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ARTICLE INFO ABSTRACT

Keywords: In this paper, the robust stabilization problem by means of quantized sampled-data event-based
Quantized sampled-data controllers (QSE) controllers is investigated for nonlinear systems affected by state delays and unknown
Event-triggered control disturbances. In particular, a methodology for the design of robust QSE stabilizers is provided

Spline approximation
Nonlinear time-delay systems
Stabilization in the sample-and-hold sense

for control-affine nonlinear systems affected by unknown actuation disturbances and unknown
measurement errors. Firstly, the notion of Steepest Descent Feedback (SDF), continuous or not,
is suitably revised in order to deal with the robustification of event-based controllers. Then,
Input-to-State Stability (ISS) redesign methodologies are used to provide the robustification
term which is added to the SDF at hand in order to arbitrarily attenuate the effects of unknown
external disturbances affecting the considered control scheme. A spline approximation approach
is used in order to cope with the problem of the possible non-availability in the buffer of suitable
past values of the system state required for the correct application of the proposed robust QSE
controller. It is proved that there exist a suitably fast sampling and an accurate quantization
of the input/output channels such that: the robust QSE implementation of SDFs, continuous or
not, ensures the semi-global practical stability of the related closed-loop system, regardless of
the above disturbances, provided that the observation errors affects marginally the new added
control term. The stabilization in the sample-and-hold sense theory is used as a tool to prove the
results. The provided results include the case of non-uniform quantization of the input/output
channels and the case of aperiodic sampling. Applications are presented in order to validate
the results.

1. Introduction

In the last years, the study of quantized sampled-data control systems has received a growing attention by the researchers because
of the huge utilization of digital devices in many practical engineering applications. Many approaches have been proposed in the
literature concerning the stabilization problem of nonlinear delay-free/time-delay systems by means of quantized sampled-data
controllers (see, for instance, [1-8]).

A popular approach for the design of sampled-data stabilizers is the one based on the event-triggered control, which has been
proved to be successful in properly managing shared computation and communication resources in the digital world [9,10]. The main
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idea behind such an approach is to control the system whenever it really needs attention, by avoiding continuous-time state/output
monitoring and control updates unless they are necessary to satisfy a certain property, such as a stability one. Many methodologies
for the design of event-triggered controllers for nonlinear delay-free/time-delay systems have been provided in the literature (see,
for instance, [11-25] and references therein). In particular, as far as event-triggered control scheme are concerned, a handful of
results have been proposed in the literature for various class of nonlinear time-delay systems also in the sampled-data context (see,
among the others, [14,19,24,26-34]). In [32], an event-based controller is provided for nonlinear systems with state delays ensuring
the global asymptotic stability property of the related closed-loop system. The considered event-based mechanism is checked in
continuous-time basis and a proof of the avoidance of Zeno behaviors is provided. In [14,19,26], sampled-data event-based stabilizers
are designed for nonlinear systems with time-delay and results concerning the semi-global practical stability of the related closed-
loop systems are provided. The triggering conditions proposed in [14,19,26] are only examined at a sequence of state-sampling
instants so that a minimum inter-event time can be naturally guaranteed (i.e., Zeno behaviors are avoided). However, quantization
in the input/output channels and disturbances affecting the controller and the measurements of the system state are not considered
in [14,19,26].

To our best knowledge, results concerning event-based controllers for nonlinear systems with state delays have never been
provided in the literature taking simultaneously into account: (i) the presence of sampling (also aperiodic); (ii) the presence of
quantization (also non-uniform) in both input/output channels; (iii) the arbitrary reduction of the effects of unknown actuation
disturbances and unknown observation errors affecting the event-based digital controller at hand; (iv) possible discontinuities in
the function describing the controller; (v) problems related to the possible non-availability in the buffer of suitable past values of
the system state required for the implementation of the controller at hand.

In this paper, we fill this gap by providing a methodology for the design of robust quantized sampled-data event-based (QSE)
controllers for the important class of control-affine nonlinear systems with state delays affected by unknown actuation disturbances
and unknown observation errors. Firstly, the notion of Steepest Descent Feedback (SDF), induced by a class of Lyapunov—Krasovskii
functionals, is used in order to design a QSE controller. Then, the proposed QSE controller is robustified with respect to arbitrarily
large unknown actuation disturbances and suitably small unknown observation errors. In particular, the robustification of the
proposed QSE controller is performed by adding a new control term built up via the ISS redesign methodologies. It is assumed
that the bounds of the involved unknown disturbances are a-priori known and that the observation errors do not affect or affect
marginally the new added control term. Implementation problems related to the possible non-availability in the buffer of suitable
past values of the system state required for the correct implementation of the proposed robust QSE controller are also taken into
account. In particular, such a drawback is overcome by exploiting a spline approximation approach. Then, it is proved that there exist
a suitably fast sampling and an accurate quantization of the input/output channels such that a proposed robust QSE implementation
of SDFs, continuous or not, ensures the semi-global practical stability property of the related closed-loop system with arbitrarily small
final target ball of the origin and regardless of the above disturbances. The stabilization in the sample-and-hold sense theory (see,
for instance, [8,14,19,26,35-42]) is used as a tool to prove the results. We highlight here that, in the proposed design procedure,
discontinuities in the function describing the SDF at hand are allowed. Furthermore, the case of time-varying sampling periods
and the case of non-uniform quantization of the input/output channels are included in the theory here developed. To our best
knowledge, it is the first time in the literature that theoretical results concerning the arbitrary reduction of the effects of arbitrarily
large unknown actuation disturbances and of suitably small unknown observation errors are provided in the context of the QSE
control of nonlinear systems with state-delays. The proposed results are validated through applications concerning: (i) a single-link
flexible joint robot arm with time delays; (ii) a particular class of nonlinear time-delay systems.

Notation N denotes the set of nonnegative integer numbers, R denotes the set of real numbers, R* denotes the extended real
line [—o0, +o0], R* denotes the set of nonnegative reals [0, +o0). The symbol | - | stands for the Euclidean norm of a real vector, or the
induced Euclidean norm of a matrix. For a given positive integer » and for a symmetric, positive definite matrix P € R™", 4. (P)
and A,,;,(P) denote the maximum and the minimum eigenvalue of P, respectively. For a given positive integer » and a given positive
real H, the symbol 53}, denotes the subset {x € R" | |x| < H}. The essential supremum norm of an essentially bounded function
is indicated with the symbol || - ||,. For a positive integer n, for a positive real 4 (maximum involved time-delay): C" and Wnl’°°
denote the space of the continuous functions mapping [—4, 0] into R" and the space of the absolutely continuous functions, with
essentially bounded derivative, mapping [—4, 0] into R", respectively; Q" denotes the space of bounded, right-continuous functions,
with possibly a finite number of points with jump-type discontinuity, mapping [-4,0) into R". For ¢ € C", ¢|_,, is the function
in Q" defined, for 7 € [-4,0), as ¢|_,) (v) = ¢ (r). For a positive real H, for ¢ € C", Ch@ ={y €C|ly-9le, < H}. The
symbol Cy, denotes Cf;(0). For a continuous function x : [~4,¢) — R", with 0 < ¢ < +co, for any real ¢ € [0, ¢), x, is the function in
C" defined as x,(r) = x(t+7), 7 € [-4,0]. For a positive integer n and for x € R”", the symbol Q" denotes a finite subset of R". For a
positive integer n, for S = R” (or R*), C!(S;R*) denotes the space of the continuous functions from S to R*, admitting continuous
(partial) derivatives; Ci(S; R*) denotes the subset of the functions in C'(S;R*) admitting locally Lipschitz (partial) derivatives. A
continuous function y : Rt — R* is of class P, if y(0) = 0; of class P if it is of class P, and y(s) > 0, s > 0; of class K if it is of
class P and strictly increasing; of class KX, if it is of class K and unbounded. The symbol o denotes composition (of functions). For
positive integers n, m, for a function F: C" x R™ — R”" Lipschitz on bounded subsets of C" x R™, and for a functional V : C" - R*
Lipschitz on bounded subsets of C", the derivative in Driver’s form (see [43] and the references therein) D*V : C" x R" — R*, of
the functional V, is defined, for ¢ € C" and u € R™ as

V(b -V
DV () = lim sup o) ~ V@)
h—0* h

(€Y
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where for 0 < h < 4, ¢, € C" is defined, for s € [-4,0], as

@(s + h), s €[-A,—h)
¢h,,,(s) =
@(0) + (s + hYF(¢p,u), s € [—h,0].

2. Preliminaries

Let us consider a control-affine nonlinear system (the plant) described by the following retarded functional differential equation
(RFDE) [44,45],

() = £x) + gxu(t)., 12> 0ae.

