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1. Introduction

Let A be an associative algebra over a field F' of characteristic zero. A polynomial
identity of A is a polynomial in non-commuting variables vanishing under all evaluations
by elements in A. The algebras having at least one such non-trivial relation are said to
be Pl-algebras.

In 1950, the celebrated theorem of Amitsur and Levitzki represented the beginning of
a new approach in the theory of polynomial identities. They proved that the standard
polynomial Stoi of degree 2k is an identity of minimal degree for the algebra My (F)
of k x k matrices ([1]). From that moment, one of the main goals in PI-theory is the
description of the polynomial identities satisfied by a given algebra.

Nevertheless, knowing the polynomial identities satisfied by an algebra A is a very
difficult problem and it was solved completely in very few cases. To overcome some of
these difficulties, in 1972, Regev introduced the so-called sequence of codimensions of an
algebra A, denoted ¢, (A4) ([20]). Such a function measures, in some sense, the growth of
the polynomial identities satisfied by A. In the same paper he established a fundamental
result showing that, for a Pl-algebra, the sequence of codimensions is exponentially
bounded. It is exactly this exponential growth that Giambruno and Zaicev captured
in their celebrated results ([8,9]), answering positively to a famous conjecture posed by
Amitsur in the early 80’s.

In light of some results of Kemer (see [14]) it turns out that the sequence of codimen-
sions ¢, (A), n > 1, either grows exponentially or it is polynomially bounded. In the last
case, we say that the algebra A has polynomial codimension growth, or simply we say
that A has polynomial growth.

We recall that a variety of algebras V is minimal of polynomial growth n* if asymp-
totically ¢, (V) ~ an®, for some a # 0, and ¢, (U) ~ bnt, with t < k, for any proper
subvariety U of V. In [6], Giambruno, La Mattina and Zaicev classified the minimal
varieties generated by unitary algebras in general.

The concepts of codimensions, polynomial growth and minimal varieties have been
extended to classes of algebras endowed with additional structures such as superalgebras
and algebras with involution. In order to establish a common nomenclature for algebras
in one of the previous situations we shall use the notion of p-algebras, that is, any algebra
A with an automorphism or an antiautomorphism ¢ of order at most 2. This means that
any superalgebra or any algebra with involution is a (p-algebra and, in this case, we say
that A generates a y-variety V and we write V = var¥(A).

In [11], Gouveia, dos Santos and Vieira proved that for k < 2, there is only a finite
number of minimal y-varieties generated by unitary algebras and also they provided a
list of finite dimensional algebras generating each one of such minimal ¢-varieties. For
k = 3, they showed that the number of minimal p-varieties generated by unitary algebras
is infinity and they classified all minimal y-varieties of cubic growth from their p-ideals.
Furthermore they extended the results for £ > 4 by giving a receipt for the construction
of the ¢-ideals of minimal (-varieties of polynomial growth n¥.
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In this article we deal with the so called *-superalgebras. A *-superalgebra is a su-
peralgebra A = Ay + A; with graded involution *, that is, an involution preserving the
grading: Af = A;, i =0, 1. In [7], Giambruno, dos Santos and Vieira characterized vari-
eties of x-superalgebras with polynomially bounded *-graded codimension sequence by
excluding five x-superalgebras from the variety. As a consequence, they proved that there
are only five varieties of #-superalgebras with almost polynomial growth (i.e. a variety
with exponential growth such that any proper subvariety has polynomial growth).

The minimal subvarieties of the varieties of *-superalgebras with almost polynomial
growth were completely determined in [13,17]. Moreover, in [13], Ioppolo and La Mattina
classified the x-superalgebras with at most linear growth and, in addition, they deter-
mined the minimal varieties of x-superalgebras whose *-graded codimension sequence
grows as a linear function.

The main goal of this paper is to give a complete list of minimal varieties of *-
superalgebras with quadratic growth of the *-graded codimension sequence.

2. Preliminaries

Throughout this paper F will be a field of characteristic zero and A an associative
F-algebra. We say that A is graded by Zs, the cyclic group of order 2, if it can be
decomposed into a direct sum of subspaces A = Ay+ A; satisfying the conditions AgAg+
A1A; C Ag and AgA1+ A1 Ag C Ay. The elements of Ag and A; are called homogeneous
of degree 0 (even elements) and of degree 1 (odd elements), respectively. A Zo-graded
algebra is simply called a superalgebra. We will denote by (Ap, A1) the grading of a
superalgebra A = Ag + A;.

Recall that an involution on A is a linear map * : A — A such that (a*)* = a and
(ab)* = b*a*, for all a,b € A. Given a superalgebra A = Ay + A; endowed with an
involution *, we say that * is a graded involution if it preserves the Zs-grading of the
algebra, i.e. if AT =A;,i=0,1.

In this paper we deal with superalgebras A = Ag+ A1 endowed with a graded involu-

*

tion * and, for simplicity, we shall refer to this kind of algebras as x-superalgebras. Since
F has characteristic zero, a x-superalgebra A can be decomposed in the following way:

A=A+ AT + Ay + A7,

where AT = {a € A; :a* =a} and A] ={a € A;:a* = —a}, for i =0, 1.

Next, we collect some results concerning the Wedderburn-Malcev decomposition of
a finite dimensional *-superalgebra. We start by recalling some definitions. An ideal
(subalgebra) I of a x-superalgebra A is a *-graded ideal (subalgebra) of A if it is a graded
ideal (subalgebra) and I* = I. The algebra A is a simple *-superalgebra if A? # 0 and
A has no non-trivial *-graded ideals.

Theorem 2.1 ([7, Theorem 7.3]). Let A be a finite dimensional x-superalgebra over an
algebraically closed field F of characteristic 0 and let J(A) be its Jacobson radical. Then
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there exists a semisimple x-graded subalgebra B such that A = B + J(A) and J(A)
is a *-graded ideal of A. Moreover B = By & -+ & By, where By,..., By are simple
x-superalgebras.

Now let us focus our attention on finite dimensional algebras of kind A = F + J,
where J = J(A) is its Jacobson radical. In [10, Lemma 2], the authors proved that .J
can be decomposed into the direct sum of F-bimodules

J = Joo + Jo1 + Jio + Ji1, (2.1)

where for i € {0,1}, Jix is a left faithful module or a 0-left module according as i = 1 or
i = 0, respectively. In a similar way, J;; is a right faithful module or a O-right module
according as k = 1 or k = 0, respectively. Moreover, for i,k,r, s € {0,1}, JirJrs C Jis,
Jikdrs = 0 for k # r and J1; = F'N for some nilpotent subalgebra N of A commuting
with F.

We also have that the given modules are graded and if the algebra A is endowed with
an involution *, then Jyp and Ji; are stable under the involution whereas Jij; = Jio.

Now let us consider the finite dimensional x-superalgebra A = F' + J. Hence:
A=F+Jy+Jf +Jy +J7.
Moreover, it follows that:

AS_ =F+ (J10 + J()l)g— + (JOO)S— + (Jn)a_,

Ay = (J1o + Jo1)g + (Joo)g + (J11)g
AT = (Jio + Jo)T + (Joo)T + (J11)7,
A7 = (Jio+Jo1); + (Joo)y + (Ju1)y

Let X = {x1,22,...} be a countable set of non-commuting variables. We write X
as a disjoint union of four subsets X = Yy UY; U Zy U Z; and we denote by F =
F(X|Zs, *) the free -superalgebra (the free superalgebra with graded involution), where
Yo = {v1,0,¥2.0,- .-} is the set of symmetric variables of degree 0, Y1 = {y1.1,%2.1,...}
is the set of symmetric variables of degree 1, Zy = {z1,0,22,0,-..} is the set of skew
variables of degree 0 and Z; = {211,221,...} is the set of skew variables of degree 1.
The elements of F are called (Zs, *)-polynomials.

We say that

f = f(y1,07"' y Ym,0,Y1,15+ - -3 Yn, 1, 21,05 - - '7Zp,0721,17"'7zq,1) eF

is a (Z2, *)-identity of a x-superalgebra A if

fl@1,0,-- s @m,0,01,15 -3 0n1,b1,05- -5 bp0,01,1,...,0g1) =0,
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for all a1,05- -5 am,0 S Ag, a1,15-.-,0n,1 S A1+7 bl,Oa ceey bp’() c Aa and b1’1, ceey bq’l S
AT . The set of all (Zs, *)-polynomial identities satisfied by the *-superalgebra A

18 (A) = {f € F: f =0 on A}

is a Ty-ideal of F, i.e. an ideal of F invariant under all graded endomorphisms of F
commuting with the graded involution .

Given polynomials fi,...,f, € F, we shall denote by (fi,..., fn)7y the T5-ideal
generated by f1,..., fa.

