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ABSTRACT

Adequate mathematical models are essential for investigating the static and dy-
namic behaviors of structures; it would be useful to employ efficient models that
require limited computational effort and can be readily adapted to address a wide
range of problems. In the framework of civil engineering structures, almost all of
them have one element in common: they are composed of beams. They are always
present in bridges, either as main structural components or as secondary elements;
furthermore, the largest part of buildings, both residential and industrial, is com-
posed of beams (and columns as well), especially those constructed in reinforced
concrete or steel. Thus, because of their central role in structures, different aspects
of them are analyzed in the Thesis, investigating new features especially in nonlin-
ear dynamics, with complementary points of view, but always aimed at a thorough
understanding of the mechanical behavior.

Moreover, being the main purpose of the Thesis the development of efficient
models to study linear and nonlinear systems, modeling aspects related to other
types of structural elements are considered too, like cables and three-dimensional
frames. For the former, a nonlinear model is used and the interaction of the cable
with vortices that shed from its surface is investigated, whereas for the latter a
model, based on the homogenization of the building to a Timoshenko beam, is used
to get modal properties comparable with those experimentally found.

Consequently, reduced-order models are developed for the different types of
structures, existing models are extended to incorporate new features and compar-
isons are made with results obtained from experimental data, when available, to
validate the accuracy of the models and to test their limits. In general, each chap-
ter of the Thesis corresponds to a main structural system — beams, cables or three-
dimensional frames — where new problems are addressed and interesting findings
are obtained in both linear and nonlinear fields, proving the importance of having
models that are both simple and rigorous.

The main original contributions of the Thesis are in order of appearance: the
comparison of analytical results, obtained for Thin-Walled Beams modeled through
the Generalized Beam Theory, with those found on full-scale viaducts, the vibration
control of this kind of beams using a Nonlinear Energy Sink, the introduction of
a newly developed model-based procedure to identify parameters of nonlinear con-
tinuous systems, the extension of an analytical formulation for the suspended cable
subjected to Vortex-Induced Vibrations using the Multiple Scale Method directly
on the non-discretized equations and, finally, the implementation of some new fea-
tures on the homogenization technique to model three-dimensional frames in order
to compare their modal properties to those of full-scale buildings. The results reveal

new and significant findings, and several additional aspects remain to be explored.
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SOMMARIO

Avere a disposizione modelli matematici adeguati ¢ una condizione necessaria
per investigare il comportamento statico e dinamico delle strutture; sarebbe bene
utilizzare modelli efficienti che richiedano un onere computazionale ridotto e che
possano essere prontamente adattati per affrontare un’ampia gamma di problemi.
Nell’ingegneria civile, quasi tutte le strutture hanno un elemento in comune: sono
composte da travi. Queste sono sempre presenti nei ponti, o come componenti
strutturali principali o come elementi secondari; in aggiunta, la maggior parte degli
edifici, residenziali ed industriali, & composta da travi (e colonne ovviamente), so-
prattutto quelli in calcestruzzo armato o in acciaio. Quindi, visto il loro ruolo cru-
ciale nelle strutture, diversi aspetti sono analizzati nella Tesi, investigando nuove
peculiarita soprattutto in dinamica nonlineare, con punti di vista complementari,
ma sempre rivolti ad una comprensione approfondita del comportamento meccanico.

Inoltre, essendo 'obiettivo principale della Tesi lo sviluppo di modelli efficienti
per lo studio di sistemi lineari e nonlineari, sono considerati anche aspetti di model-
lazione per altri tipi di elementi strutturali, come cavi e telai tridimensionali. Per i
primi, viene usato un modello nonlineare ed ¢ investigata ’interazione del cavo con
i vortici che si distaccano dalla sua superficie, mentre per i secondi viene usato un
modello, basato sull’omogeneizzazione dell’edificio ad una trave di Timoshenko, per
ottenere proprieta modali comparabili a quelle sperimentali.

Di conseguenza, si sviluppano modelli ridotti per i diversi tipi di strutture, si es-
tendono modelli esistenti per incorporare nuove funzionalita e si fanno confronti con i
risultati ottenuti da dati sperimentali, quando disponibili, per validare I'accuratezza
dei modelli e testarne i limiti. In generale, ogni capitolo corrisponde ad un elemento
strutturale principale — travi, cavi o telai tridimensionali — in cui si affrontano nuovi
problemi e si ottengono risultati interessanti sia in campo lineare che nonlineare,
dimostrando I'importanza di avere modelli che siano sia semplici che rigorosi.

I principali contributi originali della Tesi, cosi come compaiono nel testo, sono:
il confronto dei risultati analitici, ottenuti per le travi a parete sottile modellate
tramite la teoria generalizzata di trave, con quelli trovati su viadotti reali, il con-
trollo delle vibrazioni di questo tipo di travi tramite 'uso di un Nonlinear Energy
Sink, l'introduzione di una nuova procedura di identificazione parametrica basata
sul modello per sistemi continui nonlineari, I’estensione di una formulazione analit-
ica per il cavo sospeso soggetto a vibrazioni dovute al distacco dei vortici usando
il metodo delle scale multiple direttamente sulle equazioni non discretizzate e, in-
fine, I'implementazione di nuove funzionalita nella tecnica dell’omogeneizzazione per
modellare telai tridimensionali al fine di confrontarne le proprieta modali con quelle
di edifici reali. I risultati mettono in luce nuove e rilevanti evidenze, e molti aspetti

restano da esplorare.



[Blank page]



CONTENTS

List of Figures

List of Tables

1 Introduction

1.1 Introduction . . . . . . . . . . . . .. ..
1.2 Motivations . . . . . . . . ...
1.3 Objectives . . . . . . . . .
1.4 Approach . ... .. .. . .. ...
1.5 Organization . . . . . . . ... .

2 State of the art

2.1 Introduction. . . . . . . . . . . . e
2.2 Beams . . . . ... e
2.2.1 Thin-Walled Beams . . . . . .. ... ... ... .......
2.2.2 System identification methods . . . . . . . . ... ... ...
2.2.3 Vibration control . . . . . .. ... ... .. oL,
2.3 Cables . . . . . ..
2.3.1 Cablemodels . . . ... ... ...
2.3.2 Vortex-Induced Vibrations. . . . . .. ... ... ... ....
2.4 Homogenized models for three-dimensional frames . . . . . ... ..

3 Beams

3.1 Imtroduction . . . . . . . . . . ...
3.2 Model . . . ..
3.2.1 Formulation . . . . .. ... ...
3.2.2  Cross-section analysis . . . . ... ... ... ... ...
First Planar Eigenvalue Problem . . . . . .. ... ... ...

Second Planar Eigenvalue Problem . . . . . . .. .. .. ...

Warping Eigenvalue Problem . . . . .. ... ... ... ...

3.2.3 Member analysis . . . .. ... ... oL
MAT . . oo

MA2 . . o

MAS3 . .

vii

xi

xvii

N O e W N =

10
10
10
12
13
15
15
16
17



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

324 Casestudy . . .. . .. .. 44
3.2.5 Deformation modes. . . . . ... ... ..o 45
3.2.6 Statics . . . . . ... 46
3.2.7 Free dynamics . . .. .. .. ... oo 48

3.3 Monitoring . . . ... L 52
3.3.1 Statics . . . . . ... 53
3.3.2 Freedynamics . . .. .. .. ... o 57

3.4 Control . . . . .. e 63
3.4.1 Formulation . . . . .. ... ... ... ... 63

3.4.2 Loadcases . . . . . . . . . ... e 71

343 Results . . ... 74

3.5 Identification . . . . . ... ... ... ... 82
3.5.1 Hilbert-Huang Transform . . . . ... ... ... .. ..... 84
352 1-dof systems .. .. ... ... 86
3.5.3 2-dof systems . ... .. ... 89
3.5.4 Continuous Systems: hinged-hinged beam . . . . . ... ... 92
Non-zero initial conditions . . . . . . .. . ... ... 93

External resonant load . . . . . ... ... ... ... .. .. 97

3.5.5 Continuous system: clamped-clamped beam . . . . . . .. .. 98
3.5.6 Material nonlinearity . . . . . . .. ... ... oL 99
3.5.7 Numerical results . . . . . . . ... .. ... ... ... ... 100
I-dofsystems . . . ... ... .. 101
2-d.ofsystems . . ... o 102
Hinged-hinged beam . . . . . . . .. ... ... ... 104

3.5.8 Sensitivity to user-defined inputs . . . . ... ... ... ... 108
3.5.9 Simulation on a discrete nonlinear system . . . . . ... ... 109

3.5.10 Experimental validation on a clamped-clamped beam . . . . 110

Experimental setup. . . . . .. .. ... ... L. 111
Experimental results: non-zero initial condition . . . . . . . . 112
Experimental results: resonant load . . . .. ... ... ... 113

3.6  Conclusions and future developments . . . . . . . ... .. ... ... 115
4 Cables 119
4.1 Introduction. . . . . . . . . . . . e 120
4.2 Model . . . . .. 120
4.2.1 Formulation . . . . . ... ..o o 120
4.2.2  Free linear dynamics . . . . . . . . ... L L Lo 125
4.2.3 Forced dynamics: harmonic load . . . . . . .. ... ... .. 126
4.2.4 Forced dynamics: results . . . ... ..o oo 130

4.3 Vortex-Induced Vibrations . . . . . .. ... ... ... ... 132
4.3.1 Wakeoscillator . . . . . ... ..o 133
432 VIViresults. ... ... ... .. .. ... 137

4.4 Identification . . . . . . .. . ... .. 140

viii



CONTENTS

441
4.4.2

5 Three-dimensional frames
5.1 Introduction
5.2 Model

5.2.1
5.2.2
5.2.3
5.2.4
5.2.5

5.3 Monitoring

5.3.1
5.3.2
5.3.3
5.3.4

5.4 Conclusions and future developments

Non-zero initial conditions
Results . ... ... ... ....

4.5 Conclusions and future developments

Formulation . . . . . .. ... ..
Solution strategy: equal cells

Solution strategy: different cells

Case study 1
Model results

Case study 1

Comparison with the model

Case study 2

Tracking of modal properties

6 Conclusions

6.1 Conclusions

References

List of Terms

List of Symbols

List of Publications

A Appendix A

A.1 Discrete systems
A2 1-d.o.f. system results
A.3 2-d.o.f. system results

B Appendix B

B.1 Analysis of the single elastic column
B.2 Analysis of the cell

B.3 Homogenization procedure

177

................ 178

181

199

203

213

215

................ 215
.......................... 216
.......................... 217




[Blank page]



Li1sT OF FIGURES

1.1

3.1
3.2
3.3

3.4
3.5
3.6
3.7
3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

Schematic representation of the investigated topics. . . . . . . . . ..

Cross-section of the TWB with displacement field. . . .. ... ...
Global and local reference systems of the cross-section of the TWB.
Example of punctual restraint on the TWB applied in a point at
z = L/2: (a) cross-section at z = L/2; (b) longitudinal view with
n,=11nodes. . . . . . . . . ... ..
Measurements (in m) of the cross-section for the TWB case study.
Some conventional deformation modes for the TWB case study. . . .
Some extensional deformation modes for the TWB case study.

Some shear deformation modes for the TWB case study. . . . . . . .

Particular of the TWB case study modeled through shell elements in
SAP2000. . . . . . e
Load cases considered in statics for the TWB case study. . . . . ..
Monitored points in statics for the TWB case study. . . . . ... ..
Some vibration modes of the TWB case study named after their
longitudinal variation ®;(z) found through the MA1 approach. . . .
Some vibration modes of the TWB case study with punctual re-
straints found through the MA3 approach. . . . . . . ... ... ...
Position of trucks and measurement points in the static load test
realized in 2019 (taken from [76]). . . . . ... ... ... ... ...
Moment-sag diagrams resulting from the application of trucks on the
bridge deck for different models: (a) Vertical displacement in Ps; (b)
Vertical displacement in Ps; (c) Vertical displacement in the center
of the deck; (d) Convergence analysis for the GBT-D model. . . . . .
Position and orientation of accelerometers in the dynamic test real-
ized in 2019 (taken from [76]). . . . . . . . ... ... L.
Power Spectral Density with identified vibrations modes using FDD
on time series acquired during the experimental campaign of 2019.

Stabilization Diagram with identified vibrations modes using SSI-

COV on time series acquired during the experimental campaign of

x1

22
29

42
45
45
46
46

47
47
48

o1

93

54

95

57

60



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

3.18

3.19
3.20
3.21
3.22

3.23
3.24

3.25

3.26

3.27

3.28

3.29

3.30

3.31

Schematic representation of vibration modes obtained through OMA

(FDD or SSI-COV) on time series acquired during the experimental

campaign of 2019. . . . . ..o Lo 61
Convergence analysis for the GBT-D model in dynamics. . . . . . . . 62
Longitudinal view of the beam coupled with NES. . . . . ... ... 64
Analytical Slow Invariant Manifold with stable and unstable zones. . 69

Schematic representation of different types of loads in longitudinal
and transversal planes: (a) UL-1, (b) UL-2, (c) PL, (d) ML referred

to Sect. 3.4.2. . . . L 73
Analytical and numerical SIM for the TWB with NES. . . . . . . .. 74
Frequency response curves and backbone curve (in blue and cyan)

for the TWB with NES. . . . .. .. ... .. ... ... ..... 75

FRC for the TWB with NES under UL-1 load with p = 6.0 x
10! N/m?: (a) 3D view in N; — Ny — o (unstable zone of the SIM in
red) with SIM (in blue); (b) 2D view in N; — o with the FRC of the
beam without NES (in magenta); (c¢) 2D view in Na — 0. Vertical
lines represent values of ¢ investigated in next figures. . . . . . . .. 76
SIM and numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-1 load with
p = 6.0 x 10! N/m?2, ¢ = 0.65: (a) Ny — Ny with SIM ; (b) Time
history of N1 and r1; (c) Time history of Ny and ro. . . . . . .. .. 77
Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-1 load with
p=6.0x 10" N/m?, 0 = 0.65: (a) Time histories of vy /L and yy/L;
(b) Time histories of vy /L with and without NES. . . . . . ... .. 7
Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-1 load with
p=6.0x 10 N/m?, 0 = 0: (a) Time history of N and r1; (b) Time
history of Noand ro. . . . . . . . .. .. L 78
Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-1 load with
p = 6.0 x 10! N/m?, ¢ = 0: (a) Time histories of vy/L and yx/L;
(b) Time histories of vy /L with and without NES. . . . . .. .. .. 78
FRC for the TWB with NES under UL-2 load with p = 2.0 x
10* N/m?: (a) 3D view in N; — Ny — o (unstable zone of the SIM in
red) with SIM (in blue); (b) 2D view in N; — N2 with SIM; (c¢) 2D
view in N1 — o with the FRC of the beam without NES (in magenta).
Vertical lines represent values of ¢ investigated in next figures. . . . 79
Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-2 load with
p=2.0 x 10* N/m?: (a) Time history of Ny and r; for o = 0.25; (c)
Time history of Ny and ry foro=0. . . . .. ... ... ... .... 79

xii



LIST OF FIGURES

3.32 Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-2 load with
p=2.0x10* N/m?2, o = 0.25: (a) Time histories of vy /L and yn/L;
(b) Time histories of vy /L with and without NES. . . . . . ... ..

3.33 (a) 3D view of the FRC for the TWB with NES under PL load with
p = 3.0 x 10* N (unstable zone of the SIM in red) with SIM (in
blue); (b) Time histories of vy /L with and without NES for o = 0.5;
numerical results from direct numerical integration of Egs. (3.103),
(3.104) with zeroi.c. . . . . . . .. Lo

3.34 Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under ML load with
p = 3.0 x 105 N/m? N, = 80, d, = 20 m, v, = 70 m/s: (a) Time
histories of vy /L and yyn/L; (b) Time histories of vy /L with and
without NES. . . ... ... ... o o oo oo
3.35 Numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under SL load: (a)
Time history of the event; (b) Time histories of vy /L and yn/L; (c)
Time histories of vy /L with and without NES. . . . ... ... ...

3.36 IMF obtained through the EMD of a generic signal x(t). . . . . . . .

3.37 Equivalence in terms of energy between the moment-curvature consti-
tutive laws of the bilinear (Eq. (3.221)) and polynomial (Eq. (3.222))

L2 S

3.38 Slow-time depending amplitudes and instantaneous frequencies of
HHT, Cx-A and MSM for a 1-d.o.f. system with & =1 N/m, k,; =
2 N/m?, ¢ = 0.05 Ns/m and i.c. z(0) = 0.5 m, #(0) = 0. (a) Q.(t)
(HHT), a,(t)/w (Cx-A), a(t) (MSM); (b) 6,(t) (HHT), A,(t) +
(Cx-A), B(t)+w (MSM). . . . ..o
3.39 Slow-time depending amplitudes and instantaneous frequencies of
HHT, Cx-A and MSM for a 2-d.o.f. system with mq; = 1 kg, my =
1 ke k1 = 1 N/m, ks = 1 N/m, k;p = 1 N/m, ky = 2 N/m3,
¢ = 0.05 Ns/m, c¢a = 0.05 Ns/m, ¢;2 = 0 Ns/m and i.c. z(0) =
1 m, #(0) = y(0) = §(0) = 0. () Qo (t) (HHT), ay, (1) /w1 (Cx-
A), a1(t)vi o (MSM); (b) Qu,(t) (HHT), ag,(t)/we (Cx-A), az(t)va,
(MSM); (c¢) 0y, (t) (HHT), By, (t) + w1 (Cx-A), B1(t) +wi (MSM); (d)
02, (t) (HHT), B, (t) +wa (Cx-A), Ba(t) +wo (MSM). . . . ... ..
3.40 Slow time depending amplitudes and instantaneous frequencies of
HHT and MSM for a beam with geometric nonlinearity with 2 modes
(I and p = 3) with £ = 0.055, @« = 6.0, and i.c. w(z,0) = 0.1[sin(7wz)+
sin(prz)], wo(x,0) = 0 evaluated at midspan. (a) Qu,(7)|z (HHT),
a1 (7)1 (2) (MSM); (b) Quy ()l (HHT), ay(r)gp(7) (MSM); (c)
0w, (7)|z (HHT), B1(7) +wi (MSM); (d) Ow,(T)|z (HHT), Bp(T) + wp
(MSM). . .

80

83




Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

3.41

3.42

3.43

3.44

3.45

3.46

3.47

3.48

4.1

4.2

Slow time depending amplitudes and instantaneous frequencies of
HHT and MSM for a forced beam (with respect to the 15¢ mode)
with geometric nonlinearity with & = 0.055, a = 6.0, and F' = 0.12
(on the top) or £ = 0.219, o = 24.0, and F' = 0.48 (on the bottom)
evaluated at midspan. (a)-(c) Qu, (7)|z (HHT), a1(7)p1(z) (MSM);
(b)-(d) Oy, (T)|z (HHT), B1(7) 4+ w1 (MSM). . . . . .. ... ..

(a) Dependence of the identified k,; value of Eq. (3.155) on the
i.c. z(0) when using HHT+Cx-A (+) and HHT4+MSM (o) for m; =
1 kg, my = 1kg, kf = 1 N/m, ko = 1 N/m, ki = 1 N/m,
ko = 2 N/m3, ¢; = 0.05 Ns/m, ¢z = 0.05 Ns/m, c;2 = 0 Ns/m
with time range fixed between 20 s and 60 s. (b) Domain of valid-
ity of the identified value of k,; in the space x(0), t;, ty when using
HHTHMSM. . . . . . e

Scheme of the experimental setup for the parameter identification of

the forced Duffing oscillator. . . . . . . . . ... ... L.

Experimental setup for the clamped-clamped beam: (a) view of the
beam and of the laser (the geophone is installed at midspan); (b)

front and top views of the beam. . . . . ... ... ... .. .....

Signal experimentally generated at zy and acquired at z: (a) free

oscillations; (b) detail showing the presence of noise. . . . . ... ..

Comparison between HHT and MSM for the clamped-clamped non-
linear beam with geometric nonlinearity under non-zero initial dis-
placement with & = 0.0403, o = 7.088 x 10° evaluated at Z = 0.5. (a)
time histories w(Z, 7); (b) slow time depending amplitudes @, (7)|

(HHT), ai(7)p1(z) (MSM); (c) instantaneous frequencies 6., (7)|z
(HHT), Bi(7) +wi (MSM). . . . ...

Signal experimentally generated at zy and acquired at z: (a) station-

113

ary part with detail showing the presence of noise; (b) free oscillations.114

Comparison between HHT and MSM for a forced (with respect to
the 15 mode) clamped-clamped nonlinear beam with geometric non-
linearity with £ = 0.768, o = 7.109 x 10° and F = —0.028 (o = 0.0)
evaluated at £ = 0.5. (a) time histories w(z,7); (b) slow time de-
pending amplitudes Q. (7)|z (HHT), a1(7)p1(Z) (MSM); (c) phases
¢Guw, (T)|z (HHT), —y1(7) + wiT + o7 (MSM); (d) instantaneous fre-
quencies Oy, (7)|z (HHT), =31(7) +wi+0o (MSM). . . . . ... ...

Pre-stressed cable: (a) kinematics with bases, positions and displace-
ment; (b) dynamics with external loads and internal stress. The

reference configuration is called C, the current one C. . . . . . . . ..

Longitudinal view of the suspended cable with supports at the same

Xiv



LIST OF FIGURES

4.3

4.4

4.5

4.6

4.7
4.8

4.9

4.10

4.11

5.1

5.2

5.3

5.4

9.5

5.6

5.7

In-plane vibration modes of the cable (1** = blue, 2"¢ = red, 3"¢ =
black): (a) symmetric ones before crossover; (b) symmetric ones after
crossover; (c) anti-symmetric ones. . . . . ... ... 127
Shape corrections x22(s) (in red) and x20(s) (in blue) for the sus-
pended cable of Tab. 4.1. . . . . .. .. ... ... . L. 130
Frequency response curve for the suspended cable of Tab. 4.1 sub-
jected to a resonant sinusoidal load (circles are obtained from the
direct numerical integration of Egs. (4.35)). . . . .. ... ... ... 131
Displacement time history in terms of v (8, 7) found analytically (blue)

and numerically (red, from the direct numerical integration of Eqs. (4.35))
for the suspended cable of Tab. 4.1.. . . . . . .. ... ... ..... 132
Schematic representation of the suspended cable subjected to VIV. . 133
Shape corrections x22(s) (in red) and x20(s) (in blue) for the sus-
pended cable of Tab. 4.3. . . . .. ... ... ... .......... 137
Frequency response curves for the suspended cable of Tab. 4.3 sub-
jected to VIV: (a) FRC of the cable; (b) FRC of the wake oscillator;

(¢c) FRC of the phase. . . . ... ... ... ... ... . ..... 139
Displacement time histories in terms of v (s,7) (a) and of ¢(5,7)

(b) found analytically (blue) and numerically (red, from the direct
numerical integration of Eqs. (4.55)) for the suspended cable of Tab. 4.3.140
Slow time depending amplitudes and instantaneous frequencies of
HHT and MSM for a cable with i.c on the 1%¢ symmetric mode with

Ge = 8.310x 1073, A2 = 28.286, and i.c. v(s,0) = —3.955 x 1021 (s),
¥(s,0) = 0 (on the top) or v(s,0) = —3.955 x 1073y (s), ¥(s,0) =

0 (on the bottom) evaluated at midspan. (a)-(c) Qu,(7)|s (HHT),
a1(7)p1(5) (MSM); (b)-(d) by, (1)|s (HHT), B1(7) + w1 (MSM). . . . 144

Schematic representation of the homogenization procedure: (a) Three-
dimensional frame; (b) Equivalent Timoshenko beam. . .. ... .. 150
Equivalent Timoshenko beam studied through FD divided in n; ele-
ments, with n; + 1 physical nodes (the node n; + 2 is a virtual one). 156
Piecewise Timoshenko beam divided in n; elements, each with con-

stant properties. . . . . ... Lo 157
Piecewise Timoshenko beam divided in nj, elements studied through

FD dividing each of them in nf elements, with nf 41 Physical nodes

(the nodes 07 and n],, are virtual ones). . . . . . .. ... ... ... 158
Plan view of building case study number 1 (courtesy of Dimensione
Solare s.r.l.). ... 160
Front and side elevation of building case study number 1 (courtesy

of Dimensione Solare s.r.l.). . ... ... 160
First vibration mode of building case study number 1 obtained through

the homogenization model: (a) Three-dimensional view; (b) Plan view.162




Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

Second vibration mode of building case study number 1 obtained
through the homogenization model: (a) Three-dimensional view; (b)
Plan view. . . . . . . . o
Third vibration mode of building case study number 1 obtained
through the homogenization model: (a) Three-dimensional view; (b)
Plan view. . . . . . . . .
Position of sensors in plan for building case study number 1 (courtesy
of Dimensione Solare s.r.l.). . . .. ... Lo Lo Lo
Position of sensors in east elevation for building case study number
1 (courtesy of Dimensione Solare s.r.l.). . ... .. ... .. ... ..
Stabilization Diagram with identified vibrations modes using SSI-
COV on time series acquired on building case study number 1.

Schematic representation of vibration modes of building case study
number 1 obtained through OMA. . . .. ... ... ... ......
Position of sensors in plan for building case study number 2 (courtesy
of Dimensione Solare s.r.l.). . .. ... Lo Lo Lo
Position of sensors in north-east elevation for building case study
number 2 (courtesy of Dimensione Solare s.r.l.). . . . .. ... .. ..
Stabilization Diagram with identified vibrations modes using SSI-
COV for building case study number 2. . . . . . .. ... ... ...
Schematic representation of vibration modes of building case study
number 2 obtained through OMA. . . ... ... ... ... .....
Tracking of vibration modes in time for building case study number
2: (a) First mode; (b) Second mode. . . . . ... ... ...

171

Xvi



L1ST OF TABLES

3.1
3.2

3.3

3.4

3.5

3.6
3.7
3.8
3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

Geometrical and mechanical properties of the TWB case study. . . . 44
Displacement (in m) of points of Fig. 3.10 under different static load
CASES.  « v v e e e e e e e 49
Modal properties of the TWB case study found with GBT-D (and
SAP2000) for different cases with global restraints. . . . . . . .. .. 51
Modal properties of the TWB vase study found with GBT-D for
different cases with punctual restraints. . . . . ... ... ... ... 52

Modal properties of the beam case study found with OMA in fre-

quency and time domains. . . . . . . .. ..o 61
Modal properties of the beam case study found with OMA and GBT-D. 61
Characteristics of different types of loads for the TWB with NES. . 73
Parameters of the NES applied on the TWB case study. . . . .. .. 74
Influence of d,, and v, on vibrations reduction with p = 3.0x10° N / m?
and N, = 80. Values represent (vf/ — UJU\J/ 0) / v]u\)/ in percentage. . . 81
Influence of N, and v, on vibrations reduction with p = 3.0 x
10° N/m? and d, = 20 m. Values represent (vw/ - v%/o) /v%/o in
percentage. . . . ... ... oLl 82
Parameter identification for the 1-d.o.f. system of Eq. (3.138) using
HHTH+MSM. . . . o 101
Parameter identification for the 2-d.o.f. system of Eq. (3.155) using

HHTHMSM. . .. 103
Parameter identification for the beam of Egs. (3.180), (3.181) with
only geometric nonlinearity with i.c. on the 1% mode using HHT+MSM. 105
Parameter identification for the beam of Egs. (3.180), (3.181) with

only geometric nonlinearity with i.c. on the 1% and 3¢ modes using
HHTHMSM. . . . 106

Parameter identification for the beam of Egs. (3.180), (3.181) with
only material nonlinearity with i.c. on the 1! mode using HHT+MSM. 106

Parameter identification for the beam of Egs. (3.180), (3.181) with
geometric and material nonlinearities with i.c. on the 1% and 37
modes using HHT4+MSM. . . ... ... ... .. ... .. ..., 106

xvii



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

3.17

3.18

3.19

3.20

4.1

4.2

4.3

4.4

4.5

5.1

5.2

5.3

5.4

5.5

Al

A2

Parameter identification for the beam of Egs. (3.180), (3.181) with
geometric nonlinearity and external sinusoidal resonant force using
HHTH+MSM. . . . e 107
Parameter identification for the 1-d.o.f. experimental forced Duffing
oscillator using HHT4+MSM. . . ... ... ... ... ... .. 110

Parameter identification for the experimental clamped-clamped beam

with geometric nonlinearity in case of free oscillations using HHT+MSM.113
Parameter identification for the experimental clamped-clamped beam

with geometric nonlinearity and external punctual sinusoidal reso-

nant force (Fyy = —0.028, 0 = 0.0) using HHT+MSM. . ... .. .. 115

Geometrical and mechanical non-dimensional properties of the cable
under harmonic resonant load. . . . . ... ... ........... 130
Geometrical and mechanical dimensional properties of the cable un-
der harmonic resonant load. . . . . . . .. ... ... ... ...... 132

Geometrical and mechanical non-dimensional properties of the cable

under VIV. . . . . o o 137
Geometrical and mechanical dimensional properties of the cable un-
der VIV. . . . . e 139
Parameter identification for the cable of Eq. (4.35) with i.c. on the
15¢ symmetric vibration mode using HHT+MSM. . . . . . . ... .. 143

Material properties and amplitudes of the loads acting on building
case study number 1. . . . . . ... 161
Modal properties of building case study number 1 found with the
homogenization model. . . . . . . . ... ... Lo 162
Modal properties of building case study number 1 found with OMA
in time domain. . . . . . . .. ... 165
Comparison between modal properties of building case study number
1 found with OMA and homogenization model. . . . . . .. ... .. 166
Modal properties of building case study number 2 found with OMA

in time domaln. . . . . . . . . ... e 171

Parameter identification for the 1-d.o.f. system of Eq. (3.138) using

HHTHCx-A. . . o e 217
Parameter identification for the 2-d.o.f. system of Eq. (3.155) using
HHT+Cx-A. . . . e 217

xviii



INTRODUCTION

This chapter introduces the main topic of the Thesis and provides
the essential information to guide toward a clear and focused reading of
the entire work. First, the motivations which pushed to investigate this
subject are resumed together with the proposed goal, highlighting the
existing link among the investigated problems. Then, the underlying
approach followed throughout the entire study is described and prop-
erly motivated. Among civil engineering structures, beams, cables and
three—dimensional frames are examined. For each structural type, the
relevant aspects concerning modeling, monitoring, vibration control and
parameter identification are addressed, depending on the context. The
Introduction is closed with an index of the subsequent Chapters and a
brief description of each of them.
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1.1 Introduction

In latest decades a growing interest was born around the theme of monitoring of
existing structures due to many reasons: one is without doubts the happening of
some alarming collapses, that are starting to become more and more frequent, that
moved the attention of citizens and industries on the topic of Structural Health
Monitoring (SHM) making more urgent the need to keep an eye on those buildings,
viaducts and bridges which were realized more than 40/50 years ago, in most of the
cases in reinforced concrete (or pre-stressed reinforced concrete), which inevitably
starts to show some symptoms of aging; another reason is that, at least in Italy, and
probably in other countries too, national governments started to provide incentives
to restore existing building, including the possibility of installing sensors to collect

information from them [1],[2].

When dealing with monitoring of structures, the two principal approaches are
the data-driven and the model-based ones. Data-driven approaches, which are quite
common, rely on techniques such as Machine Learning or Artificial Neural Networks
and are generally easier to implement, since they do not require the formulation of
a physical model and have the merit of processing a big amount of data giving the
user an equally big amount of information. However, the results which are obtained
could be less easy to interpret and, in some cases, it could be tough to understand
which of them has a real physical meaning and which ones have to be discarded.
On the other hand, model-based approaches could be more complex to implement,
since they require the development of a model which, in function of the complexity
of the structure, could be more or less involving, but, at the end, results are easier
to interpret and the model can be eventually modified, through the so-called model
updating procedure, in order to make it as accurate as possible: this represents the

preferred approach in the present work.

The most widespread models when talking about monitoring of civil structures
are those based on Finite Element Analysis (FEA) which can be easily developed
and updated using powerful commercial software. On the other hand, the main
goal of this Thesis is the introduction of Reduced-Order Models (ROM), chosen in
function of the structures under study, realized following other strategies, trying to
obtain, whenever possible, analytical solutions in exact or approximate form, while

models based on Finite Elements (FE) are here used is some cases as a means of
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comparison.

So, given that the models play a central role in the Thesis, they must be able
to describe as accurately as possible the behavior of real structures, taking into
account the assumptions introduced in each of them. Then, once they are built and
proven effective for vibration analysis, they can be used for a range of applications:
for SHM purposes in case experimental data are available, or to study the vibration
control of structures when subjected to external dynamical loads, or they can be
used to identify the parameters of a structure, developing strategies that can take
as input experimental signals, helping to understand if something unexpected is
happening. All this is done to have a wider vision of how these structures relate to
the external world and to open different possibilities for future investigations.

Finally, peculiar aspects of SHM are addressed too, in the sense of periodic
observation of structures and tracking of their health status, also discussing the
possibility of updating the developed models to match the experimental outcomes
and trying to understand, based on the acquired experience, the best sensors place-

ment on them for future campaigns.

1.2 Motivations

This Thesis was born with the aim of giving a contribution to the big topic of
SHM (in its most general sense), trying to develop and give answers to some of the
uncountable topics of research developed by many scholars during the years. If one
wants to present the main motivations behind this work, three main aspects can be

detected:

e The need to extend existing and widespread studies on well-known problems
to some new specific applications that were not already conceived or at least

investigated, to further validate and disseminate them.

e The need to compare results found applying established theories on ROM with
different orders of complexity (such as beams or three-dimensional frames)
with experimental results, obtained, in most of the cases, in operational con-

dition, without directly exciting the structure.

e The need to develop analytical procedures in place of purely numerical tech-

niques to study complicated problems, to have a better understanding of the
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systems responses. This idea is the crucial one that motivated the whole
research project, even when purely numerical methods would have been an

easier way to go.

Furthermore, another classification of the motivations can be proposed by fo-

cusing on the four main areas that were investigated throughout the Thesis:

e The modeling, which forms the cornerstone of each chapter, since it is stressed
that the main idea is to follow model-based approaches, being purely data-
driven ones more immediate but also less controllable and more difficult to

interpret.

e The monitoring, related to the previous point, realized when experimental
data were available or when it was possible to produce them, comparing them
with model results, making use algorithms that are able to track some key
parameters of the structure, checking their variation over time to understand

if some damage is present and how it evolves.

e The vibration control, realized in a passive way through the implementation
of some specific devices in some key position of the structure (for beams and
in perspective for cables), which can aid to reduce their vibrations in case of

dynamic excitation.

e The parameter identification, both related to modeling and to monitoring,
performed mixing analytical and numerical tools to retrieve important struc-

ture parameters based on the evolution of the system response over time.

1.3 Objectives

The objectives that this Thesis is aimed to reach, strictly related to the motivations

which guided the work, can be summarized as follows:

e The development of analytical models, capable of giving results both in the
static and in the dynamic fields, which are coherent with the real behavior
of monitored structures, and which can be further refined with minor modi-
fications. To reach this goal, such models are based on algorithms that are
parametric, simple to use, modify and adapt, for the study of different types

of structures.
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e The introduction in the systems of some sources of nonlinearity, which can be
representative of characteristics of the structures (common phenomena like the
loss of pre-stress in pre-stressed concrete beams), accounted to obtain more
realistic responses, or could be given by external devices having a specific role

(e.g. vibration control).

e The implementation of procedures able to detect at least if defects or damages
are present on a structure, with the idea, in future, to localize and quantify

them and analyze their evolution.

e The understanding, based on the experience gained by comparing results of-
fered by analytical models with experimental ones, if the type and the position
of sensors used to monitor the status of beams and buildings is adequate or,
if not, to provide some suggestions to better chose and locate them according

to the need.

e The definition of strategies to reduce vibrations on structures in case of dy-
namic actions through reliable devices, in order to avoid the onset of damage

or to limit its expansion if present.

In Fig. 1.1, the different aspects investigated throughout the Thesis are resumed:
three main types of civil engineering structural systems, corresponding to the three
main chapters of the Thesis, are identified as beams, cables and three-dimensional
frames, and for each of them different topics are further explored as better explained
in Sect. 1.5.

As previously highlighted, the underlying concept connecting the different chap-
ters is the common starting point, consistently represented by tailored reduced-order
models. Moreover, all the problems addressed in this Thesis clearly fall within the
framework of structural dynamics, which therefore serves as the unifying thread
throughout the work. In fact, all the developed models are suitable for investigat-
ing the linear dynamics of the corresponding structures, under both free and forced
vibration conditions. At the same time, nonlinear dynamics is also considered in
several contexts: in vibration control (through nonlinearities in the external control
device), in parameter identification (accounting for geometric or material nonlin-
earities of the structure), and in the interaction between cables and wind action
(involving a nonlinear structural model coupled with an additional nonlinear oscil-

lator). Finally, experimental dynamics plays a significant role in the discussion of
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beams and three-dimensional frames within the framework of Operational Modal

Analysis.

Monitoring Control

Identification

Model ROM — Model

2\/// )ﬁ/ﬁ

3D

Momtormg
VIV Cables frames

g N Identification

Figure 1.1. Schematic representation of the investigated topics.

1.4 Approach

As already mentioned, throughout all the Thesis, the main idea was to develop
each problem in an analytical way trying to obtain closed-form solutions, even if
approximated. At the same time, numerical approaches were not neglected: they
were used to verify the analytical results and to ensure their consistency. Finally,
FEA was used when necessary.

This approach went hand-in-hand with the central idea of this work, namely
the preference for a model-based strategy to a complete data-driven procedure,
which was limited to a secondary role, with the idea of studying problems that,
even if apparently simple, could have been representative of a larger number of
cases and easy to adapt. Among these analytical methods, a massive use was made
of the Multiple Scale Method (MSM), a perturbation method sometimes applied

on continuous problems which, through the introduction of different (time) scales,

6



Chapter 1 — Introduction

permits to find approximate yet really precise solutions.

Then, in addition to classical beam models like Euler-Bernoulli and Timoshenko
ones, more refined theories, as Generalized Beam Theory (GBT), were implemented
to get reduced order models able to describe complex phenomena; this one in par-
ticular was used to study beam viaducts having thin-walled cross-sections. On the
other hand, to study the response of real dimension buildings, the homogenization
procedure was used, through an equivalence between a three-dimensional frame and
a Timoshenko beam.

Finally, experimental validation is provided for some of the investigated prob-
lems addressed in this Thesis. In particular, either previously acquired experimental
data were used and processed for specific purposes, as in the case of Operational
Modal Analysis (OMA), or new experimental campaigns were conducted, for ex-
ample to validate the new proposed model-based identification procedure for the

beams.

1.5 Organization

Beyond Chapter 1, where the subject of research is introduced, providing motiva-
tions, objectives and the approach, this Thesis is organized as follows.

In Chapter 2, a discussion of the current state of the art of the main topics
covered in this work is given, dividing them by fields of application and trying to
underline the current research gaps which were covered in the Thesis.

Chapter 3, which is the central chapter of the Thesis, starts by describing the
behavior of Thin-Walled Beams (TWB) using the well known Generalized Beam
Theory (GBT). More specifically, the variant known in literature as GBT with
complete dynamic approach in cross-section analysis (GBT-D), is here extended to
the dynamic case, also considering different configurations for the boundary condi-
tions (b.c.). Then, the method is applied to a beam having dimensions of a full-scale
pre-stressed concrete beam collecting static and dynamic results that are compared
with those obtained from experimental data, the latter obtained applying algo-
rithms from OMA. Then, for vibration control purposes, a Nonlinear Energy Sink
(NES) is applied on the same beam, always modeled through GBT-D, to reduce its
displacements under different load cases. Finally, a novel model-based procedure
is proposed, based on the combination of the Multiple Scale Method (MSM) with

the Hilbert-Huang Transform (HHT), to identify parameters of a nonlinear Euler-
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Bernoulli beam, starting from signals which are either numerically-generated (for
verification purpose) or experimentally acquired (for real cases).

In Chapter 4, always in the framework of one-dimensional continuous systems,
the nonlinear model of suspended cable is recalled and free and forced dynamics is
studied through MSM. Having as future scope the design and implementation of
passive vibration strategies for wind-induced vibrations, the cable itself is analyzed
under the action of Vortex-Induced Vibrations (VIV), developing its equations al-
ways through MSM and comparing results with those numerically found. Finally,
the identification procedure developed for beams is applied here too, extending its
range of application.

In Chapter 5, three-dimensional frames are studied. In particular, as in the
previous sections, an analytical formulation, realized here through the homogeniza-
tion procedure — which permits to treat the structure as an equivalent Timoshenko
beam — is recalled and slightly modified to account for buildings having different
mass and stiffness properties at each stage. The obtained natural frequencies and
mode shapes are then compared to those found through OMA algorithms on exist-
ing buildings monitored by the company Dimensione Solare s.r.l. (where part of the
PhD research was carried out). Data coming from the latter are used to track the
modal properties over time and considerations on the updating of model parameters
are made.

Finally, in Chapter 6, the main conclusions of the Thesis are drawn and ongoing

and future research is discussed.




STATE OF THE ART

This chapter presents the state of the art concerning the main topics
addressed in this Thesis. It is organized into homogeneous sections, each
devoted to a specific structural element and reflecting the structure of
the subsequent chapters.

These sections are unified by the underlying themes that connect the
entire work: the development of reduced-order models and the investi-
gation of structural dynamics in its various facets.

First, beams are addressed starting from models, based on the Gen-
eralized Beam Theory, for the study of Thin-Walled Beams, moving to
aspects related to system identification methods, both for modal proper-
ties and system parameters (a feature shared with the other chapters of
this Thesis), to conclude with passive vibration control through nonlinear
devices.

Then, cables are addressed, focusing on the topic of Vortex-Induced
Vibrations and finally, three-dimensional frames are treated, with partic-
ular attention to analytical models developed through the homogeniza-
tion procedure.
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2.1 Introduction

This PhD Thesis primarily aims to develop and extend reduced-order models for
the analysis of civil engineering structures like beams, cables, and three-dimensional
frames, to study a wide range of topics, with a specific focus on their dynamic behav-
ior: the modeling and subsequent analytical approach, together with the dynamic
framework within which they are developed, constitute the common basis of all the
subjects treated, as underlined in Sect. 1.3. Consequently, this chapter aims at
giving to the reader a clear view of the current state of the art, highlighting the
research gaps and questions arising from them, whose answers can be found through

the Thesis.