(2)
x(7) = x¢(7), T € [-4,0]

where: x(t) € R", x5,x, € C"; A > 0 is the maximum involved time delay, assumed to be known; u(t) € R™ is the input signal;
f:C" - R" is a function, Lipschitz on bounded subsets of C"; g : C" — R™™ is a function, Lipschitz on bounded subsets of C"; n and
m are positive integers. It is assumed that the initial state x, € W,,l’°° (see [19,46], and, for a detailed discussion, Remark 6 in [46]).

For the reader’s convenience, we recall here classes of Lyapunov-Krasovskii functionals very helpful in the context of the robust
stabilization problem of nonlinear time-delay systems by means of quantized sampled-data controllers. In particular, we recall the
definition of smoothly separable functionals and of invariantly differentiable functionals [19,41,47,48]. Such notions will be the
key tools to introduce a suitable class of candidate Lyapunov-Krasovskii functionals by which the proposed robust QSE controller
is derived (see forthcoming items (a)-(d), Remarks 1, 2, Definition 3, (12), (13) and (15)).

Definition 1. A functional V : C" - R* is said to be smoothly separable if there exist a function V; € Ci(]R”; R*), a locally Lipschitz
functional V; : C" - R*, functions g, € K, i = 1,2, such that, for any ¢ € C", the following hold
Vig) =V1(90) + Va(¢)
Bi(pO)) < V1(é(0)) < Br(16O))).

As in [48], the formalism used in the classical definition of invariantly differentiable functional [47], is here suitably modified
for the purpose of formalism uniformity over the paper. For any given x € R”, ¢ € Q" and for any given continuous function
Y : [0,4] - R* with Y (0) = x, let W}(,x,qﬁ,y ) € Q", h €0, 4), be defined as w(()x’d”y ) = ¢ and, for h > 0,

«p) o _ J PG TR, s€l=4-h),
i © {y(S+h), s € [-h,0).

(3)

Definition 2. A functional V : R"xQ" - R" is said to be invariantly differentiable if, at any point (x, ¢) eR"xQ":

BV(X,WLX'([)'J]))

= and such

h=0

« for any continuous function Y : [0, 4] - R" with Y (0) = x, there exists the right-hand derivative

derivative is invariant with respect to the function Y;
« there exists the derivative w ;
+ for any continuous function Y : [0, 4] — R" with Y ;0) = x, the following equality holds for any z € R", for any A € [0, 4),
oV (xy &9
xdI)\ _ _ oV (x9) ( W 2 5 . . o(y/fs)
V<x+z,u/h ) Vg = 28Dy g ‘ h+o(y/Iz] + 0%, with lim “2 = 0.

1=0

In the following, the proposed procedure for the design of robust QSE stabilizers is presented. In particular, the proposed design
methodology is based on the Artstein’s approaches (see, for instance, [19,35,36,38,42,49-51]) making use of control Lyapunov—
Krasovskii functionals for the design of stabilizers. According to such approaches, as a first step of the proposed design procedure,
in the following a class of candidate Lyapunov-Krasovskii functionals is introduced. In particular, let V; : R” — Rt and 1, : 9" — R*
be two Lipschitz on bounded subsets functions. Then, we denote here with V the set of candidate Lyapunov-Krasovskii functionals
V . C" - R* defined for ¢ € C", as

V(¢) = Vi(¢(0) + Va(e), )
where ¥, : C" - R* is defined for ¢ € C" as V,(¢) = Va(éy_40)) and satisfying the following properties:

(a) the functional V is smoothly separable with related functions g, , as in (3);

(b) the function (¢, u) — D+I72(¢, u), ¢ € C", u € R™, is Lipschitz on bounded subsets of C" x R” where the derivative in Driver’s
form (see (1)) of the functional 172 is computed with respect to the function F(¢,u) = f(¢) + g(¢p)u with f and g in (2);

(c) the functional V : R" x Q" — R* defined, for xeR", p €0Q", as V(x, p)=V;(x)+V,(¢), is invariantly differentiable;

(d) there exist functions y;, i = 1,2, of class K, such that, for any ¢ € C",

11UpO)D) < V(@) < r2(lldllo)- G))



M. Di Ferdinando et al. Nonlinear Analysis: Hybrid Systems 52 (2024) 101463

Remark 1. Notice that, the items (a)-(d) are satisfied by a very large class of Lyapunov-Krasovskii functionals, including standard
complete quadratic ones (see, for instance, [48,52-56]). For instance, the following standard functional

0
V($) = " (0)PH(0) + / " (1)0P(r)dT, ¢ € C", (6)
-4

fulfills items (a)-(d) with functions £,(s) = 7,(s) = Apin(P)s%, £o(5) = Amax(P)s%, 72(5) = (Amax(P) + Al (0))s?. The invariant
differentiability property, as here connected with the smooth separability one (see items (a) and (c)), has been proved to be very
helpful in order to apply ISS redesign methodologies for the robustification of stabilizers for control-affine nonlinear time-delay
systems (see [40,48] and the references therein). In particular, from a technical point view, as shown in forthcoming Lemma 2,
the smooth separability property turns out to be very helpful to derive suitable Lyapunov-Krasovskii functionals involving lower
and upper bounds in terms of the supremum norm (see forthcoming points (f.1), (f.2), (f.3) and, in Lemma 2, points (c.1), (c.3)
and (c.4)). Such Lyapunov-Krasovskii functionals will be exploited for the stability analysis of the considered QSE control system.
The invariant differentiability property (see the item (c)) is here introduced to ensure that the derivative related to the candidate
Lyapunov-Krasovskii functional V,(¢) evaluated along the solution of system (2) does not involve the control input «. As shown in
forthcoming Lemmas 1 and 2, in the context of systems with state delays, such a requirement turns out to be very helpful from a
robustification point of view. For more details, the reader is referred to the proof of Lemma 1 reported in [40] where only the case
of robust sampled-data controllers is investigated without taking into account the presence of quantization, spline approximation
strategies and event-based updates. We highlight also that, in the forthcoming Section 5, it is shown how a standard functional of
the form (6) can be easily used to apply the control design methodology proposed in this paper. In particular, the proposed results
are applied to a mechanical system with state delays (see, for instance, [57]) and to a class of nonlinear time-delay systems.

In the following, the well-known notion of Steepest Descent Feedback (SDF) (see, [35,36,42] for the delay-free case and [19,40]

for the delayed case) is revised in order to deal with the design of robust QSE controllers.

Definition 3. Let VV € V. A locally bounded function k : " — R™, continuous or not, is said to be a SDF for the system described
dp(s)

by (2), induced by V, if there exist positive reals #, u, p, a function p in C i (Rﬂ R’“), of class K, and satisfying < p, a function

a of class P, such that I, — @ is of class K, a real v € {0, 1}, such that, for any ¢ € C", the following conditions ‘hold

VDV (. k(@) + max{ 0. D*poV; (b, k(@)) + upoVi (#(0) | < @™ popy (9l )

S(0) + g(0)k(0) = 0, ®

where: g, is the function of class K, in Definition 1; the derivative in Driver’s form (1) of the functional V is computed with respect
to the function F(¢,u) = f(¢) + g(¢p)u with f and g in (2).

Let us introduce the following assumption.
Assumption 1. There exist a functional V € V and a related SDF k for the system described by (2) (see Definition 3).

Remark 2. Notice that, inspired by the well-known Artstein’s approaches proposed in the literature (see, for instance, [19,35,36,
38,42,49-51]), from a practical point of view, Assumption 1 can be checked by exploiting the procedure consisting in the following
steps:

s.1 define a candidate Lyapunov-Krasovskii functional V' € V (see, for instance, (6) in Remark 1);
s.2 try to find a locally bounded function &, continuous or not, satisfying (7) (i.e., a SDF k according to Definition 3).

It is here highlighted that, inequality (7) concerns robustness of negative definiteness, with respect to a small perturbation term,
of the functional derivative (see Remark 2 in [41]). Taking into account that in Definition 3, discontinuities in the function describing
the SDF at hand are allowed, no kind of stability property is ensured for the continuous-time closed-loop system described by (2) with
u(t) = k(x,). On the other hand, in the particular case of SDFs described by Lipschitz on bounded subsets functions, from Theorem
3.5 in [41], inequality (7) implies the global asymptotic stability property of the related continuous-time closed-loop system.

3. Digital event-based implementation

In this section, the proposed robust QSE implementation of SDFs is presented. Firstly, for the presentation of the proposed
digital event-based controller, the notions of quantizer (see, for instance, [2]), of partition (see [36,41]) and of spline approximation
(see [19]) are recalled. Such notions will be used for the characterization of the digital framework under study (see forthcoming
Fig. 1).

For a given positive integer N, a quantizer is a function qy : RN > Q;V (see the Notation Section) such that, for some given
positive real E (range of the quantizer) and Hy (error bound of the quantizer), the following implication holds (see, for instance, [2]):

MI<E - 19,0 =yl <uy yeERN. 9
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a(t) + |0 =) +d)
Plant z(t)
- @(t) = f(xt) + glar)u(t)

LGN Digital Sensor

7ZOH 5O Jga((t)) + ¢;(0))
t] §t<t]—|—17 ]20717
Hu  |[Event-Based Controller
%f:HP%)
with the sequence i
as in (13)

o(t) = CIu<aij)

qu

Fig. 1. Control scheme.