Since char(F) = 0, each polynomial in Id®"(A) is equivalent to a system of multilinear
(Z, *)-identities. We denote by

PE" = spanp{w,(1) -+ Wo(n) : Wi € {¥i,0,Yi,1, 2,0, 2,1}, 0 € Sn},

the space of multilinear (Zz, *)-polynomials of degree n in the variables y1,0, ..., Yn.0,
Yl sYn,1521,05+ 320,05 21,1, -+, 2n,1. Notice that dimpg Pﬁ“ = 4"n!. The non-
negative integer

gri
Pn

i (A) = dimp ——
w4 " pET A 1dE(4)

n>1

- )

is called the n-th x-graded codimension of A.

The sequence ¢, (A) of the ordinary codimensions was introduced by Regev in [20]
where it was proved that if A satisfies a non-trivial polynomial identity, then ¢, (A) is
exponentially bounded. An analogue result holds for x-superalgebras.

Theorem 2.2 ([7, Corollary 3.2]). If A is a x-superalgebra satisfying a non-trivial ordinary
identity, then c&'(A), n > 1, is exponentially bounded.

If A is an algebra with involution (notice that any algebra with involution * can
always be viewed as a *-superalgebra with trivial grading), we can define the space
of multilinear *-polynomials, *-identities and the *-codimension sequence ¢ (A). The
relation between codimensions, x-codimensions and *-graded codimensions is given in
the following lemma.

Lemma 2.3 ([7, Lemma 3.1]). Let A be a x-superalgebra. Then ¢, (A) < cf(A) < 8 (A).

Let n > 1 and write n = ny + ng + ng +ny as a sum of four non-negative integers. We
denote by Py, n, C P8 the vector space of multilinear (Zz, *)-polynomials in which
the first ny variables are symmetric of degree 0, the next ny variables are symmetric of
degree 1, the next ng variables are skew of degree 0 and the next n4 variables are skew
of degree 1. The group S,,, X --- x S;,, acts on the left on the vector space Py, .. n, by
permuting the respective variables and in this way P, .. ., becomesa S, x - xS, -left
module. Now, P, . n, N Id®"(A) is invariant under this action and so the vector space
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P (A) = T
Tt Py ny N1dE(A)

is a Sy, x -+ x Sp,-left module with induced action. We denote by xn,,....n,(A) its
character and we call it the (nq,...,n4)-cocharacter of A.
Moreover, if we set ¢, n,(A) = dimp P, .. n,(A) it is immediate to see that

W= X (" e (2:2)

ni+--+na=n

where =— stands for the multinomial coefficient.
ny,...,N4g Nngpi---Ny!

If A = (A1,...,\) is a partition of n, we write A - n. It is well-known that there
is a one-to-one correspondence between partitions of n and irreducible S,,-characters.
Hence if A F n, we denote by x, the corresponding irreducible S,,-character. If A(1)
ni,...,A(4) b ng are partitions we write (A\) = (A(1),...,A(4)) F (n1,...,n4) and we
say that (A) is a multipartition of n = ny + -+ + n4. Since char(F) = 0, by complete
reducibility, Xn,,...n,(A) can be written as a sum of irreducible characters

Xni,.na(A) = Z MyXA1) @ - @ Xa4), (2.3)
</\>|*(’I’L1,H.,’n4)

where myy > 0 is the multiplicity of x 1) ® -+ ® Xxa4) D Xny,...;nq (A).

Recall that the degree d) ;) of the S, -irreducible character @y, i = 1,...,4, is given
by the hook formula (see, for instance, [21, Theorem 3.10.2]). Therefore, dy(1) - - - dx(a) is
the degree of the irreducible S, x --- x S, ,-character x 1) ® -+ ® xx4) and

()= D0 myday e daga)- (2.4)
(ME(n1,...,n4)

Another numerical sequence that can be attached to a x-superalgebra A is the sequence
of x-graded colengths. If the decomposition of the (nq,...,n4)-cocharacter of A is that
one given in (2.3), then the n-th x-graded colength of A is defined as

EN A= > mpy
(ME(n1,...,n4)
nit+--+ng=n

Let A and B be two *-superalgebras such that

Xnr,..na(A) = Z MmoyXa) @ - @ xa@) and
()\>}—(1‘L1,...,n4)
Xni,ona (B) = Z m/<)\>X>\(1) & - @ Xa4)-

<A>|*(’I’L1,...,’I’L4)
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The direct sum A @ B is also a *x-superalgebra, with graded involution induced by the
graded involutions defined on A and B. Let

Xn1,..ms(A® B) = Z MYXA(L) @ - @ Xaw)
(AME(n1,...,n4)

be the decomposition of the (nq,...,n4)-cocharacter of A & B.
Remark 2.4. The following facts hold:

(1) g(A), 5 (B) < g (A @ B) < '(A) + ¢§(B);

(2) If 1d®"(A) C 1d*"(B), then m{,, < my), for all () k= (n1,...,n4) and &"(B) <
187 A), for all n;

(3) Mpny < myyy +m/</\>, for all (A\) F (nq,...,n4).

We conclude this section by recalling some results concerning the representation theory
of the general linear group GL,, (see, for instance, [2]) in order to provide a way to
calculate the multiplicities my) appearing in the decomposition of Xy, ,....n, (4).

Let F,, be the space of multilinear polynomials in the variables yi0,...,¥m.0,
Yi,1,---5Ym,15, 21,05-++52m,05 21,15+ 2m,1- Consider Ul = SpanF{y1,07 e 7ym,0}7 U2 -
spanp{y1,1,...,Ym,1}, Us =spanp{z10,...,2mo} and Uy = spanp{z11,...,2m1}.

The group GL(U;) x GL(Uz) x GL(U3) x GL(Uy) = G Ly, X GLyy X G Ly X G Ly, = GLE,
acts naturally on the left on the subspace Uy & Uy ® Uz @ Uy of F,,. Moreover, this action
can be diagonally extended to an action on F,,. Also, for all x-superalgebra A, we have
that F,, N1d®"(A) is invariant under this action.

Now let us consider F, the space of homogeneous polynomials of F,,, of degree n > m.
The group G L2, acts diagonally on F and so F is a G L% -module. Since F> N1d8"(A)
is invariant under this action, it follows that the space

F'I’L
FR(A) = ——mo

Fr NId®"(A)
is a GL? -module. We denote by W& (A) its GL} -character, called G L} -cocharacter of
A.

The representation theory of GL,, shows that there exists a one-to-one correspondence
between the irreducible GL2 -modules and the multipartitions (\) = (A(1),...,A(4)) of
n, where the A(%)’s are partitions with at most m parts (see [2, Theorem 12.4.4]). Denote
by W,y the irreducible GL? -character corresponding to the multipartition (\). We have
that

UEA) = > Ty, (2.5)
(A))—(nl,...,n4)
h({(A)<m
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where myy > 0 is the multiplicity of Wy, h({A)) = max{h(A(i)),i = 1,...,4} and
h(A(4)) denotes the height of the Young diagram corresponding to the partition A(7) F n;,
i=1,...,4.

Moreover, we have that all the irreducible GL?} -modules are generated by a non-zero
polynomial f(,y called highest weight vector associated to the multipartition () (see [2,
Theorem 12.4.12]).

A multitableau Ty = (Ta(1), Ta(2), Tas)» Th(a)) is a 4-tuple of Young tableaux T);,
where A(i) F n;, 1 < ¢ < 4. We say that the multitableau i,\) is standard if the integers
1,...,n are inserted, in this order, from top to bottom, from left to right, column by
column, from the tableau T)\(l) to the tableau T)\(4). The highest weight vector associated
to a standard multitableau is called standard highest weight vector and it is given by

)\(1)1 >\(2)1

f7,, = IT Stw.oan@ios--vmoaano) T Stroe)@ias- - unae) )
i=1 i=1
A3 A(4),
IT Str.oen(zros- - 2no@no) 1T Stroay G- zn o),
=1 1=1

where St,.(z1,...,2,) = Z sgn(0)To(1) - - To(r) is the standard polynomial of degree r.
O'ESn
For a multitableau T}y, denote by fT< », the highest weight vector me o1, where o is
the only element of S,, transforming the standard multitableau T< ) in the multitableau
T(xy, where S, acts on the right on Fj, by permuting places in which the variables occur.
As in the case of algebras with involution (see [4, Theorem 3]), there is a relation
between the (n1,...,n4)-cocharacter and the GL2 -cocharacter of a x-superalgebra A.

Theorem 2.5. Let A be a x-superalgebra. If

Xni,...,nq (A) = Z m(A)XA(l)@ : ®X)\(4) and \I’%“(A) = Z T7L<A>\I/<)\>7
(M (n1,...,n4q) (MF(n1,...,nq)
h({A))<m

then mxy = myyy, for all multipartition (\) = (n1,...,n4) such that h((\)) < m.

Now we are ready to present the following result.
Theorem 2.6 (/2, Theorem 12.4.4]). In the decomposition (2.5), the multiplicity m xy # 0
if and only if there exists a multitableaw Ty such that fr,, ¢ I1d8"(A). Moreover, My 8
equal to the mazimal number of highest weigh vectors fr,, ¢ 18" (A) which are linearly

independent in F:(A).

