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A B S T R A C T

The Partial Element Equivalent Circuit (PEEC) method is a well recognized integral-equation (IE) technique to
solve Maxwell’s equations. Similarly to the method of moments (MoM), the electromagnetic (EM) interactions
between currents and between charges are described in terms of integrals. In contrast to the standard MoM,
the PEEC method keeps the electric and magnetic coupling phenomena separate, which leads to different
interaction integrals to be computed. These integrals admit simplified solutions for the case of the static
free-space Green’s function and orthogonal geometries but their applicability is limited to electrically small
problems only. When the full-wave free-space Green’s function is considered, the integrals are typically
computed in the frequency domain (FD) by resorting to Gaussian quadrature schemes. The accuracy and
efficiency of such schemes is a delicate issue. Therefore, recent works have investigated the possibility
of applying the Cagniard–DeHoop (CdH) technique to calculate the interaction integrals for zero-thickness
elementary domains. In this paper, we close the loop and shall apply the CdH technique to calculate the
partial-inductance between two elementary bricks as prescribed by the PEEC technique exactly in the time
domain (TD). The analytical approach is demonstrated on the interaction between two bricks as it occurs
in the modeling of the magnetic field coupling between volumetric currents. The accuracy of the proposed
approach is (successfully) tested for two representative cases.
1. Introduction

The notion of partial inductance, as introduced by Dr. A. E. Ruehli
in 1972 [1], is a fundamental concept on which the PEEC method
lays its foundations. The PEEC method is an IE method capable of
analyzing an EM scattering problem by means of an equivalent circuit
representation [2]. The PEEC method can be formulated with the aid
of standard EM contrast-source integral representations [3, Sec. 28.9],
in which the Green’s functions apply to the (typically homogeneous,
isotropic and loss-free) medium of the embedding. Hence, the equiv-
alent circuit can be directly associated with a discretized scatterer,
where elementary volumes and surfaces are assumed to radiate in the
background medium (e.g. the free-space). The PEEC method has been
primarily employed in the solution of FD problems and, in this context,
interactions integrals have been computed either making quasi-static
assumptions (e.g., neglecting the retardation terms in the integrals) [4]
or by resorting to quadrature schemes in the frequency domain (FD) [5]
or by means of the Taylor expansion of the Green’s function [6]. Simi-
lar lines of reasoning are commonly followed to extract the singularity
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of Green’s function in standard integral-equation formulations (e.g., [7–
9]). Owing to the ever increasing interest in accurate TD simulations
in the field of Electromagnetic Compatibility (EMC), however, full-
wave TD formulations of the partial inductance are becoming more and
more important. Accordingly, this issue has been recently addressed
analytically for relatively simple 2-D zero-thickness patches [10,11].

In this article, we shall apply the CdH technique [12] to calcu-
late a partial-inductance retarded PEEC coefficient exactly in the TD.
The presented analytical results apply to the interaction between two
bricks (= right parallelepipeds). The CdH technique is a joint-transform
method that has been originally developed to analytically analyze
the seismic-wave propagation in horizontally layered media (e.g. [13,
14]). More recently, it has been demonstrated that this sophisticated
inversion methodology can also be useful for constructing purely nu-
merical solutions. Indeed, the CdH technique is a key ingredient in the
Cagniard–DeHoop method of moments, a novel TD-IE technique for the
TD analysis of EM radiation and scattering problems [15,16]. More-
over, our initial studies (see [10,11]) analyzing zero-thickness PEEC
vailable online 20 January 2023
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Fig. 1. Two interacting brick elements.

oefficients have demonstrated that the CdH inversion is a promising
trategy for achieving their analytical expressions in the TD. Accord-
ngly, this paper reports on the recent results of our efforts to develop

quasi-static-approximation-free PEEC solver that is equipped with
xact, CdH-based TD volumetric partial-inductance. It is anticipated
hat the presented approach can be employed along with the pre-
orrected fast Fourier transform (FFT) [17] and the FFT-based approach
o accelerate the matrix–vector products [18–20].

