Journal of Algebra 668 (2025) 75-91

ELSEVIER

Contents lists available at ScienceDirect

Journal of Algebra

JOURNAL OF

journal homepage: www.elsevier.com/locate/jalgebra

Research Paper

Codimensions of algebras with )
pseudoautomorphism and their exponential
growth ™

Elena Campedel, Ginevra Giordani, Antonio Ioppolo*

Dipartimento di Ingegneria e Scienze dell’Informazione e Matematica, Universita
degli Studi dell’Aquila, Via Vetoio 1, 67100, L’Aquila, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 3 September 2024
Available online 23 January 2025
Communicated by Alberto Elduque

MSC:
primary 16R10, 16R50
secondary 16W10, 16W50

Keywords:
Polynomial identity
Pseudoautomorphism
Codimension

Growth

Exponent

Let F be a fixed field of characteristic zero containing an
element i such that 2 = —1. In this paper we consider
finite dimensional superalgebras over F endowed with a
pseudoautomorphism p and we investigate the asymptotic
behavior of the corresponding sequence of p-codimensions
ct(A), n = 1,2,.... First we give a positive answer to
a conjecture of Amitsur in this setting: the p-exponent
expP(A) = limpoo V/ch(A) always exists and it is an
integer. In the final part we characterize the algebras whose
exponential growth is bounded by 2.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

* The authors were supported by GNSAGA-INDAM.

* Corresponding author.

E-mail addresses: elena.campedel@univaq.it (E. Campedel), ginevra.giordani@graduate.univaq.it
(G. Giordani), antonio.ioppolo@univaq.it (A. Ioppolo).

https://doi.org/10.1016/j.jalgebra.2025.01.015
0021-8693/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jalgebra.2025.01.015
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2025.01.015&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:elena.campedel@univaq.it
mailto:ginevra.giordani@graduate.univaq.it
mailto:antonio.ioppolo@univaq.it
https://doi.org/10.1016/j.jalgebra.2025.01.015
http://creativecommons.org/licenses/by/4.0/

76 E. Campedel et al. / Journal of Algebra 668 (2025) 75-91

1. Introduction

Let F be a fixed field of characteristic zero containing an element i such that i2 = —1
and consider an associative superalgebra A = Ag @ A, over F. A graded linear map p is
a pseudoautomorphism on A if, for any homogeneous elements a,b € Ay U Ay,

pPla) = (=D)"a and  p(ab) = (=1)1*PIp(a)p(b).

In [9], the author proved that pseudoautomorphisms represent the connection link
between graded involutions, superinvolutions and pseudoinvolutions; such maps play a
prominent role in the setting of Lie and Jordan superalgebras (see for instance [14-16])
and they have been extensively studied within the theory of polynomial identities (see
[1,12] and the references therein).

It is well-known that the study of the polynomial identities satisfied by an ordinary
algebra A (with no additional structure) is equivalent to the study of the multilinear ones
and an effective way to measure such identities is through the sequence of codimensions
en(A), n = 1,2,..., of A. Recall that if P, is the space of multilinear polynomials
in the non-commuting variables z1,...,2, and Id(A) is the ideal of identities of A,
then ¢, (A) = dim P, /(P, N1d(A)). The asymptotic behavior of this sequence has been
extensively studied leading to classification results of several varieties of algebras. The
key result in this area says that the sequence of codimensions of an algebra satisfying a
non-trivial polynomial identity is exponentially bounded ([17]) and its exponential rate
of growth is an integer ([3,4]).

Let A be a superalgebra with pseudoautomorphism. In this paper we study the p-
polynomial identities satisfied by A and we investigate the asymptotic behavior of the
corresponding sequence ¢ (A) of p-codimensions. Notice that such a sequence is bounded
from above by 4"n!. Nevertheless when A satisfies an ordinary (non trivial) identity,
P (A) is exponentially bounded (see [6]).

Now assume that A has finite dimension over the field F'. In the first part of the paper
we determine the exponential rate of growth of the sequence of p-codimensions, showing
that

exp?(A) = lim {/ch(A)
n—oo
exists and it is a non-negative integer, called the p-exponent of A. Moreover expP(A)
can be explicitly computed and it turns out to be equal to the dimension of a suitable
semisimple p-subalgebra of A.

The last part of the paper is devoted to the characterization of those algebras whose
p-exponent is bounded by 2 (see also [2,5,8,11]). If the p-exponent of an algebra A is
bounded by 1, it is equivalent to say that the p-codimensions are polynomially bounded
and that the variety generated by A does not contain the group algebra of Zs and the
algebra of 2 x 2 upper triangular matrices with suitable pseudoautomorphisms (see [6]).
These are the only algebras generating minimal varieties of p-exponent 2.
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Finally, new results concerning p-algebras generating varieties of minimal p-exponent
> 2 will be obtained.

