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Abstract

Let € be a CM elliptic curve defined over a number field K, with Weiestrass form
y3 = x3 + bx or y2 = x3 + ¢. For every positive integer m, we denote by &[m]
the m-torsion subgroup of € and by K, := K (E[m]) the m-th division field, i.e. the
extension of K generated by the coordinates of the points in E[m]. We classify all the
fields K7. In particular we give explicit generators for K7/K and produce all the Galois
groups Gal(K7/K). We also show some applications to the Local-Global Divisibility
Problem and to modular curves.
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1 Introduction

Let K be a number field with algebraic closure K and let € be an elliptic curve defined
over K. We keep the standard notation E[m] for the m-torsion subgroup of € and by K,
we denote the m-th division field K (E[m]), i.e. the field obtained by adding to K the
coordinates of the points in E[m]. Since the beginning of the studies on elliptic curves,
the m-th division fields have played a key role. The properties of K,/ K are related to
Galois representations on the total Tate module, to Iwasawa theory, to modularity and
to the proof of the Mordell-Weil theorem. The extension K, /K is a Galois extension,
in fact it is the splitting field of the m-th division polynomial, i.e. the polynomial
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whose roots are the abscissas of the m-torsion points of €, and the polynomials whose
roots are the ordinates corresponding to those abscissas. The extension K,,/K is
monogeneous by Artin’s primitive element theorem, however, in general it is not easy
to find an explicit single generator. It is also well known that E[m] ~ (Z/mZ)>.
Therefore, if { P, P>} is a generating set for &[m], with P; = (x;, y;), fori = 1, 2,
then K,,, = K (x1, x2, y1, y2) and {x1, x2, y1, y2} is the generating set for K (€[m]) that
is usually adopted. We are interested in showing explicit generators for this extension,
searching for generating sets as easy as possible to be used in applications. Indeed there
are many potential applications, for instance in Galois representations (see for example
[22]), local-global problems on elliptic curves (see Sect. 8.1), descent problems (see
for example [1, 21] among others), points on modular curves and points on Shimura
curves.

In the previous papers of this series [2, 3, 17], some of those applications have been
shown, as well as some new generating sets involving a primitive m-th root of the unity
¢m- Infact, by the properties of the Weil pairing e,,, the image ¢, := e, (P1, P2) € K,
is a primitive m-th root of unity and K (¢,,) S K, (see for instance [24]). It turned
out that ¢, can be used as a generator for K,,/K and in particular, when m is odd,
we have K,,, = K (x1, {m, ¥2) [3, Theorem 1.1]. When m = p is a prime number, this
generating set is minimal among the subsets of {x1, X2, &n, y1, y2} (for further details
see [3]). On the contrary, in the case when m = p", with n > 2, we can replace ¢pn
with ¢, i.e. Kyn = K(x1, {p, y2), for every n > 1 (see [8, Theorem 1.1]).

Observe that when K = Q, we have ¢, ¢ K and therefore Q(E[m]) # Q, for
every m > 3. In particular the extension Q(E[m])/Q is “as minimal as possible”
when Q(E[m]) = Q(&y). Merel and Rebolledo proved that if such an equality holds
whenm = pisaprime, then p < 5 (see [15, 20]). A classification of all elliptic curves
such that Q(E[3]) = Q(¢3) is given in [16] and a classification of all elliptic curves
such that Q(E[S]) = Q(¢s) is given in [12]. In this last paper Gonzdlez Jiménez and
Lozano-Robledo also investigate the cases when Q(E[m])/Q is an abelian extension
for all elliptic curves over number fields. Among other important results, in particular
they prove that if € is a CM elliptic curve and Q(E[m])/Q is abelian, then m €
{2,3,4,5,6, 8}.

For m = 3 and m = 4, explicit descriptions of all possible fields K3 and K4 in
terms of generators, degrees and Galois groups were given in [3] in 2016 (see also [2]).
The generators of the fields Kg were produced in 2017 in [27], in which the author
also gives some information on the action of certain elements of Gal (Kg/K).In 2018
a complete description of the fields K5 in terms of generators, degrees and Galois
groups was produced in [17] for the families of CM elliptic curves F; : y? = x3 + bx,
withb € K and &, : y2 =x3 + ¢, withc € K.

Here we give a classification of every possible field K7, for the curves of the same
families ¥ and F,, showing in particular explicit generators for the extension K7/K .
We also show all possible Galois groups Gal (K7/K) for the curves in F; and F>.

The paper is structured as follows. In the first part of it we describe generators,
possible degrees and possible Galois groups for the curves of the family F;. Then we
give a similar description for the curves of the family J>. In the last part of the paper
we show some applications of these results. In particular we produce an application
to the Local-Global Divisibility Problem, which was stated in [9] by Dvornicich

@ Springer
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and Zannier in 2001 (see Sect. 8.1 for further details). In addition we deduce some
properties concerning CM points on modular curves.

2 Generators of K(£[7]) for elliptic curves y? = x3 + bx

For every positive integer m, the m-th division polynomial of an elliptic curve &
is the polynomial whose roots are the abscissas of the m-torsion points of €. It is

generally denoted by W, (x). The polynomial W,, has degree # when m is odd and

2 . .. . .
’"T_“ when m is even. Let £; be an elliptic curve defined over K, with Weierstrass

form y> = x> + bx. We will denote by ¢; the complex multiplication of &1, i.e.
¢1((x, y)) = (—x, iy), forevery point P = (x, y) € €. Since ¢ is an automorphism
of €1, we have that W,,, is a polynomial in x2. Whenm = 7, the 7-th division polynomial
of £ is the polynomial

g7(x) == Tx** + 308bx?% — 2954b°x%0 — 19852038 — 35231h%x 10
—82264b°x % — 1119166°x % — 4216857 x 10 + 15673b3 18
+147566°x° + 1302h'0x* + 1961 x2 — p!2,

We can set ¢ := x? and consider the polynomial ¢7(r) of degree 12 to look for the
abscissas of the 7-torsion points of €. For every « € K7, we denote by « its complex
conjugate. Let i be a root of x2 + 1 = 0, let o7 be the automorphism of the extension

Q(¢7,1)/Q mapping ¢7 to &3 and let

w1 = (6 + 45 + (6 =287 + 21 = 2087 + Qi +4)¢7 +8ig7 +4i = 3;

w3 = o1(@) = Qi + D8 + 65 + (— 4 +6)5 + (= 6i + 28] — iy 2 — 1;
ws = oy (w3) = (4 —6)7 + (=2 —4) ¢ + (6i —4)&7 — 667 +4ig7 +2i — T;
wsy1 = wy, for s e{l,3,5};

6, == % ((—3520i — 1568)¢3 + ( — 4800i + 2352)¢7 + ( — 256i +2352)¢3
+ (— 1536i — 1568)¢7 — 5056i¢; — 2528 + 3584);

63 == 01(6)) = ; ((—256i —2352)¢3 + (1280i — 3920)¢7 + (3264i — 3920)¢7
+ (4800i — 2352)¢7 + 4544i¢7 + 2272 + 1232);

05 == 01(63) = ; ((—3264i +3920)¢3 + (1536 + 1568)¢7 + ( — 3520i + 1568)¢3
+ (1280i + 3920)¢7 — 1984i¢7 — 992i + 5152);

6,41 :=06;, for se{l,3,5).
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With the use of a software of computational algebra (we used AXIOM, that is also
implemented in SAGE), one can verify that ¢7(¢) factors over K (i, {7) as follows:

q7(1) = 71i[<t = (wjb + %b/@j)) (r - <wjb - %W@T)).

Thus the roots of g7(x), i.e. the abscissas of the 7-torsion points of £, are

/ 1 1
wjb+§b‘/9~; X2j = a)jb—zb,/e‘;
/ 1 / 1
—X2j—1= — a)jb+§b,/9'; —X2j = — a)jb—Eb,/G';

for 1 < j < 6.By using the equation y? = x3+bx, we can calculate the corresponding
ordmates. For ease of notation, we will denote by i P the point ¢ (P) = (—x,1iy),
where P = (x, y) € &;. It turns out that the 48 points of exact order 7 of €| are the
following:

X2j-1

Py = (x2j-1,Ly25-1)

/ 1 1 / 1
:( wjb+§bﬁ,i\/ wj+§\/97+1)b a)jb+§b\/97>;

P = (x25, £y2;)

- (fon T ST

*iPyj 1 = (—=x2j—1, kiy2j—1), FiPpj = (—x2j,xiy2j);

for1 < j<6.