2.2 Beams

In this section, beam-related problems in dynamics (linear, nonlinear, inverse, and
experimental) are addressed within the framework of reduced-order modeling, with
a view toward Structural Health Monitoring (SHM) applications ranging from the
comparison of model results with experimental ones to the identification of pa-
rameters of nonlinear beams to the reduction of their vibrations through nonlinear

devices.

2.2.1 Thin-Walled Beams

Thin-Walled Beams (TWB) are a widely used class of beams, whose main char-
acteristic is to be made of elements having small thickness compared to the other
section dimensions: they are undoubtedly very stiff and efficient in terms of load
bearing capacity, but they can undergo non-negligible deformations both in-plane
and out-of-plane. They are used in many fields from mechanics to aeronautics to
civil engineering: just to cite a relevant example they are really common in bridges.

In order to correctly catch their behavior, adequate models have to be realized. A
particularly widespread and valuable approach is the one based on the Generalized
Beam Theory (GBT) introduced for the first time by Schardt in 1966 [119] and
developed by the same author and Davies in the following years [120], [30], [31]: they
established the main ideas like the concept of deformation modes (including warping

components), studying different kinds of problems like beams with classical global
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restraints subjected to static loads or buckling analysis using Finite Differences or

Finite Elements.

The work of Schardt and Davies sparked the interest of many scholars in this
topic, and numerous subsequent studies were developed, aiming either to extend
the original formulation to more complex problems or to modify the methodology
adopted in certain steps. A fundamental contribution to the development of the
GBT was given by the group of the Technical University of Lisbon and coworkers
which investigated a really wide spectrum of problems. The starting and fundamen-
tal works of the group are those of Silvestre and Camotim [122], [123] that derived
the equations of the problem for orthotropic materials for statics and for buckling
analysis, where geometrically nonlinear terms were accounted too; moreover, they
explained step by step how to obtain the deformation modes and how to solve the
problems. Based on these initial works, other aspects were studied: for example
in [124] a geometrically nonlinear formulation is developed to consider the post-
buckling of isotropic TWB making use of FE, in [17] arbitrary support conditions,
as punctual ones, are allowed in place of global ones (as better explained in the
Thesis) and post-buckling is considered in [7]. Then, in [8] the free and forced dy-
namics of TWB is analyzed and the effectiveness of the method is proven also in this
case. In [9] the procedure to obtain the deformation modes is improved and made
automatic for different kind of sections. Finally, other works of the same group not

directly cited here, are reported in the review [49].

In the meanwhile, the group of Luongo and Piccardo gave a massive contribution
to the GBT since, through the so-called GBT-D, a new strategy was introduced to
perform the first part of the theory — the so-called cross-section analysis — recalled
and used in the Thesis. This new approach, used in works as [109], [105], [106], [3§]
simplifies the existing procedure, making the determination of deformation modes
easier. Finally, the same group, or their coworkers, also investigated the case of
beams showing a geometric nonlinear behavior as in [107] or used GBT to consider

beams having a curvilinear cross-section as in [72].

Overall, GBT is a powerful reduced-order modeling strategy for beam-like struc-
tures such as TWB, overcoming the complexity of FE models and the simplifications
of classical beam models like Euler-Bernoulli, Timoshenko, Vlasov which, above all,
are not able to account for the deformations of the cross-section (in-plane and out-

of-plane) that may occur on bridges and viaducts in some cases. In the Thesis a
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comparison is realized between models based on GBT-D, FE and Euler-Bernoulli
to prove this statement.

Moreover, previous studies have not provided a direct comparison between re-
sults obtained from GBT models and experimental data for full-scale prestressed
reinforced concrete girder bridges (where this model proves particularly well suited),
considering both static load configurations and free-vibration dynamics. This vali-
dation would be fundamental in the context of SHM and could lead to future works
regarding the updating of the GBT model, while its lack may raise questions about
the capability of the model to represent realistic structural scenarios. Such a com-
parison is carried out in this Thesis, demonstrating the reliability of the model even
in cases where classical beam models fail (e.g., under nonsymmetric static load con-
figurations). Furthermore, while the ability of GBT models to account for punctual
restraints has already been established, it remains unclear whether the same holds

for GBT-D models: this Thesis investigates this aspect as well.

2.2.2 System identification methods

The identification of parameters of structures can be traced back to the resolution
of the inverse problem [43], i.e. to the identification of the characteristics of the
dynamical system once its response is known. The literature is rich about the
identification of the modal properties of linear dynamical systems, for example in
terms of Operational Modal Analysis (OMA), where structures are not directly
excited. Here, the main distinguishing factor is between techniques operating in
frequency domain, as established by Brinker et al. in [13], or in time domain as
introduced in [135] and recalled in works as [103], [114]. A comprehensive list of
papers including also other techniques is reported in [54] (focusing on bridges), while
some particularly interesting applications may be found in [86] on an arch bridge
where the modal properties are automatically obtained through a cluster algorithm,
in [16] where further improvements were introduced with tracking purposes or in
[3] where the case study is represented by a masonry church.

On the other side, many scholars have also focused themselves on the parameter
identification of nonlinear dynamical systems [143]. Since the studies of Ibanez
[58], many other contributions started to appear, some of which are collected in the
reviews [64], [97]. Among them, the SINDy algorithm was recently developed by

Brunton et al. [15] following a data-driven approach based on a sparse regression,
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which allows to identify the coefficients of previously defined nonlinear functions
and thus to reconstruct the nonlinear dynamical system [14]. Some applications
can be found in [25], [98], [116] proving its effectiveness.

Then, among the different signal processing techniques, the Hilbert-Huang Trans-
form (HHT) [55] has been used by many for identification purposes, in a data-
driven or model-based approach, as resumed in [21] where the applications are
aimed at monitoring the health status of structures or their components, or in [117]
where HHT is used to detect damages on bridges under traveling loads. More
recently, Scozzese and Dall’Asta used it for the parameter identification of post-
tensioned beams with a bilinear elastic force-displacement constitutive relationship
[121]. A really important work by Kerschen et al. [65] combines the HHT with
the Complexification-Averaging Method to identify parameters of discrete nonlin-
ear systems. Moreover, other uses of the HHT with the same aim are made in
[101] in combination with a perturbation method, in [99], [100] with the concept of
nonlinear modal analysis and in other works as [37].

Focusing on parameter identification, in all the previous cases, discrete (or dis-
cretized) systems were considered, without directly working on the continuous sys-
tems and this opens up a research direction that the present Thesis aims to address.
In fact, it is known from literature that an a priori discretization of a continuous
problem (e.g. through Galerkin’s method) can lead to erroneous results, especially
for systems with quadratic and cubic nonlinearities or presenting internal resonances
as shown in [94], [113], [85] [52]. Thus, a central research question addressed in this
work is whether a model-based identification procedure can be proposed for nonlin-
ear continuous systems (beams and cables in particular) by applying the Multiple
Scale Method directly to the continuous (non-discretized) equations; this was done
in the Thesis combining the MSM with the HHT obtaining valuable findings. The
introduction of such a method can be seen as a valid alternative to the existing
ones and may open the way to further studies in the framework of SHM as in the

detection and quantification of damage on beams.

2.2.3 Vibration control

Vibration control is a key topic in civil engineering, particularly in bridges, where
vibrations generated by various sources, such as vehicles, wind, or earthquakes, can

reach excessive amplitudes, making it necessary to implement appropriate mitiga-
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tion systems. In particular, passive vibration control, which does not require an
external source of power, was studied by many, starting from the patent of Frahm
[41]. First, Tuned Mass Damper (TMD), made of a mass, a linear spring and a
dashpot, started to be used and some applications can be found in works as [32],

[59], [42], [44], [138], [6], [20] which prove its effectiveness.

However, this kind of device also presents some drawbacks, above all the neces-
sity to be tuned to a specific frequency, meaning that its effectiveness in reducing
vibrations significantly decreases when the excitation frequency deviates from the
tuned value. For these reasons, nonlinear devices were introduced and realized in
the meanwhile, starting from the work of Roberson [115] which introduced the cubic

term in the spring.

The devices that originate from this concept are commonly referred to as Non-
linear Energy Sinks (NES). The principal difference with respect to Tuned Mass
Dampers is that the stiffness is nonlinear ([69], [85], [95], [102], [142]) and it cannot
be linearized (so it does not present linear terms) and this allows to act on a wider
range of frequencies. The most studied and widespread ones are those having cubic
nonlinearity as in [46], [45], [47], [127] [128], [77], [79], [151], [136], [134] with exper-
imental validation too [89]. However, other types of nonlinearities can be realized,
like non-smooth behaviors, nonlinearities due to impact, negative stiffness, presence
of nonlinear damping as reported in [50], [71], [56], [57], [24], [33], [26], [118], [132],
[92].

Among these works, a certain number focuses on continuous systems like beams
as [48], [74], [149], strings as [80], [150] and cables as [140]. However, it was observed
that the use of NES on box-girder bridge decks, considered as TWB, has not yet been
addressed in the literature. Consequently, part of this Thesis is devoted to modeling
the interaction between such a beam, modeled using the previously introduced GBT-
D, with the NES, in order to evaluate whether and to what extent an attached
nonlinear device can reduce vibrations under different loading conditions, with the
ultimate goal of extending the beam service life; equations are developed making use
of the Complexification-Averaging Method (Cx-A). Modeling the beam with GBT
is necessary to account for specific load distributions and to capture resonances

involving mixed modes, which cannot be identified using simpler theories.

14



Chapter 2 — State of the art

2.3 Cables

In this section, wind-related problems on cables are addressed. In particular, after
an overview of modeling aspects related to the cables themselves, their interaction
with wind — specifically Vortex-Induced Vibrations (VIV), which involve complex
nonlinear dynamic phenomena — is analyzed. This phenomenon can produce sig-
nificant oscillations in cable structures, making it essential to understand how to

model it effectively.

2.3.1 Cable models

One of the first works on vibrations of suspended cables is the one of Irvine and
Caughey [60] which then found expression in what can be considered as a milestone
of the study of cables in civil engineering, i.e. the book from Irvine [61], which
provided one of the first and most complete treatments on cables modeling.

In the same years, other brilliant researchers dealt with cable-related problems
in linear and nonlinear dynamics. An example is the work of Rega and Luongo
[112] which studied the free dynamics of cables having flexible supports or [82], [83]
where Luongo, Rega and Vestroni considered the nonlinear behavior of suspended
cables, making the problem discrete and solving the equations through the Multiple
Scale Method (MSM).

Significant contributions were given by Benedettini in many works among which
[10] where the coupling between the in-plane and out-of plane motions is considered
for cables showing high amplitude oscillations and [11] where a four-degrees-of-
freedom system is used to account for internal resonances in both cases using the
MSM to develop the discretized equations. Other interesting applications can be
found in [104] where one support oscillates in the tangential direction resulting in
parametric excitation and in [70] where the flexural stiffness is considered too for
cables showing flexural curvature.

An extended review of nonlinear vibrations of suspended cables, accounting both
for modeling aspects and bifurcation analyses, is realized in [111], [110]. In addition
to the cited works, in recent times, two valuable references are the books [78], [69],
where the governing equations for many kinds of beams and cables are derived
following rigorous approaches: these works contain the information to properly

realize many cable models. The model of cable used in this Thesis is based on the
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aforementioned references.

2.3.2 Vortex-Induced Vibrations

Wind-induced cable vibrations are classified in [62] as Vortex-Induced Vibrations,
Rain-Wind-Induced Vibrations and galloping (of dry, ice and wake type): there, a
selection of representative works is cited to provide a general overview of the current
state of the art on the topic. Among the aforementioned phenomena, the topic of
Vortex-Induced Vibrations (VIV) is analyzed in the Thesis, with the future goal of
reducing the cable vibrations due to wind.

The problem of a structure subjected to VIV, which is a phenomenon that affects
bodies immersed in a fluid due to fluid-structure interaction, is usually considered
from an analytical point of view introducing the so-called wake oscillator: a non-
linear (van der Pol) oscillator which has to account for the action of the wind and
which was interpreted in many ways by different scholars [129]. The first work on
the topic was from Hartlen and Currie [53] which studied a rigid cylinder giving
to the wake oscillator the meaning of the fluctuating lift coefficient acting on the
structure. Building upon this work, many subsequent studies have been developed
as [125] which added the so-called stall term in the model, limiting the system
response (damping term), based on the observations made in [130]. Moreover, a
relevant work is the one of Kim and Perkins [67] where a flexible cable was studied
and a drag model was adopted in addition to the lift one (since the out-of-plane
behavior of the cable was considered too) and the two wake oscillators are consid-
ered as coupled or uncoupled, making use of the Multiple Scale Method (MSM),
applied on the discretized problem. In addition, the work of Facchinetti et al. [35]
constitutes a reference in the study of VIV, giving proven values for the experimen-
tal parameters. On the other side, Tamura and coworkers give a different meaning
to the parameters involved as explained for example in [129], while in [126], [144],
[147], [66] considerations are made on peculiar aspects about long cables as the
need to consider higher vibrations modes, the presence of multimodal vibrations,
the reduction of modal damping and the presence of traveling waves; some of these
phenomena were also experimentally found [22], [23].

Other valuable works on VIV, involving cables or other kind of structures, are
[137], [139] where marine risers are studied, [91] for a tethered sphere, [145] where

a procedure is introduce to identify the experimental parameters and [93] where
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wind is effectively considered as a random action. Finally, in [90], [27], [148] the
vibrations are controlled through nonlinear devices.

Many of the previous works share a common feature: the investigation of VIV
through the wake oscillator approach, applied to different types of structures im-
mersed in air or water. However, when the focus is on cables, they are typically
modeled either as Euler—Bernoulli beams or, when explicitly treated as cables, the
governing equations are discretized beforehand. Since an a priori discretization may
lead to misleading results, as already discussed in Sect. 2.2.2, especially for systems
with quadratic and cubic nonlinearities like the one at hand, the present work aims
to propose a complete analytical procedure based on the application of the MSM
directly to the continuous equations of a suspended cable subjected to VIV. This
study is conceived as the first step of a broader research effort, whose ultimate goal
is to mitigate cable vibrations through appropriate devices (such as those intro-
duced in Sect. 2.2.3), thereby extending the service life of cables and, consequently,

of the structures connected to them.

2.4 Homogenized models for three-dimensional frames

In this Thesis, also driven by industrial interests, three-dimensional frames are
modeled with reduced-order approaches, alternative to classical FE models, with
the aim of investigating the linear free dynamic properties of buildings; in addition,
experimental dynamics is investigated within the framework of OMA. The present
section focuses on the state of the art concerning the first of these two aspects, with
particular emphasis on modeling strategies based on the homogenization procedure.

Models describing the response of three-dimensional frames are generally de-
veloped using the Finite Element Method, as it allows complex structural features
to be accurately represented and provides reliable approximations of displacements
and internal forces throughout all structural elements. However, when the struc-
ture under investigation consists of elements which are regularly repeated along the
building height, alternative approaches may be adopted. One such approach is the
so-called homogenization procedure, through which an equivalent yet simpler model
of the three-dimensional frame is realized, while still enabling the evaluation of the
structural response of the original frame based on the homogenized representation.

The literature on homogenization techniques is vast, owing to the wide range

of applications spanning from metamaterials and periodic composites to structural
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engineering, wave propagation problems, and multi-scale modeling of complex me-
dia. This broad applicability has led to the development of numerous theoretical
and computational approaches, tailored to different physical contexts and scales of
interest. In this section the most recent contributions, relevant to the present study,
are reviewed, with particular attention to works in which multi-frame structures are
modeled and compared to equivalent beam representations.

In [108] a 3D Timoshenko beam is used to describe the building response, while in
[28] a nonlinear shear-shear-torsional beam model is proposed. In [29], [40] attention
is turned on the micro-scale and on the out-of-plane deformability (warping) of the
cross-section of the equivalent beam. Then, in [81] the shear-shear-torsional beam
model is considered in presence of earthquake and with multiple sources of damping,
with particular attention to how the mass of the top floor is accounted for.

The chapter of the Thesis devoted to three-dimensional frames pursues two main
objectives. The first is to employ a reduced-order model for periodic structures to
describe the linear free dynamics of a structure having the properties of a full-scale
building. To achieve this in a rigorous manner, one main feature is introduced: the
possibility of assigning different properties to each story, accounting for variations
in stiffness and/or mass distribution from one level to another, in order to represent
the real structure more accurately. The second objective is to compare the resulting
model with experimental results obtained through OMA on the full-scale building,
with the future idea of enabling model updating which, if realized, would represent

a novelty, since model updating techniques typically rely on FE models.
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BEAMS

Beams are studied in this Chapter with the goal of developing a
Reduced-Order Model (ROM) whose results are akin to experimental
ones, and to properly control the amplitude of their vibrations; another
goal is the establishment of an identification procedure based on an-
other nonlinear beam model to get system parameters from experimental
data. Thin-Walled Beams, like those often used in prestressed reinforced
concrete girder bridges, are first investigated, applying a reduced order
model based on the Generalized Beam Theory (GBT) able to catch the
deformation of the cross-section in and out-of-plane. The static and
dynamic responses are studied, considering different types of boundary
conditions and comparing results to those obtained through a FE model
implemented on a commercial software. Results are then compared to
those collected on a full-scale beam in a previous campaign on exist-
ing bridges through Operational Modal Analysis (OMA) and to those
found with an Euler-Bernoulli beam model, highlighting the inaccuracy
of the latter to correctly describe the behavior of this kind of beams.
Then, vibrations of the TWB are controlled through a Nonlinear Energy
Sink (NES) considering different load cases which can act on the bridge,
among which vehicles and earthquake. Finally, always in the framework
of beams, the parameters of a nonlinear Euler-Bernoulli beam are iden-
tified introducing a new procedure which combines the Multiple Scale
Method (MSM) with the Hilbert-Huang Transform (HHT) and the pro-
cedure is experimentally validated. Conclusions and future developments
are resumed at the end of the chapter.
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3.1 Introduction

Beams are fundamental structural elements in uncountable applications of civil
engineering like buildings, bridge decks, large roofs and so on. For this reason, it is
fundamental to have a deep knowledge of their behavior and to be able to predict
and govern their reaction in static and dynamic conditions. This is the largest and
most important chapter of the Thesis, highlighting once again the importance of
this topic.

In particular, this chapter is divided as follows: first, a model based on the
Generalized Beam Theory with complete dynamic approach in cross-section analy-
sis (GBT-D) is introduced to accurately describe Thin-Walled Beams (TWB) and
some applications are realized; some features already used in other GBT models
are implemented for GBT-D, like the study of dynamical problems and the possi-
bility to consider punctual support conditions, which could be, in some cases, more
representative of the real situation. An existing beam viaduct is modeled through
GBT-D and its results are collected both in statics and in dynamics, with the goal

of comparing them to experimental findings.

Next, results obtained in a previous monitoring campaign on an existing viaduct,
both in statics (static load tests) and in dynamics (vibrations recorded in operational
conditions processed through well-known OMA algorithms in time and in frequency

domains) are compared to those furnished by the model showing good agreement.

Subsequently, a new application is shown, with the TWB equipped with a cu-
bic nonlinear device (Nonlinear Energy Sink, NES) to control its vibrations: first,
generic harmonic loads are applied and then, the response under more realistic load-
ing scenarios for bridges in operational conditions is also evaluated, e.g. the regular
transit of vehicles on the bridge or the seismic action, discussing the efficiency of

this device on this type of structure.

The last section of the chapter is focused on a novel procedure to identify the
parameters of nonlinear discrete and continuous systems: in particular, it combines
the Hilbert-Huang Transform (HHT) and the Multiple Scale Method (MSM) with
the aim of realizing a model-based identification procedure. It is tested on discrete
nonlinear systems before and on a nonlinear Euler-Bernoulli beam later, paving the
way to new interesting applications. At the end, main results, novelties and future

aspects related to beams are resumed.
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3.2 Model

Bridge viaducts are usually made of slender elements, better known as Thin-Walled
Beams (TWB). Besides being slender (in the longitudinal direction), their cross-
section is made of thin elements, as suggested by the name, in order to optimize their
load bearing capacity without increasing their weight. However, this aspect implies
that these beams can undergo some phenomena that cannot be taken into account
by simpler beam theories. For example, starting from models which generates from
the de Saint-Venant theory, the Euler-Bernoulli model does not account for shear
deformations, implying that the cross-section has to remain orthogonal to the beam
axis, while the Timoshenko beam admits shear deformations but, as is the case
for the previous one, does not consider the deformation of the cross-section in its
own plane. Finally, the Vlasov model is richer, admitting a variable warping along
the beam axis (due to a non-uniform torsion) but is not yet able to conceive the
distortional deformation of the cross-section.

For these reasons, with the idea of studying a TWB subjected to different static
and dynamical loads, which can act in a symmetric or non-symmetric way, a Re-
duced Order Model (ROM) based on the well-known Generalized beam Theory
(GBT) is introduced. More specifically, the GBT-D version is here used and ex-

tended to dynamics and to the case of beams with non-classical restraints.

3.2.1 Formulation

The beam investigated in this section is a simply supported elastic beam with an
initial length L and a boxed cross-section shown in Fig. 3.1: it is representative of
one span of a bridge, where the hypotheses is made that the deformation effect of
the pillars is negligible and that the spans are completely independent between each
other. This model could be considered representative of a full-scale pre-stressed
reinforced concrete beam; the type of restraint is investigated in more detail in
the following, while at this stage it is sufficient to state that the beam is simply
supported.

To introduce GBT-D (but in general for GBT), it has to be stated that, adopt-
ing the classical nomenclature, the displacement field of the beam can be written
as a linear combination of pre-determined “deformation modes” which only depend

on the curvilinear abscissa of the element of the cross-section (s in Fig. 3.1), with
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Figure 3.1. Cross-section of the TWB with displacement field.

unknown “amplitude functions”, which depend on the axial coordinate z and even-
tually on time ¢. In this way, a problem which is inherently three-dimensional is
transformed into a one-dimensional one, with z as the only variable, thus the def-
inition of ROM. As it will become clear later, deformation modes do not coincide
with vibration modes of the beam, since the first ones describe the deformation of
the cross section and are independent on the type of analysis (i.e. they are com-
mon to static, dynamic, buckling problems), while the second ones are obtained
studying the free dynamics of the beam, capturing its full behavior along both
the cross-sectional and longitudinal directions (thus the definition of doubly modal

representation given in [8] which is recalled in the following).

To understand how the reduction is made, the two main phases of GBT have to
be introduced: the first and fundamental phase of the procedure is the cross-section
analysis, where the deformation modes are obtained, while the second one is the
member analysis, where the equilibrium equations are solved to get the amplitude
functions which allows to completely determine the solution: both are described in
the following. The main difference of GBT-D with respect to the classical GBT is

about the first phase, namely on the determination of the deformation modes.

With reference to Fig. 3.1, s, y and z are the tangential, transversal and axial,
or longitudinal, coordinates respectively of the different elements of the section and
u(s, z,t), v(s,z,t) and w(s,z,t) are the associated displacements on the middle

surface (measured in m) written as:
u(s, z,t) = u(s, z,t)es(s) + v(s, z,t)ey(s) + w(s, z, t)e,(s) (3.1)

being (es,ey,ez)T the standard basis. Based on Eq. (3.1), the displacement of a

point in the thickness of a generic element can be written, considering the Kirchhoff
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plate model, as:
dy(s,y,2,t) = (ds(s,5,2,t) dy(.. ) do(.. )T = (w—yvsvw—yv)T  (3.2)

where the comma is used here to indicate the derivative with respect to s or z.

Writing the displacement field of Eq. (3.1) through linear combinations of known
(to be determined) deformation modes @ (s), vx(s), Q(s) and w;(s) and unknown

amplitude functions ¢y (z,t) and ¥;(z,t), one gets:

K
U(S, Z)t) = Zﬂk(8)¢k(zat) = ﬁT(S)QO(Z7t)
k;l
v(s,2,t) = Zﬁk(s)(pk(zat) = ‘_’T(S)QO(Z’t) (3.3)
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where K represents the maximum number of conventional and extensional modes,
while J is the maximum number of shear modes (their meaning is explained in a few
lines). It is assumed that ¢ and ¥ have physical dimensions of a length, while @, ¥
and w are non-dimensional and €2 is a length too. Moreover, in the last equation,
the first derivative with respect to z on ¢ is due to the hypothesis of null membrane
shear strains (introduced in the aftermath) [105]. Finally, ux(s) and vg(s) are the
in-plane components, while Q(s) and w;(s) are out-of-plane ones.

Before going on, it is necessary to give some more details in order to clarify the
different nature of deformation modes. To do that, using a classical nomenclature,
“natural nodes”, i.e. those in correspondence of crossings of different branches of
the section and those in correspondence of free ends are distinguished from “in-
termediate nodes”, i.e. those included between natural nodes (descending from a
certain discretization of the element): it should be noted that this distinction for
GBT-D is just a formality, while in classical GBT is necessary to correctly determine

deformation modes. Given that, three main groups can be defined:

e Conventional modes: the fundamental group respecting the 2 Vlasov’s hy-
potheses of membrane inextensibility in the tangential direction €' = 0 and
membrane shear indeformability 772 = 0; this latter becomes I} = const
stepwise for closed loops following the Bredt’s theory (the deformation com-
ponents are introduced in a few lines). This group is characterized by both

in-plane and out-of-plane components and, inside it, another classification can
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be made distinguishing “rigid modes”, which, how suggested by their name,
are such that the cross-section remains undeformed: they are the Vlasov’s
modes, i.e. three translations (two flexures and one extension) and one rota-
tion (torsion); “distortional modes” for which the natural nodes show in-plane
displacement and “local modes” for which the intermediate nodes show flexu-
ral displacement (as written before, except for rigid modes, this further clas-
sification is more important in the classical GBT). This group of deformation

modes can be sufficient to describe a lot of phenomena, as shown later on.

e Extensional modes: in this case the inextensibility condition previously im-
posed is removed, thus one gets a set of purely in-plane modes, orthogonal to
the previous ones. This group of deformation modes is necessary if one wants
to consider a nonlinear behavior of the TWB, where membrane and flexural

behavior are coupled, while they can have a minor effect in linear problems.

e Shear modes: also known as warping modes, they are purely out-of-plane,
and they are fundamental when dealing with short beams that may suffer the

phenomenon of shear lag.

Other details about the nature, number and importance of the different deformation

modes can be found in Sect. 3.2.2.

From the displacement field of Eq. (3.3), the strain field, with axial and shear
strain components (¢ and ~y respectively), with membrane and flexural components

(superscripts m and f respectively), can be written as:

em U a Ty

ey w Qry" +wie’

A C|wetws| @'+ Q7)) ' + w1 (3.4)
el — Y55 v

el —Yv . —yvly”

s —2yv . —2yv'T¢!

Then, a linear elastic behavior is considered in order to write the active plane
stress vector, where E is the Young modulus (in N/m?), G is the shear modulus

(in N/m?), v is the Poisson’s ratio and o and 7 are the axial and shear components
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respectively:
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(3.5)

The equations of motion in terms of the amplitude functions can be derived in
a weak form using either the Principle of Virtual Work or the Hamilton’s Principle

in a variational way; the latter reads as:

to
SH= | (5T — U, — oUy) dt =0 (3.6)

t1

subjected to the following condition on the generalized displacements at the extreme

time instants ¢; and to (represented by the operator §):

(SQO (Z,tl) = 5(,0 (Z,tg) =0 (37)
ow (Z,tl) =0v (Z,tg) =0 (38)
The term U, is the elastic potential energy, which can be written as:
1 1
U, = 3 / oledy = 3 / (g;”g;” +ol el + T + U§€£ + 0555 + Tzfﬂfs) ay
% %
(3.9)

where V indicates the total volume of the beam and dV = dsdydz. Substituting
Eq. (3.4) and Eq. (3.5) inside Eq. (3.9), the following expression is obtained:

1
Ue = 2/ ("B e + " (Chaw” + Chw¥') + ¥ (Clae” + Clyy ¥)
z

+¢7 (Dgoe’ + Diy ) + 87 (D¢’ + Dy ¥) + " Blg

-HO”TDfLP + QOTDfTLpH + LpHTCpr” + SO/TDtSO/} dz (3'10)
where the stiffness matrices are:
En3
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ER? Gh3
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J. Ghw' (T +a”) ds J. Ghw'w'T ds
Eh?
Bf _ / 7\7”\7HTdS, B¢ = /Ehﬁ/ﬁ/TdS (3_13)
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being h the thickness of the generic element (in m). All the previous matrices are
square and symmetric, and their dimension depends on the number of considered

deformation modes.

The term U] is the potential energy of conservative external loads (equal to the

opposite of the work made by those load), which can be written as:

U = — / fTudS — / > Flhupyds (3.14)
S CF

where S is the middle surface thus dS = dsdz and f = f(s, 2,t) = fs(s, z,t)es(s) +
fy(s,z,t)ey(s) + f.(s,2,t)e.(s) are forces per unit area (in N/m?) applied on S,
while C is the middle line at the end cross-sections H = 0, L, thus Fr = Fp(s,t) =
Frs(s,t)es(s) + Fry(s,t)ey(s) + Fu.(s,t)e;(s) are forces per unit length (in N/m)
applied on C. Substituting Eq. (3.3) inside Eq. (3.14) and integrating by parts, the

following expression is obtained:

U=~ [ (¢"pa+ 7o) dz ~ [ Paly — [¢TPu; ~ [¥TPW]]  (315)

where the load vectors are the following:
po— [ (ha+ s, - f@)ds, pw = [ fowds
C C

P, = / > (Fust+ Fry¥)ds + / f-Qds (3.16)
CH ¢

Py :/ZFHszs, Pw :/ZFHszs
CH CH

Finally, the term 7 is the kinetic energy which can be written as:
1
T=; / (mai? + mo? + mi?) dS (3.17)
S

where m is the mass per unit area (in kg/m?) applied on S. Substituting Eq. (3.3)
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inside Eq. (3.17), the following expression is obtained:

7= [ [#Me+ o™ (Quiod’ + Qi ¥) + ¥ Qi+ Qi ¥) | iz

(3.18)
where the square and symmetric mass matrices are:
M = / m(aa’! + vvT)ds,
C
Q" = Qo Qaow _ Je mQQTds Je mQwlds (3.19)
Qo Qww JomwQlds [, mww!ds

The variation of Eq. (3.10), Eq. (3.15) and Eq. (3.18) is performed making use of
integral by parts with respect to z (and also with respect to ¢ for the kinetic energy).
The so-obtained 6U,, 6U; and §T are substituted inside Eq. (3.6) which, keeping
in mind Eq. (3.7) and Eq. (3.8), leads to the two coupled differential equations of
motion of the beam in terms of the unknown amplitude functions:

Mg — Qfio¢” — Qi ¥’ + (Cf + Cin ) ¢ + Ciyy 2"
(3.20)
+ (D7 + D7~ Dpg ~ DY) "~ Digy ¥’ + (B +B7) o = po
Qio¢' + Qlw ¥ — Clioe” — Clw " + Diyae’ + Diyyy ¥ =pw  (3.21)

with the following global boundary conditions at z = 0, L:

5T [(CF +Clg) ¢ + Cly W' + DI~ Py =0 vt (322)
sp" [— (ngb/ + ng‘i}> + (Cf + C?m) " + Chy "
(3.23)
+ (Df— f-m—Dt> cp’—DfZW\Il—FPQ} —0 Wt
68" [Clyoe” + Clyw ¥ —Pw] =0 Wt (3.24)

where of course ¢ = @(z,t), ¥ = ¥(z,t), po = pal(z,t), pw = pw(z,t). It
is important to stress that the boundary conditions here reported are global since
they are directly applied on the deformation modes and not on the physical nodes
of the end sections, meaning that they can only describe the cases where all of them
are restrained at the same way (free, clamped or hinged). The case where only
some nodes are restrained and others are free, denoted as punctual or non-standard

boundary conditions, is investigated in Sect. 3.2.3.

From these equations, it is evident that (except for time ¢ in dynamics) the
equations now depend only on the longitudinal variable z, thus the model order is

reduced to one dimension. Furthermore, it can be remarked that, if shear deforma-
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tion modes are neglected in the previous equations, i.e. all the terms multiplying ¥
are set equal to 0, the classical GBT equations are obtained and, of course, if all

inertia terms are neglected, the static problem is obtained.

3.2.2 Cross-section analysis

The cross-section analysis is the core of models based on the GBT. As already
mentioned, in this Thesis the approach introduced in [105], known as GBT-D was
followed since it significantly simplifies this phase with respect to the classical pro-
cedure, reducing the determination of the deformation modes, which are only de-
pendent on the cross-section properties, to the resolution of dynamic eigenvalue
problems for of the externally unconstrained cross-section. More specifically, the
so-called 1! Planar Eigenvalue Problem (PEP) is performed to find conventional
modes (this is the only unavoidable eigenvalue problem), then the extensional modes
are obtained through the 2" PEP and finally shear modes through the Warping
Eigenvalue Problem (WEP) as suggested by the authors in [105].

First Planar Eigenvalue Problem

To find conventional deformation modes, the cross-section is discretized in Finite El-
ements (FE) including a certain number of intermediate nodes between the natural
ones. Each of them has 3 degree(s)-of-freedom (d.o.f.) in the plan, two transla-
tions and one rotation, meaning that the total number of d.o.f. of the unrestrained
cross-section is N7 = 3n, where n,, is the total number of nodes while the total
number of elements is called n.. The global reference systems of the cross-section
(X,Y) and the local one of the element e (x.,y.) are illustrated in Fig. 3.2 where
the cross-section is divided in n,, = 19 nodes corresponding for this type of section
to ne = 19 elements. Capital letters (U;, V;) are used to indicate the displacements
associated to a generic node i in the first system and small letters (u;, v;) that refer
to the second one; the rotation 6; is the same and it is always assumed positive in

the counterclockwise direction.

The classical stiffness and mass (consistent) matrices of each element are built
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Figure 3.2. Global and local reference systems of the cross-section of the TWB.

considering that each of them is modeled as an Euler-Bernoulli beam:

[ Eede 0 o e 0 0 |
L L
Oe 12E.1.  6E.I 0 ¢ 12E.1.  6E.IL
L3 L2 L3 L2
0 6E,1, 4B, 0 6Bl 2Bl
L2 L 12 L
K¢ — e e e e (3.25)
E.A E.A
R 0 0 efle 0 0
¢ 12E.I,  6E.I 06 12E.1, 6E.1,
L3 12 L3 12
0 6E.1. 2F. 1. 0 - 6E.I.  AE.I.
i L2 L. L2 L. |
_L L —-—
?e 0 0 f 0 0
o 3L 1112 o L 1312
35 210 70 420
0 1Lz L 0 13L2 L3
MG, =me | g 210 105 L 420 140 (3.26)
< 0 0o = 0 0
0 9L,  13L2 0 BLe 1112
70 420, 35 210
13L2 L3 1r? L
L 420 140 210 105

where all the properties are referred to the element e. Then, they are assembled
following classical steps of FEA in order to get the stiffness and mass matrices of
the entire cross-section which lead to an algebraic eigenvalue problem written in the
classical form as:

(Kes — AMg,)q =0 (3.27)

where K s and M, are the global Ny x Np stiffness and mass matrices, A is the
eigenvalue, which is not relevant for the cross-section analysis, and q is a vector with
Np components which are the nodal displacements (two translations and one rota-
tion) in the global reference system of the cross-section for the different deformation

modes.
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Being the goal of the 15! PEP to obtain conventional modes, the first hypothesis
of membrane inextensibility in the tangential direction, 7' = 0, is imposed. This
condition implies that the two nodes ¢ and j of the element e, inclined of a,. with
respect to the global direction X, have the same displacement along s, i.e. u;—u; = 0

which, in the global system, reads:
(Uj —Ui)cosae + (Vj — Vi) sina, =0 (3.28)

Once this condition is applied to all the elements of the cross-section, it can be
rewritten in matrix form as:
qQiMm
A =0 [Ans | As| [——[=0 (3.29)
q:s
where the subscript ¢ was here added with the meaning of “inextensional” case.
The n. x Np matrix A; is partitioned in a “master” matrix A;j; of dimensions
ne X (Np —n.) and a “slave” matrix A;g of dimensions n. X ne, being the choice of
the Np7—n, master parameters q;s and of the n. slave parameters q;g a consequence
of Eq. (3.28) and of the arrangement of the elements of the cross-section. Eq. (3.29)

can be rewritten as:

qQiM = Aim
(3.30)
Aivding + Aisdis =0 = dis = —Aj§ Ajvdin
meaning that A;g has to be non-singular. Finally, the problem can be rewritten as

follows:
qiM I
g =Rigiy — | ——| = —— qim (3.31)
ais ~A Ay
where the Ny x (N7 — ne) matrix R; is used to obtain the constrained algebraic
eigenvalue problem with the inextensibility condition. In fact, substituting Eq. (3.31)
in 6q” (K. — AMs) q = 0 with q = q;, one gets:

(K; — AM;) g = 0 (3.32)

being K; = RiTKCSRZ- and M; = RZ-TMCSRZ-. The resolution of the internally
constrained eigenvalue problem of Eq. (3.32) allows to find the in-plane nodal dis-

placements associated to the so-called conventional modes.

Solving Eq. (3.32), Ny — n. conventional deformation modes are found, whose
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components represent the displacements associated to the corresponding d.o.f. at
the nodes. Then, in order to reconstruct them, i.e. to find @(s) and v(s) in the
entire cross-section domain, adequate interpolation functions have to be used. So,
first the nodal components of deformation modes in the local reference system of

each element are found by applying:

U; cosae, sinae 0 |U;
vi| = |—sina, cosa., 0| |V; (3.33)
0; 0 0 1 i

Then, the in-plane components of the deformation mode k of the element e can be

found from the values at nodes ¢ and j as follows:

ﬁk(s) = \Ill(s)ui,k + \I’Q(S)UjJC (334)

g (s) = \Ilg(s)vi,k + ‘1’4(8)917]? + \1’5(8)Uj7k + \116(5)0]-7;6 (3.35)

the linear and cubic interpolation functions being respectively:

)\ =1—-— 1\ = — .
1(s) . 2(s) I (3.36)
352 2s3 252 s3
‘113(8):1—ﬁ+ﬁ7 ‘I’4(S)ZS—L +t 73
¢ ¢ ¢ ¢ (3.37)
s (s) 352 2¢3 We(s) 52+s3
5(8) = = — 735 6(8)=—F7+
L? L} L. L?

As was written before, the conventional deformation modes have also out-of-
plane components, also addressed to as warping components. These can be de-
termined by enforcing the second hypothesis of membrane shear indeformability,
y7 = 0, which becomes 7! = const stepwise for closed loops. From Eq. (3.4), v

can be written considering only conventional modes as:

K

yh= @+ Q7)o = [ar(s) + Qs ()] Pr,e(2,8) =
k=1 k=1

W

Di(8)pr2(2,t) (3.38)

where I'y(s) = ug(s) + Qj 5(s) is either 0 or constant. From the hypothesis of
tangential membrane inextensibility, it results that u(s) is constant on each element
and can thus be written as u§ and, from the second hypothesis, I';(s) is constant
too, equal to I'f,. As a consequence, €2 5(s) has to be constant on s for each element

implying that (s) is linear and can be written as:

O 0 — Q.
i AR (3.39)

Qk(s) = Qk’s(s)s + Qi,k = I

as a function of the warping values at its end nodes ¢ and j. Thus, if the element of
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the cross-section is open, the following expression can be derived from Eq. (3.38):

Q0 — Qs
¢ = qf + -2k 270k (3.40)
Le

On the other hand, on closed loops I'}, is related to the unknown tangential stress
flow Qﬁc where [ stands for the loop under consideration (since more than one cell

can be present), as:
e —€ szk — Ql’k l
Gh.I'f, = Gh, <uk + I > El +Qy (3.41)

In this way, in case of a partially-closed cross-section with just one loop like the
one under study, one has n. equations and n, + 1 unknowns, due to the uniform
extension along z; these unknowns are the warping displacement at each node (£2; 1)
and the flow on the loop (fo) In order to be able to solve the system, the last

equation to be satisfied is:
ne Qf 4 Q°
/ Qp(s)ds =0— Y %L =0 (3.42)
¢ e=1

which is the condition of zero-mean value of the warping along the middle line of
the cross-section. Attention has to be paid to the direction of the shear flow on each
element, assigning a positive value when the conventional direction of the element
coincides with the one chosen for the flow and a negative value vice versa. Thus,
the system obtained considering Eq. (3.40), Eq. (3.41) and Eq. (3.42) is solved and

the out-of-plane warping modes Qj(s) are reconstructed through Eq. (3.39).

At the end, a total number of Ny — n. modes is obtained having both in-
plane and out-of-plane components (@;(s), Uik (s), Qik(s)), the subscript i is added
always standing for “inextensional”. It is important to underline that, being the
cross-section externally unrestrained, the first three deformation modes have a nil

eigenvalue, representative of the first three rigid modes.

Second Planar Eigenvalue Problem

Once these conventional deformation modes are found, a 2"¢ PEP is solved in
order to obtain the extensional deformation modes for which €' # 0; this basis
of modes has to be orthogonal to the conventional, inextensible ones. To impose
this condition, the inextensional modes are collected in a Np x (Np — n.) matrix
which is obtained from Eq. (3.31) as Q; = q;. Once again a constrained eigenvalue

problem has to be solved starting from Eq. (3.27) being the constraint exactly the
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aforementioned orthogonality condition expressed as:

QeM
QIq.=0—(Q%, | Q4| |——|=0 (3.43)

Qes
where the subscript e was here added with the meaning of “extensional” case. The
choice of the n. master parameters q.j; and of the N; — n. slave parameters qeg
is a consequence of the choice made in the inextensible case. Then, proceeding as

was done before, one gets:

QeM = QeM
(3.44)
Qlvem + Qfses = 0 = des = —Q;¢ Qfyrdens
with Qg:g which has to be non-singular. Finally, it is possible to write that:
QeM 1
ge = Requ — | ——| = —— geM (345)
Qes _QZ_STQ?M
where through the Np x n. matrix R., the eigenvalue problem becomes:
(Ke — AM¢)qeyr =0 (3.46)

where K, = RTK R, and M, = RI'M_R.. Solving the eigensystem of Eq. (3.46),
the in-plane nodal displacements associated to the so-called extensional modes are
obtained. Through the same interpolation functions written in Eq. (3.36) and

Eq. (3.37) a total number of n, modes is obtained having just in-plane components

as (aeh(s)v @eh(s)v O)'

Warping Eigenvalue Problem

To completely determine the deformation modes of the cross-section, the shear or
warping modes are found solving an unconstrained WEP. The steps are the same
followed for the 1%¢ PEP, but in this case the cross-section is studied as a shear
beam, meaning that 7. # 0, i.e. the cross-section admits only membrane shear
deformations (only out-of-plane components exist). The stiffness and mass matrices

of the single elements represented in Fig. 3.2 are:

Gehe  Gehe
e _ L. L,

K¢ = G G (3.47)
L. L.
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MeLle  MeLe

_ | 3 6
MG = |3 S (3.48)
6 3

and, following a classical FE procedure, the eigenvalue problem reads as:
(Ky —AMy)qw =0 (3.49)

where K, and M,, are the global square stiffness and mass matrices with dimension
Np X Ny, since each node has just one d.o.f. (axial displacement) and they are all
collected in the vector q,, of n, components.