Definition 4. For a positive integer /, a partition = = {¢;, j = —I,—[+1, ...} of [-/4, o) is a countable, strictly increasing sequence
1; € [-14, ), with 7, = 0, such that#; — co as j — co. The diameter of z, denoted diam(x), is defined as sup;>_, 7, —;. The dwell time
of z, denoted dwell(x), is defined as inf ;,_; 7, , —1;. For a given a € (0, 1], § > 0, x, ; is any partition z with a6 < dwell(z) < diam(z) < 5.

Remark 3. Notice that, Definition 4 aims at characterizing the sampled-data framework here considered by partitioning the time
axis into sampling intervals [¢;,7;,,), j = =/, + 1, .... We highlight that, in Definition 4, the positive real a € (0, 1] is introduced in

order to consider the case of non-uniform sampling in which, for j = I, -/ +1,..., ad <t;,; —1; < §, with § representing the upper
bound for the sampling period.

For given 6 < 4 (4 > 0), a € (0,1], let / be the smallest positive integer such that /a6 > A. Let 7,5 C R/*! be the set defined as
follows (see [19])

Tras ={ w=(wy, -~ w) eRM w, €[50}, k=0,1,....1, o)
Wo =0, wy— 10, > A, 6> wy —weyy > a6 k=0,1,....1-1 }
Let P, 5 : R"*Dx 7, s — C" be the function defined (see [19]), for z=(z] z[T)T eRMD w=(w, - w,)T € 7,5 and
t € [-4,0], as follows
T~ Wi
(Ppa5(z, W(T) = 2y + ——— (25 — Zp41), amn
Wi — Wiyl
where k is the smallest integer in {0,1,...,/ — 1} such that w; > 7 > w,,,. Fig. 1 illustrates the considered QSE control scheme

in presence of actuation disturbances and measurement errors. In the following points (i) and (ii), the actuation disturbances and
measurement errors under investigation (see the control scheme in Fig. 1) are described. In particular, for a given partition 7, 5 (see
Definition 4),

(i) the actuation disturbances are characterized by an unknown function d(7):

(i.a) assumed to be continuous in any interval [¢;,7;,,) with possible discontinuities in the sampling instants ¢;, j € N;
(i.b) satisfying |d(1)| < d, Vt € R*, with d a known positive real;
(i.c) such that there exists finite lim,_, - fi(t), j=0,1,....

Jjt+

(i) the measurement errors affecting the quantized sampled-data output channel are characterized by an unknown sequence
e : N — (", satisfying |le;ll, <&, j=0,1,..., with & a known positive real.

In the following, for the first time in the literature of nonlinear time-delay systems, the ISS redesign methodologies (see, for
instance, [40,42,58-60]) are used for the robustification of QSE stabilizers, induced by SDFs, with respect to actuation disturbances
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and measurement noises (see Fig. 1). In particular, a new control term is designed and added to the SDF at hand in order to arbitrarily
attenuate the effects of the disturbances considered in points (i) and (ii). To such an aim, under Assumption 1, let:

- 5 : C" - R™ be the function defined, for ¢ € C", as follows

IV, (x) r
= 12
5@ ( 0x ‘x=¢(0)g(¢)> ' (12
where V| is the function related to the SDF at hand (see Definition 3);
— k : C" - R™ be the function defined, for ¢ € C", as follows
k(@) = k(®) — 0S(¢), (13)

where: @ > 0 is a control tuning parameter to be chosen (see forthcoming Theorem 1); k is the SDF in Assumption 1 (see also
Definition 3).

Remark 4. Notice that, in order to cope with nonlinear systems affected by state delays, the robustification term —w.S(¢) (see
(12) and (13)) has been here designed by the introduction of suitable Lyapunov-Krasovskii functionals which are invariantly
differentiable and smoothly separable (see, for instance, [40] for the case of sampled-data controllers without quantization, spline
approximation strategies and event-triggered updates). In particular, the robustification term —w.S(¢) (see (12)) is here designed by
exploiting the Lie derivative of the function V; along the vector field g. In the literature concerning nonlinear systems, the term
—wS(¢) (see (12)) is commonly called Ly control term (firstly introduced in [60]) and it has been widely used to solve robust
control problems in many contexts (see, for instance, [40,42,58-64] and the references therein) which, however, do not include
the framework here considered (see Fig. 1). We highlight that, to our best knowledge, it is the first time in the literature that a
robustification approach based on L,V control terms is successfully applied to QSE stabilizers induced by (continuous or not) SDFs.

In the following, some useful functionals are introduced for the presentation of the event-based mechanism which will be
exploited for the update of the controller at hand. In particular, under Assumption 1 and taking into account the positive reals
n, u, v and the functions p and V related to Definition 3, let:

(f.1) V3 : C" - R* be the functional defined, for ¢ € C", as

V3($) = supgeq_4.0) ¢ poVy($(6));
(f.2) vV, : C" -> R* be the functional defined, for ¢ € C", as V(¢) = vV (¢) + nV3(d);
(f.3) D, : C"xR™ - R be the functional defined, for ¢ € C", u € R™, as follows

Deo(h,u) = vDHV (¢,u) = nuV3(9)
+nmax{0, DY poV; (¢, u) + ppoV,(¢(0))}.

In the following, the proposed QSE controller is provided. For a given positive real ¢ € (0, 1), for given positive reals j and /i in
(0, 1], for a given partition 7,5 (see Definition 4), for given quantizers ¢, : R" — Q" and ¢, : R" — Q" (satisfying (9)), the
proposed robust QSE controller for the system (2) when affected by measurement errors and actuation disturbances (see Fig. 1 and
the considered disturbances in points (i) and (ii) above) is described by

14

u(t) = 4, ) +d(0) = qu<l~<(7’;j’ )) +d(0), as)
tEt b)), J=01,.., 1,1, €n,,

where:

« k is the function in (13);
. P;.’X = P,’Hﬁ(ng(j),B,—(j)), j=0,1,..., with P the function defined in (11) (see Fig. 2)

. Bg‘ : N— R"+D and By : N — R™*! are defined (recursively) as

4, (X0(0) + &,(0))
BE(0) = : .
Gy (Xo(1_p) + &p(1_)))
4y (xo(7) + (7)) T € [-4,0]

qx(Xo(7) + ey(7)) =
okTI T CotE 4 (xo(=2) + eg(=4)) 7 € [1_,,—4]

B = (qx(x<t,->+ej(0))> . <0nm 0, ) B 1), (16)
S (1) Oln><1 Iln OIan s (l )
0 1
-y ; O O . .
Br(O)=|7"| Br(h)= ( b 0) (BT(J D=0 -1 >
: 1 1
]
Jj=12.
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Fig. 2. An example of the spline approximation method here used (see Pj‘" in (15)).

« the sequence i, j=0,1,.., is defined as i, =0 and, for j > 1, i; = j in the event that (see (f.3))
= Doo(P*, 4,(1;,_)) + 0D (P*. q,(@)) < H(P}), 17)

and i; = i;_; otherwise;
« the function H : C" — R* is defined, for ¢ € C", as follows

H($) = d(v(1 - 0) + 4n5(1 + ) <|S<¢>| + W) +3(1 4 o) Lpe. as)

« 1, v and p are the positive reals in Definition 3;

» w is the control tuning parameter in (13);

« Lp is a suitable control tuning parameter to be chosen (see forthcoming Theorem 1);

« ¢ and d are the bounds of the involved observation errors and actuation disturbances, respectively (see points (i) and (ii)
above).

Remark 5. Notice that, the knowledge of infinite dimensional measurements ‘Ix(xr, (7) + ¢;(7)), T € [-4,0] is not needed for the
correct implementation of the proposed robust QSE controller (15). Indeed, spline approximation methodologies (see [19]) are
here used in order to obtain an approximation of the infinite dimensional variable qx(x,j (r)+e;(1)), T € [-4,0], by interpolating the
available quantized sampled-data measurements ¢, (x(t;) +e;(0)) (see (11) and P;’* in (15)). In Fig. 2, an example of the interpolation
method here considered is reported.

Remark 6. Notice that, the proposed triggering condition (17) is checked just at times #;, j = 0,1, ..., guaranteeing a minimum
dwell-time a5 between two consecutive sampling instants (see Definition 4). Hence, no continuous-time monitoring of the state
variables is needed and possible Zeno behaviors are avoided by sampling with dwell-time.

Remark 7. Notice that, in (16), B;’;‘ and B describe buffers of length (/+1)n and /+1 collecting, respectively, the quantized sampled-
data state measurements affected by the noises e;, j = 0,1, ..., and the times elapsed between a sampling and the following. The
informations in ng and By (see (16)) are used in order to obtain an approximation of suitable past values of the system variables
via (11) that are not available in the buffer and which are needed for the implementation of the controller.

