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Abstract. Classical results concerning Klein—-Gordon-Maxwell type systems are
shortly reviewed and generalized to the setting of mixed local-nonlocal operators,
where the nonlocal one is allowed to be nonpositive definite according to a real
parameter. In this paper, we provide a range of parameter values to ensure the
existence of solitary (standing) waves, obtained as Mountain Pass critical points
for the associated energy functionals in two different settings, by considering two
different classes of potentials: constant potentials and continuous, bounded from
below, and coercive potentials.
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1. Introduction and Main Results

In this paper we shall deal with generalized Klein—-Gordon—-Maxwell (KGM) type
systems of the form

{Eau + [V = (w+ep)?] u=[uP?u inR3,

1.1
Ap = e(w + ep)u? in R (1)

where w € R\{0}, e € {£1}, V € C(R?) is bounded from below, and p € (2,2%).

n
Here 2* denotes the classical Sobolev critical exponent 2* = 5 in dimension

n = 3, that is 2* = 6. The operator L, is a mixed local-nonlocal one of the following
form

Lo=L=—A+a(-A)°, (1.2)

where a € R, A denotes the classical Laplacian, and (—A)*, s € (0, 1), denotes the
fractional Laplacian, which we shall introduce in the sequel.
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In the last two decades there was a growing interest around the KGM systems.
In [6,7], Benci and Fortunato introduced a mathematical model describing nonlin-
ear Klein—Gordon fields interacting with the electromagnetic field and proved the
existence of infinitely many radially symmetric solutions of (1.1) (when a = 0, that
is L, = —A) only for 4 < p < 6, by using an equivariant version of the Mountain
Pass Theorem [1,4,40].

The case 2 < p < 4 represents a more intriguing challenge, due to a lack of
compactness of Palais—-Smale (PS) sequences, and the extension of [6, Theorem 1]
and [7, Theorem 1.2] was later achieved by D’Aprile and Mugnai in [23]. The authors
overcame the lack of compactness by requiring a control on w by the potential
V =m?, with |m| > |w]|, times a function depending only on p (when 4 < p < 6 this
condition leads to the case considered by Benci and Fortunato).

A few years later, Azzolini, Pisani, and Pomponio [2,3], continuing along the
path laid out by Benci and Fortunato, proved in the electrostatic case the existence
of a ground state solution for the nonlinear Klein—-Gordon—Maxwell system, refining
the relation between w and V, introduced in [23], and studying the limit case when
the frequency of the standing wave equals the mass of the charged field.

The range p € (2,6) is not random neither restrictive, as shown by D’Aprile and
Mugnai in [24] when o = 0. They proved nonexistence results based on a suitable
Pohozaev identity and showed that whenever p < 2 or p > 6, u = ¢ = 0 is the
only solution to (1.1). In [23], the authors also applied the arguments of Benci and
Fortunato to the case of Schrodinger—Maxwell type systems.

The critical growth case was studied by Cassani in [22], by combining a
Pohozaev—type argument (to prove nonexistence of solutions with a suitable de-
cay at infinity, as in the case for radially symmetric solutions), and the reduction
method by Brézis—Nirenberg [18] (which allows to replace the first equation in (1.1)
by adding a lower order perturbation and recover the existence of Mountain Pass
type solutions). In particular, in [22], it has been showed that whenever |m| > |w|
and p = 2* = 6, weak solutions of (1.1) vanish identically.

In 2005, Georgiev and Visciglia [34], inspired by the original work of Benci and
Fortunato, added an external Coulomb potential in the corresponding Lagrangian
density to the KGM equations and stated an existence result for these kinds of sys-
tems. Since 2014, a renewed interest on the Klein—-Gordon—-Maxwell type equations
with non-constant potentials (under suitable conditions) appeared on the scene,
starting from the works of He [35] and Ding and Li [28].

From a different perspective, a peculiar generalization is the one that involves
the fractional Laplacian. Indeed, a long list of possible applications seems to be
connected with fractional calculus as well it explained by Di Nezza et al. in [27]. In
this framework there is a recent and wide literature, to which this paper is inspired.
Servadei and Valdinoci generalized in [43] Laplace equations involving critical non-
linearities of Brézis and Nirenberg [18]. Before that, they also provided in [42] an
existence result for equations driven by a nonlocal integro-differential operator by
using both fractional spaces and the Mountain Pass Theorem.

Recently, an in-depth analysis of fractional KGM systems has begun as testified,
on the one hand, by the work of Zhang [45], who obtained a symmetric solution for
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a fractional KGM system by means of variational methods and, on the other hand,
by the work of Miyagaki et al. [37], who found the positive ground state solution
thanks again to the Mountain Pass Theorem.

The literature concerning mixed local-nonlocal operators L, is pretty vast.
As partially expected, if @ > 0, our existence results (Theorems 1.1 and 1.2) are
applications of the variational methods introduced in [1,4,40] but, differently from
the case of bounded domains, we are in principle not allowed to extend trivially
the study to the case —% < a < 0, where C' > 0 is the constant of the continuous
embedding H}(Q) C H*(Q), with Q bounded domain of R3.

Indeed, the situation becomes suddenly more delicate, mainly because L, is
no more (in general) positive definite, the bilinear form naturally associated to it
does not induce a scalar product nor a norm, the variational spectrum may exhibit
negative eigenvalues and even the maximum principles may fail. It is well-known
that wrong signs of parameters may change the nature of the problem considered,
see for example [44], where a well-posed problem becomes ill-posed.

Without aim of completeness, we provide the interested reader with an overview
of recent techniques aimed to face these kind of issues, mostly oriented to the (el-
liptic) PDEs literature. For a very useful introduction to the variational analysis of
nonlinear problem with nonlocal operators, we suggest the book of Molica Bisci et
al. [38].

In the recent paper [36], Maione et al. proved the existence of a weak solution
of semilinear elliptic boundary value problems driven by a mixed local-nonlocal
operator for every possible value of the parameter «. This result is obtained by
means of a decomposition of the space of the solutions, deduced from the spectrum
of the operator L£,. An extension of this decomposition result for abstract Hilbert
spaces can be found in Appendix A.

Concerning interior regularity and maximum principles, Biagi et al. [8] gave
several results for elliptic operators of different orders, involving classical and frac-
tional Laplacian. The same authors also considered in [9] the qualitative properties
of solutions for the same kind of mixed operators as well as the shape optimization
problems [10,11]. Moving in a similar direction, Biswas and Modasiya supplied a
Faber—Krahn inequality and a one-dimensional symmetry result related to the Gib-
bons’ conjecture [15], and investigated on boundary regularity and overdetermined
problems [16].

