 the inequality trivially holds since
u(0) = u®in Up and 12(0) = u' in H. O

Remark 3.11. From the classical point of view, the total work on the solution u at time
t € [0, T]is given by

WE(0) 1= Wioad (1) + Whary (1), (3.53)
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where Wpaqa(f) is the work on the solution u at time ¢ € [0, T] due to the loading
term, which is defined as

t
Wioad (1) 12/0 (f(r), u(r)) g dr,

and Whary(?) is the work on the solution u at time ¢ € [0, T'] due to the varying
boundary conditions, which one expects to be equal to

t t
Whdry (1) :/0 (N(r), u(r)) my dr+/0 (Ceu(ryv, 2(r) up, dr

t r
+/ ((if G(r — s)(eu(s) — euo)ds> v, 2(r) gy, dr.
o \drJo
Unfortunately, Whary (7) is not well defined under our assumptions on u. In particular,
the term involving the Dirichlet datum z is difficult to handle since the trace of the
function Ceu(r)v + f—r (fo G(r — $)eu(s)ds) v on dp< is not well defined. If we
assume that u € L2(0, T; H>*(Q\ T'; RY)) N H?(0, T; L*>(2\ I'; RY)) and that T is
a smooth manifold, then the first term of Whqry (#) makes sense and satisfies

t

/ NG, i)y dr = V), 1)y — (N(O), 40y — | ey o
Moreover, we have
;—r /Or G(r — s)(eu(s) — eu®) ds
= G(0)(eu(r) — eu®) + for G(r — s)(eu(s) — eu®) ds
=G(r)(eu(r) — eu®) + [ G(r — s)(eu(s) — eu(r))ds, (3.54)

therefore (% for G(r —s)(eu(s) — euo)ds) v € L0, T; Hp). By using (3.1), to-
gether with the divergence theorem and the integration by parts formula, we derive

t r
/ (Ceu(r)v + (i/ G(r —s)(eu(s) — euo) ds) v, z(r) g, dr
0 dr Jo
t r
= / (Ceu(r) + i / G(r — s)(eu(s) — eu®) ds, ez(r)) ydr
0 dr Jo
t r
+ / (div (Ceu(r) + i / G@r — s)(eu(s) — eu®) ds) ,z2(r)gdr
0 dr Jo
t
— /0 (N(r), 2(r)) ydr
t r
= / (Ceu(r) + if G(r — s)(eu(s) — eu®) ds, ez(r)) ydr
0 dr Jo

t
+fo (@(r) = f(r), 2(r)u — (N(r), 2(r)) gy ldr
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t r
= / (Ceu(r) + i / G(r — s)(eu(s) — euo) ds, ez(r))gdr
0 dr Jo

t
+f0 (NG, 2 iy — (F (), 20Dl — (), Z(r)) ] dr
+ @), 20 — @', 20) 5 — (N@), 2())Hy + (N(0), 2(0) Hy.  (3.55)

Therefore, by (3.54) and (3.55) we deduce the definition of total work given in (3.41)
is coherent with the classical one (3.53).

We conclude this subsection by showing that the generalized solution of Lemma 3.7
satisfies the initial conditions in a stronger sense than the ones stated in Definition 2.2.

Lemma 3.12. Assume (2.2)—(2.4) and (3.2)—(3.6). Then, the generalized solution u €
Cy to system (3.1) of Lemma 3.7 satisfies

lim [lu() —u®lly, =0, lim [|i(t) —u'llz = 0. (3.56)
t—0t t—0t
In particular, the functions u: [0, T] — Ur and u: [0, T] — H are continuous at
t=0.

Proof. By sending t — 07 into the energy-dissipation inequality (3.40) and using
thatu € CS)([O, T; Ur),u € CS)([O, T1; H), and the lower semicontinuity of the real
functions

t> lla®l%, > (Ceu(r), eu(t))n,

we deduce
1 1
£(0) < 3 limnf|i(0) |3, + 5 lim inf (Ceu(r), eu()

1
= 5 lim supllii ()13 + 5 lim inf (Ceu(0), eu()

1
2 t—0*
. L . 5 1
<limsup | = |lit ()| + = (Ceu(?), eu(t)) g | < £(0)
1o+ L2 2
because the right-hand side of (3.40) is continuousin ¢, u(0) = u%in Uy and i1 (0) = u!
in H. This gives

lim (22 = |2,

1_1)1(1)1+I|u( Mg =Nl I
and in a similar way, we can also obtain

lir(r)1+((Ceu(t), eu(t)) g = (Ceu®, eu®)y.
r—

Since

. H 1 H 0
u(t) —u, eu(lt) —— eu’,
t—0t t—0F

and u € C°([0, T1; H), we deduce (3.56). O
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By combining the previous results together, we obtain the following existence result
for the system (3.1).