Eq. (3.49) is solved obtaining the longitudinal displacement at each node. Us-
ing the linear interpolation functions of Eq. (3.36), the n, modes are found with
only out-of-plane components (0,0, w;(s)) and, since the problem is externally un-
restrained, the first mode has a nil eigenvalue and represents the uniform warping.

So, after performing the two PEP and the WEP, a total number of 4n,, modes

is found, distributed among the different problems as follows:

e Np —n, = 3n, — n. conventional modes with in-plane and out-of-plane com-

ponents (aik(s)7 Q_}ik(s)v sz(5)>
e 1. extensional modes with only in-plane components (uep(s), Ven($),0).

e n, shear or warping modes with only out-of-plane components (0,0, w;(s)).

3.2.3 Member analysis

Once the deformation modes are found through the cross-section analysis, the equi-
librium equations (in statics) or the equations of motion (in dynamics) of the prob-
lem can be solved. Various techniques can be followed and, in this section, three
main approaches have been used in function of the problem under study: an an-
alytical and two numerical methods (based on Finite Differences (FD) and on FE

respectively). They are briefly resumed here and explained in the following:

e Member analysis with analytical solution (MA1): it can be used in the case
of simply supported beams, i.e. globally hinged at both ends but still free to
warp for which a closed-form solution is known. This approach was used here

both for statics and dynamics considering all types of deformation modes.

e Member analysis with finite differences (MA2): it was introduced with the

goal of having a first numerical comparison with the analytical results. This
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approach was used here both for statics and dynamics considering only con-

ventional deformation modes.

e Member analysis with finite elements (MA3): it was introduced when it was
necessary to account for more complex load distributions (like piece-wise con-
stant loads along z) and moreover non-standard restraints on the bridge, like
punctual hinges applied only in some nodes of the end sections. This ap-
proach was used here both for statics and dynamics considering conventional

and extensional deformation modes.

MA1

The procedure named MA1 is based on two distinct works realized by two different
research groups in the same period: the first one is [105] where this analytical
approach is applied to statics, while the second one is [8] which studies both statics
and dynamics. They were grouped under the same section of this Thesis since they
essentially address the same problem; however, as they were examined by the author
at different stages and for different purposes, it was decided to include both, using
the first for statics and the second for dynamics.

The procedure developed by Piccardo, Ranzi and Luongo in [105] allows to solve
the equilibrium equations of the simply supported beam, restrained to torsion and
free to warp at the ends taking into account all deformation modes, including the
shear ones. In fact, considering the problem written in Egs. (3.20) - (3.24) where the
inertia forces are neglected, one can say that a solution that satisfies the equations
and the aforementioned boundary conditions (which are ¢(0) = 0, ¢(L) = 0 and
the terms inside the square brackets of Eqgs. (3.22), (3.24) equal to 0) is:

N;j
p(z) = Z a,, sin (%) (3.50)

n;=1
Nj
n;mz

W(z) = Z b,,; cos (T) (3.51)

n;=1
where N; is the maximum half-wave number considered. This formulation is a close
relative to what in [8] is called doubly modal representation (recalled in the after-
math), since n; represents the number of the sine wave which, in this case, is typical
of a Fourier series formulation, thus accounting for the contribution of different har-

monics along the beam axis, while a,; and by,; account for the deformation of the

35



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

cross-section; if all the deformation modes are taken, ap; and by, are vectors of

respectively 3n, and n, components for each harmonic n;.

Considering that no external forces are applied in correspondence of the end
sections and considering for the distributed load vector f(s,z) of Eq. (3.16) the
following laws:

N; N;
fs = Z fs,nj(s) sin (n]]jrz) , fy= Z fym; (s) sin (%) ,

TL]':1 7’Lj=1

(3.52)
N;j
n;mz
f, = Z fom, (s) cos( JL )
TLj=1
the external loads of Eq. (3.16) can be written as:
Nj Nj
. (N n;mz
P = Y Pan,sin <JT) , PW= Y PWn, COS( = ) (3.53)

where, as a consequence of Eq. (3.16), one has for each n;:

PQn; = /C (fs,njﬁ + fy,nj‘_/ - fz,',nJQ> d37 PWn; = /sz,njﬁ/d‘s (354)

whose coeflicients can be found as:

njﬂz

2 [ i 2 [t . (MyTZ
Fsmy :L/o fs(s,z)sm( I )d% fym; = L/o fy(s,z)sm( ]L )dz,

2 [* n;mz
Jen; = L/o f2(s,2) cos( ]L

Thus, the substitution of Eq. (3.50) into Eqgs. (3.20), (3.21) leads to the following

) dz (3.55)

problem for each nj:

Koo Koo | [an; _ [ Pan, (3.56)
Kwa Kwe| \bn, PWn;
where:
Ko, = (Cf + C‘;m) (”%T)A‘ - (Df +D/" Dy, — Dt> (%)2 + (Bf + Be)
Kwa = Civg (%)3 + Diva (%) (3.57)

N 2
Kwy = Cyyw (%) + Diyw
The problem written in Eq. (3.56) allows to study the static response of a simply
supported TWB to different types of loads applied along the entire length of the
beam, accounting for the contribution of all possible deformation modes. So, its

resolution allows to obtain a,; and by, for each harmonic n; and reconstruct the
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amplitude functions through Eq. (3.50).

A similar procedure, always with the goal of finding an analytical solution, is the
one developed by Bebiano, Camotim and Silvestre in [8] which was used in this work
to study dynamics. There, the so-called doubly modal displacement representation
is introduced. In particular, if the j** vibration mode is considered, keeping only
conventional modes, Egs. (3.20), (3.22) and (3.23) for the simply supported beam

in free dynamics are rewritten as:

M~ 0+ (€1l 0

(3.58)
+ (Df +p/" — Dy, - Dt> @l(2,t) + Bl pj(2,6) = 0
with boundary conditions at z = 0, L:
L
[(cf + cgm) @z, t) + chpj(z,t)}o =0 WVt (3.59)
[pj(z,t)]g =0 vt (3.60)

Considering that ng indicates the chosen number of deformation modes among those
explained in Sect. 3.2.2, ¢; can be the seen as the amplitude function which accounts
for the contribution of each of the ngy deformation modes to the j** vibration mode
along z. So, separating space and time, the j* amplitude function can be written

as:

pi(2,t) = ®;(2)Y;(1) (3.61)

where the ng column vector ®;(z) accounts for the longitudinal evolution of the
contribution of deformation modes to the j** vibration mode and Y;(t) is the modal
coordinate. Thus, using Eq. (3.61), Eq. (3.58) can be split into the following two
equations, where w; is the j* angular frequency (in rad/s):

Yi(t) + wiY;(t) =0 (3.62)

(cf + cgm) @1(2) + (Df +D/" — Dy, — Dt) /()
(3.63)

+B/®)(2) — w? (M®;(2) — Qfo®)(2)) =0
The objective is to analytically solve Eq. (3.63) in order to find natural frequencies

and vibration modes and a solution that satisfies boundary conditions (3.59), (3.60)

is:

®;(z) = O;sin (njgz) (3.64)

where ©; and n; are the magnitude and the longitudinal half-wave number of the gt
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vibration mode, respectively. The magnitudes and the squared angular frequencies

wjz, are found substituting Eq. (3.64) into Eq. (3.63), obtaining:
(Kj —w:M;)©; =0 (3.65)
where the stiffness and mass matrices are respectively:

. 4 . 2
K; = (C/+Cp) (“5) — (D7 + D" —Djo—D') (“5) + B/ (3.0)
n;m 2

M; = M+ Qqq <T> (3.67)

and, as can be noted, K; has the same expression of K, in Eq. (3.57) except for
the term related to extensional modes B¢, highlighting again the correspondence
with the previous procedure. The resolution of the eigenvalue problem (3.65) gives
a total number of n, = ng x N; vibration modes where NN; represents again the
maximum considered half-wave number.

It can be proven, following classical steps, that orthogonality with respect to the
mass and stiffness matrices M; and K exists among all found vibration modes. This
implies that if one wants to study the forced dynamics (as for Sect. 3.4), uncoupled
equations can be solved for every vibration mode and then superimposed, retaining

only a limited number of modes as:
o(2t) = 3, ()5(1) = ()Y (1) (3.68)
j=1

where ®(z) is the ng X n, matrix containing the longitudinal amplitude functions
where each row is related to a deformation mode and each column to a vibration
mode and Y (¢) is a column vector function of n, components, where each row is the
time response of a vibration mode to a given load. Hence, the definition of doubly
modal displacement representation given in [8] which can be better highlighted when
substituting Eq. (3.68) in Eq. (3.3). In this way one can obtain the displacement
field of the TWB; for example, the transversal displacement reads:

v(s, z,t) = 91 (s)®(2)Y (t)

D11(2) ... Pip,(2) Yi(t)
= (01(s) . Bugls))
C,,1(2) o0 Ppgn,(2)| \Ya, ()
This representation shows the difference between the contribution of the deforma-
tion modes (vector ¥(s) and rows of ®(z)) and that of vibration modes (vector

Y (t) and columns of ®(z)) and highlights the possibility of choosing an arbitrary
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number of each of them to better describe the response of the beam or of excluding
non-interesting deformation or vibration modes. More details on the application of

this representation to static and forced dynamic problems can be found in [§].

MA2

As an alternative to MA1, a numerical approach can be followed to find the am-
plitude functions, based on Finite Differences FD, here addressed as MA2. This
approach was followed to have numerical results to compare to analytical ones.

In order to do that, first the contribution of shear modes is neglected from
Egs. (3.20), (3.22) and (3.23) since, as it will be clear in the following, for the case
study considered in the following they are not fundamental. Then, it is assumed
that @1 = ¢, @2 = ¢, 3 = ¢” and @4 = ¢, so that the problem can be rewritten

for the simply supported beam as follows:

@1 = @2
@ = @3
Ps = P4 (3.70)

-1
7, = (cf + cgm) [Mw2 - (Bf + Be)} @1 — (cf + cgm)
-1
% [Qeiaw? + (D! + D/ — Diyy — D')| @5+ (€7 + Ca) o
with boundary conditions:

Df<,51’0,L + <Cf + C%ﬂ) 953’0,L =0
(3.71)

P1lo,L =0
Another boundary condition has to be imposed when studying the dynamical prob-
lem, as a normalization condition, in order to find the further unknown represented
by the natural frequency w. Finite differences are used to solve Eq. (3.70) through

the Matlab function bvp4c [88] after giving an (appropriate) initial guess to @;.

MA3

Finally, another numerical way to perform the member analysis in order to solve
the problem and obtain the unknown amplitude functions is using Finite Elements,
here called MA3; in this way, it is possible to combine the positive aspects of GBT-
D and FEA. This approach was introduced in this Thesis to take into account

more complex load distributions, like the presence of trucks which do not cover
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the entire span of the bridge for load test purposes but also to model different
boundary conditions with respect to the classical global ones which are free, hinged
or clamped end sections: this kind of restraints are intrinsic to GBT, due to its
modal nature, descending from the deformation modes, which implies that restraint
cannot be directly applied on nodes, but on the amplitude functions which do not
depend on s; if all nodes of the end sections are restrained in the same way, the two
things coincide. However, this means that it is not possible to account for punctual
restraints at the end sections or elsewhere. In the author’s opinion, the procedure
here explained as MA3 based on [7, 17] is the most suitable method to consider this

situation.

The procedure to carry on the member analysis using FE is here illustrated,
considering the possible presence of non-standard support conditions. Of course,
differently from what was done in Sect. 3.2.2 where FE were used to discretize the
cross-section, here they are used to discretize the TWB along the axial direction z.
The beam is divided into n, — 1 elements, being n, the number of nodes along z
and considering always just the conventional and extensional deformation modes,
the contribution of the k** deformation mode to the unknown amplitude function

on the finite element e can be written as:

gOk(Z) = \I’g(z)dk’i + \114(Z)dk’i+1 + \115(Z)dk’i+2 + \Ijﬁ(Z)dk’H_g (372)

where dj, , are the generalized displacements of the finite element e, with a =
iy...,1+3, being i = 1+2(nf — 1) the index associated to the vertical displacement
of the first node of the element e, and the cubic polynomials Vg (with 5 =3,...,6)
can be of Lagrange or Hermite type; the latter were considered in this work and their
expressions are the same of Eq. (3.37) in function of z. The generalized displace-
ments, shown in Fig. 3.3, have to be chosen in order to respect the compatibility

between two following FE as:

dii = ¢k(0),  diit1 = 0r2(0), diite = @r(Le), diiys = @rz(Le)  (3.73)

where comma indicates derivative with respect to z. So, the vector of the generalized

modal displacements of the finite element e is:
d§ = [di, diiv1, diiva, drivs] (3.74)

To write the equilibrium equations in a FE form, the Hamilton’s principle writ-

ten in Eq. (3.6) is applied considering the expressions of the energies written in
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Eq. (3.10), Eq. (3.15) and Eq. (3.18), after substituting ¢;(2) = ¥gdy o inside
them. Doing that, one gets the following stiffness and mass matrices and load

vector for each element:

e e e e e
K ... K5, M, ... MY, P¢
= — . . : € — . . . € —
FE — . . . ) FE — . . : ) FE —
e e e e e
K¢, ... K& M, ... MG p:
(3.75)

where each sub-matrix Kf,, M}, has dimensions 4 x 4 and each vector Pf is 4 x 1.

More specifically, applying the aforementioned procedure, their expressions are:

[, ¥z ... [, W{Vdz
hie = (C;{k + Cgmhk) : ’ :
[, ¥ividz ... [, WiVdz
Jp, ViVidz . [ W Wde
+ (Dhi + Doyanr) : : (3.76)
IR A STCI P A
o Wiz ., U Wdz o Wdz [, Wdz
+Df, : : +Df, :
o WaWdz ... [, WaWdz o Wz [, Wide
fLe \Ifl\Ifle fLe \P1\1’4dz
+ (Bﬁk + B£k> ' :
fLe \114\I/1d2 e fLe \P4\If4dz
o WiWidz ... [, UWadz [ WiWidz L[, W Wde
M. = Mg : : +Q00nk ’ :
fLe U,0dz ... fLe U, Wydz fLe U\ Wdze ... fLe v Wdz
(3.77)
POk fLe Uidz + PypW) + Pon Vi
pe — : (3.78)

pon [, Vadz + Py + Pop ¥y

So, in Eq. (3.75), K%, and M%, are 4ng x 4ng matrices and PG is a 4ng x 1
vector. The matrices of the single elements can be assembled following the classical
steps of FEA, getting the global stiffness and mass matrices and load vector. The

static and free dynamics problems of the beam can be written respectively as:
Krrdrg = Prg, (KFE - CUQMFE) drg =0 (3.79)
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where finally Krpgp and Mpg are 2ngn, x 2ngn, matrices and Prpgp and dpp are

2ngn, X 1 vectors.

Once the matrices are obtained, in case global boundary conditions involving all
the nodes of the end sections are applied, it is possible to proceed in the classical
way deleting from the matrices the rows and the columns in correspondence of the
restraints and solving the problem, thus finding dpg (and also w? for dynamics)

and reconstructing the unknown amplitude functions through Eq. (3.72).

On the other hand, if one wants to assign non-standard restraints (which is the
main reason for using this approach), the constrained problem has to be written,
similarly to what was done in the cross-section analysis with a different goal. To
explain it, in Fig. 3.3 a vertical support is applied in the point P at the middle of
the bottom flange (in addition to the global restraints at the end sections). From

Eq. (3.1), one can write:

K

v(sp,zp) = U(sp)pr(zp) = vi(sp)p1(zp) + ...+ Uny(sp)pn,(2p) =0 (3.80)
k=1

where the different v (sp) are known from the cross-section analysis. Using the FE

discretization of Eq. (3.72), it is possible to rewrite Eq. (3.80) as:

v(sp,zp) = U1(sp)p1(2p) + - .. + Uy (5P)Pn, (2P)

(3.81)
=0v1(sp)dii1+ ...+ Un,(sp)dn,11 =0
S
Sp
| —
(a)
dk,I:U dl.-,.‘i dk,E dk.? d&-.g dk.]] dk,m dk.ln' d/.-.]’/ dL;.w dA;,ZI:O

A DG, Ak A AN AN DN NG DN DN AN

A i &

—_
Zp

(b)

Figure 3.3. Example of punctual restraint on the TWB applied in a point at z = L/2:

(a) cross-section at z = L/2; (b) longitudinal view with n, = 11 nodes.

From Eq. (3.81), one can write one of the generalized displacements (slave) in
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function of the others (master) as:

1
dr11 = —= [O1(sp)dia1 + ... + Us(sp)de 11
vr(sp) (3.82)

+0g(sp)dg 1 + .. + Uy (sp)dn,11]

where the choice of k = 7 is not casual, since the slave node has to be selected in
order to have v;(sp), which is v7(sp) in the example, different from 0. This means

that one can write dpg = I'rpdrge v where:

drp =di2,d13,...,d1,20,d1,22,...,d710,d7,11,d7,12,...,d39 22
(3.83)
drgym =di12,d13,...,d1,20,d1,22,...,d710,d7,12,...,d39,22
In this example with global restraints at the end sections and vertical support

added in P, the vector drg has dimension 2ngn. — 2ng4, while the vector dpg v is

a2ngn, — 2ng — 1.

In order to generalize the procedure in case a generic number of non-standard

supports are applied on the beam, Eq. (3.81) can be written as:

dre M
Arpdrp=s— |Appy | Apps| | — | =5 (3.84)

dres
where, if n. is the number of introduced punctual restraints, A g »s has dimensions
Ne X 2ngn, — ne in case no global restraints are present while it is a n. X 2ngn, —
2ng — n. matrix if also global restraints are applied at the end sections. On the
other hand, Apg g is always a n. X n. non-singular matrix and s in a vector of n.
components accounting for possible settlements. As a consequence, the “master”
generalized displacements are either 2ngn, —n. x 1 or 2ngn, — 2ng — n. x 1 vectors
while the “slave” generalized displacements are always n. x 1 vectors; so Eq. 3.84

can be rewritten as:
dreyv = dre M
Argvdre v + Argpsdres =s (3.85)
—drps = _AE}E,SAFE,MdFE,M + AE}E,SS
and finally, it is possible to write:
dre M I 0
drg =Trpdrppm+8— | — | = —— dre.m + ——

dre,s —ALp sAreM —ALp g
(3.86)
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where the matrix I' g can have dimensions 2ngn, X 2ngn, — ne or 2ngn, — 2ng X
2ngn, —2ng —n. and it is used to obtain the constrained stiffness and mass matrices
and load vector Krg, = I‘?EKFEI‘FE, Mrg, = I‘%EMFEI‘FE and Prg, =
I‘? pPrEe (the subscript » means reduced). Doing that, the static and free dynamic
problems for the beam with non-standard supports can be rewritten respectively

as:

Kre,drey =Prey,  (Krpr — LUQMFE,T) drgvm =0 (3.87)

and once the generalized displacements (and the angular frequency in dynamics)

are obtained, the solution can be reconstructed.

3.2.4 Case study

As already mentioned, the system under analysis is constituted by a simply sup-
ported elastic beam having initial length L and boxed cross-section with a single
cell. This kind of viaduct is really widespread in Italy as it was typically used for
highways realized around the 80s. It is a slender beam realized in post-tensioned
reinforced concrete and some typical problems of this kind of structures are the loss
of pre-stress in the steel strands and the opening of cracks due to bending in the
midspan or due to shear in correspondence of the end sections; if the intensity of
these phenomena becomes important, the structure could also start to manifest a
nonlinear behavior.

The beam under study is part of the San Nicola Viaduct of the A24 highway
in Italy and its fundamental geometrical and mechanical properties are resumed in
Tab. 3.1 where L is the length of the beam, b is a representative length equal to the
first branch of the upper flange, used in Sect. 3.4, A and I are the area and moment
of inertia (with respect to the central axis of inertia along X) of the cross-section,
pe is the specific weight of the material (reinforced concrete), my is the total mass
of the bridge deck, E is the Young modulus and ¢; is the considered modal damping
coefficient. In Fig. 3.4 some more details on the measures of the cross-section are

given.

Table 3.1. Geometrical and mechanical properties of the TWB case study.

L(m) b (m) A(m®) I(m?) pe(kN/m®) my (ton) E(N/m?) ¢
40.5 3.15 5.64 3.51 25 571 3.108 x 1019 0.1%
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Figure 3.4. Measurements (in m) of the cross-section for the TWB case study.

3.2.5 Deformation modes

The procedure developed in Sect. 3.2.2 is here applied for the beam having the
properties reported in Sect. 3.2.4. The deformation modes, fundamental for all the
analyses, are here reported and discussed, based on their classification on conven-
tional, extensional and shear modes.

Starting from conventional modes, i.e. those obtained from the 15 PEP, which,
as already written, are the most important modes in most of the cases, the first 8
are reported in Fig. 3.5. One can immediately notice that the first 4 are the rigid
modes representing respectively the extension in the longitudinal direction (strictly
speaking this mode was found solving the WEP, however it has to be included
among the conventional ones), the translation in the global X and Y directions and
the rotation around an arbitrary point. Beyond them, other 4 conventional modes
are represented, and they can either be of distortional or local type. As explained
in Sect. 3.2.2, the out-of-plane components €2(s) are linear according to the way

they were obtained.

Mode 1 -1 (s), V (s) Mode 1 -Q (s) Mode 2 - u (s), V (s) T Mode 2 - Q (s)
Moch-ﬁ‘sk V(s Mode 3 - Q (s) Mode 4 -1 (s), V (s) Mode 4 - Q (s)

Mode 5 -1 (s), V (s) Mode 5 - Q (s) Mode 6 - 1 (s), V (s) Mode 6 - Q (s)
N Sy, T

=/ I — 7~ V]

Mode 7 - (s), V (s) Mode 7 - Q (s) Mode 8 - u (s), V (s) Mode 8 - Q (s)

e - o ]
Figure 3.5. Some conventional deformation modes for the TWB case study.

Moving to extensional modes, which comes from the 27¢ PEP, the first 8 are

illustrated in Fig. 3.6 and the extensional nature of these modes is evident from the
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elongation of the elements of the cross-section. They are orthogonal to the modes
of the 1% PEP since that was the condition imposed to find them, and they just
present in-plane components ug(s) and Ug(s).

Mode 1 -1 (s), V(s) Mode 2 - 1 (s), V (s) Mode 3 - (s), V (s) Mode 4 -1 (s), V (s)

] —J — .

Mode 5 - U (s), ¥ (s) Mode 6 - (s), ¥ (s) Mode 7 - 1 (s), V (5)

Figure 3.6. Some extensional deformation modes for the TWB case study.

Finally, the first 5 shear modes of the WEP are depicted in Fig. 3.7 (beyond the
rigid one which was included in the conventional ones). In this case only out-of-
plane components w;(s) exist. However, for this case study, these components are

not really useful to improve the system response, as explained later.

Mode 2 - W (s) Mode 3 - W (s) Mode 4 - W (s)

[ v N WY A v A

Mode 5 - W (s) Mode 6 - W (s)

Figure 3.7. Some shear deformation modes for the TWB case study.

3.2.6 Statics

The equations developed in Sect. 3.2.3 are here applied under different static loading
scenarios considering just global boundary conditions of simply supported beam,
while punctual restraints are considered in the following section. This section is
needed to test the model and to appreciate its capacity to consider non-classical
loading conditions which could not be considered in simpler beam theories (or they
could be taken into account, albeit less accurately) as loads that are not constantly
applied along the global transverse direction of the beam, involving the deformation
of the cross-section in and out-of-plane. After this validation of the model, in
Sect. 3.3.1 the static response of the TWB obtained through GBT-D is compared
with experimental results.

The validation of the model is here realized by comparing its results to those
obtained on a beam model realized through a FE commercial software as SAP2000

[133]. Without going into too much detail, which is not the objective of this Thesis,
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the beam was modeled in SAP2000 using quadrilateral shell elements having the
same thickness of the different pieces of the real beam and with the same type of
material and it is shown in Fig. 3.8. The cross-section dimensions are those depicted
in Fig. 3.4 and its total length is the same of Tab. 3.1. The shell elements were
discretized in a convenient yet important number of FE with a total number of
almost 21000 joints and 19000 shells. The restraints are applied at the two end

sections in order to simulate the same conditions of the GBT-D model.

Figure 3.8. Particular of the TWB case study modeled through shell elements in SAP2000.

In Fig. 3.9 the load cases which were tested are resumed. They were applied
along the entire length of the beam and are representative of classical loading sce-
narios, as can be the uniformly distributed load on the top flange or non-classical

ones, which can act on it in some moments of its life, like the torsional one.

], y
s T 1 . T 1 L, U B = —>f S =
T LC1 LC 2 LC 3
N — E<aff T—T D —
o
LC 4 LC5

Figure 3.9. Load cases considered in statics for the TWB case study.

In Tab. 3.2, the displacements of some particularly interesting points are recorded
and compared to those detected in correspondence of the same point for the FE
model realized with SAP2000. The displacements are referred to the global refer-

ence system (capital letters (U;, V;, W;) are used) for a direct comparison with those
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found with the software. The position of the monitored points in the cross-section
is shown in Fig. 3.10, while their longitudinal abscissa is reported in the same figure

in parentheses.

P, (2=0,405 m) P, (2= 20,25 m)

A%

P; (z = 23,90 m)

P, (z = 20,25 m)

Figure 3.10. Monitored points in statics for the TWB case study.

Moving to results reported in Tab. 3.2, no differences were found using the dif-
ferent approaches MA1, MA2 and MA3 and, as can be seen by examining them, the
same consideration are valid for all the considered load distributions. In particular,
looking at the case named as LC1, for all the considered points (Pi, P, P35, Py),
the vertical displacement Vp;, which is the most important one due to the nature
of the load, has almost the same value between GBT-D and SAP2000. Also the
longitudinal displacements Wp; show a good agreement. The horizontal one is not
as good as the other two components, but it is evidently totally negligible compared
to their values; the same holds true for the other load cases with their prevalent
displacements. Moreover, no significant difference was found by accounting for only
conventional modes or adding extensional modes too; on the contrary, if also shear
modes are considered, a bigger difference with respect to FE results arises, meaning
that for this type of beam (not short) and for this type of loads (not directly acting

along z), their contribution has to be neglected.

3.2.7 Free dynamics

The free dynamics behavior of the TWB under study is here analyzed, considering
different numbers of deformation modes to understand the minimum needed to cor-
rectly identify the vibration modes and also considering different types of restraints
(global or local ones). A comparison is made with the same FE model realized with
SAP2000 shown in Sect. 3.2.6. In addition to the information reported there, for the
calculation of the dynamical properties, it should be specified that two mass sources
were considered: the first one is the self-weight of the beam (reported in Tab. 3.1)
and the second one is a distributed mass on the top flange of the TWB, comparable
to a 10 cm layer of road pavement with a mass of 2.5 ton/m? representative of a

real scenario.
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Table 3.2. Displacement (in m) of points of Fig. 3.10 under different static load cases.

P P

Up1 Vp1 Wp1 Ups Vpa Wpo

LC GBT-D | 20x10719 —14x103 16x1073 6.5x1072 —=3.9x10"2 0.0
1 SAP2000 | —7.0x10% —15x103 15x10°3 0.0 —40x 1072 0.0

LC GBT-D | 52x1078% —42x10* 56x107* 1.5x107% —1.3x10"2 0.0
2 SAP2000 | —2.3x10°% —45x10* 52x10* 0.0 —~1.4x10"%2 0.0

LC GBT-D 9.0 x 107° 4.4 x107° 1.2 x 1073 28 x 1073 —6.8x1072 0.0
3 SAP2000 | 1.1x107* 4.6x 10" 1.2 x 1073 3.2x 1073 0.0 0.0

LC GBT-D | -32x10° —74x107%* 23x107% | =96x10"%* —14x10"2 0.0
4 SAP2000 | —3.9x 107 —76x10"% 1.9x107* | —1.1x1073 —14x10"2 0.0

LC GBT-D | 1.6x107® 35x10™* 3.7x107° | 46x10"* —=55x10"2 0.0
5 SAP2000 | 1.7x10°° 3.4 x 1074 4.4 x 1075 4.6 x 1074 0.0 0.0

P3 P4

Ups Vps Wps Upy Vpy Wpy

LC GBT-D | -42x107® —-37x10"2 6.8x107° 27x1072 —=3.9x10"2 0.00
1 SAP2000 | —3.7x107° —-39x1072 6.0x107° 0.00 —4.0x 1072 0.00

LC GBT-D | 1.6x107% —13x10"2 23x10°° 20x107%  —13x1072 0.0
2 SAP2000 | 6.5x1077 —13x10"2 21x10°° 0.0 —1.4x10"%2 0.0

LC GBT-D 25%x1073 —36x10"% 13x107% 22x1073 —82x1072 0.0
3 SAP2000 | 3.0x1073 —4.0x10"* 1.3x107* 2.7x1073 0.0 0.0

LC GBT-D | -73x107% —-12x1072 —-1.0x10%| —2.7x107%* —14x10"2 0.0
4 SAP2000 | —8.6x107* —13x1072 —1.0x107°| —40x107%* —14x10"2 0.0

LC GBT-D | 1.1x107* —20x102% —24x10%| —-40x10"* —24x10"% 0.0
5 SAP2000 | 1.0x107%* —-19x10% —-25x10%| —46x10% 0.0 0.0

LC 1: Uniform vertical load f, = —10 kN/m? on the upper flange.

LC 2: Linear vertical load f, = —20 kN/m between the upper and inclined flanges.
LC 3: Uniform horizontal load of fs = 10 kN/m? on the upper flange.
LC 4: Uniform vertical load of f, = —10 kN/m? on the upper and lower flanges and horizontal

load of fs

—10 kN/m? in part of the upper flange.

LC 5: Uniform “torsional” vertical load f, = 10 kN/m? on the upper flange.

Results in terms of frequencies and Modal Assurance Criterion (MAC) for the

beam with global restraints are resumed in Tab. 3.3, and in Fig. 3.11 five vibration
modes are shown (the first three global bending modes, the first torsional one and
another mode mainly involving the upper flange). For completeness, the MAC
is a well-known way to compare two vibration modes furnishing a measure of the
consistency between them as a scalar value between 0 and 1 going from a completely

inconsistent to a consistent correspondence (more details can be found in [4, 5]). If

two generic modes ¢; and ¢y, are considered (note that a general notation was used
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to indicate vibration modes not necessarily related to the one used in previous or

following sections), the MAC in its classical form reads:

b bpi D;
¢ b} bk

Its values in Tab. 3.3 are referred to the same vibration mode between GBT-D and

MAC;), = (3.88)

SAP2000 (in other words they are the terms on the diagonal of the MAC matrix)
and are calculated for each case with respect to the case called SAP1d, which is

taken as benchmark.

All the models based on GBT-D in Tab. 3.3 are realized dividing the section in
ne = 19 elements (and as a consequence n,, = 19 nodes) and, if not specified, all
the conventional modes, equal to 3n, — ne = 38 plus the rigid mode representing
the uniform extension along z, are considered. In addition, the model labeled as
SAP2d, realized with punctual restraints and stiffeners at the end sections, is used in
order to have a comparison with the model SAP1d; the stiffeners, which are typically
placed in this type of beams to prevent from an excessive deformation, were realized
through thick vertical plates modeled as shell elements in correspondence of the end

sections.

From Tab. 3.3 it is evident that all the models are equivalent for the 15 bending
and the 1% torsional modes with close values of frequencies and MAC almost equal to
1. The only model with a higher difference on the frequency of the 15! torsional mode
is GBT5d, i.e. the model whose member analysis was realized through FE (called
MA3) which also accounts for the first 4 extensional modes in the cross-section
analysis; however, this value is closer to the one determined from experimental data
in Sect. 3.3.2 and this can be due to a more precise approximation of the membrane
extension of the cross-section. On the other hand, higher differences are found

2nd

comparing the frequencies of the bending mode for the different models.

Something more can be said about the minimum number of deformation modes
necessary to properly describe the different vibration modes. Given that conver-
gence analyses are performed in Sect. 3.3.2, from GBT1d and GBT4d, where 9 and
8 conventional modes are kept respectively, it is evident that a small number of
them is sufficient to have a clear representation of the free dynamics of the beam.
Finally, about GBT2d (member analysis performed with the function bvp4c from
Matlab), a proper initial guess has to be imposed to the solution, and a good idea

is to use an adequate guess obtained solving the static problem.
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Figure 3.11. Some vibration modes of the TWB case study named after their longitudinal
variation @;(z) found through the MA1 approach.

Table 3.3. Modal properties of the TWB case study found with GBT-D (and SAP2000)

for different cases with global restraints.

SAPld SAP2d GBT1d GBT2d
f (Hz) MAC | f (Hz) MAC | f (Hz) MAC

|

| 227 097 | 239 100 | 239  1.00
| 716 098 | 727 097 | 726 097
| 770 0.88 | 889 0.99 | 883  1.00

mode

f(H
1 BEND | 2.30
15 TORS | 7.22
2" BEND | 8.10

GBTSd GBT4d GBT5d
f (Hz) MAC | f (Hz) MAC | f (Hz) MAC |

1 BEND | 237 100 | 238 099 | 237 099 |
1** TORS | 720 098 | 726 098 | 686 094 |
2"¢ BEND | 877 099 | 9.08 099 | 855 097 |

SAP1d: SAP2000 model with shell elements with global restraints.
SAP2d: SAP2000 model with shell elements with two punctual hinges at each end section and

mode

stiffeners.

GBT1d: simply supported beam (global restraints), 9 conv. modes solved with MA1.

GBT2d: simply supported beam (global restraints), conv. modes solved with MAZ2.

GBT3d: simply supported beam (global restraints), conv. modes solved with MA3.

GBT4d: simply supported beam (global restraints), 8 conv. modes solved with MA3.

GBT5d: simply supported beam (global restraints), conv. and 4 ext. modes solved with MA3.

Furthermore, in Tab. 3.4, results are reported for the beam with punctual re-

straints, whose vibration modes are represented in Fig. 3.12. No stiffeners are
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modeled in the SAP2000 model, in order to test the reliability of the GBT-D model
with non-standard supports developed in Sect. 3.2.3. Three models are compared:
SAP1p realized with SAP2000 with punctual restraints and the same mesh seen in
the distributed case, GBT1p and GBT2p with the local restraints written in the
table, either with only conventional modes or with the addition of all the avail-
able extensional modes respectively. In this case, a different discretization for the
elements of the cross-section in the GBT-D model was chosen (n. = 11, thus the
number of conventional and extensional modes is 22 4+ 1 and 11 respectively). The
MAC with respect to the benchmark SAP1p is almost perfect and also the fre-
quencies match really well, with higher differences for the 2"¢ bending mode as

highlighted for the case with distributed restraints.

Table 3.4. Modal properties of the TWB vase study found with GBT-D for different

cases with punctual restraints.

mode SAP1p GBT1p GBT2p
f(Hz) -| f(Hz) MAC ‘ f (Hz) MAC
1 BEND | 226 -| 234 1.00 | 234  1.00

1 TORS | 7.18 -
2" BEND | 7.46 -

723 099 | 716  0.99
823 098 | 818 097

SAP1p: SAP2000 model with shell elements two punctual hinges at each end section.
GBT1p: beam two punctual hinges at each end section, conv. modes solved with MA3.

GBT2p: beam two punctual hinges at each end section, conv. and ext. modes solved with MA3.

To sum up, the comparison of modal properties between the different GBT-D
and FE models, together with the comparison of displacements realized in Sec. 3.2.6,
proves the accuracy of the GBT-D models to describe the beam behavior both in
statics and in dynamics for different kinds of support conditions (global or punctual).
Moreover, the small number of conventional deformation modes needed to describe
different scenarios, together with the lower computational cost (once the model is
realized) and the possibility to evaluate how results vary by simply changing some
parameters, makes the GBT-D model valid and even more convenient than classical

FE models realized with commercial software.

3.3 Monitoring

In this section, the same viaduct of Sect. 3.2.4, the San Nicola Viaduct, is considered

from an experimental point of view. In particular, data acquired in a previous
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Figure 3.12. Some vibration modes of the TWB case study with punctual restraints found
through the MA3 approach.

campaign are processed and their results are compared to those found in Sect. 3.2.6
for statics and in Sect. 3.2.7 for dynamics. The goal is to check if the GBT-D model
is adequate to describe the beam response and to verify if any damage is present
on it.

The experimental campaign from which data were collected was realized in 2019
by the research group of Structural Mechanics at University of L’Aquila, led by
Professor Angelo Luongo. During the campaign, some viaducts of the highway A24
in Italy were tested: among them in this Thesis this span of the San Nicola Viaduct

was studied.

3.3.1 Statics

In this section, results coming from the static load test on the bridge are processed
and compared to those found by applying the model developed in Sect. 3.2.1 with
the same type of static load. In particular, the goal is to check if the model is
able to track the displacements found on the beam during all the phases of loading

and to establish the minimum number of deformation modes that ensures response

=

53



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

convergence.

The static test was realized placing some trucks with known weight along and
across the upper flange of the beam and measuring the sag in some control points.
The test configuration is shown in Fig. 3.13 where the trucks are identified as A;,
B; and C};, while the measurements points as F;.
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Figure 3.13. Position of trucks and measurement points in the static load test realized in
2019 (taken from [76]).

In particular, the trucks were positioned on the bridge during three phases: first
the column A, then the column B and finally the column C. A certain amount of
time was left between one phase and the next in order to allow the displacements
to settle; they were measured through high precision digital electronic levels.

The results collected during the test were compared to those found through the
GBT-D model, SAP2000 and an Euler-Bernoulli model, to understand if they are
able to describe all the three phases of loading. The experimental displacements in
points P» and Ps were taken as the absolute measured displacements in correspon-
dence of the same points minus the mean value of the displacements measured at
the end sections of the bridge deck (P, and Ps for P, Py and Py for Ps) since all
the analytical and numerical considered models are realized with the hypothesis of
perfect support (no vertical displacement). Finally, the displacement in correspon-
dence of the center point of the upper flange of the bridge P,, was calculated as an
average of measures in P, and in Ps.

Additional details are here given in order to provide a clear view of the results.
The value of the elastic modulus F, already reported in Tab. 3.4 was taken from
the available documentation. The mean load of each truck is approximately of 24
tons (about 235 kN) applied on three axles as shown in the figure. Since it was
checked that no significant difference occurs, they were applied as distributed loads

in models based on GBT-D and SAP2000, while on the Euler-Bernoulli beam model
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they were effectively considered as punctual loads; moreover, the latter model was
adapted to consider also the torsional effect due to the eccentric position of the

trucks with respect to the beam axis.

Results are reported in Fig. 3.14 as moment-sag diagrams (the moment was
calculated through static schemes) and convergence analysis for the GBT-D model.
The curve for the GBT-D case where extensional deformation modes were added
to conventional ones was not reported since, at least at midspan, it is perfectly
coincident with the case with just conventional modes. In the legend of the plots,
the first two entries are the GBT-D models with conventional modes and global
or punctual restraints respectively, the third one is about experimental measures,
the fourth is related to the Euler-Bernoulli model and the last one comes from
the SAP2000 model with global restraints (or, which is the same, with punctual

restraint and stiffeners at the end sections).
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Figure 3.14. Moment-sag diagrams resulting from the application of trucks on the bridge
deck for different models: (a) Vertical displacement in Py; (b) Vertical displacement in Ps;
(c) Vertical displacement in the center of the deck; (d) Convergence analysis for the GBT-D
model.
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Looking at the red curves, one can immediately say that the experimental be-
havior of the beam is linear, even if when the last column of trucks C is applied, a
slightly nonlinear behavior seems to occur, probably linked to the opening of small
cracks in the concrete or to an initial loss of pre-stress. Turning the attention to
the models, a comparison of the two based on GBT-D shows that, even if they lead
to the same results when all the trucks are applied on the bridge, they differ at the
intermediate stages, i.e. when only the column of trucks A or A and B of Fig. 3.13
are applied, so that the load distribution is not symmetric: in these stages, the
model based on punctual supports tends to overestimate the displacement in the
point directly under the load (P2) and to underestimate it in the point far from the
load (P5). This means that, since on the real bridge stiffeners are realized at the
end sections as reinforced concrete plates, the model with global restraints is more
accurate in capturing the beam response, while the model with punctual restraints
does not really catch it. Moving to the Euler-Bernoulli model, it underestimates
the beam displacements at all phases in all the monitored points, meaning that it
could be used with an acceptable approximation for preliminary analyses, but more
refined models (like the one based on GBT-D) have to be considered for precise
analyses on this kind of beams. Subsequently, the model realized through the FE
commercial software SAP2000 gives results really close to the GBT-D model, as

also underlined in Sect. 3.2.6.

A final comment can be done on the apparent nonlinear behavior in some of
the plots. Since all the models are linear, the different slope between one segment
and another is necessarily due to some torsional effects, related to the fact that
the load is increased, but it is not applied always in the same positions along the
transversal direction of the beam. On the other hand, about the nonlinearity in the
experimental curve previously mentioned, it looks like the experimental response
of the bridge starts to be slightly nonlinear when the last column of trucks C' is
applied and this could be due to the high level of loads on the bridge which triggers
the opening of some cracks at the bottom surface of the beam. A future work could
be focused on the improvement of the GBT-D model to account for this material
nonlinearity, like already done in some other works, to gain a clearer understanding

of the phenomenon.

Finally, looking at Fig. 3.14(d), a convergence analysis on deformation modes is

reported considering the displacements of the three points when the sole column of
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tracks A is applied. The comparison is between the experimentally measured values
of the sag with respect to those obtained from the GBT-D model with distributed
restraints, increasing the number of conventional modes from 4 (only the rigid ones)
to 39. As can be seen, once almost 9 deformation modes are considered (thus just 5
non-rigid modes), the response converges to the experimental value, meaning that
a small number of deformation modes is usually sufficient to describe the beam

response.