Recently, De Filippis and Mingione [26] proved maximal regularity for solutions
of variational mixed problems in nonlinear degenerate cases. Furthermore, Garain
and Kinnunen [32] obtained, by adopting purely analytic techniques based on the De
Giorgi—Nash—Moser theory, several regularity results such as a Harnack inequality
for weak solutions and a weak Harnack inequality for weak supersolutions.

The relation with the mixed Sobolev inequalities was investigated by Garain
and Ukhlov [33], who proved that the extremal of such inequalities, associated with
an elliptic problem involving the mixed local and nonlocal Laplace operators, is
unique up to a multiplicative constant. From a different point of view, a very inter-
esting approach, which extended the classical Bernstein technique to the setting of
integro-differential operators, is due to Cabré et al. [20].
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Dipierro, Proietti Lippi and Valdinoci proposed a new environment in the mixed
operator setting, by considering a new type of suitable Neumann conditions, with
important implications to the logistic equation modeling population dynamics [29,
30]. A Brezis—Oswald approach was instead recently developed by Biagi, Mugnai,
and Vecchi, leading to the full characterization of the existence of a unique positive
weak solution of sublinear Dirichlet problems driven by a mixed local-nonlocal
operator [12-14].

Another compelling outlook on the topic regards the asymptotic analysis per-
formed by da Silva and Salort [25] and by Buccheri et al. [19]. Finally, a more exotic
application can be seen in [41], where Salort and Vecchi studied the existence of
the solution for Hénon-type equations driven by a nonlinear operator obtained, as
before, by combining a local and a nonlocal term.

In the present paper we reformulate the original problem of Benci and Fortu-
nato [6,7], replacing the classical Laplace operator in the Klein—-Gordon equation
with the mixed local-nonlocal operator £, defined in (1.2). For the reasons stated
in the previous lines, we focus in particular on the case where o can be negative,
since negative values of @ make the problem much more challenging.

Following the arguments in [6,7], we obtain the generalized wave equation

2
gtf + Lop +m2p — |0|P2¢p = 0.

By considering stationary solutions of the form
é(x,t) = u(z)e™’, wureal function and w € R,
that are called standing waves, we get
Lou+ (m? — w?)u = |ulP~2u.

In order to state our main existence results, we consider the case in which w > 0

and e = —1, in which the system (1.1) reduces to
Lou+ [V —(w—¢)?|u=uf?u inR3 (1.3)
—Ap = (w— p)u? in R3. '

Indeed, if (u, ) is a solution of (1.1) for a fixed w > 0 and e = —1, then (u, p)
is also a solution of (1.1) with w replaced by —w and e replaced by —e. Moreover
(u, —¢) is a solution of (1.1) with either w replaced by —w or e replaced by —e.
In the present paper we shall consider two different classes of potentials V': R3 —
R, namely:
(I) constant positive potentials, that is V(x) = m?, with m > 0;
(IT) continuous, bounded from below, and coercive potentials V, that is potentials
satisfying the assumptions:
o Ve CO(RY;
o Vo:=inf,cps V(x) > —o0;
e there exists h > 0 such that

| l‘im H{x € Bip(y) : V() < M} =0 forall M >V, (1.4)
y|—o0

which is trivially satisfied when lim|,|_ V(z) = oc.
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To handle, as far as possible, these two cases together we set a common variational
|V (-
framework by defining the space D12?(R3) = CgO(R3)|| Ol and, for V € C(R3)

with Vp = inf egs V(x) > —o0, also the space
W = {ue H'(R?) : / (V= Vo)u? dx < oo}.
R?)

Clearly W trivially reduces to H'(R?) in the case (I).
At first we deal with the case (I), which is the nonlocal version of [23], where
problem (1.3) becomes

{ﬁau + [m? = (w—¢)?*]u=|uf~?u inR3,

1.5
—Ap = (w— p)u? in R3. (1.5)

We introduce the function ag: (0,1) x (0,00) — (0,00), which is defined as
ao(s,t):=s"5(1 —s)* '™ for s € (0,1) and t € (0, c0),
and given m > 0, w > 0, and p € (2,6), we set

o)t
Q= Q(p,m,w)=m* — w? — uwg

We can now state the first main result of the paper.

Theorem 1.1. In the case (1) assume that

(a) when p € [4,6) we have m > w > 0,

(b) when p € (2,4) we have my/p — 2 > /2w > 0,

and that o > —a(s, ). Then problem (1.5) admits infinitely many radially sym-
metric solutions (uy,, p,) € HY(R3) x DL2(R3).

We remark that by the assumptions of Theorem 1.1 one gets 2 € (0, m?) and
consequently ap(s, ) is well-defined.

A comparison with the classical literature is now in order. Let us first observe
that, when o = 0 and p € (4,6), Theorem 1.1 recovers the original results of Benci
and Fortunato [6, Theorem 1] and [7, Theorem 1.2]. Moreover, the subsequent work
of D’Aprile and Mugnai [23] is also fully recovered when o = 0, in the complete
range p € (2,6). We recall that the authors proved in [24] that the interval (2,6)
is sharp, in the sense that as long as p < 2 or p > 6, the system (1.5) admits only
the trivial solution. Unfortunately, the generalization of this result to our context
of mixed local-nonlocal operators is non-trivial. However, we feel we can conjecture
that the interval (2,6) is sharp even in this more general context.

A more in-depth study regarding the role of aq is, in our opinion, important
and useful to completely understand the significance of the theorem above.

As one can observe from Fig. 1, the limits at the boundary are

lim ag(s, Q) =Q =m? —w? - Maﬂ;
s—07F p—2
lim ap(s, ) = 1.

s—1—
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FI1GURE 1 The graph (A) represents the behavior of ag(s,(2) in the
interval s € (0,1), for three different fixed values of €2: 1,10, 75. For
the same values of €2, the graph (B) provides a representation of the
second derivative of ag(s, 2) with respect to s. As one can appreciate

there are two flexes for © = 10 and Q = 1/10

In particular, we want to underline that when s — 07 and s — 1~ we get the same
parameter ranges obtained in [6,7,23]. On the one hand, s = 0 formally corresponds
to the operator —Awu + aw. In this case, by [6,7,23] the system (1.3) has infinitely
many solutions if

4 —p)t

a+m? >+ (]92)w2, that is a > —Q.

p —
On the other hand, s = 1 formally corresponds to the operator —(1 + «)Au, which
is positively definite if and only if

1+a>0, thatisa> —1.

Hence the range for a, given by the assumption a > —ag(€2, s), seems to be sharp,
at least when s — 0% and s — 17. We conjecture that the range is sharp for all
s € (0,1).

The second main result of the paper is as follows.

Theorem 1.2. In the case (II) for all p € (2,6) and a € R problem (1.3) admits
infinitely many solutions (un,¢n) € W x DLH2(R3).