It is important to highlight that the starting point in the proof of all results of this
paper is the Wedderburn-Malcev decomposition of a finite dimensional p-algebra based
on the classification of the simple ones given in [10].

2. Superalgebras with pseudoautomorphism

Throughout this paper F' will denote a field of characteristic zero containing an el-
ement 4 such that i2 = —1 and A = Ay @ A; an associative superalgebra (an algebra
graded by Zs, the cyclic group of order 2) over F' endowed with a pseudoautomorphism
p. We say that a linear map p: A — A is a pseudoautomorphism if it preserves the
grading (graded map) and for any elements a,b € Ay U Ay,

pPa)= (=1 and  p(ab) = (=1)"*Ip(a)p(b).

Here |c¢| = 0 or 1 denotes the homogeneous degree of ¢ € Ag U A;.
If A is a superalgebra with pseudoautomorphism we shall call it simply a p-algebra.
In case A is a finite dimensional algebra, its structure is known from a generalization of
Wedderburn-Malcev’s theorem proved in [6, Theorem 3]. Before stating it, recall that an
ideal (subalgebra) I of A is a p-ideal (subalgebra) of A if it is a graded ideal (subalgebra)
and p(I) = I. The algebra A is a simple p-algebra if A2 # 0 and A has no non-trivial
p-ideals.

Theorem 1. Let A be a finite dimensional p-algebra. Then there exists a semisimple p-
subalgebra B such that

A=B+J=B1®---® B+ J,
where J, the Jacobson radical of A, is a p-ideal of A and By, ..., By are simple p-algebras.
Since the classification of the simple p-algebras is known, the above result can be
further refined.
To this end, consider the following simple superalgebras:
- Q(n) = M,(F) ®cM,(F), where M,,(F) is the algebra of n x n matrices over F’ and
=1

— My, n(F), the algebra of n x n matrices, n = k+ h, k > h > 0, with the following
Zo-grading

My n(F) = {(IO{ 19]) | K € My(F), He Mh(F)}
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® {(g 13’) | R€ Myxn(F), S € thk(F)}.

Given a superalgebra B, let B denote the superalgebra with the same graded vector
space structure as B and product o given on homogeneous elements a, b by the formula

aob:= (—1)|a”b‘ab.

Two p-algebras (A,p) and (A’,p’) are isomorphic if there exists an isomorphism of
superalgebras 7: A — A’ such that 7(p(a)) = p'(7(a)), for any a € A.

Now we are ready to state the classification theorem of the finite dimensional simple
p-algebras (see [10]).

Theorem 2. Assume that the field F is also algebraically closed. A finite dimensional
p-simple superalgebra A over F is isomorphic to one of the following:

(1) My n(F) endowed with the pseudoautomorphism

K R _( PKP +iPRQ
P\\s H))=\+igsr QHQ )’
P = 181 _%Cz ,Q = (I}él _?hz), I;’s are identity matrices, k = ki + ko,
h=nhi+ha, ki > ko, h1 > ha.
(2) My x(F) endowed with the pseudoautomorphism p given by p((‘g ﬁ)) =
H S
iR K )

(3) Mypn(F) & Myp(F) with the pseudoautomorphism pex given by pex(a,b) =
((71)|(“’b)‘b,a).
Q(
Q(

(4)
()

n) @ Q(n), with the pseudoautomorphism pex defined above.
n) endowed with the following pseudoautomorphism

pla+cb) = f(a) +icf (),
where f is an automorphism of order <2 on M, (F).
3. The p-exponent

Now we are interested in studying the p-algebras in the context of the theory of
polynomial identities.

If A is a p-algebra, since char F = 0 and there exists i € F' such that i2 = —1, we can
write
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A=AT Ay © AL @ ATL

Here AJ = {a € Ay | pla) = a} and Ay = {a € Ay | pla) = —a} are the sets of
symmetric and skew elements of Ay, respectively, and A} = {a € A; | p(a) = ia} and
AT" = {a € Ay | pla) = —ia} are the sets of the so-called i-symmetric and i-skew
elements of Aj, respectively.