By putting together the two previous theorems we get the following remark.
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Remark 2.7. In the decomposition (2.3), for a multipartition () F (n1,...,n4) such that
h({\)) < m, we have that m,, # 0 if and only if there exists a multitableau Ty such
that fr,,, ¢ 1d®"(A).

3. Varieties of *-superalgebras of polynomial growth

The first goal of this section is to introduce the notion of variety of *-superalgebras.
Analogously to the corresponding definition in the ordinary case (associative algebras),
the class of all #-superalgebras that satisfy the (Zs, *)-identities of a given *-superalgebra
A is called the variety of x-superalgebras (or *-supervariety) generated by A and denoted
by vars'(A).

In case V = var®"(A), we write & (V) = &"(A), i.e. the x-graded codimensions of
a *-supervariety coincide with those of a generating x-superalgebra. We shall say that
V has polynomial growth if there exist k,¢ > 0 such that & (V) < kn' and that V
has almost polynomial growth if ¢8()) is not polynomially bounded but every proper
subvariety of V has polynomial growth.

In [7], the authors characterized *-supervarieties of polynomial growth. In order to
present such a result, we shall introduce five *-superalgebras generating *x-supervarieties
of almost polynomial growth.

We denote by D, the commutative algebra D = F @ F with trivial grading and
exchange graded involution ex given by (a,b)*® = (b,a), for all (a,b) € D. Con-
sidering a non-trivial grading on D, we denote by D& and D®' the superalgebra
D = (F(1,1),F(1,—-1)) with trivial and exchange graded involution, respectively.

Let now

M = F(e11 + eqa) + F(eas + e33) + Feia + Fesy

be a subalgebra of UT}, the algebra of 4 x 4 upper-triangular matrices, endowed with
the reflection involution, i.e. the involution obtained by reflecting a matrix along its
secondary diagonal. If we regard M endowed with trivial grading, then the above invo-
lution is a graded involution on M and we denote such a *-superalgebra by M,. Next
we consider a non-trivial grading on M: we denote by M#' the algebra M with grading

(F(e11 + eaq) + F(eaz + e33), Fera + Fesq)

and reflection graded involution.
A characterization of *-supervarieties of polynomial growth is given in the next the-
orem.

Theorem 3.1 ([7, Theorem 8.6]). Let A be a finite dimensional x-superalgebra. Then
var$'i(A) has polynomial growth if and only if D, D&, D& M, M8 ¢ vargi(A).
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Here we want to highlight that the previous result was extended to the general case
in [5]. In fact the authors proved the following theorem.

Theorem 3.2 ([5, Theorems 5.1, 5.2 and 5.3]). Let V be a %-supervariety such that D, ¢
V. Then V = var®i(A), for some finite dimensional *-superalgebra A.

Other characterizations of #-supervarieties of polynomial growth were given in [3,
Theorems 3.5 and 4.5] and [12, Theorem 5.3]. Putting these results together, in light of
Theorem 3.2, we have the following theorem.

Theorem 3.3. Let A be a *-superalgebra. The following conditions are equivalent:

(1) c&i(A) is polynomially bounded;
(2) varg"(A) = var®i(B; @ --- @ B,,), where the B;’s are finite dimensional x-
superalgebras such that

B;
dimp ——— < 1;
(3) there exists a constant q such that for every ni,na,ng,ng with ny+ng+ng+ng =n
it holds

Xnr,.na(A) = Z MyXA1) @ - @ Xa4)-

<>\>}—(TL1,...,TL4)
n—XA(1)1<q

If A is a finite dimensional algebra then q is such that J(A)? = 0;
(4) there exists a constant h such that, for all m > 1, we have that I18(A) < h;
(5) Dy, D, D5, M, M ¢ var#'i(A).

Remark 3.4. If there exists a constant h such that, for any n > 1, [8"(A) < h, then
myyy < h, for any multipartition (A) & (n1,...,n4) where (n1,...,n4) runs over all the
possible sums of non-negative integers.

In this paper, we are interested in the study of minimal *-supervarieties of polynomial
growth, that is, *-supervarieties V such that c&(V) ~ an', for some a > 0, but 8" (i) ~
bn*, k < t, for any proper subvariety & of V. In the next sections, we present results that
will allow us to classify all minimal *-supervarieties of quadratic growth.

4. Constructing *-superalgebras with quadratic growth
In this section, we will present a list of 37 *-superalgebras having quadratic growth of

the x-graded codimension sequence. We start by considering G5, the finite dimensional
subalgebra of the infinite dimensional Grassmann algebra, defined as
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Go = (1,e1,eq: 169 = —egeq).
On such an algebra it is possible to define the following involutions:
Tieg— —e;, Viej—e; and p:e;— (—1)ie;.
Now let us consider the following 6 *-superalgebras:

o Gay,r, the algebra G with trivial grading and involution 7;

o G331, the algebra Gy with grading (F1 4 Fejeq, Feq + Fegz) and involution 7;
o G2, the algebra Gy with grading (F1 4 Feq, Fejes + Feg) and involution 7;
o G2, the algebra Gy with grading (F'1 + Fejes, Fe; + Feg) and involution p;
o Gap2,, the algebra Gy with grading (F'1 + Feq, Fejes + Feg) and involution p;
o G2y, the algebra G with grading (F1 4 Fejeq, Feq + Fes) and involution .

In the next result, we present the x-graded codimensions of the x-superalgebras defined
above.

Lemma 4.1 ([19, Lemmas 7.1, 7.2 and 7.3]).

n2—n

(1) & (Goor) =1+n+ 5
(2) & (Ga1r) = B (Gaar) = &(G21,)) = & (Ga2,p) = E(G2ry) = 1420+
1’L2 —nNn
—

Now we consider the following subalgebras of UT,,, the algebra of n x n upper trian-
gular matrices.

— N3 = F(611 +622+€33+€44+655+€66) +F(623+645)+F<612 —656)+F613+F€46 -
UTs;

— Us = F(eq1+eaatessteqatesstess)+F(eazt+ess)+HF(eratess)+Feis+Fess C UTg;

— O3 = F(e11 + e+ e33) + F(eia + e23) + Feys C UTs.

Here we recall that if g = (g1,...,9o) € Z3* is an arbitrary 2k-tuple of elements of
Zs, then g defines an elementary Zs-grading on UTy, by setting:

(UTzk)o = spanp{ei; : gi +g; =0 (mod 2)}  and
(UTor)1 = spanpi{e;; : gi +g; = 1 (mod 2)}.

If UTsy is endowed with an elementary grading and A is a graded subalgebra of UTsy,
then the induced grading on A is also called elementary.
From the algebras N3, Us and C3, we construct the following 7 #-superalgebras:
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e N3, the algebra N3 with trivial grading and reflection involution;

. N?%ri, the algebra N3 with elementary grading defined by (0, 1,1, 0,0, 1) and reflection
involution;

e Us,, the algebra Uz with trivial grading and reflection involution;

D U§ri, the algebra Us with elementary grading defined by (0,1, 1,0, 0, 1) and reflection
involution;

o (s, the algebra Cs with trivial grading and involution * defined by

a b c\" a —b c
0 a b) =0 a -b];
0 0 a 0 0 a

. C§ri, the algebra C3 with grading (F'(e11 + eaa + e33) + Feis, F(e12 + ea3)) and
involution ;

o (%', the algebra C5 with grading (F(e11 + €22 +e33) + Feys, F'(e12 +e23)) and trivial
involution.

We summarize the information about the *-graded codimensions of the *-superalge-
bras defined above in the next lemma.

Lemma 4.2.

(1) & (N3.) =n?+1 [16, Lemma 2].

(2) E(NE™) = 8 (US™) =n? +n+1 [13, Theorems 4.4 and 4.5].
. . n?+n+2

(3) &'(Us,s) = cB(Cs.4) = — [16, Lemmas 8 and 9].

n?+n+2

(4) e(CF) = e (CF) = —

[13, Lemma 6.1], [15, Theorem 8.1].
As a consequence of the last two lemmas we get the following.

Corollary 4.3. All the 138 x-superalgebras Gaor, G21.+, Gaor, G2.1.,p, G225, G214,
N5 ., N5, Us ., US", Cs ., C§", C§" have quadratic growth of the x-graded codimensions.

Also it is worth to take into account the next remark (see, for instance, [13], [15] and

[16]).

Remark 4.4. We have Cs, € varg(D,), C& € var®i(D#"), C5" € var®(D#), N, €
var® (M, ) and N§" € vars'i(Me).