We remark that, as in the case of the Theorem 1.1, Theorem 1.2 also recovers
the classical works of Ding and Li [28] and He [35], when the real parameter «
approaches the value 0. We also point out that a comparison with the literature
devoted to the case in which the operator £, is purely fractional (i.e. £, = (—A)%)
is not possible, since the parameter « is only coupled to the nonlocal part of the
operator, while the local part of L, is fixed.

As in [6,7,23,28,35], the proof of Theorems 1.1 and 1.2 are based on an equi-
variant version of the Mountain Pass Theorem (see [1,4,40]). In the forthcoming
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work [21], the authors shall explore, by using variational techniques, the case of
Schrodinger—Maxwell equation driven by mixed local-nonlocal operators.

The paper is organized as follows. Section 2 is devoted to some preliminary
results, which apply to both cases (I) and (II). In Sects. 3 and 4 we shall respec-
tively consider the cases (I) and (II), giving the proofs of Theorems 1.1 and 1.2. A
comprehensive overview of spectral theory for mixed local-nonlocal operators finally
appears in Appendix A.

2. Assumptions, Notations, and Preliminary Results

We recall that the Sobolev space H!(R?) is defined as
H'(R?) = {u € L2(R?) : Vu c L*(R%R?)},
and it is a Hilbert space endowed with the norm
lullFrr=llull3 + [Vul3  for v e H'(R?).

We denote by F the Fourier transform, defined for functions ¢ € S(R?) (the
Schwartz space of rapidly decreasing smooth functions) by

1 .

Fo(&):= 5 / e &P po(x)dx  for € € R,

(2m)2z Jgrs

and then extended by density to the space of tempered distributions. By Plancherel

Theorem F is an isometric isomorphism from L?(R?;C) onto L?(R3;C).
Given any s € (0, 1), the fractional Sobolev space H*®(R?) is equivalently defined

as
o) = {ue ) ¢ [ (4 IgPIFuOR de < oo}
R3
see e.g. [27, Section 3], and it is a Hilbert space when endowed with the norm
= [ (1 IPFUOR b for w € 1(R)

Notice that H'(R?) is continuously embedded into H*(R?) by Plancherel Theorem,
since for all u € H'(R?) we have

/ €| Fu€)[2 de < (1 s) / Fu(©)P de + 5 / €21 Fu(e) 2 de
R3 R3 R3

= (1= 8)llull3 + sl Vull3.

Let (—A)®u denote the fractional Laplacian of u, which is defined via Fourier
transform for functions ¢ € S(R?) as

(—A)*p(x) = FH(€* Fp())(x) for z € R®.
By Plancherel Theorem we have
H*(R®) = {u € L*(R%) : (-A)2u € L*(R®)}
and

lullZre = 3 + 1 (=2A)2ul3.
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In particular, for all u € H'(R3) and ¢ > 0, we have

I(=2)2ul3 = /RS €12 [ Fu@)? dg < (1= s)e™ = [lull3 + se|| Va3 (2.1)
Therefore, the fractional Laplacian can be interpreted as an operator
(—A)*: H*(R?) — H™*(R®):=(H*(R?)),
defined for all u,v € H*(R?) as

<(—A)Su, U>H7s(R3)XHs(R3)2: /RS(—A);U(—A);U dx. (2.2)

Remark 2.1. We recall that the fractional Sobolev space H*(R?) can also be defined
via the Gagliardo seminorm [-]s 2 as

Ik
3 2(R3Y . |u(z) — u(z)|®
H*(R?):= {UEL(R 52 /RB/R3 |33— |3+25 dxdy<oo}.

Indeed, we have
70( )ul2, = / €)% | Fu(€)]? dé  for all u € H*(R?),

where the constant C(s) is given by

C(s):= (/R w dx) o (2.3)

see, for example [27, Proposition 3.4 and Proposition 3.6]. In particular, the frac-
tional Laplacian can be defined for ¢ € S(R?) as

(—=A)*p(x):=C(s)P.V. . M dy for x € R3,

where P.V. denotes the Cauchy principal value, that is

P.V. / wdy lim Mdy,

o VTR S ensty oy TP
and the constant C(s) is the one defined by (2.3).
For all & € R we define the mixed local-nonlocal operator L, as
Louw=— Au+ a(—A)°u,

where Au denotes the classical Laplace operator, while (—A)*u is the fractional
Laplacian. As before we can interpret the mixed local-nonlocal operator £, as an
operator

Lo: HY(R?) — H Y (R?):=(H'(R?)),
to which we can naturally associate a bilinear form as follows.

Definition 2.2. The bilinear form B,: H*(R?) x H'(R3) — R (associated to the
operator L) is defined for all u,v € H'(R?) as

Ba(u,v)::/RB(Vu,Vw d:r:—i—a/ (—A)su(-A)Svde

R3
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Y 1 (u(x) — u())(v(z) —o(y)) ,
_/R3<v7v>d+ 2/R3/R3 dx dy.

o~y

Clearly B,, is well-defined and continuous on H'(R?) x H!(R3).

‘/ — ]nf ‘/ > 00
0- (:I") 9

this condition being clearly satisfied in both cases (I) and (II). The space of solutions
u of problem (1.3) is defined as

W:= {u € H'(R?) : / (V- Vo)l de < oo} ,
R3
endowed with the norm

ullfy :=lull3 + [ Vull3 + /RS(V — Vo)u® da.

Lemma 2.3. W is a Hilbert space with respect to ||-||w. Moreover, the space C°(R3) C
W is dense in W.

Proof. 1t is clear that W C H'(R?) is a linear subspace of H'(R?), and the map
Il - [lw: W — [0,00) is a norm on W which is induced by a scalar product. We need
just to show that W is a closed subspace of H(R?). Let (uy)r C W and u € H(R?)
be such that ||ur — u|lw — 0 as k — oo. Then, for a fixed ky € N

(V = Vo)u? <2V = Vo) (u, — w)? +2(V = Vo)ui, a.e. in R?,
which implies that

V — Vo u? da < 2 V — Vo) (ug, — u)?da + 2 V — Vo u? dx.
( ) 0 ko
R3 R3 R3

Hence u € W, i.e., W is a closed subspace of H'(R?).
We first notice that C2°(R3) C W, being C>°(R?) C H'(R?) and

/ (V - Vo) de < ||u||%oo(R3) max (V — V) < o0
R? supp u

for all u € CX(R3). Let u € W and consider a sequence (yx)r C C(R3) of
functions satisfying 0 < yx < 1 in R?, x = 1 in B (0), and x = 0 in R*\ By 1(0).
Clearly (ux)r C W, every xiu has compact support in R?, and uy;, — u in W as
k — oo. Hence for all € > 0 there exists ky € N such that