One can define in a natural way a pseudoautomorphism on the free associative al-
gebra F(X) on a countable set X over F. We write X as the union of two disjoint
infinite sets Y and Z, requiring that their elements are of homogeneous degree 0 and 1,
respectively. Then each set is written as the disjoint union of two other infinite sets of
symmetric and skew elements and of i-symmetric and i-skew elements, respectively. The
free superalgebra with pseudoautomorphism is denoted F(Y U Z, p) and we write

F(YUZ,p)=F{y{ yr, 21,21 Y3 Yz » 23 %5 5 )5

where y;" stands for a (even) symmetric variable, y; for a (even) skew variable, z;" for
a (odd) i-symmetric variable and z; for a (odd) i-skew variable.

A polynomial f € F(YUZ, p) is a p-polynomial identity of A (or simply a p-identity),
and we write f = 0, if it vanishes for all substitutions y* — a* € A(jf, 2t = bt e
AF'. Let Id”(A) denote the set of all p-identities of A. Clearly it is an ideal of F(Y U
Z,p) invariant under all endomorphisms of the free superalgebra commuting with the
pseudoautomorphism p. As in the ordinary case, it is easily seen that in characteristic
zero, every p-identity is equivalent to a system of multilinear p-identities. Hence if we
denote by

pﬁzspanF{wa(l)"'wo’(n) |U€Sna W; G{yj_zyi_azj_7zi_}a Z:157’”}

the space of multilinear polynomials of degree n in the variables y;” Y z:r v 2, 0=

1,...,n, the study of Id”(A) is equivalent to the study of PP NIdP(A), for all n > 1. The
n-th p-codimension of A is the non-negative integer

Py

P(A) = di
cn(4) = dimp PZN1dP(A)’

n> 1.
If A satisfies an ordinary polynomial identity, it was proved that ¢£(A), n =1,2,..., is
exponentially bounded ([6]).

The first aim of this paper is to determine the exponential rate of growth of the
sequence of p-codimensions of a finite dimensional p-algebra. We start with the following
definition.

Definition 3. Let A = B1®- - -® By +J be a finite dimensional p-algebra and let C1, ..., C},
be distinct simple p-subalgebras of A from {By, ..., Bi}. The p-algebra C = C1®---®C},
is called p-admissible if
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CiJ - JCH,_1JCp, # 0.
Now we can define the following integer.
Definition 4. Let A be a finite dimensional p-algebra. We set
d=d(A) :==max {dimp C : C is an admissible p-subalgebra of A}.

The role of such an integer in the description of the asymptotic behavior of the p-
codimensions is explained in the following result.

Theorem 5. Let A be a finite dimensional p-algebra over F' and consider the integer d of
Definition /4. Then there exist constants a1 > 0 and asg, by, by such that

anbd® < P (A) < asnb2d™.

Hence the p-exponent of A, expP(A) = lim,_,oo ¥/ ch(A) erists and it is a non-negative
integer.

Proof. Since the p-codimensions do not change by extending the ground field, we may
assume that the field F' is algebraically closed. Now the result can be proved, with the
necessary changes, by following word by word the proof given in [7] in the setting of
superalgebras with superinvolution. O

As an immediate consequence we get the following.

Corollary 6. Under the hypotheses of Theorem 5, the sequence ¢E(A), n =1,2,..., either
is polynomially bounded (i.e., exp?(A) < 1) or it grows exponentially (i.e., exp?(A) > 2).

In [6], the second author described the varieties of p-algebras of polynomial growth by
giving a finite list of p-algebras to be excluded from the variety. Recall that the growth
of a variety V of p-algebras is defined as the growth of the sequence of p-codimensions
of any algebra A generating V, i.e., V = varP(A4). Then we say that V has polynomial
growth if ¢P (V) is polynomially bounded and V has almost polynomial growth if £ (V)
is not polynomially bounded but every proper subvariety of V has polynomial growth.

Let F®F be the two-dimensional commutative algebra. We can see it as a superalgebra
with trivial grading or with the natural grading

FeF=F(1,1)®F(1,-1).
We consider the following three superalgebras with pseudoautomorphism:

e D, the algebra F'@ F with trivial grading and pseudoautomorphism ex(a, b) = (b, a).
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e D! the algebra F' @ F with natural grading and pseudoautomorphism ex;(a,b) =
1@l (b, a).
e D7 the algebra F' @ F with natural grading and pseudoautomorphism ex_;(a, b) =
(=)=l 3, ).
Now cousider the algebra UT»(F) = { ( 8 b) | a,b,c € F } of 2 x 2 upper-triangular

matrices. We can see it as a superalgebra with trivial grading or with the natural grading

UTQ(F):{<8 0>|aceF} {(8 8>|b€F}.