Theorem 2.1 Let 6 and w; be as above, for j =1, ..., 6, and let & € {+, —} fixed.
Then

1 / 1
K7=K(,¢7,y)) = K(i,§7,\/<wj +£§\/97+ 1>b a)jb+8§b\/97).

Proof If P is a nontrivial 7-torsion point, then i P is a 7-torsion point too. If i P is not
a multiple of P, then a basis for £{[7] is given by {P, i P}. Observe that i P = nP if
and only if (i —n) P = O. Since the ring of automorphisms of €; is Z[i] and 7 is inert
in Z[i], we see that i P is not a multiple of P, forevery P € £1[7] of exact order 7, and
we can choose {P;, i P;} as a generating set of &1[7], forany j =1, ..., 12. We have
K7 = K(xj,yj,—xj,iyj) = K(xj, y;,1). On the other hand, by [3, Theorem 1.1],
the field K7 is equal to K (x;, ¢7,iy;). Then in particular K7 = K (x;, i, {7, y;). By
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calculating yjz. and y;‘, one can verify that \/@ e K, ¢7, y;‘). Thus x; € K(i, {7, y;)
and we get the conclusion

1 / 1
K7 =K, t7,y)) = K(i,;7,\/<wj +s§\/97+ 1>b a)jb+8§b\/97),

forevery j =1,...,6and ¢ € {4+, —}. |

3 Degrees [K7 : K] for the curves of F

For ease of notation, from now on we will fix the generating set { P, i P} for {[7].

By Theorem 2.1 we have K7 = K (i, ¢7, \/(a)l + %\/E—i— 1)b/w1b + %b«/@T) As

explained in the proof of Theorem 2.1, such a choice is without loss of generality and
all the results that we are going to show about the degree [ K7 : K ] and the Galois group
Gal(K7/K) hold as well for every other generating set of the extension K7/K listed
in Theorem 2.1.

Theorem 3.1 Let &1: y> = x> + bx, withb € K. Let

1 / 1
y1=\/<w1+§\/97+1)b a)1b+5b\/07

and consider the conditions

A i gK; C. VB ¢ K. 0
BL G467 ¢ K Do \Joub+ 1bu/0y ¢ KG. t7. O1):
B2. 07 ¢ K(i,¢7+¢7 ) B yi ¢ K(i, &7, /o1 + 36/01).

The possible degrees of the extension K7/K are given in Table 1:

Table 1 Degrees [K (E1[7]): K]

d Holding conditions d Holding conditions

96 A,B1,B2,C,D,E 8 E and two of A,B2,C,D or A, B2
and C

48 B1, E, and three of A,B2,C,D 6 B1 and one of A,B2,C,E

32 A, B2,C,D,E 4 two of A,B2,C or Eandoneof A,
B2,C,D

24 B1, E and two of A,B2,C,D or A, 3 B1

B1,B2 and C
16 E and three of A,B2,C,D 2 one of A,B2,C,E
12 B1, E and one of A,B2,C,D or Bl 1 no conditions hold

and two of A,B2,C
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Proof Consider the tower of extensions

KCKG@)CKG+& ") CKG, L)

/ 1
EK(i7§7s\/9>l)§K<i7§7s a)lb—i_zb\/e»l)gK(lvéW’yl)

The degree d := [K7: K] is the product of the degrees of the intermediate extensions
appearing in the tower. Each extension gives a contribution to the degree less than or
equal to 2, except for the extension K (i) C K (i, {7+ ;771) which gives a contribution
dividing 3. With the use of the software of computational algebra AXIOM, we have
verified that if K is linearly disjoint from Q(i, ¢7) over Q, then 6 is not a square in
K (i, ¢7). A priori we can have all the possible combinations of the conditions A, B1,
B2, C, D and E. However, some of the cases do not occur. The extensions Q(i) and
Q(¢&7) are linearly disjoint over Q, so condition A is independent of conditions B1
and B2 and the other way around. On the other hand, the extensions Q(i, &7, +/61),

Q(i, L7,/ wi1b + %b\/a) and Q(i, ¢7, y1) are not linearly disjoint over Q(i, ¢7). Then
conditions C, D and E might be dependent on each other. Suppose that E does not
hold. Then yi € K (i, &7, \Jo1b + $by/B1), ie. y1 = a + B Jwib + 1601, with
o, B e K(i,t7,4/01). By yl2 = xf + bx, we deduce

b
2aﬁ=bw1+b+§¢0_1

o2 + B2 (wib + gde_l) —0

(recall that b # 0, otherwise the curve would be singular and we would not have an
elliptic curve). Therefore

B bwy + b+ %«/9_1
- o
b (@1 + 1+ 37/600) + 44 (@1b + 5461

0.
4p?

Hence b*(w) + 1 + %\/9_1)2 + 4p*(w1b + gm) = 0, ie. w1b + %’\/9_1 =

2 1 2
—% is a square in K (i, ¢7, +/61) and condition D does not hold too.

Therefore we cannot have cases when condition D holds and condition E does not hold
and in particular this implies that condition E may not hold only when d < % =24
On the contrary, with a similar calculation, one can see that the assumption that condi-
tion D does not hold, in general gives no contradiction with the holding of condition C.
There are no similar dependences for other possible combinations of the conditions,
thus all the other cases may take place. One can get examples of extensions realiz-
ing the scenarios given by all the possible combinations by considering the curve in
the family ¥ with & = 1 and setting the base field K as the extension of Q whose
generators are the ones of K7/K appearing in the conditions which do not hold. The
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final computation that gives the degree and the corresponding conditions in Table 1 is
straightforward. O

Notice that [K7: K] < 96 < 2016 = |GL(Z/77Z)| and the Galois representation
pe,.7: Gal(K/K) — GLa(Z/77Z)

is not surjective, in accordance with £ having complex multiplication.

4 Galois groups Gal (K7 /K) for the curves of F;

Let €1 be a curve of the family F, let G := Gal(K7/K) and letd := |G|. Let Q¢ be
the generalized quaternion group of order 16.

Theorem 4.1 Let K be a field with char(K) # 2,3 and let &1 be an elliptic curve
with Weierstrass form y* = x3 + bx, where b € K. Then Gal(K7/K) is isomorphic
to a subgroup of Q16X Z/6Z. In particular, if [K7: K] = 96, then Gal(K7/K) =~
Q16X Z]6Z.

Proof Assume that all the conditions in Theorem 3.1 hold. Then [K7 : K] = 96. The
image of Gal (K /K) via the Galois representation pg .7 1s a subgroup of GL(Z/77Z)
isomorphic to G = Gal(K7/K). We denote by G both Gal(K7/K) and its image
in GL,(Z/7Z). As a consequence of the properties of the Weil pairing, the action of
Gal(K7/K) on ¢7 is via determinant, i.e. 0 ({7) = §7d et(g), where o denotes both an
element of G and its image in GL,(Z/77Z). Consider the tower of extensions in Fig. 1.

We denote by H both Gal(K7/K(¢7)) and its image in GL,(Z/7Z). We have
that the Galois group Gal(K (¢7)/K) ~ G/H is isomorphic to Z/6Z. If o fixes {7,
then det(o) = 1 and o € SL,(Z/77Z). Therefore H is isomorphic to a subgroup
of SL2(Z/77Z) of order 16. It is well known that |SL,(Z/77Z)| = 336 = 16-21.
Therefore the image of H in GL2(Z/77) is a 2-Sylow subgroup of SL,(Z/77Z). By
Sylow’s Theorems, the 2-Sylow subgroups are all conjugate and in particular they

Fig.1 Tower K-
H
G K(¢r)
G/H
K
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are all isomorphic. So it suffices to determine the structure of a 2-Sylow subgroup
of SL2(Z/77Z) to get H up to isomorphism. The structure of such a group is known;
however, according to our knowledge, there is no explicit reference in the literature.
So, for the reader’s convenience, we are going to describe it. We know that one of the
automorphisms of G is the complex multiplication ¢;. We consider again {Py, i P;}
as a generating set of £{[7]. We have

ANy AR ) NN

Then the representation of ¢| in GL2(Z/77Z) is

0-—1
¢ = (1 0 )
and det(¢1) = 1. Therefore ¢ € H. Observe that ¢12 = —Id.