In order to construct the remaining 24 x-superalgebras, let us consider the following
subalgebras of UT,,:

— My = F(e11 +e33) + Feja + Feyz + Feas C UTs;
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My = Fejs + Fejs + Fegs + Fegs C UTs;

Mg = F(e11 + eas) + Fera + Feiz + Feyy + Fegy + Fegy C UTy;

M7 = F(eg2 + e33) + Feia + Feys + Feyy + Feoy + Fegy C UTy;

Mg = F(e11 + ess) + Feiz + Feiz + F(eas + eys) + Feys + Fesg C UTs;

Mgy = F(611 +666) + Feio + Feis +F(623 —645) + Feyg + Fesg C UTg;

Mo = F(e11 +ea2 +e55 +eg6) + (€12 — e56) + Feis + Feas + Feys + Feqs € UTg;
M1 = F(e11 +e22 + €55 + e6) + (€12 + e56) + Feis + Feas + Feys + Fegs € UTg.

Finally, we can consider the following *-superalgebras:

My «, the algebra M, with trivial grading and reflection involution;

Mfri, the algebra My with grading (F'(e11 + ess3) + Feis, Feia + Feas) and reflection
involution;

Ms ., the algebra Ms with trivial grading and reflection involution;

1\45gri7 the algebra M5 with grading (Feas + Feys, Feia + Feaz) and reflection invo-
lution;

M «, the algebra Mg with trivial grading and involution { defined by

a b c d\' a —f e —d
000 e|l] [0 O 0 ¢
000 f|] 10O 0 0 =b])"
0 0 0 a 0 0 0 a

Mﬁg’rli , the algebra Mg with elementary grading defined by (0,1,0,1) and involution

1;
ME',, the algebra Mg with elementary grading defined by (0,1,1,0) and involution

13
M7 «, the algebra My with trivial grading and involution I defined by

0 b c d\*' [0 —f e —d
0 a 0 el [0 a 0 ¢
00 a f|] =0 0 a —b|°
0 0 0 O 0 0 0 O

M%rli , the algebra M7 with elementary grading defined by (0,1,0,1) and involution
L

M%gi, the algebra M; with elementary grading defined by (0,1,1,0) and involution
1

Ms «, the algebra Mg with trivial grading and reflection involution;

Mggﬂ1 , the algebra Mg with elementary grading defined by (0, 1,1, 1,1, 0) and reflection
involution;

Mg, the algebra Mg with elementary grading defined by (0, 1,0, 0, 1,0) and reflection
involution;
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. Msg,ré, the algebra Mg with elementary grading defined by (0,0, 1,1, 0,0) and reflection
involution;

e My ., the algebra My with trivial grading and reflection involution;

o Mgrli, the algebra Mg with elementary grading defined by (0, 1,1, 1, 1,0) and reflection
involution;

. ngg, the algebra My with elementary grading defined by (0, 1,0, 0, 1, 0) and reflection
involution;

o Mggf;, the algebra My with elementary grading defined by (0,0, 1,1, 0,0) and reflection
involution;

o Mio,«, the algebra Mo with trivial grading and reflection involution;

o Mlggfl, the algebra Mjo with elementary grading defined by (0,1,1,1,1,0) and re-
flection involution;

. Mﬁg;, the algebra Mo with elementary grading defined by (0,0,1,1,0,0) and re-
flection involution;

. Mféfs, the algebra Mo with elementary grading defined by (0,1,0,0,1,0) and re-
flection involution;

o Mlglrfl, the algebra Mj; with elementary grading defined by (0,1,1,1,1,0) and re-
flection involution;

. Mffo, the algebra Mp; with elementary grading defined by (0,1,0,0,1,0) and re-
flection involution.

We remark that each one of these 24 x-superalgebras is of type F + J with J> = 0,
where J denotes the respective Jacobson radical. Moreover, by Theorem 3.3, they have
polynomial growth of the *-graded codimensions. Now, our goal is to prove that all these
24 x-superalgebras have quadratic growth of the x-graded codimension sequence. To this
end, we start by proving the following lemmas.

Lemma 4.5. The *x-superalgebras My ., Ms ., Mg «, M7 s, Mg, My «, M1o.« have at least
quadratic growth of the x-graded codimensions.

Proof. Notice that all the algebras considered here have trivial grading. Hence, if A is
one of them, it follows that c&(A) = c’(A), where c’(A) denote the *-codimension
sequence of the algebra A viewed as an algebra with involution. Now, in order to prove
the lemma, we can use the corresponding results given in the setting of algebras with
involution.

For the algebras My ., M5 ., Mg ., M7 ., My ., M1g . we refer to [17, Lemmas 20-23,
25, 26], respectively. For the algebra Ms . the result follows by [18, Lemma 3.10], where
the authors proved that

E (Mg ,)=4n® —2n—1. O

Lemma 4.6. The x-superalgebras Mlglr’il,Mlglr’i2 have at least quadratic growth of the *-
graded codimensions.
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Proof. We start by proving the result for the algebra Mﬁ"l First, notice that

. (M1g1r:1)5r Fe1 +e22 +es55 + eo6) + F(eas + eas);
. (M1g1“1);r F(ei2 + es6) + F(e1s + eaq);

. (M1g1r:1)5 F(e2s — eas);

o (MP{h)1 =Fl(e1s — eup).

Now, let f = yfgzyl’lzl’o be the highest weight vector corresponding to the multi-
tableau

T((n-2),1),(1),0) = ( gL--fn=-2), [n-1], ) ®>~

Considering the evaluation 1,0 = e11 + e22 + es5 + €66, Y1,1 = €12 + €56 and 210 =
€93 — €45, it follows that f = e;3 # 0 and so it does not vanish on Mﬁjl.

Hence, by Remark 2.7 we get that the irreducible character x((,—2),(1),(1),2) appears
with non-zero multiplicity in the decomposition of the (n—2, 1,1, 0)-cocharacter of Mlg’lm1
as given in (2.3). So, by (2.2) and (2.4) we get that

i ri n

In conclusion Mflrfl has at least quadratic growth of the *-graded codimensions.
With a similar proof the result also follows for the algebra M{;. O

We are ready to prove the following corollary.
Corollary 4.7. The x-superalgebras
gri gri gri gri gri gri gri gri
My~ Mg~ Mgy, Mgo, M7y, Mz, Mgy, Mg,
gri gri gri gri gri gri gri
Mg s, Mgy, Mgy, Mgs, Mig,, Myys, Mips
have at least quadratic growth of the x-graded codimensions.

Proof. First, notice that if A is a *-superalgebra with a nontrivial grading, then we can
consider the x-superalgebra A,, the algebra A with trivial grading and involution *. In
this case, we have that ¢ (A.) = c%“(A*) and, by Lemma 2.3, c&(A,) < c&(A).

Let us consider the case of M{". By the above, we have that

e (Ma) < (M),

Now the result follows by Lemma 4.5, where we have showed that M, , has at least
quadratic growth of the x-graded codimensions. The same proof holds for all the other
x-superalgebras listed in the statement. O
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Here we want to highlight that for the x-superalgebra Msg’rli we have the exact value
of the x-graded codimensions, given in [13, Theorem 5.1]: c%ri(Mgg’rli) =4n? + 1.

The following result will help us to prove that all these 24 x-superalgebras have
quadratic growth of the x-graded codimensions. We denote by J = J(A) the Jacob-
son radical of A.

Proposition 4.8. Let A be a finite dimensional x-superalgebra such that c&"(A) is poly-
nomially bounded. If J9 =0 then & (A) < ani™1, for some constant .

Proof. Since A is a finite dimensional x-superalgebra and c8"(A) is polynomially
bounded, by Theorem 3.3 (items 3 and 4), for each n1, ng, ng, ngy with ny+no+ns+ng =n

we obtain the following decomposition of the (ni,...,n4)-cocharacter of A
Xna,...na(A) = Z MXAL) © @ Xa4)
</\ F(nl,“.,n4)
n—XA(1)1<q

where, by Remark 3.4, myy < h, for some constant i and all (A) = (ny,...,n4).
Thus, by (2.4), for any (n1,...,n4) we have that

Cnyyoma(A) = Z mydaay - dagy < Z hdxy -+ - dxga)-
(M F(n1,...,n4) (ME(n1,...,n4)
n—X(1)1<q n—A(1)1<q

We observe that if A(1); = n1 — 7, then by the hook formula we obtain that dy) <
ni!
(ny—r)!

A(?) b ny, i = 2, 3,4. Furthermore, denoting by t = ny+mn3+mn4, we have that ( " ) <

MNYyenny ng

< cny < dn'" for some constants ¢ and d. Also, dy;) is constant for all partition

bn! for some constant b.
Now, since n — A(1); < g, it follows that A\(1); € {n—(¢—1),..., n—1, n}. So if we
consider the set

S={(n1,...,ma) :n—(¢g—1)<ny<nand 0<n; <qg-1, i #1},

by putting together all the information above, for all (ny,...,n4) € S, we have that
( . >C (A) < kn" = kMO < Rt
ni, y g

where k is a constant.
Hence, by (2.2), we get that

(n1,...,n4a)ES

for some constant o and the proof is complete. O



A. Ioppolo et al. / Linear Algebra and its Applications 621 (2021) 105-13/4 121

Theorem 4.9. All the 24 x-superalgebras
gri gri gri gri gri gri gri gri
My, My, My, Mg, Mg, M6717 M6,27 My ., M7,17 M772, Msg ., M&l, M&27
gri gri gri gri gri gri gri gri gri
M8,37 M9,*a M9,17 M9,2a M9,37 M1o,*, M10,1: M10,2’ M10,37 M11,1: M11,2
have quadratic growth of the x-graded codimensions.

