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 a b s t r a c t

In this paper we consider a pair of interconnected, nondeterministic and metric finite state systems 
and address a control problem where controllers are designed for enforcing local specifications 
expressed in terms of regular languages, up to a desired accuracy. The control architecture considered 
is decentralized, that is each controller can only communicate with the corresponding plant. Since plant 
systems are interconnected, the part of the specification that can be enforced on one system depends 
on the part that can be applied on the other one. We show how this dependency can be formalized 
in terms of equilibria, by extending game theory to the present framework. We introduce notions 
of equilibria, Nash equilibria and dominant equilibria. When controlled plants are at an equilibrium, 
they satisfy a part of their specification; when they are at a Nash equilibrium, deviation of each plant 
from its control strategy may correspond to a loss in terms of the part of specification enforced; when 
they are at a dominant equilibrium, there is no other equilibrium where plants can achieve larger 
parts of the corresponding specifications. A characterization of these notions is derived and checkable 
conditions are discussed. An example in the context of multi-agent systems with shared resources is 
also included.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Decentralized control offers a methodology to controllers’ syn-
thesis that is effective in taming complexity of large-scale real-
world systems. Several decentralized control techniques have 
been proposed in the literature, which include decentralized sta-
bilization and regulation, decentralized robust stabilization op-
timization and reliability design, decentralized adaptive control, 
consensus and formation control problems in multi-agent sys-
tems, applications to mobile robotics, decentralized supervisory 
control of discrete-event systems (DES).

In this paper, we consider a system given by the interconnec-
tion of a pair of nondeterministic and metric finite state systems 
P1 and P2, and address a decentralized control problem where 
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two controllers, C1 for plant P1 and C2 for plant P2, are designed 
to enforce desired local regular language specifications Q1 and 
Q2 on P1 and P2 respectively, up to desired accuracies. Each 
controller shares information only with the corresponding plant. 
As discussed e.g. in Pola and Di Benedetto (2019) and Tabuada 
(2008), regular languages are useful for modeling specifications 
of interest in e.g. cyber–physical systems. The control scheme 
considered, also depicted in Fig.  1, naturally arises for example 
in multi-agent systems and consensus problems. Since plants are 
interconnected, the part of the specification that can be enforced 
on one system depends on the one on the other system and hence 
control strategies may not be compatible. A straightforward ap-
proach to solve this control problem follows this reasoning: when 
designing controller C1 to enforce specification Q1 on plant P1, the 
state of plant P2, which is an external input for P1, is treated as 
an unknown disturbance, and the same reasoning by reversing 
indexes 1 and 2. As pointed out in this paper through an example, 
this approach may be restrictive because some solutions to the 
control problem may exist without being captured by using this 
reasoning. One additional issue complicates things even more. We 
show through an example that more than one solution to the 
control problem may exist, but in general a maximum over the 
solutions (in terms of amount of specification enforced) does not 
exist.

We deal with these issues by resorting to a game theoretic 
approach. We interpret our control problem as a game between 
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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two players identified with the plants. Action of each player is 
formalized by the notion of strategy defined as a controller and a 
relation between initial states of the plant and of the controller. 
The goal of each player is to enforce a local specification on its 
plant. We propose a notion of equilibrium between strategies so 
that, at equilibrium, there exists a strategy for each player Pi, 
i = 1, 2, such that a sublanguage of the local specification is 
respected, given the strategy of the other player P3−i, i = 1, 2, 
that is unknown to Pi, i = 1, 2. We then propose a stronger 
notion of equilibrium, where deviation of each plant from its 
control strategy may correspond to a loss in terms of the part 
of specification enforced. We call this notion Nash equilibrium 
because it resembles the standard notion given for discrete, con-
tinuous and hybrid processes, see Remark  1. We also propose a 
notion of dominant equilibrium where there is no other pair of 
strategies enforcing larger parts of specifications than the ones 
in the dominant equilibria. Sets of equilibria, Nash and dominant 
equilibria are either empty or with infinite cardinality, which 
makes the problem of their characterization challenging.

To this purpose, we propose an algorithm that takes as input, 
plants P1, P2 and a finite collection of sub-transition systems 
of the transition systems generating specifications Q1 and Q2. 
Output of the algorithm is a collection of pairs of strategies, 
solving the control problem considered, and is denoted by G. 
Since the algorithm is run with a finite collection of inputs, set G
is finite. We show that for any equilibrium, Nash equilibrium and 
dominant equilibrium, there exists at least a pair of strategies in G
enforcing the same part of the specifications. Since set G is finite, 
a characterization of the sets of equilibria, Nash and dominant 
equilibria is a decidable problem. An example within multi-agent 
systems with shared resources is also included.

A comparison with related work follows. The plants’ models 
considered in this paper can be viewed as a subclass of nondeter-
ministic DES, because they are not equipped with marked states, 
while DES are. On the other hand, our models are equipped with 
metric in the set of states, which is not the case in the traditional 
formulation of DES. Decentralized control for DES was extensively 
studied in the literature, starting from the well-known super-
visory control theory (SCT) built by Wonham and Ramadge in 
the 80’s of the last century. We recall here Rudie and Wonham 
(1992) and Jiang et al. (2010). Work (Rudie & Wonham, 1992) was 
among the first, if not, to address decentralized control for DES. It 
considers decentralized control architectures with global specifi-
cations. The second one, instead, considers decentralized control 
architectures with local specifications, as in our framework. The 
key distinction between SCT and our framework lies in their 
settings. Here, system behavior is defined as strings of system 
states, whereas in SCT as strings of events. The role of controllers 
also differs: in SCT, controllers disable controllable events to re-
strict system transitions, while in this paper, controllers execute 
control inputs to select transitions. Moreover, considering metrics 
in the set of states, which naturally translates in the require-
ment to satisfy the specifications in an approximate sense, offers 
more flexibility in finding solutions to the control problem for 
finite state systems from an engineering perspective. Considering 
metrics in the set of states also makes it possible to deal with 
purely continuous or hybrid systems that can be approximated 
by nondeterministic metric finite state systems. Literature in 
this regard is rather rich, see e.g. Belta et al. (2017), Girard 
and Pappas (2007), Pola and Di Benedetto (2019) and Tabuada 
(2009) and the references therein. For example, for networks 
of discrete-time nonlinear systems with arbitrary topological in-
terconnection, Pola et al. (2016) proposes approximations by 
discrete abstractions, and Pola et al. (2018) decentralized control 
for deterministic plants, with dynamic and open-loop controllers, 
and global specifications. Our recent work (Pola et al., 2024) 
2

is related to this paper and addresses decentralized control of 
finite and metric nondeterministic systems from two agents to an 
arbitrarily large number of agents. However Pola et al. (2024), as 
well as references cited above, do not provide a characterization 
of solutions in terms of Nash and dominant equilibria, which is 
the contribution of the present paper. Initial studies in this regard 
were presented in the conference publication (Pola et al., 2023).

This paper is organized as follows. Section 2 includes notation, 
preliminary and new definitions that are instrumental to derive 
our results. Section 3 introduces interconnected finite state sys-
tems and the control problem formulation. Section 4 introduces 
the notions of equilibria, Nash and dominant equilibria. Sec-
tion 5 presents the results obtained and Section 6 an illustrative 
example. Section 7 offers some concluding remarks.

2. Notation and preliminary definitions

Symbol ∧ denotes the logical conjunction and symbol ∅ the 
empty set. Symbols N, R, and R+

0  denote the set of non-negative 
integer, real, and non-negative real numbers, respectively. Given 
a, b ∈ N we set [a; b] = {x ∈ N | a ≤ x ≤ b}. Symbol |a| denotes 
the absolute value of a ∈ R. The sum of sets X1 ⊆ Rn and X2 ⊆ Rn

is the set X1+X2 := {z ∈ Rn
| ∃x1 ∈ X1 ∧ ∃x2 ∈ X2  s.t. z = x1+x2}.

Given a finite set X , card(X) denotes the cardinality of X , 2X

denotes the power set of X , that is the collection of all subsets of 
X . A metric for a set X is a function d : X × X → R+

0  satisfying 
for any x1, x2, x3 ∈ X the following properties: d(x1, x2) = 0 if 
and only if x1 = x2; d(x1, x2) = d(x2, x1); d(x1, x2) ≤ d(x1, x3) +

d(x3, x2). Given two sets X and Y , X \ Y = {x ∈ X | x /∈ Y }. A set X
equipped with a binary relation ⪯ ⊆ X × X is a partially ordered 
set (poset) if for all x1, x2, x3 ∈ X: (reflexivity) x1 ⪯ x1, (anti-
symmetry) if x1 ⪯ x2 and x2 ⪯ x1 then x1 = x2, and (transitivity) 
if x1 ⪯ x2 and x2 ⪯ x3 then x1 ⪯ x3. A maximal element xM ∈ X
is such that there is no x ∈ X , x ̸= xM , such that xM ⪯ x. A 
minimal element xm ∈ X is such that there is no x ∈ X , x ̸= xm, 
such that x ⪯ xm. Maximum xmax ∈ X and minimum xmin ∈ X , 
when they exist, are unique and such that xmin ⪯ x ⪯ xmax, for 
all x ∈ X . Maximum and minimum are a maximal element and 
a minimal element of X , respectively, while the converse is not 
true, in general. In the paper, when clear from the context, we 
slightly abuse notation by writing X instead of the pair (X, ⪯).

A directed graph G is a pair (V , E) where V  is the set of vertices 
and E is the set of edges. A sink of G is a vertex v for which there 
is no vertex v′ such that (v, v′) ∈ E. A root of G is a vertex v
for which there is no vertex v′ such that (v′, v) ∈ E. A cycle is a 
sequence v1 v2, . . . , vl−1, vl, with vi ∈ V , i ∈ [1; l], (vi, vi+1) ∈ E, 
i ∈ [1; l − 1] and v1 = vl. A directed acyclic graph is a directed 
graph with no cycles.