Consider the matrix
o 21
=11 )

Since det(tr1) = 1, we have that 7y € SLy(Z/77Z). In addition 7| has order 8 and in
particular tf = —Id. One can easily verify that ¢ 71 = 7, 1¢1. Therefore the group
generated by ¢ and 71 has the following presentation:

<¢1"[1 |¢]2 = 7:14 = —1Id, ¢171 = 'Cl_l¢1>

and it is then isomorphic to the generalized quaternion group Q1, i.e. the dicyclic
group Dicy. This is a group of order 16, hence it is a 2-Sylow subgroup of SL,(Z/77).
Thus H is isomorphic to Q¢ too. We have

H= (1,01 |97 = ¢} = —1d, 1901 = 9] '¢1),

where ¢ is a conjugate of 71. To deduce G, we have to look more closely at the auto-
morphism generating G/H >~ 7 /67. Infact GLy(Z/7Z) >~ SLo(Z)T7Z) x (Z]TZ)* ~
SLo(Z)TZ) x\ Z/6Z. Thus G >~ H }Z/6Z ~ Q16 X Z/67Z. We are going to show that
this semidirect product is not a direct product. The group Gal(K (¢7)/K) ~ G/H
is generated by an automorphism 1/ corresponding to the automorphism o of
Q(¢7,1)/Q mapping ¢7 to 3. Since o1(w1) = w3 and 01(f;) = 63, then we have
that i acts on the basis {P1, i P1} by mapping P; to one of the points £ Py, &i P;, for
some s € {5, 6}. Observe that if x| is sent to x; (respectively —x;), for some s € {5, 6},
then —x is sent to —x; (resp. x;). Therefore if /1 maps the point P; to Ps (resp. — Py)
then 11 maps the point i P; to one of the points £i Ps. Similarly if ¥; maps the point
Py to i Ps (resp. —i Py), then ¥ maps the point i P; to one of the points +P;. Let
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Y1(P1) =aPy + BiP1. Then Y1 (i P1) = £(—=BP1 + i Py),ie.

ve(57) = ne(52)

Since i P; = ¢1(P1), we have thatif ¢| and ¢; commute, then y{ (i P1) = ¢1(¥1(P1))
= ai P1 — B P;. In this case the representation of ¥| in GL(Z/77Z) is the following:

o —p
n=(3J)

Observe that every power of 11 is a matrix of the same type

n_ [ % —Bn
= (,Bn Up >’
for some «;,, B, € Z/7Z. In particular
v = o =3ap’ B =30\ _ (a3 —p3
! — B3 +3a2B o — 3ap? B3 az )’

for some a3, B3 € Z/77Z. Since G/H ~ 7Z/6Z and G = H x G/H, we have that
1/;16 = Id. Hence

2 a2
Wi = <a3 - B3 —2a3,33> _ ((1)(1)> (mod 7).

2a3p3 af —p2

Thus o383 = 0(mod 7), implying 3 = 0 or 3 = 0. Therefore ol = 301,32 =
0 (mod 7) or B> — 3?8 = 0(mod 7),i.e.c = 0or B = 0 or «®> = 382 (mod 7) or
B2 = 32 (mod 7). The last two congruences have no nontrivial solutions in Z/7Z.
Thus ¢ = 0 or 8 = 0. Assume o = 0, then

0—
yi= <ﬂ Oﬁ> = 1.
Since wlﬁ = Id and ¢? = —Id, we have —B® = 1 (mod 7) and we get a contradic-

tion with Fermat’s Little Theorem. If 8 = 0, then we see that the automorphism W
is represented by a scalar matrix « -Id. Since W acts on ¢7 via determinant and we
are assuming that W is the automorphism of order 6 induced by the automorphism
o1 mapping {7 to (75, we have that det(¥;) = 5 (mod 7), i.e. > = 5 (mod 7). This
congruence has no solutions in Z/77Z. Therefore

a B
1ﬁ1=<ﬂ_a>

and ¥ and ¢; do not commute. Hence G is not isomorphic to Q¢ x Z/6Z. If
[K7: K] < 96, then G is isomorphic to a proper subgroup of Q¢ X Z/6Z. O
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We are going to describe the Galois group G = Gal(K7/K) (up to isomorphism),
for all possible d := [K7: K] < 96. We firstly make a few general remarks. In the last
part of the proof of Theorem 4.1 we have shown that

a B
1”1:(,9—05)'

2 2 0
w%=<°‘ oF a2+ﬂ2>= — det(y1) 1d

Hence

and then wlz and wf commute with every other automorphism of G. Observe that
instead 1//f = —det (Y)Y does not commute with ¢;.

We recall that every subgroup of a generalized quaternion group is cyclic or it
is a (generalized) quaternion group itself. The only proper non abelian subgroup of
Q16 1s Og. The other proper nontrivial subgroups of Q¢ are the groups Z/mZ, with
m € {2, 4, 8}.

By [25, Chapter II, Theorem 2.3], the extension K7/K (i) is abelian. Therefore,
when condition A does not hold, we have that G is an abelian group. Observe that
if conditions C, D and E hold, then Gal(K7/K (i, ¢7)) is an abelian group of order
8, which is a subgroup of Qi¢, i.e. Gal(K7/K (i, ¢7)) =~ Z/8Z. In this case we have
Gal(K7/K (i, ¢7)) = (¢1). In addition Gal(K7/K (i)) = (@1, Y1) =~ Z/8Z x Z]6Z.
In particular ¥; commutes with ¢;. Moreover we deduce that the existence of any
power of ¢ in G is related to the holding of at least some of the conditions C, D
and E. We also deduce that if A does not hold, then ¢; ¢ G. On the other hand if A
holds and at least one of C, D and E holds, then G has a subgroup of order 4, which
is isomorphic to a subgroup of Q¢ that is not generated by any power of ¢;. Hence
in this case ¢ is an automorphism of G. We also observe that ¢; does not commute
with every power ¢ of ¢, with n # 0 (mod 4); in fact 19} = ¢, "1, for every
n # 0(mod 4). Thus if Qg is a subgroup of G under certain conditions, then we
have that ¢y € H. Furthermore note that (1)12 = (p? = —Id is an automorphism of
Gal(K7/K (i)).

Galois groups Gal (K(E1[7]) /K)

d = 96. If the degree d of the extension K7/K is 96, then all the conditions in Table 1
hold. We have already proved in Theorem 4.1 that G >~ Q¢ x Z/6Z.

d = 48. If the degree d of the extension K7/ K is 48, then condition B1 holds, because
of 3| d. If E does not hold, then as stated in the proof of Theorem 3.1 we have that D
does not hold and we would have an extension of degree d < 48. Therefore condition
E holds.

e If A does not hold, then G is abelian, as mentioned above. We have G =
(@1, Y1) ~ 7/8Zx 7./ 6.
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o If A holds, we have that ¢ is an automorphism of order 4 of G (recall that con-
dition E holds too) and G is not abelian (recall that we have already observed
that ¢ does not commute with any map in Q¢ except its powers).

If B2 holds, then | has order 6 and G >~ Qg X Z/6Z.