In the next section, semi-global practical stability results will be provided for the QSE closed-loop system described by (2)-(15)
(see Fig. 1). For the reader’s convenience, in the following, for the first in the literature, the notion of semi-global practical stability
is provided in the context of nonlinear time-delay systems exploiting QSE controllers and affected by actuation disturbances and
measurement errors. In the forthcoming Definition 5, for a given sequence e : N — C" (see point (ii) in Section 3), we will consider
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the function B : N — R"(+D defined (recursively) as:

e €[-4,0

Bo=| i | am=qo el
Zo(t_)) eg(—=4) t€Et_,—4] (19)
(0 0 0

o= () (e )= smv

Definition 5. The QSE closed-loop system described by (2)—(15) is said to be semi-globally practically stable by fast sampling and
accurate quantization if, for any positive reals & and d (bounds of the involved measurement errors and actuation disturbances), for
any positive reals R (radius of the ball of the initial states), r (radius of the final target ball) and ¢, with 0 < r < R, for any positive
reals a, f1, ji in (0, 1] and o € (0, 1), there exist positive control tuning parameters 6 (sampling period), E|, u, (range and quantization
error bound of the output quantizer ¢,), U, u, (range and quantization error bound of the input quantizer g,), w (control parameter

in (13)), Lp (control parameter in (18)) and positive reals E (overshoot) and T (settling time) such that: for any initial condition
dx,(0)

xo € Cp, satisfying ess supge[_m]‘
error as in point (ii) and satisfying

) < g, for any unknown actuation disturbance as in point (i), for any unknown observation

- . - e
sup  [S(P 5%+ BG(), w)) = S(Pp (X, w))| < =, Yw €T} 45,
) [ (20)
EvI+1
the corresponding unique, locally absolutely continuous solution exists V¢ > 0 and, furthermore, satisfies
IXlleo < E, Y120, lIxllo <7, V12T. 2D

4. Main results

In the following, the main results of the paper are provided. In particular, we will show that, under Assumption 1, there
exist suitable control tuning parameters w and L;, (see (15)—(17)), a suitably fast sampling § and an accurate quantization of the
input/output channels (i.e., ranges and error bounds for the quantizers ¢, and ¢, in (15)) such that the semi-global practical stability
property of the closed-loop system (2)—(15) (see Definition 5) is ensured regardless of the unknown actuation disturbances d (see
point (i) and Fig. 1 in Section 3) and of the unknown observation errors e (see Fig. 1 and point (ii) in Section 3). In the following,
we will consider functions «;, i = 1,2, of class K, defined for s € R* as follows

a;(s) = ne " Ap(B(s)), ay(s) = vyy(s) +np(Pa(s)), (22)

blue where: #, u and v are the positive reals in Definition 3; p is the function in Definition 3; y, and f;, i = 1,2, are the functions
related to the Lyapunov—Krasovskii functional V € V (see items (a) and (d)).

Theorem 1. Let Assumption 1 hold. Let a, ji and fi be arbitrary reals in (0,1]. Let ¢ be an arbitrary real in (0, 1). Then, for any positive
reals r, R, q, d and & with 0 < r < R, for any positive real E > R with a;(E) > a,(R), there exists a positive real @ such that for any w > @,
there exist positive reals 5, T, U, Ly, E,, u, and p,, such that: for any state quantizer g, with error bound u, and range E,, for any input

quantizer g, with error bound p, and range U, for any initial state x, € W,"® n Ch, and satisfying ess supye_ Am’% < g, for any
partition 7,5 = {t;, j = =I,—=1 +1,...}, where | is the smallest (nonnegative) integer such that la5 > A and {t_;,t_;,,....,0} € T}, 5, for
any signal d : RY - R™ of unknown actuation disturbance as in point (i), for any signal e : N — C" of unknown observation error as in
point (ii) and satisfying (20) the corresponding unique locally absolutely continuous solution of the QSE closed-loop system, described by

(2)-(15), exists Vt > 0 and, furthermore, satisfies:

X, €CI, V120, x, €C’, Vi>T, (23)

i.e., the QSE closed-loop system described by (2)-(15) is semi-globally practically stable by fast sampling and accurate quantization (see
Definition 5).

Proof. The proof of Theorem 1 is reported in Appendix.

Remark 8. Notice that, the main challenge addressed in this paper and overcome with the results provided in Theorem 1 concerns:
how to design stabilizers for the system (2) taking simultaneously into account the following aspects (see Fig. 1): (a.1) the presence
of sampling (possibly aperiodic); (a.2) the presence of quantization (possibly non-uniform) in both input/output channels; (a.3)
the arbitrary reduction of the effects of unknown actuation disturbances and unknown observation errors affecting the event-
based digital controller at hand; (a.4) possible discontinuities in the function describing the controller; (a.5) problems related
to the possible non-availability in the buffer of suitable past values of the system state required for the implementation of the
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controller at hand. To our best knowledge the framework reported in Fig. 1 has never been investigated in the literature of
nonlinear time-delay systems. Theorem 1 provides, for the first time in the literature, stability results for nonlinear systems with
state delays affected by actuation disturbances and measurement errors and making use of QSE controllers based on (continuous or
not) SDFs (i.e., taking simultaneously into account the aspects (a.1)-(a.5)). The simultaneous consideration of the aspects (a.1)-(a.5)
introduces several difficulties in the stability analysis of the related closed-loop system which are addressed and solved by suitably
reformulating the stabilization in the sample-and-hold sense theory [8,14,19,26,35-42], here used as a tool to prove the proposed
results (see the proof of Theorem 1 reported in the Appendix). For instance, differently from the frameworks commonly studied in
the literature (see, for instance, [10,14,19,20,22,26,65,66] and the references therein), the following difficulties are here addressed
and overcome: (d.1) how to cope with sampled-data event-based controllers based on (continuous or not) SDFs in presence of
quantization and unknown external disturbances; (d.2) ensure the efficacy of the added L,V control term against unknown external
disturbances when implemented in presence of sampling, quantization, spline approximation strategies, and event-triggered updates.
Indeed, as far as (d.1) is concerned, it is well-known that, event-triggered mechanisms based on Lyapunov functions require the
evaluation of the related Lyapunov derivatives along the solution of the closed-loop system under study in order to be correctly
applied (see, for instance, [10,14,19,20,22,26,65,66] and the references therein). In presence of unknown actuation disturbances
and unknown measurement errors, the exact evaluation of the related Lyapunov derivatives is prevented because of the required
knowledge of the signals describing the involved uncertainties. Moreover, in the case of nonlinear systems with state delays, such an
evaluation requires the knowledge of the infinite dimensional variable x, which, in a real practice, is unavailable due to technological
constraints. The Lyapunov-Krasovskii event-triggered mechanism (17) overcomes these drawbacks by exploiting, in the evaluation
of the related derivatives, only the quantized sampled-data measurements acquired at sampling instants ¢ ; (e gy (x(t;) +e;(00) and
the bounds of the involved disturbances (i.e. d and ¢) together with a spline interpolation methodology to obtain an approximation
of the required infinite dimensional variables (see (11), Pj‘.’* in (15), (17), Fig. 2 and Remark 5). As far as (d.2) is concerned, we
highlight here that, in the literature of nonlinear systems with state delays, the robustification property of the added L,V control
term (see (12), (13)) has been proved just in the context of sampled-data control (see [40]). On the other hand, the efficacy of the
robustification term (12) has never been proved by taking into account the simultaneous presence of sampling, quantization, spline
approximations and with an event-triggered strategy exploited for its updates. In Theorem 1, for the first time in the literature,
theoretical results concerning the arbitrary reduction of the effects of arbitrarily large unknown actuation disturbances and of
suitably small unknown observation errors are provided in the context of the QSE control of nonlinear systems with state-delays. We
highlight also that, results concerning the quantized sampled-data implementation of stabilizers possibly described by discontinuous
functions have never been provided in the literature of nonlinear systems with state delays, not even for the case without event-based
update strategies (see Definition 3 and Theorem 1).

Remark 9. Notice that, in Theorem 1, the signals d and e are unknown and characterize the involved actuation disturbances
and measurement errors, which affect the proposed QSE controller (15) when closed in the loop with system (2) (see Fig. 1 and
points (i), (ii) in Section 3). In order to arbitrarily attenuate the effects of such disturbances, the term —w.S(¢) (see (12)) has been
added to the SDF at hand (see (13)). In particular, the results provided in Theorem 1 are valid for any actuation disturbance with
arbitrarily large bound as described in point (i) of Section 3. On the other hand, in Theorem 1, the involved measurement errors are
supposed to be suitably small so that the robustification term —w.S(¢) (see (12)) is marginally affected by these errors (see (20)).
This fact can happen, for instance, when the robustification term depends on state variables that can be measured better than
other state variables, or when the variation of the robustification term is sufficiently slow with respect to measurement errors. We
highlight that, taking into account that discontinuities in the function describing the SDF at hand are allowed (see Definition 3),
even small measurement errors may turn in serious performances deterioration of the feedback control law. Then, the robustification
of quantized sampled-data event-based SDFs is significant also in the case of suitably small measurement errors (see (20)).