We recall from e.g. Cassandras and Lafortune (1999) some no-
tions on formal language theory. Let Y  be a finite set representing 
the alphabet. A word over Y  of length l is a finite sequence 

y1 y2 . . . yl (1)

of symbols in Y . The empty word is denoted by ε. The concate-
nation of two words y1 y2 . . . yl′  and yl′+1 yl′+2 . . . yl′′  is the word 
y1 y2 . . . yl′ yl′+1 yl′+2 . . . yl′′ . The symbol Y ∗ denotes the Kleene 
closure of Y , that is the collection of all words over Y  including 
ε. A language L over Y  is a subset of Y ∗. The concatenation of 
two languages L1 and L2 is the language L1L2 composed of words 
obtained by concatenating words of L1 with words of L2. The 
Kleene closure of a language L is defined as L∗

=
⋃

i∈N Li, where 
we set L0 = {ε}.

We now recall the notion of transition system:
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Definition 1.  A transition system is a tuple 
T = (X, X0,U, - , Xm, Y ,H), (2)

consisting of a set of states X , a set of initial states X0 ⊆ X , a set 
of inputs U , a transition relation - ⊆ X × U × X , a set of 
marked states Xm ⊆ X , a set of outputs Y  and an output function 
H : X → Y .

The definition above slightly extends the one of Tabuada 
(2009) to transition systems with marked states. A transition 
(x, u, x′) ∈ -  of T  is denoted by x u- x′. The evolution 
of transition systems is captured by the notions of state, input 
and output runs. Given a sequence 

x(0) u(0)- x(1) u(1)- ... x(l − 1) u(l−1)- x(l) (3)

of transitions of T  with x(0) ∈ X0, the sequences
rX : x(0) x(1) . . . x(l),
rU : u(0) u(1) . . . u(l − 1), (4)
rY : H(x(0))H(x(1)) . . . H(x(l)), (5)

are called a state run, an input run and an output run of T , respec-
tively. Transition system T  in (2) is said to be finite if X and U
are finite sets, metric if Y  is equipped with a metric, deterministic
if for any x ∈ X and u ∈ U there exists at most one transition 
x u- x+ and nondeterministic, otherwise.

The set of successors of state x ∈ X with input u ∈ U
is Postu(x) = {x′

∈ X | x u- x′
}; analogously, the set of 

predecessors of x with input u is Post−1
u (x) = {x′

∈ X | x′ u- x}. 
Given X ′

⊆ X , Postu(X ′) =
⋃

x∈X ′ Postu(x) and Post−1
u (X ′) =⋃

x∈X ′ Post−1
u (x).

The marked input language (resp. marked output language) of T , 
denoted as Lu

m(T ) (resp. L
y
m(T )), is the collection of all input runs 

rU  in (4) (resp. output runs rY  in (5)) such that the corresponding 
transitions sequence in (3) is with ending state xl ∈ Xm. In this pa-
per we say that T  marks L if Ly

m(T ) = L. By following the notions 
given in Cassandras and Lafortune (1999), a language L over a 
finite set U is said regular if there exists a finite transition system 
T  with input set U such that L = Lu

m(T ). Without loss of generality 
such transition system T  can be assumed as deterministic and 
with set of initial states as singleton. Moreover, 

Proposition 1.  If L1 and L2 are regular languages, then L1 ∪ L2, 
L1 ∩ L2, L1L2 and L∗

1 are regular languages.
We can now recall the following 

Definition 2.  Consider two transition systems 
Ti = (Xi, X0,i,Ui, i

- , Xm,i, Yi,Hi), i = 1, 2, (6)

T1 is a sub-transition system of T2, denoted T1 ⊑ T2, if X1 ⊆ X2, 
X0,1 ⊆ X0,2, U1 ⊆ U2, 1

- ⊆ 2
- , Xm,1 ⊆ Xm,2, Y1 ⊆ Y2 and 

H1(x) = H2(x) for all x ∈ X1.

Definition 3.  Given T  in (2) and X ′
⊆ X , the sub-transition 

system of T  induced by X ′ is 
T |X ′ = (X ′, X0 ∩ X ′,U,

′
- , Xm ∩ X ′, Y ,H ′),

 where x u
′
- x′ if x u- x′ and H ′(x) = H(x) for all x ∈ X ′.

Similarly, 

Definition 4.  Given T  in (2) and 
′
- ⊆ - , the sub-

transition system of T  induced by 
′
- ⊆ -  and X ′

0 ⊆ X0

is 
T | - ,X ′ = (X ′, X ′ ,U, - , Xm ∩ X ′, Y ,H ′),
′ 0 0 ′

3

where X ′ is the collection of states in X that are reached by a finite 
sequence of transitions in 

′
-  starting from an initial state in 

X ′

0.

Consider transition system T  in (2).
The accessible part of T , denoted Ac(T ), is the unique maxi-

mal1 sub-transition system T ′ of T  such that for any state x′ of T ′

there exists a state run of T ′ ending in x′. When T = Ac(T ), it is 
said accessible. By definition, if T  is nonempty, Ac(T ) is accessible.

Define the following recursive equations:
X(0) := Xm;

X(k + 1) := X(k)
⋃

u∈U

{
x ∈ Post−1

u (X(k)) |
Postu(x) ⊆ X(k)

}
.

It is readily seen that there exists k′
∈ N such that X(k′) =

X(k′
+ 1) or equivalently, that sequence above admits a fixed 

point. The co-accessible part of T  is defined as Coac(T ) = T |X(k′). 
When T = Coac(T ), it is said co-accessible.

As pointed out in Masciulli et al. (2021) (see Example  2) 
operators Ac and Coac do not commute. The trim of T , denoted 
Trim(T ), is defined as Trim(T ) = Ac(Coac(T )). By definition, 
Trim(T ), if not empty, is accessible and co-accessible. T  is said 
trim if T = Trim(T ).

For deterministic transition systems, unary operators Ac, Coac
and Trim boil down to those in e.g. Cassandras and Lafortune 
(1999).

We now introduce the following operator on transition sys-
tems. 

Definition 5.  Given a transition system T , Split(T ) is the collec-
tion of all sub-transition systems of T  that are trim.

Split(T ) can be computed as follows: first compute all sub-
transition systems of T , then apply Trim operator to each of 
them.

We now recall the standard notion of product composition 
between transition systems. 

Definition 6.  The product composition between transition sys-
tems T1 and T2 as in (6), is the transition system T  as in (2) where 
X = X1×X2, X0 = X0,1×X0,2, U = U1×U2, - = 1

- × 2
- , 

Xm = X0,m × X0,m, Y = Y1 × Y2 and H((x1, x2)) = (H1(x1),H2(x2)), 
∀(x1, x2) ∈ X .

Product composition is associative, i.e. (T1 × T2) × T3 = T1 ×

(T2 × T3).
We conclude this section with the following definition where, 

for A ⊆ A1 ×A2, Proj′(A, Ai) = {ai ∈ Ai | ∃a3−i ∈ A3−i s.t. (a1, a2) ∈

A}.

Definition 7.  Consider two transition systems T1 and T2 as in 
(6) and a transition system T  as in (2), where T ⊑ T1 × T2. The 
projection of T  onto Ti is the transition system 
Proj(T , Ti) = (X ′, X ′

0,U
′,

′

- , X ′

m, Y ′,H ′),

 where X ′
= Proj′(X, Xi), X ′

0 = Proj′(X, X0,i), U ′
= Proj′(U,Ui), 

′- = Proj′( - , i
- ), X ′

m = Proj′(Xm, Xi,m), Y ′
=

Proj′(Y , Yi), and H ′(x′

i) = Hi(x′

i), for all x′

i ∈ X ′.

Given T ⊑ T1 × T2 × · · · × Tm, for some transition systems T
and Ti, i ∈ [1;m], the projection Proj(T , Ti) of T  onto Ti, i ∈ [1;m], 
can be defined by following the same reasoning as in Definition 
7.

1 Here, maximality is with respect to the pre-order naturally induced by the 
binary operator ⊑.
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Fig. 1. Decentralized control architecture.

3. Interconnected finite state systems and control problem 
formulation

The control scheme we consider in this paper is decentralized 
and illustrated in Fig.  1. We consider a pair of interconnected 
plants P1 and P2 and a pair of controllers C1 for plant P1 and C2
for plant P2, each controller sharing information only with the 
corresponding plant.

Each plant Pi, i = 1, 2, is modeled as a finite state system and 
described by the difference inclusion: 

Pi :

⎧⎨⎩
xi(t + 1) ∈ Fi(xi(t), x3−i(t), ui(t)),
xi(0) ∈ Xi,0, x3−i(0) ∈ X3−i,0,

xi(t) ∈ Xi, x3−i(t) ∈ X3−i, ui(t) ∈ Ui, t ∈ N,

(7)

where xi(t) is the state, and x3−i(t) and ui(t) are the inputs, at 
time t ∈ N; Xi, Xi,0 ⊆ Xi and Ui are the finite sets of states, initial 
states and inputs, respectively. Input x3−i(t) of Pi is the state of 
P3−i. Set Xi is equipped with metric di : Xi × Xi → R+

0 . Map 
Fi : Xi × X3−i × Ui → 2Xi  is the state transition (possibly partial) 
map. A state trajectory of Pi of length l + 1 is a finite sequence 
xi(0) xi(1) . . . xi(l) satisfying (7) for some finite sequence of inputs 
x3−i(0) x3−i(1) . . . x3−i(l − 1) and ui(0) ui(1) . . . ui(l − 1). Since Fi
may be partial, trajectories may be extended to trajectories with 
arbitrarily large length, or not. Systems Pi are nondeterministic, in 
general. They become deterministic when for any (xi, x3−i, ui) ∈

Xi ×X3−i ×Ui, set Fi(xi, x3−i, ui) is either a singleton or empty, and 
in this last case, the system deadlocks.