Theorem 3.13. Assume (2.2)-(2.4) and (3.2)—(3.6). Then, there exists a generalized
solution u € Cy, to system (3.1). Moreover, we have u € H2(0, T; (UOD)’) and it
satisfies the energy-dissipation inequality (3.40) and

. _ 0 _ . . _ 1 _
t1_1>%1+ lu@) —ully, =0, t1_1>%1+ fli(t) —u'llg =0.
Proof. 1t is enough to combine Lemma 3.7, Corollary 3.8, Lemma 3.9, Proposi-
tion 3.10, and Lemma 3.12. O

3.2. Uniform energy estimates

In this subsection, we show that, under the stronger assumption (2.1) on z, the
generalized solution to (3.1) of Theorem 3.13 satisfies some uniform estimates which
depends on G only via |G|l 1 7. p)-

Lemma 3.14. Assume (2.1)—(2.4) and (3.2)—(3.5). Let u be the generalized solution
to system (3.1) of Theorem 3.13. Then, there exists a constant M = M (z, N, f, ul, ul,
(Cv ”G”LI(O,T;B)) such that

la@llg + llew®)lg < M foreveryt € [0, T]. (3.57)
Proof. We define
K = sup |u(®)llg = llillL~©,1;m), E:= sup lleu(®)|lg = lleullr~o,1:H)-
t€[0,7T] t€l0,T]

Notice that K and E are well-posed since u € CS,([O, T);Ur)andu € CS,([O, T, H).
Let us estimate the total work W, (¢) in (3.40) by means of K and E. Since

lu@®lly, < 1y + TK + E for everyt € [0, T,

we have

<VTIflzormK.

t
’ /0 (F ). i) dr

t
' /0 NG, u(r)) iy dr

< CirINl L2007 iy <||M0||H +TK + E) ,

(V@) u) ] = CorllNlleogo.rreny (160 + TK +E).

(N, u)y| = CirlN oo 7y (16l + TK + E).

< VTl fll20.7:m 12l cogo. 7). 1y

t
‘/0 (f(r), z(r))n dr

t
'/0 (N(r), z(r) my dr

=< Ctr”N”CO([O,T];HN)||2||L1(()’T;U0)7
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< ICligllezllLro.7:m) E>

t
'/ (Ceu(r), ez(r)) gy dr
0

t

‘/ @@r), Zr)mdr| < ZlliLio.r:m K
0

[@@), zE) u| < Nzllcogo. 1.5y K>

I, 200 u] < Izl coqo.rym K-

It remains to study the last two terms, which are
/OI(G(V)(M(V) —eu®), ez(r))y dr
i /ot /0’(G(r — s)(eu(s) = eu(r), e(r)p ds dr
= fOZ(G(O)(eu(r) —eu®), ez(r))y dr
i /ot for(G(r — s)(eu(s) — eu’), ez(r))p ds dr.

Since z € W2’1(0, T; Uy), arguing as in Proposition 3.3 we can deduce that the
function

t
p(t) = / (Gt —r)(eu(r) — euo), ez(t))y dr
0

is absolutely continuous on [0, T']. In particular

t

p(0) = p0) = /O p(r)dr,
which gives
/OI(G(r)(eu(r) —eu®), ez(r) g dr
+ /O /Or“c’(r — $)(eu(s) — eu(r)), ez(r)) g ds dr
= /0 I(GO —r)(eu(r) — eu®), ez(t)) y dr
_ /O’ for(G(r —s)(eu(s) — eu®), ez(r)) p ds dr. (3.58)
Hence, we deduce

t t r
‘/ (G (eu(r) — eu®), ez(r)) g dr +/ f (GG — s)(eu(s) — eu(r)), ez(r)) g ds dr
0 0 JoO

=< 2(||ei||c0([o,T];H) + ||€2||L1(o,T;H))||G||L1(0,T;B)E~
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Therefore, since
EO) = 21 + SICHslle 3
< H Blleu”lI5.
2 2
by (3.40) we deduce the following estimate
111 + v lew®I|} < Co+ C1K + CE forevery t € [0, T,
where
Co=Co(z N, f,u’,u',©), Ci=Ci(f,z,N), C2=Ca(z N,C,[GllLigo1;5)
In particular, being the right-hand side independent of ¢ € [0, T'], we conclude
K%+ yE? <2Cy+2C1K +2C2E forevery 1 € [0, T].

This implies the existence of a constant M = M(Cop, C1, C») for which (3.57) is
satisfied. O

Remark 3.15. By the previous estimate, we can easily derive a uniform bound also for
win H'(0, T; (UOD )"), which unfortunately depends on G via ||G(0)|| 5. Indeed, let us
assume that z, N, f, u®, u!, C, and G satisfy (2.1)—(2.4) and (3.2)—(3.5) and let u be
the generalized solution of Theorem 3.13. Thanks to (3.40) and (3.57), there exists a
constant M = M(z, N, £, ul ul, C, ||G||L1(O;T;B)) such that for every ¢ € [0, T']

leu(®) 1 + (G (1) (eu(r) — eu®), eu(r) — eu®)

t
+/ (—G(t — r)(eu(t) — eu(r)), eu(t) — eu(r))y dr < M.
0

By equation (3.7), it is easy to see that it € H'(0, T; (UOD)/) and that ii satisfies for
a.e.t € (0, T) and for every v € UOD