Remark 10. Notice that, in the proof of Theorem 1 (see the Appendix), a methodology for the computation of an upper bound
for the sampling period &, of upper bounds for the quantization errors yu,, u,, of quantizers ranges E;, U, of control parameters
®, Lp, and of a settling time 7 is provided (see Steps (1)—(10) soon after Lemma 2 and (A.29)). According to our experience,
such steps may well provide a conservative upper bound for the sampling period as well as a conservative quantization of the
input/output channels. The source of such conservatism may be the use of Lipschitz constants of many involved functions as well as
lower and upper bounds of Lyapunov-Krasovskii functionals and derivatives. On the other hand, the results provided in Theorem 1
are of the existence type, and the study of the conservativeness of the sampling frequency as well as of the quantization in the
input/output channels is beyond the aim of this work, and is left for future investigations. We highlight here that, to our best
knowledge, it is the first time in the literature of nonlinear systems with state-delays that a methodology for the design of QSE
controllers, robustified with respect to arbitrarily large unknown actuation disturbances and suitably bounded unknown observation
errors and ensuring the semi-global stability property of the related closed-loop system regardless of the mentioned disturbances, is
provided.
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5. Applications
5.1. Application to a single-link robot arm
In the following, the results stated in Theorem 1 are applied to a single-link flexible joint robot arm with time delays. Let us
consider a robot arm described by the following nonlinear time-delay system [57,67]:
41,1(1) =q,(),

q1.2(t) = —py singy 1 () + pa(gp,1 (1) — g1, (1))
= P34y, (t — Ap) cos(q ,(t — 4y)),

. 24
Gp1 (1) = qp5(1),
42,2(1) = —pa@r () + ps(qy 1 () — @21 () — Pe(q22(t — 4y) sin(gqy 1 ( — 4,))
+ I.Zqiz(t = Ay (t — Ay) — u(D)),
where: ¢;;, ¢;, € R, i = 1,2, are the positions and velocities of the link and the actuator, respectively; p; = ”'7’51, py = %, p3 = %,
Py = g, ps = 5, Ps = % are the involved parameters; 4, = 1[s] and 4, = 2[s] are the involved time-delays related to the

interconnection between the link-side subsystem and the actuator-side subsystem which is often accompanied by energy transfer that
leads to the time-delay phenomenon. See [57,67] for more details concerning the model (24) and related parameters. Let y; € R and
23(t) be the desired position for the link and actuator, respectively. Let us define x,(t) = q; 1 (/)= x1, X, (t) = g1 5(1), X3(t) = g5 1 ()= 13(0),
x4(0) = g () - 73(t). From (24), we obtain the following error system

x1() = x,(1),

Xz(t) = —pysin(x; (1) + x1) + pr(x3() + 3() — x1(H) = x)

= p3(x1(t = 4p) + xp)cos(x, (7 — 4y)),
x3(1) = x4(0),

x4(1) = —py(x4(1) + 23(0) + ps(x, () + 1 — X3(0) — x3(1)
— pe((x4(t — A) + y3(t — Ap) sin(x; (t — 4y) + 77) (25)
+ 1.2x§(l — ) (x5t — Ay) + 3t — 4y))) — 13(t) + peu(?).
Let k : C" — R be the function, defined for any ¢ € C", as follows

k(@) =$1(0)+ 1 + i(—kuﬁu(o) — ka2 (0) + py sin(@1(0) + 1)

(26)
+ p3(P1(=4)) + x1)cos(y(—4))), ki, ky > 0.
By choosing y;(t) = k(x,), from (25) we obtain
x,(0) 0 0O 1 0 0
o Xz(t) = 0 - |-k —ky p O
x(t) = X3(t) = Ax(t) + 0 , A= 0 0 o 1l 27)
)Q(t) f4(x;) + pgu(t) 0 0 0 0
where:
FaGxp) = =pa (g + ky (X)) + ps(x1 (1) + x1 — x3(F) — k(x,))
— Pe((ea(t — Ay) + Ky (x,)) sin(x, (t — 4y) + z1) (28)

+ 1.2x3(1 = Ay)(e3(t = Ay) + k3(x)) — Ky (x,);
ki(x) = )-(3(02 ky(x,) = )f3(t —4); k3(x) = 3t — 4y); ky(x,) = )"(3(1)2
the functions k; : C" - R, i = 1,...,4, are readily defined in (28). Notice that system (27) is in the form (2) with x, € ¢4 and
A=24, +24,.
According to the proposed design procedure, let V; : R* - R* and V, : Q* — R be the functions defined, for x € R* and ¢ € Q*
as follows

Vi(x) = xT Px, Vy(¢) =0, (29)

—ki kP 0
0 0 0 1
0 0 —ky  —ky

that, functions ¥; and V, in (29) satisfy points (a)-(d) in Section 2 with functions f;(s) = y;(5) = Apin(P)s2, fo(5) = 15(5) = Apax (P)s%.

Now, taking into account the considered candidate Lyapunov-Krasovskii functional V' (see (4)) obtained from (29), in the following,

where P is the symmetric positive definite matrix satisfying A” P+ PA = —I, with A = , k3, ky > 0. Notice

10
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we try to find a SDF according to Definition 3. In particular, taking into account (27) and the functions V;, ¥, in (29), for any ¢ € C*,
the following equality holds:

DYV (¢,u) = 2¢(0) PAG0) + 260" P[0 0 0 fu(d)+ p6u]T. (30)
From (30), by choosing u = k(¢), where k : C" — R is the function defined, for ¢ € C", as follows

k) = 5 (= 1s(@®) = kab3(0) = kapy(O)), K, by >0, @D
we obtain

D'V (. k(¢) < ~|¢O)*. 32)
Then, taking into account (32) and by choosing, for instance, p=1,,v=1,7n>0, u = %, a = 0, inequality (7) is satisfied. It

follows that the function k in (31) is a SDF for the system (27) according to Definition 3 Haé Assumption 1 is satisfied in this case).
It follows that all the conditions to apply Theorem 1 are satisfied for this case.

In the performed simulations: the initial state of system (24) has been chosen equal to (g, ;(t + 7) q,(t+17) gy (t+7) gop(t + r))T
= 0, 7 € [-4,0]; the desired position of the link y, has been chosen equal to 1; a uniform sampling period (i.e. a = 1) equal to
8 = 0.01[s] and quantizers based on the round-to-nearest method with 0% = {x € R*|x; = £0.0001/, i = 1,....,4, j = 0,1,...,10%}
and Q, = {u € Rlu = £0.01, j = 0,1,...,1000} have been chosen; the controller parameters in (31) are chosen equal to k; = 5,
i=1,...,4; an actuation disturbance d (r) = sin (f) + d,(t) has been considered where d,(t) = d,(j), t € [t;,t;41), = 0,1, ..., with d.(j)
taken from the interval [-0.5,0.5] by emulation of the uniform probability density function; observation errors e, (j) = 1073 sin (¢ j),
ey (j) = 1075 cos (1;), e3(j) = 107 sin (1;) and e, (j) = 1078 cos (t;), j = 0,1,..., have been considered; the parameters related to
the robustification term (see (12)) and to the triggering mechanism (see (17)) have been chosen equal to w = 20, u = 1075,
i =107, i =107 and Ly, = 200; different values of the parameter o, related to the triggering mechanism (see (17)), have been
considered. The simulation results, in the case ¢ = 0.1, are shown in Fig. 3. In particular, Fig. 3 compares the performances of the
proposed robustified digital event-based controller with the ones related to the robustified digital time-triggered controller, to the
non-robustified digital event-based controller (i.e., w = 0) and to the non-robustified digital time-triggered controller (i.e., w = 0).
The robust event-triggered solution with § = 0.01[s] achieves very good performances similar to the ones of the robust time-triggered
solution, in spite of lower average frequency of control updates with respect to the robust quantized sampled-data time-triggered
controller with the same sampling interval (around 11.9% of the sampling intervals). Moreover, it is clear from Figures 3 that
the proposed robustified digital event-based controller can drastically reduce the effects of actuator disturbances and observation
errors, forcing the state variables to a neighborhood of the origin which is much smaller than the one with the non-robustified
digital event-based/time-based controller. Simulations fully validate the theoretical results.