Proof. By Lemmas 4.5, 4.6 and Corollary 4.7, we have that all these *-superalgebras
have at least quadratic growth of the x-graded codimensions. Moreover, as previously
mentioned, the Jacobson radical of each one of these #-superalgebras has nilpotency
index equal to 3. Thus, they satisfy the hypotheses of Proposition 4.8 with ¢ = 3 and so
we get that the growth is at most quadratic. The proof is complete. O

By the previous theorem and Corollary 4.3, we have that the 37 x-superalgebras
presented in this section have quadratic growth of the x-graded codimensions. Before
ending this section we shall prove the following result concerning the algebras Msg . and
Us...

Lemma 4.10. 1d®" (Mg ) € 1d®"(Us ).

Proof. Let us suppose, by contradiction, that Id®" (Mg ) ¢ 1d8"(Us ). Then there exists
a multilinear polynomial f of a certain degree, say n, such that

feld® (Ms,) and f¢I1d®(Usy).

Recall that Idgri(Ug,,*) = (Y11, 21,1, [21,0,92,0], 21,022,0)73 [16, Lemma 3]. We want to
highlight that also [y1,0,%2,0,¥3,0] = 0 and [y1,0, ¥2,0][¥3,0, Ya,0] = 0 are identities of Us ..
By taking into account all these identities, it is easy to see that, modulo Id®"(Us.),
f must be a polynomial of type

n n—1 n
f=ayi0 - Yno+ Z Bilir 0 Yin_1,0%i,0 + ( Z Vi h 1,0 * Yl 2,0[Uk,05 yh,o]) )
=1 h=1 \k=h+1

where i1 < - <ip_1,l1 < - <l,_2 and k > h. In the last term of f we have exactly

@ polynomials.

Recall that

(M )¢ = Fle11 + eas) + Flers + e24) + F(e12 — e34),
= F(ei2 + e34) + F(e13 — ea) + Feqa,

In order to reach a contradiction, we shall prove that f is actually the zero polynomial.
To this end, we consider the following evaluations in elements of Mg ..
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For any a,b € {1,...,n},let ya0 = e11+esq and z, 0 = 0. We get f = a(e11+e44) =0,
so a=0.

For a fixed i € {1,...,n}, let z;0 = €14, 25,0 = 0, for any j # i and y. o = €11 + €ua,
for any c € {1,...,n}. We get f = B;e14 = 0 and so 8; = 0. At the same way we can
deal with all the 8;’s.

Let us consider first the cases in which k& < n — 1 (recall that k > h). With the
evaluation

Yk,0 = €12 —€34, Yho = €13+€24, Y, 0=e11+ess forany ae{l,...,n}\{k, h},

we get f = 2y; pe1sa = 0 and so 7y, = 0. Here the trick is that all the other monomials
do not have y or y, (you cannot put both of them outside the commutator) just
on the left of the commutator. This happens because h < k < n — 1 (recall that the
variables outside the commutator are ordered). In conclusion we have proved that
Yi,n, = 0 whenever k£ <n — 1.

In practice, the polynomial f is now of this form:

n—2

n—1
F=  tnbi0 Yo s0lUn0:9n0l + Y Yn-1.hY00,0 - Yr.0[Yn—1.0:Yn.o]-
h=1 h=1

Let us consider the cases in which A < n — 3. We make the evaluations:
a) Yo = €13+€24, Yn—1,0 = €12—€34, Y1,0 = €11+eaq, foralll € {1,...,n}\{n—1,h},

b) Yh,0 = €13 + €24, Yi,0 = €11 + €44, foralll € {1, . ,’I”L} \ {h}
We get, respectively,

(2Yn-1,h = Vn,p)e1a =0 and  (Yn—1,n + Vn,n)e1s = 0.

It follows clearly that v,—1.4 = Yn,n = 0.
Finally, the polynomial f is of the form (here y; means y; ¢):

f = TYnn—1Y1 """ y7l—2[yn7 yn—l] + Ynn—2y1 - yn—Syn—l[yn7 yn—Q}
+ Yn—1,n—2Y1 """ Yn—3Yn [ynfla yn72]'

We consider the following evaluations:

a) Yn—2 = €13+€24, Yn—1 = €12—€34, Y1 = €11+€44, foralll € {1,... , n}\{n—1,n—2},
b) Yn—o = e13+ eaq, yr = €11 + eqq, foralll € {1,... ., n}\ {n —2},

C) Yn—1 = €13 + €24, Y = €11 + eyq, for all [ € {1, R ,n} \ {TL — 1}.

We get, respectively:

a) (Ynn—1— Ynn—2 + 2¥n—1,n—2)€14 = 0,

b) (7n—1,n—2 + 7n,n—2)613 =0,

C) ('anl,n72 - 'Vn,nfl)elii = 0.

In conclusion, we obtain that v, ,-1 = Yp,n—2 = Yn—1,n—2 = 0. Hence f is the zero
polynomial as desired.
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Now, it is easy to see that 21 gz 0 = 0 on Us . and that 21 922,0 # 0 on Mjs .. The proof
is now complete. O

In light of the result above we have that the x-superalgebra Mg . does not generate
a minimal variety of quadratic growth. Hence we will focus our attention to the 36
x-superalgebras in the following set

_ gri gr gri gri
L= {GQ,O,‘H GQ,l,Ty G2,2,T7 G2,1,w7 G2,1,p7 G2,2,pa C3,*a C3 3 03 ) N3,*7 N3 5 U3,*a U3 )
gri gri gri gri gri gri gri gri gri
M4,*7 M4 ’ M5,*a M5 ’ 6,1 M6,27 M77*’ M?,lv 7,2 M&*v MS,I’ MS,Q’ M8,3>
gri gri gri gri gri gri gri gri
M9,*7 Mg,lv M9,27 M9,37 MlO,*v MlO,lv M10,27 MlO,Sv Mll,lv M11,2 .

The final goal of this paper is to prove that the x-superalgebras in £ generate the only
minimal varieties of quadratic growth of the *-graded codimensions.

Remark 4.11. A long and arduous calculation proves that for distinct *-superalgebras A
and B in £, we have 1d®"(A) ¢ 1d#"(B).

5. Wedderburn-Malcev decomposition of x-superalgebras

In this section we will prove that the Jacobson radical of a finite dimensional *-
superalgebra A with Wedderburn-Malcev decomposition of type F'+J as in Theorem 2.1
has particular properties when we exclude some *-superalgebras of quadratic growth from
var#i(A).

Lemma 5.1.

(1) If My, Ms s, Me s, My, & var®" (A) then (Jo1)o(J10)o = (J10)o(Jo1)o = 0.
(2) If M4’*, Mfrll, M5’*, Msg“,' Gg’r117.M6g’r21 ¢ Varg”(A) then (J1())1J01 = (J10)0(J01>1 =0.
(3) IfM4’*, Mf“, M5’*, M?rl, 7g’rll, M%gE ¢ Vargrl(A) then (J01)1J10 = (JOI)O(J10)1 = 0.

Proof. The first item is proved in [17, Lemmas 30, 31].

In order to prove item (2), we suppose My ., M§", My ., ME", ME, ME5 ¢ vars'i(A).
First we notice that a*a = aa® = 0, for all a € (J10)1. In fact, suppose that there exists
a € (J10)1 such that aa* # 0. Consider B the *-graded subalgebra generated by 1r, a,a*
and I the x-graded ideal generated by a*a. It is not difficult to see that ¢ : B/I — Mfri
defined by

o(Ip) =e11 +es3, 0@ =eiz, (a*)=eas, plaa*)=ei3

is an isomorphism of *-superalgebras and since M§" ¢ var$i(A), we have a contra-
diction. In an analogous way, since ME" ¢ vars"(A), we also have aa* = 0, for all
a € (J01)1~
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Now suppose that there exist a € (Ji0); and b € (Jo1)1 such that ab # 0. In this case,
a*a = aa* = b*b = bb* = a® = b = 0. Notice that (a+b*) € (J10)1, s0 (a+b*)(a+b*)* =
(a+b*)(a* +b) = 0. We get, ab+ b*a* = 0 and (ab)* = b*a* = —ab. As a consequence
ab € (Ji1)g -

Also, since ab = —b*a*, we have aba = —b*a*a = 0 and bab = —bb*a* = 0. Let
B’ be the *-graded subalgebra of A generated by 1g,a,a*,b,b* and notice that B’ =
span{l,a,a*, b, b*, ab,ba}.

