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Abstract

In this work, we consider the problem of correctly pricing financial derivatives that might be subject
to multiple credit risks, such as default or liquidity risk, that gained importance after the financial
crisis of 2008 — 09.

An important achievement in the mathematical modelling of the problem was the representa-
tion of the value of such derivatives as solutions of appropriate Backward Stochastic Differential
Equations (BSDE), which might be solvable in the samples cases.

When various risks are taken into account simultaneously, and correlation is admitted between
the processes underlying the price formation, the picture becomes much more complex, and al-
though the BSDE representation still applies, explicit solvability becomes impossible.

Monte Carlo simulations, usually requiring long computational times, are often the only way
to get an approximation of the solution, so it might be important to develop alternative approx-
imation techniques that require shorter computational times yet preserving accuracy. Once the
BSDE’s representation is developed, in a Markovian setting, the derivative’s can be rewritten as a
deterministic function of the state variables, which verifies a non-linear PDE.

Thus, we decided to employ a PDE discretization approach to approximate the PDE solution.
By employing an adaptation of the simple method of lines, we were able to construct an approx-
imation method that turned out to be accurate and efficient, thus producing a valid alternative to

Monte Carlo simulations.

Keywords: XVA, Value Adjustments, Backward Stochastic Differential Equation, Non-linear
Valuation, Credit Risk, Defaultable Claims
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Introduction

The PhD thesis is mostly about how to estimate the prices of financial derivatives that are subject
to different credit risks, like default or liquidity risks.

Before the financial crisis of 2008 — 09, the value of a financial contract, such as an option,
was determined by taking the conditional expectation of the discounted expected price under a
risk-neutral measure without taking into account any credit risk.

In periods of financial trouble or crisis, some traditional financial models could no longer ac-
count for all the risks. As a matter of fact, in 2004, the Basel Committee signed the Basel II agree-
ment regarding the capital requirements banks must meet to curb financial risks. In particular,
Basel II set up the accounting standards regarding Counterparty Credit Risk (CCR), which is the
risk that a counterparty might default before honouring its engagements, and it covers loans, repur-
chase agreements (Repo) transactions, and most importantly, over-the-counter (OTC) derivatives.
In the last decade, the interest in CCR increased remarkably, and a theory of Value Adjustments
was developed. The first to be introduced was the Credit Value Adjustment (CVA), which is the
difference between the default-free value of a portfolio and the valuation taking into account the
possibility of counterparty default, while the investor is always considered default-free. After the
financial crisis in 2009, the Basel Committee issued a new version of the act called Basel III, push-
ing financial institutions to incorporate default risks of either party when evaluating products with
cashflows in both directions.

A new measure called Debt Value Adjustment (DVA) was introduced as an accruement of the
claim’s value due to the investor’s default risk.

To mitigate credit risk, parties often employ collateralization to balance their exposure to the
reciprocal default event. A collateral account, underwritten by both parties, is established for this
purpose, in which they deposit or withdraw assets to cover the risk of default. The collateral in
this account can sometimes be rehypothecated for self-financing, which means that those who
withdraw assets may use them to finance other activities.

As investments/collateralizations are often funded also by external sources, further risks are
involved and further adjustments have to be made. The introduction of the Funding Value Ad-
justment (FVA) and Liquidity Value Adjustment (LVA), makes the pricing problem recursive and
non-linear, as those quantities are closely linked to the adjusted price itself.

The first important result was to achieve a representation of this derivative’s adjusted values as
solutions of appropriate Backward Stochastic Differential Equations (BSDE): the literature on this




matter is nowadays very extensive and it includes the works [15, 16, 21].

In some simpler cases, these BSDE’s can be explicitly solved since they turn out to be linear.
When taking into account multiple risks simultaneously, the problem becomes significantly more
complex. More precisely, we consider the case of a European claim subject to funding, liquidity,
and default risks of either party.