5.2. Application to a particular class of nonlinear time-delay systems

In this subsection, the proposed results are applied to a particular class of nonlinear time-delay systems in control-affine form.
Let us consider the nonlinear time-delay system described by the following RFDEs:

x,(H) = f1(x,),

. (33)
xp(1) = fo(x) + g(xu(@),

X1

where: x, = < > € C™!, x|, €C", x,, € C is the system state; f| : C"*! - R" is a function Lipschitz on bounded subsets of C"*!

X2t

and, such that there exists a symmetric positive definite matrix P € R satisfying, for any ¢ = ( > ect, ¢, ec, ¢, €C,

&
()

26,0 Pf1(¢) < —011¢1 ()] + [2(0)|05(), (€2
with ¢, a positive real and ¢, : C"*! - R a known function Lipschitz on bounded subsets of C"*!; f, : C"*! — R is a known
function Lipschitz on bounded subsets of C"*!; g : C"*! — R is a known function Lipschitz on bounded subsets of C"*! and satisfying

Zmin < &(@) < gmax» Yo € C"*1, where g, and g, are positive reals; u(r) € R is the control input. According to the proposed design
procedure, let ¥, : R™! — R* and ¥, : Q"*! — R* be the functions defined, for x € R"*! and ¢ € Q"*! as follows

Vi(x) = x"Px, V() =0, (35)
where, P = ((_)1; ?), with P the matrix in (34) and 0 € R" a vector of zeros. Notice that, the functions ¥; and V, in (35)

satisfy points (a)-(d) in Section 2 with functions f;(s) = 7;(s) = Apin(P)s?, 2(s) = 72(s) = Apax(P)s. Now, taking into account
the considered candidate Lyapunov—Krasovskii functional V' (see (4)) obtained from (35), in the following, we try to find a SDF
according to Definition 3. In particular, taking into account (34) and the functions ¥}, V, in (35), for any ¢ € C"*! and for any
u € R, the following equalities/inequality hold:

f1@ )
f2(d) + g(d)u

=26¢,(0)" P () + 20, (0)(f(h) + g(p)u)

< =01 11O + [h5(0) 62 () + 2¢02 (0)(f2 () + g()u).

DYV (¢, u) = 2¢(0) P (
(36)

11
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Fig. 3. In the first four panels, the evolutions of x;(), i = 1,2,3,4 are reported. In the last two panels, the evolution of the state variable ¢, ,(t) and a zoom of

the control input u(t) is reported.

From (36), by choosing u = k(¢), where k : C"*' — R is the function defined, for ¢ € C"*!, as follows

_ 0.5sign(¢(0))o(¢) + f2(¢) + 53¢0,(0)
g(¢) |

with o3 > 0 a positive tuning parameter, we obtain

k() =

DYV (h, k(@) < =611 (0)|* = 265|¢h,(0)* < —min{ay, 53} |(0)|.

(37)

(38)

Then, as far as inequality (7) is concerned, taking into account (38) and by choosing, for instance, p = I,, v = 1, n > 0,

min{cy, 03}

) a = 0, then, for any ¢ € C"*!, the following inequality holds

u=

)“max

VDV, k(@) + nmax{ 0, D*poV (4. k() ) + upoVi (#(0) } <
- min{c;.03}|¢(0)[* <0.

(39

It follows that the function k in (37) is a SDF for the system (33) according to Definition 3 (i.e. Assumption 1 is satisfied in this
case). It follows that all the conditions to apply Theorem 1 are satisfied for this case. Notice that, the proposed SDF k in (37) is

discontinuous.

Example Let us consider a nonlinear time-delay system described by

x1(1) = x, (D),
(1) == (=X (1) +x5(O)x3 (1) +x3(t = A)x3 (1) +3 () —x3(£)x3 (1 — 4),
x3(t) = x3()x3(1) + 3% (1) + X, (1—4) + u(?),

12

(40)
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Fig. 4. In the first three panels, the evolutions of x;(r), i = 1,2,3 are reported. In the last panel, a zoom of the control input u(r) is reported.

X1t
where: x, = |x,,| € C3, x,,, x,,;, x3, € C is the system state; u(t) is the control input; 4 is the involved time-delay. Notice that,
X3¢
system (40) is in the form (33) with the functions f, : C> - R?, f, : > > R and g : C* - R defined, for ¢ € C3, as follows
fi@® = ( $2©) )
! —1(0)=$5(0)+¢3(0)3(0)+ b7 (=) d3(0)+¢3(0)—d3(0)p3(—4) ) ° (41)

F2(@) = $3(0)b3(0) + 36, (0) + (=), g(@h) = 1.

1.5 05
0.5 1
concerned, taking into account, for any ¢ € C3, the following equalities/inequality hold

26,0) Pf1(h) = (3¢1(0) + 5(0)  $1(0) +26,(0)) f1(h) = —|b; (O
= 12 (0)]* + $3(0)(; (0) + 262 (0))($3(0) + BT (—4) + $3(0) — p3(—4)) < (42)
= 11 0)]* = 20 + [$3(0)] 02 (),

where, in this case, o, : C3 - R is the function defined, for ¢ € C3, as follows
03(#) = |($1(0) + 22 (0))(@3(0) + T (=4) + $3(0) — p3(—A))].

In the performed simulations: the initial state has been chosen equal to xy(z) = 1, = € [-4,0]; a uniform sampling period (i.e. a = 1)
equal to § = 0.01[s] and quantizers based on the round-to-nearest method with Q3 = {x € R*| x; = #1075/, i=1,2,3,j=0,1,..., 109}
and Q, = {u € Rlu=+0.001j, j =0, 1,...,10*} have been chosen; the controller parameter in (37) is chosen as ¢; = 2; an actuation
disturbance d (t) = sin (t) + d,(¢) has been considered where d,(t) = d.(j), t € [t:tj41) J =0,1,..., with d,(j) taken from the interval
[-0.1,0.1] by emulation of the uniform probability density function; observation errors e, (j) = 10> sin (¢,), e, (j) = 1075 cos (¢;)
and e; (j) = 1078 cos (t j), j=0,1,..., have been considered; the parameters related to the robustification term (see (12)) and to the
triggering mechanism (see (17)) have been chosen equal to w = 10, y = 1075, i = 107, i = 1075 and Lp = 20; different values of the
parameter o, related to the triggering mechanism (see (17)), have been considered. The simulation results, in the case ¢ = 0.3 and
& = 0.01[s], are shown in Fig. 4. As for the precedent case (see Section 5.1), simulations show the very good performances of the
proposed robust event-triggered solution and its efficacy in drastically reducing the effects of actuator disturbances and observation
errors with a lower average frequency of control updates with respect to the robust time-triggered solution (around 12.2% of the
sampling intervals). Simulations fully validate the theoretical results.

Moreover, system (40) satisfies the condition (34) by choosing, for instance, P = < ) Indeed, as far as condition (34) is

6. Conclusions
In this paper, the robust quantized sampled-data event-based (QSE) control problem for nonlinear systems with state delays
has been studied. In particular, a methodology for the design of robust QSE stabilizers for nonlinear systems affected by state-

delays, actuation disturbances and observation errors has been provided. The stabilization in the sample-and-hold sense theory

13
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has been used as a tool in order to prove the semi-global practical stability of the related QSE closed-loop system. The proposed
theoretical results have been validated through applications concerning: (i) a single-link flexible joint robot arm with time delays;
(ii) a particular class of nonlinear time-delay systems. Numerical simulations fully validates the results by showing: (i) the good
performances of the proposed robust QSE controller comparable with the ones of the robust time-triggered solution, in spite of
lower average frequency of control updates; (ii) the efficacy of the proposed robust QSE controller in the rejection of unknown
actuation disturbances and unknown measurement errors.
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Appendix. Proof of Theorem 1

Firstly, two useful lemmas are provided which will be helpful for proving Theorem 1. In particular, Lemma 13 and Lemma 14
in [40] are here recalled and adapted to the notation used in the present paper.

Lemma 1 (See Lemma 13 in [40]). Let Assumption 1 hold. Let k be the function defined in (13) with given positive real w. Let y be an
arbitrary positive real and D = (-=y,y)™ C R™. Let a4 be the function of class K defined, for s € R*, as follows

_ (v+np)s?
h 4o
where n, v and p are the positive reals in Definition 3. Then, for any ¢ € C" and for any d € D the following inequality holds:

VDYV (¢, k(¢) + d) + nmax{0, D¥ poV(, k() + d) + upoV; ($(0))} <
alnpe ™ pofy (19lleo) + as(ld)).

ay(s)

B

(A1)

Lemma 2 (See Lemma 14 in [40]). Let Assumption 1 hold. Let the functional Vs, V,, and D, as defined in points (f.1), (f.2) and (£f.3)
of Section 3. Let a;, i = 1,2, be the functions of class K, defined in (22). Let az be a function of class K, for s € R*, as

a3(s) = (Iy — @)nue™“popy (s),
where p, is the function of class K, related to the smooth separability property of the functional V and @ is the function in Definition 3.