Let I’ be the %-graded ideal generated by ba. The map ¢’ : B'/I' — Mé’;g given by

Tp > €11+ e, Grrein, a — —eza, brrea, b*rers, abrr e

is an isomorphism of #-superalgebras and so Mg; € var®(A), a contradiction. As a
consequence, we get (J10)1(Jo1)1 = 0.

Next, suppose that there exist a € (Jig)o and b € (Jp1)1 such that ab # 0. Since
My, Ms.. ¢ var®i(A), by [17, Lemma 29] we have a*a = aa* = 0. Also since M2",
ME" ¢ var®i(A), we have proved in the previous item that b*b = bb* = 0. Using the
same strategy as above we get ab € (J11); and again we can define the *-superalgebra
B" = span{1,a,a*,b,b*, ab,ba} and the *-graded ideal I"” generated by ba so that we
have an isomorphism of x-superalgebras ¢” : B” /I" — Mﬁgﬁi given by

Ip e +ewu, T e3, a* — e, b —€34, b* €12, ab — —e€14,

a contradiction. This proves that (J10)o(Jo1)1 = (J10)1(Jo1)o = 0.
The last item can be proved in a similar way. The proof is complete. O

Covollary 5.2, [f My o, ME™, My o, M, Mo, MEL MES, M., MEL, MES ¢ vares(4)
then Jo1J10 = J1oJo1 = 0. As a consequence, F'+ Jig+ Jo1 + J11 is a x-graded subalgebra
of A.

In the following, we establish conditions to have a direct sum between F+J19+Jo1+J11
and Joo.

Lemma 5.3. If Mg ., MEY, M3, MES ¢ vars'i(A) then JigJgy = JogJor = 0.

Proof. Suppose that Mg,*,Mngf,Mgg,MSgg ¢ varg™(A). If (Ji0)o(Joo)d # O then there
exist @ € (Jio)o and b € (Joo)d such that ab # 0. Considering B to be the -
graded subalgebra generated by 1p,a,a™,b and I to be the x-graded ideal generated
by aa*,a*a,b? aba*, we have that B/I is a x-superalgebra isomorphic to Mg . via the
map defined by

E — €11 + €gg, Q+— €12, a* — €56, b— €23 + €45, ab — e13, ba* — eyq. (51)

So Mg, € var®(A), a contradiction. Then (Jlo)o(Joo)a_ = (Joo)a'(J()l)o =0.
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In an analogous way, if there exist a € (Ji9)1 and b € (Joo)g such that ab # 0, it is
possible to construct a x-superalgebra B’ and a *-graded ideal I’ exactly as above and
notice that the same rule given in (5.1) defines an isomorphism of *-superalgebras from
B'/I' to Mggrl1 Again, we get a contradiction and so (J19)1(Joo)d = (Joo)g (Jo1)1 = 0.
We conclude that Mg ., Még’rli ¢ varg™(A) implies Jio(Joo)g = (Joo)d Jo1 = 0.

We finish the proof by following the same reasoning as above to guarantee that
Mggg ¢ vars'i(A) implies (J10)1(Joo)] = (Joo)T (Jo1)1 = 0 and Mégf?i ¢ varsti(A) im-
plies (Jl())o(t]oo)f = (JOO)IL(J01>O = 0. This means that Jlo(JO())ir = (J()o)irg](n =0 and
we are done. 0O

In a similar way we get the following lemma.
Lemma 5.4. If My ., M, ME5, M§ ¢ vare'i(A) then JigJgy = JogJor = 0.

Corollary 5.5. If Ms., ME}, MEy, ME3, M., M, My, MES ¢ var®i(A) then
J10Joo = JooJo1 = 0. As a consequence, under the conditions of Corollary 5.2, we have
a direct sum of algebras

A= (F+ Jio + Jo1 + J11) ® Joo-

Lemma 5.6.

(1) If Mloz*,Mﬁng ¢ Vargri(A) then J01(J11)a = (Jll)aJIO = 0
(2) If Migy, Miy s ¢ vare"(A) then Joi(J11); = (J11)y Jio = 0.
(3) If MYy, My & varg™i(A) then Joi(J11)i = (Ji1)T Jio = 0.

Proof. Let us prove item (1). For that, we suppose Mlo,*7Mféf2 ¢ vars'i(A) and
(Jo1)o(J11)g # 0. Consider a € (Jo1)o and b € (J11), such that ab # 0. Let B be
the x-graded subalgebra generated by 1g,a,a*,b and I to be the x-graded ideal gener-
ated by aa*,a*a,b? aba*. Hence we have a map ¢ : B/I — Mg . defined by

Ip — e11+ex+ess+ees, @ a5, a* — €3, br>era—ess, abr —eqs, ba* — €13,

which is an isomorphism of *-superalgebras and this implies that Mg . € vars'i(A). This
contradiction proves that (Jo1)o(J11)y = (J11)g (J10)o = 0.

In the same way, if (Jo1)1(J11); # 0, we can construct a s-superalgebra isomorphic
to ]\4{%?2 in var#"(A). Hence, (Jo1)1(J11)g = (J11)g (J10)1 = 0. So the exclusion of the
s-superalgebras Mg . and Mlggf2 from the variety var#"(A) guarantees that Jo1(J11)g =
(J11)0_J10 = 0. The item (1) is pI‘OVGd.

The items (2) and (3) can be proved by using similar arguments as above. 0O

Corollary 5.7. If Mg ., Mlgéfl, Mﬁ%, Mlggf3, Mﬁrfl, Mlglrf2 ¢ var#'i(A) then Jo1(J11)] =
Jo1(J11)g = Jo1(J11)T = (J11)7 Jio = (J11)g J1o = (J11)71 J1o = 0.
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6. x-superalgebras with particular decompositions

Let A = F + J be a finite dimensional *-superalgebra such that Jy;Jig = 0. So
B =F + Jy1 + Jig + J11 is a x-graded subalgebra of A and in this case, the following
situations are possible:

Case (1) Jio =0 and Jy1 # 0, that is, B=F + Ji1;
Case (2) J11 =0 and Jyp # 0, that is, B = F + Jo1 + Jio;
Case (3) Both Ji; and Jyo are non-zero.

We will analyze some properties of finite dimensional *-superalgebras in each one of
the situations above. In the next three lemmas we start with Case (1). So we consider
B= F+ J11, with J11 # 0.

Lemma 6.1 ([19, Lemma 8.5]). If G215, G2, G22.r ¢ var®i(B) then (Ji1){ (J11)] =
(J1)7 ()T = (Ju)g ()T = (Ju)T (J11)g = (J11)g (Ju)T = (Jun)7 (Jin)g = 0.

Lemma 6.2. [f GQ’()ﬂ—? GQ’LT, G2,1,1/1; 03’*, C’?%T, C:)%ri ¢ vargri(B) then (Ju)f(Ju);r
(J11)o (J11)g = (J11)1 (1)1 =0.

Proof. Since G20+, G217, G214 ¢ var®"(B), by [19, Lemma 8.4], we have [21 0, 22,0] =

0, [s1,1,221] = 0 and [y11,921] = 0 on B and this implies [(J11)g,(J11)o] =
[(Jll)l_a(Jll)l_] = [(JH)T,(JH)T] = 0. Furthermore using that 037*, C:%r, O§rl ¢
varg(B), by linearizing the identities 27, = 0, yf, = 0 and 2{, = 0 obtained in

[19, Lemma 8.2], we get 21900220 =0, y110%21 = 0 and z11 02217 = 0 on B. In
conclusion we have (J11)g (J11)g = (J11)7 (J11)T = (J11)7 (Ju1)] =0. O

Lemma 6.3.

(1) If N ., N§" & var="(B) then (J11)§ J5; = Ji1 (J11)
(2) If Us, US" & var®(B) then (Ju1)g Jiy = J11(Ji1)g =

S+

Proof. We only present the proof of item (1) since the proof of the second item follows in
a very similar way. Suppose that N ., N8 ¢ vare(B) and (J1;) (J11)g # 0. Consider
a € (Jn)ar and b € (J11), such that ab # 0. Notice that ba # 0. Let R be the *-graded
subalgebra generated by 1r,a,b and I to be the *-graded ideal generated by a?, b%, aba,
bab. We have that R = R/I is a *-superalgebra with trivial grading isomorphic to N3 .
via ¢ : R — Ns . given by

Ip — e11+---+egs, @+ eaz3teas, b era—ess, aob— erz—eaq, [@,b] — —(e1z3+eus).

Since N3 . ¢ var®(B) we get a contradiction and this proves that (Ji1)g(Ji1); =
(J11)o (J1)g = 0.
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Now suppose that (J11)g (J11); # 0 and consider a € (J11)¢ and b € (J11); such that
ab # 0. If R’ and I’ are, respectively, the *-superalgebra and the *-graded ideal defined
exactly as in the previous situation, we observe that R’'/I’ is isomorphic to Ngri via an
isomorphism given as above. So, N?*cf’ri € varg™(B). With this contradiction we finish the
proof. O

Corollary 6.4. If Cg,*acgrﬂc§fi?N3,*7N§ri7U3,*7U3gri7G2,1,p7G2,1,T7G2,1,1/}7G2,0,7‘7G2,1,T7
G214 ¢ var®"(B) then J3 = 0.