The paper is organized as follows: in Section 2 the problem formu-
ation is presented. Consequently, the TD analytical solution is given in
ection 3, which is supplemented with Appendix. Finally, in Section 4,
hree numerical applications are presented and successfully validated.

. Problem formulation

A PEEC model is represented through a set of partial elements,
he value of which is found upon evaluating spatial integrals over the
urfaces/volumes of interacting discretization elements. In this work
e shall analyze the interaction of two bricks (= right parallelepipeds)

see Fig. 1). In particular, with reference to [21, Eq. (4)], we shall study
retarded partial potential coefficient expressed through a double

ntegral

̂ 𝑚𝑛(𝑠) =
𝜇0

𝑚𝑛 ∫𝒓∈𝑚
d𝑉 ∫𝒓′∈𝑛

𝑔̂(𝒓 − 𝒓′, 𝑠)d𝑉 ′, (1)

where 𝑚 = {−𝛥𝑚𝑥 ∕2 < 𝑥 − 𝑥𝑚 < 𝛥
𝑚
𝑥 ∕2,−𝛥

𝑚
𝑦 ∕2 < 𝑦 − 𝑦𝑚 < 𝛥

𝑚
𝑦 ∕2,−𝛥

𝑚
𝑧 ∕2 <

𝑧 − 𝑧𝑚 < 𝛥𝑚𝑧 ∕2} and 𝑛 = {−𝛥𝑛𝑥∕2 < 𝑥 − 𝑥𝑛 < 𝛥𝑛𝑥∕2,−𝛥
𝑛
𝑦∕2 < 𝑦 − 𝑦𝑛 <

𝛥𝑛𝑦∕2,−𝛥
𝑛
𝑧∕2 < 𝑧 − 𝑧𝑛 < 𝛥𝑛𝑧∕2}, where 𝛥𝑚,𝑛𝑥 > 0, 𝛥𝑚,𝑛𝑦 > 0 and 𝛥𝑚,𝑛𝑧 > 0

denote the spatial discretization steps in the 𝑥-, 𝑦- and 𝑧-direction,
respectively. Furthermore, 𝑠 is the Laplace-transform parameter with
Re(𝑠) > 0, and 𝑚,𝑛 are cross sections of the volumes 𝑚,𝑛, respec-
tively, that are perpendicular to the corresponding electric-current
flows. Next,

𝑔̂(𝒓, 𝑠) =
exp(−𝑠|𝒓|∕𝑐)

4𝜋|𝒓|
(2)

is the free-space Green’s function of the 3-D scalar modified Helmholtz
equation and 𝑐 = (𝜀𝜇)−1∕2 > 0 denotes the pertinent (real-valued and
positive) EM wave speed.

3. Problem solution

The retarded partial potential coefficient as expressed through
Eq. (1) will be next transformed to the TD analytically with the
87

aid of the CdH technique. Pursuing this approach and assuming that
Fig. 2. Two interacting cube elements.

|𝑧𝑚 − 𝑧𝑛| > (𝛥𝑚𝑧 + 𝛥𝑛𝑧)∕2, one may express the TD original of Eq. (1),
urther denoted by 𝐿𝑚𝑛(𝑡) (in henry/second = ohm), as follows:

𝑚𝑛(𝑡) = (𝜇0∕𝑚𝑛)[𝐽 (|𝑧𝑚 − 𝑧𝑛| + 𝛥𝑚𝑛+𝑧 , 𝑡)

− 𝐽 (|𝑧𝑚 − 𝑧𝑛| + 𝛥𝑚𝑛−𝑧 , 𝑡) − 𝐽 (|𝑧𝑚 − 𝑧𝑛| − 𝛥𝑚𝑛−𝑧 , 𝑡)