3.3.2 Free dynamics

In this section, results coming from the dynamic test in operational condition are
processed and compared to those found with the model developed in Sect. 3.2.1. In
particular, the hypothesis is made that the low-intensity external excitation can be
treated as white noise. Different boundary conditions were considered (global and
punctual) to understand which are the most coherent with this type of structure as
done for statics in Sect. 3.3.1.

The dynamic test was realized without directly exciting the bridge but making
use of white noise which, by definition, is a signal having the same intensity at
all frequencies, generated in this case with the aid of the irregular transit of a
vehicle on the deck. The acceleration time histories were measured putting bi-axial
accelerometers in some control points as shown in Fig. 3.15: they are oriented such
that they can all track the acceleration in the direction of gravity and one between

the longitudinal and the transverse components.
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Figure 3.15. Position and orientation of accelerometers in the dynamic test realized in
2019 (taken from [76]).

To give some details, Force Balance Accelerometers (FBA) were used since they
are highly sensitive to this kind of excitation, i.e. white noise on stiff structures; this

statement was confirmed by other applications realized with the research group,
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being this devices able to record significant accelerations also on extremely stiff and
massive structures as medieval masonry towers. The FBA were placed along two
lines (in correspondence of the intersection between the top flange and the inclined
ones) and connected by wires. The test lasted about 40 minutes, with a sampling
frequency of 200 Hz.

Then, the accelerograms collected by the accelerometers were used to charac-
terize the dynamics of the beam with the goal of determining natural frequencies,
vibration modes and eventually modal damping ratios. The process which charac-
terizes the free dynamics of the structure processing experimental data acquired in
operational conditions, i.e. under white noise, goes under the name of Operational
Modal Analysis (OMA). In particular, this can be performed both in frequency
domain through the Frequency Domain Decomposition (FDD) or in time domain
through the Stochastic Subspace Identification (SSI). Both techniques were used in
this Thesis and compared to results found in Sect. 3.2. Just fundamental details
are here given on these two methods since they are strongly consolidated in liter-
ature (some more details can be found in Sect. 2.2.2). For both types of analyses,
trustworthy Matlab algorithms were used [88].

Starting from frequency domain, FDD can be seen as an extension of the peak
peaking technique which is able to identify also close modes with high accuracy. In

order to identify the modal parameters, the algorithms perform the following steps:

e The Power Spectral Density (PSD) matrix is estimated at discrete frequen-
cies w; through Welch’s averaged, modified periodogram method of spectral
estimation (it involves sectioning the record, taking modified periodograms of
these sections, and averaging them. The calculation of modified periodograms

is explained in [141]).
e A Singular Value Decomposition (SVD) of the PSD is performed.

e The dominating peaks in the PSD are selected, manually or automatically,
based on the value of the MAC between singular vectors and the estimate of

the mode shape, to get the sought dynamical properties.

Results are better identified if the signal can be classified as white noise with small
damping and for orthogonal mode shapes.
On the other hand, SSI, is an identification technique in the time domain. In this

method the space state model is computed from output data with the states that
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are first estimated and the matrices which are successively obtained through Least
Squares. Among the different SST algorithm, the Covariance-driven SSI (SSI-COV)

[16, 86, 103] was used and its main steps are here resumed:

The covariance matrices of the output data are calculated.

The block Toeplitz matrix is constructed from them and its SVD is performed.

e The matrices obtained from the SVD are used to identify the modal parame-

ters solving an eigenvalue problem.

A stability checking procedure is realized in order to determine the stability
status of each mode obtained for two adjacent poles (meaning with this ex-
pression the states evaluated at two consecutive steps). Different cases can be
obtained, involving a new pole, a stable one, a stable pole just for frequency
and MAC or just for frequency and damping or just for frequency or even
an unstable pole based on some chosen tolerances. Stable poles are selected

among them.

e Finally, a cluster algorithm is realized in order to automatically collect the
modes and hierarchically separate the physical ones, excluding the spurious

modes which inevitably arise when high model orders are considered.

The best way to represent the identified modes is through the stabilization diagram
which contains the frequencies along the x-axis and the order of the model on the
y-axis.

Results are reported in Fig. 3.16 in terms of PSD for the FDD and in Fig. 3.17 in
terms of the stabilization diagram for the SSI. Moreover, in Tab. 3.5, a comparison
is made between results found using the two OMA methods and a reconstruction
of the mode shapes based on the position of accelerometers of Fig. 3.15 is reported
in Fig. 3.18. As can be seen, from Fig. 3.16 and Fig. 3.17, other modes are found
with lower frequencies than those related to the bridge deck: they are mixed modes
involving also the piers which were are not relevant for the present work.

First of all, comparing results obtained from experimental data in time and
frequency domain, it is evident from Tab. 3.5 that they are equivalent in terms of
frequency and mode shape. Some problems are encountered in the correct identifi-

cation of modal damping coefficients with FDD, which is usually more difficult to

=
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Figure 3.16. Power Spectral Density with identified vibrations modes using FDD on time

series acquired during the experimental campaign of 2019.
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Figure 3.17. Stabilization Diagram with identified vibrations modes using SSI-COV on

time series acquired during the experimental campaign of 2019.

estimate with these techniques, but this can be considered a minor problem for this

analysis.

On the other hand, in Tab. 3.6, results obtained with OMA are compared to

those found in Sect. 3.2 using the GBT-D with distributed (Tab. 3.3) and punctual

(Tab. 3.4) restraints. The values of frequencies are almost the same among the three
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Table 3.5. Modal properties of the beam case study found with OMA in frequency and

time domains.

mode FDD SSI-COV
fMHz) & | fMHz) & | MAC
1 BEND | 2.70 1.32| 268 126 | 1.00
1 TORS | 698 - | 698 0.70 | 0.94
2" BEND | 885 - | 885 1.55| 0.99

Figure 3.18. Schematic representation of vibration modes obtained through OMA (FDD

or SSI-COV) on time series acquired during the experimental campaign of 2019.

Table 3.6. Modal properties of the beam case study found with OMA and GBT-D.

mode OMA GBTd GBTp
f(Hz) -] f(Hz) MAC | f (Hz) MAC
1 BEND | 270 -| 237 099 | 234 095
1 TORS | 698 -| 720 081 | 723 0.8
2" BEND | 885 -| 877 090 | 823  0.60

OMA: results obtained with SSI-COV in Tab. 3.5.
GBTd: results obtained with GBT3d in Tab. 3.3.
GBTp: results obtained with GBT1p in Tab. 3.4.

models, with the GBT models that underestimate the frequency for the bending
modes and overestimate it for the torsional one: this could be due to the contribution

of the adjacent decks, not considered in the model, which is stronger in bending
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than in torsion; however, looking at the MAC, it is evident that the model with
distributed restraints can properly catch the free dynamics of the viaduct as also
highlighted by comparing Fig. 3.11 with Fig. 3.18, while important differences are
featured for the beam with punctual restraints especially for the mode shapes as
can be seen from Fig. 3.12 and Fig. 3.18 which is in accordance with the value of
the MAC, showing that the 15t torsional mode is completely different and also the
2" hending mode is not the same. The explanation to these differences is the same
given in statics: even if the real supports of the viaduct are represented by punctual
restraints on the top of the piers, the presence of reinforced concrete stiffeners at the
end-section is such that the actual boundary conditions are of global (or distributed)
type.

To conclude, a convergence analyses is shown in Fig. 3.19 in order to check the
minimum number of deformation modes necessary to have relevant vibration modes
using as benchmarks the frequencies identified from the experimental records. The
same conclusion drawn in statics hold also for dynamics, i.e. 4/5 deformation modes
(in addition to the first 4 rigid ones) are enough to ensure convergence, underlying

once again the low computational cost of this approach.
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Figure 3.19. Convergence analysis for the GBT-D model in dynamics.

From this and the previous sections, it is evident that the model, based on GBT-
D works properly both in statics and in dynamics and for the case under study, a
small number of deformation modes is sufficient with no necessity of considering
shear modes too; moreover, global restraints are preferable to study this type of
bridge if stiffeners are present at the end sections.

However, it could also happen that for the same type of bridge, one could not

get the same excellent results, for different reasons, among which the impossibility
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to neglect the contribution of the adjacent beams or that of the pier or a partial
knowledge of the mass permanently applied on the bridge or even the impossibility
to correctly determine the mechanical properties of the beam as the Young modulus.
For these reasons, it would be advisable to implement in the future some model
updating techniques in order to modify some crucial parameters of the GBT-D

model to make its response closer to that of the real beam.

3.4 Control

In this section, for the first time a Nonlinear Energy Sink (NES) is coupled to a
TWB modeled through GBT (as always in the GBT-D version), with the aim of
mitigating vibrations induced by different types of loading. The problem is ad-
dressed analytically by deriving the governing equations through the Cx-A. The
NES typically consists of a mass (small with the respect to the primary structure),
a nonlinear spring, and a dashpot; it is employed as an alternative to a Tuned
Mass Damper (TMD) since its nonlinear (and nonlinearizable) stiffness enables the
device to operate effectively over a broader frequency range using a single configu-
ration: this characteristic is particularly advantageous for real bridge applications,
especially when the amplitude of the external load triggers relevant displacements,
allowing to fully exploit the device’s capabilities. Finally, as for TMD, the energy
which is transferred from the beam to the device is dissipated through the viscous
damper. The NES used in this Thesis is such that its nonlinearity is of cubic type,

other possibilities are discussed.

3.4.1 Formulation

The NES is shown in Fig. 3.20 together with a sketch of the simply supported beam
in the longitudinal direction of the bridge, where my, kny and ¢y are the mass (in
kg), cubic stiffness (in N/m?®) and damping (in Ns/m) of the NES respectively, while
zn is its position along the beam axis and yy(t) its absolute vertical displacement
(in m).

The equations of motion of the simply supported undamped beam with the
attached NES, considering only conventional modes (which, as seen in the previous

sections, are enough for the case under study), can be derived from Egs. (3.20),
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Figure 3.20. Longitudinal view of the beam coupled with NES.

(3.22) and (3.23) as:

M(z,1) ~ Qi@ (21) + (C7 + Cig ) ¢""(2,1) + (D + DI

—Dga — Dt) o’ (z,t) + chp(z,t) + v(sn) [kN (\_fT(sN)cp(z,t) — yN(t))3 (3.89)
+en (V1 (sn)@(2,t) — gn (1)) 6(z — 2v) = pa(z,t)

magin(t) = [y (7 (sn)p(av. ) = yn (1)

(3.90)
+en (VT (sw)@(zn, t) — gn(t))] =0
with boundary conditions at z =0, L:

[(Cf + C?m> ¢ (2,t) + DI (2, t)]j =0 vt (3.91)
[p(z,t)]f =0 Wt (3.92)

where §(z — z) is the Dirac function, which provides the position of the NES along

the beam.

Being the main goal to study 1:1 resonance neglecting possible internal reso-
nances, thanks to the presence of damping that is added on the beam, it can be
assumed that the response of the system is dominated by its j** vibration mode
p(z,t) = ®;(2)Y;(t) which has to respect the boundary conditions in Egs. (3.91),
(3.92); the procedure to analytically obtain vibration modes for the simply sup-
ported beam explained in Sect. 3.2.3 under the name of MA1 is here followed. So,
adding damping to the beam as C; = 2¢;M;w; where ¢; is the modal damping
coefficient and projecting the equations of motion on the j** mode, one can write:

MY (1) + C¥5(t) + KV(0) + @7 (2n)w(sn) [y (77 (s5)@; (20 (1)

. L (3.93)
—u ()" + e (T ()@, (V50 =i ()] = [ 8T paeitya:
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maiin(t) = [k (97 (s3) @52 ¥; () =y (1)
‘ (3.94)
ton (V7 (sn) @5 (=0)¥;(8) = v (1)) | = 0
where mass and stiffness terms are:
L
My = [ 97C) [M®, () - Q) (2)] d: (3.95)
L

K:= [ ®Tx)|(cf+Cy,) " (2

i= [ #7e) [(c7 + ona) #7C) o0

+ (Df +D/" — Dy, - Dt) ®(2) + Bf<1>j(z)} dz

At this point, in order to write the equations in a more convenient form, some

non-dimensional parameters are introduced as follows:

~ z B yN(t)
z = a7 T = wjt, yN(T) = bl
7. ko2 - CNW; a
8kN — Kjl’ ECN = ijv €Cj _ 2§] (397)
=(3 = (s ~ Yi(t
v(sn) = V(sn), ®,(zy) = ®,(2n), Yi(r) = jb(l)
T = | " &7 (2)pa(z )d (3.98)
= (2 z,t)dz .
Mjw?-bl 0 J palz,

where by is a characteristic length of the beam, which can be properly chosen, and ¢
is a small non-dimensional parameter that, in this case, has a clear physical meaning
(differently for example from Sect. 3.5 where it is just a bookkeeping parameter)
accounting for the ratio between the mass of the NES and that of the beam to be

controlled as:
my

O0<e=
€ M,

<1 (3.99)

Non-dimensional variables are put inside Egs. (3.93), (3.94) and, neglecting tilde to

keep the notation light, they can be rewritten as follows:

Yj(r) +eCyY;(r) + Y;(7) + @5 (2n)¥(3n) [ekn (V7 (sn) ®;(2n)Y;(7)

' (3.100)
—yn (7))’ +ecn (VT(SN)@J'(ZN)YJ(T) B yN(T))} =<t

i (7) = [ehn (77 (s3) @ (zn)Y; (1) =y (7))’
(3.101)

+een (VT(SN)%(ZN)}G(T) - ZJN(T)H =0
where () = d/dr. Equations are rearranged introducing new variables ry and 71
which are representative of the relative displacement between the beam and the

NES in the point where the NES is attached, and of the displacement of the center
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of mass of the coupled system respectively as:

=T
] VoSN P ZN -1 Y,
[ emeen) j a0
71 1 € YN
So, equilibrium equations are rewritten with these new coordinates, putting x; =

<I>T(zN) (sy) and Dj = 1+ ¢€x;, as:

A~

Cj 1
7] +€Di'](87;2+7’:1) + F(€T2+T1)+€kN( -1 +een (xj —1)ra =el’ (3.103)
J J

S P : .
T2 + % L(ery +71) + %(Em +11) + kv (exF +1) 13+ en (exG + 1) 12 = exyT
J J
(3.104)
In the spirit of the Complexification Averaging Method, complex variables (31, (2

by Manevitch [87] are introduced (i is the imaginary unit) as:

,BleiQRT = fl + iQRTl
. (3.105)
Boe™ T = 1y + iQRro
Since the goal is to solve the problem through MSM [95], different time scales are

introduced, and complex variables are rewritten respectively as:
mi=¢er, Bi(1)=Bi(r0,7m1,...), i=1,2 (3.106)

so that the derivative with respect to non-dimensional time becomes:

df..) _ a(...) a(...) 28(...) B 9
dr 70 +e€ o +e o1y +...=Dog+eD1+e“Dy + ... (3.107)

Then, the Galerkin’s method is applied keeping only the harmonic of frequency Qg

as:
2

z (B1, B2, B1, B2) = %7]: /OQR X (B, B2, B, B2) e 7 dr (3.108)

where (-) is used to denote the complex conjugate of these variables. It is made the
hypothesis, to be proved, that variables 8; do not depend on the fast time scale
To = 7 and, if it is not true, the system has to be studied at the infinity of fast time

scale, i.e. for 79 — 0o. So, equilibrium equations can be finally rewritten as:

. ZQR
B+ ——B1+ ﬁ (ﬁ1 +¢ef2) + 5 Q D, (81 +€B2)
o (3.109)
3 27 ]- QR QiR —iQRT
8 5 ——ckn (x; — 1) 83082 + SECN (xj—1)B2 = o ele Tdr
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iQRﬂ z-:xj
g 27T 2D;

Ba + 1 (81 +eBa) + % Q D (B1 +€B2)
o (3.110)

+ 82'?1?’%kN (exG+1)B3B2 + %CN (exi+1) B2 = 2—71? /OQR ex;Te 7 dr

The introduction of multiple time scales (fast, slow and eventually slower ones)
implies that the system behavior has to be studied at different orders of ¢, i.e. at
different scales of time, with the higher orders € being corrections to the lower order
ones. In addition, given that the goal is to study the system response around a 1:1
resonance, it has to be set:

Q
Qp=-"L=1+¢co (3.111)
wj

where Qp is the angular frequency (in rad/s) of the external load (Qz being its
non-dimensional counterpart) and o is a detuning parameter that permits to study
the system near resonance. Collecting all terms at the same order of ¢ until €', so

just the first two time scales, the perturbation equations are obtained as:

ord. £ : DoBy + 51 + %D, — 01 =0 (3.112)
272" 9ip; 7t T s 2
ord. 8 : DS -l- ,31 + ﬁ (62 - 0'61)
o (3.114)
3 1 Qp QiR —iQRT
+8ikN< )ﬁ2ﬁ2+2CN( 1),3 o T'e dr
o X;Cj X
D w _
1ﬁ2+252+2D5+2D(52 o)
o (3.115)
3 1 o
+ kN( —30) 3582 + SENX; 2By = /QR Te SR qr

First, the response of the system at fast time scale 7y is studied. Starting from
Eq. (3.112), it can be verified that D; ~ 1, so that Dy = 0, which means that 3,
is independent of fast time 7y in accordance to the hypothesis made before. About
Eq. (3.113), an asymptotic state is searched for 79 — oo, such that DofSs = 0, i.e. the

equilibrium (fixed) points of the system are searched, obtaining the following:

S (B1, B2, B1, B2) = %Bl - %52 + %kzvﬂgﬁz + %CNﬁz =0 (3.116)

which is the equation of the Slow Invariant Manifold (SIM), a topological manifold,

invariant under the action of a dynamical system [18, 131]. In order to study it,
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complex variables introduced before are written in polar form as:
Bj = N;ei j=1,2 (3.117)

where N; € RT, §; € R. Then, Eq. (3.117) is put inside Eq. (3.116) to get the SIM

in the real domain, obtaining the equilibrium points as:

N, 3 2
Ny =224/ + <1 - 4I<:NN22> (3.118)
Xj
To study the stability of the SIM, a small linear perturbation |Afs| < |B2| is
applied to Py as By — B2 + Afs and to its complex conjugate. Then, as usual,
the real part of the eigenvalues of the resulting matrix is studied: if it is negative,

the equilibrium points are classified as stable, otherwise they are unstable. After

neglecting higher order terms, the equation becomes:

0A B 1 3 _ 1 3

2 = _ 2 kB2
bro | |2 T atvPRPR g 5i 2 A
SAB; 3, 2 13 5 _ 1L Ay '
570 8i "N 5; T gl —gen

where the matrix is called Z. Thus, the eigenvalues of Z can be found by solving

the following characteristic polynomial:
N2 — (Z11 + Zog) N+ Z11Zoy — Z19Z91 = 0 (3.120)
and the following relations can be identified:

M+ X=211+ 2y =—cny <0
(3.121)
My = Z11 422 — Z12721

So, it results that the sum between the real part of the eigenvalues is always negative
(being the damping coefficient of the NES positive), thus if the product between
them is positive, both of them have to be negative, so the equilibrium point is stable,
while if the product is negative, the real part of one eigenvalue is necessarily positive,
so the equilibrium point is unstable. From these considerations it is possible to state
that the unstable zones of the SIM are those for which Z11Z99 — Z12Z21 < 0. An

example of SIM found in this way is illustrated in Fig. 3.21.

Moving to the slow time scale 71, the objective is to track the evolution of
the SIM at this time scale and to study the system at slow time scale around the
SIM [127], to understand its behavior near a resonance condition. It means that

equilibrium and singular points have to be found starting from the first equilibrium
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Figure 3.21. Analytical Slow Invariant Manifold with stable and unstable zones.

equation at order ', Eq. (3.114), rewritten as:

9 o
8611 =K1 (61, B2, A1, b2) (3.122)

where:

o C.
Eq (81, B2, Br, B2) = %,31 — 27551 - % (B2 — o ph)
J
o (3.123)

5 3 1 Q Qg —iQRT
- gkz\f (xj —1)B3B2 — =en (xj — 1) o + == QR pe—iQrT gy
¢ 2 27T 0

Then, the evolution of the SIM S at the current time scale 7 can be considered as

follows:

o5 _ 05 0m 0505 0505 05 b
87‘1 8ﬁ1 87'1 aﬁg 67'1 851 87'1 8,82 (‘)7-1
05 _ 805 080% 0800 05 0%
87‘1 861 87’1 862 87'1 861 87‘1 8,32 87’1

A reorganization in matrix form of the system of equations can be realized as:

(3.124)

s 0957 /08 oS 081 0
o 9 o a8, 0B | | or
el N I I R B (3.125)
o x| |on| | s||om
B2 9B on OB Op 0T
J
2

where Jg is the Jacobian matrix of the SIM with respect to (Bg,ﬁ_g); thus, the

following systems can be written, for equilibrium and singular points respectively:
Ei=0 Ei=0
S=0 S=0 (3.126)
det(J2) #0 det(J2) =0

The calculation of the matrix Jo, gives that Jo = —Z, which implies that the

singular points of the system are found in correspondence of the stability borders.
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On the other hand, to find equilibrium points, the subsystem given by the first
two equations of the first system in Eq. (3.126) has to be solved, namely Eq. (3.123)
and Eq. (3.116), to obtain an equation with Ny and with the unknown variable as
the detuning parameter o; doing so, a simple second order algebraic equation has
to be solved for different values of Ny to find the equilibrium points. So, setting
F =3/4knB2f2 and 7 = Qg/(27) f027r/QR Le~™R7dr the first two equations of the

system give:

5102 +coo+c3=0 (3.127)
where: ,
1 F 2
& = N2 < . > + N (3.128)
Xi Xj X
F*(x;—1) F(x;—-1)  F 1 2 —1
oy = NZ ( 0-b _ FOg-D F 1 by )) (3.129)
Xj Xj Xi  Xj X
F2x; —1)*  Flg-1) &b -1D* 1
Gr — N2 J J N\XJ =
= < 7
U . . ) (3.130)
LG GF Giey G G\ |f
4X]2' 2)@ 2 4)@ 4)@ 1

Resolution of Eq. (3.127) gives maximum two values of o for each assigned
value of Ny, with only real values of o having a physical meaning. Then, the
relationship between N; and o can be easily obtained using Eq. (3.116), in order to
get the Frequency Responce Curve (FRC), which are the relationships between the
amplitudes of response N; and No and the frequency, here represented in terms of
0. Studying these curves, different types of responses can be obtained in function

of o:

(i) Periodic Response: in case of stable equilibrium points the system oscillates
in time with a certain period and asymptotically tends to a condition of equi-

librium.

(ii) Modulated Response: in general this behavior can be detected if the system
presents fold singularities, i.e. those when equilibrium points (obtained from
E; = 0 around the SIM) and singular points (for which det(J2) = 0) co-
incide (see Eq. (3.126)) [45, 71, 127]. In addition, if the equilibrium point
is positioned in the unstable zone of the SIM, the system will also present
the modulated response, corresponding to repeated jumps between the limit

points of the SIM [56].
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(iii) Isola: the system can also present isolas which are isolated branches of the
FRC that appear for some amplitudes of the external excitation and are re-
absorbed to the main branch out of those amplitudes. In general, isolas have
higher energy levels causing amplification in the response, being detrimental
if the objective is, as in this case, to reduce the vibrations of the beam. More

details about this phenomenon are found in [26].

As a final remark, another result of the analysis is the so-called backbone curve
[95] which can be obtained from Eq. (3.127), via setting damping and external load
equal to zero; for nonlinear conservative systems, this curve provides the amplitude

dependency of the frequency.

3.4.2 Load cases

The model developed in the previous section is applied considering different types of
external loads to test the capability of the NES to reduce vibrations related to them,
at different frequency levels. In this section, the considered loads are specified, while
results are presented in Sect. 3.4.3. Loading scenarios are resumed in Tab. 3.7 and
shown in Fig. 3.22.

First of all, a vertical, sinusoidal, uniformly distributed load with frequency Qg
is applied on the upper flange of the beam (the load p is in (N/m?)). The frequency
is then written in non-dimensional terms as in Eq. (3.111) as Qg in this and in
following cases. Moreover, it can be useful to express the non-dimensional load I
of Eq. (3.98) as:

' =T, sin(Qgr7) (3.131)

and recalling Eq. (3.95), substituting to ®; the expression obtained through MA1
in Eq. (3.64) and to pgq the expression in Eq. (3.16), considering Eq. (3.67), for odd
values of n; it is possible to express I'j as:

4 e7p)

T =
P Enjwwjz.bl @?Mj@j

(3.132)

where p% is written in the table. In this way, one can find that 4 appearing in
Eq. (3.130) is equal to I',/(2¢). This case is identified as UL-1 in Fig. 3.22(a) and
the same procedure to determine I',, can be extended to the subsequent load cases.

Then, a case similar to UL-1 is considered, but with the load applied only in

the mid upper flange of the cross section of the beam, i.e. between the points of
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intersection of inclined webs with the upper flange, identified as UL-2 in Fig. 3.22(Db).

Subsequently, a vertical, sinusoidal, punctual load with frequency 2 is applied
at the center of the upper flange of the beam (the load p is formally expressed in
N/m, as it has to be written as the ratio between the punctual load in N and the
cross-section dimension of the element along s following the discretization made in
the cross-section analysis). Also in this case ¥ is equal to I',/(2i) where I'), was

calculated as for UL-1. This case is identified as PL in Fig. 3.22(c).

Then, a train of moving loads p, representative of a series of N,, vehicles moving
on the bridge at constant speed v, and distance d,, is applied on the upper flange
of the beam. The frequency of each load is Qp = njmv,/L [146]. Expressions in
Tab. 3.7 are meant for each vehicle, where t; = (j — 1)d, /v, is the arriving time
of the j'" load on the beam and t; 4+ L/v, is the time at which the vehicle reaches
the end of the beam. In this case, just the numerical solution of Egs. (3.103),
(3.104) was obtained using a Runge-Kutta method (ode45 on Matlab) since, due
to the characteristics of the beam, if the goal is to have vehicles in a 1:1 resonance
with one mode of the beam, an extremely high speed should be considered, which
however would be unrealistic. This case is identified as ML in Fig. 3.22(d) and the

expressions reported in Tab. 3.7 are found as before.

Finally, seismic action was considered too. For the beam without the NES, both
analytical and numerical solutions can be obtained, while, for the beam with NES,
just the numerical solution of Egs. (3.103), (3.104) through a Runge-Kutta method
is considered. In fact, as the earthquake has a wide spectrum of frequencies, it
is not possible to consider a 1:1 resonance. Moreover, in general, in Egs. (3.93),
(3.94) the hypothesis that only the j*" vibration mode contributes to the beam
response is not valid and a certain number of vibration modes should be considered
to correctly describe the beam response, but the presence of nonlinear stiffness and
damping terms of the NES couples all these vibration modes, making impossible to
apply the procedure developed in the previous section. On the other hand, for the
beam without NES it was seen that, due to the characteristics of the beam itself
and those of the chosen earthquake, the difference between the analytical solution
keeping only the 15¢ vibration mode, and the one with more modes is negligible:
this means that for this specific case it is possible to proceed with only one mode
avoiding the coupling (always in a numerical way). So, the earthquake is considered

as a vertical ground motion vy(t) (in m), applied to both supports of the beam,
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so that displacements v(s, z,t) and yx(t) are relative to the base. Using the usual
notation, the ground acceleration can be written as i4(t) and, considering the mass

per unit area m seen in Eq. (3.19), the load terms are reported in Tab. 3.7. This

case is identified as SL.

| i psin(Qpt) l | | i psin(Qpt) i |

[ ] I psin(Qpt) I T 1] [ 1 psin(Qpt) | ]

(a) (b)

| psin(@t) T v

l psin(Qpt) l p
(c) (d)

Figure 3.22. Schematic representation of different types of loads in longitudinal and
transversal planes: (a) UL-1, (b) UL-2, (c) PL, (d) ML referred to Sect. 3.4.2.

Table 3.7. Characteristics of different types of loads for the TWB with NES.

Type of load fy(s,2,1) p% el for n; = 1,5, ...
Uniform psin(Qpt) [, pv(s)ds ’I’Ljﬂ'j}?bl Q?idi?é)j sin(QrT)
Punctual  psin(Qpt)d(z — L/2) [, p¥(s)ds bllzjwjz @?E/E[gzej sin(QgT)
Mo pieoat) Lt B - )
Seismic mi, (t) [, mla(s) sin(a(s)) 4 O

njmu?bl (-')]TMJ-@J- B(7)
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3.4.3 Results

Geometrical and mechanical properties of the beam were already reported in Fig. 3.4
and in Tab. 3.1; those of the NES (the dimensional ones) are written in Tab. 3.8. The
parameters of the NES were manually adjusted to minimize the beam displacements,
thus they do not come from a rigorous optimization procedure [12], so it is likely
that better results can be found by changing them (an example can be found in [71]

where different trends of the SIM are identified as the parameters vary).

Table 3.8. Parameters of the NES applied on the TWB case study.

my (kg) cn (Ns/m) ky (N/m?) 2y (m)
650 2.0x 10> 6.0 x 106 L/2

First of all, in Fig. 3.23 the analytical SIM, found using Eq. (3.118), with the sta-
bility borders (in red) which are determined in accordance to Eq. (3.121), is shown
together with a numerical solution given by the resolution of Egs. (3.103), (3.104)
with no external load, subjected to some non-trivial initial conditions (i.c.) marked
as “x”; the unstable zone is represented by a dashed line. It can be noted that, for
the chosen initial conditions, the solution oscillates in time around the right branch

and then in correspondence of the stability border jumps on the left branch and

finally goes to zero, since the unstable zone is physically unattainable.
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Figure 3.23. Analytical and numerical SIM for the TWB with NES.

Another important curve to describe the nonlinear system is the backbone curve,
shown in Fig. 3.24 together with some FRC for different load amplitudes for the load
case UL-1. The backbone curve is defined as the locus of the peak amplitudes and it
is possible to note that by increasing the amplitude of the external load (e.g. from

—10 N/m? to —200 N/m?), the NES performance increases, in the sense that it
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really starts to manifest a nonlinear behavior, with different kinds of equilibrium

points that can be obtained.

Figure 3.24. Frequency response curves and backbone curve (in blue and cyan) for the
TWB with NES.

At this point, results for the different load cases are reported, in the same
order they were presented (from UL-1 to SL). The first investigated case is a UL-1
with a load amplitude p = 6.0 x 10 N/m? with the same frequency of the first
vibration mode of the beam (the one whose longitudinal variation is indicated as
®, in Fig. 3.11) equal to Qp = w; = 15.05 rad/s.

From Fig. 3.25(a) it can be noticed that, in this case, the NES is well acti-
vated (the nonlinearity is evident) and, in Figs. 3.25(b), 3.25(c), it is shown that
in function of the value of the detuning parameter, it is possible to have 1, 2 or in
some cases even 3 solutions of different nature, depending on the value of the i.c..
Moreover, always in Fig. 3.25(b), a comparison between FRC of the beam with and
without NES (the latter in magenta) highlights a general reduction of displacement
on the beam when the nonlinear device is installed.

Fig. 3.26(a) shows that for a value of o = 0.65, the equilibrium point (there
represented by a circle) moves in time around the SIM and, when it attains the
stability border, it bifurcates, jumping on the other branch. The same behavior,
which clearly describes a Modulated Response, can be found in Figs. 3.26(b), 3.26(c)
where bifurcations in time are evident; furthermore in the same figures N; and No
are plotted as envelopes of 1 and ry respectively, with a clear meaning of energies.

In Fig. 3.27(a) the displacement of the beam at midspan and of the attached
NES is shown, normalized with respect to the beam length, and it is evident while
in Fig. 3.27(b) the response of the beam with and without NES is reported. Looking

at the two figures, it is evident that when the NES is activated (high value of yx)
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the displacement of the beam is immediately reduced; moreover, the Modulated

Response is evident once again.

(b) (c)

Figure 3.25. FRC for the TWB with NES under UL-1 load with p = 6.0 x 10! N/m?: (a)
3D view in N; — Ny — o (unstable zone of the SIM in red) with SIM (in blue); (b) 2D view
in Ny — o with the FRC of the beam without NES (in magenta); (c) 2D view in Ny — 0.
Vertical lines represent values of ¢ investigated in next figures.

After that, the same UL-1 case with amplitude p = 6.0x 10! N/m? and frequency
of the first vibration mode is considered but with a different value of the detuning
parameter ¢ = 0. From Figs. 3.25(b), 3.25(c) it can be noticed that changing o
means that the response becomes periodic, with the equilibrium point oscillating
in time and attaining to an asymptotic value, as shown in Figs. 3.28(a), 3.28(b);
the values of N; and Ny found solving the numerical problem are really close to
the analytical ones identified by the vertical line at o = 0 in Figs. 3.25(b), 3.25(c),
confirming the validity of the analytical model. Moreover, in Fig. 3.29(a), it can be
seen that the displacement of the NES is high enough to reduce the displacement of
the beam as showed in Fig. 3.29(b); even if the behavior of the NES is not optimal,
displacements are compatible with those expected on a real beam.

Moving on, a UL-2 case with amplitude p = 2.0 x 10* N/m? and frequency equal

to that of the fifth vibration mode (the one whose longitudinal variation is indicated
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Figure 3.26. SIM and numerical results (from direct numerical integration of Egs. (3.103),
(3.104) with zero i.c.) for the TWB with NES under UL-1 load with p = 6.0 x 10! N/m?,
o = 0.65: (a) Ny — Ny with SIM ; (b) Time history of Ny and 71; (¢) Time history of Ny
and ro.
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Figure 3.27. Numerical results (from direct numerical integration of Eqgs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under UL-1 load with p = 6.0 x 10* N/m?, o = 0.65:
(a) Time histories of vy /L and yx/L; (b) Time histories of vy /L with and without NES.

as ®5 in Fig. 3.11) equal to Qp = ws = 87.21 rad/s is considered.

Results reported in Figs. 3.30(a), 3.30(b) and 3.30(c) are quite interesting, since
they show the onset on an isolated response or Isola (see for example [51, 68]), which

can be dangerous for the beam due to the higher energy level (note that in those
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Figure 3.28. Numerical results (from direct numerical integration of Eqgs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under UL-1 load with p = 6.0 x 10! N/m?, ¢ = 0:
(a) Time history of Ny and r;; (b) Time history of Ny and rs.
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Figure 3.29. Numerical results (from direct numerical integration of Egs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under UL-1 load with p = 6.0 x 10* N/m?, o = 0:
(a) Time histories of vy /L and yn/L; (b) Time histories of vn /L with and without NES.

figures, stable and unstable zones are referred to those of the SIM and not to the
Isola itself). Figs. 3.31(a), 3.31(b) show once again the excellent correspondence
of the numerical solution and the analytical one, as can be seen by looking at the
values intercepted by the vertical lines in Fig. 3.30(c). Moreover, in Figs. 3.32(a),
3.32(b) the reduction of the displacement on the beam, thanks to the Modulated
Response of the NES is still evident, meaning that the same NES can be used to
control a different type of load (distributed just in the central part of the beam)
with a different frequency associated to a mode which was detected thanks to GBT-
D: in fact, it has to be stressed that the GBT-D was fundamental to detect this
vibration mode, which, as can be seen in Fig. 3.11, exhibits the deformation of the
cross-section in its own plane meaning that it could not be found through simpler

beam theories, which, as a consequence, could not account for this resonance.
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Figure 3.30. FRC for the TWB with NES under UL-2 load with p = 2.0 x 10* N/m?: (a)
3D view in N3 — Ny — o (unstable zone of the SIM in red) with SIM (in blue); (b) 2D view
in Ny — Ny with SIM; (c¢) 2D view in Ny — o with the FRC of the beam without NES (in
magenta). Vertical lines represent values of o investigated in next figures.
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Figure 3.31. Numerical results (from direct numerical integration of Egs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under UL-2 load with p = 2.0 x 10* N/m?: (a) Time
history of Ny and 7 for ¢ = 0.25; (c) Time history of N7 and r; for o = 0.

Then, moving from uniform to punctual loads, a PL case with amplitude p =
3.0 x 10* N (divided by the the dimension of the cross-section element along s to
have a load per unit length) and frequency equal to that of the first vibration mode

is considered. Results are qualitatively the same of those shown for uniform load,
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Figure 3.32. Numerical results (from direct numerical integration of Eqgs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under UL-2 load with p = 2.0 x 10* N/m?, o = 0.25:
(a) Time histories of vy /L and yy/L; (b) Time histories of vy /L with and without NES.

as can be seen in Fig. 3.33(a) where the Isola is also present, and in Fig. 3.33(b),
showing the ability of the NES to reduce vibrations on this type of beam also for this
type of load. It can also be noted that, since the amplitude of the displacements
is limited, a properly tuned TMD could also lead to an adequate reduction of

vibrations having a periodic response in cases like the one at hand.

%10

<
4
=~
L S S S = O S )

0 50 100 150 200 250 300

t(s)
(b)
Figure 3.33. (a) 3D view of the FRC for the TWB with NES under PL load with
p = 3.0 x 10* N (unstable zone of the SIM in red) with SIM (in blue); (b) Time histories of

vy /L with and without NES for ¢ = 0.5; numerical results from direct numerical integration
of Egs. (3.103), (3.104) with zero i.c.

Then, the moving load, considered as subsequent vehicles with the same speed at
the same distance, is introduced. Different combinations of parameters can be con-
sidered for this type of load. In this case IV, = 80 vehicles, at a distance d, = 20 m
with a speed v, = 70 m/s and with amplitude p = 3.0 x 10° N are considered.
Results reported in Figs. 3.34(a), 3.34(b) show a reduction of the vertical displace-
ment of the beam with NES, both during the transit of vehicles on the bridge and
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in free oscillations. However, even though the NES is activated, the reduction is
not so impressive in this case, and it can be better appreciated in the tail of the
figures, when all the vehicles have passed through the beam; it is likely that the
high number of parameters involved for the load, in addition to those of the NES,
do not permit an ideal reduction in vibrations. In Tabs. 3.9, 3.10 some results are
reported, showing the influence of different vehicle parameters on vibration control;
values are (v%/ - v%/ O) / v%/ ? in percentage. In particular, from Tab. 3.9 it can be
noticed that if vehicles are too close or too far, with respect to the beam length,
the NES could increase the displacement (positive difference) rather than reducing
it, especially for higher speed values. On the other hand, Tab. 3.10 shows that for
some combinations of N, and v, the reduction is more effective. Furthermore, it
should be stated that the chosen speed of vehicles is quite far from the critical one,
which for the characteristics of this beam is too high to have a physical meaning,

so the reduction may not be optimal.

x10°®

14 —w/o
12 w/

YN/

Figure 3.34. Numerical results (from direct numerical integration of Eqgs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under ML load with p = 3.0 x 10> N/m?, N, = 80,
dy =20 m, v, = 70 m/s: (a) Time histories of vy /L and yx/L; (b) Time histories of vy /L
with and without NES.

Table 3.9. Influence of d,, and v, on vibrations reduction with p = 3.0 x 105 N/m? and
N, = 80. Values represent (v;f/ v/ 0) /vw/ in percentage.

\ 15 (m) 20 (m) 30 (m)

36 (m/s) | -4.56  -29.41  -0.23
50 (m/s) | -6.25  -15.88 +30.12
70 (m/s) | +44.75 -38.85 +22.92

Finally, the earthquake is taken into account through a SL case with ¥,4(t) taken
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Table 3.10. Influence of N, and v, on vibrations reduction with p = 3.0 x 10> N/m? and

d, = 20 m. Values represent (v}\u,/ — UJU\J,/O> /vﬁ/o in percentage.

No 10 20 50
Uy

36 (m/s) | -2.71  -6.90 -24.79
50 (m/s) | -2.06 +7.34 -28.49
70 (m/s) | -9.25 -13.43 +1.29

as the time history of a past earthquake (I’Aquila, 2009): it was chosen since
the range of frequencies of the event, identified by its spectrum, was around the 15¢
frequency of the beam, with a vertical Peak Ground Acceleration (PGA), slightly in-
creased to a value of 0.52 g (Fig. 3.35(a)). Numerical results shown in Figs. 3.35(b),
3.35(c), put in evidence the instant when the NES is activated, almost correspond-
ing to the moment when the seismic acceleration reaches its peak value, and show an
evident reduction of displacement of the beam with the NES, even if the maximum
displacement remains the same. This application demonstrates the validity of the
NES in reducing vibrations related to real loading scenarios, which can otherwise
cause severe problems on bridge decks.

To conclude this section resuming its main findings, a full-scale beam was stud-
ied with the goal of reducing vibrations caused by different types of loads with
different frequencies. Due to its shape, the beam was modeled through Generalized
Beam Theory to take into account aspects like the deformation of the cross-section
in its own plane and to consider vibration modes (like torsional, local or mixed
ones) which cannot be considered with simpler beam theories. The beam, linked
to a Nonlinear Energy Sink, was studied through the Complexification Averaging
Method, highlighting a good reduction in beam vibrations for 1:1 resonant loads,
with different behaviors (periodic, modulated response, isolas). A lower reduction
for non-resonant loads which normally act on the beam, like earthquake or train of

moving loads, was found too.

3.5 Identification

In this section, a parameter identification procedure of a (geometrically and me-
chanically) nonlinear beam is presented, with the objective of estimating the value

of its parameters from numerical or experimental data; the procedure could be lately
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Figure 3.35. Numerical results (from direct numerical integration of Egs. (3.103), (3.104)
with zero i.c.) for the TWB with NES under SL load: (a) Time history of the event; (b)
Time histories of vny /L and yn/L; (¢) Time histories of vy /L with and without NES.

used for damage detection purposes, not pursued here. First, discrete systems are
studied, in order to validate the method and compare it to an equivalent technique
taken from the literature, based on the combination of the Hilbert-Huang Trans-
form (HHT) and of the Complexification Averaging Method (Cx-A) (whose results
are presented in Appendix A), then the nonlinear continuous beam is studied.

The identification is model-based, being the model tackled through the Multiple
Scale Method (MSM), while the input data coming from the signals are processed
through the HHT. In this way, it is possible to exploit the advantages of both
methods: for the MSM the advantage is that, using it directly on the continu-
ous problem, it is not necessary to choose a priori the modal basis (e.g. through
Galerkin’s method), while for the HHT the advantage is that it allows to extract
mono-component subsignals from a generic record.

In this section a nonlinear Euler-Bernoulli beam model is used, with the first goal
being the establishment of this new model-based identification technique. However,
it is not excluded that in the future the same technique could be applied to the

GBT-D model of the previous sections with the possibility to localize the damage
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in a TWB.