Each controller Ci, i = 1, 2, is modeled as a finite state system 
and described by the difference inclusions: 

Ci :

⎧⎪⎪⎨⎪⎪⎩
zi(t + 1) ∈ Gi(zi(t), xi(t)),
ui(t) ∈ hi(zi(t), xi(t)),
zi(0) ∈ Zi,0,
zi(t) ∈ Zi, ui(t) ∈ Ui, t ∈ N,

(8)

where zi(t), xi(t) and ui(t) are the state, the input and the output, 
at step t ∈ N, respectively; Zi, Zi,0 ⊆ Zi and Ui are the finite 
sets of states, initial states and outputs, respectively. Map Gi :

Zi × Xi → 2Zi  is the state transition (possibly partial) map and 
hi : Zi×Xi → 2Ui  is the output (possibly partial) map. Controller Ci
is nondeterministic, in general. It becomes deterministic when for 
any (zi, xi) ∈ Zi×Xi, set Gi(zi, xi) is either a singleton or empty, and 
in this last case, Ci deadlocks. When Zi is a singleton, controller Ci
is static and can be simply represented by Ci : Xi → 2Ui . Control 
action on plant Pi is formalized through the notion of a strategy, 
as follows.

Definition 8.  A (control) strategy Si for plant Pi is given by a pair 
(Ci, Ri), where Ci is a controller of the form (8) and Ri ⊆ Xi,0 × Zi,0
is a relation of initial states between Pi and Ci. The collection of 
strategies for Pi obtained by considering all possible controllers 
and relations is denoted by Si.

Plant Pi under action of strategy Si = (Ci, Ri) ∈ Si is described 
by the following difference inclusion: 

PSi
i :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(xi(t + 1), zi(t + 1)) ∈ φi(xi(t), zi(t), x3−i(t)),
(xi(0), zi(0)) ∈ Ri,

(xi(t), zi(t)) ∈ Xi × Zi,
x3−i(0) ∈ X3−i,0,

(9)
x3−i(t) ∈ X3−i, t ∈ N,

4

where state transition map φi : Xi × Zi × X3−i → 2Xi×Zi  is defined 
by:

φi(xi, zi, x3−i) =⋃
ui∈hi(zi,xi)

Fi(xi, x3−i, ui) × Gi(zi, xi),

for all (xi, zi, x3−i) ∈ Xi × Zi × X3−i. A state trajectory of PSi
i  is a 

finite sequence (xi(0), zi(0)) (xi(1), zi(1)) . . . satisfying (9) for some 
finite sequence of inputs x3−i(0) x3−i(1) . . .. Note that the action 
of strategies Si on plants Pi may cause a blocking behavior. This 
happens for example when Ci causes emptiness of φi(xi, zi, x3−i)
for some state (xi, zi, x3−i) ∈ Xi × Zi × X3−i, reachable from some 
initial state.

The interconnection among systems P1, P2, C1 and C2 is de-
noted by Σ , depicted in Fig.  1, and is obtained by coupling (7) 
and (8) for i = 1, 2, thus obtaining 

Σ :

⎧⎪⎪⎨⎪⎪⎩
(x1(t + 1), z1(t + 1)) ∈ φ1(x1(t), z1(t), x2(t)),
(x2(t + 1), z2(t + 1)) ∈ φ2(x2(t), z2(t), x1(t)),
(x1(t), x2(t), z1(t), z2(t)) ∈

X1 × X2 × Z1 × Z2, t ∈ N.

(10)

A state trajectory of Σ of length l + 1 is a finite sequence 
(x1(0), x2(0), z1(0), z2(0)) (x1(1), x2(1), z1(1), z2(1)) . . . (x1(l), x2(l),
z1(l), z2(l)) satisfying (10). For later purposes, given a pair of 
strategies Si = (Ci, Ri) ∈ Si, i = 1, 2, we also denote by 
Σ (S1,S2) the finite state system obtained by requiring initial states 
(x1(0), x2(0), z1(0), z2(0)) of Σ to satisfy (x1(0), z1(0)) ∈ R1 and 
(x2(0), z2(0)) ∈ R2, or equivalently, obtained by coupling (9) for 
i = 1 and i = 2.

The control problem we address in this paper is formalized as 
follows: 

Problem 1.  Consider plants Pi, specifications Qi described by 
regular languages over alphabet Xi, i.e. Qi ⊆ (Xi)∗, and desired 
accuracies θi ∈ R+

0 , i = 1, 2. Design strategies Si ∈ Si such that 
PSi
i  satisfy Qi within a desired accuracy θi, i = 1, 2, i.e. for any 

state trajectory (x1(.), x2(.), z1(.), z2(.)) of Σ (S1,S2), with length l+1, 
there exist two words qi0 qi1 . . . qil ∈ Qi, i = 1, 2, such that the 
following inequalities hold: 
di(xi(t), qit ) ≤ θi, ∀t ∈ [0; l], i = 1, 2. (11)

In this paper, we provide a characterization of all solutions to 
the problem above. Although in this paper we are considering 
dynamic controllers, there are cases where Problem  1 admits 
solution by using static controllers, i.e. controllers of the form Ci :

Xi → 2Ui , which are easier to be designed and also implemented. 
In the examples presented in this paper we will see both cases 
of dynamic and static controllers. Problem  1 is a decentralized 
control problem with local specifications. When designing Si ∈ Si
to enforce Qi on Pi, it may be restrictive to treat the external input 
x3−i as an unknown disturbance, as illustrated in the following 
example. 

Example 1.  Consider P1 with X1 = {0, 1, 2, 3, 4, 5}, X1,0 = {0, 2}, 
U1 = {a, b, c}, P2 with X2 = {0′, 1′, 2′, 3′, 4′, 5′

}, X2,0 = {0′, 1′
}, 

U2 = {a′, b′
}, and transition maps F1 and F2 depicted in Fig.  2. 

Specifications are given by languages 
Q1 = {0 1 0}{1 0}∗ ∪ {0 1 5, 0 1 4, 0 2 4, 0 2 3, 2 4},
Q2 = {0′

}{1′
}
∗
∪ {0′ 1′ 5′, 0′ 1′ 4′, 0′ 2′ 4′, 0′ 2′ 3′, 1′5′

},
(12)

over alphabets X1 and X2, respectively. Since {0 1 0}, {1 0},
{0 1 5, 0 1 4, 0 2 4, 0 2 3, 2 4}, {0′

}, {1′
} and {0′ 1′ 5′, 0′ 1′ 4′,

0′ 2′ 4′, 0′ 2′ 3′, 1′5′
} are regular languages, by Proposition  1, lan-

guages Q1 and Q2 in (12) are regular. If Pi treats x3−i as an 
unknown disturbance, there are no control strategies enforcing 
Q  and Q . In fact, if P  starts from 2 and P  starts from 0′, P
1 2 1 2 1
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Fig. 2. Plant P1 (upper panel) and plant P2 (lower panel) of Example  1.

blocks and word 2 /∈ Q1. On the other hand, it is readily seen 
that for example, strategies Si = (Ci, Ri), i = 1, 2, with R1 = {0}, 
R2 = {0′

} and static controllers C1 and C2 specified by C1(0) = {b}, 
C1(2) = {a}, C2(0′) = {b′

}, C2(2′) = {a′
}, enforce words 0 2 3 ∈ Q1

and 0′ 2′ 3′
∈ Q2 and hence, solve Problem  1 for any metric chosen 

and with accuracies θ1 = θ2 = 0.

This observation prompted us to explore alternative
approaches to derive solutions to Problem  1 that are inspired by 
game theory.

4. Games and equilibria

We consider a game with two players Pi, i = 1, 2. Actions of 
Pi are formalized by strategies Si ∈ Si. Reward functions of Pi
are formalized by the notion of parts of specification enforced, 
as follows: 

Definition 9.  For i = 1, 2, the part of the specification Qi
enforced on Pi by strategy Si = (Ci, Ri) ∈ Si, given strategy 
S3−i = (C3−i, R3−i) ∈ S3−i, denoted by Qi(Si, S3−i), is the collection 
of words q0 q1 . . . ql ∈ Qi for which there exists a state trajectory 
(x1(.), x2(.), z1(.), z2(.)) of Σ (S1,S2) with length l + 1, such that the 
following inequality holds: 
di(xi(t), qt ) ≤ θi, ∀t ∈ [0; l]. (13)

We can now introduce the following definition. 

Definition 10.  The pair (S1, S2) ∈ S1 × S2 is an equilibrium if 
Q1(S1, S2) ̸= ∅ and Q2(S2, S1) ̸= ∅. We denote by E the collection 
of equilibria in Σ .
5

By Definition  10, (S1, S2) ∈ E if and only if it solves Problem 
1. In the definition above, each plant Pi chooses a strategy Si, 
without knowing the state of the other plant P3−i. Even with this 
partial information setting, pair of strategies (S1, S2) provide a 
solution to the problem at hand. Hence, strategies S1 and S2 can 
be thought of as being in balance, hence the term ‘‘equilibrium’’. 
In the definition above we skip dependency of E on θ1 and θ2
for notational simplicity. It is easy to see that if (S1, S2) ∈ E
then (S1, S2) is also an equilibrium with respect to any accuracies 
θ ′

1 ≥ θ1 and θ ′

2 ≥ θ2.
In the sequel we focus on characterizing and computing equi-

libria. We start by illustrating some properties of E .
The set E may be empty, in general. If E ̸= ∅, it has infinite 

cardinality. Indeed, let (S1, S2) ∈ E with Si = (Ci, Ri). For i = 1, 2, 
consider strategies S ′

i = (C ′

i , R
′

i), where C ′

i  is obtained by coupling 
equations in (8) with ‘‘spurious’’ dynamics not influencing zi(t), 
e.g. z ′

i (t+1) = z ′

i (t), z ′

i (t) ∈ Z ′

i , t ∈ N, and R′

i = Ri×Z ′

i . Then, S ′

i ̸= Si
and it is readily seen that (S ′

1, S
′

2) ∈ E . By coupling equations in 
(8) with an arbitrarily large number of ‘‘spurious’’ dynamics, we 
obtain an arbitrarily large number of ‘‘artificious’’ new equilibria. 
More in general, starting from one equilibrium (S1, S2), one can 
appropriately construct an arbitrarily large number of pairs of 
strategies (S ′

1, S
′

2) ∈ S1 × S2 that are equivalent via alternating 
bisimulation (see e.g. Alur et al. (1998), Pola and Tabuada (2009) 
and Tabuada (2009)) to (S1, S2). Then, by invoking the so-called 
congruence property, see e.g. Clarke et al. (1999), for i = 1, 2, PSi

i

and PS′
i

i  are equivalent via alternating bisimulation from which, 
Qi(Si, S3−i) = Qi(S ′

i , S
′

3−i) and hence, (S ′

1, S
′

2) ∈ E .
Moreover, it is readily seen that E is a partially ordered set 

(poset) when equipped with binary relation ⪯ defined by
(S1, S2) ⪯ (S ′

1, S
′

2),

if Q1(S1, S2) ⊆ Q1(S ′

1, S
′

2) and Q2(S2, S1) ⊆ Q2(S ′

2, S
′

1). When 
(S1, S2) ⪯ (S ′

1, S
′

2), strategy (S1, S2) is said to be dominated by 
(S ′

1, S
′

2). The following example shows that in general, the poset 
E does not have a maximum.