+ 𝐽 (|𝑧𝑚 − 𝑧𝑛| − 𝛥𝑚𝑛+𝑧 , 𝑡)], (3)

here

(𝑧, 𝑡) = 𝐼(𝑥𝑚 − 𝑥𝑛 + 𝛥𝑚𝑛+𝑥 , 𝑧, 𝑡)

− 𝐼(𝑥𝑚 − 𝑥𝑛 + 𝛥𝑚𝑛−𝑥 , 𝑧, 𝑡) − 𝐼(𝑥𝑚 − 𝑥𝑛 − 𝛥𝑚𝑛−𝑥 , 𝑧, 𝑡)

+ 𝐼(𝑥𝑚 − 𝑥𝑛 − 𝛥𝑚𝑛+𝑥 , 𝑧, 𝑡), (4)

nd

(𝑥, 𝑧, 𝑡) = 𝐾(𝑥, 𝑦𝑚 − 𝑦𝑛 + 𝛥𝑚𝑛+𝑦 , 𝑧, 𝑡)

− 𝐾(𝑥, 𝑦𝑚 − 𝑦𝑛 + 𝛥𝑚𝑛−𝑦 , 𝑧, 𝑡)

− 𝐾(𝑥, 𝑦𝑚 − 𝑦𝑛 − 𝛥𝑚𝑛−𝑦 , 𝑧, 𝑡)

+ 𝐾(𝑥, 𝑦𝑚 − 𝑦𝑛 − 𝛥𝑚𝑛+𝑦 , 𝑧, 𝑡), (5)

here we used
𝑚𝑛±
𝑥,𝑦,𝑧 = (𝛥𝑚𝑥,𝑦,𝑧 ± 𝛥

𝑛
𝑥,𝑦,𝑧)∕2, (6)

espectively. Here, 𝐾(𝑥, 𝑦, 𝑧, 𝑡) represents the TD original of the generic
lowness integral, the definition and inversion of which is presented
n Appendix. Finally, we emphasize that Eq. (3) applies to the con-
iguration where |𝑧𝑚 − 𝑧𝑛| > 𝛥𝑚𝑛+𝑧 . The case |𝑧𝑚 − 𝑧𝑛| < 𝛥𝑚𝑛+𝑧 must be
nalyzed separately.

. Numerical examples

In this section, numerical examples related to three different ge-
metries are presented. For validation purposes, the results obtained
hrough the proposed method are compared with those obtained
hrough the numerical-inversion of the Laplace transform (NILT) ap-
roach [22–24].

.1. Two interacting cubes

As a particular application, the resulting TD expression (3) has been
mplemented in MATLAB® and applied to the case of two interacting
ubes (see Fig. 2). The evaluations are performed in the finite time
indow {0 ≤ 𝑐𝑡∕𝑅𝑚𝑛 ≤ 2}, where 𝑅𝑚𝑛 = [(𝑥𝑚 − 𝑥𝑛)2 + (𝑦𝑚 − 𝑦𝑛)2 + (𝑧𝑚 −
𝑛)2]1∕2 represents the center-to-center distance between two (identical)
ubes located at

• (𝑥 , 𝑦 , 𝑧 ) = (0, 0, 0),
𝑚 𝑚 𝑚



Engineering Analysis with Boundary Elements 149 (2023) 86–91M. Stumpf et al.
Fig. 3. The TD coefficient for the two identical cubes: comparison between the
proposed technique and the dNILT2 - Hermite technique..

Fig. 4. Spectrum comparison for the interaction between two identical cubes.

• (𝑥𝑛, 𝑦𝑛, 𝑧𝑛) = (2𝛥𝑥, 2𝛥𝑥, 2𝛥𝑥).

In the present example we take 𝛥𝑥 = 𝛥𝑚,𝑛𝑥 = 𝛥𝑚,𝑛𝑦 = 𝛥𝑚,𝑛𝑧 = 1.0mm.
The resulting pulse shape of the TD coefficient is shown in 3. Here, for
the sake of validation, the results obtained through the proposed CdH-
based and the (referential) dNILT2 - Hermite technique are presented.
For a detailed description of the referential methodology we refer the
reader to [24]. The circle points are the initial samples needed for
the interpolant building. Finally, the FD counterpart of the two TD
responses is sketched in Fig. 4. As can be seen, the computed results
show good correspondence with dissimilarities occurring from 400GHz
up. These discrepancies are, however, virtually negligible in technical
applications.