[{ii (), v)((]é))/|
< Cliglleu®lmlleviiall + fFONuallviia + INOmylvIH
+ \/((G(t)(eu(t) —eu9), eu(t) — euO)H\/(G(z‘)ev, ev)y

t
+ \// (—G(t —r)(eu(t) — eu(r)), eu(t) —eu(r))y dr
0

t
\// (—G(t —r)ev,ev)ydr.
0

Hence, we derive

(1), v) oy |
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< 5M|Cllgllevlly; + 51 £ ONFIvIF + SCLIN O, v,
t
+ 5M(G(t)ev, ev) g + SM/ (—=G(t —r)ev, ev)y dr
0
= SM|Cl3llevliz; + SI £ Ol IvIF + SCRIN O, v,
+ 5SM(G(0)ev, ev) g,
which gives
w2
||u||L2(O,T;(UOD)’)
< SMICIZT + SMTIGO) 5 + 51 f 17200711 + SCIN T 20,711, -
Therefore, the bounds on ii depends on ||G(0)| 3 even when z € W>1(0, T'; Up).

As explained in the previous remark, we cannot deduce a uniform bound for u
in H'(0, T; (UP)') depending on G only via its L'-norm. On the other hand, the
bound on # in H(0, T; (UOD )) is useful if we want to prove the existence of a
generalized solution u* to the fractional Kelvin—Voigt system (2.9), especially to show

that u* € CS)([O, T1; H). To overcome this problem, we introduce another function

that is related to & and for which is possible to derive a uniform bound. Let us consider
the auxiliary function for every v € U(? andt € [0, T] as

t
(@), v) py = ). v)E + fo (Gt = r)(eu(r) — eu®), ev)y dr

Notice thata € C9 ([0, T1; (UL)'). Indeed, given t* € [0, T] and

{tr}r € [0, T] suchthat # —— ¥,
k— 00

we have for every v € UOD the following convergence
173
(i), Viypy = (00, V) + /0 Gt — r)(eu(r) — eu), ev)y dr

t*
— (@), v)n + /0 (G* = r)eur) — e, ev)y dr = (@(t), v) py»
since

1
u(ty) kL\ u(t*), /k(G(tk —r)(eu(r) — euo), ev)y dr
— 00 O
t*
k—) / (G(t* = r)(eu(r) — eu®), ev) g dr.
—> 00 0

The second convergence is true because

1]
f k(G(tk — r)(eu(r) — eu®), ev) gy dr
0
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t*
= / (eu(r) — eu®, G(ty —r)ev)y dr
0
[*
— / (eu(r) — eu®, Gty — r)ev)y dr.
173
Clearly,
1 *.
Gty — - )ev L O, G@t* — )ev
k— 00
while eu € L*°(0, t*; H). Therefore,

r* r*
/ (eu(r) — eu®, Gty — r)ev)y dr k—> / (eu(r) — eu®, G(t* — r)ev)y dr
0 —o0 Jo

t*
= / (G = r)(eu(r) — eu), ev) .
0

Moreover,
t—t*
/ IG()|pdr
0

For this function, « is possible to find a uniform bound in H 1 o, T, (Ué) )") which
depends on ||G||Ll 0,T;B)*

<2M|lev|lg P 0.

[*
/ (eu(r) — eu®, G(txy —r)ev)y dr
Tk

Corollary 3.16. Assume (2.1)—(2.4) and (3.2)—(3.5). Then, the functiona € H Lo, T;
(UOD)’) and there exists a constant M = M(z, N, f, u® ul, C, I|GI|L|(O’T;3)) such
that
letll 0,7 Py < M- (3.59)
Proof. First, by Lemma 3.14 we have
||a(t)||(Ué>), <M1 +2|Gli 1.8 foreveryt el0,T].

Moreover, by the definition of generalized solution, we deduce that for every ¢ €
Cl(0,T) and v € UL it holds

T T T
- /0 (et). V) gy (1) di = /0 (Ceu(t), ev) ¥ (1) di + /O (@ 0w () di
T
+ fo (N (). o)y ¥ (1) di.

This gives that there exists & € L?(0, T; (UP)') and for every v € UP and for a.e.
t € (0, T) we derive
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(@ @), v)ypy = —(Ceult), ev)p + (f (1), V) + (N(@), ) Hy

In particular, o« € C°([0, T1; (UP)') and

eIl <3MTICIg + 31 f 1320 7.1y + 3CH NI

L20.T;(UPY) (0,T;Hy)’

which gives (3.59). O

4. The fractional Kelvin—Voigt’s model

In this section, we prove the existence of a generalized solution to (2.9) for a tensor
F which is not necessary bounded at ¢+ = 0, as it happens in (1.7). Here, we assume
that our data z, N, f, O, ul',C, and F satisfy the conditions (2.1)—(2.8). To prove
the existence of a generalized solution to (2.9) under these assumptions, we first
regularize [F by a parameter € > 0 and we consider system (3.1) associated with this
regularization. Then, we take the solution u¢ given by Theorem 3.13, and thanks to
Lemma 3.14 and Corollary 3.16, we obtain a generalized solution to (2.9).