The default event is when the (random) parties’ default times happen before the end of the
contract. In general, these random times are not necessarily stopping times in terms of the filtration
generated by the processes that represent the prices of the traded asset. To price the defaultable
contract, we first need to extend this filtration generated a longer filtration that makes these times
stopping times, by progressive enlargement. By exploiting the so-called reduced form approach
for the default times, we assume that they are the first jump times of two Cox processes with
stochastic positive intensities adapted to the market filtration. To make sure that the intensities are
positive, they are represented by CIR processes, and the representation of the adjusted as a solution
of BSDE works.

This equation depends on the so-called “close-out value", which is a portion of a contractually
agreed price to be paid as partial compensation when the default of one of the parties occurs.
There are fundamentally two possibilities: either the close-out value is taken as a portion of the
default-free price or of the defaultable contract price. The first choice usually determines a solvable
linear BSDE, the second returns a non-linear BSDE, not explicitly solvable. Our main goal is
to treat the second case, while the first is the most commonly treated in the literature’s. As in
[2, 16], intensities are usually considered deterministic, while considering them stochastic allows
for correlations among the fundamentals defining the market, which is a desirable feature to include
in the model. Unfortunately, in presence of correlations, model affinity often fails and transform
techniques cannot be applied.

This leaves only Monte Carlo simulations in high dimensions (see, for instance, [41]) as the
only technique to obtain a numerical approximation of the solution, which, typically have very
long computational times. Hence, finding alternative numerical methods with lower computational
costs becomes a key issue.

When the processes dynamics are Markovian, it is possible to express the derivative’s adjusted
value as a deterministic function of the state variables, which satisfies a semi-linear PDE with final
condition given by the product’s payoff. Exploiting this representation, it is natural to investigate
discretization methods of this associated PDE as an alternative numerical approach to the prob-
lem. In the thesis work, we included correlations in the model, generating a non-linear PDE in
[0, 7] x R3 that we treated by adapting the so-called "method of lines", which approximated the
spatial derivatives with finite differences, and it generates a system of ODEs at each point of the
discretization grid, that can be solved by a suitable time integration method.

The spatial domain R? is unbounded, so we needed to restrict it to an appropriate bounded rect-
angle. This truncation required defining appropriate boundary conditions, that were imposed by

identifying, when possible, the asymptotic behaviour of the solution. We obtained by appropriately
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modifying the Black & Scholes formula with adjusted rates including the default intensities.

We used the Euler explicit scheme for the time integration method. To the best of our knowl-
edge, in the literature, we could not find numerical methods covering this general case, so we
employed Monte Carlo simulations to provide a benchmark to compare our results with.

The approach proved particularly advantageous in terms of efficiency (it significantly decreased
the computation times), reaching an accuracy equivalent to that of the Monte Carlo method.

By taking into account that the explicit Euler method can produce serious numerical instabili-
ties. We also developed a semi-implicit or implicit scheme, even though this choice implied longer
quite computational times.

By comparing the three schemes, it turned out the explicit scheme was quite stable and it
achieved a competitive accuracy in shorter computational times. Indeed, we were able to keep
the so-called Courant-Friedricks-Levy (or CFL) number below the critical value to guarantee the
explicit scheme stability. We were able do to so without compromising efficiency, by keeping the
number of temporal nodes suitable bigger than the number of spatial nodes. Lastly, we ran a short
sensitivity analysis to estimate the impact of stochastic intensities on the prices.

The work is presented in the following manner: Chapter 1 introduces the Adjusted Value The-
ory, showing how to incorporate various risks such as CVA, DVA, FVA, collateralization, and
default into the pricing evaluation. The chapter is concluded by presenting the theoretical equation
that characterizes the price. Chapter 2 discusses the theory of BSDEs and presents some results
regarding the well-posedness, existence and uniqueness of solutions. Finally, under Markovian
assumptions, the Feynman-Kac formula is used to derive an associated PDE from the BSDE.