Example 2.  Consider P1, P2, Q1 and Q2 of Example  1 and suppose 
θ1 = θ2 = 0. Consider static controller C1 specified by C1(0) = {a}, 
C1(1) = {c}, and set of initial states R1 = {0}. Consider also static 
controller C2 specified by C2(0′) = {a′

}, C2(1′) = {c ′
}, and set of 

initial states R2 = {0′
}. By setting S1 = (C1, R1) and S2 = (C2, R2), 

it is easy to see that 
Q1(S1, S2) = {0 1 0}{1 0}∗,
Q2(S2, S1) = {0′

}{1′
}
∗.

(14)

Hence, (S1, S2) ∈ E . Consider now static controller C ′

1 specified 
by C ′

1(0) = {a, b}, C ′

1(1) = {a, b}, C ′

1(2) = {a} and set of initial 
states R′

1 = {0}. Consider also static controller C ′

2 specified by 
C ′

2(0
′) = {a′, b′

}, C ′

2(1
′) = {a′

}, C ′

2(2
′) = {a′

}, and set of initial 
states R′

2 = {0′
}. By setting S ′

1 = (C ′

1, R
′

1) and S ′

2 = (C ′

2, R
′

2), it is 
easy to see that 
Q1(S ′

1, S
′

2) = {0 1 5, 0 1 4, 0 2 4, 0 2 3},
Q2(S ′

2, S
′

1) = {0′ 1′ 5′, 0′ 1′ 4′, 0′ 2′ 4′, 0′ 2′ 3′
}.

(15)

Hence, (S ′

1, S
′

2) ∈ E . From (14) and (15), neither (S1, S2) ⪯ (S ′

1, S
′

2)
nor (S ′

1, S
′

2) ⪯ (S1, S2). We now claim that there is no equilibrium, 
say (S ′′

1 , S
′′

2 ) with S ′′

i = (C ′′

i , R′′

i ), such that (S1, S2) ⪯ (S ′′

1 , S
′′

2 ) and 
(S ′

1, S
′

2) ⪯ (S ′′

1 , S
′′

2 ), a necessary condition for the existence of the 
maximum of E . For
Q1(S1, S2) ∪ Q1(S ′

1, S
′

2) ⊆ Q1(S ′′

1 , S
′′

2 )

to hold, we need C ′′

1 (0) = {a, b} and C ′′

1 (1) = {a, b, c}; analo-
gously, for
Q (S , S ) ∪ Q (S ′ , S ′ ) ⊆ Q (S ′′, S ′′)
2 2 1 2 2 1 2 2 1
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to hold, we need C ′′

2 (0
′) = {a′, b′

} and C ′′

2 (1
′) = {a′, c ′

}. Sets of 
initial states in S ′′

1  and S ′′

2  are R′′

1 = {0} and R′′

2 = {0′
}. Suppose: 

P1 picks a ∈ C ′′

1 (x1(0)) at step t = 0 and picks c ∈ C ′′

1 (x1(1))
at step t = 1; P2 picks b′

∈ C ′′

2 (x2(0)) at step t = 0 and picks 
a′

∈ C ′′

2 (x2(1)) at step t = 1. At step t = 1, P1 needs state 
x2(1) = 1′ of P2 to evolve. Since x2(1) = 2′, P1 blocks and 
trajectory 0 1 obtained is not in Q1. Hence, strategy (S ′′

1 , S
′′

2 ) does 
not exist and the claim is proven.

Since poset E has no maximum in general, in the sequel we 
study and characterize all equilibria.

We start by introducing a special class of equilibria: 

Definition 11.  An equilibrium (S1, S2) ∈ E is Nash if
• Q1(S ′

1, S2) ⊆ Q1(S1, S2), ∀S ′

1 ∈ S1;
• Q2(S ′

2, S1) ⊆ Q2(S2, S1), ∀S ′

2 ∈ S2.
We denote by N  the collection of Nash equilibria in Σ .

By the definition above, whenever only player P1 deviates 
from a Nash equilibrium (S1, S2) by selecting a different strategy 
S ′

1 ̸= S1, while P2 maintains strategy S2, the corresponding 
part of the specification Q1 enforced may reduce, and vice versa. 
This corresponds mutatis mutandis to the classical notion of Nash 
equilibrium, as pointed out in the following: 

Remark 1.  In static two–players games, a collection of strategies 
in some sets V1 and V2 and a pair of reward functions J1 : V1 ×

V2 → R and J2 : V2 × V1 → R are given. A Nash equilibrium 
for this game is given by a pair (v1, v2) ∈ V1 × V2 for which 
J1(v′

1, v2) ≤ J1(v1, v2) for all v′

1 ∈ V1 and J2(v′

2, v1) ≤ J2(v2, v1)
for all v′

2 ∈ V2. In our framework, reward functions Ji correspond 
to Qi ranging in the poset 2Qi  (with partial order ⊆) rather than 
in the totally ordered set R as in the case of Ji.

As for E , it is easy to see that N , when non-empty, has 
infinite cardinality. We also introduce the notion of dominant 
equilibrium. 

Definition 12.  An equilibrium (S1, S2) ∈ E is dominant if
• Q1(S ′

1, S
′

2) ⊆ Q1(S1, S2), ∀S ′

1 ∈ S1 and ∀S ′

2 ∈ S2;
• Q2(S ′

2, S
′

1) ⊆ Q2(S2, S1), ∀S ′

2 ∈ S2 and ∀S ′

1 ∈ S1.
We denote by D the collection of dominant equilibria in Σ .

As for E and N , it is easy to see that D, when non-empty, has 
infinite cardinality. A dominant equilibrium is also Nash while 
the converse is not true, in general. In fact, it is readily seen 
that equilibria (S1, S2) and (S ′

1, S
′

2) in Example  2 are Nash but not 
dominant. The following example clarifies further connections 
between Nash and dominant equilibria.

Example 3.  Consider P1 with X1 = {0, 1, 2, 3, 4}, X1,0 = {0}, U1 =

{a, b}, P2 with X2 = {0′, 1′, 2′, 3′, 4′
}, X2,0 = {0′

}, U2 = {a′, b′, c ′
}, 

and transition maps F1 and F2 depicted in Fig.  3. Suppose θ1 =

θ2 = 0. Consider a pair of regular language specifications Q1 =

{0 1 1, 0 2 3 4, 0 2 3 4 5} and Q2 = {0′ 0′ 1′, 0′ 0′ 2′ 3′, 0′ 0′ 2′ 3′ 4′
}. 

Consider strategies S1 = (C1, R1) and S2 = (C2, R2) defined by 
R1 = {0}, R2 = {0′

}, C1(0) = {a, b}, C1(1) = {a}, C1(2) =

C1(3) = {b}, C2(0′) = {a′
} and C2(2′) = {b′

}. It is easy to see that 
Q1(S1, S2) = {0 1 1, 0 2 3 4}, Q2(S2, S1) = {0′ 0′ 1′, 0′ 0′ 2′ 3′

}, and 
hence, (S1, S2) is an equilibrium and it is dominant. Consider now 
strategies S ′

1 = (C ′

1, R
′

1) and S ′

2 = (C ′

2, R
′

2) defined by R′

1 = {0}, 
R′

2 = {0′
}, C1(0) = C1(1) = {a} and C2(0′) = C2(1′) = {a′

}. We 
get Q1(S ′

1, S
′

2) = {0 1 1} and Q2(S ′

2, S
′

1) = {0′ 0′ 1′
} from which 

(S ′

1, S
′

2) ∈ E . Suppose P1 deviates from strategy S1 by applying 
input b when in state 0 and that P2 applies S2. P1 and P2 then reach 
states 2 and 2′, respectively. When in 2′, plant P2 blocks because 
controller C ′

2 is not defined in state 2′. When in 2, plant P1 reaches 
state 3 and then blocks. By deviation from strategy S , both P  and 
1 1

6

Fig. 3. Plant P1 (upper panel) and plant P2 (lower panel) of Example  3.

P2 do not enforce any word in Q1 and Q2, respectively. Conversely, 
any strategy for P2 other than S ′

2 is such that it enforces either no 
words or the same part of specification as S ′

2. As a consequence, 
(S ′

1, S
′

2) is Nash. Moreover, it is dominated by (S1, S2), i.e. (S ′

1, S
′

2) ⪯

(S1, S2).

We conclude this section with an example given in the non-
deterministic case, for accuracies θi ≥ 0 and with dynamic 
controllers.

Example 4.  Consider interconnected systems P1 and P2 given 
by X1 = {0, 1, 2, 3, 4, 5}, X1,0 = {0, 3}, U1 = {a, b}, X2 =

{0′, 1′, 2′, 3′, 4′, 5′
}, X2,0 = {0′, 4′

}, U2 = {a′, b′
} and transition 

maps F1 and F2 depicted in Fig.  4. Metric d1 is defined by 
d1(m, n) = |m − n|, m, n ∈ X1, and metric d2 by d2(m′, n′) =

|m′
− n′

|, m′, n′
∈ X2. P1 is nondeterministic while P2 is determin-

istic. Consider a pair of specifications Q1 = {(0 1 2 1)∗(0 1 2 1 0),
3 4, 3 5, 3 5 4, 3 5 5} and Q2 = {(0′ 1′ 2′ 3′)∗(0′ 1′ 2′ 3′ 0′), 4′ 5′,
4′ 5′ 5′, 4′ 5′ 5′ 5′

}. Suppose first θ1 = θ2 = 0. We get:
• Define dynamic controller C1 as in Fig.  5 (upper label in each 
circle is the state and lower label is its output) and R1 = {(0, 0′′)}. 
Define static controller C2 by C2(0′) = C2(1′) = C2(2′) = C2(3′) =

{a′
} and R2 = {0′

}. Define strategies Si = (Ci, Ri) ∈ Si, i =

1, 2. Since Q1(S1) = {(0 1 2 1)∗(0 1 2 1 0)} ̸= ∅ and Q2(S2) =

{(0′ 1′ 2′ 3′)∗(0′ 1′ 2′ 3′ 0′)} ̸= ∅, then (S1, S2) ∈ E .