4.2. Interactions of a system of cubes

As a further example we consider the geometry depicted in Fig. 5,
where the mutual partial inductance between the cube with the center
located at the axes origin and the others are considered. All the cubes
have sides 𝛥𝑥 = 𝛥𝑦 = 𝛥𝑧 = 1.0 mm. The cubes system is composed by
27 elements, three for each dimension. The center coordinates span a
range [2𝛥𝑥 − 8𝛥𝑥]. In Fig. 6 are sketched all the TD coefficients related
to the system, each one computed through the proposed technique
and compared to the dNILT2 - Hermite technique [24]. The latter
88
Fig. 5. Cubes system geometry.

Fig. 6. TD coefficients for the cubes system geometry.

technique is based on the construction of an accurate interpolator,
starting from the knowledge of the values of the function and its first
higher order derivatives at the starting points, encircled in red in the
figure (generally up to the fifth order is sufficient).

4.3. Induced voltage on a cube by the currents flowing in four bricks

In Fig. 7 are shown four identical parallelepipeds: 1, 2, 3, 4, with
sides: 𝛥𝑥 = 1.5 mm, 𝛥𝑦 = 0.5 mm, 𝛥𝑧 = 0.25 mm, above a cube 0,
with sides: 𝛥0𝑥 = 𝛥0𝑦 = 𝛥0𝑧 = 1.0 mm, and center located at the axes
origin. The parallelepipeds are considered at the same height and are
collocated unsymmetrically in the 𝑥–𝑦 plane, with respect to the cube.
In particular, the coordinates of the parallelepipeds are:

• (𝑥1, 𝑦1, 𝑧1) = (−2.5 mm, 0.5 mm, 3𝛥0𝑥),
• (𝑥2, 𝑦2, 𝑧2) = (−2.5 mm, 5 mm, 3𝛥0𝑥),
• (𝑥3, 𝑦3, 𝑧3) = (11 mm, 0.5 mm, 3𝛥0𝑥),
• (𝑥4, 𝑦4, 𝑧4) = (11 mm, 5 mm, 3𝛥0𝑥).

The overall induced voltage on the cube 0 by the system of paral-
lelepipeds can be computed through a combination of four convolution
integrals as:

𝑣𝐿0
(𝑡) =

4
∑

∫

𝑡
𝐿𝑝0,𝑛 (𝑡 − 𝜏)

d𝑖𝑛(𝜏) d𝜏 (7)

𝑛=1 0 d𝜏
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Fig. 7. Geometry for the computation of the induced voltage on a cube by the currents
flowing in the bricks system.

Fig. 8. Induced voltage on the cube by the currents flowing in the system of bricks.

where 𝑖𝑛(𝑡) is the impressed current on each parallelepiped, 𝑛 = 1,
⋯, 4, flowing in the 𝑥 direction. The impressed current 𝑖𝑛(𝑡), for
each parallelepiped, is assumed to exhibit a windowed-power (WP)
waveform [25]:

𝑖𝑛(𝜏, 𝑡) = 𝑡′𝜏 (2 − 𝑡′)𝜏H(𝑡′)H(2 − 𝑡′) (8)

where H(𝑡) is the Heaviside unit-step function (H(𝑡) = 0 if 𝑡 < 0,
H(0) = 1∕2, H(𝑡) = 1 if 𝑡 > 0), 𝑡′ = 𝑡∕𝑡r , 𝑡r being the pulse rise time.
We choose 𝜏 = 2 and 𝑡r = 4.6 ps. The induced voltage on the cube 0 is
depicted in Fig. 8, where it is observed an excellent agreement between
the CdH method and the NILT-based method.