€

5

Let (p;); € C(R?) be a sequence of mollifiers in R®. Then the sequence (p; *
(Xkow)); is in C°(R3) and p; * (xkou) — Xkot a.e. in R® as j — oo. Hence, there
exists jo € N such that

[Ixkow = ullw <

e
o () — gl 9y < T, Chyim max (V— Vo)
1o * (Xkot) = Xkoull 1 () 21+ Cvi,) Viko §k0+1(0)( 2
Hence

€

1050 * (Xkot) = Xnoullw < (14 Cvigo)ll0jo * (Xkot) — Xaotll 51 (m3) < 2
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which gives
1950 * (Xkow) — ullw <&
Therefore C2°(R3?) is dense in W. O
Since
llul| g2 < JJullw for all u € W,

we derive that the embedding W C LP(R3) is continuous and dense for all p € [2, 6],
being 6 = 2* the critical Sobolev exponent for n = 3. In particular, there exists a
constant C), > 0 such that

lull, < Cyllullw ~ for all u € W. (2.4)

The space of solutions for the electrical potential ¢ of problem (1.3) is the
Hilbert space, already introduced in Sect. 1,

D1,2(]R3) — Cgo(Rg)llv () H2’

endowed with the norm
lllpra=l|Vells for all ¢ € DM2(?).
Since in the whole space R? the Poincaré inequality does not hold, we get
D'2(RY) # HY(R®) = H'(BY).

In any case, DY2(R?) is continuously embedded into LS(R3), i.e., there exists a
constant C'p > 0 such that

lelle < Cpllgllprz  for all p € DV (R?).
We can now introduce the definition of weak solutions of (1.3).

Definition 2.4. A pair (u,p) € W x DM2(R?) is called a weak solution of (1.3) if

B (u,v) + / Vv dz + / (w—¢)*uwwdr = / luP~%uv dx (2.5)
R3 R3 R3
for all v € W and
/ (Vo, Vi) de = / (w—)pu?dx  for all ¢p € DV2(R?). (2.6)
RS RS

To show that Definition 2.4 makes sense we state and prove the following result.

Lemma 2.5. The system is coherent, i.e. all terms in Definition 2.4 are well-defined,
whether u,v € W and ¢, € DV2(R?).

Proof. Let us show that all the terms in (2.5) and (2.6) are well-defined for u,v € W
and ¢, € DM2(R3). As observed before, the bilinear form B, is well-defined and
continuous on W x W C HY(R?) x H'(R3). Moreover, by Hélder inequality,

/ (V —Wuvdx / uv dz
R3 R3

< ullwllollw + [Volllufl2llv]ls < oo

Vuvdx| < + Vo

R3
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for every u,v € W. By the same arguments used in [7] we also have

/Rs (w — @) ?uvdz| < w?[lullz[lv]l2 + 2wllellsllull sz ]v] 12
+llelllullsllvlls < oo,

ulP"?uv dz| < Jullp~ v, < oo

R3
for every u,v € W and ¢ € DY?(R?). On the other hand

[, (v ) da

< [lellpr2[l¥llpr2 < oo,

| w-pwtda
R3

for every u € W and ¢, € DL2(R3). O

It is easy to see that regular solutions of (1.3) are actually weak solutions,
according to Definition 2.4. As usual, weak solutions of (1.3) can be found as critical
points of the functional F': W x DY2(R?) — R, defined as

F(“: @)::QBa(u, u) + 5 /R3 Vu2 dr — 5 /RS<w _ 30)2’11,2 dx

1 1
— / |u|P dx — / \Vg0|2 dx.
P Jrs 2 R3

As in [7], the functional F is Fréchet differentiable on W x DY2(R3) and for all
u,v € W and ¢, € DV2?(R?) we have

Fl(u, )] = Balu,v) + /
F(u, ) [¢] =/ (w—w)u%d:p—/ (V, Vi) dz.

R3 R3
Unfortunately, even though it seems to be natural to work with the functional F,
we are unable to endow the Hilbert space W x DY?(R?) with a norm suitable to
apply the Critical Point Theory to F. Therefore, we look for another variational
characterization of problem (1.3).

First, we fix u € W and we look for a solution ¢(u) of (2.6). Since ¢ is a
solution of (2.6) if and only if —¢ is a solution of (2.2) in [23], we can restate [23,
Proposition 2.2] is the following form (more suitable in the present context).

< wlelsllulltz + llellsllvlleluli < oo

Vuvdr — / (w — @)?uv dr — |u|P~uv de,
3 R3 R3

Lemma 2.6. For everyu € W there exists a unique ¢(u) € DV2(R3) which solves (2.6).
Moreover,

o(u) >0 in R and p(u) < w on the set {x € R® : u(z) # 0}.
Finally, if u is radially symmetric, then also ¢(u) is radially symmetric.

Remark 2.7. In the general case in which w € R\{0} and e € {+1} we deduce that
for every v € W the unique solution p(u) € DM2(R3) of (2.6) satisfies

—Ew(u) >0in R® and — ggo(u) <1 on the set {z € R® : u(x) # 0}.
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Fixed u € W, let p,:=¢(u) € DY2(R3) be the unique solution of (2.6). Then,
F/(u, ou)[)] = 0 for every ¢ € DV*(R?) and for ¢ = ¢, we get

/]RS ]V(pu\Q dr = /RS (w— gou)cpuuz dx. (2.7)

This allows us to introduce the following functional, as done in [7].

Definition 2.8. Fix any function u € W, let ¢, € DY?(R?) be the unique solution
of (2.6). We define the functional J: W — R by

J(u) = %Ba(u,u) + % /RS(V —wu? dz

—l—% /RS ouu®dr — ; . |ul? da. (2.8)
By the identity (2.7), we have
J(u) = F(u, pu).
Moreover, by standard arguments, the map u — ¢,, from W into D*2(IR3) is of class

C! (for a detailed proof, we refer to [24, Proposition 2.1]). Hence, the functional J
is Fréchet differentiable on W and

J'(w)[v] = F.(u,p,)[v] for all u,v € W,
since Fy,(u, pu)[py,[v]] = 0, that is

J'(u)[v] = Ba(u,v) + /

R3

(V — w?)uv dx + Qw/ Py uv dx
R3

—/ cpiuvd:r—/ |ulP~2uv dx  for any u,v € W.
R3 RS

Therefore, as in [4], a pair (u, p) € W x DM2(R?) is a weak solution of problem (1.3)
if and only if ¢ = ¢, and w is a critical points of J.

Hence, in order to find solutions of problem (1.3) it is enough to find critical
points of J on W. This is done be applying an equivariant version of the Mountain
Pass Theorem, in the form given by [40, Theorem 9.12] (see also [1, Theorem 2.13]
and [4, Theorem 2.4]). First, we recall the following definition.