• Define static controller C ′

1 by C ′

1(3) = {b}, C ′

1(5) = {a} and 
R′

1 = {3′
}. Define static controller C ′

2 by C ′

2(4
′) = C ′

2(5
′) = {a′

}

and R′

2 = {4′
}. Define S ′

i = (C ′

i , R
′

i) ∈ Si, i = 1, 2. Since 
Q1(S ′

1) = {3 4, 3 5, 3 5 4} ̸= ∅ and Q2(S ′

2) = {4′ 5′, 4′ 5′ 5′
} ̸= ∅, 

then (S ′

1, S
′

2) ∈ E .

• By using arguments similar to those in Example  2, it is easy to 
see that (S1, S2) and (S ′

1, S
′

2) are Nash but not dominant.
Suppose now θ1 = θ2 = 1. Equilibria (S1, S2) and (S ′

1, S
′

2)
(computed for θ1 = θ2 = 0) are also equilibria for θ1 =

θ2 = 1. In particular, since |5 − 4| = 1, we get Q1(S ′

1) =

{3 4, 3 5, 3 5 4, 3 5 5} that is larger than Q1(S ′

1) in the previous 
case, while Q (S ′ ) is the same.
2 2
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Fig. 4. Plant P1 (upper panel) and plant P2 (lower panel) of Example  4.

Fig. 5. Controller C1 of Example  4.

5. Results

This section is organized as follows. In Section 5.1 we provide 
an algorithm that computes equilibria (S1, S2) ∈ E and in Sec-
tion 5.2, a characterization of, and tools for computing, equilibria, 
Nash and dominant equilibria.

5.1. Computing equilibria

We start by associating a transition system TQi  to specification 
Qi, called dual transition system (see Definition 6 in Pola et al. 
(2018)), specified by 

TQi = (Xq,i, Xq,0,i,Uq,i, q,i
- , Xq,m,i, Yq,i,Hq,i), (16)

with Yq,i = Xi, and satisfying the following properties:
(i) TQi  is finite, trim and metric with metric di;
(ii) the marked output language Ly

m(TQi ) of TQi  coincides with Qi;
(iii) T  is of minimal cardinality in the set of states.
Qi

7

When specialized to Finite State Automata (FSA), transition sys-
tem TQi  coincides with the dual FSA (Gol et al., 2014). Con-
struction of TQi  can be done by resorting to standard algorithms 
available in the literature, see e.g. Lawson (2004). Automatic tools 
for constructing it are also well known, see e.g. Caugherty (1990). 
Algorithms for computing minimal transition systems preserving 
equivalence of languages are well studied in the literature, see 
e.g. Cassandras and Lafortune (1999).

Transition system TQi  satisfies the following property: 

Proposition 2.  For any word wi ∈ Ly
m(TQi ) = Qi there exists a 

unique state run of TQi  with output run wi.

Proof.  By definition of regular languages, there exists a determin-
istic finite transition system Ti with set of initial state as singleton, 
such that Qi = Lu

m(Ti). Properties of Ti imply that for any word 
wi ∈ Lu

m(Ti) there exists a unique state run of Ti with input run 
wi. By definition of TQi , for any state run rX  of Ti there exists a 
unique state run r ′

X  of TQi  such that input run of rX  coincides with 
output run of r ′

X  and, vice versa. Hence, the result follows. □

Consider now Split(TQ1 ) and Split(TQ2 ), see Definition  5. It is 
readily seen that 

Proposition 3.  For i = 1, 2, pair (Split(TQi ), ⊑) is a poset.

Proposition 4.  Pair (Split(TQ1 )×Split(TQ2 ), ⊑
′), where ⊑′ is defined 

by (T1, T2) ⊑
′ (T ′

1, T
′

2), if T1 ⊑
′ T ′

1 and T2 ⊑
′ T ′

2, is a poset.
Proofs of the two propositions above are omitted, since the 

ordering relation ⊑ satisfies reflexivity, anti-symmetry and tran-
sitivity properties, as requested for posets.

Computation of equilibria is based on Algorithm 1 that takes 
as input, plants P1 and P2 and transition systems T ′

Q1
∈ Split(TQ1 )

and T ′

Q2
∈ Split(TQ2 ). Transition systems T ′

Q1
 and T ′

Q2
, are finite, 

trim, with output sets X1 and X2, respectively, metric with met-
rics d1 and d2, respectively (same metrics as P1 and P2), and 
mark parts of, or, all specification Qi, i.e. Ly

m(T ′

Q1
) ⊆ Q1 and 

Ly
m(T ′

Q2
) ⊆ Q2. Algorithm 1 gives as output a collection of pairs of 

strategies (S1, S2). Transition system T c in lines 5 and 6 embeds 
information about plants P1 and P2 and transition systems T ′

Q1
and T ′

Q2
. Note that only quadruples (x1, xq,1, x2, xq,2) for which 

d1(x1,H ′

q,1(xq,1)) ≤ θ1 and d2(x2,H ′

q,2(xq,2)) ≤ θ2 are included in 
X c . Line 7 extracts from T c its accessible and co-accessible part, 
by using Trim operator. Lines 10–18 extract from a transition 
system T c(j) ∈ Split(T c) a transition system for which strategies 
can be designed to deal with the nondeterminism of the plants. 
Lines 19–23 extract from c,j

- , transitions where input ui that 
enforces specification Qi on Pi, only depends on states xi and zi. 
Transition system T c(j) in line 23, contains all information from 
which, strategies can be derived. Lines 24–26 output strategies 
Si = (Ci, Ri). 

Remark 2.  Note that T c
⊑ TP1 ×TQ1 ×TP2 ×TQ2  and T c(j) ⊑ TP1 ×

TQ1 × TP2 × TQ2  where TPi  is the transition system representation 
of Pi, i.e. TPi = (Xi, Xi,0,Ui × X3−i, i

- , Xi, Xi,Hi), where 
xi

ui,x3−i

i
- x+

i , if x+

i ∈ Fi(xi, x3−i, ui), and Hi(xi) = xi, xi ∈ Xi, i = 1, 2.

The following result holds:

Proposition 5.  Algorithm 1 terminates in a finite number of steps.

Proof.  Number of iterations to define c
-  in line 5–6 is upper 

bounded by 
card(X × X ′

× X × X ′ )2card(U )card(U ). (17)
1 q,1,0 2 q,2,0 1 2



G. Pola, E. De Santis and M.D. Di Benedetto Automatica 185 (2026) 112773
input:1 
plants Pi;2 
specification transition systems T ′

Qi
= (X ′

q,i, X
′

q,0,i,Uq,i,
′,q,i
- , X ′

q,m,i, Xi,H ′

q,i) ∈ Split(TQi ), i = 1, 2;3 
init:4 
X c

:= {(x1, xq,1, x2, xq,2) ∈ X1 × X ′

q,1 × X2 × X ′

q,2 | d1(x1,H ′

q,1(xq,1)) ≤ θ1 ∧ d2(x2,H ′

q,2(xq,2))) ≤ θ2}; 5 
X c
0 := X c

∩ (X1,0 × X ′

q,1,0 × X2,0 × X ′

q,2,0); U c
:= U1 × U2; X c

m := {(x1, xq,1, x2, xq,2) ∈ X c
| xq,1 ∈ X ′

q,m, ∧ xq,2 ∈ X ′

q,m,2}; Y c
:= X1 × X2; 

Hc(x1, xq,1, x2, xq,2) := H ′

q,1(xq,1) × H ′

q,2(xq,2), ∀(x1, xq,1, x2, xq,2) ∈ X c ;

Define c
-  by (x1, xq,1, x2, xq,2)

(u1,u2)
c
- (x+

1 , x+

q,1, x
+

2 , x+

q,2)  if 6 

[x+

1 ∈ F1(x1, x2, u1)] ∧ [xq,1
′,q,1
- x+

q,1] ∧ [x+

2 ∈ F2(x2, x1, u2)] ∧ [xq,2
′,q,2
- x+

q,2];

T c
:= (X c, X c

0 ,U
c, c

- , X c
m, Y c,Hc); T c

:= Trim(T c);7 
main:8 
Split(T c) = {T c(1), T c(2), ...};9 
foreach T c(j) := (X c(j), X c

0 (j),U
c(j), c,j

- , X c
m(j), Y

c(j),Hc(j)) ∈ Split(T c) do10 
temp
- := ∅;11 

foreach x = (x1, xq,1, x2, xq,2)
(u1,u2)

c,j
- x+ do12 

if x′
= (x′

1, x
′

q,1, x
′

2, x
′

q,2) ∈ X c(j) for all13 

x′

1 ∈ F1(x1, x2, u1), xq,1 c
- x′

q,1, x′

2 ∈ F2(x2, x1, u2), x′

q,2 c
- x′

q,2

 then
add all x (u1,u2)

c
- x′ to temp

- ;14 
end15 

end16 
X ′

0 = (X c
0 (j) ∩ X c

m(j)) ∪ {x ∈ X c
0 (j) | x

u
c,j
- x′

};17 
T c(j) := (X c(j), X c

0 (j),U
c(j), c,j

- , X c
m(j), Y

c(j),Hc(j)) = Trim(T c(j)|
temp
- ,X ′

0
);18 

foreach xc = (x1, xq,1, x2, xq,2) ∈ X c(j) do19 
20 

Ui(xc) := {ui ∈ Ui | ∃u3−i ∈ U3−i s.t. xc
(u1,u2)

c,j
- x+

c }, i = 1, 2,
U ′

i (xc) :=
⋂

x′c=
(
x1,xq,1,x′2,x′q,2

)
∈Xc (j)