At this point, it is important to consider the following subalgebras of UT, and UTy,
respectively:

— Cy = F(e11 +e22) + Fea,
— Ay = F(e11 + eas) + Fera + Feay.

We construct the x-superalgebras:

CS" the algebra Cy with grading (F(e11 + e22), Fe2) and trivial involution;
o (5, the algebra Cy with trivial grading and involution o defined as:

a b\’ _(a b\
0 a/ “\O0O a )’
o C8" the algebra Cy with grading (F(e1; + ea2), Fero) and involution o;

o A, ., the algebra A, with trivial grading and reflection involution;
AS" the algebra A, with grading (F'(e11+e44), Fe1a+ Fesy) and reflection involution.

The information about the *-graded codimensions of the =-superalgebras defined above
is summarized in the next lemma.

Lemma 6.5.

(1) &(AS") =4n+1 and & (CE") =n+1 ([13, Theorems 5.1 and 6.1)).
(2) & (Cay) = B(CE) =n+1 ([16, Lemma 9)), ([15, Theorem 8.1)).
(3) ¢&i(Ag.) =4n — 1 ([18, Lemma 3.10)).

In the next two lemmas we still consider B = F' + Jy1.

Lemma 6.6 (/19, Lemma 8.7]). If B € var®" (D, & D& @ D8") then B ~r; B1® B2 @ Bs,
where By € var#(D,), By € var®i(D¥) and By € var#® (Det).

Lemma 6.7. If J}; = 0 then either B ~7y C or B ~py C§" or B ~r; C§ or B ~ry
Coy or B ~py C5" @ C5 or B ~py C5' @ Cy or B ~qp C5 & Coy or B~y
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CQgri @ Co. ® CS', where C is a commutative x-superalgebra with trivial grading and
trivial involution.

Proof. Notice that B satisfies the following (Zg, *)-identities

[y1,07 yz,o], [y1,07 y2,1]7 [y1,07 22,0]7 [yl,o, 22,1], 21,022,05 21,0Y2,1, 21,022,1, 1,172,1,

where 2; = y; or ¥; = z;, for i = 1,2. Considering S = D,® D& @ D" by [19, Lemma 7.5]
we have Id®"(S) = (21.0¥2.1,21,0%2.1, Y1,122,1, [¥1,0, Y2.0), [Y1,0, Y211, [¥1.05 22.0], [Y1,0, 22,1]
[y1,17 y271], [21,0, 22)0], [2:1717 2271]>T2*- It follows that B € VaI‘gri(S) so B ~Ty B1 & By @ Bs,
where By € var8™(D,.), By € var®™(De8") and Bj € var®"(D#") as in Lemma 6.6.

Finally, since C5 ., C%" and C’§ri do not satisfy the (Zs, x)-identities 21 022,0, ¥1,1Y2,1
and 21 129 1, respectively we have Cj ., CS", O™ ¢ varg"(B). We conclude that B is Tj-
equivalent to either C' or C&" or C& or Cy, or C5" @ C& or C&" @ Cy, or CF & O,
or C&" @ Oy, ® CF, as desired. O

Now we can deal with Case (2), i.e. with finite dimensional #-superalgebras B =
F + Jo1 + Jio, Jio #0.

Lemma 6.8. Let B = F + Jy1 + Ji9, J10 # 0.

1. If (Jo] + JlO)O 7£ 0, then By = F + (J()l + JlO)O ~Ty A27>3<.
2. If (Jo1 + Jio)1 # 0, then By = F + (Jo1 + Jio)1 ~1; A5".

Moreover B ~1; By @ Bs.

Proof. Since (Jo1 + J19)? = 0, we have that By and By are *-graded subalgebras of B.

Now suppose (Jo1 + Ji0)o # 0. This implies that (Jig)g # 0 and so by [19,
Lemma 8.1], we get As, € var®™(B;). On the other hand, we have 1d®" (A, ,) =
<y171, 21,1, %1,0%2,0, Y1,022,0Y3,0, Stg(yLo, Y2,0, y3,0)>T2* (see [18, Lemma 310]) .IH this way,
since (Jo1 + J10)? = 0, it is not difficult to verify that Id®"(A4s.) C Id®"(By). As a
consequence, By ~ry A ..

In case of (Jo1 + J10)1 # 0 we get (J10)1 # 0 and by using [19, Lemma 8.1] again, we
obtain Id&" (B,) C Id#"(A&"). Now it is enough to take into account the Tj-ideal of A"
given in [13, Theorem 5.1] to conclude that By ~rgy A5

Now, since By and B, are *-graded subalgebras of B, we have that 1d®"(B) C
Idgri(Bl @ Bs). Let f € Idgri(Bl @ Bs) and assume that it is multilinear. We claim
that f € 1d®"(B). In fact, let B = B, UB; be a -graded basis of B where B; = {1z} and
By is a x-graded basis of Jy; + J1g. Since f is a multilinear polynomial, it is enough to
evaluate f on the elements of B to ensure that our statement is true. In order to obtain
a non-zero result under the evaluation, f must be evaluated on 1r and in at most one
element of Jy; + Jig. This means that f is evaluated on elements of B; or By. As a
consequence, f € Idgri(B) and we are done. O
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Corollary 6.9. We have that B = F + Jo1 + J1o is T5 -equivalent to either As . or A%ri or
Ay, ® AT,

Finally, we consider B in Case (3). Before stating the main result about x-
superalgebras of type B = F + Jo1 + Jig + J11, with Jig # 0 and Jy; # 0, let us
present a technical lemma.

Lemma 6.10. Let f be a multilinear (Za, *)-polynomial of degree n in symmetric variables

of degree 0 and consider I={[y1,0,y2,0][¥3,0, Y4,0]> ¥1,0[¥2,0, ¥3,0)44,0, St3(¥1,0, ¥2,0, ¥3,0)) T -
Then f can be written, modulo I, as a linear combination of polynomials of type:

Y107 Yn0s  [Y5.0,Y100Y20 Y50 Yno  and Y20 Yko - YnolYko,Y1,0]. (6.1)
Here the symbol y; o means that the variable y; o is omitted.

Proof. Since f € P, 0,00, by Poincaré-Birkhoff-Witt Theorem, f can be written as a
linear combination of polynomials of type:

Yir,0 " Yig 0WL -+ W, (6.2)

where iy < --- < i and wy, ..., Wy, are left normed Lie commutators in variables y; ¢’s.
Then, modulo 7, we have that at most one commutator can appear in (6.2). Furthermore,
using that y1 0[y2,0, ¥3,0]y4,0 € I, we have

[Yr05 Yj1 00 - > Yje,0) = (U0 ¥51,0)¥52,0 * ** Y50 £ Y50 Yjo,0[YUr0, Yji,0] (mod I),

with r > 77 <--- < ;.
Thus, modulo I, we have that f is a linear combination of polynomials of type

Y100 Y05 [Yr0,Y1,01Y2,0 Ur0 Yo and Yi 00 Vi, s0(Yi0,Y50], (6.3)

with2<r<n, 1<i<j<n.

Also it is possible to prove that [y1,0,y2.0]m[Ys.0,y1,0] € I, where m is a monomial in
variables y; o’s. So the variables outside the commutator in the polynomials of the third
type in (6.3) can be ordered. Moreover we use that St3(y1,0,%2.0,y3,0) € I and finally,
we obtain that f can be written, modulo I, as a linear combination of polynomials of
type (6.1) as desired. O

Lemma 6.11. Let B = F + Jo; + Jio + J11, with Jig # 0 and Ji1 # 0 and suppose
that Jfy = JorJio = JwJor = (Ji)g Jio = (Ju){ Jio = (Ju)y Jio = Jou(Ju)y =
Jo1(J11){ = Jo1(J11); = 0. Then

B ~qp (F+ J1) @ (F + Jio + Jow).
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Proof. Since (Jo; + J10)? = 0, we have that B; = F + Ji; and By = F + Jo; + J1o are
s-graded subalgebras of B. Thus Id®"(B) C Id®" (B, @ B;). Now observe that

Bf = F+ (Ju)g + (Jio+Jn)§, By = (Ji)g + (Jio + Jo1)g
B = (J1)T + (Jio + Jou)7 By = (Ju1); + (Jio + Jo1)y -

Using the zero products given by hypothesis, we have that the polynomials
21,022,0,L1,122,1, 21,0Y2,1, 21,022,1, St3(y1’0, yg)o,yg)o) are (Zg, *)—identities of B, where
Zi0 = Yi,0 OF Tjo = %0, for 4 = 1,2. Moreover, since [BS',B] C Jio + Jo1, it follows that
Y1.0[Y2,0, T3,5]ya,0 € 18 (B), where 3 5 € {30, Y31, 23,0, 23,1 }-

Also we have that z1 gmz2 0, £1,1MT2,1, 21,0MY2,1, 21,0M22,1 are (Zq, *)-identities of B,
where m is a (eventually empty) monomial in symmetric variables of degree 0.