If B2 does not hold, then G/H =~ Z/37Z is generated by lﬂlz, which is
represented by a scalar matrix, as we have observed above. Thus G ~
Q16xZ/3Z.

d = 32.If the degree d of the extension K7/K is 32, then all the conditions hold but
B1. Thus we have that G/ H =~ 7Z /27 is generated by the automorphism 1//13 mapping
g7to &y and G = Q6% Z/27.

d = 24. Condition B1 must hold in all cases when d = 24, because of 3 | d.

e If B2 holds, then G/H ~ Z/6Z.
If A does not hold, then G is abelian and we have G ~ Z /47 x 7./ 6Z.
Assume that A holds. Since B2 holds, we have that either C or E also
holds and ¢; € G. Therefore H = {(¢1) >~ Z/4Z and G = (¢, Y1) =
Z]A7 X 7,/67 ~ Dg x 7./37Z (recall that ¢; does not commute with ).

e If B2 does not hold, then G/H =~ Z/37.
If A does not hold, then G is abelian and we have G ~ Z /87 x Z./3Z.
Assume that A holds. Since we are assuming that B2 does not hold, then
E holds. We have that ¢; € G. Therefore H is a subgroup of Q¢ of order
8, which is not abelian (recall that ¢; does not commute with any map
in Q16 except its powers). The group G/H is generated by 1/f12 or Wf'.
Since these two maps commute with every homomorphism in G, we have
G ~ Qs x7Z/37.

d = 16. If the degree d of the extension K7/K is 16, as stated in Table 1, then
condition B1 does not hold and E holds. Only one of the other conditions does not
hold.

e If B2 does not hold, then G/H is trivial. Therefore G >~ Q1.

e If B2 holds, then G/H = (1&13) ~ 7/27 and |H| = 8.
If A does not hold, then we have an abelian extension and G =~
7.)87 x 7.2 7.
Assume that A holds. Since E holds, we have that ¢; € G and H is not
abelian. Therefore G >~ QgxZ/27Z (recall that ¢13 does not commute
with ¢).

d = 12. If the degree d of the extension K7/K is 12, then Qg cannot be a subgroup
of G. Condition B1 holds because of 3 | d. We have the following cases.

e If B2 holds, then G/H =~ Z/6Z and H >~ 7Z/27. Thus G is abelian and
G ~ 7./37 x (Z]27)?.

e If B2 does not hold, then G/H has order 3 and it is generated by 1//12 or wf.
In this case H has order 4. Since every abelian subgroup of Qg is cyclic and

wlz and wf commute with every other automorphism of G, we have G ~
LJAZ X 7./37.
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d = 8. If the degree d of the extension K7/K is 8, then B1 does not hold.

e If A does not hold, then we have an abelian extension.
If B2 holds, then G/ H has order 2, H has order4 and G ~ Z /47 x Z./2Z.
If B2 does not hold, then G = H ~ Z/8Z.

e Assume that A holds.
If B2 does not hold, then G = H has order 8. In this case E holds, hence
¢1 is an automorphism of G and G =~ Qg.
Assume that B2 holds. We have that one of C and E holds too. Hence
G/H = (1/f13) ~ 7/27 and H = {(¢1) ~ Z/4Z. The complex multiplica-
tion ¢ is an automorphism of G which does not commute with w% . Then
G >~ 7Z/AZLXNTL])2Z.

d = 6. If the degree d of the extension K7/K 1is 6, then condition B1 must hold in
all cases, as listed in Table 1, and G/H has order divisible by 3. In every case we
have an abelian group of order 6, i.e. G >~ Z/37Z x Z/2Z.

d = 4. If the degree d of the extension K7/K is 4, then B1 does not hold.

e If B2 doesnothold, then G/H istrivialand G = H isisomorphic to a subgroup
of Q16 of order 4. Thus G ~ Z/47.

e If B2 holds, then G/H =~ 7Z/27Z and G is isomorphic to the Klein group
7)27 X 7] 2 7.

d < 3. If the degree d of the extension K7/K is 3, 2 or 1, the Galois group is
respectively Z/3Z, 7./27Z or {1d}.

5 Generators of the 7-th division field for elliptic curves y? = x3 + ¢

Let &, be an elliptic curve with Weierstrass form y2 = x34¢, withc¢ € K. Then the m-
th division polynomial W,, (x) of €, is a polynomial in x3, because of the automorphism
of &, given by the complex multiplication ¢», which maps (x, y) to ({3x, y). If m = p

is an odd prime, then ¥, (x) has degree # Observe that 3 | p2 —1.Setr = x3,
then W, (1) is a polynomial of degree % in the variable . For 1 < j < %, let
d; be the roots of W, (¢). Therefore the p* — 1 abscissas of the p-torsion points of
&, of exact order p are {J/8;c, ¢33/8;¢, ¢3Y/8c|1<j < p26_1 }. We also have that
the ordinates of the points with abscissas in {/8;, ¢3/8;, ¢33, } are £,/(8; + Dc.
The point ¢ ((/8jc. \/§; +¢)) = (¢3/8;c, /8 +¢) is still a p-torsion point of

&, forevery §;.1f P; = (/3c, \/8; + c) and ¢»(P;) are linearly independent, then
{Pj, $2(P))} is a generating set for ;[ p]. In this case, we have both

K(ElpD = K ({55, 63,/ + De). K(E€lp) = K (556,65, /@5 + De)

(this last equality following by [3, Theorem 1.1]). We now make these generating sets
explicit for p = 7, by producing the coordinates of the points in £,[7].
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We denote by r7(x) the 7-th division polynomial of a curve €, € F,. We have

r7(x) = Tx2* + 3944¢ x> — 42896¢%x '8 — 829696 x5 — 928256 x 12
— 15554567 x° — 2809856¢°x° — 802816¢7 x> + 65536¢8.

Let 07 be the automorphism of Q(¢3, ¢7)/Q mapping ¢7 to {75, let ¢ be the automor-
phism of Q(¢3, ¢7)/Q mapping ¢3 to g“32 and let

81 = — ((— 1328 — 120)¢5 + (— 16823 — 12)¢&7 + (— 2443 + 60)¢3
+(— 60¢3 — 84) 7 4 (—192¢3 — 96) &7 — 96¢3 + 52);

8y =02(81) = — ((— 2483 — 84)¢7 + (363 — 108) ¢ + (10883 — 72)¢7
+(1683 + 12)¢7 + (14423 + 72) &7 + 7243 + 64);

83 = 02(8) = — (1083 + 180)¢7 + ( — 60¢3 +24)¢7 + (13283 + 120085
+(— 3683 + 108)¢7 + (723 + 36)¢7 + 3683 + 172);

84 = 02(83) = — (13283 + 12)¢7 + (1683 + 156)¢7 + (2443 + 84) &3
+(6083 — 24)¢7 + (19223 + 96) &7 + 9623 + 148);

8s = 02(84) = — (2483 — 60)¢7 + (— 3673 — 144)¢7 + (—108¢3 — 180)¢7
+(— 168¢3 — 156)&7 + (— 14483 — 72)¢7 — 7283 — 8);

86 =0(85) = — ((— 108¢3 +72)¢5 + (60¢3 + 84) &7 + (— 13283 — 12)¢7
+(36¢3 + 144) 7 + (— 7283 — 36)¢7 — 3683 + 136);

5 12648,

7
83 = ¢(dg) = — 12437i

The polynomial r7(x) factors over K (¢3, ¢7) as follows:
8
r(x) =7 +850).
j=1
Then, as mentioned above, the 48 torsion points of £, with exact order 7 are
P = (0, £y) = (V876 +,/6; + De));

£$(P)) = (&), 23)) = (633850, £,/ + De);

£62(P)) = (&x;. £v)) = (33850 . £,/ 65+ De);
for 1 < j <8.
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Theorem 5.1 Let §; be as above, with 1 < j < 6. Then

K7 = K (816,83, + De) = K (J85¢.62. /6 + D).