3.5.1 Hilbert-Huang Transform

The fundamental aspects of the HHT are here recalled. This technique, which was
developed in the field of signal processing, is used here in order to identify the
parameters of nonlinear dynamical systems, in combination with MSM; better, it
is used to process the signal and get the information needed by the identification
procedure.

The HHT can be seen as an extension of the classical Hilbert Transform (HT).
It was first introduced in this form by Huang and coworkers in [55] to deal with
generic nonlinear and non-stationary signals with multiple components. The novelty
introduced by Huang allows to deal with generic signals by dividing them into mono-
component sub-signals. This step is unavoidable since, as demonstrated by many,
the direct application of the HT on the original signal leads to wrong results (like
negative values of the frequency).

The idea is to apply the Empirical Mode Decomposition (EMD) which, through
the so-called sifting process, decomposes the signal into a small number of Intrinsic

Mode Functions (IMF) and a residue as:

2(t) = wit) + ra(t) (3.133)
=1

where each IMF is associated with a single frequency. The main steps of the EMD
to find the IMF written in Eq. (3.133) and represented in Fig. 3.36 are the following:

e Local maxima and minima of the signal (according to certain time lapse) are

identified.
e Their envelopes are constructed through two distinct splines.

e The mean between the two envelopes is calculated and the difference between

the original signal and this mean is considered as the first component.

e Then, the sifting process is repeated starting from the identified first com-
ponent (which in general is not an IMF yet) in order to overcome problems
highlighted in [55] (as negative local maxima and positive local minima and

asymmetry problems).

e The same process is repeated more times until an IMF is finally obtained as

the first component x;(t) of the original signal x(t).
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e The first IMF is subtracted to the initial signal and the sifting process is

repeated to find other IMF until a certain tolerance is reached on the residue

T (t).

EMD: IMFs (3 out of 10)

X(t) 0 1\/\/\/V\/\M/\A/\/\/\/L/\/\/\/\N\A

0.5 T T T T T T T T T
x1(t) 0
-05 1 I I I I I I I I

0.2 1
xz(t) 0

01 - T T T T T T T T T
x3(t) 0r
'01 1 Il Il Il Il Il Il Il Il |

4 = 4
I‘n(t) \ :

10 20 30 40 50 60 70 80 90 100
Time (seconds)

oo N

Figure 3.36. IMF obtained through the EMD of a generic signal z(t).

To summarize, each IMF have to respect the following two conditions: (i) in the
whole data set, the number of extrema and of zero crossings must either be equal or
differ at most by one and (ii) at any point, the mean value of the envelope defined

by the local maxima and that defined by the local minima has to be zero.

Once the EMD is performed, the classical HT can be applied separately on each
IMF and the equations are here reported. The generic signal x(t¢) is considered
(where t is time), as its IMF are obtained through EMD and are referred to as

xk(t), the HT (here indicated as yg(t)) can be written as:
or(7)

-7

w(®) = Han®) = 2PV | (3.134)

—00
where PV is the Cauchy Principal Value, introduced to avoid the singularity at
t = 7. Therefore, the transform H (xj(t)) can be seen as the convolution integral
between z(t) and 1/t. The two signals x(t) and yx(t) can be combined to give the

complex analytic signal:

21 (t) = 2 (t) + iyp(t) = Quy (£)e P ® (3.135)
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where the amplitude and phase are respectively:

Qu, (1) = Var(t)?2 + yr(t)?, ¢y, (t) = arctan <5ZE3> (3.136)

The instantaneous frequency is obtained deriving the instantaneous phase with re-

spect to time:

0, (1) = ‘W (3.137)

The envelopes, phases and frequencies which are obtained through the applica-
tion of the HHT to experimental or numerical signals are used in this section to
identify the parameters of discrete systems before and those of a nonlinear Euler-
Bernoulli beam after. This concept entails a fundamental similarity among HHT,

Cx-A and MSM and is discussed in the following.

3.5.2 1-d.o.f. systems

The procedure to identify parameters using the HHT combined with MSM is de-
scribed here and in Sect. 3.5.3 for discrete systems in order to validate and extend it
to the beam in Sect. 3.5.4. The inspiration comes from [65] where HHT was used in
combination with Cx-A with the same goal (parameter identification) for discrete
systems (reported in Appendix A for comparison). The same two discrete systems

are here studied for validation of the proposed technique.

A damped Duffing oscillator, with linear stiffness k£ (in N/m), nonlinear stiffness

kn (in N/m3) and damping coefficient ¢ (in Ns/m) is considered:
F4ck+kr+kya®=0 (3.138)

Nontrivial initial conditions are applied: 2(0) = @, &:(0) = b, where @ and b are given
coefficients. The small bookkeeping parameter € > 0 is introduced, the variable x

2

is scaled as = ¢'/2% and damping as ¢ = ¢. After substitution in Eq. (3.138),

dividing by /2 and omitting tilde, one gets:
&+ ecik + kx + ekya® =0 (3.139)

Then, in the spirit of the Multiple Scale Method, different independent time scales
are introduced as T; = €'t such that Ty = t, T} = et, Tp = 2t and so on. If only Tp
and T} are kept, a uniform first-order series expansion of the solution is looked for

as z(t) = xo(To, Th) + ex1(To,T1). Derivatives with respect to new time scales can
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thus be written as:

ﬁ:DO+5D1+... d—2:D§+25D0D1+... (3.140)
dt dt?

where D; = d/dT;. The expanded version of z is substituted inside Eq. (3.139) and

high-order terms are discarded. Coefficients of like power of ¢ are collected and

set equal to zero, thus obtaining perturbation equations (and initial conditions) at

different orders of €. For the case under study:

ord. €¥ : D%xo 4+ kzog=0
20(0,0) = @, Doxo(0,0) =b
ord. &' : Dgfl,‘l + kx1 = —2DgD1xg — cDoxg — k‘nlfli%

1'1(07 0) =0, DO:UI(Ov 0) = —D1$0(0, 0)
Then, the generating solution of Eq. (3.141) is written as:
z0(To, Ty) = A(Ty)eT0 + c.c. (3.145)

where c.c. stands for complex conjugate, A(71) is the complex slow time-dependent
amplitude and w = \/E is the natural (angular) frequency of the associated linear
undamped system (the mass m is considered equal to one for the 1-d.o.f. system).
The generating solution, found at order £°, is then substituted in Eq. (3.143). Res-
onant terms, i.e. those multiplying 70 are collected and set equal to zero in order
to avoid the presence of secular terms in the solution, thus obtaining the Amplitude
Modulation Equation (AME), which is a nonlinear differential equation governing
the modulation of the leading response on the slow time scale (here T7). For the
1-d.o.f. case under investigation, one obtains that:

_—
DiA(TY) = —%A + %AM (3.146)

where A is the complex conjugate of A. The polar form of the complex amplitude
1 .

is finally introduced as A(T}) = ia(T 1)e®(T1) and the real and imaginary parts of

Eq. (3.146) are evaluated after the perturbation parameter ¢ is reabsorbed, thus

going back to the true time ¢, as follows:

wafl = %knla3 (3.147)
1
wa = —gwea (3.148)

oo
~
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As a consequence, i.c. can be written as:

a(0) = /@ + = (3.149)

B(0) = — arctan (f&) (3.150)

Eqgs. (3.147), (3.148) are used here to identify the systems parameters, i.e.,
nonlinear stiffness and damping coefficients, and for this purpose they are rewritten

in the matrix form An =b as:

3 4 i

—a 0 kn, wa

8 ) A (3.151)
0 —5wa c wa

where 7 = (ky; )7 is the column of the parameters to be identified. The model-
based identification is carried out substituting to the time laws of a, £, and their
derivatives in Eq. (3.151) the outcomes of the Hilbert-Huang Transform on the
acquired signals, thus allowing one to evaluate m. This step is possible because,

after rewriting Eq. (3.145) with trigonometric functions as:
xo(t) = a(t) cos (wt + 5(t)) (3.152)

and, comparing the expression of z((t) written in Eq. (3.152) with the analytical

signal of Eq. (3.135), it is found that:
a(t) = Qu(t)

B(t) = ¢p(t) —wt — B(t) = O.(t) —w
which illustrates the link between HHT and MSM.

(3.153)

It should be highlighted that the matrix of coefficients A of Eq. (3.151) is not
square: in fact a, (3, a, B, used to solve the problem, come from the application
of the Hilbert-Huang Transform on the time histories of the solution, thanks to
the relationship written in Eq. (3.153); they can be either numerically generated or
experimentally acquired, thus, in both cases, they are evaluated at different time
instants (this means that the matrix A is tall). It is now possible to pseudo-invert
the matrix of coefficients A of Eq. (3.151) and solve the system for n, i.e., to find

the unknown parameters k,; and c, as:

n=(ATA)'ATb (3.154)
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3.5.3 2-d.o.f. systems

The 2-d.o.f. nonlinear oscillator, with masses m, ma (in kg), linear stiffness terms
k1, ko, k12, nonlinear stiffness k,; and damping terms c1, ¢, c12, already analyzed

in [65] through Cx-A, is considered. The equations of motion are:

miZ + 1@ + c12( — 9) + b1z + kie(x —y) =0
(3.155)

mai + cot) + c12(y — &) + koy + k12(y — ) + kny® = 0

Non-trivial initial conditions are applied, as z(0) = Z, y(0) = §, #(0) = X,
7(0) = Y, where #, §, X, Y are given parameters. The goal here is the identification

of the column i = (ky c1 ¢o c12)7.

The MSM is applied once again, i.e. the bookkeeping parameter £ > 0 is in-

127 and y = /2§ and, in the

troduced, variables x and y are scaled as ¢z = ¢
hypothesis of small damping, ¢; is considered as ¢; = €¢; (i = 1,2,12). Substituting

in Egs. (3.155), dividing by £1/2 and omitting tilde, provides:

miT + ecix + Eclg(ﬁk — y) + kix + km(&? — y) =0
(3.156)

mal) + £coy + 5012(3) — x) + koy + klg(y — LU) + &‘knlyg =0

Time scales Ty = t and 177 = &t are introduced and the dependent variables are

expanded in series as:

x(t zo(To, T x1(To, T
W _ (oo T (oo 1) (3.157)
y(t) yo(To, T1) y1(To, T1)
After substitution of Eq. (3.157) in Eqgs. (3.156), perturbation equations are ob-

tained collecting and equating to zero the coefficients of the different powers of e.

Initial conditions are considered too:
ord. £° : mng{L‘() + kixo + k’lg(l'o — y()) =0
(3.158)
maDiyo + kayo + k12(yo — x0) = 0

1130(0,0) :iu yQ(0,0) :g

Doo(0,0) = X,  Doyo(0,0) =Y
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ord. €' : mngxl + kix1 + klg(ﬁCl — yl)

= —2m1 Do D1xo — c1Doxo — c12(Doxo — Doyo)

(3.160)
maDgy1 + kay1 + k12 (y1 — 1)
= —2myDoD1yo — caDoyo — c12(Doyo — Dowo) — kniyiy
z1(0,0) =0, 91(0,0) =0
(3.161)
Doz1(0,0) = —D129(0,0),  Doy1(0,0) = —D1yo(0,0)
The linear eigenvalue problem descending from Eq. (3.158), namely:
(Kip + AN*M;p)v =0 (3.162)
where
m; 0 ki+k —k
Mp=| , Kip= P N (3.163)
0 mo —kia ka4 k1o

are mass and stiffness matrices, respectively, is solved and the eigenvalues Ay = tiwy

and the (real) eigenvectors vy, = (vg; vgy)T, (k = 1,2) are obtained.

The generating solution of Eq. (3.158) can thus be written as:

2
XD(TU, Tl) = Z Ak(Tl)VkeiwkTo + c.c. (3.164)
k=1

where xo = (zg yo)? and Ag(T1) are complex unknown amplitudes, depending on

the slow time scale.

The i.c. of Egs. (3.159) can be rewritten on the modal basis as:

2 2
x0(0,0) = > arvy, Doxo(0,0) =Y bpvy (3.165)
k=1 k=1
where: o
b )M . (XYM
_ @ 9Mipvi Ty) Ve g (X Y)Mipve - IMipVy (3.166)
Vi, M;pvy Vi M;pvy

Eq. (3.164) is substituted in Eq. (3.160) and, there, terms multiplying e®*70 on
the right-hand side are collected in a 2-components column vector f. Solvability
conditions require that fi is orthogonal to the eigenvector vg, for k£ = 1,2, giving

rise to the following AME:

1
2(m11)17x2 + mgvljyz)wl

DA (Th) = [—Ai(a + C12)V1 22w

+2A16127)1,xvl7yw1 — Al(CQ + ch)Ul,yQCul (3167)

+317 (A%Alknlvl,yél + 2A1A2A2knlvl,y2v2,y2)]
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1

D1A5(Ty) =
142(Th) 2(m1vag? + mavg 2 )wo

[—As(c1 + c12)v2,.7ws

+2A5¢19v9 4 V2 ywa — Aa(ca + c12)v2 4, wo (3.168)

+3i (A3 Aoknvay® + 241 As Arkpvr %02 %) |

1 )
Polar form is introduced as Ax(T1) = iak(T 1)e?P:(T1) and, after reabsorbing e, thus
going back to the true time ¢, real and imaginary parts of the AME are collected,

providing the real form of the equations, which can be written in the form An = b,

as:
p1ai + pgaia3 0 0 0 ki ~Ga1h
0 31 f4a1 501 1 C1a1
patn fad - . (3.169)
peas + pratas 0 0 0 &) —(2a202
i 0 pgaz  poaz  pioaz| \Ci2 C2a2
where the expression of the coefficients p; and (; are:
_ vyt B W _ uglw _vitw
H1 = g H2 = 4 y M3 = 5 Ha = 5
_ (e —viy)en 3wyt _Buigtuey” __v2atwy
H5 2 ) M6 3 ) M7 4 y 8 9 )
2 2
_ V2w _ (vae —vay) 7wy
fo = =5 M0 =~ 5 ) (3.170)
G = (mav1e? +maviyHwr, G = (m1vas® + movay?)ws
Initial conditions become:
(0) a2 + b 81 (0) t b (3.171)
a =\/as + 5, = —arctan - i
k k w,% F WEag
for k = 1,2. Moreover, from Eq. (3.164) one gets:
2
Xo(t) = Y _ ak(t)vicos (wit + Bi(t)) (3.172)

k=1
from which the k" modal component of, e.g., the first component of the solution is

deduced as:

2o 1 (t) = a(t)vg g cos (wit + Br(t)) (3.173)

The obtained fast-frequency mono-component of the multi-frequency signal is com-

pared with Eq. (3.135), providing the following relationship:
ay(t) = Quy (1) / vk

Bi(t) = bay, (t) — wit = Br(t) = Oa, (t) — wi

Therefore, as for the 1-d.o.f. case, the outcomes of the HHT in terms of time series for

(3.174)
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ak, Bk, ax, B can be used in Eq. (3.169), and the resulting tall matrix of coefficients
A can be pseudo-inverted and multiplied to b to provide the unknown parameters
n = (kn c1 c2 Clg)T.

It is worth noting that, if the i.c. of Egs. (3.165) lie on a single eigenvector, e.g.,
g = by = 0 with a1 # 0 and/or by # 0 then, from Eqs. (3.169), (3.171), it turns

out that as(t) = 0. It means that, in such a case, the solution is mono-modal, i.e.:
Xo(t) = Qa1 (t)Vl COS (OJlt + ﬁl (t)) (3175)

and the HHT would not be able to deduce the IMF related to the second mode.

The real AME related only to mode 1 needs to be considered, namely:

kni
a3 0 0 0 c —Cra1f
piay L Cra151 (3.176)
0 psar pgar  psay c2 Cran
12

3.5.4 Continuous Systems: hinged-hinged beam

In this section, the procedure developed in Sect. 3.5.2 and Sect. 3.5.3 is extended to
the nonlinear beam. Both the transient dynamics associated with the imposition of
non-trivial initial conditions and the steady-state response following the application
of a harmonic forcing are investigated.

A hinged-hinged Euler-Bernoulli beam, with no internal resonances, is consid-
ered. The source of nonlinearity is twofold: on the one hand, it comes from the
geometrical effect related to moderately large displacements, which induce a nonlin-
ear cubic term associated to the phenomenon of stretching [85]; on the other hand,
a second nonlinear effect is related to the bending moment-curvature relationship
M(w") = EI(w")w"”. The resulting equation of motion with boundary conditions

[73, 84], in case of external harmonic load, is considered:

EA L
pii + (EI(w"yw")" + e = 2Lw”/ wdz + Fsin (Qpt) (3.177)
0

with:
w(0,t) = w"(0,t) =0
(3.178)
w(L,t) =w"(L,t) =0
where w(z,t) is the vertical displacement (in m), p is the mass per unit length (in

kg/m), ¢ is the damping coefficient (in kg/ms), FA is the axial stiffness (in N), L
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is the length of the beam (in m) and F is the amplitude of the vertical load per
unit length (in N/m) with angular frequency Qp (in rad/s); ()’ denotes derivative
with respect to z, () with respect to time t. The bending stiffness is assumed here
as BI(w") = El. + ksw'?, where EI. is the tangent stiffness at the origin (in Nm?)
and k3 is an elastic coefficient describing a hardening (k3 > 0) or softening (k3 < 0)

behavior (in Nm*).

The following non-dimensional variables are introduced and properly scaled

(with @ = 1/L*\/EI./p):

:z:%, s w:%, @ = eV,
& 2 AL2 k?g
= — = = = 3.179
500 £ =¢¢, =S X= (BLID)’ ( )
. F . A Q
F=——01p, F =&, Op=—
pLio w

Thus, the problem in non-dimensional form, after omitting tilde and hat, becomes:

1

W+ w"" + ex (6w"w”? + 3w w™") + 2eé = saw”/ w?dz 4 eF sin Qpr (3.180)
0

with:
w(0,7) =w"(0,7) =0
(3.181)
w(l,7)=w"(1,7) =0
Here, () denotes derivative with respect to Z, () with respect to non-dimensional
time 7. Modal frequencies of the linearized beam are evaluated as wy, = k*>7? and
(mass normalized) linear mode shapes as o (z) = v/2sin(kmz).

The identification procedure here has the scope to evaluate the parameters con-

tained in the column n = (« x €)7.

Non-zero initial conditions

The first analyzed case is the application of the Multiple Scale Method to a beam
subjected to non-zero initial conditions so, from Egs. (3.180), (3.181), neglecting

the external load F', and considering i.c. in the modal basis, one has:

w(@,0) =Y appr(z)

=l (3.182)
w(x,0) = brer()

k=1
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where ay, and by, are assigned initial displacement and velocity modal amplitudes, re-
spectively. After introduction of the bookkeeping parameter € > 0 and time scales
To = 7, Th = e7, the series expansion of the vertical displacement is w(z,7) =
wo(z, Ty, Th) +ewr (z, To, T1), and perturbation equations, boundary and initial con-

ditions are obtained:

ord. €° : DEwg +w)" =0 (3.183)
wo (0, Ty, Th) = wy (0, To, Ty) = 0
(3.184)
wo(1, Ty, Th) = wy(1,To, Ty) = 0
(2,0,0) Zakgak
(3.185)
Doywy(z,0,0) Zbkgok
ord. e* : Dwy + w{" = —2DgD1wy — 26 Dowy
1 (3.186)
+ awg/ w62d:6 _ 6Xw6/w6”2 _ 3X 12 ////
0
UJl(O, T07 Tl) — wlll(oa TO, Tl) =0
(3.187)
w1(17 To, Tl) = w/1,(1> To, Tl) =0
wi(2,0,0) =0
(3.188)
Dowl(l’, 0, 0) = —Dl'wo(CII, O, O)
The generating solution of Eq. (3.183) is
x TQ,Tl Z Ak Tl gok MkTO + c.c. (3189)

where Ay(T1) is the complex slow time-dependent amplitude. Eq. (3.189) is substi-
tuted in Eq. (3.186) and terms multiplying e?’*70 in the right-hand side are imposed
to be orthogonal to the mode shape ¢ (x), in order to apply solvability and avoid
the occurrence of secular terms. The so-obtained AME referred to the k** amplitude

(k=1,2,...), reads:

1 9 .
D1AK(TY) = —5— [mkgAk + 3kt AL Ay, + ikgﬂngiAk

W
(3.190)
+> (2K r o Ar Ay A, + 6k pinSx AR AL A,)
p#k

1 )
The polar form Ag(7T1) = §ak(T 1)eP (1) s introduced and e reabsorbed, thus

going back to true non-dimensional time 7, real and imaginary parts of the AME
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are obtained for each considered mode amplitude, which reads:

. 3 9
wrarPr = §k47r4aaz + 16k8778)<ak
(3.191)
+ Z < k2 p?rt aaka + k4p47rsxaka12)>
p#k
Wk(ik = —wkgak (3192)
with initial conditions:
132
ai(0) = y/a? + = (3.193)
Wi
Br(0) = — arctan (3.194)

wra
As the system is damped and no internal resonances occur, if the initial conditions
are trivial for a generic modal component, i.e., ax = by = 0, from Eqs. (3.192),
(3.193) it turns out that ax(7) = 0. Therefore, the effective number of modal
amplitudes to be considered corresponds to the number of nontrivial modal am-
plitudes appearing in the i.c. (Egs. (3.182)). For the sake of simplicity, assuming
a1 #0, by £ 0 and a; = by, = 0 for k # 1 in Eq. (3.182), the real AME resulting
from Egs. (3.191), (3.192), put in the form An = b, read:
67‘1’4&;1; 97‘(‘8&:{’ 0 “ 16w1a181

x| = (3.195)
0 0 w161 —w1a1

which corresponds to assume as generating solution:

wo(z,7) = a1(7)p1(x) cos (wiT + P1(7)) (3.196)

However, if for instance two modes have nontrivial amplitudes in Egs. (3.182),

e.g. mode number 1 and p, then the real AME become:

67T4a3 + 4p T a1a2 97T8a3 + 12p T a1a2 0 16w1a131
0 0 w11 * | mwia
4p27r4a2ap+6p4 4 3 12p*n8 a ap + 9p8r® 3 0 . 16wpap5p
i 0 0 Wpp | : —Wpay
(3.197)

which corresponds to the following generating solution:

wo(x, ) = a1 (7)1 (x) cos (w1 T + B1(T)) + ap(T)pp(z) cos (wpT + Bp(T))  (3.198)
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It is once again possible to use the formula in Eq. (3.154) to evaluate the system

parameters either from Eq. (3.195) or (3.197).

At this point, to highlight the link between HHT and MSM, which is the idea at
the basis of this identification process, one can evaluate the solution in Eq. (3.189)
at the position Z, in the general case infinite modes are considered, in polar form

and in terms of true time, as:

o

1 .
wo(T,7) = Z iak(T)gpk(i)eZ(w”"'B’“(T)) +c.c. (3.199)
k=1

which becomes, using Euler’s formula:
wo(Z,7) = Y ax(7)r(F) cos (wiT + Br(T)) (3.200)
k=1

From this one, the k" modal component of the solution at the position Z at the

leading perturbation order is:

wo (T, T) = ax(T)r(T) cos (wrT + Br(T)) (3.201)

As for the discrete problems, the expression given in Eq. (3.201) can be compared
to the analytical signal of Eq. (3.135) adopting a convenient notation, thus getting

the following relationship:

ak(7) = Quy, (T)]z/¢k(T)
Br(T) = du, (T)|z — wiT = Br(7) = 0w, (7)]z — wi

(3.202)

provided that ¢ (z) # 0, which represents the only requirement to be met when

choosing 7 (i.e., Z is not a node for the k' mode).

Eq. (3.202) allows to use the outcomes of the HHT applied on acquired time
series, to be put inside Eq. (3.195) if the initial condition is applied only on 1 mode
or inside Eq. (3.197) if two modes are kept, or similar expressions written in the form
An = b if more modes are present, in terms of ay(7), S (7) and their derivatives to

evaluate the relevant parameters.

It is worth mentioning that if one includes more modes in the generation so-
lution (and then in the AME) than those involved in the initial conditions, the
identification procedure fails, as the HHT will only allow to evaluate the IMF as-
sociated to the modes included in the initial conditions. However, if one includes
in the generating solution (and then in AME) less modes than those involved in
the initial conditions, the identification procedure works, even if it is generally less

precise than the case in which the same exact modes of the initial condition are
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included.

External resonant load

Here the case of the beam subjected to a harmonic load F'sin (2gt), in 1:1 exter-
nal resonance with one of the modes of the system (e.g., the k"), is considered
(Egs. (3.180), (3.181)). The procedure still leads to the identification of the param-
etersm = (a x §)T but, differently than the previous case, the steady-state response

is exploited in addition to the transient one.

The non-dimensional angular frequency of the external load can be written as
Qr = wi + o where o is the (small) detuning parameter, which is scaled as o = &4.

Omitting tilde, the perturbation equations turn out to be:

ord. €°: D3wo +wy" =0 (3.203)
wg(O, TQ, Tl) = wg((), To, Tl) =0
(3.204)
wo(l, To, Tl) = w{)’(l, To, Tl) = 0
ord. e : D%wl + wlllll = —2DgDijwy — 26 Dywyg
! (3.205)
+ awg/ widz — 6xwywy? — 3xwy wy + Fsin (wi Ty + oT})
0
w1 (0, T(), Tl) = w’l’(O, T(), Tl) =0
(3.206)

wy (1, Ty, Ty) = w!(1,Tp, T1) = 0

As the system is damped and no internal resonances are assumed, the generating

solution of Eq. (3.203) can be written as:
wo(z, Ty, T1) = Ap(T1)pr(z)e™+T0 4+ c.c. (3.207)

Substituting Eq. (3.207) in right-hand side of Eq. (3.205) and imposing the solv-
ability condition, the (single) AME is obtained:

1 , _ 9 . /2Feh
D1 AR(Ty) = i iwpE Ay + 3K T A2 AL + §/<87r8XA§Ak + ‘[lm

(3.208)

The external load makes Eq. (3.208) non-autonomous. Therefore, the phase
difference v = o7 — [k is introduced and, using the polar decomposition and

separating the real and imaginary parts of Eq. (3.208), the real form expressions of
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the AME are obtained:
5 V2Fsin ()

. 3 9

wiag (0 — ) = §k47r4aa% + Ek‘STFBXCLk - (3.209)
2F
Wy = —wifag — V2F cos () (3.210)
km
which can be written in the form An = b:

!

—3kSmPai  —9/2k97%a;} 0 [ —8V2F sin(yy,) — 8kmwgag (o — k)
X| — .
0 0 kmwiay, —V/2F cos() — knwyay

£

(3.211)

Also in this case, the link between HHT and MSM can be proven. To do that,
the generating solution Eq. (3.207) evaluated at the position Z and in term of true

time can be rewritten as:
wo k(Z,7) = ag(T)pr(Z) cos (wrT + 0T — Yk(7)) (3.212)

Therefore, comparing also for the forced beam Eq. (3.212) with the analytical signal
of Eq. (3.135), the relationship holds if, using the right notation for the beam:

a(7) = Quy. (7)|z/ ok (7)

Vi(T) = —Puwy (T)]z + wiT + 07 = (1) = =0 (T)|z +wi + 0

(3.213)

provided that ¢ (z) # 0. Therefore, making use of the outcomes of the HHT for
ak, v and their derivatives, the system (3.211) can be pseudo-inverted to evaluate

the unknown parameters n = (a x &)7.

3.5.5 Continuous system: clamped-clamped beam

The procedure developed in Sect. 3.5.4 for the hinged-hinged beam is here extended
to the clamped-clamped beam. The equations of motion and b.c. are formulated

for a system with geometric nonlinearity subjected to a concentrated force as:

EA L
pt + EIw™ + civ = 2Lw”/ w?dx + Fyé(x — zy) sin (Qpt) (3.214)
0

w(0,t) = w'(0,t) =0
(3.215)
w(L,t) =w'(L,t) =0
where, differently from what written in Sect. 3.5.4, Fy has the dimension of a force

and the term ¢ is the Dirac delta function to account for the position xy of the force

along the beam axis. The same nondimensional variables written in Eq. (3.179) are
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used, with the following differences:

= Fy > 3/2 f 1oi- =
FV:W> Fy =& Fy, 5($_$V):Z5($_l‘v) (3.216)

Thus, the nondimensional problem can be rewritten, after omitting tilde and hat,

as:
1

W+ w" + 2e€w = 604111"/ w?dx + eFyd(x — xy) sin Qpr (3.217)
0

w(0,7) =w'(0,7) =0 (3.218)

w(l,7)=w'(1,7) =0
The external load is considered to be resonant with the 15 natural mode of the

clamped-clamped beam (2 = w1 + ), which reads:

cos(A1) — cosh(A)
sin()\l) — sinh()\l)

v1(x) = cos(A1x) — cosh(Ajx) — (sin(A1z) —sinh(A1x)) (3.219)

with nondimensional angular frequency wy = )\%, where A1 = 4.730.
The same steps followed in Sect. 3.5.4 are repeated and the identification equa-
tions, written in the form An =b with n = (« £)T, reads:
3 (f()1 ‘P&Qdm> (fol ‘PlSoildx) aj 0 o

0 2 (f()l (p%d:c) w1aq 13 (3.220)

—4F sin(y1)e1(xy) — 8 (fol cp%dx) wrai(o — 1)
—F cos(m)p1(zv) — 2 (fol @%CM) wiaq

The relationship which highlights the similarity between the HHT and the MSM is

the same written in Eq. (3.213).

3.5.6 Material nonlinearity

Since inside Eq. (3.177) a material nonlinearity is present, different possibilities
could be considered to describe it. For instance, in case of post-tensioned reinforced
concrete beams (see [121]), a bilinear constitutive elastic law between bending mo-

ment and curvature can be assumed:

EnLw"(z) for w'(z) <k
M(w"(x)) = - (3.221)
ELw"(z) for w"(z) >k
where k is the limit curvature corresponding to the angular point of the relationship.

The two constant stiffness values are such that EI, < EI; (softening behavior).

The non-smooth relationship (3.221) can be processed in order to apply the MSM.
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In particular, an alternative smooth representation of Eq. (3.221) is realized by
introducing a polynomial relationship (linear and cubic terms), which can be made
equivalent to the first one, e.g. by comparing the energies. In this way, the value
of the cubic term related to the material nonlinearity can be evaluated using the
identification procedure and then used to assess the stiffness of the second branch

of the bilinear law. For this purpose, the nonlinear stiffness was considered as:
EI(w") = EI. + ksw" (3.222)

where EI. and ks are constants, the latter having dimensions Nm?, and, as a con-

sequence, the bending moment-curvature relationship becomes:
M(w") = EI(w"w" = ELw" + ksw" (3.223)

Similarly to what was done in [19], it is possible to evaluate the elastic energy
related to the bilinear (3.221) and polynomial (3.223) relationships, respectively:

PR AU ARRAT: 8720

and
_ E'IC’LUZ2 n kng4

A
¢ 2 4

(3.225)

" __

where FI. = EI, w! is the first branch limit curvature for the bilinear case (w? =

k), w” is the ultimate limit curvature for both cases, M, = ELw! and M, =
M.+ EI (w) — w!) are the first branch and ultimate limit moments for the bilinear
case, respectively. Imposing that A, = A., the value of Fls is obtained as:

Bl = pL+ (3.226)
T 2w —wp)? '

Assuming that w!/, w!!, EI. are known parameters, once k3 (or its non-dimensional
counterpart x) is identified through the proposed procedure, then E15 is determined.

An example of constitutive laws is shown in Fig. 3.37, where the red curve is the
bilinear relationship, the blue curve the polynomial equivalent representation and

the filled areas correspond to the relevant elastic energy.

3.5.7 Numerical results

System parameters are here identified starting from numerically generated signals,
obtained through the Matlab function ode45 [88]. In particular, all the system
parameters are assigned in order to generate the numerical signals. The signals are

then processed by the identification procedure, and the identified parameters are
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M,
(Nm)

M,
(Nm)

l lpolynomial
[__Ibilinear

w, (1/m) w,(1/m)

Figure 3.37. Equivalence in terms of energy between the moment-curvature constitutive
laws of the bilinear (Eq. (3.221)) and polynomial (Eq. (3.222)) cases.

compared with the assigned ones.

1-d.o.f systems

With reference to the 1-d.o.f. system of Sect. 3.5.2, results are reported in Tab. 3.11,
where the numerically acquired signals were generated by applying a non-zero initial
condition on x. More specifically, in Tab. 3.11 the row “Real values” shows the
values of all the system parameters (k, ky,;, ¢) used to generate the numerical data,
whereas the row “Identified values” shows the values obtained by the identification
procedure (here k,; and ¢). The applied initial condition (i.c.) is shown as well. It
can be seen that, for two different sets of parameters, the identification leads to a

maximum difference of 5.9% on k,;.

Table 3.11. Parameter identification for the 1-d.o.f. system of Eq. (3.138) using
HHT+MSM.

k ki c
(N/m) | (N/m?)  (Ns/m)
Real values 1.000 | 1.000  0.100
Identified values for z(0) = 1.0 m - ‘ 0.941 0.098
Identified values for z(0) =0.5m - | 1.054  0.099
Real values 1.000 | 2.000  0.050
Identified values for z(0) = 0.5 m - | 1944 0.048

As a further validation of the link among HHT, MSM and Cx-A, a comparison
of amplitudes and instantaneous frequencies (see Egs. (3.174)) as obtained from
the three methods is shown in Fig. 3.38. There, in particular, the red lines repre-

sent the outcomes of the HHT on the numerically generated signal, the blue stars
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are the outcomes of the numerical integration of the real AME with the assigned
parameters (Egs. (3.169)), and the black-edged circles are the outcomes of the nu-
merical integration of the averaged equations coming from the application of the
Cx-A (taken from [65]), still with the assigned parameters. The superimposition is

perfect, confirming the validity of what written before.

envelope(m)
frequency (rad/s)

HHT

o Cx-A 0.95 o Cx-A
* MSM * MSM
05 : : : : : ; : 0.9 : : : : : : :
10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90
£(s) £(s)
(a) (b)

Figure 3.38. Slow-time depending amplitudes and instantaneous frequencies of HHT, Cx-
A and MSM for a 1-d.o.f. system with k = 1 N/m, k,; = 2 N/m?, ¢ = 0.05 Ns/m and i.c.
2(0) = 0.5 m, £(0) = 0. (a) Q(t) (HHT), a,(t)/w (Cx-A), a(t) (MSM); (b) 0,(¢) (HHT),
Bu(t) + w (Cx-A), B(t) + w (MSM).

2-d.o.f systems

With reference to the 2-d.o.f. system of Sect. 3.5.3, results are reported in Tab. 3.12,
where the numerical solution was found by applying a non-zero i.c. either on x, &
or y. Still, Tab. 3.12 shows the parameter values used to generate data (“Real
values” ), the identified values and the initial conditions (i.c.).

It can be seen that all parameters are well identified in all investigated cases,
with a maximum difference of 25.8% on ¢y in the second last case. On the other
hand, in the last case, ¢ is not well identified, as can also be pointed out when using
Cx-A for the same problem (Tab. A.2): it was found that, with both methods, when
dealing with 2 d.o.f. systems where nonlinear stiffness is considered only for one of
them, it can be more difficult to correctly identify the value of damping associated
to the other d.o.f.

The same relationship written in Eq. (3.174) is shown Fig. 3.39 where the dif-
ferent lines have the same meaning explained for 1 d.o.f. systems. Their correspon-

dence, except for some fluctuations, validates once again the proposed procedure.
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Table 3.12. Parameter identification for the 2-d.o.f. system of Eq. (3.155) using

HHT-+MSM.
my m2 k1 ko k12 kni c1 c2 c12
(ke) (kg) (N/m) (N/m) (N/m) | (N/m®) (Ns/m) (Ns/m) (Ns/m)
Real values 1.000 1.000  1.000 1.000 1.000 ‘ 2.000 0.050 0.050 0.000
Identified values for z(0) = 0.5 m - - - - - | 1968 0.050 0.050 —0.001
Identified values for y(0) = 0.5 m - - - - - ‘ 2.007 0.051 0.051 —0.003
Identified values for £(0) = 1.0 m/s - - - - - 2.038 0.050 0.050 —0.001
Real values 1.000 1.000 1.000  2.000  2.000 | 3.000 0.050 0.050 0.010
Identified values for z(0) = 0.5 m - - - - - ‘ 3.048 0.059 0.037 0.010
Real values 1.000 1.300  2.000 1.000 1.000 ‘ 5.000 0.050 0.030 0.000
Identified values for z(0) = 0.1 m - - - - - | 5128 0.015 0.034 0.018
0.2 0.2
or or
35-02 35-02
%: 0.4F g:-04’
061 —HHT 061 T HHT
—Cx-A —Cx-A
——MSM ——MSM
I ‘ 0.8 : :

0.8 . . . . .
10 20 30 40 50 60 70 80 90

t(s)
(a)

&

frequency (rad/s)

08y —HHT |] ——HHT
—Cx-A —Cx-A
—MSM ——MSM

10 20 30 40 50 60 70 80 920

t(s)
(c)

frequency (rad/s)
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Figure 3.39. Slow-time depending amplitudes and instantaneous frequencies of HHT, Cx-
A and MSM for a 2-d.o.f. system with m; = 1 kg, mo =1 kg, k1 =1 N/m, ks = 1 N/m,
k1o = 1 N/m, ky; = 2 N/m3, ¢; = 0.05 Ns/m, co = 0.05 Ns/m, c¢;o = 0 Ns/m and
ic. z(0) =1 m, £(0) = y(0) = 9(0) = 0. (a) Qq (t) (HHT), ay, (t)/w1 (Cx-A), a1(t)v1 4
(MSM); (b) Q4,(t) (HHT), ay,(t)/we (Cx-A), az(t)vs,» (MSM); (c) 04, (t) (HHT), B, () w1
(Cx-A), B1(t) +wi (MSM); (d) b,,(t) (HHT), B, (t) + was (Cx-A), B2(t) + wa (MSM).

Some differences between the proposed procedure and that which makes use of

the Cx-A are finally highlighted, for the 2-d.o.f. system case. The application of
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Cx-A provides one AME for each of the k-th modal components (k = 1,2), for
every degree-of-freedom. It means that the final number of equations is eight. On
the other hand, MSM provides one AME for each modal component, leading to
four final equations (Egs. (3.169)). Another difference is that, using Cx-A, linear
stiffness terms can be identified as well, whereas the MSM requires the knowledge
in advance of the natural frequencies of the system. Moreover, the frequency wy
dealt with Cx-A, reported in Appendix A, is not exactly the same of Eq. (3.174),
since for Cx-A it represents the frequency which best describes the system response,
as stated in [65], which can actually be identified in different ways (e.g., through
Wavelet Transform or Fast Fourier Transform), while for MSM it unambiguously

represents the frequency of the linear system.

Hinged-hinged beam

With reference to the hinged-hinged beam with non-zero initial conditions and no
external force, results when the sole geometric nonlinearity is retained (x = 0) are
reported in Tab. 3.13 for the single mode case, and in Tab. 3.14 when 2 modes are
kept. The numerical solution was found by applying a non-zero initial condition
either on displacement or on velocity (Egs. (3.182)). It can be seen that all param-
eters are well identified both in the single mode case, with a maximum difference of
7.1% both on « and on &, and in the 2 modes case with a difference of 4.1%.

A comparison of slow time depending amplitudes and instantaneous frequencies,
evaluated through HHT and MSM is reported in Fig. 3.40, confirming the validity
of the procedure.

Results when the sole material nonlinearity is retained (o = 0) are reported in
Tab. 3.15 for the single mode case, while Tab. 3.16 is the case when both types of
nonlinearity are taken into account, with 2 modes. It can be seen that all parameters
are identified in a satisfactory way: in particular, in the first case, the maximum
difference is of 5.3% on &, while in the second one is of 12.6% on y with smaller
values on £ and a.

When dealing with the hinged-hinged beam subjected to a 1:1 resonant load,
results are reported in Tab. 3.17, where initial conditions are kept equal to zero.
Also in this case the identified parameters are in good agreement with the real ones
for different cases, with the load in resonance with different modes (the first or

the third one), with a maximum difference of 5.2% on « when considering the first
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Figure 3.40. Slow time depending amplitudes and instantaneous frequencies of HHT and
MSM for a beam with geometric nonlinearity with 2 modes (1 and p = 3) with £ = 0.055,
a = 6.0, and i.c. w(x,0) = 0.1[sin(7z) + sin(prz)], wo(x,0) = 0 evaluated at midspan. (a)
Qu, (T)lz (HHT), a1(7)p1 () (MSM); (b) Qu,, (7)[z (HHT), a,(7)¢p(Z) (MSM); (c) 0w, (7)]z
(HHT), B1(7) + w1 (MSM); () Ou, (7)]z (HHT), B,(7) + w, (MSM).

mode, and of 11.8%, still on «, for the third mode.

Table 3.13. Parameter identification for the beam of Egs. (3.180), (3.181) with only
geometric nonlinearity with i.c. on the 1°* mode using HHT+MSM.

¢ «

Real values | 0.055  6.000
Identified values for a; = 0.071 ‘ 0.052 5.912
Identified values for 131 = 3.873 ‘ 0.054 6.426

Real values | 0.968 150.000
Identified values for a; = 0.141 ‘ 1.037 146.414

A last comparison of slow time depending amplitudes and instantaneous frequen-
cies of HHT and MSM in the forced case which confirms what written in Eq. (3.213)

is reported in Fig. 3.41 for two different data sets.




Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

Table 3.14. Parameter identification for the beam of Egs. (3.180), (3.181) with only
geometric nonlinearity with i.c. on the 1% and 3"¢ modes using HHT+MSM.

¢ «

Real values | 0.055  6.000
Identified values for a; 3 = 0.071 | 0.053  6.238

Real values | 0.968  150.000
Identified values for a3 = 0.014 ‘ 0.966 150.552

Table 3.15. Parameter identification for the beam of Egs. (3.180), (3.181) with only
material nonlinearity with i.c. on the 1*% mode using HHT-+MSM.

§ X

Real values | 0.055 —3.600 x 10~*
Identified values for a; = 0.707 ‘ 0.056 —3.724 x 1074

Real values | 0.219  —9.000 x 1073
Identified values for a; = 0.354 | 0.207 —8.985 x 1073

Table 3.16. Parameter identification for the beam of Egs. (3.180), (3.181) with geometric

and material nonlinearities with i.c. on the 1%* and 3"¢ modes using HHT+MSM.