5. Conclusions

The PEEC method requires that interaction integrals describing the
magnetic field coupling between elementary volumetric regions be
computed, namely partial inductances. In the frequency domain, this
is usually done by resorting to quadrature schemes. In the TD, the
use of over-simplifying assumptions on the propagation delay leads
to approximate results with a negative impact on physical properties
such as the causality and stability of the model. In this work, quasi-
closed-form for TD retarded partial inductances have been derived
using the Cagniard–DeHoop (CdH) technique. A pertinent integration
path deformation in the complex slowness plane allows to obtain semi-
analytical forms of the transient interaction integrals for a pair of
orthogonal bricks as they occur in the PEEC method using Manhattan-
type meshes or voxellization techniques. The proposed approach has
been tested for representative test cases by comparison with other
numerical methods, always exhibiting a very good agreement.
89
Fig. 9. Complex slowness planes. (a) 𝜎-plane with the CdH-path for 𝑦 < 0; (b) 𝜅-plane
with the CdH-paths for 𝑥 < 0.
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Appendix. The generic integral

The integral representation to be transformed to TD has the follow-
ing form

𝐾̂(𝑥, 𝑦, 𝑧, 𝑠) =
( 𝑠
2i𝜋

)2

∫𝜅∈K0

exp(𝑠𝜅𝑥)
𝑠2𝜅2

d𝜅

× ∫𝜎∈S0

exp{−𝑠[−𝜎𝑦 + 𝛤 (𝜅, 𝜎)𝑧]}
𝑠2𝜎2

d𝜎
2𝑠3𝛤 3(𝜅, 𝜎)

(9)

for 𝑥 ∈ R, 𝑦 ∈ R, {𝑧 ∈ R; 𝑧 ≥ 0} and {𝑠 ∈ R; 𝑠 > 0}, where K0 and
S0 are the integration paths extending along Re(𝜅) = 0 and Re(𝜎) = 0,
respectively, that are indented to the right with semi-circular arcs with
centers at the origins and vanishingly small radii (see Fig. 9). Finally,
𝛤 (𝜅, 𝜎), being the slowness parameter along the 𝑧-direction, is defined
as

𝛤 (𝜅, 𝜎) = (1∕𝑐2 − 𝜅2 − 𝜎2)1∕2 with Re(𝛤 ) ≥ 0. (10)

The generic integral will next be transformed to the TD with the
aid of the CdH technique (see [12] and [16, Ch. 2]). To that end,
the integration contour in the complex 𝜎-plane, S0, is by virtue of
Jordan’s lemma and Cauchy’s theorem [3, p. 1054] deformed into a
CdH path, say  ∪ ∗ (here ∗ denotes the complex conjugate), along
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which −𝜎𝑦 + 𝛤 (𝜅, 𝜎)𝑧 = 𝑢𝑑𝛺(𝜅) for {1 ≤ 𝑢 < ∞} with 𝑑2 = 𝑦2 + 𝑧2

nd 𝛺(𝜅) = (1∕𝑐2 − 𝜅2)1∕2 is satisfied (see Fig. 9a). Upon combining
he contributions from  and ∗, the inner integral with respect to

can be cast into the integral with respect to the (real-valued and
ositive) parameters 𝑢. In addition, the contribution from the (double)
ole singularity at 𝜎 = 0 must be for 𝑦 > 0 accounted for. The thus
xpressed inner integral is subsequently substituted back in Eq. (9),
hich yields