Let us regularize I by defining

G°(t) :=F(t+¢€) forte[0,Tland € € (0, &).

Clearly, G¢ satisfies (3.2)—(3.5). Moreover, we have G¢ — F in L!(0, T; B) since
F € LY(0, T + 8y; B). For every fixed € € (0, 6p) we can consider the generalized
solution u€ to system (3.1) with G replaced by G€ of Theorem 3.13. By Lemma 3.14
and Corollary 3.16, we deduce the following compactness result:

Lemma 4.1. Assume (2.1)—(2.8). For every € € (0, 8¢) let u¢ be the generalized
solution associated with system (3.1) with G replaced by G¢ given by Theorem 3.13.
Then, there exists a function u® € Cy, and a subsequence of €, not relabeled, such that

L2(0,T;Ur) .. LXO.T:H) |
ué - A N L “.1)
e—0t e—0t
and for every t € [0, T]
U H
U (t) —— u*(t), 0€(t) —— 0*(1). 4.2)
e—0t e—0t

Moreover, u*(0) = u® in Uy, u*(0) = u' in H, and u* (1) — z(¢) € U,D for every
tel0,T].

Proof. Thanks to Lemma 3.14, we deduce

ey + lleu()|lg <M forevery t € [0, T]and e € (0, &),
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with a constant M independent of ¢ since |G¢ l10,7:8) < IFllL10,746: B)- Hence,
by Banach—Alaoglu’s theorem and Lemma 3.6 there exists

u* € CO([0, T1; Ur) N Wh(0, T; H)

and a not relabeled subsequence of € such that for every ¢ € [0, T]

L2%(0.T;Ur) .. LXOT:H) | Ur
ut ———— oyt gt ———— 0wt () —— u* (). “4.3)
e—>0t e—>0t e—>0t

In particular, we deduce that u*(0) = u® in Uy, u*(r) € U, and u*(r) — z(t) € U,D
for every ¢ € [0, T].

It remains to show that u™* € CS)([O, T1; H), *(0) = u' in H, and that for every
te€[0,T]

. H .
u€(t) — u* ().
e—07t

To this aim, we consider the auxiliary function defined at the end of the previous
section. More precisely, for every € € (0, §o) let «€: [0, T] — (UOD )’ be defined for
everyv € UP andt € [0, T] as

'
(@ (1), v) ypy = G0, V)1 + / (Gt — r)(eus (r) — eu®), ev) g dr
0
for every v € UOD and ¢t € [0, T].
In view of Corollary 3.16, we have

||Ol€||H1(0,T;(U(§))/) S M fOI‘ eVery € € (O, 8()),

with M independent of € > 0 being |G [.10.7.5) < IFllL10,7+5,: 5)- Hence, up to
extract a further subsequence, there exists a* € H Lo, T; (U(f) )’) such that

HY0,T;:WUPY) ey
at ——a*, a®(t) —— a®(t) foreveryt €[0,T]. 4.4)
e—07t e—0t

In particular, since «€(0) = u' in (Ué))’ we conclude that «*(0) = u! in (UOD)’. We
claim that for every v € U(f) and forae.r € (0, T)

t
(@ (@), v) oy = @), v)n +/ (F(t — r)(eu*(r) — eu”), ev) p dr
0
for everyv € U(f)and forae. t € (0, 7).

Indeed, for every ¢ € C°(0, T'; UOD ) we have

T T
f (@), o) oy dt =f @ (1), (1) g dt
0 0
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T t
+ f / (GE(t — r)(eus (r) — eu?), ep(t))y drdt
0 0

T
— (M (1), o) dt

e—>0F

+ / / (F(t — r)(eu*(r) — eu®), ep(t)) g dr dz.
o Jo
Notice that this convergence is true thanks to (4.3) and
Ge(t_ ) L;B))F(t_ ),
€e—

which gives
T T
/ G (1), () df ——> f @ (1), o) di,
0 e—=0t Jo

t
/ (GE(t — r)(eu (r) — eu®), ep(t)) y dr
0

t
SN (]F(t —r)(eu*(r) — eu®), ep(r)) g dr.

e—07t

Hence, by the dominated convergence theorem we have

T t
/ / (G (1 — r)(eus (r) — eu®), ep(t)) g dr dr

e—0t

/ / (F(t —r)(eu™(r) — eu ) ep(t))y drdt.
Therefore, for a.e. t € (0, T) we deduce that for every v € Uo

(@™ (), Vwpy = @ (1), v)n

'
= (a* (1), v)(UOD), — /0 (F(t — r)(eu™(r) — euo), ev)y dr.