§ o X

Real values ‘ 0.055 6.000 —3.600 x 104
Identified values for a; 3 = 0.707 ‘ 0.055 6.177 —3.972x 104

Real values ‘ 0.968 150.000 —7.200 x 1073
Identified values for a; 3 = 0.141 ‘ 0.971 152.625 —8.106 x 1073
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Table 3.17. Parameter identification for the beam of Eqgs. (3.180), (3.181) with geometric

nonlinearity and external sinusoidal resonant force using HHT+MSM.

mode £ «
Real values 1 ]0.055  6.000
Identified values for F' = 0.120, ¢ = 0.0 - ‘ 0.056  5.689
Real values 1 ]0219 24.000
Identified values for FF = 0.480,0 =0.0 - | 0.226 23.619
Real values 3 ]0.055 6.000
Identified values for F =12.00,0 =0.0 - | 0.050 5.294
Real values 3 | 1.369 150.000
Identified values for F =15.00,0 =0.0 - | 1.441 136.108
20
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Figure 3.41. Slow time depending amplitudes and instantaneous frequencies of HHT and

MSM for a forced beam (with respect to the 1% mode) with geometric nonlinearity with
¢ = 0.055, @ = 6.0, and F = 0.12 (on the top) or & = 0.219, a = 24.0, and F = 0.48 (on
the bottom) evaluated at midspan. (a)-(c) Qu, (7)|z (HHT), a1(7)¢1(z) (MSM); (b)-(d)

O, (7—)|i (HHT), 61 (T) + wy (MSM)
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3.5.8 Sensitivity to user-defined inputs

Some user-defined inputs have to be set for the identification process using HHT in
combination with MSM. The same happens of course when, instead of MSM, Cx-A is
used. The most important inputs are, in descending order of relevance: (i) the time
interval within which envelopes, phases and their derivatives are evaluated, (ii) the
amplitude of the initial condition, (iii) the time step to find the numerical solution,
(iv) the tolerance and number of iterations in the Empirical Mode Decomposition
(EMD) to obtain Intrinsic Mode Functions (IMF) which really bring information
on single components, (v) the possible need of filters or fitting on envelopes and
instantaneous frequencies to get rid of numerical errors. In this section it is discussed
how some of these inputs affect the identification process, with the aim of testing
its robustness.

With reference to both discrete and continuous systems under non-trivial initial
conditions, it turns out that the most significant user-defined inputs are: (i) the
amplitude of the initial condition (e.g., the value z(0)) to obtain the numerical
solution which is fed into the HHT and (ii) the time range [t;,¢s], where ¢; is the
initial time and ¢y the final time, within which envelopes and phases are evaluated.

Considering the 2-d.o.f. nonlinear system of Eq. (3.155), with m; = 1 kg, mg =
1kg, k1 =1 N/m, ks = 1 N/m, kjo = 1 N/m, ky = 2 N/m3, ¢; = 0.05 Ns/m,
¢z = 0.05 Ns/m, c¢12 = 0 Ns/m, Fig. 3.42(a) shows the dependency of the identified
value of k,; on the initial condition when using Cx-A and MSM with the time
range fixed between ¢; = 20 s and ty = 60 s (for a signal which ranges between 0
and 100 seconds). In both cases, there is a range of x(0) which guarantees a valid
identification, outside which the identification fails. It can be seen that the working
range of initial conditions is partially superimposed between Cx-A and MSM.

Once the range of valid initial conditions is identified, it is useful to create a 3D
domain for z(0), t; and ¢y to test the robustness of the procedure. Since this work
focuses on MSM, the domain of Cx-A is not reported here. In Fig. 3.42(b) a domain
in the space x(0), t;, t7 is shown for the identified values of ky;. It is realized taking
all the triplets which, starting from the numerical solution, are able to identify k,;
with a 10% difference with respect to the real value, by varying x(0) between 0.1 m
and 1 m, ¢; between 10 s and 20 s and ¢y between 60 s and 100 s; this means that the
actual domain is wider than the represented one. Fig. 3.42(b) highlights that, at

least for the problem under study, when using the proposed identification procedure,
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Figure 3.42. (a) Dependence of the identified k,; value of Eq. (3.155) on the i.c. (0)
when using HHT+Cx-A (+) and HHT+MSM (o) for m; = 1 kg, ma = 1 kg, k1 = 1 N/m,
ke =1 N/m, k12 =1 N/m, k,; =2 N/m?, ¢; = 0.05 Ns/m, ¢y = 0.05 Ns/m, ¢jo = 0 Ns/m
with time range fixed between 20 s and 60 s. (b) Domain of validity of the identified value
of ky; in the space x(0), t;, ty when using HHT+MSM.

one could be able to correctly identify the system parameters (specifically k;;) by
choosing the three user-defined inputs in a wide interval, hence ensuring consistency

to the identification process.

3.5.9 Simulation on a discrete nonlinear system

A preliminary experimental validation is realized on a discrete problem. In partic-
ular, a real time simulation of a nonlinear oscillator is set up with a MathWorks
Simulink model [88] of the forced Duffing oscillator, whose code is then implemented
on a dSPACE DS1005 real-time workstation. The real time fixed-step solver uses
the fourth-order Runge-Kutta method to compute the model state variables at a
rate of 20000 samples/second. Analog signals are generated at the same rate by a
DS1103 16 bit DAC converter. The estimated value of quantization noise was less
than 1mV RMS on the DAC output range of +/- 10V; the pass band of 5 kHz was
considered adequate for the dynamics exhibited by the oscillator. Analog signals
were acquired and saved by means of a National Instruments system equipped with
PXIe-4499 board. A scheme of the system is depicted in Fig. 3.43.

Results are reported in Tab. 3.18, for the forced Duffing oscillator with the
experimental signal z(t) as input for the HHT. Both k,,; and ¢ are well identified,
considering perfect resonance, i.e., o = 0 as well as a case with o = 0.1 rad/s (being
o the detuning parameter).

The present preliminary experimental validation, together with results shown

in Sect. 3.5.7, allows to conclude that the model-based identification procedure
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Figure 3.43. Scheme of the experimental setup for the parameter identification of the

forced Duffing oscillator.

Table 3.18. Parameter identification for the 1-d.o.f. experimental forced Duffing
oscillator using HHT+MSM.

k kni c
(N/m) | (N/m?®) (Ns/m)
Real values 1.000 | 1.000  0.100
Identified values for F' = 0.100 N/m, ¢ = 0.0 rad/s - ‘ 1.035 0.109
Identified values for F' = 0.100 N/m, o = 0.1 rad/s - ‘ 0.986 0.106

proposed in this Thesis, which had the goal of estimating parameters as damp-
ing and nonlinear stiffness, works well both for discrete and continuous systems,
being possible for the latter to apply the MSM directly on the continuous (non-
discretized) equations, using numerically generated or experimentally recorded sig-

nals, processed through the HHT.

3.5.10 Experimental validation on a clamped-clamped beam

To test the developed model-based identification procedure, an experimental val-
idation is realized in laboratory making use of a nonlinear Euler-Bernoulli beam.
In particular, the beam exhibits a nonlinear behavior triggered by the moderately
large amplitude of transversal displacements (geometric nonlinearity). Moreover,
the beam is realized as clamped-clamped and either a non-zero initial condition on
the first mode is assigned by slightly hitting it at the center or a punctual harmonic
force is applied always at midspan, and the experimentally acquired signals are used

to identify the system parameters using the model developed in Sect. 3.5.5.
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Experimental setup

The experimental setup used to generate and acquire the signal employed in the
identification procedure is shown in Fig. 3.44. In the forced case, a resonant excita-
tion with amplitude up to 10 V and frequency of 2 kHz is generated by operating a
geophone in active configuration as an electrodynamic actuator, positioned close to
the beam midspan (zy = 0.516); its calibration constants, necessary to estimate the
amplitude of the force in that configuration, were previously experimentally deter-
mined. The structural response is measured using a non-contact laser triangulation
displacement sensor (optoNCDT ILD1420-500), centered at midspan (Z = 0.5); the
sensor has a nominal measuring range of 500 mm, a repeatability of up to 20 um,
and a linearity up to +0.1% of full scale. The displacement signal is acquired at a
sampling frequency of 2 kHz, consistent with the sensor bandwidth. Data acquisi-

tion and storage are performed using a PXIe-4499 board.

(b)

Figure 3.44. Experimental setup for the clamped-clamped beam: (a) view of the beam

and of the laser (the geophone is installed at midspan); (b) front and top views of the beam.
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The beam is realized using an aluminum alloy of width b = 39.8 mm, thickness
h = 2.82 mm and free length L = 0.975 m. The mass per unit length is measured
to be equal to p = 0.300 kg/m while the elastic modulus, which is required for
the identification procedure, is calibrated by applying a series of small loads to the
beam and fitting the measured static deflections to the corresponding analytical
predictions via linear regression. An additional consistency check was performed
using the calibrated modulus to compute the first natural frequency of the linear
clamped—clamped beam model, which was found to be in really good agreement
with the frequency estimated from FFT analysis of accelerograms recorded under
white-noise excitation.

Finally, the benchmark values of £ and «, which are then compared to the
identified ones in order to validate the identification procedure (the so-called “Real
values” in the tables), have to be established: the damping & is obtained from
the modal one &; found through the logarithmic decrement on the acquired free
oscillations: iln fact, by applying the definition of modal damping to Eq. (3.217) as
261w = M with fol go%dx =1, it results that £ = & wi. On the other hand,

1 fo pidx

AL?
the real value of « is directly evaluated from Eq. (3.179) as a =

2I.

Experimental results: non-zero initial condition

First, the identification procedure is carried out by applying a non-zero initial con-
dition on the beam, in the absence of external forcing (the geophone is removed),
by impacting it near the midspan. The acquired signal, converted in nondimen-
sional form, is shown in Fig. 3.45(a), while in Fig. 3.45(b) a detailed view is shown,
highlighting the presence of noise; before performing the identification procedure a
moving average is realized to make the signal smoother.

The identified parameters found through the pseudo-inversion of Eq. (3.220),
compared to the real values, are reported in Tab. 3.19 where two different acqui-
sitions are considered (case 1 and case 2), realized hitting the beam at different
intensities. First, it can be seen that the procedure is robust, as already highlighted
in Sect. 3.5.8, since varying the time interval, the identified values slightly change
in a meaningful way. Then, it can be observed that in case of free oscillations, the
identified parameters are really close to the benchmark values with the maximum

difference of 3.2% on & and 3.1% on « for the considered cases.
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Figure 3.45. Signal experimentally generated at 2y and acquired at Z: (a) free oscillations;

(b) detail showing the presence of noise.

Table 3.19. Parameter identification for the experimental clamped-clamped beam with

geometric nonlinearity in case of free oscillations using HHT+MSM.

case & «

Real values
Identified values for (7, 7) = (21.94,73.80)
(18.15,97.73)
( )
( )

| 0.0403 7.172 x 10°
| 0.0403  7.088 x 10°
| 0.0390 7.015 x 10°
| 0.0402 7.238 x 10°
| 0.0393  7.395 x 10°

Identified values for 12.96,60.83

14.96, 50.96

(
Identified values for (7, 7¢

(

(

N[N =

)
Tiy Tf)
)

Identified values for (7;, 7¢

As a verification of the validity of the identified values, the acquired signal is
compared with the response obtained by applying the MSM to Egs. (3.217)-(3.218),
using the identified parameters & = 0.0403 and a = 7.088 x 10°. This comparison,
which provides a further validation of the proposed procedure, shows that the time
histories are in good agreement as long as envelopes and frequencies, as illustrated in
Fig. 3.46. With regard to the frequency, it is worth noting its evolution from higher
values toward the first natural frequency as the displacement amplitude decreases

as also seen in Sect. 3.5.7.

Experimental results: resonant load

Then, the parameters are identified using as experimental signal the one generated
by an external force Fy (geophone), resonant with the first natural mode, applied
near midspan (zy = 0.516). The signal is converted in nondimensional form and it
is illustrated in Fig. 3.47(a), where the detail highlights the presence of noise; on

the other hand, in Fig. 3.47(b) free oscillations are reported for the beam with the
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Figure 3.46. Comparison between HHT and MSM for the clamped-clamped nonlinear
beam with geometric nonlinearity under non-zero initial displacement with & = 0.0403,
a = 7.088 x 10° evaluated at = 0.5. (a) time histories w(Z,7); (b) slow time depending
amplitudes Q. (7)|z (HHT), a1(7)¢1(Z) (MSM); (c) instantaneous frequencies 6., (7)|z
(HHT), B1 (1) + w1 (MSM).

geophone installed on, to estimate the damping value used to find the benchmark
value of ¢ (labeled as “Real value”), since the presence of the geophone slightly

varies the modal properties of the system.

%1073

26 26.5 27 27.5 28 28.5 29
T

(b)

(a)

Figure 3.47. Signal experimentally generated at xy and acquired at Z: (a) stationary

part with detail showing the presence of noise; (b) free oscillations.
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Table 3.20. Parameter identification for the experimental clamped-clamped beam with
geometric nonlinearity and external punctual sinusoidal resonant force (Fy = —0.028,
o = 0.0) using HHT+MSM.

mode & o

Real values 1 ‘ 0.738 7.172 x 10°
Identified values for (r;,77) = (1.85,31.48 -] 0.741 7.298 x 10°
1.48,37.04 | 0.768  7.109 x 10°
1.85,22.22) - | 0.692 7.668 x 10°
5.56,31.48 | 0.753  7.064 x 10°

Identified values for (7;, 7y

Identified values for

(
(
(
(

~ [ ~— | — | —

(1i,7f) =
Identified values for (7, 77) =
(1i,7f) =

Tiy Tf

The results of the model-based parameter identification procedure are reported
in Tab. 3.20. As in the previous case the procedure is consistent, and the parameters
are identified with a maximum difference of 6.2% on ¢ and 6.9% on a.

Finally, a graphical interpretation of Eq. (3.213) is given in Fig. 3.48, where the
time history, envelope, phase and frequency of the experimentally acquired signal,
processed through the HHT, are compared to those found applying the MSM on
Egs. (3.217)-(3.218), where the identified values of ¢ = 0.768 and o = 7.109 x 10°
are used, showing a good correspondence between the experimental signal and the

reconstructed solution.

3.6 Conclusions and future developments

In this Chapter, beams were studied. First, an existing model for Thin-Walled
Beams (TWB) was introduced, namely the Generalized Beam Theory (GBT) here
used in its GBT-D version; this theory allows to account for some specific aspects of
TWB as the deformation of the cross-section in and out-of-plane and to account for
non-classical load cases, without the necessity of realizing a Finite Element model
which is more computationally expensive and in general non-parametric.

The GBT-D version, first developed in [109], proposes a non-classical approach
to perform the cross-section analysis, which is one on the two main phases of GBT in
a completely different way, through the study of the free dynamics of the externally
unconstrained cross-section. This procedure for the cross-section analysis allows
to find the deformation modes, which describe the section behavior. Then, the
second phase, the member analysis, which allows to solve the equations, thus finding

the solution along the z axis was explained, using different existing methods. It
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Figure 3.48. Comparison between HHT and MSM for a forced (with respect to the 15!
mode) clamped-clamped nonlinear beam with geometric nonlinearity with £ = 0.768, a =
7.109 x 105 and F = —0.028 (o = 0.0) evaluated at z = 0.5. (a) time histories w(Z, 7); (b)
slow time depending amplitudes Q. (7)|z (HHT), a1(7)¢1(Z) (MSM); (c) phases ¢y, (T)|z
(HHT), —v1(7) 4w T+0o7 (MSM); (d) instantaneous frequencies 0,,, (7)|z (HHT), —41 (1) +
w1 + o (MSM).

can be highlighted that, differently from the past, in this Thesis some concepts
already developed for the GBT have been applied to the GBT-D as the study of the
dynamics and the possible implementation of punctual restraints. Once the model
was developed, its results were compared with those of a Finite Elements model
realized through SAP2000 and it was seen that they were really close, both for
statics and dynamics, with the advantage of being less computationally demanding

and parametric.

Then, results coming from the GBT-D model were compared to those coming
from an experimental campaign on a box-girder bridge deck. In particular, for
statics the beam displacements in some points were compared, showing once again
the great correspondence (differently from the Euler-Bernoulli model which is too
simple to describe this kind of beam), and in dynamics accelerograms recorded in

operational conditions on the beam were processed through specific algorithms in

116



Chapter 3 — Beams

Operational Modal Analysis (OMA) as FDD and SSI-COV finding the first natural
frequencies and vibration modes of the bridge deck: once again the results of the
model were in good agreement to the real ones and this proves the reliability of the

GBT-D to represent full-scale bridge decks both in statics and dynamics.

After that, with the goal of controlling the vibration of the same TWB, a Nonlin-
ear Energy Sink (NES) was applied on the beam and the problem was analytically
solved. This section represents a novelty since for the first time a beam modeled
through GBT-D was controlled through a NES. Equations were developed through
the Complexification Averaging Method (Cx-A) and different load cases (harmonic
loads, moving loads, seismic load) were tested. Various considerations about the
nonlinear behavior of the system (thanks to the introduction of the NES) were
made, highlighting different types of behaviors as Periodic Response, Modulated

Response, Isolas.

Finally, always with the idea of proposing reduced-order models for SHM pur-
poses, a new model-based procedure for the identification of system parameters on
nonlinear continuous systems was developed. In particular, the procedure, based
on the combination of the Multiple Scale Method (MSM) and of the Hilbert-Huang
Transform (HHT) was first tested for discrete systems, comparing results to those
found in a previous work with Cx-A in place of MSM, and then extended to the
nonlinear beam. In this case a hinged-hinged Euler-Bernoulli beam was studied,
with both geometric and material nonlinearities, with the idea of developing the
MSM directly on the continuous system. So, once the model is developed writing
the amplitude Modulation Equations (AME) in their real form, the identification
procedure can be performed, taking as inputs (envelopes, phases, frequencies) those
coming from the application of the HHT on numerical or experimental signals. In
particular, an experimental validation was conducted on a clamped-clamped beam
with time histories generated both considering non-zero initial conditions or an ex-
ternal resonant load, proving the validity of the method. This new procedure can be
seen as an alternative to existing methods, especially for continuous systems with

different kinds of nonlinearities and possible internal resonances.

Future developments regard the possibility to implement on the GBT-D model
some geometrical or material nonlinearities since, experimental test highlighted a
possible nonlinear behavior when heavy loads are applied on the bridge deck. More-

over, in the perspective of damage detection, it is possible to think to the extension

117



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

of the identification procedure based on MSM+HHT to this model to eventually
understand, based on the identified parameters, if damage is present and to localize
and/or quantify it.

Always in the framework of identification, after the validation of the procedure
on the experimental clamped-clamped beam, ongoing research is focusing on the
possibility to account for internal resonances in order to study the problem of the
curved or buckled beam (both using numerical and experimental time histories),
but also to identify the beam parameters under different sources of excitation as in
the case of moving loads, to extend the applicability of the method.

Finally, about the beam control realized through the NES, an optimization pro-
cedure should be developed to test the best NES parameters which in this Thesis
were chosen by hand, and the implementation of other types of nonlinearity for the
device (different from the cubic one) which, in the author’s opinion, could lead to
minor displacements on the controlled beam resulting in a better performance of

the NES.
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CABLES

A model of nonlinear suspended cable (with quadratic and cubic non-
linearities) is introduced. The equations of motion of the cable are re-
sumed before studying its behavior under the action of a harmonic res-
onant load. Then, having as future goal the control of the cable through
one or more Nonlinear Energy Sinks and the monitoring of its vibrations
when subjected to wind action, the interaction between the cable and the
wind action is studied. In particular, Vortex-Induced Vibrations (VIV)
are analyzed through a wake (van der Pol) oscillator. Analytical and nu-
merical results are compared in view of further analyses. Finally, using
the same model-based procedure introduced for beams, a first identifi-
cation of the system parameters is realized for the cable subjected to
non-zero initial conditions. Conclusions and future developments are
resumed at the end of the chapter.
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4.1 Introduction

Cable-based structures are extremely widespread in civil engineering applications,
especially in bridge construction: from iconic suspension bridges (like the Golden
Gate Bridge in San Francisco, USA or the Akashi Kaikyo Bridge in Kobe, Japan) to
modern cable-stayed decks (like the Millau Viaduct in Millau, France or the Russky
Bridge in Vladivostok, Russia). However, it would be simplistic to restrict the vision
to bridges only since a massive use in made also in railway electrification (overhead
contact wires and messenger wires) and in high-voltage power transmission lines.
Cables-related problems were studied by many scholars through the years and
this Thesis tries to give a contribution to the existing literature. In particular, first
the model of the nonlinear suspended cable is recalled and results in terms of free
dynamics and when the cable is subjected to a resonant harmonic external load are
given. Then, having as a future goal the vibrations control of this kind of struc-
ture when subjected to wind, the phenomenon of Vortex-Induced Vibrations (VIV)
is studied. The idea is, differently from existing studies, to analytically solve the
problem, through the Multiple Scale Method (MSM) and, as future development
to introduce a Nonlinear Energy Sinks (NES) and use once again an analytical
approach to solve the resulting problem. Finally, the identification algorithm devel-
oped for beams is tested for cables too. At the end, after recalling the main results

and novelties introduced, what is meant to do in the future is explained.

4.2 Model

The model of suspended cable introduced in [78] is here recalled, also referred to
as shallow cable (being the adjective shallow related to the small deviation of the
cable from the chord that joins the two fixed ends in the horizontal configuration).

The fundamental equations and hypotheses are here resumed.

4.2.1 Formulation

A flexible cable, whose position in the natural (and reference) configuration C is X(s),
is considered in Fig. 4.1, being s the curvilinear abscissa going from the extreme A
to the extreme B and (a;(s),a,(s),ay(s)) the reference basis.

In the natural configuration, the (static) equilibrium of the cable subjected to

static external loads on the domain p(s) and on the boundaries Py with the internal
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Figure 4.1. Pre-stressed cable: (a) kinematics with bases, positions and displacement; (b)
dynamics with external loads and internal stress. The reference configuration is called C,

the current one C.

stresses t(s) is written as:

t'+p=0 (4.1)

ty = +Py (4.2)

being t = Ta;. In order to derive the equations of motion of the cable in terms
of displacement, starting from kinematics, the position x(s, t) occupied by the cable
at time t describes a current configuration C in the basis (a;(s), an(s), ap(s)). Thus,
the displacement vector and the geometric boundary conditions at the two ends of

the cable are:

u = x(s,t) —X(s) (4.3)

ug = le (4.4)

The unit extension, which can be obtained as e = ||2/|| — 1 becomes, thanks to
Eq. (4.3), the following:

e=1+20 3 +u-u -1 (4.5)

So, expressing the cable displacement in the intrinsic reference (pre-stressed) basis
as:

u = ua; + va, + way (4.6)

and making use of the Frenet formulas, u’ can be derived and thus the unit extension

can be rewritten as:

e= \/(1+u’—Ev)2+ (v’+l§u)2+w’2—1 (4.7)

where the torsion contribution is set equal to zero (in the hypothesis that in the
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reference configuration the cable is planar) and k is the Frenet curvature (in m™1).
Moving on to dynamics, the balance equations between external loads on the
domain p(s,t) (in N/m) and on the boundaries Py(¢) (in N) with the internal

stresses t(s,t) in the current configuration can be written as:
t'+p=mi (4.8)
ty =+Ppy (4.9)
being m the mass per unit length (in kg/m) and t = T'a;. They can be expressed
in terms of increments with respect to the reference configuration by subtracting
Eq. (4.1) to Eq. (4.8), thus getting:
(t—%) +p=mi (4.10)
(t—t); =+Py (4.11)
Whereﬁ:p—f)andf’H:PH—f’H

Finally, considering a hyperelastic material, the constitutive law reads:
T =T+ EAe (4.12)

where EA is the axial stiffness and T the already introduced pre-stress in the
reference configuration (both in N). So, collecting kinematics from Eq. (4.5), dy-
namics from Egs. (4.10), the elastic law from Eq. (4.12) and boundary conditions
from Egs. (4.4), (4.11), the equations of motion in terms of displacement in the
reference basis are:

(EAe)' + [(T + EAe) (v — kv)] — k (T + EAe) (V' + ku) + py = mii (4.13)

(BAe)k+ [(T + EAe) (V' + lzru)], +k (T + Ede) (v — kv) + pp =mv (4.14)

(T + EAe) w']) + py = mab (4.15)

with geometric boundary conditions equal to Eq. (4.4) and mechanical ones rewrit-

ten as:
[EAe+ (T + EAe) (v — l_m))]H =+P (4.16)
(T + EAe) (V' + ku)],, = £P, (4.17)
(T + Ede) w'] , = +B, (4.18)

being e written in Eq. (4.7).
Then, some hypotheses have to be introduced to derive an approximated non-

linear model for the shallow cable as the one represented in Fig. 4.2 with supports
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at the same height (horizontal configuration).

a,(s), v(s,t)

a,s), u(s,t)
a,(s), w(s,t)

Figure 4.2. Longitudinal view of the suspended cable with supports at the same height.

The principal hypotheses (in addition to those already introduced) are that in
the reference configuration the sag (ratio between the maximum vertical displace-
ment and the length of the cable) is small, the curvature k is constant on s and
small (shallow parabola), the pre-stress T is constant, the ratio T /E A is small, the
displacements along the normal and binormal directions v and w are of the order
of the sag, while the tangential one u is smaller and finally p; = 0.

Starting from the tangential direction, with these hypotheses, if Eq. (4.7) is
expanded in series for small displacements, neglecting squared linear terms, small
terms (tangential displacement with respect to the transverse one) and higher order

terms, the unit extension becomes:
/ 1. 1 12 /2
e:u—k:v—i-i(v + w') (4.19)

Then, from Eq. (4.13), the leading term among the internal forces is identified in
(EAe)’ and, if the motion is considered to be prevalent in the transverse directions,
it can be proven that mii < (EAe)’. Thus, the tangential inertia can be neglected
and Eq. (4.13) becomes:

(BAe) =0 — e(s,t) = e(t) (4.20)

i.e. the unit extension can be approximately considered constant all along the cable.

This allows to find the tangential displacement from Eq. (4.19) as:

u(s,t) = u(0,t) +e(t)s + k /OS v(&, t)dE — ;/08 (v(€, t)? + w(f,t)'2) d¢  (4.21)

which goes under the name of static condensation, being the tangential displacement
function of the transverse ones. Since in this case the cable is fixed at both ends,

the unit extension can be found as:

1. L L
e(t) = —]Z/O v(s,t)ds + % ; (v(s,t)'2 + w(s,t)'2) ds (4.22)
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being L the total length of the cable (in m).

Moving to the transverse directions, considering Eqs. (4.14), (4.15) with the
constant pre-stress T + EAe on s according to the hypothesis on T and Eq. (4.20),
and neglecting higher order terms in the normal direction, the equations of motion

of the suspended cable fixed at both ends, together with Eq. (4.22) are rewritten

(T + EAe(t)) v(s,t)" + EAke(t) — mi(s,t) = —p,
(T + EAe(t)) w(s,t)" —mi(s,t) = —puw (4.23)
T L L
e(t) = _II{://O v(s,t)ds + i ; (v(s, 1) +w(s, t)?) ds
with:

v(0,t) =v(L,t) =0
(4.24)
w(0,t) =w(L,t) =0
where the tilde on the external loads p, and p,, is neglected. The initial pre-stress

is equal to T' = mgL?/8d where d is the sag (in m) and the initial curvature is equal

to k = —mg/T constant on s.

Once the equations of motion of the cable are obtained, the hypothesis is made of
neglecting the out-of-plane behavior. This hypothesis can be considered respected if
the cable swinging is negligible and if, as can be seen in the following, only symmetric
vibration modes are taken into account (since the frequencies of the anti-symmetric
modes are the same of the out-of-plane ones) and if the frequencies of the symmetric
modes under consideration are sufficiently far from those of the out-of-plane ones);

however the idea is to remove this hypothesis in future works. Thus, one gets:

(T + EAe(t)) v(s,t)" + EAke(t) — mi(s,t) = —p,

7 oL L
e(t) :—f;/o v(s,t)ds+21L/0 v(s,t)?ds (4.25)

v(0,t) =v(L,t) =0
Introducing h(t) with the meaning of dynamic tension as h(t) = EAe(t) and remem-
bering that the relation between the curvature and the pre-stress is k = —mg/T,

the previous problem can be rewritten, adding linear external damping c.0(s,t),
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with c. in kg/(ms), as:
(T + h(t)) v(s, t)" — %h(t) — (s, 1) — cod(5,1) = —po

_mgEA [* EA/L 2 4.26
h(t) = T /0 v(s,t)ds+2L ; v(s,t)“ds (4.26)

v(0,t) =v(L,t) =0
Following [61], non-dimensional variables are introduced as follows, where w =

/T /mL? is the reference angular frequency:

_92 2
.S B ) . h - ceL” -
S = Z, T = (JJt7 V= 77 h= ?a Ce = 6T W, DPv = ;:ng (427)
2
Thus, the problem can be finally rewritten as follows with A2 = (ngL) %—A

h(r) = A2 ( s /O i T)’2d§> (4.28)

4.2.2 Free linear dynamics

To study the free dynamics of the equivalent linear cable, i.e. to find the in-plane

vibration modes and natural frequencies, Eq. (4.28) is rewritten, neglecting tilde,

as:
v(s,7)" = h(r) —¥(s,7) =0
1
h(r) = )\2/ v(s, T)ds (4.29)
0
v(0,7) =v(1,7) =0
Two different scenarios are possible depending on h(7). In particular h(7) = 0

implies that fol v(s,7)ds = 0, which means that the mode is anti-symmetric and so

the free dynamics problem becomes:

v(s,7)" —¥(s,7) =0
(4.30)
v(0,7) =v(1,7) =0
This is the well-known problem of the taut string; so, the anti-symmetric modes are

such that:
wp = 2km,  @(s) = V2sin(2krs), k=1,2,... (4.31)

On the other hand, if A(7) # 0 the mode is symmetric and Eq. (4.29) has to be

solved. If one looks for a solution as v(s,7) = @r(s)e™*™, h(T) = Hpe™*™ the
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problem becomes:
wr(s)" +wipr(s) = Hy
1
Hy, = \? / or(s)ds (4.32)
0

©r(0) = pr(1) =0

Solving Eq. (4.32), one finds that the symmetric vibration mode is:

or(s) = w—z [1 — tan (%) sin(wys) — cos(wgs) (4.33)

Integrating Eq. (4.33), after multiplying everything by A%, one finds the following
transcendental equation which can be solved to find the frequency wy:

3
WeY _ Wk Y
tan( . ) =2k (4.34)

Thus, the symmetric mode is completely determined after determining Hj by im-

posing a normalization condition, as can be for example fol or(s,7)%ds = 1.

The first three in-plane vibration modes of the cable are shown in Fig. 4.3. In
particular, in Fig. 4.3(a) those found for a cable with A\? < 472 are reported, while
in Fig. 4.3(b) the case A\?> > 47?2 is depicted. As underlined by Irvine in [61] based
on the value of A\? the first mode (in blue) does not present internal nodes (before
crossover), or it has two internal nodes (after crossover). For completeness, the first

three anti-symmetric vibration modes are reported too in Fig. 4.3(c).

4.2.3 Forced dynamics: harmonic load

Since the forced dynamics problem cannot be solved in closed form, the Multiple
Scale Method (MSM) is used to find the solution: in this way, one can analytically
solve the problem in an asymptotic way. The case of the cable subjected to a

uniform vertical sinusoidal load is here studied.

If one considers p, = —F'sinQpt as the external sinusoidal load in Eq. (4.26),
with F in N/m and Qp in rad/s, stating that F = ng and that Qp = % in

addition to non-dimensional terms introduced in Eq. (4.27), the non-dimensional

problem becomes:

(1 + E(T)) (3, 7)" — h(7) — $(3,7) — &5(5,7) = FsinQpr

h(r) = \? (/01 o(3,7)d5 + % /01 (3, T)’2d§> (4.35)
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Figure 4.3. In-plane vibration modes of the cable (15 = blue, 2"? = red, 3" = black):
(a) symmetric ones before crossover; (b) symmetric ones after crossover; (c) anti-symmetric

ones.

The Multiple Scale Method is used directly on the continuous problem, with

27 are kept, while T} = e is

time scales T; = €'7: in particular Ty = 7 and Th = ¢
not considered, since it can be demonstrated that the solution does not depend on

T;. So, derivatives are written as follows, where D; = d(...)/dT;:

d(... d*(...
Eh_) = Dy + Do, dS_Q) = D§ + 2e? Dy Dy (4.36)

and variables are rescaled as follows:

0(3,7) = ev1(3, To, Tb) + €202(5, Ty, Ta) + €303(3, To, Tb) (4.37)
iL(T) = E;Ll (Tg, TQ) + 52B2(T0, Tg) + €3iL3(T0, TQ) (4.38)
Co = 280, F=¢&F (4.39)

Since a 1:1 resonance between the frequency of the external load and one of the
natural frequencies of the cable is considered, the non-dimensional angular frequency
of the external resonant load is related to the one of the cable through the relation

2

Qr = wr + 0 where 0 = €6 is a small detuning parameter to slightly modify the

frequency of the force. Omitting tilde and hat, perturbation equations at different
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order of € are collected as:
ord. ! 1 v} —hy — D3v; =0
1
hy = \? / vids (4.40)
0

’Ul(o, To,Tg) = Ul(l,To, Tg) =0

ord. €2 : vé’ — hy — ngg = —v'{hl

1 1 1
hy = M2 </0 vods + 2/0 v’lzds) (4.41)

v2(0,To, T2) = v2(1, T, T2) = 0

ord. % : 1):’3’ — h3 — D(2)'03 = ce.Dov1

— (V§h1 + v hg) + 2DgDovy + Fsin (w, Ty + oT3)

4.42
VYL (4.42)
hs =\ v3ds + V1 Vads
0 2 Jo

v3(0,Tp, T2) = v3(1,Tp, T2) =0

Starting from order ¢, the generating solution can be written as:
v1(s, T, Tb) = Ap(Ta)ep(s)e™*10 + c.c. (4.43)
hi(Ty, Ts) = Ap(To)Hpe* 10 4 c.c. (4.44)

where ¢ (s) and wy, are those found in Sect. 4.2.2 for the considered vibration mode

of the cable and H}, is constant on s.

The solution at order €2 can be found by examining the right-hand side of
Eq. (4.41) knowing the solution found at the previous order € [39]. It can be written

as:

UQ(S, TU, TQ) = Ak (T2)2X22(5)€2iwkT0 + Ak(TQ)Ak(TQ)XQO(S) + c.c. (4.45)
hz(To, TQ) = Ak(T2)7722€2iwkT0 + Ak(Tg)Ak (T2)7720 4 c.c. (446)
where Ay (Ty) is the complex conjugate of Ay(T») and x22(s), x20(s), 722 and 729

are called shape corrections. They can be found by substituting Eqs. (4.43), (4.44)
and Egs. (4.45), (4.46) inside Eq. (4.41) and separately collecting terms multiplying
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e?@rTo and €%, Doing so, one gets for ya2(s) and 792:

x22(8)" + dwix22(8) — 12 = Hrpr(s)”

)\2 1

1
22 — Ag/ X22(8)d8 = ? cpk(s)’2ds (447)
0 0

x22(0) = x22(1) =0
while for x20(s) and 729 the problem is:

"

x20(8)" —n20 = —Hppr(s)

)\2 1

1
120 — /\2/ X20(s)ds = £ or(s)?ds (4.48)
0 0

x20(0) = x20(1) =0

The solution of the system written in Eq. (4.47) can be obtained by solving the
boundary value problem with 722 that remains undetermined; then, one can solve
the second equation of (4.47) substituting to y22(s) the previously found expression
and, in this way, 792 is determined; at this point it can be used to completely
determine x22(s) found before. The same procedure holds for the system (4.48)
with x20(s) and 2.

Then, moving to order €3, Eqs. (4.43), (4.44) and Eqs. (4.45), (4.46) can be
substituted inside Eq. (4.42). Secular terms, i.e. those multiplying e**70 which can
bring the response to diverge, are collected and put equal to 0. Then, the solvability
condition is imposed as the projection of the equation on the mode ¢y, (the resonant
one), thus getting the Amplitude Modulation Equation (AME) written in true time

7 (meaning that the perturbation parameter ¢ is reabsorbed) as:

Autr) = ~Eott 1 B T [ g (2 [ ehodtoias
+ [ dhlontatoris) (2 [ antoncaiors + [ auonthioyis) i
— (2m20 + m22) /0 1 sok(S)@’é(S)dS} (4.49)

Fich 1
+ ¢ /gpk(s)ds
0

4wk
Polar form is introduced as A (1) = %ak(T)ezﬂk‘(T) and the real and imaginary parts
of the AME are collected thus giving two real equations. Then, the system is made

autonomous by introducing the phase vx(7) as yx(7) = o7 — B¢ (7) and the real and
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imaginary parts of the AME are rewritten as:

ap = Fy (ag, vx) (4.50)

wrapVr = Fa (ak, vx) (4.51)

4.2.4 Forced dynamics: results

Results are here resumed for the cable having the non-dimensional properties writ-

ten in Tab. 4.1 (& is the modal damping ratio).

Table 4.1. Geometrical and mechanical non-dimensional properties of the cable under

harmonic resonant load.

A2 o & F Op o
2.86m% 8.31x1073 0.75%0 1.00x 102 5.63 0.0

First, it can be commented that the value of A? is such that the system is before
the crossover, thus the vibration modes of the equivalent linear system are those
reported in Fig. 4.3(a); in particular, the first symmetric mode, with frequency
w1 = 5.63 is taken.

In Fig. 4.4 the shape corrections y22(s) and x20(s) obtained from the resolution
of Egs. (4.47) and Egs. (4.48) are shown. x20(s) is always real, while x22(s) could
be complex if other types of damping in addition to the external one considered in
this work are accounted for. Moreover, for this data set it results that 720 = 209.77

and 790 = —124.68.

Figure 4.4. Shape corrections x22(s) (in red) and x20(s) (in blue) for the suspended cable
of Tab. 4.1.

The Frequency Response Curve (FRC) of aj is shown in Fig. 4.5. Equilibrium
points can be found by solving Egs. (4.50), (4.51) with a; = 0 and 4% = 0, summing
and squaring them and considering that cos+y;2 + sinvy,? = 1, thus getting an

equation with a; and o; the equation is solved, so a; is obtained in function of o
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and the FRC is found for different values of the frequency (or detuning parameter).
Then, in order to find the stable and unstable equilibrium points (in blue and
dashed green in Fig. 4.5 respectively), following the classical stability analysis, one
has to evaluate the eigenvalues of the Jacobian matrix in correspondence of the

investigated equilibrium point (age, Yk ), thus getting a problem as:

day, day,
= J (ake, Vie) (4.52)

0k Ok
The eigenvalues of the Jacobian matrix J tell if the equilibrium point is stable (real
part of all eigenvalues < 0) or unstable (at least one eigenvalue with real part > 0)

[85]. The same results can be obtained by implementing Eqgs. (4.50), (4.51) on a

commercial software as AUTO [34].

Moreover, in the same figure the circles indicate the numerical solution. To find
it, the transverse displacement of the cable is evaluated after the application of a
Galerkin method involving just the resonant mode as v(s,7) = ¢r(s)Vi(7) (other
modes could be considered but due to orthogonality they would give negligible
contribution), then it is substituted into Eq. (4.35), being the vibration mode @(s)
known; finally, the resulting problem with assigned initial conditions is solved. The

circles appearing in Fig. 4.5 are the values of Vi (7) after the initial transient. It can

ag

-0.10 -0.05 0.00 0.05 0.10

Figure 4.5. Frequency response curve for the suspended cable of Tab. 4.1 subjected to
a resonant sinusoidal load (circles are obtained from the direct numerical integration of
Egs. (4.35)).

be commented that the stable and unstable zones of the FRC are the expected ones
and that the numerical solution is well superimposed to the analytical one. This
latter consideration in confirmed by Fig. 4.6 where the displacement time histories
of the middle point § = 1/2 of the cable analytically and numerically obtained are

represented and they are in very good agreement.
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v(s,7)

0.010

0.005

-0.005

-0.010

Figure 4.6. Displacement time history in terms of v (5,7) found analytically (blue) and
numerically (red, from the direct numerical integration of Eqs. (4.35)) for the suspended
cable of Tab. 4.1.

Finally, given that an infinite number of dimensional systems can be obtained
from the non-dimensional parameters written in Tab. 4.1, one set of parameters
corresponding to a cable having physically meaningful properties is reported in

Tab. 4.2.

Table 4.2. Geometrical and mechanical dimensional properties of the cable under

harmonic resonant load.

L(m) m(kg/m) EA(N) c (kgf(ms)) T (N) F (N/m) o (rad/s)
45 561 7.5 x 106 2.2 253125 5.5 0

4.3 Vortex-Induced Vibrations

This section of the Thesis is devoted to the analysis of cable behavior when subjected
to Vortex-Induced Vibrations, which arise when vortices periodically shed from the
surface of the cable which is hit by the wind at certain velocities, producing fluc-
tuating aerodynamic forces. More specifically, when a fluid flows past a body, the
interaction between the two depends on several factors, such as the fluid velocity
(air, in this case), the angle of attack, and the geometry of the body. For a circular
cross-section, as considered in this chapter, it is known that, for certain flow veloci-
ties — corresponding to a specific range of Reynolds numbers Re — vortices form and
detach periodically from the body, giving rise to Vortex-Induced Vibrations. The
range of frequencies over which the vortex shedding frequency (commonly related
to the flow velocity through the Strouhal number) and the natural frequency of the
structure (the cable, in this case) are close, defines the so-called lock-in region. This

synchronization phenomenon is characterized by a strong fluid—structure interaction
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and a marked nonlinear behavior which can lead to non-negligible oscillations in the
direction orthogonal to that of the wind (cross-flow), even if (smaller) motion hap-
pens also in the parallel one (in-line). A distinguishing trait of VIV is that they are
both self-excited and self-limited.

The work here presented about VIV has a natural continuation in the control of
these vibrations, making use of specific devices, as the NES already used on beams:

at the end of the Section, some indications will be given on the planned next steps.