By taking into account all these identities, let f € Idgri(Bl @ Bs) be a multilinear
(Z3, %)-polynomial of degree n. By the multihomogeneity of T3-ideals, modulo Id®"(B),
we can consider that either

f€Pyoo0 or fe€P_1100 or f€P,_1010 or f€ P, 100,

Since 21,022,0,41,0(42.0, ¥3,00%4,0, St3(y1,0,¥2,0,y3,0) € Idféri(B), if f € PaoooN
Id®"(B; @ Bs), we use Lemma 6.10 and write f modulo Id®"(B) as

n n
f=ayio-- yn,oJrZ Bilyj0:y1,0ly2,0 - Yj0 'yn,oJrZ VKY2,0 ** Yk,0 " Yn,0[Y,05 Y1,0)-
j=2 k=2

Then by making the evaluation y; o = (1, 0), for all 1 <4 < n, we obtain o = 0. Now
for a fixed j, the evaluation y; 0 = (0,a + a*), with 0 # a € (Jig)o and y0 = (0,1r),
for all [ # j, gives us §; = 7; = 0. We can repeat the argument for any j to conclude
that g; = v; = 0, for all 2 < j < n. In this way, we get P, 00,0 N 1d®"(B; @ By) =
Po.0.00N1d*(B).

In case of f S Pnfl,l,p,Oa we use that 21,0Y2,1, 21,0MY2.1, yl’o[yg’o, yg,l]y4,0 S Idgri(B)
and write f modulo Id®"(B) as

f=ayn1¥1,0 " Yn—-1,0 + BY1,0Yn,1¥2,0 ** * Yn—1,0 + YY1,0 = * Yn—1,0Yn,1-

If we make the evaluation y,, 1 = (0,a+a*), with 0 # a € (J10)1 and y;0 = (0, 1), for
i # n, then we obtain a = v = 0. Also the evaluation y,, 1 = (b,0), with 0 # b € (J11)]
and y; 0 = (1r,0), for ¢ # n, results in § = 0. Thus P,_1,1,0,0 N Idgri(Bl @ Bs) =
P, 1100 N1d&(B).

Finally, we can use the same strategy as above to get P, 1010 NId%" (B, @ By) =
Po_101.0N1d*(B) and P, 1001 N1d® (B, ® By) = P,_1.0.01 N1d*(B).

In conclusion, we have Id®"(B; @ By) C 1d®"(B) and so, B ~7; (F + Ji1) & (F +
Jio + Jo1). O
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By putting together Lemmas 6.7 and 6.11 and Corollary 6.9 we get the last result of
this section.

Corollary 6.12. Let B = F + Jo1 + Jig + J11 with Jig # 0 and Jiy # 0. If J3, = Jo1J10 =
JioJor = (J11)g J1o = (J11)T J10 = (J11)7 J10 = Jo1(J11)g = Jo1(J11)7 = Joa(J11); =0
then

B ~7; By @ Bo,

with By € {C,Cy..,CE",CE Ca ® CE", 0y ® CF,C8" @ CF, Oy ® C2" ® CE'} and
By € {As., A5 AS" @ Ay}, where C is a commutative x-superalgebra with trivial
grading and trivial involution.

7. Classification of minimal *-superalgebras with quadratic growth

By Remark 2.4, we can notice that any direct sum of distinct *-superalgebras in the
set

T ={Co.,C§", CF', Az, AT}

has linear growth. In fact, in [13, Theorem 7.2] Ioppolo and La Mattina proved that a
finite dimensional *-superalgebra A has at most linear growth if and only if A is T5-
equivalent to B & N where N is a nilpotent #-superalgebra and either B = 0 or is
a commutative *-superalgebra with trivial grading and trivial involution or is a direct
sum of distinct x-superalgebras in 7. In particular, the x-superalgebras in 7 generate
minimal varieties of linear growth (see [13], [19]). As a consequence they generate the
only minimal varieties of linear growth of the x-graded codimensions.

Now we consider the set £ composed by the 36 *-superalgebras defined in Section 4.
We are ready to prove the main theorem of this paper, classifying the *-superalgebras
generating minimal varieties of quadratic growth.

Theorem 7.1. Let A be a *x-superalgebra. The following conditions are equivalent.

(1) B ¢ var®(A), for all x-superalgebra B € L.

(2) Bither A ~p; N or A ~r; C® N or A ~r; Bi® N or A ~p; By @ N or
A~ps By @ By & N, where By € {Cy., CQgri, Cs, Cou® ngri’ C. @ CY, C2gri &
CE, Oy, ® CE" & C8Y and By € {Ay., AS, A8 @ A}, N is a nilpotent
x-superalgebra, C is a commutative *x-superalgebra with trivial grading and trivial
involution.

Proof. First, we observe that all the x-superalgebras in £ have quadratic growth and by
Remark 2.4 and Lemma 6.5, the x-superalgebras listed in (2) have at most linear growth.
So it is obvious that (2) implies (1).
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Now we suppose that (1) holds. By Remark 4.4, we have that M,, M8, D,, D#,
D& ¢ varsti(A) and so, by Theorem 3.3, we get that c&"(A) is polynomially bounded
and

ANT; Al@...@Am,

where each A; is a finite dimensional *-superalgebra such that dimg .A4;/J(A;) < 1,
for i = 1,...,m. If A; is nilpotent for all i, then A ~g; N, where N is a nilpotent
x-superalgebra and we are done.

Suppose that there exists ¢ € {1,...,m} such that dimp A;/J(A;) = 1. As we have
observed after Theorem 2.1, this implies that A; has a decomposition of type

Ai = F + Ju + Jio + Jo1 + Joo-

Since My ., ME", Ms. ., ME", My, M%rli, M%g ¢ varg™(A;), by Corollary 5.2, we get
that B = F'+Jio+Jo1 +J11 is a *-graded subalgebra of A;. Moreover, since Ms ., Mg,
Msgfzi, Mg, M., Mgg;fli, Mggg, Mggr; ¢ vart"(A;), by Corollary 5.5, we have a direct sum
A; = (F+ Jio + Jo1 + J11) @ Joo.

From now on we will deal with algebras of type B = F + Jyg + Jo1 + J11-

We observe that if Jig = Ji1 = 0 then B ~g; C, where C is a commutative *-
superalgebra with trivial grading and trivial involution. On the other hand, if Jip = 0
and Jy1 # 0, since Cs., Cf', C§", N3, N§", Us., U§", Go1,p, Go1,r, Go1g, Gooo,rs
G217, Go14 & var®i(B), by Corollary 6.4, we have J? = 0. Hence by Corollary 6.7,
we conclude that B is T5-equivalent to one of the following s-superalgebras:

C, C§', CF, Cy., C§ @CY, C§' @®Con, CF @Chs, CF @Ca,®CY.
Now suppose that Jig # 0. If J1; = 0 then by Corollary 6.9, we have that either
B ~Ty AQ’* or B ~T Agri or B ~Ty AQ,* ©® Agri.

On the other hand, if Ji1 # 0, since Mg, My, My, My, My, My, ¢
varé™(B), by Corollary 5.7, it follows that

Jor(J11)T = Jo1(J11)g = Jor(J11)1 = (J11)T J10 = (J11)g J10 = (J11)7 J10 = 0.

Also, since Us . ¢ vart™(B), by Lemma 4.10, we have that Mg, ¢ vart™(B). With
this in mind we have that M., M§", Ms ., ME", M., Mg}, ME, ¢ vars(B). Hence,
by Corollary 5.2, we have Jy1pJp1 = 0.

Thus, we are under the conditions of Corollary 6.12 and so we get that B ~7; B1® Ba,
where By € {Ca ., C§", C§', Co, ®CS", Co . ® C', C5" @ CF', Ca. @ C5" @ C5'} and
Bs € {Agy*, A%ri, A%ri ©® AQ’*}.

Recalling that A ~7; A; @ --- @ A, and putting together all pieces, we get that (2)
holds and so the proof is complete. O
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By using Remark 4.11 and the previous theorem, we get the following.

Corollary 7.2. The x-superalgebras in L generate the only minimal *-supervarieties of
quadratic growth.

It is worth to observe that if we consider the subset of £ formed by the x-superalgebras
with trivial grading

L= {03,*7 NS,*a U3,*7 M4,>k7 M5,*a M7,*7 MS,*a M9,*7 MlO,*a GQ,O,T}

we have a list of algebras with involution generating minimal varieties of quadratic

growth. So as a consequence of Theorem 7.1 and Remark 4.11, we have the following
classification.

Corollary 7.3. The x-algebras in L generate the only minimal varieties of algebras with
involution of quadratic growth.
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