In chapter 3 we specialize the theory of to our pricing equation (Chapter 1). Under those
choices, the backward equation becomes non-linear, to which a 4 dimensional non-linear PDE is
associated. Using this representation, it makes sense to look into discretization methods for the
PDE as a different way to solve the problem numerically. In Chapter 4, we briefly describe the
method of lines, and apply it to the PDE in the specific case of a European call. Lastly, we discuss

some numerical results, and a sensitivity analysis is performed.
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Chapter 1
Value Adjustment Theory

Since the financial crisis of 2008 — 09, when many large financial institutions as Lehman Brothers
went bankrupt, in the United States, United Kingdom, and Europe, the so-called counterparty risk
has become extremely important. Financial contracts usually involve two parties, the investor
(or buyer) and the counterparty (or seller), and they require the solvency of a future payment on
one or both sides. When a counterparty becomes insolvent, i.e., it does not fulfill its contractual
obligations, causing the investor’s loss of money, we speak of "counterparty risk". The financial
crisis showed that it is appropriate to take this aspect into account for all the financial contracts.

In the last 10 years, the global crisis made banks follow stricter rules and procedures to avoid
being exposed to such risks. Indeed, Governors of the 10 most industrialised nations were already
aware of those risks when they signed the so-called Basilea Agreements in 1998, where it was
specified the amount of capital banks might borrow to undertake financial operations.

To keep up with the growing complexity of the financial sector, agreements were updated, and
four official Basel Committee versions were released. The latest, in 2017, influenced heavily the
scientific community, sparring the development of a "Value Adjustment Theory".

This theory incorporates default risks from one or both parties, but it takes also into account the
lack of liquidity, and the financing demands. Historically, the first adjustment to be introduced was
the so-called Credit Value Adjustment (CVA). CVA is very intuitive, and it simply adjusts the price
to account for the seller’s (counterparty) chance of default by discounting the default-free price.
Over the years, the role of the CVA increased considerably, and its correct formulation became
crucial in derivatives trading in the OTC markets, so stimulating much research in the field: we
refer the reader to [20, 27, 35, 36], and [11] for a general discussion on the subject.

When both parties are defaultable, this adjustment is no longer sufficient. In fact, also the
investor that enters a future might default, and this bilateral exposure to risk must be taken into
account when evaluating the contract. This new adjustment is commonly referred to as Debt Value
Adjustment (DVA). An example of a contract with bilateral exposure is the forward rate agreement
(FRAsS).

Over the years, the market and regulators implemented ways to reduce the risks. The most

widespread techniques to curb the exposure to default are the collateralization and close-out netting




1.1. Unilateral CVA

rules.

A collateral account is required of both parties of the contract to guarantee a given level of
solvency in case of default. In this way, when the default occurs, the party that is positively
exposed may obtain at least a partial recovery of the loss.

It is to be kept in mind that the assets recevived as collateral during the contract lifetime are
often reinvested in a rehypothecation market, making the liquidity risks of both parties more com-
plex.

Also, close-out netting rules are often contractually agreed to define a "close-out value", paid
as a partial recovery of the losses at the time of the party’s default. The impact of all these require-
ments, on the derivative’s price was analyzed in [13, 14, 18].

Finally, when a derivatives desk ! executes an order by a client, it backs the trade by hedging it
with other dealers. These operations modify the available liquidity and the relative adjustment is
called Funding Value Adjustment (FVA) (see [16, 25, 26] for a detailed discussion).

As we mentioned before, in [13, 17, 27] an important achievement was the representation of the
derivative’s adjusted value as solution of an appropriate Backward Stochastic Differential Equation
(BSDE), considering all the aspects described above. In the next section, we are going to describe
the step-by-step construction of the representation BSDE obtained, including progressively the

above-mentioned features.

1.1 Unilateral CVA

As mentioned before, the first value adjustment to be modelled was CVA, which is based solely on
the investor’s exposure at time of the counterparty’s default, since the investor is considered to be
default-free. For this reason, we refer to it as "Unilateral Credit Value Adjustment".

We refer the reader to [19], for a coherent treatment of the approach to valuation of derivatives
with CVA, while some particular applications by the same authors, for a coherent treatment as
approach are given in [15, 20].

Following the discussion in [13], we are going to give a first construction of this adjustment.
We assume to be in a probability space (€2, G, G,P), where G = (G;):> is the filtration repre-
senting the complete information flow from whole market including default. We assume to be in
an arbitrage-free setting so that PP is a risk-neutral measure already selected by some criterion. In
particular, the default event is represented by the occurrence of a default time, that we denote by
7. The probability space is endowed also with a right-continuous and complete sub-filtration F;
representing all the observable market quantities. This filtration does not necessarily include the
default event, thus we have 7, C F;, V H; = G;, where H; = o({1{;<4},s < t}), is the smallest
filtration making the random variable 7 a stopping time.