Definition 2.9. Let f be a C! function, defined on an infinite dimensional Banach
space X. We say that the functional f satisfies the Palais-Smale condition (PS) if
any sequence (), C X such that (f(u,))n C R is bounded and f’(u,) — 0 in X',
as n — 00, has a convergent subsequence.

Theorem 2.10. [40, Theorem 9.12] Let f be a even C* function, defined on an infinite
dimensional Banach space X and such that f(0) = 0. Assume that X is decompos-

able as direct sum of two closed subspaces X = X1 ® Xa, with dim X; < oco. Suppose
that:

(i) there exist 6,0 > 0 such that
inf £(S, N Xz) > 4,
where Sy:={u € X : ||u||x = o};
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(i) for any finite dimensional subspace Y C X there exists R = R(Y) > 0 such
that for any v € Y with |lul|x > R

flu) < 0;
(iii) f satisfies the (PS) condition.
Then, f has an unbounded sequence of positive critical values.
Notice that for the functional J: W — R defined in (2.8) we have
o JcCY(W);
e J(0)=0;
e J is even.

In the next two sections we prove that J, or a suitable restriction of it, satisfies the
assumptions of Theorem 2.10 in both the cases (I) and (II). The appropriate choice
of the functional will differ in the two cases.

3. Case (I): The Generalized KGM Equation
In this section we prove our existence result when
V(z) =m? forall z € R3
with m > 0. In this case W = H'(R?) and
lullw = |lul|zr  for all w € W = H'(R?).
To find critical points of J we shall restrict it to the subspace of radial functions
H!)R?*):={u € H'(R?) : u(|z|) = u(z) for any = € R?}.
This (standard) procedure is allowed by the following result.

Lemma 3.1. Under the assumptions of Theorem 1.1, u € H}(R3) is a critical point
of Jlm1mws) if and only if u is a critical point of J.

Proof. The arguments of [7, Lemma 4.2] continue to apply to the functional J
defined in (2.8), which is given by
2

1 —w? 1
J(u):==Ba(u,u) + . / w?dr + = / puutde — = [ |ulP dz.
2 2 R3 2 R3 D Jrs

Considering that the function ¢, in the paper [7] corresponds to —¢p,, in the present
one, J can be written as

J:=Z1(=2)ul}3 + Jo(u),

where Jj is the functional in [7].
The main argument there consists in the invariance of Jy under to O(3) group
action T, on H'(R3) given by
Tyu(x) = u(g(z)), g€ O0@),

explicitly written as g(x) = Oz, where O is an orthogonal matrix.
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Now also u — ||(—=A)2ul|3 is invariant under the same action. This fact can be
established by using the Spectral Theorem or, in a more elementary way, by [27,
Proposition 3.6], that is the formula

—yiul = [ lePrue) P e
Indeed, for any u € S(R?) one has
F(Tyu) = Ty(Fm),
and then

2Tyl = [ PR ds = [ 16T, (Fu(e) P de
= [ JePrruePds = [ lePlru(e) P d = (-) ulf,
R3 R3

since O is orthogonal. O
We shall then use Theorem 2.10, with X = H}(R3), X; = {0}, and X, = X.

Lemma 3.2. Under the assumptions of Theorem 1.1 the functional J satisfies (i)
and (ii) of Theorem 2.10 in X = HY(R3), with X; = {0} and Xy = H'(R?), and
consequently also in X = H}(R?), with X1 = {0} and X5 = H}(R3?).
Proof. We first claim that there exist d, 0 > 0 such that

inf J(S,) > 9, (3.1)
where S,:={u € H*(R?) : |lu|| g2 = o}. Indeed, by (2.1) and by Lemma 2.6, for any
u € HY(R3) and € > 0 we have

2—4.4}2 w
T = Bl + 255 [l + 5 [ g do— Ll

_ __S5 2 2
LIVl - & (sellVuld + (1= s)e™ T Jull3) + 2252 lull§ - Lfjullb

v

s
>4 (1—a7se) [Vul} + § (m? = o —a~ (1= 5)e" T ) ull3 = 2]ull,
where o~ :=max{—a, 0} denotes the negative part of . Let us consider the following
System
1—a7se>0,
oy . (3.2)
m® —w?—a (1—s)e 7> >0.
The first inequality of (3.2) holds when o~ = 0 and, elsewhere, trivially gives
1
e < —_—.
a~s

The second inequality of (3.2) leads us to

a”(1—s)e T <m? —w

Since by assumption

4 —p)t
m2—w22m2—w2—(p2)w2::(2>0,
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the system (3.2) is satisfied whenever

1—s 1-s
1-5)5 (a7)° 1
(1-3s) (al_)s cee L

(m? —w?)s as

Thanks to a > —ag(s, 2), which implies
a” < ap(s,Q) =551 —5)"1QF <571 —8) T (m? - w?)E

there exists ¢y € (0, 00) such that

s

cr:i=1—a"se0 >0, cy=m?—w?—a (1—s)g, "~ >0. (3.3)
Hence we get
1 2 —w? 1
—Bo(u,u) + mw/ u? dz > ~ min{cy, co }|ul|3 (3.4)
2 2 Jus 2
Therefore, by using also (2.4), for any u € S,, we have
L 5 D i1lIP
J(u) 2 5 min{er, ea}|ullzn — ?IIUIlHl
1 CP
= imin{chCQ} - 0° - ?p oF
1 C?P
=02 (2 min{cy, ca} — ?p . Qp2> > 0,

where the last inequality is given by eventually setting
1
min{cy, ¢ -2
0 < p { ; 2} '
Thus, (i) is satisfied.

Let us prove (ii). We fix a finite dimensional space Y C H!(R3) and u € Y.
By (2.1) there exists a positive constant & > 0 such that

1
J(u) < K|ullfn ~ EHUH§ — —00 (3.5)

as ||ul| g1 — oo, since on Y all norms are equivalent.
Trivially we can replace H'(R?) with H!(R3) in (3.1) and (3.5), completing
the proof. O

Lemma 3.3. Under the assumptions of Theorem 1.1 the functional J|m1 (rs) satisfies
(iii) of Theorem 2.10.