Proof We have already observed at the beginning of this section that if ¢ (P) is a 7-
torsion point that is not a multiple of P, then a basis for £,[7] is given by { P, ¢2(P)}
and K7 = K(x(P), ¢3, y(P)). However, in some cases the point ¢, (P) is a multiple
of P. This happens for the points P; and ¢>(P;), when j = 7,8 (in factif {7 ¢ K,
then &7 ¢ K(x(Pj), &3, y(P})), for j =7, 8, contradicting the well-known property
of the Weil pairing recalled above). By the use of a software of computational algebra
(we used AXIOM again), one can verify that x(2P;) = x(P3) (i.e. 2P; = P3 or
2P = —P3) and x(4P;) = x(Ps) (i.e. 4P = P5 or 4P; = —Ps). Suppose that
#2(P1) = nPy. Since ¢3(Py) = —Py — ¢2(Py), we have (n> +n + 1) Py = O. Thus
nisaroot of n2 4+n+ 1 modulo 7, hence n = 2, 4 (mod 7). But, as noticed above, we
have x(2P1) # x(¢2(P1)) and x(4P1) # x(¢2(P1)). Thus ¢p»(P1) and P; are linearly
independent. Similar arguments apply for P; and Ps. In addition one can verify that
x(2P2) = x(Py) and x(4P>) = x(Pg) and repeat the arguments for those points too.
Therefore P; and ¢, (P;) are linearly independent for j = 1,..., 6 and { P}, ¢2(P})}
is a basis of &,[7], forevery j = 1,...,6. Then K7 = K(J/5;c, {3, /(8; + Dc). As
stated above, by [3, Theorem 1.1] we also have K7 = K (/d;c, £7.,/(8; + Dc). O

6 Degrees [K7 : K] for the curves of F>

By the results achieved in Theorem 5.1, we are going to describe the possible
degrees [K7: K] for the elliptic curves of the family F>. From now on we will fix
the generating set { Py, ¢2(P1)} for &[7]. Thus K7 = K (V/8ic, £3, /(1 + De) =
K (V/31c. g7, /(81 + D)c). Clearly all the results that we are going to show about the
degree [ K7 : K] and the Galois group Gal (K7/K) hold as well for every other gener-

ating set {,3/8jc, 03,4/ + l)c} or {,3/81'6, 07,4/ + l)c} of the extension K7/K,

with2 < j < 6.

Theorem 6.1 Let &5 y2 = x3 4+ ¢, with ¢ € K. Let 8| be as above. Consider the
conditions

A 3 ¢K;
Bl & +¢ ¢ K@) C Uoic ¢ K&, &)
B2. &7 ¢ K83, 67+ &) D@1 + De ¢ K(&3, &7).

The possible degrees of the extension K7/K are given in Table 2:
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Table2 Degrees [K(E2[7]): K]

d Holding conditions d Holding conditions

72 A,B1,B2,C,D 8 A,B2,D

36 B1, C and two of A, B2,D 6 one of B1, Cand one of A,B2,D
24 one of B1,Cand A, B2,D 4 two of A,B2,D

18 B1, C and one of A,B2,D 3 one of B1,C

12 one of B1, Cand two of A,B2,D 2 one of A,B2,D

9 B1,C 1 no conditions hold

Proof Consider the tower of extensions in Fig. 1.

K CK(G) CK@G o+6 ) K@, )

C K (¢3.87.v/81¢) S K (83,87, V/81c. v/ (81 + D).

We have that each of the degrees [K ({3, &7 + ;7_1) :K(&3)] and [K (&3, &7, /81¢)
K (¢3,¢7)] divides 3. In addition each of the degrees [K(¢3): K], [K(&3,¢7):
K(z3, 07 + {7_1)] and [K7: K (L3, &7, /81c)] divides 2. Since the fields Q(¢3) and
Q(&7) are linearly disjoint over QQ, then condition A is independent of conditions B1
and B2 and the other way around. In addition, with the software AXIOM we have
verified that when K N Q(¢3, ¢7) = Q neither §; + 1 is a square in K(¢3, ¢7), nor
81 is a cube in K (&3, £7). Then the fields K (/51c) and K (1/(81 + 1)c) are linearly
disjoint over Q(¢3, ¢7). Hence all the conditions are independent on each other, except
B1 and B2. Then we can have all the possible combinations of the conditions. The
conclusions follow immediately from [ K7 : K] being the product of the degrees of the
intermediate extensions appearing in the tower. One can produce examples of exten-
sions realizing the scenarios given by all the possible combinations by considering
the curve in the family F> with ¢ = 1 and setting the base field K as the extension of
Q whose generators are the ones of K7/K appearing in the conditions which do not
hold. O

Notice that [K7: K] < 72 < 2016 = |GL2(Z/77Z)| and the Galois representation
pe,7: Gal(K/K) — GLa(Z/77Z)

is not surjective, in accordance with £, having complex multiplication.

7 Galois groups Gal (K7/K) for the curves of F>

Let &, be a curve of the family F>. We are going to show all possible Galois groups
Gal (K (E2[7])/ K ), with respect to the degrees d = [K7: K] < 72.

Theorem 7.1 Let K be a field with char(K) # 2,3 and let &, be an elliptic curve
with Weierstrass form y* = x3 + ¢, where ¢ € K. Then Gal(K7/K) is isomorphic to
a subgroup of G >~ Dics X Z/6Z. In particular, if [K7 : K] = 72, then Gal(K7/K) ~
Dic3 x Z/6Z.
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Proof Suppose that all the conditions in Theorem 6.1 hold, so that [K7 : K] = 72. The
image of Gal (K /K) via the Galois representation pe,,71s a subgroup of GL(Z/77)
isomorphic to G = Gal(K7/K). As for the family ¥, we denote by G both
Gal(K7/K) and its image in GL,(Z/77Z). Consider the tower of extensions in Fig. 1.
We denote by H both Gal(K7/K (¢£7)) and its image in GL»(Z/77Z). The Galois group
Gal(K (¢7)/K) is then isomorphic to the quotient G/H. The group H has order 12,
because of Gal(K (¢{7)/K) =~ 7Z/6Z. Since the action of ¢ € GL>(Z/7Z) on &7 is
given by o (¢7) = ;;iet(a), then det(o) = 1, for every 0 € H. Thus H is indeed a
subgroup of SL(Z/77Z). We are going to describe H up to isomorphism. For every
positive integer n, we denote by Dy, the dihedral group of order 2n. Since we are
assuming that all the conditions in Theorem 6.1 hold, then the complex multiplication
¢» and —Id are automorphisms of H. The complex multiplication ¢, has order 3 and
acts on the basis { Py, ¢2(P1)} as

P o (P, o (P) F2s g3(Py).

Since ¢>§(P1) = —P; — ¢2(P1), we can represent ¢ in GLo(Z/77Z) as

0—1
¢2:<1—1>'

Then the inverse of ¢, is represented by the matrix

_ —11
¢21:¢§:<_10>'

The automorphism —Id, swapping the ordinates P l_—Id> —P for every P € &,[7],
corresponds to the automorphism of K7/K that maps \/(Sj + 1cto —\/(8j + e,
forall 1 < j < 8. Clearly ¢, and —Id commute, so H has a subgroup isomorphic
to Z/37Z x /27 ~ 7Z/67Z. We are going to show that H is not abelian. Suppose that
H is abelian. Then it is isomorphic to either Z/3Z x Z/47Z or Z./3Z x (Z/27,)?. Let
o € H. Since 0 commutes with ¢;, one gets that

a —p
o= ,
(5a7)
for some o, B € Z/7Z. We have already observed that —Id € H. If H ~
7./37. x 7./47Z, then there exists ¢ € H such that c* = Id and 0> = —Id, i.e.

s (> =B% g2—2a8\_ (-1 0
“ _<2aﬂ—ﬂ2a2—2aﬂ>:<0 —1) (mod 7).

The congruence 8% — 2af = 0 (mod 7) implies 8 = 0 or B = 2. If B = 0, then
a? = —1(mod 7), which has no solutions. If 8 = 2a, then —3a> = —1 (mod 7),
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which has no solutions as well. On the other hand, if H ~ Z /37 x (Z,/ 2Z)2, then there
exists 0 € H such that 0> = Id and o # +Id. By

) o> —B% g2 -2\ _ (10
o= <2a/3 B2 —201/3) = (o 1) (mod 7),
we get again § = 0 or 8 = 2«. If B = 0, then 0 = £Id and we have a contradiction.
Suppose f = 2«. From det(o) = 1 (mod 7) we get a2 = —2 (mod 7), which has no
solutions. Therefore H is not abelian, as claimed. In addition H is a group of order
12, with a subgroup isomorphic to Z/67Z. We have that either H >~ Dy, or H =~ Dic3,
where Dics is the dicyclic group of order 12 (which is isomorphic to Z/37Z x Z/4Z).