Notice the function on the right-hand side is well defined in (Ué) ) foreveryr € [0, T].
Therefore, we can extend #* to a function defined in the whole interval [0, T'] with
values in (U(f))’. In particular, we deduce i* € CS) ([0, T1; (Ué))’), arguing in a similar
way as we did in the previous section for &, and thanks to the fact that i1*(0) = «*(0) =
u! in (U(f))/. Therefore, since it* € C9 ([0, T; (UOD)’) N L*°(0, T; H) we derive that
u* e CS)([O, T1; H) (thanks to Lemma 3.6), and that #*(0) = «! in H. Finally, we

have
e WY
u(t) —— u*(t) foreveryt € [0, T]
e—~>0*t

by definition of &#* and by (4.3) and (4.4). The convergence (4.5) combined with

i€ (@) lg <M foreveryt € [0, T],

gives us the last convergence required.
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We can now prove the main existence result of Theorem 2.4 for the fractional
Kelvin—Voigt’s system involving Caputo’s derivative.

Proof of Theorem 2.4. Ttis enough to show that the function u* given by Lemma 4.1 is
a generalized solution to (2.9). To this aim, it remains to prove that u* satisfies (2.10).
For every ¢ € C!, we know that the function u¢ € C,, satisfy for every € € (0, 8o) the
following equality

T T
— [ @000+ [ Cent 0. oy a
T pt
- / / (GE(t — r)(eus (r) — eu), e (1)) dr dr
0 0
T T
= /0 (f @), o) p dr + /0 (N(@), (1)) Hy dr.
Let us pass to the limit as € — 0. Clearly, by (4.1) we have
T T
[ a0 soma — [ @ w.o0ma,
0 e—0t Jo
T T
/ (Ceut (1), ep(t)) g dt —— / (Ceu™ (1), ep(t)) g dr.
0 e—0+ Jo
It remains to study the behavior as € — 07 of
T gt
/ / (GE(t — r)(eus (r) — eu®), e (1)) dr dr.
0 0
We define for every € € (0, 8p) the function
'
ve(t) = / (G(t —r) = F(t — r))(eu(r) — eu®)dr fort € [0, T].
0

By (3.57) for every t € [0, T, it holds

Ol < 1G = Flipio,7:m leu — eu’llLe.r:m) < 2MIG = Fllz10.7:5),
(4.6)

with M independent of € being ”Gé ||L1(O,T;B) < ”]F”LI(O,T-‘,-(S();B)' Notice that
T t
f / (G (t — r)(eu (r) — eu®), ep(t)) p dr dr
0 0

T T t
=f<wM&mem+/‘/@a—mwﬂw—m%xmemm,
0 0 0
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and thanks to (4.6) and to the fact that G — Fin L'(0, T; B) as € — 07, we get

T
< fo 10 @) 1 e )1

<2M|G* = Fl1o.7.plledllLio.7:m) —— 0.
e—0t

T
' /0 (W (1), eg(t))p di

On the other hand, since r frT F(t — r)e@(t) dt belongs to L>°(0, T'; H), we can
write

T t
/ /(1F(t—r)(euf(r)—euo),egb(t))Hdrdt
0 0
T T
= / (eus(r) — eu®, / F(r — r)e@(t) dt) g dr
0 r
T

T
- (eu*(r)—euo,/ F(r — r)e@(r) dr) g dr

e—0+ Jo
T t

=/ /(]F(t—r)(eu*(r)—euo),e¢>(t))H dr dr.
0 0

As a consequence, u* is a generalized solution to system (2.9). 0

We conclude this section by showing that for the fractional Kelvin—Voigt’s model,
the generalized solution u* € C,, to (2.9) found before satisfies an energy-dissipation
inequality. As before, for ¢ € (0, T'] we define the functions £*(r) and D*(¢) as

EXt) = %Ilﬂ*(t)llé + %(Ceu*(t), eu* () dt
+ %(F(l)(eu*(t) —eu®), eu*(t) — eu®)y
- % /0 E - et ) — ew (1)), e (1) — ew () b,
D*(1) := —% /(;t(F(r)(eu*(r) —eu), eu*(r) — eu®) y dr
+ %/Ot for(f@(r — s)(eu* (r) — eu*(s)), eu* (r) — eu*(s))y ds dr.

Notice that the integrals in £* and D* are well-posed, eventually with values oo.
Furthermore, we define the total work W}t () for t € [0, T] as

t
WE (1) = /0 (), () — 200w + (Cew™ (0, e2(0)) p] dr
t
+ /O AN G, ") = 2y — ), 26l
FN@L 00 = 20y — (NO), 1 — 200 sy + @ (1), 2OV — W, 200

'
+ / (F(t — r)(eu*(r) — eu®), ez(t)) y dr
0
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t r
— / / (F(r —s)(eu™(s) — euo), eZ(r))y dsdr. “4.7)
0 JO

We point out the total work W}, is continuous in [0, 7] and that the definition given

in (4.7) is coherent with the one of (3.41) thanks to identity (3.58).

Theorem 4.2. Assume (2.1)—(2.8). Then, the generalized solution u* € Cy, to sys-
tem (2.9) of Theorem 2.4 satisfies for every t € (0, T the following energy-dissipation
inequality

1 1
EX() + D (1) < E||u1 1% + 5(@mo, eu) gy + WE (1), (4.8)

In particular, £*(t) and D*(t) are finite for every t € (0, T].