In the market, some assets (including a bond) are traded, and an investor forms an investing

I'The term "derivative desk" typically refers to a specific department within a financial institution, such as a bank
or investment firm, that is responsible for trading and managing financial derivatives.
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1.1. Unilateral CVA

strategy with finite maturity 7" generating a cashflow during the lifetime of the contract. This
cashflow might consider or not the default possibility and we denote by I17(¢,T),I1(t,T) the
discounted cashflows between ¢ and 1" respectively generated by the defaultable and the default-
free portfolio.

We set V; as the Net Present Value, V; = EY [H(t, T)] , E9 will denote the conditional expec-
tation G;. Thus V; is the default-free price. We assume the investor’s prospective, and we want to
assess the contract value subject a counterparty risk, that we indicate by V,. If there is no default
by the counterparty during the lifetime of the contract, the on price is given by the final condition.

If, on the other hand, the counterparty goes into default before the maturity, the defaultable
price is made up of two parts: the discounted cashflow until the default time and a part depending
upon the contract value at default at ¢.

If V.. is negative, the investor has to pay the value due to the counterparty, even if the counter-
party goes bankrupt. As a result, the investor is solely responsible for paying it. If V. is positive,
the investor has the right to be paid by the counterparty, but due to the counterparty’s default, the
investor receives only a recovery fraction 1? of V., called the Recovery Rate. It is a constant in
[0, 1], and it is usually agreed contractually at the initial time, possibly because a certain amount

of wealth was secured by a collateralization requirement. Then we have
¥, .= k9 [HD(t, T)] — B9 [1{T>T}H(t, T) + Lyerery (1L, 7) + e~ W m5(RVF V)] (L)

where we denoted by {r,}; the interest rate process determining the money market account, and
we set V" = maz(V;,0), V," = min(V;,0).

Theorem 1.1.1 (General counterparty risk pricing formula [19]). The price of a financial con-

tract at time t > 0 under counterparty risk with default time 7 > t is

EZ [HD(t,T)} — B9 [H(t,T) — LGDIjpeyepye W sy (12)
with LGD = 1 — R (Loss Given Default) and the recovery fraction 0 < R < 1 is assumed to be
deterministic.

Proof. Since

H(tu T) = 1{T>T}H(t7 T) + 1{t<TST}H(t7 T)7
we can write the random variable inside the expectation in (1.2), as
Loy I1(t, T) + yereny (¢, T) — LG D1 raqye™ I 7Y+

=111, T) + Vper ey IN(E, T) + (R — 1)1 jpcr<rie” I ’r‘sds‘/’T'f'
:1{T>T}H(ta T) + 1{t<T§T}H(t7 T) + Rl{t<T§T}e_ I 7"SCZSX/T-"- _ 1{t<T§T}e_ N rstV:_.

Ivan Gallo 6



1.1. Unilateral CVA

We consider the conditional expectation with respect to G,

E7g' [1{T>T}H(t7 T) + 1{t<T§T}H(t, T) + Rl{t<~r§T}e_ ftT Tsdsv;—‘r . 1{t<7—§T}e_ ftT rsdsv;—i-]

k7 [1{T>T}H<t’ Tﬂ +E7 [I{KTST}H@’ T) + Lgyayery (Re™ i sy — e IY TSdSVTJr)} .

We note that
E?— |:1{T>T}H(t7T)i| = 1{7>T}H(t, T)7
LocreryI1(t, T) = Lgorery (TIL(E, 7) + &= 5 7 11(7, T)).