̂ (𝑥, 𝑦, 𝑧, 𝑠) = 𝑀̂(𝑥, 𝑦, 𝑧, 𝑠) + 𝑁̂(𝑥, 𝑦, 𝑧, 𝑠), (11)

here

̂ = 1
2𝜋i

𝑑4

2𝜋𝑠3 ∫

∞

𝑢=1

𝑦2𝑧2 − 𝑢2(𝑢2 − 1)(𝑦4 − 6𝑦2𝑧2 + 𝑧4)
(𝑢2𝑑2 − 𝑦2)2(𝑢2𝑑2 − 𝑧2)2

× d𝑢
(𝑢2 − 1)1∕2 ∫𝜅∈K0

exp{−𝑠[−𝜅𝑥 +𝛺(𝜅)𝑢𝑑]} d𝜅
𝑠2𝜅2𝛺4(𝜅)

(12)

and

𝑁̂ = 1
2𝜋i

𝑦H(𝑦)
2𝑠2 ∫𝜅∈K0

exp{−𝑠[−𝜅𝑥 +𝛺(𝜅)𝑧]} d𝜅
𝑠2𝜅2𝛺3(𝜅)

, (13)

here H(𝑦) has again the meaning of the Heaviside unit-step function,
.e. H(𝑦) = 0 if 𝑦 < 0, H(0) = 1∕2, H(𝑦) = 1 if 𝑦 > 0.

First, we shall describe the transformation of 𝑀̂ as given by Eq. (12).
or this purpose, the integration contour in the complex 𝜅-plane, K0, is

deformed into a CdH path, say ∪∗, along which −𝜅𝑥+𝛺(𝜅)𝑢𝑑 = 𝜏 for
{𝑅(𝑢)∕𝑐 ≤ 𝜏 <∞} with 𝑅(𝑢) = (𝑥2+𝑢2𝑑2)1∕2 > 0 is satisfied (see Fig. 9b).
In the resulting expression, we combine the contributions from  and
∗ and change the order of the integrations according to, symbolically

∫

∞

𝑢=1
d𝑢∫

∞

𝜏=𝑅(𝑢)∕𝑐
d𝜏 → ∫

∞

𝜏=𝑅(1)∕𝑐
d𝜏 ∫

𝑈 (𝑐𝜏)

𝑢=1
d𝑢 (14)

here 𝑈 (𝑐𝜏) = (𝑐2𝜏2∕𝑑2 − 𝑥2∕𝑑2)1∕2. Upon carrying out the integration
ith respect to 𝑢, Eq. (12) can be cast into the following form

̂ = 𝑐6

2𝜋2𝑠5 ∫

∞

𝜏=𝑅(1)∕𝑐
exp(−𝑠𝜏)(𝑥, 𝑦, 𝑧, 𝑐𝜏)d𝜏

+ 𝑃 (𝑥, 𝑦, 𝑧, 𝑠) (15)

where 𝑃 arises from the (double) pole singularity at 𝜅 = 0. Both terms
on the right-hand side of Eq. (15) have the form that allows their
straightforward transform to the original domain. In this procedure,
Lerch’s uniqueness theorem applying to the real-valued and positive
Laplace-transform parameter is an essential result that we rely on [26,
Appendix].

The transformation of 𝑁̂ (see Eq. (13)) follows similar lines of
reasoning. Indeed, the original integration contour, K0, is first replaced
with a new CdH path along which −𝜅𝑥+𝛺(𝜅)𝑧 = 𝜏 is met for all {𝜌∕𝑐 ≤
𝜏 <∞}, where 𝜌2 = 𝑥2+𝑧2. Combining again the contributions from the
hyperbolic arcs in the lower and upper halves of the complex 𝜅-plane,
we end up with an integral with respect to 𝜏 that can be expressed as
𝑃 (𝑦, 𝑥, 𝑧, 𝑠) (cf. Eq. (15)). Representing further the contribution from the
(double) pole singularity at 𝜅 = 0 by 𝑄̂(𝑥, 𝑦, 𝑧, 𝑠), we arrive at

𝑁̂ = 𝑃 (𝑦, 𝑥, 𝑧, 𝑠) + 𝑄̂(𝑥, 𝑦, 𝑧, 𝑠). (16)

Upon substituting Eqs. (15) with (16) in (11) and transform the
result to the TD, we finally get