We consider the following four superalgebras with pseudoautomorphism:

o UTy, the algebra UT,(F)
o UT, , the algebra UTy(F) with trivial grading and pseudoautomorphism:
—b

(5 2) - -

o UTY, the algebra UT,(F') with natural grading and pseudoautomorphism:

(66 2)=6 <)

o UTy ", the algebra UT,(F') with natural grading and pseudoautomorphism:
a b _(a —ib
P\lo ¢ “\O0 ¢ J¢

These p-algebras characterize the varieties of polynomial growth as stated in the

with trivial grading and trivial pseudoautomorphism.

following result ([6, Theorem 9]).

Theorem 7. Let A be a finite dimensional p-algebra over F. The sequence cb.(A), n =
1,2,..., is polynomially bounded (i.e., exp?(A) < 1) if and only if UTe, UTy , UT4,
UTy %, D, D', D" ¢ var?(A).

Given two p-algebras A and B we say that they are equivalent if Id”(A) = 1d”(B).

Corollary 8. [6] The algebras UTy, UTy , UTs, UTy ", D, D', D~ are the only finite di-
mensional p-algebras, up to equivalence, generating varieties of almost polynomial growth.

Now we recall that a variety V of p-algebras is minimal with respect to the p-exponent
if for any proper subvariety U, we have that exp?(V) > exp?(U). Here the p-exponent
of a variety is the p-exponent of a generating algebra. Since the above algebras have
p-exponent equal to 2, by using this definition we get the following result.

Corollary 9. The algebras UTy, UT, , UT%, UTQ_i, D, D?, D77 are the only finite di-
mensional p-algebras, up to equivalence, generating minimal varieties of p-exponent 2.
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4. Characterizing algebras with p-exponent bounded by 2

We start this section by constructing a suitable finite list of p-algebras generating
varieties of p-exponent > 2.
Let us consider the following simple p-algebras:

C1, the superalgebra Ms o(F') with trivial pseudoautomorphism id;

Cs, the superalgebra My o(F) with pseudoautomorphism p given by p

(e 7):

Cs, the superalgebra M 1 (F') with pseudoautomorphism p given by p

((
| ((
(& 3)
((
((

a b
c d

)
)
20
)

Cl, the superalgebra M 1 (F) with pseudoautomorphism p given by p

a —ib\.
—ic d )’

Cj, the superalgebra M 1 (F) with pseudoautomorphism p given by p

a b
c d

d ic).
b a )’

Cs, the superalgebra Q(1) & Q(1) with the pseudoautomorphism pex(a,b) =
(~1)l@blp,q).

By Theorem 5 we get the following result.
Remark 10. For any i = 1,...,6, exp?(C;) = 4.
The above p-algebras allow us to prove the following lemma.

Lemma 11. Let B be a simple p-algebra with dimp B > 4. Then C; € var?(B), for some
jed{l,...,6}.

Proof. We shall prove the lemma by constructing a p-subalgebra of B isomorphic to C}
for some j € {1,...,6}.

Case 1. B = (Myn(F),p) with p((K R)> - ( PEP iipRQ), P =

S H +iQSP  QHQ
I, 0 (D, 0
(0 Ik2>’Q_<O IhQ)'

Suppose first that h = 0. This means that the superalgebra B has trivial grading
and the pseudoautomorphism p is just a graded automorphism. If k3 = 0, p is the
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identity map and it is immediate to see that the p-subalgebra of B generated by the
elements a; =e1,1, a2 = €1 %,, A3 = €k,,1, A4 = €, , is isomorphic to C;. Now assume
ko > 0. We easily get that the p-subalgebra C’ of B generated by the elements a; = ej 1,
(2 = €k, 41,k+1; O3 = €1,k +1, G4 = €k, 11,1 is isomorphic to Cy through the isomorphism
f: C" — Cs, given by

f(al) = €1,1, f(a2) = €22, f(ag) = €1,2, f(a4) = €21

We are left to deal with the case h > 0. Let C’ be the p-subalgebra of B generated by
the elements a1 = e1,1, G2 = €x+1,k+1, @3 = €1, k+1, G4 = €x+1,1. The linear map f given
by

flar) =ei1, flaz) =e22, flaz)=e12, flas) =e2q,

is an isomorphism of p-algebras between C’ and C3 or Cy, according to the sign (+i) of
the pseudoautomorphism p.

Case 2. B = (M (F), p) withp<<§ ﬁ)) — (52 3‘?)

Let C’ be the p-subalgebra of B generated by a; = €1,1, 02 = €kt1,k+1, U3 = €1 k41,
a4 = epy1,1- Hence we obtain an isomorphism of p-algebras between C’ and C5 via the
linear map f: C' — Cs given by

f(a1) = €1,1, f(ClQ) = €22, f(ag) = €1,2, f(a4) = €21

Case 3. B = (Mkﬁ(F) @m,pex), k>h>0.