Let y be an arbitrary positive real and D = (—y,y)™ C R™. Let a4 be the function of class K, in Lemma 1. Then, the following conditions
hold:

(1) a1(I$llee) £ Vool P < 2 (lI9lloo), VO € C;

(c.2) the function (¢, u) — Dy (¢,u) is Lipschitz on bounded subsets of C" x R";
(c.3) D™V (¢.u) < D (h.u), Vo € C", Yu € R™;

(c.4) D (¢, 7¢(¢)+d) < —a3(l9ll o) + @4(ld]), Vo € C", ¥Vd € D.

Let:
(1) r, R, be any positive reals, 0 < r < R;
(2) a, 1, i €(0,1] and o € (0, 1) be arbitrarily fixed;

dxy(0

(3) g be any positive real and x, € W, n Cl satisfying ess supge[_A’0]| ;; ) ‘ <gq
(4) e, e,, E be positive reals satisfying:

0<ey<ey<r<R<E, ai(E)> ay(R), a;(r) > ay(e}); (A.2)
%)

Ey=E+e, E,=E +1, L= WPy ecy ey KB~ k(¢2)|,

L = supg,ccy precy [F91) = K@)|. L=suppiecy gecy [Kb1) ~ ()],

PN A R S 2 (A.3)
0> o =mad 1, vH+np)d+ée+pa+jia+L+L+1L) }
y _ oaz(e;)
U =supgeer K@) U=U+1+d.
2

14
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(6) M, Ly, Lg be positive reals such that the following inequalities hold, V¢, ¢, € C £ and Yu;, u, € B%:

[f(d,upl < M,
[S(y) = S(P)| < Lgllpy — $2llos (A.4)
[Doo(@1,u1) = Do (P2, )| < Lp(lldpy — Palleo + luy —up]);

(7) § = max{q, M} with M the positive real in (A.4);
+up)d+é+ja+j+L+L+L)y>
©) § = woas(e,) - (v +np)( At ) ;

2
(9) 6, uy, u, be positive reals and ¢, be a state quantizer with range E, and error bound u, such that:

5<min{l,4}, O<p, <1, 0<p,<1, e,+6M <e;, R+6M<E,

5 .
@y (r) > ay(e)) + 25 20456 < £, AN 20L(2 + 6)(235 + u, + 34,),
3w ® 3 (A5)

q.(%o) X0 i
sup S(P 45( : W) =SB i [,w)| < e Yw € T) 45
5(0,...,)?,63”51 q,.(X)) X

(10) g, be an input quantizer with range U and error bound .
Let us consider a partition 7, 5. Let BgY : N —» R"™*D and BY, : N —» R""*" be defined (recursively) as

%o + 20 %0(0)
BYH(0) = : . B0 = 2
Xolt_p) +eyt_p) %0(1)
%o(7) + E(7) = xo(7) + €y(7) 1€ [-A.0]
xo(=4) + eg(=4) T € [t_;,—A],

e [o@  el-a0 (A.6)
XolT) =
0 Xo(=4) 7€ r_—4]

. (0 0 0
Bg—#eo) = (x(tj())+el( )> + < nxin n > B§+c(j _ 1),

Inx1 ]ln Olnxn
. x(t5) Oyt 0 . ;
BX(J)=< ’>+("X" ")BSG-D. j=1..
S 0/n><l I/n Olnxn S

In the following, we denote with: Pj" the function P , 5( B3(), Br()); ij+e the function P, , 5( B§+e (). By ()

Firstly, we notice that, for any % = (%] - fclT)T, % €By,i=0,..,land forany é= (&] - EIT)T, & enBLi=0,...1, v;e
have |%; +¢&| < E;, i =0,...,/ and, consequently, for any w € 7, 5, | P, ,5(% + & w)|l,, < E;. Moreover, for any % = (%) - %),
X% € B’él, i =0,...,1, we have |q,(%)| < E; + 1 = E, and, consequently, for any w € 7,5, [P ,5& w)ll, < E,. From such

considerations, it follows that ||P(’J‘+e lo < E; and ||ng llo < E,. Then, for any d € B’d'.’ , Guig) +d € Bg. Let us consider the solution
of the QSE closed-loop system (2)—(15). We show first that the solution exists in [0,7,]. Otherwise, by contradiction, if the solution
blows up, there exists a time = € [0,7;) such that |x(¥)] < E, t € [0,7), and |x(r)| = E. But, from (A.4), (A.5), for ¢t € [0, 7], the
inequalities hold:

[x(t)] < IxO)] + fy | (xg) + &(xp)(q, (i) + d(0))|d0 < R+ 6M < E. (A7)

Thus, taking ¢ = 7, the absurd inequality arises E < E. Therefore, the solution exists in [0,7,] and, by (A.7), it follows that x, € Ch,
t €[0,1,]. Let W) = oV (x,), t €[0,1,], with ¥V : C" - R* provided in Lemma 2. Taking into account point (c.3) in Lemma 2 and
Steps (6), (9), (10), for any fixed ¢ € (0,,], for some r* € [0, 1], the following equalities/inequalities hold:

W (t) = W(0) = [y @D*V(x,.q,(p) + d(r))dr <
z( % /0’ @D (x,, q,@y) + d(r))dr) = 10D (x}, q,(iy) + d(1*)) =

10D (xF, ,(iHg) + d(1¥)) — twD o (g, i + d(t*))+
10D, (xg, g + d(1%)) — two D, (xg, iy + d(t¥)) + twc D, (X, g + d(¥)) <
twLp(2G6 + p,) + to(l — 6)D (X, g + d(t)) + two D (x, iy + d(t)),

(A.8)

where, d(1*) = d(t*) if t* <t; and d(t*) = lim,_ﬂ; d(t) if t* =1, and, by suitably repeating the reasoning in [8] (see, also, [41]),
Ix — xplle < 246. Now, we notice that, Py € Ch, P(’)‘” € CZ?J and Pg“ € ng. Then, taking into account (A.4) and (A.5), the
following equality/inequalities hold:

IS(ng) - SPy*) =

|S(P1,g,,s(BZf (0), By (0))) — S(P,, 5(B(0), By (0))] <

IS(P5) = S(xo)l < LslI Py = xollee <2Ls6 < =

(A.9)

g I=
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where, by suitably repeating the reasoning in [8], ||P5c — xplle < 2g6. Taking into account (A.3) and (A.9), let v; € B’l“, i=1,...,6,
be such that:
k(PSX) = k(Py*) + Lyl, k(Py*e) = k(PY) + Loy, k(PY) = k(xo) + L%_

(A.10)
SP™) = Sy + Lo, sprtey = sy + Log, SPH =S £ .
Py Py )+wv4 Py™) (0)+wvs Py (Xo)+wU6
Then, taking into account point (c.4) in Lemma 2 and (A.10), the following equalities/inequality hold:
D (x. g + d(1*)) = i
Do (xq, k(P) + d(1%)) = Do (xg, k(P) = 0S(PJ) + d (1)) =
Do (g, k(xg) — @S (xg) + Lvy + Lvy + Loy — fivg — pvs — fivg + d(t*)) < (A.11)
V4np)d+ée+j+ji+L+L+L)7?
—ay(Ixplle) + . :
w
From (A.8), taking into account (A.5) and (A.11), for ¢ € [0, ], the following inequality holds
W (1) = W(0) < 1oL (245 + ) — 1o (|| xol )+
VH+np)d+e+a+j+L+L+L)?
t < (A.12)

v4+np)d+ée+f+ji+L+L+L)y7?

1 .
Let us now consider the following two cases: (1) [lxgllo, < €35 (2) llxplle, > €5. As far as case (1) is concerned, by using again the
first inequality in (A.7) and from (A.5), the following inequality holds, for any 7 € [0, 1],

B
gt —twoaz(|lxglle) + ¢

[x()] < ey +6M <ey.
From point (c.1) in Lemma 2, it follows
W (t) < way(e,), t € [0,1,].
As far as case (2) is concerned, we have that
VH+np)d+ée+a+j+L+L+L)?
7 .
Therefore, from (A.5), we have, for any ¢ € [0,1,],

W) < W(0) + gt —pt=w(0) - %ﬂt.

=B > —woaz(|lxll) +

Let us introduce the following claim, which will be proved later.

Claim 1. The solution x(t) of (2)-(15), exists in [0, +o0) and, furthermore, x, € Cp, Vi 20.