𝐾(𝑥, 𝑦, 𝑧, 𝑡) = 𝑐
48𝜋2 ∫

𝑐𝑡

𝑣=𝑅
(𝑐𝑡 − 𝑣)4(𝑥, 𝑦, 𝑧, 𝑣)d𝑣

+ 𝑃 (𝑥, 𝑦, 𝑧, 𝑡) + 𝑃 (𝑦, 𝑥, 𝑧, 𝑡) +𝑄(𝑥, 𝑦, 𝑧, 𝑡). (17)

The function behind the integral sign is given by

(𝑥, 𝑦, 𝑧, 𝑣) = ∫

𝜋∕2

𝜓=0
𝑓 (𝑥, 𝑦, 𝑧, 𝑣, 𝜓)

×
𝑝2 − 𝑞2(𝑈2 − 1) sin2(𝜓)[cos2(𝜓) + 𝑈2 sin2(𝜓)]

2

90

{(𝑧2∕𝑑2) cos2(𝜓) + [(𝑣2 − 𝑟2)∕𝑑2] sin (𝜓)}2
×
d𝜓

{(𝑦2∕𝑑2) cos2(𝜓) + [(𝑣2 − 𝜌2)∕𝑑2] sin2(𝜓)}2
, (18)

ith 𝑟2 = 𝑥2 + 𝑦2, 𝑝2 = 𝑦2𝑧2∕𝑑4, 𝑞2 = 𝑦4∕𝑑4 − 6𝑝2 + 𝑧4∕𝑑4, 𝑈2 =
2∕𝑑2 − 𝑥2∕𝑑2 and

=
𝑣∕𝑑2

𝑈3
[

(𝑥2∕𝑑2) sin2(𝜓) + (𝑣2∕𝑑2 − 1) cos2(𝜓)
]2

×

{

(

3 𝑥
2

𝑑2
+ 𝑣2

𝑑2

)

[cos2(𝜓) + 𝑈2 sin2(𝜓)]3

+
(

4 𝑥
4

𝑑4
− 11𝑥2𝑣2

𝑑4
− 𝑣4

𝑑4

)

[cos2(𝜓) + 𝑈2 sin2(𝜓)]2

−
(

𝑥6

𝑑6
+ 5𝑥4𝑣2

𝑑6
− 10𝑥

2𝑣4

𝑑6

)

[cos2(𝜓) + 𝑈2 sin2(𝜓)]

− 2 𝑥
8

𝑑8
+ 7𝑥

6𝑣2

𝑑8
− 5𝑥

4𝑣4

𝑑8

}

. (19)

he remaining terms in the final TD result (17) can be expressed as
ollows

(𝑥, 𝑦, 𝑧, 𝑡) =
𝑐𝑥𝑑3 H(𝑥)

12𝜋

{

6|𝑦|𝑧𝑐𝑡
𝑑3

×

{

tan−1
[

|𝑦|(𝑐2𝑡2 − 𝑑2)1∕2

𝑧𝑐𝑡

]

+ tan−1
[

𝑧(𝑐2𝑡2 − 𝑑2)1∕2

|𝑦|𝑐𝑡

]

}

− 3 𝑧
𝑑
𝑐2𝑡2 + 𝑦2

𝑑2
tan−1

[

(𝑐2𝑡2 − 𝑑2)1∕2

𝑧

]

− 3
|𝑦|
𝑑
𝑐2𝑡2 + 𝑧2

𝑑2
tan−1

[

(𝑐2𝑡2 − 𝑑2)1∕2

|𝑦|

]

+
(

2 𝑐
2𝑡2

𝑑2
+ 1

)(

𝑐2𝑡2

𝑑2
− 1

)1∕2
}

, (20)

nd, finally,

(𝑥, 𝑦, 𝑧, 𝑡) =
𝑐𝑥𝑦H(𝑥)H(𝑦)

4
(𝑐𝑡 − 𝑧)2H(𝑐𝑡 − 𝑧). (21)
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