Suppose that H >~ Dy,. We also have H ~ Dg x Z /27, thus H is generated by —Id,
¢> and another automorphism 7 of order 2 such that ¢t = 7¢), 'e. (2, T) =~ Dg

and H = (—Id) x (¢, 7) =~ Z/27Z x D¢ =~ Dy3). The relation ¢t = r¢>2_1 implies
that t is represented by a matrix of the form

a B
’Z(a+ﬂ—a>’

for some «, B € Z/77Z. Since 1 has order 2, we have

2 2
2 o +,8 +Olﬁ 0 _ 10
T _< 0 a2+,32+a,3):<01> (mod 7),

ie. @® + B2+ af = 1 (mod 7). On the other hand, since det(r) = 1 (mod 7), we
have that «® + 82 + o = —1 (mod 7) and we find a contradiction. Therefore the
group H is isomorphic to Dics >~ Z/37Z x Z /47 and it is generated by the complex
multiplication v, which has order 3, and an automorphism 7, of order 4, such that

H=(p. 1| b=t =1 oo = T2¢2_1>-

In addition ‘1722 = —Id. Since GLo(Z/7Z) ~= SLy(Z/TZ) x5 >~ SLy(Z/TZ) x Z|6Z,
we have that G ~ Dic3 < Z/6Z. For completeness we are going to show that this
last semidirect product is not a direct product (as in the case of the family F;). The
group G/H is generated by an automorphism v of order 6 corresponding to the
automorphism o5 of Gal(Q(¢7)/Q) mapping ¢7 to ;‘75. As stated above, we have

(o) o) oy o) o) (o)
51!—2>32|—2>53l—2>84|—2>35|—2>56|—2>31.

Then W, (P;) is one of the points :I:lIJg(Pg), with n € {0, 1,2} (where ¢(2) = Id).
Since Wy (x1) = ¢3x1, we have that W, (¢, (Py)) is one of the points :l:\IJgJrl (Py) =
+W;, (Vs (P1)). Suppose that Wp(Py) = a P + W2 (Py), for some «, B € Z/77Z, thus
we see that Wy (¢2(P1)) = £(BP1 + (B — a) W (P1)). Thus

_ (o —-B _ ([« B
qj2_<,3—,3+ot> or \pz_(ﬂﬂ—a)'
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Only in the first case W, and ¢ commute. By [25, Chapter II, Theorem 2.3], the
extension K7/K (¢3) is abelian. If all the conditions in Theorem 6.1 hold, then the
complex multiplication ¢» and W, are automorphisms of Gal (K7/K (¢3)). Therefore
they must commute and we get

_(* B
\pz_(ﬂ—ﬂ—l—c{)'

Observe that lI!22 maps P; to ¢§(P3), for some j € {0, 1, 2} and ¢»(Py) to ¢£+1 (P3).
As noted in the proof of Theorem 5.1, we have x(P3) = x(2Py), i.e. P3 = 2P
or P3 = —2P;. We also have x(¢2(P3)) = x(2¢2(P1)) = ¢2(x(2Py)). Hence the

automorphism \1122 is equal to ¢‘2’a) for some j, where w is represented by one of the

following matrices:
(20 (=20
w=[g,) o0 @o={, 5]

The second case is not possible, since \1122 would not have order 3. Thus we have
V2 = ¢Jw, with
(20
®=17,)-

Since \Ilg € G/H and ¢£ € H,wemay assume without loss of generality that \IJ22 = w,
by eventually changing the representative of the class \1122 in G/H. Observe that then
\IJ22 commutes with every other automorphism of G. Furthermore, we have

s (a?—p% BE—2aB\ _ (20
w2_<2a,3— B2 a2—2a,3>=<02> (mod 7),

Thus (B — 2a) = 0, implying B = 0 or B = 2a. If B = 0, then det(y») = a? =
5 (mod 7) (recall that ¥ (¢7) = {75 = {?et(wz)), which has no solutions. So 8 = 2«
and —3e2 = 2 (mod 7), i.e. @ = 2 (mod 7) or « = —2 (mod 7). Thus we get

2 3 2.3 2 3
1”22(—3—2) or ‘”2:<3 2>=_<—3—2>'

Again, by eventually change the representative of the class of vy in G/H, we may
assume without loss of generality that

-2 -3
Vo = < 3 9 > :
We consider an automorphism p € H induced by the automorphism of Gal(K7/K)
mapping ¢3 to 432. Thus p maps Pj to ¢>£ (Py), for some j € {0, 1, 2} and we have that
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there exists a power ¢3 of ¢, with s € {0, 1, 2} such that j +s = 0 (mod 3). We call
p the product ¢3 0 and we have that it maps Pj to Py4. Since 1/f§’ also maps Pj to Py

and
3 (31
W2—<_14 ’

~ (3 «
o= —18)"

then we have

for some «, B € Z/77Z. Thus

~ ~ (3a—=338+4a—-2

and therefore p and vy, commute if and only if « = 1 (mod 7) and B = —3 (mod 7).

But then in this case det(p) = —1 and we would have a contradiction with p € H.
Therefore G ~ Dic3 x Z/6Z with G # Dics x Z/6Z. For every d = [K7: K] < 72,
we have that G is isomorphic to a proper subgroup of Dicz x Z/6Z. O

Observe that the situation for the Galois groups of the family J; is similar to that
of the Galois groups of the family J7; in fact for the curves in ¥ have that G ~
Dic4 x Z/6Z, since the dicyclic group Dicy of order 16 is nothing but the quaternion
group Q1.

We are going to describe the possible Galois groups G = Gal(K (€2[7])/K) when
d < 72. In the proof of Theorem 7.1, we showed that w;’ = 24, does not commute
with p. In addition we deduce that 7, does not commute with v/, (otherwise we would
get G =~ Dic3 x Z/6Z) and neither does it commute with 1ﬂ23- Recall that, by the
mentioned [25, Chapter II, Theorem 2.3], we have that G is abelian whenever A does
not hold. Recall also that every nontrivial proper subgroup of Dic3 ~ Z /37 x Z./AZ
is isomorphic to Z/mZ, with m € {2, 3, 4, 6}. In particular, if D does not hold, then
H is abelian. Furthermore, if D does not hold and ¢, € H, then we have that every
other automorphism of H commutes with ¢, and it is then represented by a matrix of

the form
( )
:3 o ﬂ ’

for some « and B in Z/77. Every matrix of this type commutes with ¥, too. Therefore,
if D does not hold, then G is abelian as well.

Galois groups Gal (K(£2[7])/K)

d = 72. If the degree d of the extension K7/K is 72, then all the conditions hold.
We have proved in Theorem 7.1 that in this case G >~ Dic3 x Z/6Z.
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d = 36. If the degree d of the extension K7/K is 36, then condition B1 and condition
C hold.

e If one of A and D does not hold, then we have an abelian group. Since
both condition B1 and condition B2 hold, then G/H =~ Z/6Z and thus
G ~Z/3LxT)2Lx L)67 ~ (Z)27)* x (Z./37)>.

e IfB2doesnothold,then G/H >~ Z/3Z and G = (¢3, 12, wzz). Since wzz isrep-
resented by a diagonal matrix and commutes with every other automorphism,
we have G >~ Dic3 x Z/3Z.

d = 24. Only one of condition B1 and condition C holds and all the other conditions
hold.

e If C does not hold, then G = (12, Y2) >~ Z/4Z X7 /67Z = Dg x Z,/3Z.
e If B1 does not hold, then G/H ~ Z /27 = <W23>~ Thus G =~ Dic3 x Z/27Z.

d = 18. Conditions B1 and C hold and the automorphism ¢, has order 3. Since only
one of the other conditions holds, we have that at least one of A or D does not hold
and G is abelian.