Proof. Let us fix t € (0,T]. For every € € (0, 8p) let u¢ € C, be the general-
ized solution to system (3.1) with G replaced by G€ given by Lemma 4.1. Thanks to
Proposition 3.10, we know that the function u€ satisfies the energy-dissipation inequal-
ity (3.40) and we can rewrite the total work (3.41) asin (4.7) since z € w210, T; Uy)
(as suggested by formula (3.58)). The convergences (4.2) of Lemma 4.1, and the lower
semicontinuous property of the maps v — |[v||%,, w — (Cw, w)y (by (2.4)), and
w— (F(t)w, w)y (by (2.6)), imply

li* (1)1 < liminf (|4 (0)11, (4.9)
e—>0t
(Ceu*(t), eu* (1)) g < lim (i)rif((Ceue(t), eu () u, (4.10)
€—

(F(1)(eu* (1) — eu®), eu*(t) — eu®)yy < lim (i)gf(F(r)(eué(r) —eu®), eu (1) — eu®)y.

4.11)
Moreover, by (2.5) we have

[(F(t) — G (1)) (eu (1) — eu®), eu (t) — eu®) | < |F (1) — G ()|l glleu (1) — eu®|%
< 4M?|F(t) — F(t + ©)llp —=20

being M independent of €. Hence, (4.11) reads as

(F(0)(eu* () — eu®), eu™ (1) — eu®)y < lim (i)rlf(Gf () (eus (1) — eu®), eus (t) — eu®) . (4.12)
Similarly, by (2.5), (2.7), and (4.2), for every r € (0, t) we have

(=F(t — r)(eu*(t) — eu*(r)), eu™(t) — eu™(r))y

< lim(i)llf(—Ge(t —r)(eu(t) —eus(r)), eu(t) — eu(r))y.

In particular, we can use Fatou’s lemma to obtain

'
/ (=F(t — r)(eu*(t) — eu™(r)), eu™(t) — eu™(r)) gy dr
0
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t .
< lim inf/ (=F@ —r)(eu(t) — eu()), eu(t) — eu(@)) y dr.
e—0t Jo

By arguing in a similar way, we can derive
t
/ (=F@r) (eu*(r) — eu), eu* (r) — eu®) gy dr
0

t
< lim inf/ (=GE(r)(eus(r) — eu?), eus (r) — eu®) g dr.
0

e—07t

For the term involving [, we argue as we already did for [F and by using two times
Fatou’s lemma we get

t r
/ / F(r = s)(eu* (r) — eu*(s)), eu™(r) — eu*(s)) g ds dr
0 JO
1t r
< lim(i)nf/ / (GE(r — s)(eus (r) — eu(s)), eu (r) — eu(s)) y ds dr.
e—0t Jo Jo

It remains to study the right-hand side of (3.40) with the formulation of the total
work as in (4.7). Thanks to Lemma 4.1 and the fact that G¢ — Fin L' (0, T; B), we
deduce

t t
/0 (f(r),ac(r) g dr o /0 (f(r),a*(r))y dr, (4.13)
t t
/ (Ceut(r), ez(r))py dr —0> (Ceu*(r), ez(r)) gy dr, (4.14)
0 e—~0t Jo

t
f (GE(t — r)(eus (r) — eu®), ez(r)) g dr
0
'

——— | (F¢ —r)(eu*(r) — eu®), ez(r)y dr, (4.15)
0

e—07t

t t
@ (1), ) —'/0 @ (r), 2(r)p dr P @*(®), 2(t))u —/O @*(r), Z2(r)) p dr,

(4.16)
t
N O, 4 () — /O (N, ()
t
—— @ Oy - /0 N ), () dr. @17)

It remains to study the term

t r
/ / (GE(r — 5)(eu(s) — eu), ez(r)) gy ds dr.
0 JO

Fora.e.r € (0, 1), we have

/r(((}‘(r — s)(eus(s) — eu®), ez (r)) y ds
0
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r

——— | (F@G —s)(eu*(s) — eu®), ez(r))y ds
e=>0T Jo

/ (GE(r — s)(eus(s) — eu®), ez(r)) g ds
0
< 2M|Fll 110, 71503 162 1 € L0, 1),

with M independent of €. By the dominated convergence theorem, we conclude
t r
/ / (GE(r — s)(eu(s) — eu®), ez(r)) g ds dr
0 JO

t r
— / / F(r — s)(eu*(s) — euo), ez(r))g dsdr. (4.18)
0 Jo

e—0t

By combining (4.9)—(4.18), we deduce the energy-dissipation inequality (4.8) for every
t e (0,T]. O

Remark 4.3. Although we do not have any information about L'-integrability of ¥
and I in r = 0, for the generalized solution u* of Theorem 2.4 we obtain that the
energy terms £* and D* are finite.

Corollary 4.4. Assume (2.1)—(2.8). Then, the generalized solution u™ € Cy, to sys-
tem (2.9) of Theorem 2.4 satisfies

tgrg+ EX 1) = %Hulll%{ + %((Ceuo, eu)y. (4.19)
In particular, (4.8) holds true also int = 0 and
Jim () = ullloy =0, Tim (i@ —u'llg =0,
Proof. By (4.8) forevery t € (0, T'], we have

1 1 1 1
E||Lr"(r)||§, + E(Ceuo, ey < () < 5||u1||§, + E(<ceu0, eu®) g + W (1).