Ui(x′
c), i = 1, 2,

end21 

c,j
- :=

{
xc

(u1,u2)
c,j
- x+

c | u1 ∈ U ′

1(xc) ∧ u2 ∈ U ′

2(xc)
}
;22 

T c(j) := (X c(j), X c
0 (j),U

c(j), c,j
- , X c

m(j), Y
c(j),Hc(j)); T c(j) := Trim(T c(j));23 

construct strategies Si(j) = (C j
i , R

j
i), i = 1, 2, where:24 

controllers C j
i , i = 1, 2, are defined by25 

Z j
i := {(xi, xq,i) ∈ Xi × X ′

q,i | ∃(x3−i, xq,3−i) ∈ X3−i × X ′

q,3−i s.t. (xi, xq,i, x3−i, xq,3−i) ∈ X c(j)};
Z j
i,0 := {(xi, xq,i) ∈ Xi × X ′

q,i | ∃(x3−i, xq,3−i) ∈ X3−i × X ′

q,3−i s.t. (xi, xq,i, x3−i, xq,3−i) ∈ X c
0 (j)};

Gj
i((xi, xq,i), xi) :=

{
(x+

i , x+

q,i) ∈ Z j
i | ∃ (xi, xq,i, x3−i, xq,3−i)

(ui,u3−i)

c,j
- (x+

i , x+

q,i, x
+

3−i, x
+

q,3−i)
}

;

hj
i((xi, xq,i), xi) :=

{
ui ∈ Ui | ∃ (xi, xq,i, x3−i, xq,3−i)

(ui,u3−i)

c,j
- (x+

i , x+

q,i, x
+

3−i, x
+

q,3−i)
}

;

relations Rj
i, i = 1, 2 are defined by Rj

i := {(x′

i, (xi, xq,i)) ∈ Xi × Z j
i,0 | x′

i = xi}.26 
end27 

Algorithm 1. Computation of equilibria. 
Number of iterations in lines 11–17 and 18–22 is upper bounded 
by (17), as well. Hence, the result follows. □

Remark 3.  Space complexity of Algorithm 1 is upper bounded 
by (17). On the other hand, computation of X c and c

-  can 
be done by starting from initial states of T c and by adding to X c

and c
-  only feasible next states and transitions. This approach, 

based on on-the-fly algorithms, see e.g. Borri et al. (2012), Gerth 

8

et al. (1996) and Pola et al. (2012), may lead to computational 
space savings. Same reasoning applies to computational time.

The following result shows that outputs of Algorithm 1 are 
either empty or pairs of strategies (S1, S2) that are equilibria.

Theorem 1.  Suppose Algorithm 1, with inputs Pi and T ′

Qi
, i = 1, 2, 

outputs non-empty strategies S  and S . Then, (S , S ) ∈ E .
1 2 1 2
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Proof.  Consider any state trajectory (x1(.), x2(.), z1(.), z2(.)) of 
Σ (S1,S2) with length l + 1. By line 25, zi(0) = (xi(0), xq,i(0)) ∈ Zi,0.
(Step #0) By definition of Ri in line 26 and of X c

0 (j) in line 23, we 
get

di(xi(0),Hq,i(xq,i(0))) ≤ θi, i = 1, 2,

which, by setting q0,i = Hq,i(xq,i(0)), implies that the inequality 
in (13) is satisfied for t = 0. By definition of marked states in 
T c(j), if Pi blocks at xi(0) then xq,i(0) is a marked state of TQi . As a 
consequence, Hq,i(xq,i(0)) ∈ Qi and the statement holds. We now 
proceed by induction. Suppose Pi does not block at step t .
(Step # t) By definition of hj

i in line 25 and of c,j
-  in line 22, 

for any ui(t) ∈ hj
i(zi(t), xi(t)) = hj

i((xi(t), xq,i(t)), xi(t)), for any 
x′

3−i(t) ∈ X3−i, for any xi(t +1) ∈ Fi(xi(t), x′

3−i(t), ui(t)), there exist 
transitions xq,i(t)

′,q,i
- x+

q,i(t + 1) of T ′

Qi
 such that

di(xi(t + 1),Hq(x+

q,i(t + 1))) ≤ θi, i = 1, 2,

which, by setting qt+1,i = Hq,i(xq,i(t + 1)), implies that the 
inequality in (13) is satisfied for step t + 1. Let zi(t + 1) be a 
next state of Ci starting from zi(t) with input xi(t), i.e. zi(t +

1) ∈ Gi(zi(t), xi(t)). By definition of Gi in line 24, of set of 
states X c(j) (line 22) and of c,j

-  (line 22), we get (x1(t +

1), xq,t+1(t + 1), x2(t + 1), xq,2(t + 1)) ∈ X c(j). Hence, (x1(0), 
x2(0), z1(0), z2(0)) . . . (x1(t + 1), x2(t + 1), z1(t + 1), z2(t + 1)) is 
a state trajectory of Σ (S1,S2). Analogously to (Step #0), if Pi blocks 
at step t + 1 then Hq,i(xq,i(0)) . . . Hq,i(xq,i(t + 1)) ∈ Qi and the 
statement holds. Suppose now Pi does not block at time t + 1.

Step # t is repeated until Pi blocks. Since Pi is finite, this 
procedure converges. Lines 19–23 ensures that transition relation 
c,j
-  respects control architecture, i.e. ui(t + 1) depends only on 

xi(t) and zi(t) but not on x3−i(t). By definition of marked states of 
T c(j) and since T c(j) is co-accessible (line 23), there exists a step 
l ∈ N such that (x1(l), xq,1(l), x2(l), xq,2(l)) ∈ X c

m. As a consequence, 
xq,i(l) ∈ Xm

q,i, i = 1, 2. Hence, by setting ql,i = Hq,i(xq,i(l)), i = 1, 2, 
sequence q0,i q1,i . . . , ql,i ∈ Ly

m(T ′

Qi
) ⊆ Qi, i = 1, 2. Hence, the 

result follows.

Remark 4.  It may happen that Algorithm 1 outputs empty 
strategies for some transition systems T ′

Q1
 and T ′

Q2
 while it outputs 

non-empty strategies for some sub–transition systems T ′′

Q1
⊑ T ′

Q1
and T ′′

Q2
⊑ T ′

Q2
. This is indeed the case of Example  2.

5.2. Main results

This section provides a characterization of sets E , N  and D.
We now introduce a collection of pairs of strategies that will 

be used in the sequel to characterize equilibria. 

Definition 13.  The set G denotes the finite collection of pairs of 
strategies (S1, S2) that are output of Algorithm 1, for inputs Pi and 
some inputs T ′

Qi
∈ Split(TQi ), i = 1, 2. For any pair (S1, S2) ∈ G:

• we denote by G|Si , the projection of G onto Si, i.e. the collection 
of Si ∈ Si for which there exists S3−i ∈ S3−i such that (S1, S2) ∈ G, 
i = 1, 2;
• Ti(Si, S3−i) = Proj(T c(j), T ′

Qi
), i = 1, 2, where T c(j) is the 

transition system from which pair of strategies (S1, S2) is derived 
(see lines 23–26 of Algorithm 1).
Projection operator Proj(T c(j), T ′

Qi
) in the definition above is well 

defined in view of Remark  2. As a direct consequence of Theorem 
1, we get G ⊆ E . Since cardinalities of sets Split(TQ1 ) and Split(TQ2 )
are finite then set G is finite, as well. Since cardinality of E is 
infinite, E ⊆ G is not true. Set G is partially ordered by ⪯ since it 
is contained in E , and can be viewed as a ‘‘generator’’ of equilibria. 
9

In fact, as we show in the subsequent results, all equilibria, Nash 
and dominant equilibria, can be related to those in G.

We can now give the following result that shows that either a 
pair of strategies cannot enforce any part of the specifications, or 
if a pair of strategies can enforce some part of the specification, 
there also exists another pair that is the output of Algorithm 1 
that enforces precisely the same words from the specifications.

Proposition 6.  For any pair of strategies (S1, S2) ∈ S1 × S2, either 
one of the following two conditions holds:
• Q1(S1, S2) = ∅ or Q2(S2, S1) = ∅;
• there exists a pair (S ′

1, S
′

2) ∈ G such that Q1(S1, S2) = Q1(S ′

1, S
′

2)
and Q2(S2, S1) = Q2(S ′

2, S
′

1).

Proof.  The first statement holds when either Q1 or Q2 cannot be 
enforced on plants P1 and P2, by strategies S1 and S2, respectively. 
Consider the second statement. Consider any T ′

Q1
∈ Split(TQ1 ) and 

T ′

Q2
∈ Split(TQ2 ) be such that Qi(Si, S3−i) ⊆ Ly

m(T ′

Qi
), i = 1, 2. Con-

sider transition system T = (X, X0,U, - , Xm, Y ,H) coinciding 
with transition system T c of Algorithm 1,
except for the transition relation -  defined by
(x1, xq,1, x2, xq,2)

(u1,u2)- (x+

1 , x+

q,1, x
+

2 , x+

q,2) if there exist a trajec-
tory (x1(.), x2(.), z1(.), z2(.)) of Σ (S1,S2), a step t ∈ N and state runs 
r1 : xq,1(0) xq,1(1) . . . and r2 : xq,2(0) xq,2(2) . . . of T ′

Q ,1 and T ′

Q ,2, 
respectively, such that
(x1(t), xq,1(t), x2(t), xq,2(t)) = (x1, xq,1, x2, xq,2),
(x1(t + 1), xq,1(t + 1), x2(t + 1), xq,2(t + 1)) =

(x+

1 , x+

q,1, x
+

2 , x+

q,2).