e If either A or D holds, then G >~ (Z/?»Z)2 X Z./27..

e If both A and D do not hold, then B2 holds. We have G/H = (y») ~ Z/6Z
and H =~ (¢p) =~ Z/3Z. Since ¢, and Y, commute, we have that G =~
(Z)37)* x Z.)27 as well.

d = 12. Only one of conditions B1 and C holds and two of the other conditions hold.

e If both B1 and B2 do not hold, then the extension G/H is trivial and G =
H >~ Dic3 >~ Z/3Z X Z]47.

e If B1 does not hold and B2 holds, then H ~ Z/27Z and G/H ~ 7Z/6Z. One
of A and D does not hold, so the extension K7/K is abelian with Galois group
G ~ 7)37 x (Z)27,)*.

e If B1 holds and B2 does not hold, then G/H is generated by 1p22 and H =
(t2) ~ Z/4Z. Since lﬁ22 commutes with 7o, we get that the Galois group G is
isomorphic to Z/4Z x Z./37.

e Ifboth B1 and B2 hold, then G/H =~ Z/6Z and H =~ 7Z/27. We have that one
of A and D does not hold, hence K7/K is an abelian extension with Galois
group G ~ Z/37 x (Z.27.)>.

d = 9. The only holding conditions are B1 and C. Then H = (¢») ~ Z/37Z and
G/H ~7/37Z. We have G ~ Z/3Z x Z/3Z.

d = 8. If the degree d of the extension K7/K is 8, then all the conditions hold but
Bl and C. Thus H = (np) >~ Z/4Z and G/H = (1//23) ~ 7./27.. We have observed
that 7 and w; do not commute, hence G ~ Z/4Z x 7 /27 =~ Dg.

d = 6. If the degree d of the extension K7/K is 6, then either B1 or C holds
and one of the other condition holds. In all cases the group G is isomorphic to
7/67 >~ 7.]37.x 7.]27.

d = 4. If the degree d of the extension K7/K is 4, then both B1 and C do not hold.
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e If B2 does not hold, then G/H is trivial and G = H = (1p) >~ Z/4Z.
e If B2 holds, then G/H =~ 7Z/27Z and G is isomorphic to the Klein group
7.)27.x 7./27.

d < 3. If the degree d of the extension K7/K is 3 or 2 or 1, obviously the Galois
group is isomorphic to, respectively, Z/3Z, Z/27 or {1d}.

8 Some applications

As mentioned in Sect. 1, we are going to describe some applications of the results
produced in the previous sections.

8.1 A minimal bound for the local-global divisibility by 7

The first application concerns the following Local-Global question that was stated in
[9] by Dvornicich and Zannier as a generalization of a particular case of the famous
Hasse principle on quadratic forms (for further details one can see [6, 10, 11, 18, 19]
among others; Dvornicich and the corresponding author also produced a survey [7]
about this topic).

Problem 8.1 (Dvornicich, Zannier, 2001) Let K be a number field, Mg the set of the
places v of K and K, the completion of K at v. Let G be acommutative algebraic group
defined over K. Fix a positive integer m and assume that there exists a K -rational point
P in G, such that P = m D, for some D, € G(K,), for all but finitely many v € Mg.
Does there exist D € G(K) such that P = mD?

We have stated the question in its original form, for all commutative algebraic groups,
but from here on we will confine the discussion to elliptic curves € over K. It is a
common method in local-global questions to translate the problem into a cohomolog-
ical question. Dvornicich and Zannier stated the following definition of a subgroup
of H'(G, &[m]) which encodes the hypotheses of the problem and whose triviality
assures the validity of the local-global divisibility by m in € over K [9, Proposition
2.1]:

Hj (G, E[m]) = ) (ker H' (G, &lm]) —= HY(G,, E[m])),
vex

where X is the set of places of K unramified in K (€[m]) and res, is the usual restriction
map.

The group HILC(G, E[m]) is called first local cohomology group and gives an
obstruction to the validity of this Hasse principle for divisibility of points by m in
€ over a finite extensions of K linearly disjoint from K (E[m]) [10, Theorem 3]. Since
every v € X is unramified in K (E[m]), then G, is a cyclic subgroup of G, for all
v € X. By the Chebotarev Density Theorem, the local Galois group G, varies over
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all cyclic subgroups of G as v varies in X'. Observe that indeed it suffices to take

resy

Hioo(G. Elm)) = () (ker H'(G, £m) <> H'(Gy. EmmD). (1)

vesS

with S a subset of X' such that G, varies over all cyclic subgroups of G as v varies in S.
Observe that in particular we can choose a finite set S (on the contrary X' is not finite).
In [9] the authors showed that the local-global divisibility by a prime number p holds
in € over K (this was also proved in [26, Theorem 1] and a very similar statement was
proved in [5, Lemma 6.1 and its corollary] and [4, Theorem 8.1]). In particular, the
local—global divisibility by 7 holds in € over K. Thus, if we are able to find such a set
S and prove that the local divisibility by 7 holds for P € £(K), for all v € S, then
we get that P is globally divisible by 7, i.e. that P has a K-rational 7-divisor. So it
suffices to have the local divisibility by 7 for a finite number of suitable places to get
the global divisibility by 7. In [8], Dvornicich and the corresponding author produced
an explicit effective version of the hypotheses of Problem 8.1 in all elliptic curves over
number fields, by producing an explicit finite set S, for every positive integer m and
every elliptic curve €. Such an effective version is given by an upper bound B(m, &)
(depending on m and €) to the places of K unramified in K,,, such that the validity of
the local divisibility for all places less than B(m, £) assures the global divisibility (in
the cases when the Hasse principle for divisibility of points holds in € over K). With
such a bound it is not necessary to take into account the distinctness of the Galois
groups G, in testing the local divisibility, since it is already assured by the density
of places v that are considered. However, for this reason the cardinality of the set §
produced in [8] is not as minimal as possible. It is indeed a very hard problem to obtain
a similar result with an explicit set S of minimal cardinality (i.e. with the assumption
that the local Galois groups G, corresponding to the places in S, are pairwise distinct),
for all positive integers m. It is also a difficult problem just to find the minimal possible
cardinality for S for every m. In view of the results achieved for the Galois groups
Gal(K7/K) for the elliptic curves of the families | and J,, we give an answer to
this last question when m = 7 for the curves of these families (in [17] an answer was
given when m = 5 for the curves of the same families). For these curves we produce
an upper bound to the cardinality of S which is surprisingly small and it is as minimal
as possible when the degree [ K7 : K] is maximum (i.e. [K7 : K] = 96 for the curves in
F| and [K7 : K] = 72 for the curves in F3). With the description of the Galois groups
given in Sects. 4 and 7 and with the description of the cyclic subgroups of G given in
the proofs of the following Theorems 8.2 and 8.3, one can easily deduce the minimal
cardinality for S, for every &1 € &} and &; € F>.

Theorem 8.2 Let £ be an elliptic curve defined over a number field K, with Weier-
strass equation y* = x> +bx, for some b € K. There exist sets S € My of cardinality
s < 18 such that if P = 7Dy, with D, € £1(Ky), forall v € S, then P = 7D, for
some D € E(K). In particular, if [K7: K] = 96, then s = 18.