Suppose first k = h = 1. The p-subalgebra C’ generated by the elements a1 = (e11 +
€22,0), as = (e1,2 +€21,0), a3 = (0,e1,1 + e22), as = (0,e12 + e2,1) is isomorphic to
Cs = (F®cF)® (F @ cF) through the isomorphism of p-algebras: f: C' — Cg, given by

f(al) = (17 0)7 f(a2) = (617 0)7 f(a?)) = (07 1)7 f(a4) = (0’ 61)'

Now assume k > 1. In this case, we get that the p-subalgebra of B generated by
ar = (e1,1,€1,1), a2 = (e2.2,€22), ag = (e1,2,€1,2), as = (2,1, €2,1) is isomorphic to C4.

Case 4. B = (Q(n) D (n),pex).

If n = 1, then B = Cg and there is nothing to prove. Now, let n > 1. Then C; is
isomorphic to the p-subalgebra of B generated by the elements a; = (e1,1,e1,1), a2 =

(€2,2,€22), az = (e1,2,€1,2) and as = (e2,1,€2,1).

Case 5. B = Q(n) with pseudoautomorphism p(a + ¢b) = f(a) £+ icf(b), f automor-
phism of order < 2 on M, (F).
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Since dimpg B > 4, we have that n > 2. Hence we can consider the p-subalgebra C’
of B generated by a; = e11, az = €22, ag = e12 and aq = eg 1. C’ has trivial grading
and induced pseudoautomorphism p. Since f is an order 2 automorphism of M, (F), it
is well-known that it acts trivially on Ms(F) or

(5 0)= (%)

According to the action of f, we get a p-algebras isomorphism between C’ and C; or Cy

and we are done. 0O

Next we need to consider some suitable Zs-gradings and pseudoautomorphisms on the
algebra UT5 of 3 x 3 upper triangular matrices. Recall that an arbitrary triple (g1, g2, g3)
of elements of Zs defines an elementary Zs-grading on UT3 by setting:

(UTs)o = span{e; ; | gi+9; =0 (mod 2)} and (UT53), = span{e; ; | g;+g; =1 (mod 2)}.

On UT; we can define the following automorphisms (of order < 2):
a b c a b c a b c a —b —c
Z-d<<o d >><o y ) ¢1<<o y ))(0 y )
0 0 f 0 0 f 0 0 f 0o 0 f
a b c a b —c a b c a —b ¢
¢2<<o : e)):(() y _e>, ¢3<<0 : e)):(@ . _e).
00 f 00 f 0 0 f 0o o0 f

If UTs is endowed with trivial grading, the above automorphisms can be seen as

pseudoautomorphisms.

Given any superalgebra A = Ay @ A1, one can consider the following pseudoautomor-
phism (recall that i? = —1)

p: Ag @A — Ag @ Ay

ag + a1 — ag + 1aq.

Notice that in case the superalgebra has trivial grading, the pseudoautomorphism p is

actually the identity map.
According to the result of [13], it is not difficult to see that the composition between
p and a graded automorphism of order < 2 on UTj is a pseudoautomorphism of UTj.

Hence we have the following p-algebras:

o (7, with trivial grading and trivial pseudoautomorphism id;
o (g, with trivial grading and pseudoautomorphism ¢1;
o (Cy, with trivial grading and pseudoautomorphism ¢s;
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e (4, with trivial grading and pseudoautomorphism s;

o (Cq1, with grading induced by (0,0,1) and pseudoautomorphism p;

e (2, with grading induced by (0,0, 1) and pseudoautomorphism p o 1;
e (43, with grading induced by (0,0, 1) and pseudoautomorphism p o po;
e (44, with grading induced by (0,0, 1) and pseudoautomorphism p o s;
e (5, with grading induced by (0, 1,1) and pseudoautomorphism p;

e (44, with grading induced by (0,1, 1) and pseudoautomorphism p o 1;

e (1g, with grading induced by (0,1, 1) and pseudoautomorphism p o ¢3;
e (19, with grading induced by (0, 1,0) and pseudoautomorphism p;
e (5, with grading induced by (0, 1,0) and pseudoautomorphism p o ¢1;

(0,0,1)
(0,0,1)
(0,0,1)
(0,1,1)
(0,1,1)
o (47, with grading induced by (0,1, 1) and pseudoautomorphism p o ps;
( )
(0,1,0)
(0,1,0)
o (91, with grading induced by (0,1,0) and pseudoautomorphism p o @s;
(0,1,0)

e (59, with grading induced by (0, 1,0) and pseudoautomorphism p o 3.
Remark 12. For j = 7,...,22, we have that exp?(C;) = 3.
Proof. All the p-algebras C; have the same Wedderburn-Malcev decomposition:
Ci=A10A @ A3+ J,

where A1 = Fey 1, Ay = Fego, A3 = Feszs and J = Fejo @ Fey 3 @ Feg 3. Since
A1 JAsJAs #£ 0, A ® Ay @ Az is a maximal dimensional p-admissible subalgebra and
the result follows by Theorem 5. 0O

The above p-algebras allow us to prove the following lemma.