Transition system T  encodes trajectories of Σ (S1,S2) and state runs 
of T ′

Qi
. Let T ′

= (X ′, X ′

0,U,
′

- , X ′
m, Y ,H ′) = Trim(T ). Since we 

are considering decentralized control architecture requiring Ci not 
to depend on x3−i, i = 1, 2, transition T ′ satisfies the following 
properties:
(i) T ′

= Trim(T ′) is accessible and co-accessible;
(ii) for any (x1, xq,1, x2, xq,2) ∈ X ′, either (x1, xq,1, x2, xq,2) ∈ X ′

m or 
there exists (u1, u2) ∈ U1 × U2 such that (x1, xq,1, x′

2, x
′

q,2)
(u1,u2)

′

-

(x+

1 , x+

q,1, x
+

2 , x+

q,2), for any (x1, xq,1, x′

2, x
′

q,2) ∈ X ′, and
(x′

1, x
′

q,1, x2, xq,2)
(u1,u2)

′

- (x+

1 , x+

q,1, x
+

2 , x+

q,2), for any (x′

1, x
′

q,1, x2,
xq,2) ∈ X ′.

Let T c be transition system in line 7 of Algorithm 1 corre-
sponding to Pi and T ′

Qi
, i = 1, 2. Transition system T c satisfies 

properties (i) and (ii) above, with 
′

-  replaced by c
- , 

from which, T ′
⊑ T c . As a consequence, there exists T ′

Q1
∈

Split(TQ1 ) and T ′

Q2
∈ Split(TQ2 ) and a corresponding T c(j) ∈

Split(T c) such that the corresponding strategy (S ′

1, S
′

2) satisfies the 
statement. □

Define binary relation ∼ on S1 × S2 such that
(S1, S2) ∼ (S ′

1, S
′

2),

if Q1(S1, S2) = Q1(S ′

1, S
′

2) and Q2(S2, S1) = Q2(S ′

2, S
′

1). In the 
sequel we write (S1, S2) ≁ (S ′

1, S
′

2) when either Q1(S1, S2) ̸=

Q1(S ′

1, S
′

2) or Q2(S2, S1) ̸= Q2(S ′

2, S
′

1). By definition, ∼ is an 
equivalence relation on E and also on S1 × S2. Denote by E/∼

and by S1 × S2/∼, the quotients on E and (S1 × S2), respectively, 
induced by ∼. More precisely, given E , let Ei, i = 1, 2, . . . be 
the collection of equivalence classes induced by ∼, i.e. such that 
(S1, S2), (S ′

1, S
′

2) ∈ Ei if and only if (S1, S2) ∼ (S ′

1, S
′

2), and such 
that E = ∪iEi. By construction, Ei ∩ Ej = ∅, if i ̸= j. The 
quotient E/∼ of E induced by ∼ is then defined as a collection 
of strategies (S1, S2) ∈ E , each one being one representative of 
the equivalence class E . Note that E/  is not unique. The quotient 
i ∼
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S1×S2/∼, on (S1×S2) induced by ∼, can be defined, by following 
a similar reasoning. For later purposes, define S∅i = (Ci,∅), for 
some controllers Ci, i = 1, 2, which implies Q1(S∅1 , S∅2 ) = ∅
or Q2(S∅2 , S∅1 ) = ∅. We call the pair (S∅1 , S∅2 ) the null strategy 
because Σ (S∅1 ,S∅2 ) has no trajectories.

The following result shows that pairs of strategies in E/∼ and 
in (S1 × S2)/∼ are equivalent, in the sense of the equivalence 
relation ∼, to pairs of strategies in G and G ∪ {(S∅1 , S∅2 )}, and vice 
versa, respectively. This is important to provide a characterization 
of equilibria, as detailed in the subsequent results. 

Theorem 2.  The following statements hold:
(i) For any pair of strategies (S1, S2) ∈ E/∼ there exists a pair of 
strategies (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2), and vice versa;
(ii) For any pair of strategies (S1, S2) ∈ (S1×S2)/∼ there exists a pair 
of strategies (S ′

1, S
′

2) ∈ G ∪ {(S∅1 , S∅2 )} such that (S1, S2) ∼ (S ′

1, S
′

2), 
and vice versa.

Proof. (Proof of (i)). By Proposition  6, for any (S1, S2) ∈ E there 
exists (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2). Consider any pair 
(S ′

1, S
′

2), (S
′′

1 , S
′′

2 ) ∈ G. By definition of G, if (S ′

1, S
′

2) ̸= (S ′′

1 , S
′′

2 ) then 
T1(S1, S2) ̸= T1(S ′

1, S
′

2) and T2(S2, S1) ̸= T2(S ′

2, S
′

1). Consequently, 
(S ′

1, S
′

2) ≁ (S ′′

1 , S
′′

2 ). Since G is the set of minimal cardinality con-
taining a representative of each equivalence class of the quotient, 
the result follows.
(Proof of (ii)). We get 
(S1 × S2)/∼ = (E ∪ ((S1 × S2)\E))/∼

= (E/∼) ∪ (((S1 × S2)\E)/∼)
= G ∪ (((S1 × S2)\E)/∼),

(18)

where second equality holds because the quotient of the union 
of disjoint sets is the union of the quotients of these sets, and 
last equality holds by the proof of statement (i). By definition 
of E , for any (S1, S2) ∈ ((S1 × S2)\E), we get Q1(S1, S2) = ∅ or 
Q2(S2, S1) = ∅ from which, (S1, S2) ∼ (S∅1 , S∅2 ), implying in turn, 
(((S1×S2)\E)/∼) = {(S∅1 , S∅2 )}. The equality above, combined with 
(18), implies the statement. □

We now have all the ingredients to present the characteriza-
tion of sets E , N  and D. 

Corollary 1.  Pair (S1, S2) ∈ S1 × S2 is an equilibrium if and only 
if there exists (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2).

Corollary 2.  An equilibrium (S1, S2) ∈ E is Nash if and only if there 
exists (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2) and (S ′

1, S
′

2) is Nash 
in G, i.e.
• Q1(S ′′

1 , S
′

2) ⊆ Q1(S ′

1, S
′

2), ∀S ′′

1 ∈ G|S1 ,
• Q2(S ′

1, S
′′

2 ) ⊆ Q2(S ′

1, S
′

2), ∀S ′′

2 ∈ G|S2 .

Corollary 3.  An equilibrium (S1, S2) is dominant if and only if 
there exists (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2) and (S ′

1, S
′

2)
is dominant in G, i.e.
• Q1(S ′′

1 , S
′′

2 ) ⊆ Q1(S ′

1, S
′

2), ∀S ′′

1 ∈ G|S1 , ∀S ′′

2 ∈ G|S2 ;
• Q2(S ′′

2 , S
′′

1 ) ⊆ Q2(S ′

2, S
′

1), ∀S ′′

2 ∈ G|S2 , ∀S ′′

1 ∈ G|S1 .

For the meaning of G|Si  we refer to Definition  13. The proof 
of Corollary  1 is a direct consequence of Theorem  2, while the 
proofs of Corollaries  2 and 3 are direct consequences of Theorem 
2 and Proposition  6. Verifying conditions of Corollaries  1, 2 and 3 
requires tools for checking equivalence and inclusions of regular 
languages well studied in the literature, see e.g. Cassandras and 
Lafortune (1999) and the references therein.

We now show equivalent formulations of Corollaries  2 and 3 
which simply require checking whether a transition system is a 
sub-transition system of another one. We first need the following 
technical result.
10
Lemma 1.  Let (S ′

1, S
′

2) ∈ G (resp. (S ′′

1 , S
′′

2 ) ∈ G) be the output 
of Algorithm 1 with inputs P1 and P2, and T ′

Qi
, i = 1, 2, (resp. T ′′

Qi
, 

i = 1, 2). Then (S ′

1, S
′

2) ⪯ (S ′′

1 , S
′′

2 ) if and only if T ′

Q1
⊑ T ′′

Q1
 and 

T ′

Q2
⊑ T ′′

Q2
.

Proof.  Sufficiency is a direct consequence of Definition  9 and 
necessity is a direct consequence of Proposition  2. □

The following pair of results show that for assessing if an 
equilibrium is Nash or dominant, it is sufficient to look at the 
finite collection of sub-transition systems related to G. These 
results show then that the problem of finding Nash and dominant 
equilibria is decidable.

Theorem 3.  An equilibrium (S1, S2) ∈ E is Nash if and only if there 
exists (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2) and the following 
conditions hold
• T1(S ′′

1 , S
′

2) ⊑ T1(S ′

1, S
′

2), ∀S ′′

1 ∈ G|S1 ;
• T2(S ′′

2 , S
′

1) ⊑ T2(S ′

2, S
′

1), ∀S ′′

2 ∈ G|S2 .

Proof.  Direct consequence of Lemma  1 and of Corollary  2. □

Theorem 4.  An equilibrium (S1, S2) is dominant if and only if there 
exists (S ′

1, S
′

2) ∈ G such that (S1, S2) ∼ (S ′

1, S
′

2) and the following 
conditions hold
• T1(S ′′

1 , S
′′

2 ) ⊑ T1(S ′

1, S
′

2), ∀S ′′

1 ∈ G|S1 , ∀S ′′

2 ∈ G|S2 ;
• T2(S ′′

2 , S
′

1) ⊑ T2(S ′

2, S
′

1), ∀S ′′

2 ∈ G|S2 , ∀S ′′

1 ∈ G|S1 .

Proof.  Direct consequence of Lemma  1 and of Corollary  3. □

We conclude this section with the following

Remark 5.  Generally speaking, if a dominant equilibrium does 
not exist, one is interested in finding a Nash equilibrium. To 
this purpose, one can use a Hasse diagram to represent the 
poset (Split(TQ1 )×Split(TQ2 ), ⊑

′). A Hasse diagram associated with 
(Split(TQ1 )× Split(TQ2 ), ⊑

′) is a directed acyclic graph H = (V , E), 
where V = Split(TQ1 ) × Split(TQ2 ) and ((T1, T2), (T ′

1, T
′

2)) ∈ E, if 
(T1, T2) ⊑

′ (T ′

1, T
′

2) or equivalently, T1 ⊑ T ′

1 and T2 ⊑ T ′

2. Then, one 
may start by applying Algorithm 1 to sinks of H , so that maximal 
elements of the poset are visited, and it is possible to verify 
whether they correspond to Nash equilibria. If Nash equilibria 
are not found, then one can proceed backwards by considering 
vertices of H pointing to the sinks, and so on, until the roots of 
H are eventually visited. Moreover, there is no need to construct 
the full H from the early beginning. Indeed, by using on-the-fly 
based approach (see e.g. Borri et al. (2012), Gerth et al. (1996) and 
Pola et al. (2012)), one can start by defining the sinks of H and 
by looking for Nash equilibria. If no solution is found, one can 
construct other vertices of H pointing to the sinks. This can be 
done by removing one state at a time from TQ1  and TQ2  and by 
applying the Trim operator to the transition systems obtained. 
Then, one can check existence of Nash equilibria for these new 
vertices of H . If no solution is found, this procedure is iterated. 
This approach may reduce in some cases time computational 
complexity.