Proof Let s be the number of distinct cyclic subgroups of G. As stated above, the set
S can be chosen as a subset of Mg with cardinality s, such that G, varies over all
cyclic subgroups of G, as v varies in S, and G, and G, are pairwise distinct cyclic
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subgroups of G, for all v, w € S, with v # w. It suffices to show that s < 18,
i.e. that G has at most 18 cyclic subgroups. We have proved in Sect. 4, that for
every &1 € Fy, the Galois group G is isomorphic to a subgroup of Q¢ X Z/6Z. We
keep the notation used in Sect. 4 for the generators of Q¢ and Z/6Z, i.e. Q16 =
(61,1167 = ¢f = —1d. ¢191 = ¢y '¢1) and Z/6Z = (y1). The group Q15 has
seven nontrivial cyclic subgroups: (¢1) ~ Z/8Z, (—1d) = (¢7) = (¢}) ~ Z/2Z
and the five cyclic subgroups of order 4 generated respectively by ¢1, gof, o191, qblgof
and ¢>1g0f’. We also have the nontrivial cyclic subgroups of Z/6Z, i.e (1/[13) ~ 7./27,
(1//12) >~ 7Z/3Z and (Y1) =~ Z/6Z itself. All of these groups are cyclic subgroups of
G. In addition we have the group (¢, W12> ~ Z/8Z x Z]37 ~ 7247, five copies
of Z/127 ~ 7Z/4Z x 7./3Z given by the direct products of the five subgroups of
order 4 of Q6 with (), the subgroup (—Id, y§) ~ Z/2Z x Z/3Z and the trivial
group (Id). Therefore Q16 x Z/67Z contains 18 cyclic subgroups and every subgroup
G of Q16 x7Z/6Z has at most 18 cyclic subgroups. Thus s < 18. In particular, if
[K7: K] = 96, then G has exactly 18 cyclic subgroups and in this case s = 18 is
sharp (in fact, if s < 18, then the hypotheses of Problem 8.1 are not satisfied). O

Theorem 8.3 Let &, be an elliptic curve defined over a number field K, with Weier-
strass equation y* = x> + ¢, for some ¢ € K. There exist sets S € My of cardinality
s < 15 such that if P = 7D, with D, € E(Ky), forallv € S, then P = 7D, for
some D € E(K). In particular, if [K7: K] = 72, then s = 15.

Proof Let s be the number of distinct cyclic subgroups of G. By the discussion con-
cerning the minimal possible cardinality of the set S in Eq. (1), we can choose S
containing exactly s places v, such that G, varies over all cyclic subgroups of G
as v varies in S and G, and G,, are pairwise distinct cyclic subgroups of G, for
all v,w € S, with v # w. We just have to show that G has at most 15 cyclic
subgroups. As proved in Sect. 7, for every €, € F3, the Galois group G is isomor-
phic to a subgroup of Dic3 x Z/6Z. In the notation of Sect. 7, a presentation of the
group Dics =~ Z/3ZXZL/AZ is (¢2, 12 | ¢3 = T = Id, 1o = ¢ ' 12). We have
six nontrivial cyclic subgroups of Dics: (—Id), (¢2), (12), (T2¢2) = (1:23¢2) ~ 7]AZ,
(1203) = (13¢3) ~ Z/AZ, (—¢>) = (—¢3) ~ Z/6Z. We have three nontrivial cyclic
subgroups of (yn) >~ Z/6Z, i.e. (Yr2), (1//22), (1#23). In addition, we have two other
cyclic subgroups of Dics x Z/6Z that are isomorphic to Z/3 x Z/27Z, i.e. (¢2, ¥3),
(—Id, 1p22) and three subgroups isomorphic to Z/127 ~ 7./4Z x Z./3Z, i.e. (T2, ¥5),
(122, w22), (rqu%, wzz). Finally we have the trivial subgroup (Id). Thus Dic3 X Z/6Z
has 15 cyclic subgroups and s < 15. In particular, if [K7 : K] = 72, then G has exactly
15 cyclic subgroups and in this case the bound s = 15 is sharp. O

8.2 Remarks on modular curves

We are going to deduce some information about CM points on modular curves by the
results produced about the fields K7.
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8.2.1 On CM points of modular curves

Let J{ be the complex upper half plane {z € C:Im z > 0}. The group SL,(Z) acts on
JH via the Mobius trasformations

ab =% +b

cd o cz+d ’
By I" we denote a congruence group, i.e. a subgroup of SL> (Z) containing the principal
congruence group of level m

I(m) = {A € SLy(Z) ‘ A= (é ?) (mod m)},

for some positive integer m. When m is minimal, the congruence group is said to be
of level m. Important congruence groups of level m are

To(m) = {A € SLa(Z) ) A= <(>’; :) (mod m)} :

and
Ty (m) = {A € SLy(Z) ’ A= (é ”1‘) (mod m)} .

The quotient J{/ I" of J{ by the action of I', with the analytic structure induced by
H, is a Riemann surface, that is denoted by Yr. The modular curve X, associated
to I, is the compactification of YT by the addition of a finite number of cusps, i.e.
the rational points corresponding to the orbits of P! (Q) under I'. The modular curves
associated to the groups I'(m), ['o(m) and I" (m) are denoted respectively by X (m),
Xo(m) and X1 (m). They are moduli spaces of families of elliptic curves with an extra
structure of level m as follows (for further details see for example [13, 14, 23]):

(i) non-cuspidal points in X¢(m) correspond to pairs (€, C,,;), where € is an elliptic
curve (defined over C) and C,, is a cyclic subgroup of £[m] of order m;
(ii) non-cuspidal points in X (m) correspond to pairs (€, P), where € is an elliptic
curve (defined over C) and P is a point of order m;
(iii) non-cuspidal points in X (m) correspond to triples (€, P, Q), where € is an
elliptic curve (defined over C) and P, Q are points of order m generating E[m].

A CM point on a modular curve is a point which corresponds to an elliptic curve
with complex multiplication. For every modular curve X, we denote by X (K )cwm the
set of its K -rational CM points.

From what we have shown in the previous sections we can deduce the following
facts (see in particular Theorem 5.1).

Proposition 8.4 Let K be a number field. Let § j and P be as in Sect. 5, for 1 < j <8,
and let &3 ; v =3+ Cjy, With ¢}, = 8?(8j + 1)3yS for some y € Q. If
Q(&3,¢7) € K, then

@ Springer



On 7-division fields of CM elliptic curves Page250f26 51

(i) The pairs (€2,j., Pj), (E2,j.y, (Pj), with 1 < j < 8, define K-rational CM
points on X1(7) and respectively on Xy(7).
(ii) The triples (€2, .y, Pj, $2(P))), with 1 < j < 8, define K -rational CM points on
X().
(iii) In particular Xo(T)(K)cm # 9, X1(7)(K)em # 0 and X (7)(K)em # 9.

Proof If 1 < j < 6, then ¢, Jdjcjy,/8jcjy € Q(&3,¢87). Since Q(L3,87) C
K, then the pairs (€3 ,, P;) and (€2, (P;)), for 1 < j < 6, define K-
rational CM points of X(7) and respectively of X¢(7). Furthermore, the triples
(€2,j,y» Pj, ¢2(P;)) define K -rational CM points on X (7).

If j € {7, 8},thenc; , € Q(¢3). Wealsohavethat /é,c; , = c3j(8]-+1)y2 € Q(&3)
and \/8;cj, = 8;(8; + 1)2y3 € Q(&3). Owing to Q(¢3, z7) € K, then the pairs
(€2,j,y, Pj)and (&3, 5, (P})) define K -rational CM points of X (7) and respectively
of X (7). Furthermore, the triples (€2, 5, P}, ¢2(P;)) define K -rational CM points
on X (7). O

Moreover, from the results proved in Sects. 2 and 5, we can immediately deduce
the following propositions.

Proposition 8.5 Let K be an extension of Q(i, ¢7). Let £ € Fy and let P € &1[7]
such that {P, i P} is a generating set of E1[7]. Then

(1) the pair (€1, (P)) defines a non-cuspidal K -rational CM point of Xo(7) if and
only if y(P) € K;
(ii) the pair (€1, P) defines a non-cuspidal K -rational CM point of X(7) if and only
ify(P) € K;
(iii) the triple (€1, P, i P) defines a non-cuspidal K -rational CM point of X (7) if and
only if y(P) € K.

Proposition 8.6 Let K be an extension of Q(&3, ¢7). Let €y € Fp and let P € E;,[7]
be such that { P, ¢2(P)} is a generating set of E2[7]. Then

(1) the pair (o, (P)) defines a non-cuspidal K -rational CM point of Xo(7) if and
only if y(P) € K;
(ii) the pair (E,, P) defines a non-cuspidal K -rational CM point of X (7) if and only
ify(P) e K;
(iii) the triple (€2, P, ¢p2(P)) defines a non-cuspidal K -rational CM point of X (7), if
and only if y(P) € K.
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