4.3.1 Wake oscillator

One common way to analytically model VIV is through the so-called wake oscil-
lator, a nonlinear oscillator which represents a certain variable. In this case, the
dimensionless wake variable ¢ is considered to be representative of the fluctuating

lift coefficient on the structure [35] as schematically shown in Fig. 4.7. So, starting

A B

\f U a,(s), v(st)
4

6@ a,(s),w(s,t)
4(s.1) (9

Figure 4.7. Schematic representation of the suspended cable subjected to VIV.

a,(5), u(s,t)

from Eq. (4.26), its contribution is reflected in a new equation which is that of a

van der Pol oscillator:

(T + h(t)) v(s, t)" — %h(t) — (s, t) — ced(s, t) = —S(s,) + cri(s, t)

_ mgEA [ EA/L ”
h(t) = T T /0 v(s,t)ds + oL J, v(s,t)ds

v(0,t) =v(L,t) =0

(4.53)

(s, ) + aQr (a(s,1)* = 1) 4(s,t) + Qba(s,t) = F(s,1)
where the new terms with respect to Sect. 4.2.1 are the fluid-added damping cp in
kg/(ms), the effects of the cylinder motion on the near wake F(s,t) in s~2 and the

effect of the wake oscillator on the cylinder motion S(s,t) in N/m. They can be
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written as:
9 U
cr =YQppD*, Qp = 27r5t5,

2
F(s,t) = %i}(s,t), S(s,t) = pUDC4LOQ(5’t)

where Qf is the vortex-shedding angular frequency in rad/s, p is the air fluid density

(4.54)

in kg/m?3, D is the diameter of the cable in m, v is the stall term (more details in
[125, 130]), cro is the reference lift coefficient, U is the wind velocity in m/s, St is
the Strouhal number, « is the van der Pol parameter and A is the scaling of the
coupling force. Based on Eq. (4.28), the problem is rewritten in non-dimensional

form as:

(1 + 5(7)) 5(3,7)" — B(r) — 83, 7) — G5, 7) = —syQ2q(3,7) + EpQrd(3,7)

h(r) = \? (/01 (3, 7)d5 + ;/01 (3, T)’2d§>

0(0,7) =0(1,7) =0 (4.55)
§(5,7) +2aQp ((5,7)* = 1) 4(5,7) + Qka(5,7) = frv(5,7)
where, in addition to terms introduced in Eq. (4.27) and in Eq. (4.39), the new

terms are written in non-dimensional form as:

D2

ip = 1P (4.56)
m
. 2 ~ . pD36L0T
= SVQRQ(S¢T)7 Sy = 167T2m29L27St2 (457)
A mgL?

= ——= 4.58
fv T (4.58)

and Qr = Qp/w is the non-dimensional vortex shedding frequency.

The MSM is used once again, assuming that @(3,7) and k() depend on time
scales Tp and T5, while the wake variable depends on 77 too (since it is evident that
the dependency here is no more trivial). Thus, while for & and h, Eq. (4.36) still
holds, for ¢ derivatives are written as:

d(... d?(...
Q =Dyg+eD; + 82D2, (72)
dr

= = D 4 2¢DoD; + €2D? +2e2DgDy  (4.59)

and, in addition to Eqs. (4.37), (4.39), ¢ and the other terms are rescaled as:

G(5,7) = qo(5,To, Ty, To) + €q1 (3, Ty, T1, To) + 2qo(3, To, Ty, Tb) (4.60)
ép=¢ep, a=ca, sy=csy, fr= afAV (4.61)

This means that, after collecting terms at the same order of €, the following pertur-
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bation equations are obtained, where tildes and hats are omitted:

ord. ' : v'll —hy — D(2)U1 =0

1
hy = \? / v1ds
0 (4.62)

v1(0,Tp, 1) = vi1(1,Tp,T2) =0

Diqo + Qg0 = 0

ord. £2: vé’ — hg — D(Q)vg = —v'l'hl

1 1 1
h2 = )\2 </ UQdS + / ’1132(18)
0 2 Jo (4.63)

v2(0,Tp, Tp) = v2(1,Tp, T2) =0

Diq1 + Q%1 = aQrDogo — 2DoD1go — aQr(Dogo) g3

ord. €% : v — hg — Dgvs = (G + ¢pQlr)Dovr — (v hy + v]hy)

+ 2DgDovi — SvQ%qO

1 1 /1
hy = \2 / vsds + / vivhds
0 2Jo

v3(0, Ty, Ts) = v3(1, Tp, T) = 0 (4.64)
Diga + Qg2 = aQrDogi — 2DoD1g1 + aQrD1qo
— 2Dy Dago — Diqo — aQr(Dog1)gs — aQr(D1go)qs
— 2000r(Dogo)qoq1 + fv Dy

Developing the equations, what was written in Sect. 4.2.3 at the first two orders for

v and h still holds. On the other hand, for the wake oscillator, the solution at order

el is determined assuming that its dependency on s is the same of the cable:
q0(s, To, T1, To) = Qk(T1, To)pr(s)e™ 710 4 c.c. (4.65)

At the second order, Eq. (4.65) is substituted into Eq. (4.63) and secular terms

arises. In particular one finds that:
1 _
DiQu(T, 1) = —5aQrQr(-1+ Qrpr(s)°Qr) (4.66)

Going to the third order, Eqgs. (4.43), (4.44), Eqs. (4.45), (4.46) and (4.65) can
be put inside Eq. (4.64). It should be noted that, from Egs. (4.63) and (4.65),
due to the elimination of secular terms written in Eq. (4.66), ¢; is redundant and
can thus be neglected. To trigger the phenomenon of Vortex Induced Vibrations,

the frequency of the vortex shedding, which is proportional to the wind velocity
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as written in Eq. (4.54), has to be close to one of the natural frequencies of the
cable; this resonance condition can be expressed through the relation Qr = wp + o
with ¢ = £25. So, secular terms are collected at the third order both for the cable,

iwkTo

i.e. terms multiplying e , and for the wake, i.e. terms multiplying ¢*?£70 and

put equal to 0. For the wake oscillator one obtains:
i
DoQi(T1, To) = s~ (—aQpD1Qy + DI Qy,
2Q0g
+2002rQrer ()’ QrD1Qx (4.67)
+aQrQ7pK(8)°D1Qy + fre 7T Ay(To)wy)

Then, substituting the secular term obtained from Eq. (4.66), one obtains:

DoQy(T1,Ts) = (—a®Q%Qk + 402Q5Q70k(5)*Qy

8Qr (4.68)
=30’ 07Qen(s)'Q + 4fve 7 A(To)w)

Finally, going back to true time 7, the reconstitution method is used in order to get

the complete source of secular terms of the wake oscillator as the sum of Eq. (4.66)

and Eq. (4.68) as:

. d a2 QRQiex(5)°Q
Qr(r) = % = eD1Qk +*DrQy, = ;Qk - Rngk( —
i0?Q3Q) N ia*QrQ7 ¢k (5)* Qr (4.69)
8 2
3’ QrQYer(s) Q7 n ifve T Ap(T)wp
8 20p

Then, after applying the solvability conditions by projecting on the mode ¢, the

AME of the cable and of the wake in true time 7 are respectively:

. Ce + CRQR)A A2 A 1 1
Aufr) =~ C R B 2 [ s)ds (2 [ chomn(o)ds
Wk 0 0

+/01 SO;c(S)X/ﬂ(S)dS) - (2 /01 ©r(8)x20(8)ds + /01 gok(s)x’éQ(s)ds> H,

isvewTQ%Qk (4.70)

1
—(27720+7722)/0 9019(8)%0/1;(5)‘15] - 2wy,

) _ aQrQp . iQrQk . ! 3
Qr(T) = 3 [4 —da + m <4(1 + a) /0 wr(s)’ds

i 1 . —i0T QA
_3an<7)Qk(7—)/O gpk(s)5d8>] + ZfV€2Qka k

(4.71)

Thus, two coupled AME are obtained, one for Ak(T) and one for Qk(T) Polar
form is introduced as Ag(7) = %ak(T)eiﬁk(T) and Qx(7) = %zk(T)ewk(T) and real
and imaginary parts are separated. Then, to make the system autonomous, the

phase has to be written as v (7) = o7 — Bk(7) + 0 (7) and the following first order

136



Chapter 4 — Cables

differential equations are obtained:

dar, = Fi (ak, 2k, k)
Zr = Fa (ag, 21, )
Br = Fs (a, 2, V1)
O = Fy (ak, 26, %)

)

Y& = Fs (ak, 2k, Vi

4.3.2 VIV: results

The properties of the cable whose results are here presented are resumed in Tab. 4.3;

modal damping &; also account for the fluid-added contribution.

Table 4.3. Geometrical and mechanical non-dimensional properties of the cable under
VIV.

A2 Ce & Qr o
6.2872 2.68 x 1072 0.2% 7.27 0.1

About the wind parameters, following [35], fixed values are given to them, as
v = 0.8, crp = 0.3 in the large range of Reynolds’ number, St = 0.2 in the sub-
critical range where 300 < Re < 1.5 x 10°, = 12 and o = 0.3. In this case,
being A2 greater than 472, the system is after the crossover and vibration modes
are those of Fig. 4.3(b); in particular, in this section the first symmetric mode, with
frequency wi = 7.27 is considered.

The shape corrections x22(s) and x20(s) for this data set are represented in

Fig. 4.8 and, in addition, 192 = 915.49 and 799 = —211.75.

Figure 4.8. Shape corrections x22(s) (in red) and x20(s) (in blue) for the suspended cable
of Tab. 4.3.

To obtain the Frequency Response Curves, one can use Egs. (4.72), (4.73),

(4.76) putting the left-hand side equal to zero. In particular, one can collect terms
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multiplying sin(~yy) from Eqs. (4.72), (4.73) and set them equal, thus getting the first
equation which is function of ag, zr and o. The second one is obtained by collecting
terms multiplying cos(x) from Eq. (4.76) and using the Pythagorean trigonometric
identity cos(vyx)? +sin(yx)? = 1. In this way two equations are obtained in function
of ap, zi and o and it is possible to solve them to obtain a; and z; in function
of the detuning parameter o, i.e. the FRC and then eventually derive the FRC of
k. The stability of the equilibrium points is found as explained in Sect. 4.2.4. The
FRC of ag, 2z and of the phase 7 are represented in Fig. 4.9 with stable (in blue)

and unstable (in dashed green) branches.

First of all, it is evident that near o = 0, which corresponds to the case when
the frequency of the vortex shedding is exactly the same of the first natural mode of
the cable, the amplitude of motion is higher for a certain range of frequencies, thus
defining the lock-in or synchronization region, with the maximum value attained not
exactly at ¢ = 0 (hardening behavior). Moreover, it can be seen from Fig. 4.9(c)
that the jumps occur at the boundaries of the lock-in region; these results are in
agreement with those obtained by Kim and Perkins in [67]. Finally, for some values
of the detuning parameter o, three equilibrium points are intercepted (two stables,

one unstable): the solution will tend to one of them based on the initial conditions.

The analytical and numerical time histories of v <;, 7') and ¢ <;, T> are repre-
sented in Fig. 4.10 for the value of o of Tab. 4.3. The analytical solution is obtained
from the systems of Eqgs. (4.72), (4.73), (4.74) and (4.75), which allows to find
ax(7), Br(7) and thus Ag(7) and zi(7), Ox(7) and thus Qx(7), which means that
both v(s,7) and ¢(s, 7) are determined. The numerical solution is obtained directly
from Eq. (4.55) using once again the Galerkin method retrieving only the resonant
mode. In this case a value of 0 = 0.1 was considered, and it can be seen that
the analytical and numerical solutions represented in Fig. 4.10, obtained assigning
non-zero i.c. on v(s,0), ¢(s,0) having the shape of the linear vibration mode (with
different amplitudes) and trivial i.c. on ©(s,0) and (s, 0), agree both in terms of v
and ¢, confirming the validity of the analytical model. Moreover, their values (tak-
ing into account ¢(5)) are coherent with those read in Fig. 4.9(a) and Fig. 4.9(b)

in correspondence of the same value of o.

Finally, one set of parameters corresponding to a cable having physically mean-
ingful properties whose results correspond to those written in this section is reported

in Tab. 4.4.
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Figure 4.9. Frequency response curves for the suspended cable of Tab. 4.3 subjected to
VIV: (a) FRC of the cable; (b) FRC of the wake oscillator; (¢) FRC of the phase.

Table 4.4. Geometrical and mechanical dimensional properties of the cable under VIV.

L (m) m(kg/m) EA(N) ¢, (kg/(ms)) T (N)
267 1.8 2.97 x 107 0.02 22000

This first part, which had as main goal the development of an analytical model
to study the problem of the cable subjected to VIV applying MSM directly on the

continuous equations gave encouraging results, which have to be further investigated
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v(s,7)

5x1078

-5x1070

() (b)

Figure 4.10. Displacement time histories in terms of v (5, 7) (a) and of ¢ (5, 7) (b) found an-
alytically (blue) and numerically (red, from the direct numerical integration of Eqs. (4.55))
for the suspended cable of Tab. 4.3.

in order to obtain large displacements in correspondence of the lock-in region which
thus justify the implementation of a passive vibrations control system. Just to give
some details, the idea is to use one or more NES as done in Sect. 3.4 and to study
the problem as in [150] with the idea of optimizing the behavior of the NES in order

to get a massive vibration reduction and thus extend the service life of the cable.

4.4 Identification

The identification of system parameters of the cable is realized making use of the
algorithm developed in Sect. 3.5 and here extended to cables subjected to non-zero
initial conditions. This is a first application of the MSM+HHT approach to cables
with the idea of making it more general and to consider also the external resonant

load.

4.4.1 Non-zero initial conditions

The equations derived for the cable in Sect. 4.2.3 are here used. It is possible
to restart from Eq. (4.35) with F = 0. As written, in this first extension of the
identification procedure to cables, for simplicity the initial condition involves just

one mode and can be written in the modal basis as:
0(s,0) = axpr(s)
' R (4.77)
0(s,0) = brpr(s)

being a; and by, assigned initial displacement and velocity modal amplitudes, respec-
tively. Scaling #(3,7) and h(7) as in Eq. (4.37) and scaling the initial conditions as

ay, = eay, and by, = by, and neglecting tilde everywhere, the perturbation equations,
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together with boundary and initial conditions, can be written as:

ord. ' : v'll —hy — D(Q]vl =0

1
h1:>\2/ v1ds
0

v1(07T0’T2) - /Ul(].,TO,T2> = 0 (478)
v1(s,0,0) = arpr(s)

Do’Ul(S, O, O) - (;kSOk(S)

ord. €2 : vé’ — hy — D%vg = —’U{'hl

1 1 1
hy = \? / vods + / viAds
0 2 Jo

4.
v9(0, To, To) = va(1, Ty, T) = 0 (4.79)
va(s,0,0) = 0

Dyv2(s,0,0) =0

ord. &3 : vg — hg — ng3 = CceDov1 — (’L)ghl + Ulllhg) + 2DgDsvq

1 1 /1
hy = \? / v3ds + / vivhds
0 2 Jo

4.80
v3(0, T, T2) = v3(1, T, T2) = 0 (4.80)
v3(s,0,0) =0

D0v3(37 07 0) = _D2'U1(87 07 0)

The solutions at order ¢ and &2 are those written in Eqs. (4.43), (4.44) and
Egs. (4.45), (4.46) respectively. Then, the only AME can be deducted as:

. ¢ A 1A2A 1 1
Ap(r) = — G | P |y / on(s)ds (2 / h(5)xh0 () ds
2 QCL)k 0 0

+ [ ehontatoris) (2 [ antoncaioris + [ auont(o)is)
! (4.81)
— (220 —1—7722)/0 cpk(s)@’k’(s)ds}

which, after the introduction of polar form as Ag(7) = %ak(T)eiﬁk(T), can be rewrit-

ten in real form as:

da = Fy (a, Br) (4.82)

wrar by = Fa (ar, B) (4.83)

and, as already written for the beam in Sect. 3.5, the initial conditions can be
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|, B
a(0) = a,3+w—’; (4.84)
k

expressed as:

~

Br(0) = —arctan
WAk

(4.85)

Differently from the investigated discrete systems and from the beam in Sect. 3.5,
in this case, the presence of the solution at order 2 does not allow to write the
identification problem as An = b. In fact, considering as unknown parameters
to identify the damping term & and the parameter A2, which, as stated in [61],
accounts for geometric and elastic effects, and collecting them inside the vector i as
n= ()\2 66)T, if one explicitly writes Eqs. (4.82), (4.83), sees that the dependence on
the unknown parameters is not linear, differently for example from Eq. (3.191) with
respect to a, x and £. This is due to the nonlinear dependence of shape corrections
introduced in Eqgs. (4.45), (4.45) on the parameter A2, So, the identification problem

derived from Eqs. (4.82), (4.83) can be formally written as:

A (ak, ar, B, Bkﬂ?) =b (4.86)

and Nonlinear Least Squares can be adopted to find the unknown parameters 7.

At this point, since the goal is to highlight the relationship between HHT and
MSM, in order to put the outcomes of the former inside the equations of the latter
to identify the system parameters, the solution of the cable given by the two con-
tribution written in Eqs. (4.43), (4.44) and in Egs. (4.45), (4.45) at the position s,
in polar form and in terms of true time (reabsorbing the bookkeeping parameter ¢)
can be written as:

1 )
v(8,7) =v1(5,7) +v2(5,7) = iak(T)wk(g)e’(”k”ﬁk(T))

1 ' 1 (4.87)
+ Zak(T)2X22(5)621(wk7+ﬁk(7)) + Zak(T)z)(Qo(g) + c.c.
which becomes, using Euler’s formula:
v(8,7) = ar(7)pr(8) cos (wpT + Br(T))
0 ()2 (4.88)
+ A aa(5) cos [2 (wn + Br(7))] + 6 (7)xa0(5)

As already done for the nonlinear beam and for the discrete problems, the expression

given in Eq. (4.88) can be compared to the analytical signal of Eq. (3.135) retaining
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only terms of frequency wy, as:

a(7) = Qui (7)s/¢k(5)

Br(T) = ¢vk(7')|§ — WET — 51:(7) = ka(7)|§ — Wk

(4.89)

This simplification makes the comparison less rigorous (even if also for beams the
solution was stopped at a certain time scale) but some initial results are collected
in the Thesis leaving to future works the inclusion of the higher order terms which

could improve and make the identification process more stable.

4.4.2 Results

As already done for beams, system parameters are identified for cables too starting
from numerically generated signals, obtained through the Matlab function ode45
[88].

Results are reported in Tab. 4.5 together with the real values (used to generate
the numerical solution). The numerical solution, whose results were fed to the
HHT, was found by applying a non-zero i.c. on the vertical displacement of the
cable (Egs. (4.77)). Both damping & and the parameter A\? are identified with a
good approximation, with a maximum difference of 3.1% on ¢é. and of 17.6% on
A2 for the investigated case. This error, especially on A2, could be reduced taking
into consideration a higher number of IMF. However, these results are undoubtedly
encouraging and have to be reinforced with further analyses.

Table 4.5. Parameter identification for the cable of Eq. (4.35) with i.c. on the 15
symmetric vibration mode using HHT+MSM.

Co A2 i.c.

Real values ‘ 8.310 x 1073  28.286 ‘ -
Identified values | 8.569 x 10™®  33.255 | a; = —3.955 x 1072
Identified values | 8.246 x 107%  30.951 | a; = —3.955 x 1073

A further comparison of slow time depending amplitudes and instantaneous
frequencies, evaluated through HHT and MSM for the data sets of Tab. 4.5 is
reported in Fig. 4.11. A good correspondence can be found between the curves
obtained with HHT and MSM despite the simplification made in Eq. (4.89) which

is somehow highlighted in the figures, thus proving their “equivalence”.

143



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

0.1 ; . . , , , , 10

o

Illl|l|l|lllllll'I'l'I'l'|'|'|'|l|‘||l|l|lll'llnlnln‘n‘||l||'1'|'|l||l|l'1'|'|I|‘||||1'W‘llllnMlll'n'.l|||'1'.l|||'1'.ll

envelope
frequency

—HHT
——MSM

10 20 30 40 50 60 70 80

T T
(a) (b)
0.01 T T T T T T T 10
0.008 ’ 8
g 00 %’W""\ ; 8
2 5}
S 2
8 0.004 - E & a4
0.002 ’ 2
——HHT —hHT
——MsM ———MSM
0 | | | | | T T 0 | | | | | T T
10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 80
T T
(<) (d)

Figure 4.11. Slow time depending amplitudes and instantaneous frequencies of HHT and
MSM for a cable with i.c on the 1% symmetric mode with & = 8.310x1073, A2 = 28.286, and
i.c. v(s,0) = —3.955 x 10721 (s), ©(s,0) = 0 (on the top) or v(s,0) = —3.955 x 10731 (s),
0(s,0) = 0 (on the bottom) evaluated at midspan. (a)-(c) Q,,(7)]s (HHT), a1(7)p1(3)
(MSM); (b)-(d) b, (7)]s (HHT), B1(7) +wi (MSM).

4.5 Conclusions and future developments

In this chapter, cables were studied. First the analytical model of the nonlinear
suspended cable was recalled. The model was obtained through classical hypotheses
which lead to the equations of motion of the cable in the transverse directions both
in-plane and out-of-plane while for the tangential behavior a static condensation was
realized. Then, the out-of-plane behavior was neglected under certain assumptions,
with the idea of reconsidering it in the future. The free and forced dynamics were
studied, using for the latter the Multiple Scale Method (MSM) and numerical results
confirmed the analytical ones.

After, the phenomenon of Vortex-Induced Vibrations (VIV) was introduced and
the cable subjected to it was analytically studied for the first time through MSM
directly applied on the continuous problem. In fact, it was proven by many works

that in case of continuous nonlinear systems with quadratic and cubic nonlinearities
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(like cables or buckled beams) the a priori discretization of the equations of motion
can lead to qualitative and quantitative errors. Once again, the comparison between
analytical and numerical results confirmed the validity of the model which can thus

be implemented to consider also the presence of one or more NES.

Finally, the same model-based identification procedure realized through the com-
bination of the Multiple Scale Method (MSM) and the Hilbert-Huang Transform
(HHT), first introduced for beams, was extended to the suspended cable and it
was shown that the relationship between the two methods still holds, allowing to

identify some particularly interesting parameters of the cable.

Future developments are expected to bring the work started in this Thesis to
completion. In particular, the study of the cable subjected to VIV has to be fur-
ther investigated to find a set of physical parameters for the cable which, under
the wind action, manifest important displacements, thus requiring the introduction
of the NES, especially focusing on long cables which can manifest more complex

phenomena.

Related to the previous point there is the experimental realization of the model
and the monitoring of vibrations. In particular, the idea is to realize an experimental
model of the cable with multiple goals: the first one is the evaluation of some
parameters introduced in Sect. 4.3 to model the wind action (A, v, «) which can
be checked and eventually updated to be more faithful to the real cable behavior;
then, with the same experimental specimen, one can first of all investigate the
modal properties of the cable with the same OMA algorithms considered for beams
and then realize a monitoring campaign, for example exciting the cable with an
harmonic force or applying non-zero initial conditions and compare results to those
furnished by the model. Of course, adequate sensors should be used having low

weight and high sensitivity.

Always related to the idea developed in Sect. 4.3 of controlling the cable vi-
brations, one could think to realize an experimental cubic Nonlinear Energy Sink
(NES) using a combination of linear springs as in [89] and to verify that in case the
NES is implemented on the cable the vibrations are reduced; this validation would
be fundamental to extend the study on full-scale cables.

Finally, the procedure to identify the parameters of the cable has to be extended

in order to account for the complete expression of the cable displacement obtained

through MSM in the comparison with the one found with HHT involving also other
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Intrinsic Mode Functions (IMF) to improve the identification procedure.
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THREE-DIMENSIONAL FRAMES

Three-dimensional frames, like those used in reinforced concrete build-
ings are studied. First a model is presented, based on the homogeniza-
tion theory, with some little modifications to make it possible to consider
frames with different mass and stiffness at different stages. Then, con-
sidering a model of a real case study, results are presented in terms of
free dynamics. Subsequently, the same case study is analyzed through of
Operational Modal Analysis (OMA) processing data collected from some
sensors placed on it. These results are compared to those found with the
model and the possibility to update the model is discussed. Then, an-
other case study is considered and the tracking of modal properties in
time is presented exploiting the permanent sensors, taking into consider-
ation also the variation of the ambient temperature and the correlation
among modes. Conclusions and future developments are resumed at the

end of the chapter.
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5.1 Introduction

Three-dimensional frames are extremely common in civil constructions. In fact,
they represent the principal choice for residential and offices buildings, and they are
usually realized in reinforced concrete or in steel, differently from small residential
houses, usually realized, at least in Italy, in masonry.

This chapter of the Thesis was born to satisfy the demand of companies which
on one side asked for models which were sufficiently simple, with a small number of
parameters and easy to modify and interpret, able to describe this type of buildings
and, on the other side, wanted to develop strategies to monitor the health status
of those buildings through the use of specific sensors which acquired information
continuously.

This chapter is divided as follows: first, an existing model for three-dimensional
frames based on the so-called homogenization technique is introduced with some
care to account for the real condition of this type of buildings, where the stiffness
and mass properties usually slightly vary from a floor to another (due to different
sizes of columns or to a different distribution of masses in plan). Based on it,
an existing reinforced concrete building is modeled, with the aim of studying its
behavior in free dynamics. After that, the natural frequencies and mode shapes of
the same building are found through one of the two Operational Modal Analysis
(OMA) algorithms introduced for beams in the Sect. 3.3 and compared to those
coming from the model.

Subsequently, another case study is considered and, making use of the same
OMA algorithms, its modal properties are obtained and tracked in time, to under-
stand if they vary and if this variation is due to seasonal effects or to some kind of
damage. At the end, main findings and future perspectives are reported.

The content of this chapter was developed during the period the candidate
spent at the company Dimensione Solare s.r.l., which provided the instruments and

experimental data required to carry out these investigations.

5.2 Model

This section was conceived with the idea of developing an analytical yet simple
model for high buildings whose structure is made of three-dimensional frames; it

turned out that the homogenization technique was one of the best ways to do that.
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There are many works in literature based on this technique which follow different
approaches in function of their goals. Since the objective of this section is to have
a model whose results (in terms of natural frequencies and mode shapes) can be
compared to those obtained for the available real buildings, with the future idea of
updating the model itself to better catch the building dynamics, the methodology
used in [108] is mainly followed and equations developed there are here recalled. In
particular, the three-dimensional frame is considered equivalent (in terms of energy)
to a Timoshenko beam with some fundamental hypotheses; thus, the Timoshenko
beam is studied and, once its response is known, that of the three-dimensional frame

can be derived.

5.2.1 Formulation

The two fundamental hypotheses at the base of the model of the 3D Timoshenko
beam used in [108] are that the building is made of rigid floors connected by de-
formable columns and that both displacements and strains are assumed to be small.
As a consequence of the first hypothesis, even if a three-dimensional frame is for-
mally studied, the contribution in terms of stiffness is given only by vertical elements
(columns and shear walls), while horizontal elements (like beams and floors) are ac-
counted only in terms of mass contribution. A generic representation of the building
can be seen in Fig. 5.1(a) (it has to be noted that symmetry is not required), while in
Fig. 5.1(b) the equivalent beam is depicted with its displacement field. Throughout
the entire chapter, the y and z axes are referred to the cross-section, while the x axis
(from 0 to the total length of the beam L, which is also the height of the building)
represents the longitudinal direction; the orthogonal basis a;, a,, a. is associated to
those directions.

Starting from the kinematics, being the Timoshenko beam embedded in space,
6 parameters are used to describe its displacement field, here written (in m and rad

respectively):

u = u(z,t)a, + vz, t)a, + w(z,t)a, (5.1)

0 = 0,(z,t)a, + 0y(z,t)a, + 6.(z,t)a, (5.2)

It follows that the linear strain field is:
e=uy =1 =0 =uw+0; (5.3)

/. _nl. _n
ke =03 Ky =04, kr=0,
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Figure 5.1. Schematic representation of the homogenization procedure: (a) Three-

dimensional frame; (b) Equivalent Timoshenko beam.

where, ()’ denotes derivative with respect to z, € is the unit extension, v, v, are
the shear strains, r, is the torsional curvature and x,, k. are the bending ones.

Since the beam is clamped at x = 0, the geometrical boundary conditions are:

u(0,t) = v(0,t) = w(0,t) =0
(5.4)
0.(0,t) = 6,(0,t) =0,(0,t) =0

Then, considering the vector of external forces and couples (which includes the

inertia terms too) as:

P = pa(z,t)a, + py(x, t)a, + p.(z,t)a, (5.5)

c = cp(x,t)ay + cy(x,t)ay + c.(z, t)a, (5.6)

in N/m and Nm/m respectively, the equations of motion of the Timoshenko beam
are written as:

N' 4 pe =0;

T, +py =0y T +p.=0;

Y : (5.7)

M, + ¢, = 0;

M, —T.4+¢,=0; M, +T,+c.=0
where N, T,, and T, are the axial and shear stresses along the respective directions
and M, M, and M, are torsional and bending moments. Being the beam free at

x = L, the mechanical boundary conditions read:

N(L,t) = Ty(Lt) = To(L,t) = 0 .
My(L,t) = My(L,t) = M.(L, ) = 0 ’
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Finally, postulating the existence of an elastic potential energy density ¢y, the
linear hyperelastic constitutive law is obtained following the procedure explained in

Appendix B as:

N D 0 0 0 Dzp -Dyg| [
T, 0 Sy 0 —Syzs 0 0 Yy
T, o 0 0 S, S.ys 0 0 Ve (5.9)
M, 0 —Syzs S:ys C 0 0 Koy
M, Dz 0 0 0 B, B, ||~y
M, —Dygp 0 0 0 -B. B. | \x.

where h is the floor height and D, Sy, S, C, By, B, and B, are in the order the ex-
tensional, shear along y, shear along z, torsional, bending around y, bending around
z and cross-bending stiffness coeflicients of the equivalent beam. Moreover, yg, zg
are the coordinates of the center of extensional stiffness, while yg, zg those of the
center of shear stiffness of the cross-section. As already highlighted in the original
work ([108]), from Eq. (5.9) it is evident that the axial and bending behaviors are

coupled as long as the shear and torsional ones.

Finally, in order to obtain equilibrium equations in terms of the displacement
field, putting Egs. (5.3) into Eq. (5.9) and then substituting them inside Egs. (5.7),

one gets, explicitly expressing the inertia terms, the following equations of motion:
hDv" + thEH'y’ — hDygb” + pr — mii — ¢yt = 0
hSy (v —0,) — hSyzsbl + py — mi — ¢, = 0
hS, (w” + 9;) + hS,ysbl + p, — M — b = 0
hCo. — hSyzs (v” — 0'2) + hS.ys (w” + 9;) +y — 10y — copby =0 (5.10)
hBy0) + hDzpu" — hBy.07 — hS. (v + 6,) — hS.ysb,, + ¢y — 1,0, — co,f, = 0
hB.0! — hDypu" — hB,.0, + hS, (V' — 0.) — hSyzs0), + c. — IO, — cg.0. = 0
where ¢y, ¢, ... are the viscous damping coefficients and m is the mass per unit

length (in kg/m) with I, I, and I, being mass inertia moments (of the floors) per

unit length (in kgm?/m), found as:

N Ne Ne Ne
m = Zmz, I, = ZmZ (yf + zf) ;o Iy = Zmlzz7 I, = ZmlyZ (5.11)
=1 i=1 i=1 =1
Here, m; is the mass per unit length acting on each column ¢ = 1,..., N, of coor-

dinates (y;,2;). It should be noted that, in calculating the mass of each cell, the

horizontal masses (beams and floors) corresponding to the upper floor of the cell
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were included. As for the vertical masses (columns, infill walls, partition walls and
stairs), half of the mass of the elements belonging to the story above and half of

those belonging to the current story were considered.

Geometrical boundary conditions, in absence of settlements, are the same writ-

ten in Eq. (5.4), here rewritten:

u(0,t) =0; ©(0,t) =0; w(0,t)=0
(5.12)
0.(0,t) =0; 60,(0,¢t) =0; 6.(0,¢t)=0

and mechanical boundary conditions of Eq. (5.8) are rewritten in terms of displace-
ments as:
hDu'(L,t) + thE%(L, t) — hDygp0.(L,t) =0
hSy (v'(L,t) — 0.(L,t)) — hSyzg0.,(L,t) =0
hS. (w'(L,t) + 6y(L,t)) + hS.ysb,(L,t) =0 (5.13)
hCO,(L,t) — hSyzs (v'(L,t) — 0.(L,t)) + hS.ys (w'(L,t) + 0,(L,t)) =0
hBy0,(L,t) + hDzpu'(L,t) — hBy.0.(L,t) =0

hB.0,(L,t) — hDygu'(L,t) — hBy.0,(L,t) = 0

If the columns position is symmetric with respect to the inertial principal axes
(ay,a;), the extensional centroid F, the shear centroid S and the center of mass G
are coincident and the equations are considerably simplified. As can be seen from the
previous equations, this Timoshenko beam model is extremely rich and can account
for limit behaviors which are described by “poorer” models as the Euler-Bernoulli
beam (with the floors that rigidly rotate out-of-plane) or the shear beam (with the
floors that translate and rotate in-plane). It is shown in [108] that for a building
with columns only (no shear walls), a pure bending (Euler-Bernoulli) response is
highlighted for slender buildings with squat columns, while on the contrary a pure
shear response can happen for squat buildings with slender columns; however, the
great majority of buildings manifest a mixed response which thus require to account

the complete model here used.

Once the displacements of the equivalent Timoshenko beam at each stage are
found, solving the previous problem as explained in Sects. 5.2.2, 5.2.3, the displace-
ments, strains and internal stresses fields on each column can be reconstructed. In
particular, recalling the hypothesis of rigid floors, one can obtain the displacements

at the head (H) and at the foot (F) of the column i of coordinates (y;, z;) of cell j
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delimited by floors j — 1 and j from Eq. (B.9) as:

up, ; = u(hj-1) = 0:(hj—1)yi + 0y(hj-1)z up, ; = u(hy) — 0(hj)yi + 0y (hj)z
vE,; = v(hj—1) — 0 (hj—1)z v, ; = v(hj) — 05(hj)zi

wr, ; = w(hj-1) + 0(hj-1)yi - Jwn; = w(hy) + 0 (hy)ys

eﬂﬂFi,j = ex(hj—l) exHi,j = ex(hj)

eyF’L,j = ey(hjfl) eyHZ] = Hy(hj)

‘9ze3 = ez(hjfl) \GZH” = GZ(hJ)

(5.14)
where h;_; and h; are the height of the floors j and j—1 which correspond to specific
longitudinal abscissas of the equivalent Timoshenko beam. Then, the displacement
field along the column can be reconstructed. In fact, if each column is modeled as

a Timoshenko beam too, the displacement field can be found as:
x

uij () = up, ; + e (uHu - qu‘,j)
j

1 x> x? T
vm-(x) = UFi,j + — |:(—2 + BF + haiz7j> (UHM — UFM.)
J

L+ iz, h;® j
[ x T
———-1)(2— S N
3 <hj > ( hj o ’J> (O, ZF])]
1 x3 x? x
wi,j(:p) =wpg; + Tt T iy |:<_2h'3 + 3? + hjaiy’j> (’LUHi,]. — wFZ.’j)
; j J

T [ x L

5.15
% (QZBH,L"J' - H‘TFZ"J') ( )
J

1 T x (wH. —wp )
Oyii(x) =0 +——|6——1) "2 17
yi,j (Z) yFi, 1+ gy j [ (hj >hj h;
x x

+E <3h] -2+ Oéiy,j) (ngi,j — eyFiyj):|

1 T z (vb,, —vE,,)
0i(x) =0, +—— _q) s TG

Orij(7) = Oup, , +

x x
+E <3h] —2 + aiz,j) (HZHZ'J‘ - HZFZ"J'):|
and, through Eq. (5.3) before and Eq. (5.9) after (which hold for the columns as

for the equivalent beam since they were considered as Timoshenko beams too) it is

possible to obtain the strain and stress field in each of them.
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5.2.2 Solution strategy: equal cells

The solution of the equations derived in Sect. 5.2.1 in the general case of non-
symmetric structure can be analytically found but the resulting expressions are
rather complex. As a consequence, a numerical solution can be obtained, for exam-
ple through Finite Differences (FD) as done in [40]. In particular, in this section
the approach is recalled, while in the following an addition is made that permits to
consider different properties for each cell/floor of the three-dimensional frame as in

real buildings.

First of all, Egs. (5.10), (5.12) and (5.13) can be recast in matrix form and
written as a system:
—Mi—-Cu+Kyu”" +Kiu +Kqu+p=0
us =0 (5.16)
Kipuz + Kopug =0
where the vectors u and p comprehend here the entire displacement fields, Egs. (5.1),
(5.2) as u = (u,v,w, O, Gy,HZ)T, and all the external distributed loads, Egs. (5.5),
(5.6) as p = (Pzs Dy Pz, Cas Cyy, cz)T; the subscript A represents the clamped section
at x = 0 while B is the free section at x = L. Then, the mass, stiffness and damping

matrices are:

m 0 0 0 0 0
O m 0 0 0 0
0 0 m 0 0 0

M = (5.17)
0 0 0 I, 0 0
00 0 0 I, 0
000 0 0 0 L]
0000 o0 0 |
0000 0 0
0000 0 0

K, = (5.18)
0000 0 0
0000 —hS, 0
0000 0 —hS,]|
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0 0o o0 0 0 0
0 0 0 0 0 —hS,
0 0 0 0 1S, 0
K, =
0 0 0 0 hS.ys hSyzs
0 0 —hS, —hS.ys O 0
0 hS, 0 —hSyzs 0 0
[ D 0 0 0 hDzp
0 hS, 0 —hSyzg 0
0 0 hS.  hS.ys 0
Ky =Kip =
0 —hS,zs hS.ys  hC 0
hDzg 0 0 0 hB,
—hDyg 0 0 0 —hB,,
(0 0 0 0 0 |
0000 —hS,
0000 &S, 0
Kop =
0 0 0 0 hS.ys hSyzs
000 0 0
0000 0
(¢, 0 0 0 0 0]
0 ¢, 0 0 0 0
0 0 ¢y 0 0 0
C =
0 0 0 ¢ 0 O
00 0 0 ¢y O
00 0 0 0 cp]

—hB,.
hB,

(5.19)

(5.20)

(5.21)

(5.22)

Since the goal of the entire section is to study the free dynamics, the terms

related to the external loads and to damping in Eq. (5.16) are set equal to 0 and

the problem becomes:

—Mi+ Kou”" + K +Kqu=0

uyg =0

Kipup + Kopup =0

(5.23)

In order to solve Eq. (5.23), one can consider u(z,t) = ti(x)eM, thus the problem
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i1s rewritten as:
MM+ Koot + Kt + Koi = 0

a4 =0 (5.24)
K gl + Koplip =0
This problem can be solved making use of Finite Differences (FD). In particular, the
Timoshenko beam is divided in n; elements of dimensions A = L/n;, which implies

that n; + 1 real nodes exist. Since central differences are used, the displacement in

correspondence of each node and its derivatives are written as:

;1 — 05— ;01 — 20; + G,
~ ~ . ~/ 1+1 i—1 Ay Hi41 1 1—1
=) 8= = A = o (5.25)

This new writing, together with Eq. (5.24) implies that when considering the node
n; + 1, where both the equation of motion and the mechanical boundary condition

have to be imposed, a new virtual node n; + 2 has to be introduced, as shown in

Fig. 5.2.

12 i n,
. . 4 L L .‘ L . . . . . ] [ ]
1 i 0; Dy Dy

Figure 5.2. Equivalent Timoshenko beam studied through FD divided in n; elements,

with n; + 1 physical nodes (the node n; 4+ 2 is a virtual one).

So, the problem in Eq. (5.24) introducing FD of Eq. (5.25), rewritten in the

correct order, becomes:

a; =0 1=1

K: K 2K
MM, + (2 - 1> ;1 + <K0 — 1) 1

A2 2A A? 26
Ko Kip) . . (5:26)
+ F—FE uz‘+1:0 Z:2,...,ni+1
K B . K B A
- ZIA Up, + KOBunZJrl + 21A Up,+2=0 1=mn; +1
This equation can be rewritten in the usual form as:
(Kr — A*My) Gy =0 (5.27)
where the subscript T stands for Timoshenko beam and tr = (t,..., ﬁn#g)T is

the vibration mode of length 6(n; 4+ 2) for each mode and the mass and stiffness
matrices have dimensions 6(n; + 2) x 6(n; + 2). The resolution of Eq. (5.27) gives
the sought eigenvalues and eigenvectors, i.e. vibration modes in correspondence of

the discretized nodes of the beam Then, applying the procedure explained at the
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end of Sect. 5.2.1 (Eq. (5.14), (5.15)), one can reconstruct the properties along each

column.

5.2.3 Solution strategy: different cells

In case one wants to consider different properties at each stage (thus for each cell),
which can be representative of different cross-section or length of columns, different
number or position of them and different mass distribution, it is possible to slightly
modify the formulation reported in Sect. 5.2.2 as here explained.

If one consider different properties at each floor j (Fig. 5.3), the equations of the
Timoshenko beam deduced in Sect. 5.2.1 can be extended to a piece-wise constant
beam by considering different properties (h;, D;, m;, ...) and different displacement

fields (uj, vj, ...) at each floor.

el s
&

1
7 | | | —
/

Figure 5.3. Piecewise Timoshenko beam divided in nj elements, each with constant

properties.

This means that, considering that the Timoshenko beam is made of ny pieces
with different (but constant) properties (corresponding to the stages), using the

matrix form as done in Eq. (5.16), one can rewrite Egs. (5.10), (5.12) and (5.13) as:

—M1ﬁ1 — Clill + K271u'1’ + K171u’1 + K071U1 +p1 = 0

(5.28)
UAJ =0
up,1 = Uusp2
(5.29)
Kipiup; + Kopiup1 = Kiaoul o + Koaouap
{—Mgflg — Cgﬂg + KQ,ng + K1,2u§ + K072112 + P2 = 0 (5-30)
up2 = UAs
(5.31)

Kipoup o+ Kopoups = Kiasul s + Koasuas
{... (5.32)

{KlB,nLu/Bm,L + KOB,TLLuB,nL =0 (533)

where Koa; = Kop,j, Kia,; = Kip; and, as already written, the subscript j
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indicates the piece of beam (floor) 7 = 1,...,ny. Eq. (5.28) contains the field
equation of the first element of beam, together with the clamped boundary condition
at the basis, Eq. (5.29) introduces the continuity condition between the first and the
second piece of beam in terms of displacements and of internal stresses respectively,
and so on for the other beam pieces until Eq. (5.33) which represents the free-end
boundary condition at the end of the last element of the beam (on the tip of the

beam).