Proof. Let us fix a (PS) sequence (uy,), C H!(R3). Then, for all p € (2,6), we have

pJ(un) = J'(un)fun] = (5 = 1) (Balttnytun) + (m? = 2) 1)

+w <g — 2> / o, U2 da.
2 R3

Note that the presence of the last term on the r.h.s. force us to distinguish between
two possible cases: the case 2 < p < 4 and the case 4 < p < 6.
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Case 1. In the case 4 < p < 6 and m > w > 0, by (3.4) we immediately get
pJ () = ()] = (5 = 1) minfer, eo}unlfrr, (3.6)

being ¢; > 0 and ¢ > 0 the two constants defined in (3.3).
Case 2. Assume now 2 < p < 4 and m+/p — 2 > wv/2(> 0). Then, being p/2 -2 < 0
and —¢,,, > —w, for every € > 0 we get

pJ () = J'(wa)owa] 2 (& = 1) Bau, un)

(=) m = (B 1)+ (B -2)e?] ful3

= (&~ 1) Baun,un) + [ (5 = 1) m? — 2] a3
> (g — 1) (1—a~se)||[Vull3

+ [(g - 1) (m* —a=(1- s)s_l%s) _wz} J[un 13-

We consider now the following system

1—a"se>0,
{(—J)WL—a(1_ggu2)>w; (3.7)

As before, the first inequality of (3.7) holds when either = = 0 or
1
e —.
a~s
The second inequality of (3.7) leads us to

B 2w? 4 —
a (1—s)e T <m?— ~ :mQ—w2—<p>w2:Q.

p—2 p—2
Since © > 0 the system (3.7) is satisfied whenever

1—s 1—s
1—s) % (a7) " 1
( S) I_Ea ) <e < —.
(e a~s

By noticing that o™ < agp(s, ), we can find 1 € (0, 00) such that

P Q_ _ - — B_ _ _ _1is _ 2
di:= (2 1) (1 o 861), ds: (2 1) (m a (1 —s)e ) w
are both positive constants. Therefore
pJ (un) — J' (un)[un] > min{dy, do} |||/ (3.8)

Since (J(un))y is bounded in R and (J'| g1 (rs)(un))n is bounded in (H}(R?)),
being (u,), a (PS) sequence, there exist two positive constants K5, Ko such that

J(up) < Ky and | J'(un)[un]| < Kal|up||gn for all n € N. (3.9)
Hence, by (3.6) and (3.8), setting

2 — (g - 1) min{cy, c2}, in Case 1,
min{dy, ds}, in Case 2,
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we get
pK1 + KQHUTLHHl > CgHUnH%Il for all n € N,

which implies that (u,,), is bounded in H}!(R?).

Therefore, there exist a subsequence, not relabeled, and u € H}(R3) such that
(tun)n converges to u weakly in H}(R3), strongly in LP(R3) for any p € (2,6), and
a.e. in R®. To conclude we show that the convergence in H}(R?) turns out to be
strong.

By (2.7), we deduce that the sequence (¢, ), C DV?(R3) satisfies for all n € N

IVeulB < | ol de < wllou, lollunls < csll Vi ol

which implies that (¢, ), is bounded in DY?(R3). Moreover, by (3.4) we have

min{cy, ca }Hu, — uHip < Bo(uy, — uyuy, — u) + (m? — w2)||un — uH%

= J (up) [y, — u] — J' (u)[u,, — ul
- Qw/ (Pu, Un — @uu)(Up — u) dx
R3
+ [ = G — ) ds
R3
—I—/ (Jn|P 2y — |ulP~u) (u, — u) de,
R3
being ¢; > 0 and ¢y > 0 the two constants defined in (3.3). Since J'(u,) — 0 in

(H}H(R?)) and u, — u in H}(R3) as n — oo, it follows that the first two terms
converge to 0 as n — oo. Moreover, as n — oo,

/ (Pt — putt) (1 — 1) d
R3

< (e lollunll oz + llpullsllullsz ) llun — ull sz =0,
[ @ = )~ wy s

]RS

S (||80’U«n
/ (1t P22t — [P ~220) (1, — 1) d

]RB

< (lunlly™ + unllp™Hlun — ull, — 0.

sllunlls + leullEluls) llun — ulls — 0,

Hence the thesis follows. U

We can now conclude this section by collecting all the results given in the
previous lines in the proof of Theorem 1.1.

Proof of Theorem 1.1. The statement follows by Lemmas 3.1-3.3 and Theorem 2.10.
O



392 N. Cangiotti et al. Vol. 91 (2023)

4. Case (II): The KGM Equation with External Potential

In this section we consider problem (1.3) in the case (II), that is when the potential
V € C(R3), with Vy:=inf,cps V(x) > —oo, satisfies (1.4). Under these assump-
tions, by the same arguments used in [5] (see also [39]), we can prove the following
compactness result for the space W.

Lemma 4.1. Assume that V € C(R3), with Vo:=inf,cps V(x) > —oo, satisfies (1.4).
Then for all p € [2,6) the embedding W C LP(R3) is compact.

Proof. We first consider the case p = 2. Let (ug)r C W be a bounded sequence
in W. Then there exists a subsequence (u,); and a function u € W such that
uj:=uy, — u weakly in W as j — oo. Moreover, there exists a positive constant C
such that

llujllw + [Jullw < C forall j € N.

For all fixed R > 0 we have that u; — uin L?(Bg(0)) as j — oo, since W C H*(R3)
and the embedding H'(R?) C L?(Bg(0)) is compact. Hence, it remains to estimate

the integral
/ luj — ul? dx.
R3\Br(0)

For all fixed M > Vj, we set
Ai(y):={z € Bp(y) : V(z) < M}, As(y):={z € Buly) : V(z) > M},

where h > 0 is the constant independent of M given by (1.4). We choose a sequence
of points (y;); C R? such that R® = U°, B (y;) and each z € R? is covered by at
most 2% = 8§ of such balls. We have

/ luj — ul|® dz < Z / luj — ul? dx
R3\BR(0) lyi|>R—h B (yi)

= Z (/ \uj—u|2d:v—|—/ |uj—u|2da:>.
lyi|>R—h \7A1(¥i) Az (yi)

We separately estimate these two integrals. For the second one we have

1
luj —ul?de < / (V = Vo) |u; — ul* d.
/142(741’) ’ M=V Bn(yi) ’

To estimate the first one we fix ¢ € (2,6). By Holder’s inequality we then get

C—ulPdr < 2
/Al(yi) ’uj u‘ dx_Hl”Lﬁ(Aﬂyi))mu] u| HL%(Al(yi))

q=2 2
<Ayl Nlwg —ullLas, )

Therefore
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/ luj —ul? dz
R\ BR(0)

q=2

< Z <Miv0/ (V = Vo)lu; —ul®do + [Ar(yi)| 2 Jluy — u||%‘1(Bh(yi))>

ly:|>R—h B (i)
q—2

Y 2
< itv / (V—=Vo)luj —ul*dz+ sup [Ars@w))l @ D luy —ullLees, -
- il 2 R=h lyil>R—h

Since W C HY(Bx(y)) and the embedding H'(By(y)) C LY(By(y)) is continuous,
for all h > 0 and y € R3 we can find a constant Cj, = Cj,(q) > 0 such that

HuHLq(Bh(y)) < Ch||u||H1(Bh(y)) for all u € W.