Notice that, taking into account the control input in (15), Claim 1 and the same reasoning used in the first interval [0, ], for
any d € B:jﬁ', q,@;)+d e B, j=1,... Let W() = wV(x,), t € R*. Taking into account the reasoning used in the interval [0,7,],
points (c.3) in Lemma 2 and Steps (6), (9), (10), for any fixed ¢ € (.t j =1, for some t* € [t o1l the following inequalities
hold:

WD) = W(t)) < ot = 1))Deg (x{, 4,y ) +d (1)) <
ot = 1) ( Deo . 4, )+ AN =Dy (1 +d )+ Do (5 1, +d (1))
0Dy (¥, ity + (1) + Doy (x, 1y + 1)) )< (A.13)
ot = 1) Lp2q5+mu,) + o(t — 1) ( Doy, iy +d() 0 Doy x, . 15-+d(1)
+0D (3, 1y + ) ),
where, d(r*) = d(r*) if t* < g and d(t*) = lim,_, - d(?) if t* =t f and, by suitably repeating the reasoning in [8] (see, also, [41]),
J
Iy — Xy, |l < 246. Taking into account Claim 1, we notice that, Pj’.‘ € Cy, PJ’.‘“’ € CZI and Pj‘.’* e ng, j =0,1,.... Then, taking into
account (A.4) and (A.5), the following equality/inequalities hold:
IS(PP) = S(Pi*)| =
|S(P1,a,,;(B§" (), Br())) — S(Pl,a,g(B?e(j), Br(i))l <
_ i
ISP) = S(xpl < LslIPF =%, llo < 2L55 < &

(A.14)

g I=

where, by suitably repeating the reasoning in [8], ||P6‘ — Xl < 246. Taking into account (A.3) and (A.14), let v; € B'l”, i=1,..,6,
be such that:
K(P) = k(PY¥) + Loy, k(PYT) = k(P5) + Lvy, k(PY) = k(x,)) + Loy,

(A.15)
S(PF) =SSP + £u4, S(Pi*) = S(PY) + &vs, SP;) = S80x,) + i”@

16



M. Di Ferdinando et al. Nonlinear Analysis: Hybrid Systems 52 (2024) 101463

Then, taking into account point (c.4) in Lemma 2 and (A.15), the following equalities/inequality hold:

Do (x; . + d@t) =
Doy (x;,. k(P[) + d(1)) = D (x,. k(P]) = @S(P*) + d (1)) =

Dm(x,‘/,k(x,j) — 0S(x,) + Lvj + Lvy + Lvs — fivy — pvs — fivg +d(1*) < (A.16)
eyl )+ (vnp)d+e+j+i+L+L+L)>
a3(llx; Nl v .
Moreover, taking into account (15), (17) and (A.13), we have that
0 Deolyy 1y, + (1)) = Do (v, 1y + (1)) ) =
o(1 = 6)Dey (x, . 1 + @) i =] (A.17)
50(1)00(>c,j,a,.j_l +d(t") = 0D (x, ) + J(t*))) =iy
Taking into account (A.16), if i; = j (trigger), the following inequality holds:
o(1 = 0)Dgy (x; . 1 + d@t*) <
(A.18)

VH+np)d+e+a+j+L+L+L)?
7 .

= o1 =o)as(llx; lleo) + (1 = 0)
In the case that i; = i;_; (no trigger), the triggering condition (17) is false and, consequently, the following inequality holds:
Deo(Py. 4, _)) = 0D (P}, 4,(1)) < —H (P). (A.19)

For simplicity in the notation, in the following we will call with: ¥,(¢,u) the function D*poV, (¢, u) + upoV;(¢(0)) and with ¥,(¢,d)
. dp v,
the function —

— g (¢p) d. Taking into account (14), the following equalities hold
$ls=rg0) 9%

x=¢(0)

Dy (x| + d(@t*)) = vD* V(x84 + d(t*)) — nuVs(x,)
+nmax{0, ¥, (x,j,ﬁ,-_il +d(t*)} =

_ " L
vD+V(x,j,u,-/_] )+ v o st g (x,j > d@*) — mﬂ@(x,j)
+n max{0, ¥, (x,j s ﬁ,-j_l +d(1*))} + n max{0, ¥, (x,j S ﬁ,-/_] )} (A.20)
—nmax{0, ¥ (ij s ﬁi_/—] )=
~ aVl T(4%
Dl ol ) +v | (x, ) da)

+nmax {0, % (x, ;) + ¥ (x, . d(t)} — nmax{0. %) (x, .a; _)}.

Moreover, by exploiting the same reasoning used in (A.20), we have that

- v, .
D, Ji; +d(t*) =D N —_— )d@*
oy + 00 = DG )+ S| g (x,, ) da) Ao
+n max{0, 'Pl(x,j,ﬁj) + ?’z(x,/, d(t*))} — nmax{0, Tl(x,j,ﬁj)}.
Then, taking into account (A.20) and (A.21), the following equality/inequality hold:
0 Dao(y 1, + (") = Dy, 1y + (1)) ) =
_ _ v T
oDl iy_,) = 0Deo(x, ) ) + vl = 0) S )t (x, ) d
+coi1(max{0, Tl (x,j, ﬁij—l) + le(xxj > J(I*))} - maX{O? y’l (X,] > ﬁij,l )})

- - T A.22
+a)m]<rnax{0,?’1(x,j,uj)} —max{O,E”l(x,j,uj)+Y/2(x,j,d(t ))}) < ( )
a)(D (x, ,8; )—o0Dy(x ﬁ)>+wv(1—a) % (x )J(t*)

L TR oo\t Hj Ix x:x(t/)g tj
oV
+4o(1 + o)r]pd’ —_ g (x, ) .
ox x:x(t/) J
From (12) and (A.15), we notice that

~T =T, =T

aV, T GnT HY, +ev5 +/4U6

bl § = = Gyr _ 4 5 76 A2

0X |x=x(t)) ¢ (XI’) Sba)” =S50 ® (A.23)
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Taking into account (A.23), from (A.22), the following inequality holds:
w<1300(x,/,a,.j_1 +d(t*) — 6D (x, . 8 + J(z*))) <
(Do, = Do, o) )+ (A.24)
w<d'(v(1 — o) +4np(l + 0))(|S(P;.’")| + %))

Then, taking into account (18), (A.4) and (A.24), the following inequalities hold:

[0) ( Dao(xtj’uij

m(Doo (x,j N7

w<J(v(1 — o) +4np(l + a))(|S(7JJ‘.’X)| n %))

|+ = oD,y + @) )<

i) - oDm(x,/,ﬁj))+

to ( Dm(P;:xvqu(a,.H)) - aDm(pjx,qu(a,))
~Dy (P, 0@, )) + oD (P, 4,(@))
a - % g 0 g g
+Dg (P; ,uiH) — D (P; ’”iﬂ) + 0D (P, ;) = 6D, (P;™, ;) )S
a)(Dm(x,/,ﬁij_]) ~ 0Dy (x; .0 J.)> —3a(l + 0)Lpe (A.25)
dyx = 9x ii Ix 5
+o ( ~Deo (P}, 4, _)) + 6D (P}, 4,(8)) + Do (P, iy _ )
ax =~ Ix o a7
—Doo(Pj Sy )+ O'DOO(P]. Jiij) — GDOO(PJ- D) )S
=301 +0)Lpé + (1 +0)Lpp, + (1 + ) Lpl|P] = x, [l <
o(1+0)Lp||P}* = PI* + P =Py + PY —x, oo
=3w(l +0)Lpeé + (1 +0)Lpu, <
=3w(l +0)Lpé+ w(l+0)Lpu, + o(l +0)Lp(246 + 3, +3&) <
o(l + 6)Lp(u, + 246 + 3pu,).

Then, taking into account (A.19), (A.25), from (A.17), we have that, for j > 1, the following inequality holds:

w(Dw(x,j,zZij +d(@) ~ oD (x,,. 7 + J(t*))) <

L (A.26)
(146 L (, +26+ 3 )+(1 —o) LI MDA+ 2+ ”4+ prLyL+ly
From (A.13), and taking into account (A.5), (A.26), for t € [r ptial i1, the following inequality holds
WO W) +=1)5 — 1= 10w, )
(A.27)

+np)d+e+ja+ji+L+ L+ L)
+(t_tj)(v np)d+eée+j+j ) .
4
Then, taking into account of both cases ||x,j |l < e, and ”xt,- o > e, (see cases (1) and (2) in [0,1,]), for any 7 € [t tji1l, i =0,1,...,
we obtain:

WO < W)= 300 = ) H(, ll - )
o (e Hyles — lx, o)

(A.28)

The symbols H, and H denote Heaviside functions defined, for s € R, as follows: Hy(s) = 1 if s >0, Hy(s) =0 if s <0; H(s) =1 if
s>0, H(s)=0if s <0.

Notice that, by induction reasoning with (A.28), for any integer j > 0, the inequality holds W (;) < wa,(R). From here on, by
suitably exploiting (A.28), the same steps used in the proof of Theorem 5.3 in [41] can be properly repeated, in order to prove that
the solution x(7) of the closed-loop system (2)-(15), exists for all r € R* and, furthermore, satisfies x, € CL, Vi€ R* (Claim 1 holds
true) and x, € C!, ¥t > T, with

T 3wa,(R) 4L
fa

The reader can refer to steps from (5.15) to (5.23) in [41] with k, = [%] + 1. The proof of the theorem is complete.

(A.29)
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