Lemma 13. Let A = B1 @ --- ® By + J be a finite dimensional p-algebra over an
algebraically closed field F' of characteristic zero. If there exist three distinct simple com-
ponents B;, = B;, = B;, = F such that B;, JB;,JB;, # 0, then C; € varP(A), for some
jed{r,...,22}.

Proof. Let e1, ez, e3 be the unit elements of B;,, B;,, B;,, respectively. Then el2 = ef =
er € (B;,)o and epes = 0ys€,, for r, 5,1 = 1,2, 3. Since B;, JB;, JB;, # 0 then e;JeaJes #

0. So we may assume that there exist homogeneous (symmetric, skew, i-symmetric or
i-skew) elements j, j' € J such that

erjesj'es # 0.
Consider the p-subalgebra U of A linearly generated by
e1, ez, e3, eijea, exjes, eijeajes.

The linear map f: U — UTj, defined by
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fler) =e11, fle2) =e22, fles)=e33, [flerjea)=e1p2,
fleaj'es) = eas,  flerjeaj'es) = e13,

is an isomorphism of algebras. Now, by taking into account the homogeneous degrees
of j and j' and their symmetry with respect to the pseudoautomorphism p, we get an
isomorphism of p-algebras between U and C}, for some j =7,...,22. O

Let us consider the algebra

a+oaa e+ ae 0 0
B 0  bt+al 0 0
M= 0 0 c+ ac 0 |
0 0 f+af d+ad

a,a' bV e, d,d e e, f,f €F a*=1

and the automorphism t on it given by

a+oaa e+ ae 0 0

0 b+ ab 0 0

f 0 0 c+ ac 0
0 0 f+af d+ad

d+ad f+aof 0 0

_ 0 c+ ad 0 0

B 0 0 b+ ab 0
0 0 e+ae a+ad

We denote by M; the algebra M such that o’ =0 =¢ =d = ¢ = f/ = 0, endowed
with trivial grading and pseudoautomorphism f. Instead we use the symbol M, in case
the grading is the elementary one induced by (0, 1,1,0) and the pseudoautomorphism is
poT. We need the following p-algebras:

o (93, the subalgebra of M; with b = ;
o (9, the subalgebra of M; with a = d;
o (5, the subalgebra of My with b = ¢;
o (9, the subalgebra of My with a = d.

Now notice that the algebra M can be seen as a superalgebra also with the following
grading:

| a7b7c7d767f€F

cocoQ
[N IS T
0O OO
Qoo O
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ad ae’ 0 0
0 ab 0 0

P 0 0 ac 0 | b, d e, feF
0 0 aff ad

We denote by M; the superalgebra M with the pseudoautomorphism p; given by

a+oaa e+ ae 0 0
0 b+ ab’ 0 0
pi 0 0 c+ad 0
0 0 f+af d+ad
d+iad f+iaf’ 0 0
_ 0 ¢+ iad 0 0
- 0 0 b+ iab’ 0
0 0 e+iae’ a+iaa

Analogously, M_; denote the superalgebra M with pseudoautomorphism p_; defined as
p; but with —¢ instead of .
The last p-algebras we have to consider are the following;:

e (7 is the subalgebra of M; witha=d, b=c,a’ =d and ¢ = = 0;
o (g is the subalgebra of M_; witha=d,b=c¢, ' =d and ¢ =V = 0;
e (4 is the subalgebra of M; witha=4d, b=c¢, ¥ =¢ and o' = d = 0;
e (3¢ is the subalgebra of M_; witha=d,b=c¢, b =c and '’ =d = 0.

Using the same approach as in Remark 12, we get the following result.
Remark 14. For j = 23,...,30, we have that exp?(C;) = 3.
Now we can prove the following lemma.

Lemma 15. Assume that the field F is also algebraically closed. Let A = B1 @ --- @
By, + J be a finite dimensional p-algebra over F such that ByJ By, # 0 with (B, B,,) €
{(F,D),(D,F),(F,D"), (D", F),(F,D~"),(D~",F)}, | # m. Then C; € var?(A), for
some j € {23,...,30}.