Notice that C}, is independent of 3 € R3. Hence, we can estimate

> = ullies, o <Ch Do Iy = ullin s, )
lyi|>R—h |y:|>R—h

< 8Chllu; — ull sy < 8CHIlu; — ullfy -

By combining the above inequalities we get

/ luj — ul?dx
R\ Br(0)

a-p
SMBVO/ (V= Vo)luj —ul*dz +8C; sup |Ai(yi)l ¢ |luj; —uly
R3 lyi|>R—h
q—2
2 — 2
< arovs (lwgllw + llullw) +802‘ |s>u}§h\A1(y) ¢ (lujllw + [lullw)
>R
2 q—2
< B9 1 8C2C% sup |Ai(y)| ¢ .

M-V
! ly|>R—h

Let us fix € > 0 and choose M so large that

8C? < €
M-V, 3
For such a fixed M, by (1.4) there exists Rys > 0 such that
8CRC? sup |Ai(y)|"T < <

ly|>Rar—h

Furthermore, since u; — u strongly in L?(Bg,,(0)), there exists jo € N such that
£
/ luj —ul?dr < =, forall j > jo.
By (0) 3

Thus,

lim luj — u|*dz =0,
J— JR3
and so u; — u strongly in L?(R?).
For all p € (2,6) we take § € (0, 1) such that
1 6 1-6
2T 5

6
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Then, by using Hélder’s inequality we have
[ — ull o sy < lluj — ullTe g lu; — UHlLE(ORza) —0
as j — oo, since u; — u in L*(R?) and (u;); is bounded in W C L%(R3). O
In order to prove that the functional J satisfies the geometric assumptions (i)

and (ii) of the Theorem 2.10, we introduce a new operator, that is L, v : W — W/,
defined as

Loyvu=Lou+Vu forueW.
As done in Definition 2.2, we can naturally associate to L, a bilinear form

Bayv: W xW — R as

Ba.v (u,v):=By(u,v) +/ Vuvdz for all u,v € W.
R3

Notice that B,y is continuous on W x W and by (2.1) for all a € R there exists a

constant v = y(s, a, Vp) > 0 such that

1
Ba,v (u,u) + 7|ull3 > 5”“”%{/ for all u € W. (4.1)

Since the embedding W C L?(R?) is continuous, dense, and compact, thanks to
Lemmas 2.3 and 4.1, we can apply the spectral decomposition result given in Propo-
sition A.4. Hence, there exists an increasing sequence (\y); of eigenvalues of L, v
satisfying
A< A< << A — 00 as k — oo.

Moreover, for all £ € N the eigenvalue \; has finite multiplicity and there exists a
sequence of eigenvectors (ey ) C W corresponding to (Ag)g, which is an orthonormal
basis of L?(R3). In particular, as show in Remark A.5, if we define

Hllz{O}, P12:W,
and for all kK > 2
Hy:=span{ey,...,ex_1} C W,

Pk::{UGW: uej:Oforalljzl,...,k—l},

R3
then W is decomposable as direct sum of these two closed subspace W = Hy & Py,
for all £k € N, with dim Hy, =k — 1 < o0.

Let kg € N be such that

Mg > w2 (4.2)
Then, there exists a constant ¢y = ¢o(s, o, w, Vp) > 0 satisfying
Bov(u,u) — w?|ull3 > collulliy for all u € Py,. (4.3)
Indeed, in view of (4.1) and (A.1), for all u € Py, we have
Bov (u,u) = w?||ull3 = Ba,v (u, u) +llull3 — (w? +7)]lull3

w? +y
_ <1 . H) (B (s 1) + 7 ][u]2)
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wz—l—fy
(xko +7> (Bay () + 7 [ull3) = (02 + )

1 w2 +’}’) 2 2
> 11— ul|jr=:co||u||y -

Lemma 4.2. Under the assumptions of Theorem 1.2 the functional J satisfies (i)
and (ii) of Theorem 2.10 in X = W, with X; = Hy, and Xo = Py, where Ay, is
given by (4.2).

Proof. Let us prove (i). By (2.4) and (4.3), for all uw € Xy = Py, we have

1 w2 1 Co (074 )
) 2 3Bt n) = Sl = Sl = (- 2 Hult?) lulie

Hence, as in Lemma 3.2, there exist d, o > 0 such that
inf J(S, N X3) >0,

where Sy:={u e W : |ul|lw = o}.
Let us prove (ii). By (2.1) there exists a constant K > 0 such that for all finite
dimensional space Y C W and v € Y we have

1
J(u) < Kullfy — Sl = —oc
as ||ullw — oo, since on Y all norms are equivalent. O

Lemma 4.3. Under the assumptions of Theorem 1.2 the functional J satisfies (iii)
of Theorem 2.10.

Proof. Let (un), C W bea (PS) sequence. By using Lemma 2.6, the lower bound (4.1),
and that p € (2,6), for all n € N we have

I (un) = J' (un ) [tin]

(5 savtonn) (1) [

—i—w(p—Z)/ gounuidw—i-/ ©2 u? dx
2 R3 R3 "

1/p p
>3 (2= 1) funlly = (r+02) (B =1) ol - [ g
2\2 2 R3

> crl|unllfy — callunll3,
for two constants c¢1,co > 0.

Assume by contradiction that ||u,||w — oo and define W= foralln € N.
Since ||wp|lw = 1 for all n € N, by Lemma 4.1 there exist a subsequence, not

relabeled, and a function w € W such that as n — oo
wy, — win W, w, — w in LP(R®) for all p € [2,6).
In particular, since
pJ(un) — J'(un)[un]

c1 — col|wy|3 < - —0 asn— oo
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we have
wl3 > 7 > 0.
C2

On the other hand, by Lemma 2.6, for all n € N we have

1 1

*Hunug < *Ba,V(unvun) - J(“n)

P 2
Therefore, since (uy,), is a (PS) sequence, we deduce

1 1Bav(tn,un) | [|J(un) o cy

0 < —flwally < < =
P T2 unlly lunllve = Nuallfy®  llunlliy

as n — oo, with c3,c4 > 0. Hence w = 0, which leads to a contradiction.
Since the sequence (u,), C W is bounded, there exist a subsequence, not
relabeled, and u € W such that, as n — oo,

Up —uwin W and wu, — uin LP(R?) for all p € [2,6).
By (2.7) also the sequence (., ), C D2(R?) is bounded, since for all n € N

IVepu, I3 < w/RS Pu, iy, A2 < Wl [lsllunllte < c5[[Vipu, l2lluallfy-
We claim that u,, — u in W as n — oo. Indeed, by (4.1) for all n € N we have

1
Sl = ullfy < Bav (n =, = ) 4 Afup = ulf3

= J' (un)fun —u] = J' (W) un — ul + (v +0?)|lun — 3

- 2w/ (@unun - (Puu)(un - u) dx
RS
«+L/‘<winun-—<piu>uhl—-u>dx
RS

—|—/ (]un\p_Qun — [uP%u) (u, — w) dzx.
RS

Since J'(up,) — 0 in W', u,, — uwin W, and u,, — u in L*(R?) as n — oo, it follows
that the first three terms converge to 0 as n — oo. Moreover, as n — 00

/ (Sounun - ‘Puu)(un - u) dx
]RS
< (lgunllltnlliz + loulllalz) 1um — ull 2 =0,
t/1<¢inun—-¢3u>omm—-u>dx
R3
S (H(pun
/ ([P~ — [P ~220) (i, — )
]R3

< (lunllp™ + lunllp ™ llun — ull, — 0.