So, as for the constant Timoshenko beam, it is considered that w;(z,t) =
tj(z)eM and FD are used once again with i;; being the displacement in corre-
spondence of node i of element j (the node is referred to as /), considering that
each constant piece of beam j is divided into a certain number of (not necessarily

equal) elements nf with length A; = h;/ nf . Thus, ni 41 real nodes exist plus the vir-

tual node nf 4o for all beam elements and the virtual node 0/ for all beam elements
j but the first one. A graphical explanation is given in Fig. 5.4, where the nodes
of the beam element j corresponding to a stage of the building are represented,
together with some of the nodes of the elements j — 1 and j + 1 (outside the beam

for representational clarity).

AN

—eo—o9 o °

Figure 5.4. Piecewise Timoshenko beam divided in nj elements studied through FD
dividing each of them in n; elements, with n ; physical nodes (the nodes 07 and n7, , are

virtual ones).

With reference to Fig. 5.4, it should be noted that in general nodes nf 4o and
node 27! do not coincide and neither do nodes (¥ and node ng -t (the relative stages
should have the same height h; and be divided in the same number of elements and,
in order to have the same displacement, the stiffness and mass matrices of the two

cells should be the same). So, the problem of free dynamics in FD becomes the
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following:
ﬁ171 =0 node 11
K2 1 K1 1 2I{I 1
2 A o ) o _ ’ iy, .
=AMty ; + (A12 9A, 1,1+ | Ko A12 Ui, (5.34)
K K
+ <Aj21 + 2A111> 1,41 =0 nodes 2!, ... ,n}H
Uy 41 = U2, nodes n}+1, 12
Kipi . . Kip1 .
— 97, U1, + Kop, 101,041 + 24, U1 ,n;+2 (5.35)
Kiap R 14,2 .
=— 2A27 g0 + Koa ol + 2A27 U2 2 nodes nil+17 12
K K 2K
~A?Maiin; + 2’22 - L2 ;1 + ( Koz — 12’2 U ;
AQ 2A2 A2
(5.36)
Koo  Kip) . _ des 12 2
—|— A22+E u271+1—0 no es].,...,nl'+1
U2 ;41 = U31 nodes nfﬂ, 13
Kips . . Kigo .
“9A, d2m + Kool pn,+1 + SN, 2mit? (5.37)
Kias . R Kiags .
= — oA 30 + Koasls 1 + 97 U3 2 nodes ”?H, 13
{... (5.38)
KlB, . ~ KlB, -~
- ~E Uny 0, + Ko, np i1+ ~E Unynit2 =0 nodes n?-i%l (5.39)
2A”L 2ATLL

Once again, this problem can be rewritten as:
(K7 — N>My) G =0 (5.40)

where the vector of vibration modes @ = (1,1, 012, . . ., U1 42, U2,0, 2,1, - -, ﬁnL’n#Q)T
has dimension 6 Z?il (ng +3) — 6 for each mode, since three virtual nodes are added
for each element 10, 0j 1,41, 0jpn, 42 except for the first element that does not have
110 (6 because each node of the equivalent beam has 6 d.o.f.) and the mass and
stiffness matrices are square matrices with the same dimensions. As before, once
Eq. (5.40) is solved, thus eigenvalues and eigenvectors (i.e. vibration modes in cor-
respondence of the discretized nodes) are obtained, the solution in terms of dis-
placement, strain and stress fields can be reconstructed as explained at the end of

Sect. 5.2.1 (applying in the order Eq. (5.14), (5.15), (5.3), (5.9)).
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5.2.4 Case study 1

In this section the Building case study number 1 (CS1) is briefly described in terms
of geometry, material properties and load distribution, also explaining some simpli-
fications which were made.

This building was chosen since it is quite compact, as can be noted from the plan
view of a generic floor reported in Fig. 5.5 and this is important since the model
which was used in the previous section is not able to capture the floor deformability,
thus, a higher ratio between the sides of the building, as well as the presence of
significant concavity in plan, makes the model less appropriate. In Fig. 5.6 the front
and side elevations show that also the development in elevation of the building is

quite regular.
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Figure 5.5. Plan view of building case study number 1 (courtesy of Dimensione Solare
s.r.l.).
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Figure 5.6. Front and side elevation of building case study number 1 (courtesy of Dimen-
sione Solare s.r.l.).
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The sides of the building are 45.30 m along y and 18.00 m along z (using the
same reference system of the model), while its height (dimension along z) is of 27.80
m, with a ground floor of 3.80 m and 8 floors of 3.00 m each. The cross-section
dimensions of the columns at ground floor (which are reduced on the upper floors)
and their exact positions can be deducted from Fig. 5.5. Moreover, the same figure
shows that the columns are arranged in a regular way along y and z, except for the
central part of the building in correspondence of the stairs.

The properties of the material used to model the reinforced concrete columns
and the loads acting on the structure, converted in masses for the dynamic analysis,
were taken from the available documents of the building design and are resumed in

Tab. 5.1.

Table 5.1. Material properties and amplitudes of the loads acting on building case study

number 1.

r.c. properties: FE = 3.12 x 10!° N/m? v=02 pe = 25 kN /m?
Type Permanent (kN/m?)  Non-perm. (kN/m?) Variable (kN/m?)
Floor 3.28 2.36 2.00

Balcony 2.80 1.36 4.00
Stairs 3.75 1.36 4.00
Infill wall - 2.97 -

As already written, some simplifications were made in this model which however,
in the author’s opinion do not significantly influence the results since, as will be
clearer in Sect. 5.3, major simplifications exist. In particular, the columns of the
last level were considered all having the same length, even if those on the perimeter
are shorter due to the shape of the roof (inclined), the stairs were not directly
modeled, but their weight was applied on the nearby columns, since it was verified
that modeling them as columns having equivalent properties only slightly influences
the final result and finally, the last hypothesis is that the mass of the roof was

assumed to be the same of regular floors.

5.2.5 Model results

In this section the results in terms of frequencies and vibration modes for the build-
ing presented in the previous section, obtained through the homogenization proce-

dure are commented. In particular, in Tab. 5.2 the first three frequencies obtained
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through the model, associated to the first three global vibration modes of the struc-
ture, are reported; they are represented in Figs. 5.7, 5.8 and 5.9. In particular, in all
the three figures, on the left the three-dimensional representation of the vibration
modes is shown, with the undeformed columns in dark gray and the deformed ones
in red (black dots identify floors) and also a reconstruction of the undeformed and
deformed beams of the last floor is given (in dark gray and blue respectively): the
beam displacements were simply derived from those of the columns and are depicted
just to give a clearer visualization of the modes since as already said they do not
appear in the model. It is evident that Fig. 5.7 is the first bending mode along vy,
Fig. 5.8 is the first torsional mode and Fig. 5.9 is the first bending mode along z;
the hypothesis of rigid floor is evident in the three cases and the frequencies assume

quite close values.

Results obtained in this section using the homogenization technique to model
a full-scale reinforced concrete building will be compared to those obtained on the
same building in operational condition, to understand if the model is able to recon-

struct the building dynamics and which are its limitations.

Table 5.2. Modal properties of building case study number 1 found with the

homogenization model.

Mode Type f (Hz)
1 Bending (along y)  1.14
2 Torsional 1.63

3 Bending (along z)  1.66

(a) (b)

Figure 5.7. First vibration mode of building case study number 1 obtained through the
homogenization model: (a) Three-dimensional view; (b) Plan view.
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Figure 5.8. Second vibration mode of building case study number 1 obtained through the
homogenization model: (a) Three-dimensional view; (b) Plan view.
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Figure 5.9. Third vibration mode of building case study number 1 obtained through the
homogenization model: (a) Three-dimensional view; (b) Plan view.

5.3 Monitoring

In this section, using the same OMA algorithms introduced for beams, the modal
properties of two three-dimensional frames are obtained. In particular, the SSI-
COV algorithm is used, thus the identification is performed in time domain. Two
case studies are considered among some available instrumented buildings. The first
one is the same already investigated in Sect. 5.2 called CS1 and a comparison is
made between the model and the experimental results. The second one, here called
Building case study number 2 (CS2), is of interest too, since for this building data
measured every two weeks were available without long-term interruptions, along
with information on temperature, thus allowing to track their evolution and the

relation between them.
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5.3.1 Case study 1

Recalling CS1 from Sect. 5.2.4, the position of the accelerometers is depicted in
Fig. 5.10 in plan and in Fig. 5.11 in elevation. The building is monitored through
FBA accelerometers at stages; in particular, the blue ones represent bi-axial sensors,
while the orange ones are mono-axial accelerometers. As can be seen from the
figures, two bi-axial and one mono-axial accelerometers are installed at the top of
stages 2, 4, 6 and 8; finally, a Micro-ElectroMechanical Systems (MEMS) sensor at

the basis, for the measurement of the PGA, is implemented too.
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Figure 5.10. Position of sensors in plan for building case study number 1 (courtesy of

Dimensione Solare s.r.l.).
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Figure 5.11. Position of sensors in east elevation for building case study number 1 (cour-

tesy of Dimensione Solare s.r.l.).
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The stabilization diagram of SSI-COV, which allows to identify the first modes
of the structure, is depicted in Fig. 5.12: it can be seen that there are really close
modes in terms of frequency around 2 Hz, but they are classified as representative

of different physical modes as also found with the model.
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Figure 5.12. Stabilization Diagram with identified vibrations modes using SSI-COV on
time series acquired on building case study number 1.

These results are examined and reported in Tab. 5.3 in terms of frequencies of
the vibration modes of interest, with the indication of the type of mode which has

been identified.

Table 5.3. Modal properties of building case study number 1 found with OMA in time
domain.

Mode Type f (Hz)

1 Torsional 1.88
2 Bending (=~ along z)  2.16
3 Bending (= along y)  2.20

The natural frequencies are quite close and, about the vibration modes, looking
at Fig. 5.13, keeping in mind that at each monitored stage two of the sensors are
bi-axial and one is mono-axial (thus the information given by the the last one is
in some way incomplete), it is reasonable to assume that the first vibration mode
(Fig. 5.13(a)) is of torsional nature, the second one (Fig. 5.13(b)) could represent a

global bending mode of the structure almost along z (i.e. bending along the “weak
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direction”), while the third one (Fig. 5.13(b)) is indicative of a bending mode almost

along y (i.e. bending along the “strong direction”).

(©)

Figure 5.13. Schematic representation of vibration modes of building case study number
1 obtained through OMA.

5.3.2 Comparison with the model

At this point, the free dynamics properties of CS1 obtained with the analytical
model based on the homogenization theory in Sect. 5.2.5 and with the OMA al-
gorithm in time domain in Sect. 5.3.1 are compared, to assess how accurately the
model reproduces the real behavior of the building and to identify the sources of
discrepancy. Modes in Tab. 5.4 are ordered following those found with OMA.

Table 5.4. Comparison between modal properties of building case study number 1 found
with OMA and homogenization model.

Mode type OMA Model
f (Hz) - | f(Hz) MAC
Torsional 1.88 - | 1.63 0.47
Bending (along z) | 2.16 -| 1.66  0.63
Bending (along y) | 220 - | 1.14 0.56
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First of all, the model does not give exactly the same values of frequencies of
the real building and also the values of the Modal Assurance Criterion (MAC) are
far from being 0.8 or higher but this was to be expected, due to the simplifications
of the model compared to the complexity of the real structure. In particular, a
deeper analysis of the single modes is performed one at a time. The vibration mode
labeled as “torsional” is represented in Fig. 5.8 for the model and in Fig. 5.13(a)
for the OMA. First of all, a general comment, which holds true also for other
cases, is that for the experimental modes, the mono-axial accelerometers placed in
correspondence of the column 40 cannot give exhaustive information, meaning that
the value of the MAC could be higher (but also lower) if the component in the
orthogonal direction is considered too. However, from Fig. 5.13(a) and with the
available information, the mode can be classified as torsional and, a comparison of
the frequencies (1.88 Hz versus 1.63 Hz) tells that they are not so far. Then, moving
to the second row of Tab. 5.4, the value of the MAC is the highest one (0.63) as
can be seen from the comparison of Fig. 5.9 for the model and of Fig. 5.13(b),
showing a prevalent translation along the direction z; once again, the component
of the accelerometer in correspondence of the column 40 in that direction would
be fundamental to confirm this statement. Finally, the last comparison is between
Fig. 5.7 for the model and in Fig. 5.13(c), identified as bending modes along y; more
or less the same considerations made for the previous mode hold here; however, in
this case the difference in terms of frequency is definitely higher compared to the
other two cases and this may suggest a lack of stiffness in the y direction of the

model, meaning that something was not accounted for.

Other considerations have to be made in order to correctly interpret these results
and above all to understand their differences. Of course, the model based on the
homogenization technique described in this Thesis has some limitations in describing
a full-scale building, some of which could be bypassed through an adequate model
updating procedure as discussed later. For example, the model considers a rigid
behavior of the floors in and out-of-plane: to respect the in-plane rigid behavior,
the slab should be quite thick and the plan of the building should be as compact
as possible, similar to a square and, the more the shape is different, the higher the
difference is between the two; on the other hand, about the out-of-plane behavior,
this hypothesis implies that the stiffness of the horizontal elements is sufficiently

higher than that of the columns, in order to consider them clamped at both ends (at
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the head and at the foot) when deriving the problem equations: also this hypothesis
is not perfectly respected since the stiffness of the floor (hollow-clay-block reinforced
concrete slabs) is not “infinite”, being the thickness of the slab of just 4 cm, and also
the beams are slab-depth beams (thus having the same height of the floor), except
those on the perimeter. This means that the stiffness of the horizontal elements
is low and is not really able to prevent the rotation of the columns at foot and
head. So, some implementations have to be done in the model in a second stage,
to account for the in-plane and out-of-plane behavior. In this Thesis, only the
“basic” model was used, since the real goal was to determine whether, even with
all these simplifications, it was possible to obtain realistic results: the outcomes are
encouraging. Moreover, all the available case studies of real buildings had similar
properties, so it was not possible to find a better candidate (e.g. lower ratio between

the sides of the building, deeper beams) for the comparison with the model.

Another important simplification of the model — which, however, is not specific
to homogenization theory but is also a common feature of FE models in general
— is that infill walls, and consequently the increase in stiffness they provide to the
structure, were not considered. In fact, they were considered as masses acting on the
beams where they are actually applied, but their contribution in terms of stiffness
was neglected. Of course, this contribution is far from negligible and there are many
works highlighting how on real buildings a significant reduction of frequency can be
registered if the infill walls are not present or damaged, as in [75, 96] while a sudden

increase is registered when they are built.

Another important difference between the model and the real structure are the
loads applied on it. In fact, as written, the loads (converted into masses) applied on
the model are taken from the available documentation. However, in general their
effective distribution on the structure is different from the assumed one, especially
for those loads classified as permanent non-structural like finishes, partition walls
and the variable ones like furniture, appliances, people, whose values and positions
can influence the free dynamics. In addition to this point, the elastic modulus of all
elements was considered the same and it is evident that this is another important

simplification.

However, despite all these simplifications, with a relatively simple model, inter-
esting results were obtained and the comparison with the modal properties found

from ambient vibration data, processed with OMA, is definitely encouraging.
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Thinking to future experimental campaigns, based on what was found for this
case study (and for other not reported in the Thesis) it should be underlined that,
if one wants to install sensors on a building with the objective of finding its modal
properties, i.e. natural frequencies and especially mode shapes, for buildings as the
one investigated in this section, taking also into consideration the economic aspect,
the right compromise should be the the installation of four bi-axial accelerometers
(one at each corner), thus having eight channels per floor, every two stages. In fact,
it was demonstrated in this section that 5 channels (given by two bi-axial and one
mono-axial sensors) are not enough to fully characterize the mode shape, requiring
some further hypotheses. On the other side, the implementation of less sensors, for
example just three channels per floor (one bi-axial and one mono-axial sensors) is
useless for the mode shapes characterization whilst it can be useful to find the first
natural frequencies of a building. Finally, if one side of the building is particularly
longer than the other one (meaning that the floor is particularly flexible in plane),

it would be recommended to place some sensors also in the middle of the long sides.

To conclude, in order to make the model more accurate in the identification of
the modal properties of the building, a model updating procedure has to be devel-
oped. Something was already done for the case under study, but results are not
reported in this Thesis since further analyses have to be carried out. However, just
to give an idea, it was decided to follow the procedure introduced in [63] which
was originally developed for FE and to adapt it to a model realized through the
homogenization procedure. In brief, it consists in the choice of some parameters to
update and in the definition of an objective function accounting for the deviation
between the prediction of the model and the real structure behavior, in terms of dif-
ference between eigenvalues, mode shapes or other criteria. Then, the constrained
objective function has to be minimized, being the constraints for example on the
value assumed by the parameters to be updated, on the difference between eigen-
values from the real structure and those of the model and on the values assumed
by the MAC comparing the mode shapes of the two. In the proposed procedure,
penalty functions are introduced to make the problem unconstrained and adequate

techniques are proposed to minimize the objective function.

A first attempt to apply the algorithm to the problem under study is currently
underway, considering as updating parameters the Young modulus of each cell E;

(or alternatively the shear areas or the torsional inertia), trying to minimize as a
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first try the difference between the eigenvalues of Tab. 5.4, also trying to invert
their order. The analysis has also the goal to understand if this kind of algorithm
is adequate for the model based on the homogenization technique: there is no
guarantee that it works, given the limited amount of experimental data available,

which suggests that other model updating procedures might be more suitable.

5.3.3 Case study 2

Another case study, here identified as CS2, is investigated just in terms of OMA.
In fact, being this building in masonry, the model developed in Sect. 5.2, which
considers frame structures, would not be useful. However, in addition to the identi-
fication of modal properties already presented for CS1, in this case they are tracked
in time to understand if their evolution is due to normal seasonal effects (related to

temperature) or if something unexpected is happening.

The sides of the building are 27.50 m along y and 11.30 m along z and its above-
ground height is about 15.00 m, distributed over 4 floors. The structural system
consists of masonry walls which, in combination with the low height of the building,

make it quite stiff.

The position of the FBA accelerometers is indicated in plan and in elevation
in Fig. 5.14 and in Fig. 5.15 respectively. In this case, in addition to the MEMS
sensor at the basis, whose only goal is to measure the PGA, one bi-axial and one
mono-axial FBA are placed at the top of what can be identified as ground and last

stages of the building.

Fig. 5.16 shows the stabilization diagram of this building. Less modes are iden-
tified with respect to CS1, mainly due to its simpler architectural layout, due to the
use of a different structural systems made of masonry walls which are stiffer and
thus require higher excitation levels and/or more sensors and, of course, due to the

use o a reduced number of accelerometers.

Finally, in Tab. 5.5 the identified frequencies of the first three vibration modes
of the building, found from the recordings of a certain time window of a certain date
are resumed. The vibration modes are illustrated in Fig. 5.17 even if it is difficult

to define what they represent, likely mixed modes.
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Figure 5.14. Position of sensors in plan for building case study number 2 (courtesy of

Dimensione Solare s.r.l.).
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Figure 5.15. Position of sensors in north-east elevation for building case study number 2

(courtesy of Dimensione Solare s.r.l.).

Table 5.5. Modal properties of building case study number 2 found with OMA in time

domain.

Mode Type f (Hz)

1 - 4.06
2 - 5.32
3 - 14.01
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Figure 5.16. Stabilization Diagram with identified vibrations modes using SSI-COV for

building case study number 2.
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Figure 5.17. Schematic representation of vibration modes of building case study number
2 obtained through OMA.
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5.3.4 Tracking of modal properties

In this section the modal properties of CS2 found at different times through the
same OMA algorithm are put together in order to track their evolution in time as

done for example in [3, 16].

The tracking of modal properties was realized in a period of 19 months from
the 15" of January 2024 to the 30t" of July 2025 and, in the figures, data collected
every two weeks are represented. First, a clustering procedure was realized in order
to correctly associate the same modes at different time instants (the word event is
here used to indicate the records at a certain time instant). To do that, a reference
event was chosen and both the frequencies and the MAC values of each mode of
each event were compared to each mode of the reference event. The differences in
terms of frequencies and MAC were calculated and the mode £ of the event j whose
difference was minimum with respect to the mode 7 of the reference event (excluding
those whose difference was greater then a threshold, which was kept fixed but can
also be updated as in [16]) was considered to be the same mode of 4; this was done
in order to correctly associate the same vibration mode recorder at different time

instants (in other words to create clusters).

The results of this procedure can be seen in Fig. 5.18 for the first two vibration
modes. There, the orange triangles are the values of temperature (which were
acquired through a sensor placed inside the building in an unheated zone at the
ground floor) not always available due to technical issues, while the blue circles
are the frequencies and the red line is a trend line for them. It is evident that
the 1% and 2" vibration modes behave the same way: in fact, it can be seen that
the frequencies have the same harmonic trend of temperatures, with lower values in
correspondence of cold months and higher values in warmer periods. The oscillation
of values is around a mean value (black horizontal line) and it is not possible to
highlight a different trend in addition to the seasonal one, as could be for example
a linear decrease of frequencies related to damage, giving the idea that nothing

dangerous in happening on the building (at least globally).

Finally, a metric was introduced, called Mahalanobis distance [36], which can be
useful to find anomalous values, also called outliers, which are basically unexpected
values which require a further investigation. In particular, if one considers the set of

n events, each containing the same number p of frequencies coming from the cluster
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Figure 5.18. Tracking of vibration modes in time for building case study number 2: (a)

First mode; (b) Second mode.

algorithm, the Mahalanobis distance Dj for the event recorded at time ¢ is:
D; = (fg — f)T st (fg - f) (5.41)

where f; is the vector containing the frequencies measured at time ¢ which is sus-
pected to be an outlier, f is the vector of the mean frequencies considering the entire
set of n events (one can chose to include or exclude the suspected outlier from the
calculation of the mean vector and the covariance matrix) and S is their covariance
matrix of dimensions p x p. This measure is particularly interesting since it entails
a correlation between the different frequencies evaluated at the same time instant
t.

Given that a procedure has to be established in order to define the threshold

beyond which the event can be classified as an outlier, the application of Eq. (5.41)
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on the data set considered in this section while retaining only the first three fre-
quencies, did not yield any values that could be associated with anomalies at any

time.

5.4 Conclusions and future developments

In this chapter, three-dimensional frames were studied. First, an analytical model
based on the homogenization technique was recalled. The model considers the three-
dimensional frame as an equivalent Timoshenko beam (with 6 d.o.f.) and is valid
under certain hypotheses. Equations were recalled and a novel contribution was
given to take into account different properties (in terms of mass and stiffness) at
each floor, modeling the beam as a piecewise beam. The free dynamics problem
was solved through Finite Differences (FD) and results are presented for a first case
study, called CS1 based on a full-scale existing building.

Then, in order to identify the dynamical properties on the real building, data
collected from accelerometers placed on CS1 are processed through the usual OMA
algorithm in time domain (SSI-COV) and a comparison is made with the frequencies
and mode shapes found with the model. An extensive discussion of the similari-
ties and of the differences is realized, trying to understand how the model can be
improved, also relying on a well established model updating algorithm.

Moving on, in the framework of monitoring, the attention turned to another case
study, CS2, for which a big amount of data was available, with the goal of identifying
its modal properties and track them over time to study their evolution. Focusing on
the first two vibration modes, it was found that their variation over time follows the
temperature oscillation and does not present any other trend which could suggest
the presence of damage; moreover, the Mahalanobis distance was calculated arriving
at the same conclusion: no outliers were found.

So, the main findings of this chapter involve the attempt to use the homog-
enization technique to model a full-scale existing building, establishing the basis
for its updating: encouraging results were found. Moreover, the tracking of modal
properties can be defined in a specific algorithm that can be implemented in similar
cases.

Future perspectives are obviously aimed to complete the model updating process
already in progress or to use other strategies if this one will not give satisfying

results. Moreover, since the model is now available, it would be interesting to
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study the forced dynamics of the building, considering existing accelerograms of
past earthquakes, to determine the demand in terms of displacement and of internal

stresses in the most stressed columns from a design perspective.
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CONCLUSIONS

In this Thesis, models for beams, cables and three-dimensional frames
were discussed with the main objective of developing and extending effi-
cient ROM to study linear and nonlinear systems with a specific focus in
the structural dynamics field. In this chapter the novelties introduced in
the Thesis are highlighted, providing answers to the research questions,
and future perspectives are discussed.

In Ch. 3, Thin-Walled Beams (TWB) were modeled through Gener-
alized Beam Theory (GBT-D) and static and dynamic results compared
with experimental ones processed through OMA algorithms. Later, the
beam vibrations were controlled with a Nonlinear Energy Sink (NES)
and at the end a newly developed model-based identification procedure
was presented and tested on a nonlinear Euler-Bernoulli beam using nu-
merical or experimental signals.

In Ch. 4, the nonlinear model of suspended cable was recalled and its
interaction with the wind in terms of Vortex-Induced Vibrations (VIV)
was studied using the MISM directly on the continuous problem. Finally,
the same identification procedure developed for beams was successfully
tested on cables.

In Ch. 5, a ROM for three-dimensional frames based on the homog-
enization technique was considered and extended. Its modal properties
were compared to those obtained from experimental signals on a full-
scale building and limitations and perspectives of the method discussed.
Finally, the modal properties of another building were tracked over time.
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6.1 Conclusions

The main goal of this PhD Thesis was the development or the extension of accurate
mathematical Reduced-Order Models (ROM) to study different kinds of structures
in civil engineering related to dynamics in its various facets: linear, nonlinear,
experimental, inverse. These models had to give answers to research questions

highlighted in Ch. 2, arising from problems not yet investigated.

Here, among civil engineering structures, beams, cables, and three-dimensional
frames were investigated. About beams, given their extensive use, different possible
research paths were identified, from the validation of ROM with experimental re-
sults, to vibration control, to the identification of parameters. Then, about cables,
the main focus was on the investigation of their interaction with wind in terms of
VIV. Finally, for three-dimensional frames the feasibility of employing the homog-

enization technique to describe full-scale buildings was investigated.

About beams, the study set out to investigate whether a Thin-Walled Beam
(TWB), analytically modeled through the Generalized Beam Theory, in the GBT-
D version, was able to faithfully catch the response in statics and dynamics of
full-scale prestressed reinforced concrete girder bridges. This was proven to be true
modeling a beam part of the highway A24 (in Italy) with a small number of defor-
mation modes, as shown in convergence analyses, and comparing its results to those
obtained through OMA algorithms, while a linear Euler—Bernoulli beam model was
proven to be less suitable. Within this framework, it was observed that an increase
of the static load on the real bridge leads to experimental displacements exhibit-
ing slight nonlinear behavior, thus future studies could regard the incorporation of
material nonlinearities into the GBT-D model, to further improve its capability to

represent the actual structural response.

In the framework of vibration control, the same GBT-D model was used to
passively reduce vibrations in prestressed reinforced concrete box-girder bridges
through the use of a Nonlinear Energy Sink (NES) with cubic nonlinearity. It was
shown that the device is able to effectively control beam vibrations under different
loading scenarios and in a wide range of natural frequencies, both in resonant cases
and in non-resonant ones, for which obviously a reduced level of vibration mitigation
was observed. This approach could be further enhanced by optimizing the NES

parameter and by considering nonlinear restoring forces more complex than the
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cubic one.

Subsequently, moving to the inverse problem, a novel model-based procedure was
proposed for the identification of parameters of nonlinear continuous systems (like
nonlinear Euler-Bernoulli beams), based on the combined use of the Hilbert—Huang
Transform (HHT) and the Multiple Scale Method (MSM). The proposed method,
which differently from existing methods can operate directly on the continuous
(non-discretized) problem, avoiding possible mistakes, was shown to be effective in
several scenarios and was also subjected to an experimental validation on a non-
linear clamped-clamped beam. Several directions are envisaged for future research,
including the consideration of internal resonances and slower time scales to improve
the procedure, and the possible extension to the GBT-D model within a damage

detection framework.

Attention was then directed to cables, with particular focus on the nonlinear
(both quadratic and cubic) model of a suspended cable. Its interaction with the
wind action in terms of Vortex-Induced Vibrations (VIV), modeled through a wake
oscillator, was investigated. Differently from past works, the equations of motion of
the nonlinear cable were tackled using the MSM directly on the continuous problem,
finding good agreement between analytical and numerical results. This study serves
as a starting point for the investigation of long cables, which may suffer of more
complicated phenomena, and to think to the adoption of vibration control devices,
such as NES, to reduce the amplitude of these vibrations as an alternative to existing

devices.

Finally, always related to cables, the model-based identification procedure based
on the combination of HHT and MSM was applied to the nonlinear cable model,
proving effective, while future improvements are envisaged to account for higher-

frequency Intrinsic Mode Functions (IMF)which could improve the procedure.

The final chapter of the Thesis was devoted to the use of a ROM, based on
the homogenization technique, to three-dimensional frames, with some improve-
ments helping to better represent the behavior of full-scale reinforced concrete three-
dimensional frames. Owing to the complexity of the problem and the intentionally
reduced complexity of the model, several simplifying assumptions were required as
considering rigid floors (in-plane and out-of-plane). Results, in terms of natural fre-
quencies and mode shapes were compared with those derived from the application

of OMA algorithms on signals recorded on monitored buildings. This comparison
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highlighted the limitations of the model in describing full-scale structures, mainly
due to the simplifying assumptions adopted, the limited knowledge of the actual
mechanical properties and mass distribution of the buildings, and the inability to
account for the stiffness contribution of infill walls. Nevertheless, despite all these
limitations, results proved encouraging, and it was concluded that a model updating
procedure could represent an effective strategy to improve the model response and
bring it closer to the actual structural one, without the necessity of recurring to
Finite Element Analyses. An updated model could also be employed to investigate
the seismic response of the structure from a design perspective.

Finally, after making some considerations on the positioning of sensors on build-
ings monitored by accelerometers, a tracking of the modal properties of monitored
buildings was performed on another structure, revealing a clear seasonal trend, with
no additional patterns that could indicate the presence of damage — at least at a
global level — in the monitored building.

In conclusion, this Thesis highlights the numerous challenges that still character-
ize civil engineering structures and that deserve further investigation, particularly
with regard to complex phenomena in nonlinear dynamics. The results also confirm
the fundamental role of models in describing such phenomena and in guiding the
development of effective solutions. While current methodologies increasingly rely
on data-driven approaches, building on the remarkable advances achieved in recent
years in computational intelligence and data analytics, this perspective, though
undoubtedly valuable, should in the author’s view be consistently complemented
by physics-based models, which ought to represent the backbone of any rigorous

analysis.
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LIST OF SYMBOLS

Since many symbols appear in the Thesis, they are here resumed to improve the

readability of the text. In addition, an indication of the section where each of them

is introduced for the first time in each chapter is given.

a, Ak, Qg
a,b

g, by
an;,bn,

az, a,,a

as, a,,ap

Az, ay,a,

A A

A

Ab7Ac

A€7 h€716) Le
AiaAiyyAiz
A

A—FEa AFE,Ma AFE,S

Aj A, Ass
by

b

By, B;.
Bi. B
By,B., By,
B¢,B/

¢, C1,C2,C12
Ce

CF

Ci

CLo

amplitudes of signals in polar form

initial conditions of the 1-d.o.f. system

initial conditions on the modal basis

unknown constants for ¢(z) and ¥(z) in MA1

orthonormal basis of the cable in the current configuration
orthonormal basis of the cable in the reference configuration
orthonormal basis of the equivalent Timoshenko beam
amplitude of the generating solution with MSM

amplitude of the load acting on the wake oscillator

areas in the moment-curvature relationships

geometric properties of the cross-section elements

area and shear areas of column

matrix of coefficients in the parameter identification

total, master and slave coefficient matrices in MA3

total, master and slave coefficient matrices in the 15¢ PEP
characteristic length of the beam equipped with NES

known terms in the parameter identification

bending stiffness coefficients of column i

extensional and flexural stiffness components of the cross-section
bending stiffness coefficients of the equivalent Timoshenko beam
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APPENDIX A

A short description of the identification procedure using Cx-A is given here. For a

detailed discussion, it is possible to refer to [65].

A.1 Discrete systems

A general m-d.o.f. dynamical system with cubic nonlinearity is considered as:
Mx + Cx+ Kx +n3 (x,x,x) =F (A.1)

where M, C and K are mass, damping and stiffness matrices respectively, ns is the
nonlinear cubic column vector, F is the vector of external loads, if present, and the
vector x contains the m variables x = (x,%, z,...)T. The generic variable 2 can be
written as z(t) = Y, xx(t), being k the k-th monochromatic component of the

signal, of frequency wy. Complex variables by Manevitch [87] are introduced as:
Ua, (t) = g (t) + iwiwk(t) (A2)
and the decomposition of dynamics into slow and fast components is realized, as:
Wy () = oy (1) (A.3)

being 15, (t) the slow component; then, averaging is realized over the fast frequency

components e™** and polar form is introduced as:

%k (t) = Qg (t)eiﬁzk ®) (A4>

215



Ph.D. Thesis of Andrea De Flaviis, University of L’Aquila

to explicitly express amplitude ag, (t) and phase (3, (t), thus getting m AME. Then,

the real and imaginary parts of the AME are written to obtain real-terms equations.

To identify the systems parameters, the real-terms AME are rewritten as An =
b, where 1 is the vector of unknown parameters, which in this case contains linear
and nonlinear stiffness and damping coefficients. Making use of Eq. (A.3) and

Eq. (A.4), one can write:
Ve (1) =ty ()10 (A5)

Taking advantage of complex variables, thus using Eq. (A.2), the modal component
Uy — Yy

- which, together
21wy,

k of the degree-of-freedom z can be written as zp =

with Eq. (A.5), gives:

gy (t)

zi(t) = o

sin (wit + B, (1)) (A.6)

As it was stated in [65], both HHT and Cx-A expand the multi-frequency signal
in mono-component modes related to fast-frequency components. Thus, comparing
the expression of xy(t) written in Eq. (A.6) to the analytical signal of Eq. (3.135),

one gets the known correspondence between the two methods:

gy, (1) = Quy (H)wr

B (1) = 6, (1) =it + 5 = By (1) = 0, (1) — o

(A7)

A.2 1-d.o.f. system results

The 1-d.o.f. dynamical system of Eq. (3.138), already studied in [65] is considered
and the Cx-A is applied for comparison. The matrix of coefficients A, which can
be found in the original paper, obtained through the procedure described in this
Appendix, can be pseudo-inverted to find the unknown parameters in Eq. (3.138).
Results are reported in Tab. A.1 where the numerical solution was found by applying
a non-zero i.c. on x. It can be seen that all parameters are well identified for different

values of initial conditions, with a maximum difference of 8.5% on c.
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Table A.1l. Parameter identification for the 1-d.o.f. system of Eq. (3.138) using

HHT+Cx-A.
k knl Cc
(N/m) (N/m* (Ns/m)
Real values | 1.000  1.000  0.100

Identified values for z(0) = 1.0 m ‘ 0.997 0.954 0.098

Real values | 1.000  2.000  0.050
Identified values for z(0) = 0.5 m ‘ 0.997  2.021 0.046

A.3 2-d.o.f. system results

The 2-d.o.f. dynamical system of Eq. (3.155), already studied in [65] is considered
and the Cx-A is applied for comparison. The matrix of coefficients A, written
in the original paper, can be pseudo-inverted to find the unknown parameters for
the 2-d.o.f. case. Results are reported in Tab. A.2, where the numerical solution
was found by applying a non-zero i.c. either on z, & or y. It can be seen that all
parameters are well identified in all investigated cases, with a maximum difference

of 38.7% on ¢y in the last case.

Table A.2. Parameter identification for the 2-d.o.f. system of Eq. (3.155) using

HHT+Cx-A.
mi ma ka1 ko k12 kni c1 c2 c12

(kg) (kg) | (N/m) (N/m) (N/m) (N/m®) (Ns/m) (Ns/m) (Ns/m)

Real values 1.000 1.000 ‘ 1.000 1.000 1.000 2.000 0.050 0.050 0.000

Identified values for z(0) = 1.0 m - - ‘ 1.005 0.986 1.006 2.021 0.050 0.051 -0.001
Identified values for y(0) = 0.5 m - - ‘ 1.007 0.990 1.001 2.130 0.049 0.052 0.000
Identified values for #(0) = 1.0 m/s - - ‘ 1.067  0.980 0.979 2.035 0.049 0.050 0.002
Real values 1.000 1.000 ‘ 1.000 2.000 2.000 3.000 0.050 0.050 0.010

Identified values for z(0) = 0.5 m - - ‘ 1.011 1.982 2.010 3.025 0.050 0.054 0.008
Real values 1.000  1.300 | 2.000 1.000 1.000 5.000 0.050 0.030 0.000

Identified values for z(0) = 0.5 m - - ‘ 2.037 1.022 0.996 4.917 0.031 0.031 0.008




[Blank page]



APPENDIX B

This appendix clarifies the way the homogenization procedure between the three-
dimensional frame and the equivalent Timoshenko beam is carried out and in which
way the constitutive law of Eq. (5.9) is derived. This appendix is part of the

homogenization formulation developed in [108].

B.1 Analysis of the single elastic column

First of all, a generic elastic column 7 of a generic floor j is investigated, in order to
find its elastic stiffness coefficients.

The generic element ¢ with length h; (equal to the height of the floor) is consid-
ered with the same axes (a,,a,,a;) already introduced in Sect. 5.2. The column is
considered to be clamped at both ends (between two floors), subjected to an applied
displacement and rotation field at its head (H), while no settlement occurs at its

foot (F), as:

up, ; = Ufag + Vg ay + wh,a, (B.1)

irj

where the subscript j is not repeated in the components to streamline the nota-
tion. Using the three-dimensional Timoshenko beam model, this assigned displace-
ment produces a certain displacement field (u;(x), vi(x), wi(x), Ozi(x), Oyi(x), 0.:(z))
whose expression can be found in the original paper, being x the longitudinal coor-
dinate going from F' to H as usual.

Then the strain field (e;(x), Yyi(z), 72i(2), K2i(x), Kyi(z), Kzi(x)) can be de-
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rived through Eq. (5.3) from the displacement field and its expression is once again
written in [108].

At this point, with the goal of deriving the stiffness coefficients of this Timo-
shenko beam, representative of the single columns clamped between two floors, it

is possible to express the elastic energy of the column i as:

1 [l
U =5 / (BEAg} + GAiyryi + GAindi + Gike; + Edyr; + EJizk2;) do (B.3)
0

where E and G are the Young and shear modulus (in N/m?), A; is the cross-section
area (in nr12)7 A;y and A;, are the shear cross-section area along y and z, J; is the
torsional cross-section inertia and J;, and J;, are the bending cross-section inertia
moments (in m*) with respect to y and z respectively.

Once the strain field (here not reported) is substituted into Eq. (B.3), the elastic

energy becomes:

1

B.4)
(A+an) o (Ataw) o (
—— B0y + ———= B0y — Siyhvp, 0,1, + Sizhw, 0y,
(14 auy) " v (14 ap) 7 iy DR O H, ¥+ SRy,
where the expressions of the different element stiffness coefficients are:
EA;
D; = :
7 h] )
g _ 12EJ;, - 12EJy
Yy (1 4 Oliz) h?ﬂ %=z (1 + O[Z'y) h?7
GJ;
C; = ; B.5
=G (5.5)
EJ; EJ
By, =—"%; B;,=—2
iy hj iz h]

and the coefficients a;, and «;, representative of the ratio between bending and

shear stiffness of the single columns are:

12E.J;. _ 12EJy,

TG YT AL

(B.6)

B.2 Analysis of the cell

Once the single elastic column is analyzed, it is possible to analyze the cell which

is made up of all the columns between two consecutive floors. It is considered that
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the upper floor undergoes a relative displacement (translation and rotation) with

respect to the lower one equal to:

ug = ugag + vgay + wga, (B.7)

0 = 0,a, +6ya,+0.a, (B.8)

Making the fundamental hypothesis that all floors are rigid in and out-of-plane,

the displacements at the head (H) of the generic column i can be written as:

upg, = ug — 0y + 0yz;
v, = vg — 022

wi, = wag + 0y

(B.9)
Oy, = 0y
ezHi = 9z

Thus, the global elastic energy of the cell made up of N, columns can be obtained

recalling Eq. (B.4) as:

N, N,
c 1 c
U= Zuz - 5 Z [DZ(UG - ezyi + eyzi)2 + Siy(vG - szi)Q + Siz(wG + nyi)2
i=1 =1
44+ o ) (4 + aiz)
C,6? (7@’31- 62 + ——"2/B;.0>
+ x+(1+aiy) nyr(1+aiz) z

(B.10)
—Siyhj(vg — 0:2)0, + Sizhj(wa + 0y:)6,]

B.3 Homogenization procedure

In order to represent the cell j as an element of Timoshenko beam, it has to be
imposed that the elastic energy of the cell and that of the segment of beam having
the same length h; are equal when subjected to the same relative displacement. In
case rigid floors are considered, the relative displacement is chosen considering a
constant strain field on the beam element: this hypothesis is true for the cell when
the variables under consideration vary at a (much) larger scale than the length of

the cell itself. Thus, from Eq. (5.3), the displacement field of the beam element
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reads:

ug = eh;
vg = Yyhj + th]?/Q

wg = V:hj — /@h?/?

(B.11)
Qx = Iixhj
Oy = Kyh;
Gz = Iizhj

The substitution of Eq. (B.11) inside Eq. (B.10) once the elastic energy per unit

length (also known as elastic energy density) ¢, = U /h; is defined, leads to:

h.
by = EJ (De? + Sy, + S22 + Ckz + Byk? + B.k?
(B.12)

+2Dzpeky — 2Dygek, — 2Sy2skayy + 25.Yskay. — 2By kykz)

where the stiffness coefficients of the Timoshenko beam, with the same meaning of

before, are:

Ne
D =) D;
=1

Ne¢ Ne¢
Sy:ZSiy§ Szzzszz,
i=1 i=1
- (B.13)
C = Z (Cz + Szzyz2 + Siyzzz) )
=1
Nc Nc
By:Z(Biy+Dizvl2); B, :Z(Bzz+Dzy@ ) yz —ZDzyzzz
=1 =1

and the coordinates of the extensional centroid E and of the shear centroid S are

found as:

Z Dzyz o — Zficl D;z;

- D=L D B (B.14)
N, Ne
Ve S e S .
ys = z:z:jqzz%; e — Zzzjq%@/'zz (B.15)
z Y

At this point, in order to assume that the beam has a linear hyperelastic

law, one can postulate the existence of an elastic potential energy density ¢p =

9 M, = 3<Z>b>

(€5 Yys Vz» Ky by, £z) and derive the stress field from it as (| N = =
e’ 0K,
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which finally gives the searched constitutive law of Eq. (5.9).
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