Proof. Suppose first that (B;, B,,) = (D, F). Let ¢, = e; + €2 and e, = e3 be the
unit elements of B; and B,,, respectively. Clearly p(e;) = es and p(es) = es. Since
By J By, # 0, there exists a homogeneous element j € J such that

eijem = (e1 +ea)jes # 0.

Without loss of generality, we may assume that ejjes # 0. Let U be the p-algebra linearly
generated by the elements

e, e, e3, epjes, eap(jles.
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When the homogeneous degree of j is 0, the map f defined by

fler) =e11, fle2) =esa, fles) =ez2+ess, fleijes) =er2, fleap(f)es) = eas,

is an isomorphism of p-algebras between U and Ca3. When the homogeneous degree of
7 is 1, the map f defined by

fler) =ein, flez) =ess, f(e3) =ezatess, flerjes) =ei2, fleap(j)es) = iey s,

is an isomorphism of p-algebras between U and Coas.
In a similar way, when (By, B,,) = (F, D) we obtain that Cay4, Cag € varP(A).
Suppose now that (B, By,) = (D!, F). Let ¢, = e; and e, = e be the unit elements
of B; and B,,, respectively. Clearly p(e1) = e; and p(es) = es. Since By JB,, # 0, there
exists a homogeneous element j € J such that

eijem = erjes # 0.

Let U be the p-algebra linearly generated by the elements

e1, es, cep, eijes, erp(jles, ceijes, ce1p(j)es.
Then U is isomorphic to Cy; as p-algebras, via f defined by
fler) =ern+esa,  fle2) =eap+ess,  fleer) =clern +esa), flerjer) = e,
fleip(j)e2) = eas, fleerjez) =cera,  f(ceip(j)ez) = ceas,
when the homogeneous degree of j is 0, and f defined by
fler) =e11+ess, flex)=eao+ess, flcer)=cler11+esq), flerjer)=ce1s,
fleip(j)es) =icess,  flcerjes) =e12,  f(ceip(j)ea) = ieqs,

when the homogeneous degree of j is 1.
In a similar way, when (B, B,,) = (D™%, F), (F, D%) or (F, D~%), we obtain that Cyg,
Cag or Csg € varP(A), respectively. O

The following proposition proves that the list of p-algebras Ci,...,C5y cannot be
reduced.

Proposition 16. For all l,j € {1,...,30}, | # j, 1d*(C}) ¢ 1d*(C};).

Proof. By the classification of pseudoautomorphisms on UT,, given in [13], we have that
the p-algebras C;, i = 7,...,22 are not pairwise equivalent. Now, let y denote an even
variable, z an odd one and x any variable. The proof is completed by putting together
the following facts.
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o 1dP(Cy) € 1dP(Cy), 1 =1,3,4,7,11,13,15,16,19,22, j # I: in fact y~ = 0 on C) but

not on Cj.
o IdP(C)) ¢ 1dP(Cy),1=1,2,7,8,9,10,23,24, j # I: in fact z = 0 on C; but not on Cj.
o IdP(C)) € 1dP(Cy), 1 =3, j = 4: in fact 2~ = 0 on C) but not on C;.
o IdP(C)) € 1dP(C}), 1 =4, j = 3: in fact 27 =0 on C; but not on Cj.
o 1d7(C)) Z 1dP(Cy), 1 =2,...,6,12,14,17,18,20,21,25,26, j # I: in fact [y, 53] = 0

on C; but not on

o IdP(Cy) ¢ 1dP(Cy), 1 =1,...,5, j = 7,...,22: in fact [[zl,xQP,zg] = 0 on C] but
not on Cj.

o IdP(C)) € 1dP(C}), 1 =5, j = 2,3,4,25,26: in fact [y, 2] =0 on C; but not on C;.

o 1dP(Cy) € 1dP(Cj), 1 =5, j =6:infact y~ 2~ + 2z~ y~ =0 on C; but not on Cj.

o IdP(Cy) € 1dP(Cj),1=6,j=1,...,5,7...,30: in fact [z1,22] = 0 on C; but not on
C;.

o IdP(C)) ¢ 1dP(Cy), 1=17,...,30, j =1,...,6: in fact exp?(C}) < exp?(C}).

o IdP(Cy) € 1dP(Cj),1=6,23,...,30,j =1,...,5,7,...,22: in fact [x1, xo|[x3,24] =0
on C; but not on Cj.

o IdP(Cy) € 1dP(Cy), 1 =17,...,22, j = 23,...,26: in fact y; y5 y3 = 0 on C; but not

on Cj.