Hence J satisfies (P.S). O

sllunlls + llpulgllulls) llun — ulls — 0,
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Similarly to what done in Sect. 3, we can now gather all the previous results
to prove Theorem 1.2.

Proof of Theorem 1.2. The statement follows by Lemmas 4.2—4.3 and Theorem 2.10.
O
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Appendix A: Spectral Theory for Mixed Local-Nonlocal
Operators

In this appendix we present a proof of the spectral decomposition result used in
Sect. 4, which is Proposition A.4. This proof of this result is quite standard in the
literature, we refer for example to [31, Theorem 1] and [17, Theorem 9.1]. For the
sake of completeness, we present it here in a more general abstract setting.

Let H be a separable (real) Hilbert space with scalar product (-, -)gy and
corresponding norm || - ||z, and let V' C H be a Hilbert subspace with scalar product
(-, -)v and corresponding norm || - ||yy. Assume that the embedding V' C H is dense,
continuous, and compact. We identify H with its dual H’, so the embedding V' C H
induces the embedding H C V', defined as

(h,v)y'xv:=(h,v)g forall he€ H and v e V.

Notice that the embedding H C V' is dense and continuous by our assumption on
V and H.
Let B: V x V — R be a symmetric bilinear form on V satisfying:

e J3 is continuous, i.e., there exists a constant K > 0 such that
|B(v,w)| < K||v||v||w|y forall v,w € V;
e there exists v > 0 and 3 > 0 such that
B(v,v) +3lvll% = Blvly, for all ue V.
Definition A.1. We say that v,w € V are B-orthogonal if B(v,w) = 0.

We associate to the bilinear form B a linear and continuous map, thatis £: V' —
V' given by

(Lv,w)yyrxy = B(v,w) for all v,w e V.
Definition A.2. We say that A € R is an eigenvalue of £ in V' if there exists a vector
v € V\{0} such that
Ly=MXv inV’,
or equivalently
B(v,w) = ANv,w)y for all v,w e V.
The vector v € V\{0} is called eigenvector corresponding to the eigenvalue \.

Definition A.3. Let A € R be an eigenvalue of £. We say that A has finite multiplicity
if

{veV : Lv= v}
is a finite dimensional linear subspace of V.

Proposition A.4. Under the previous assumptions, there exists an increasing se-
quence (Ag)i of eigenvalues of L satisfying

A< A< << A — 00 as k — oo.
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Moreover, for all k € N the eigenvalue A\, has finite multiplicity and there exists a
sequence of eigenvectors (ex)r C V' corresponding to (A\p)r satisfying
(a) (ex)r is an orthonormal basis of H;
(b) er and e; are B-orthogonal for all k,j € N with k # j.
Finally, if we define P1:=V and

Pr:={veV : (vej)g=0forallj=1,...,k—1} forall k> 2,
then for all k € N we can characterize the eigenvalue Ay as

= min B0 (A1)
u€P\{0} HUHH

and the eigenvector ex corresponding to the eigenvalue A\ realizes the minimum.

Proof. We define the bilinear form B7: V x V' — R as
B (v,w):=B(v,w) +vy(v,w)y for all v,w €V,

and we consider the associated linear and continuous map £7: V' — V'’ (notice that
LY and L are related by the relation £L7v = Lv + v for all v € V). The bilinear
form B7 is symmetric, continuous, and it satisfies

BY(v,v) > B|lv||{ forallve V. (A.2)

Therefore, by Lax-Milgram Theorem, the operator £7Y: V — V'’ is invertible and
we can consider its inverse (£7)71: V/ — V which is still linear and continuous.
Since L7 is invertible and the embedding V' C H is dense, we derive that
A € R is an eigenvalue of £ in V with eigenvector v € V\{0} if and only ﬁ
is an eigenvalue of R7:=(L£7)~! in H with eigenvector v € H\{0}. The operator
RY: H — H is linear, continuous, and compact, since the embedding V' C H is
compact. Moreover R is injective and self-adjoint, being BY symmetric, and

(R"h,h)g = B"(R"h,R"h) >0 forall h € H.

Therefore, by [17, Theorem 6.9 and Theorem 6.11], there exists a decreasing
sequence (i) of eigenvalues of RY with p, > 0 and pp, — 0 as k — oo. Moreover,
every p has finite multiplicity and there exists a orthonormal basis (e )y of H given
by eigenvectors of RY associated to u. Hence, if we consider

1
Api=— —~ forall k€N,

M
we get that (A\x)x is an increasing sequence of eigenvalues of £ in V, with A\, — oo
as k — oo and such that every Ay has finite multiplicity. Moreover, for all £ € N
the vector ey € V\{0} is an eigenvector for A\, and for all k,j € N with k # j

B(ek,ej) = M\i(ex,e;)m =0,

i.e., e and e; are B-orthogonal.
Let us prove (A.1). By (A.2) the bilinear form B7 is a scalar product on V
equivalent to the standard one. Moreover, for all k,j € N with k # j we have

1 1 1
B (er ex) = —llexlly = —, B(ex,e;) = —(ex,ej)u = 0. (A.3)
225 k 225
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This implies that (/zrex)x is an orthonormal basis in V' with respect to the scalar
product B7. In particular, we obtain

oo e.) o0
1
lollzr =D lv,en)ul?s BY(v,0) = > 1B (v, Vimwer)|* =Y —I(v, ex)ul*.
k=1 k=1 k=1 Mk
Hence, we get (A.1) for all £ € N by exploiting the definition of Py. O

Remark A.5. Let us define
Hy:={0}, Hj:=span{ey,...,ex_1} CV forall k > 2.

By (A.3) the closed linear subspaces Hj, and Py are B7-orthogonal. In particular, V'
is decomposable as direct sum V = Hy @ P, for all k£ € N.
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