6. An illustrative example

In this section we consider an example in the context of multi-
agent systems with shared resources. Agents P1 and P2 move on 
a rectangle X1 = X2 = [1; 6] × [1; 4]. Fig.  6 depicts the set of 
states of P1 and P2, together with their initial states x1,0 and x2,0, 
and target states α, β, γ , δ. Inputs of Pi are ‘‘North’’ (n), ‘‘South’’ 
(s), ‘‘East’’ (e) or ‘‘West’’ (w), where n = (0, 1), s = (0, −1), 
e = (−1, 0) and w = (1, 0). So, if P  is in state (3, 3) and input 
1
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Fig. 6. Example of Section 6.

is w, its next state is (3, 3) + (1, 0) = (4, 3). If P1 is in (1, 1) and 
input is s, it blocks because (1, 1) + (0, −1) = (1, 0) /∈ X1 = X2. 
Dynamics of agents Pi are given by (7), where Xi = [1; 6]× [1; 4], 
X1,0 = {(1, 4)}, X2,0 = {(2, 1)}, Ui = {n, s, e, w}, and Fi is described 
by

Fi(xi, x3−i, ui) = ({xi + ui}\({x3−i} + U3−i)) ∩ Xi.

The dynamics above prevent collisions between P1 and P2 from 
happening. Indeed, if P1 is in x1 and P2 is in x2, next states of P1
and P2 are different, independently from the choices of u1 and u2. 
However, it may happen that Pi blocks, which corresponds to the 
situation where there is no action that ensures no collision and 
being in X1 = X2. For example, if P1 is in (1, 1) and P2 in (2, 2), P1
blocks. Indeed, if P1 picks inputs n or w then P2 can pick inputs e
or s respectively, leading to a collision; if P1 picks inputs e or s, it 
goes outside X1 = X2.

The goal of each Pi is to visit target states α, β , γ  and δ. More 
precisely, the specifications considered are languages defined 
over the alphabet X1 = X2, and described by: 
Q1 = Q{β,γ },1 ∪ Qα, Q2 = Q{β,γ },2 ∪ Qδ, (19)

where:

• Q{β,γ },i : agent Pi is required to reach set {β, γ } and to alternate 
visits of β and γ  (not necessarily in this order) an arbitrarily large 
number of times;

• Qα : P1 is required to reach α and to possibly stay in α an 
arbitrarily large number of times;

• Qδ : P2 is required to reach δ and to possibly stay in δ an 
arbitrarily large number of times.

Specifications above can be formalized as follows: 
Q{β,γ },i = Qβγ ,i ∪ Qγ β,i, i = 1, 2,
Qβγ ,i = {xi,0} X∗

i ({β} X∗

i {γ })({β} X∗

i {γ })∗, i = 1, 2,
Qγ β,i = {xi,0} X∗

i ({γ } X∗

i {β})({γ } X∗

i {β})∗, i = 1, 2,
Qα = {x1,0} X∗

1 {α}{α}
∗,

Qδ = {x2,0} X∗

2 {δ}{δ}∗.
Since {xi,0}, Xi, {α}, {β}, {γ } and {δ} are regular languages, by 

Proposition  1, languages Q1 and Q2 in (19) are regular. Transition 
systems TQ1  and TQ2 , marking Q1 and Q2, are depicted in Figs.  7
and 8, respectively. Each circle represents a state; upper label is 
the name of the state, lower label is its output. Note that lower 
label in states 2, 6, 7, 11, 12, 15, 16 is X1, and lower label in states 
2′, 6′, 7′, 11′, 12′, 15′, 16′ is X2. This is a short hand notation for 
not representing all the 48 states of X1 and X2 and all possible 
transitions between all of them. Since inputs in TQ1  and TQ1  play 
no role, labels on their arrows are not depicted, for simplicity.

By applying the results presented in the previous sections 
with θ = θ = 0, we compute G as detailed in Table  1. The 
1 2
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Table 1
Set G of equilibria of the example of Section 6 in the first column. Corresponding 
transition systems used as input of Algorithm 1 to generate such equilibria, in 
the second column. Corresponding parts of the specifications enforced, in the 
third and forth columns.
 G Split(TQ1 )× Q1(·) Q2(·) 
 Split(TQ2 )  
 E1 = (S1,βγ , S2,γ β ) (T E1

Q1
, T E1

Q2
) Qβγ Qγ β  

 E2 = (S1,γ β , S2,βγ ) (T E2
Q1

, T E2
Q2

) Qγ β Qβγ  
 E3 = (S1,α, S2,βγ ) (T E3

Q1
, T E3

Q2
) Qα Qβγ  

 E4 = (S1,α, S2,γ β ) (T E4
Q1

, T E4
Q2

) Qα Qγ β  
 E5 = (S1,βγ+α, S2,βγ ) (T E5

Q1
, T E5

Q2
) Qβγ ∪ Qα Qβγ  

 E6 = (S1,γ β+α, S2,γ β ) (T E6
Q1

, T E6
Q2

) Qγ β ∪ Qα Qγ β  

second column details the sub-transition systems (T ′

Q1
, T ′

Q2
) ∈

Split(TQ1 ) × Split(TQ2 ) from which equilibria are obtained. By 
setting T Ej

Qi
= TQi |X (i,j) , for i = 1, 2, j = 1, 2, . . . , 6 (notation TQi |X (i,j)

corresponds to the notion of sub-transition system induced by a 
set, see Definition  3), we get:
X (1,1)

= {1, 2, 3, 6, 9, 11, 13, 15},
X (1,2)

= {1, 2, 4, 7, 10, 12, 14, 16},
X (1,3)

= X (1,4)
= {1, 2, 5, 8},

X (1,5)
= X (1,1)

∪ X (1,3),

X (1,6)
= X (1,2)

∪ X (1,3),

X (2,1)
= X (2,4)

= X (2,6)
= {1′, 2′, 4′, 7′, 10′, 12′, 14′, 16′

},

X (2,2)
= X (2,3)

= X (2,5)
= {1′, 2′, 3′, 6′, 9′, 11′, 13′, 15′

}.

Controllers of strategies 
Si,W = (Ci,W , {xi,0}) (20)

in Table  1, with i = 1, 2 and W = βγ , γ β, α are detailed below
C1,βγ (x1,0) = {(s s s r r r)}{(r n n l l s s r)}∗,
C1,γ β (x1,0) = {(r r r r l s)}{(l s s r r n n l)}∗,
C1,α(x1,0) = {(s n s n s s)}{(n n s n s n s s)}∗,
C2,γ β (x2,0) = {(r r r n n l)}{(l s s r r n n l)}∗,
C2,βγ (x2,0) = {(l r l r r r)}{(r n n l l s s r)}∗,

where languages above list sequences of controls to be applied. 
Equilibria E5 and E6 can be viewed as the ‘‘union’’ of equilibria E1
and E3, and of E1 and E4, respectively. Corresponding strategies 
are given by:
S1,βγ+α = (C1,βγ+α, {x1,0}),
S1,γ β+α = (C1,γ β+α, {x1,0}),
C1,βγ+α(x1,0) = C1,βγ (x1,0) ∪ C1,α(x1,0),
C1,γ β+α(x1,0) = C1,γ β (x1,0) ∪ C1,α(x1,0).

Strategy S1,βγ+α defined above reads as follows. Starting from 
x1,0, controller C1,βγ+α enforces control sequences (s s s r r r) or 
(s n s n s s). By picking the first (resp. second) control sequence, 
state β (resp. α) is reached at step 6. When in state β (resp. α), 
control sequence chosen is (r n n l l s s r)∗ (resp. (n n s n s n s s)∗) by 
which, state γ  (resp. α) is reached at step 10 and then state β
(resp. α) is reached again at step 14. Hence, specification enforced 
by S1,βγ  on P1 is Qβγ . Same reasoning applies to strategies S1,γ β+α

and in (20).
It is readily seen that all strategies detailed above are not 

unique and that, by this choice of strategies, corresponding
agents’ dynamics do not block.

Some comments are in order. For P2 to reach state δ, an odd 
number of steps is needed. For P  and P  to reach states α, β
1 2
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Fig. 7. Transition system TQ1  in the example of Section 6.
Fig. 8. Transition system TQ2  in the example of Section 6.
and γ  an even number of steps is instead needed. This lack of 
‘‘synchronism’’ does not allow specification Qδ to be enforced. By 
looking at Table  1, while E5 and E6, obtained as the ‘‘union’’ of 
E1 and E3 and, of E1 and E4, respectively, are in G, the ‘‘union’’ 
of equilibria E1 and E2 is not. This is because if P1 chooses 
actions in strategy S1,βγ  and P2 chooses actions in strategy S2,βγ , 
ending states would coincide in β , and this collision is avoided by 
definition of the plants’ dynamics.

By Table  1 (last two columns), resulting Nash equilibria in G
are:

N ∩ G = {E5, E6},

and none of them is dominant. In this example, dynamics of Pi are 
deterministic. The model could be enriched by considering exter-
nal inputs that are neither controllable nor measurable, leading 
to a nondeterministic system. This more general situation can be 
addressed with the results shown, but is not illustrated here for 
notational simplicity.

7. Conclusions

In this paper, we proposed the notions of equilibria, Nash 
equilibria and dominant equilibria for investigating decentralized 
control problems of interconnected nondeterministic and met-
ric finite state systems with regular language specifications. We 
12
showed that characterizing these notions is a decidable problem. 
An application to multi-agent systems with shared resources was 
also presented. Software implementation of the proposed results 
is a direction for future investigation.
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