Since u* € CY ([0, T1; Ur) and &t* € CO ([0, T1; H), we get
l||ul||2 + l((Ceuo eu®)y < liminf £* (1)
2 T ’ = S0t

1
< limsupE*(r) < = |lu'|?, + z((Ceu", eu)y.

! |
t—0t 2
Therefore, we get (4.19). As consequence of this, we derive

lim [i@*(t) |7 = llu' |7, lim (Ceu* (1), eu* (1)) = (Ceu®, eu’)y,
t—0t t—0t

and this conclude the proof. 0
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For the fractional Kelvin—Voigt’s model (2.9), we expect to have uniqueness of the
solution, as it happens in [6,24] for the classic Kelvin—Voigt’s one. Unfortunately, the
technique used in the cited papers cannot be applied here, and we are able to prove it
only when the crack is not moving (see Sect. 5). We point out that the uniqueness of
the solution is still an open problem even for the pure elastic case (B = 0), unless the
family of cracks is sufficiently regular (see [2,7]).

Moreover, according to the theory of dynamic fracture, we do not expect to have
the equality in (4.8). Indeed, we should add also the energy used to the increasing
crack, which is postulated to be proportional to the area increment of the crack itself,
in line with Griffith’s criterion [12]. More precisely, we would like to have for every
te[0,T]

EX() + D*(1) + H™ (T \ To)
1 1
- §||u1||%, + E(Ceuo, eu®yy + Wi (). (4.20)
However, with our approach we are not able to show the previous identity, which
again is unknown even in the pure elastic case. We underline that there are no results

regarding the validity of (4.20) for the fractional Kelvin—Voigt’s model (2.9) even
when the crack is not moving.

5. Uniqueness for a not moving crack

Let us consider the case of a domain with a fixed crack, i.e., I'r = g (possibly
't = @). In this case, we can show that the generalized solution to (2.9) is unique. As
we explained in the introduction, uniqueness results for fractional type systems can
be found in the literature, but they are proved only for regular sets 2 (without cracks)
and in particular cases (for F given by (1.7) or when eu is replaced by Vu).

The proof of the uniqueness is based on a particular energy estimate which holds
for the primitive of a generalized solution. To this aim, we need to estimate

t r
/ / F@r — s)eu(s), eu(r))y dsdr
0 JO

and we start with the following identity which is true for a regular tensor K (see also
[26, Lemma 2.1]).

Lemma 5.1. LerK € CY([0, T]; B) andv € L2(O, T; Uy). Then, foreveryt € [0, T]
t r
/ (i / K@ — s)ev(s)ds, ev(r))y dr
o drJo
1 (! 1 [!
= 3 / Kt —r)ev(r),ev(r))g dr + 5/ (K(r)ev(r), ev(r))gy dr
0 0

t r
_ % / / (K(r — 5)(ev(r) — ev(s)), ev(r) — ev(s))y ds dr. (5.1
0 Jo
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Proof. Letus fix t € [0, T] and let us analyze the right-hand side of (5.1). We have
1 t o,
— 5/ / (K(r — s)(ev(r) — ev(s)), ev(r) — ev(s))y ds dr

0 Jo

t ro,

= / / K@ — s)ev(s), ev(r))y dsdr
0 JO
1 t ro,
3 / / (K(r — s)ev(s), ev(s))yg ds dr
0 JO

t pr
— l f / (K(r —s)ev(r), ev(r))y dsdr. 5.2)
2Jo Jo

Notice that
t r
— l/ / (K(r —s)ev(r), ev(r))y dsdr
2Jo Jo
t r
= —1/ (<f K — s)ds) ev(r), ev(r)) g ds dr
2Jo \Jo
' !
= —% / Kr)ev(r),ev(r))y dr + %/ (K()ev(r), ev(r)) gy dr, (5.3)
0 0
and that for a.e. r € (0, 1)
i /r(K(r —s5)ev(s), ev(s)) g ds
dr 0
= (K)ev(r), ev(r) g + /V(K(r — 8)ev(s), ev(s)) gy ds,
0
from which we deduce
t
— l / (Kt — r)ev(r),ev(r))y dr
2 Jo
1 4d [T
= ——/ —[ (K(r — s)ev(s), ev(s))g dsdr
2 0 dr 0

t t r
= —l / (K(0)ev(r), ev(r))g dr — l / / (K(r —5)ev(s), ev(s))y dsdr.
2 Jo 2 Jo Jo 54

By (5.2)—(5.4), we can say
t r
— % / / (K(r —8)(ev(r) —ev(s)), ev(r) —ev(s))y ds dr
0 Jo
t r t
= / / (]K(r —5s)ev(s), ev(r)) g dsdr + / (K(O)ev(r), ev(r)) gy dr
0 JO 0

t t
— l/ K@)ev(r), ev(r)) g dr — l / (K(t — r)ev(r), ev(r)) gy dr,
2 Jo 2 Jo
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and thanks to the following relation
d r ro

d_/ K@ — s)ev(s)ds = K(0)ev(r) +/ K@ —s)ev(s)ds fora.e.r € (0,1),
rJo 0

we can conclude the proof. O

Lemma 5.2. Let F be satisfying (2.5)—(2.8) and u € Cg([O, T1; Uy). Then, for every
t € [0, T] it holds

t r
/ / F@r — s)eu(s), eu(r))g dsdr > 0. 5.5
0 JO

Proof. First, we fix € € (0, §p) and we consider for every ¢ € [0, T] the following
regularized kernel

G (1) :=TF(t +e).