o IdP(C)) € 1dP(Cy), 1 = 23, j = 24: in fact [y; ,y5 Jy; = 0 on C; but not on Cj.

o 1dP(Cy) € 1dP(Cj), 1 =24, j = 23: in fact y3 [y; ,y5 ] = 0 on C; but not on Cj.

o 1dP(Cy) € 1dP(C}), 1 =25, j = 26: in fact 2Ty~ =0 on C; but not on Cj.

o 1d7(Cy) € 1dP(Cy), 1 =26, j = 25: in fact y~ 2 =0 on C; but not on Cj.

o IdP(Cy) ¢ 1dP(Cy), 1 =27,...,30, j = 23,...,26: in fact y; y; = 0 on C; but not on
C;.

o 1dP(C)) € 1dP(Cy), I = 28,30, j = 27,29: in fact 2 25 = 0 on C; but not on C;.

o 1dP(Cy) € 1dP(Cj), 1 =27,29, j = 28, 30: in fact z; z2 =0 on C; but not on Cj.

o 1dP(Cy) € 1dP(Cj), 1 = 27,30, j = 28,29: in fact z zJr = 0 on C} but not on Cj.

o 1d7(Cy) € 1dP(Cy), 1 = 28,29, j = 27,30: in fact 272~ =0 on C; but not on C;. O

Now we are in a position to characterize the p-algebras A with exp?(A) < 2.

Theorem 17. Let A be a finite dimensional p-algebra over F. Then expP(A) < 2 if and
only if C; ¢ varP(A), for any j € {1,...,30}.

Proof. Since we are dealing with p-codimensions that do not change by extending the
base field, in what follows we may assume that the field F is algebraically closed.

First let expP(A) < 2. Since exp”(C;) > 2, by Remarks 10, 12 and 14, we get C; ¢
varP(A), j € {1,...,30}.

Conversely, let C; ¢ var?(A), for any j € {1,...,30}. Hence by Theorem 1 we can
write A = B1 ® -+ ® By, + J, where the B;’s are simple p-algebras isomorphic to those
ones given in Theorem 2. Since C1,...,Cgs & varP?(A), according to Lemma 11, we have
that dimg B; < 4, for any [.
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Suppose by contradiction that exp?(A) > 2. Then by Theorem 5, one of the following
possibilities occurs:

> B;, =

1. there exist distinct B;,, B
F,

2. for some iy # ia, Bi,JBi, # 0 and B;, & F and B;, &2 D or D' or D™,

3. for some iy # is, B;, JB;, # 0 and B;, 2 D or D' or D~% and B;, & F.

7;2,Bi3 such that Bi1 JBi2 JBZ‘3 75 0 and Bi1 = Bi2

Notice that when we are in the situation B;, JB;, # 0 with B;, = D or D’ or D~*
and B;, & D or D or D7, it easily follows that one of the last two cases occurs.

If 1. holds, then, by Lemma 13, C; € var?(A), for some j € {7,...,22}, a contradiction.
We reach a contradiction also in all the other cases, since by Lemma 15, we should have
that C; € varP(A), for some j € {23,...,30}. O

In light of Theorems 7 and 17, we get the characterization of p-algebras with p-
exponent equal to two.

Corollary 18. Let A be a finite dimensional p-algebra over F. Then exp?(A) = 2 if and
only if

- C; ¢varP(A), forall j € {1,...,30} and
— either UTy or UTy or UTi or UTy " or D or D' or D™ € varP(A).

Now let us slightly change the definition of minimal varieties given at the end of
Section 3: a variety V of p-algebras is minimal with respect to the p-exponent if for
any proper subvariety U, generated by a finite dimensional p-algebra, we have that
expP (V) > expP(U). By using this definition we get the following.

Corollary 19.

1. The p-algebras C;, j =1,...,6, generate minimal varieties of p-exponent 4.
2. The p-algebras C;, j = 7,...,30, are the only finite dimensional algebras, up to
equivalence, generating minimal varieties of p-exponent 3.

Proof. We prove just item 2. (the proof of 1. is similar).

Let V be a proper subvariety of var?(C;), j = 7,...,30. Clearly C; ¢ V. Also, by
Proposition 16, we get that C; ¢ V, for any | = 1,...,30. Then, from Theorem 17,
exp?(V) < 2 and we are done.

Now suppose that there exists a minimal variety U of p-exponent 3 which is not
generated by any of the algebras in 2. Since ¢ is minimal and its p-exponent is 3, C; ¢ U,
for any j. Then by Theorem 17 we should have exp?(U) < 2, a contradiction. O
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