Moreover, we fix t € [0, T] and we define for every r € [0, 7] a primitive of u in the
following way

t
v(r) = —/ u(s)ds.

Clearly, G* € C 2([0, T1; B) and after an integration by parts, since ev(t) = 0, we
obtain

t r
/ / (G (r — s)eu(s), eu(r)) g ds dr
0 Jo
t r
= f / (G (r — s)eu(s), ev(r))y ds dr
0 JO
t t r

= —/ (G (0)ev(r), ev(r))yg dr — / / (GE(r — s)eu(s), ev(r)) g ds dr

0 0 JO

1

t r
= E(Ge (0)ev(0), ev(0) g — / / (GE(r — s)eu(s), ev(r)) g ds dr.
0 JO

Moreover, we have
r, d r, .
/ G (r — s)eu(s)ds = d_/ GE(r — s)ev(s)ds — G*(r)ev(0).
0 rJo

Therefore, by (5.1) we can write
t r
/ / (GE(r — s)eu(s), ev(r)) g ds dr
0 JO
t r
=/ (i/ GE(r — s)ev(s)ds — GE(r)ev(0), ev(r)) g dr
o drJo

' '
= l/ (Gt — rev(r), ev(r) g dr + lf (GE(Pev(r), ev(r) gy dr
2 Jo 2 Jo
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t r
- % / / GE(r = 5)(ev(r) — ev(s)), ev(r) — ev(s)y ds dr
0 JO

t
—/ (GE(r)ev(0), ev(r)) g dr,
0

which implies

t r
/ / (G (r — s)eu(s), eu(r)) g ds dr
0 Jo

1

t
= z((Gf(O)ev(O), ev(0) g + / (Ge(r)ev(O), ev(r))ydr
0

t t
- l/ (GE(t — r)ev(r), ev(r)) g dr — 1/ (GE(r)ev(r), ev(r)) g dr
2 Jo 2 Jo
t r
+ % / f (@G(r —s)(ev(r) —ev(s)), ev(r) —ev(s))y dsdr
0 JO
1 |
> —(G“(0)ev(0), ev(0) g + 5/ (G (r)ev(0), ev(0)) g dr
0
'
— 1/ (Gt — r)ev(r), ev(r)) g dr
2 Jo

t r
+ % / / (G (r — 5)(ev(r) — ev(s)), ev(r) — ev(s))y ds dr
0 JO

1

t
= E(Ge(t)ev(O), ev(0)y — %/ (GE(t — r)ev(r), ev(r))y dr
0

t pr
+ %/ / G (r — s)(ev(r) — ev(s)), ev(r) — ev(s)) g ds dr > 0.
0 Jo

By sending ¢ — 07, we conclude. O
We can now state our uniqueness result.

Theorem 5.3. Assume (2.1)—(2.8) and I't = T'g. Then, there exists at most one gen-
eralized solution to system (2.9).

Proof. Let ui,ur € Cy be two generalized solutions to (2.9). Then, u := u; — un
satisfies equality (2.10) with z = N = f = u® = u! = 0. Consider the function
B:10,T] — (U(f))’ defined for every r € [0, T] as

(B(), U)(UOD)/ = (), v)g + /0 (Ceu(s), ev)yyg ds + /0 F@r — s)eu(s), ev)y ds

for every v € UP. Clearly, B € CI([0, T1; (UP)"), B(0) = 0 since it(0) = 0 in
(UOD)’, and by (2.10) we derive

T
/ (B(r), v)(U(?)/l'ﬁ(r) dr =0 foreveryv € UOD andy € CCI(O, T).
0
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Therefore, B is constant in [0, T'], which gives B(f) = 0 in (UOD ) foreveryt € [0, T1,
namely for every v € UOD andr € [0, T]

(@ (r),v)yg + /r((Ceu(s), ev)y ds
0

+ fr(]F(r —s)eu(s),ev)yds =0.
0

In particular, for every ¢ € [0, T'] we deduce
1t t r
/ (u(r), u(r))y dr + / / (Ceu(s), eu(r))y dsdr
0 0 JO

t opr
+f / F@r — s)eu(s), eu(r))y dsdr = 0.
0 JO

Hence, by (5.5) we conclude

' t
%||u(t)||%, + %((C </ eu(r) dr> , / eu(r)ydr)g <0 foreveryr € [0, T].
0 0

Therefore, since both terms are nonnegative, we get that u(t) = 0 forevery ¢ € [0, T].
O
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