So we have

Loy Tt T) + B | Vpcrary (TU(E, 7) + 7 T TI(7, T) 4+ Re™ ey — o I ety

=1 11, T) + Vyerery 1L, 7) + Lycrer EY [e_ ST reds L (. ) — o i redsy+

+ Re ¥ “dSV:] :
Notice that V. = E9[TI(r, T)] ", hence

Loy I1(, T) 4 Lgareny1(t, 7) + Ljycrery B [e_ Jorsds11(7, T) — e~ SO BRI [T (7, T)] 1

+ 1{t<7—§T}Eg [Re* Ir rsdsVTJr} 7

where
EZ [e’ JTrsasL (7 T) — o= ¥ SRS [T (r, T)] *]
I redsg |:H(T, T)] o JTrds g [11(r, T)]-i-
=e~ I A B 11(r, T)] — EZ[I(r, T)]
_Jo, if EBY[IN(7,T)] >0
Y [H(T, T)], otherwise,
hence
e~ I rd | B [T(r, T)] — BE [T1(r, T)] " | = e~ B¢ [1(r, 7]~

Finally,

1oy (8, T) + Lper ey (T(E, 7) 4+ € [T rsdsy = 4 R~ IY radsy+)
Loy T1(t, T) + Lyerary (TI(E, 7) + e S (RVE 4 V7)) = TIP(1, 7).

Conditioning the obtained result with respect to the information available at ¢, and using the
fact that Ef [E9[-]] = EY[] due to t < 7, we obtain (1.2). O

Ivan Gallo 7



1.1. Unilateral CVA

The value of a defaultable claim is clearly the value of the corresponding default-free claim
minus an option part evaluated at 7, which represents the discount with respect to the default-free
price

CVA=ES | LGDyerepye K V| > 0. (1.3)

In particular, we can write
V,=V,— CVA.

Let’s provide a simple example to better understand this concept and provide an initial approx-
imation.

In the derivatives market, there are products known as options.

An option is a derivative financial contract that bestows upon its holder the right, though not the
obligation, to engage in the purchase or sale of a specified quantity of an underlying asset at a pre-
determined price, known as the strike price, on a future date. The underlying asset encompasses
a wide range of financial instruments, commodities, indices, or currencies. When an individual
purchases an option, she effectively transfers the potential downside risk to the counterparty. Con-
versely, the seller of the option assumes the obligation to fulfill the contractual terms by trading
the underlying asset at the agreed-upon price, regardless of whether it leads to a loss relative to the
prevailing market price.

It is essential to recognize that the buyer and seller positions within an option contract are
inherently asymmetric. To compensate the seller for undertaking the risk, they receive an initial
payment, typically referred to as the premium, which reflects the value of the option. The determi-
nation of this value relies on pertinent market data and must be sufficiently equitable to incentivize
both parties to enter into the contract.

There exist two primary classifications of options: calls and puts. A call option grants the buyer
the right to purchase the underlying asset at the strike price, while a put option grants the buyer
the right to sell it. Both buyers and sellers have the flexibility to choose which side of the option
contract they wish to engage in.

Additionally, options can be further categorized as European or American. European options
can only be exercised upon reaching the maturity date, whereas American options offer the flexi-
bility to be exercised at any time during the contract’s lifespan.

Let’s consider an investor who purchases a one-year 7' = 1 European call option on an un-
derlying asset with an initial value of S = 100, a strike price X = 90, a deterministic risk-free
interest rate = 0.05, and an underlying asset volatility o = 0.4. We assume that the investor is
default-free, while the counterparty may default, and the loss given default (LGD) is 0.5.

The default event, denoted as 7, can occur at any point during the contract’s lifetime [0, 7).

We aim at understanding how the option value changes when considering counterparty credit
risk compared to the case without default risk.

By simulating 10* paths of the underlying asset S, we apply a simple Monte Carlo method to

Ivan Gallo 8



1.1. Unilateral CVA

obtain two sets of results.

In Figure 1.1, the blue curve represents the option value when not considering counterparty
risk, while the red curve represents the value of the call option when the counterparty may default.

We observe that both curves converge to the same value at maturity, as no default event has
occurred in the defaultable case, resulting in identical valuations.

However, during the contract’s lifetime, we can see how the possibility of counterparty default
decreases the value of the contract. Initially, the value of the default-free contract is 20.9094, while
considering the counterparty’s default risk reduces the contract value to 20.5963, resulting in an

approximation of the credit value adjustment of 0.3132.

Value of a European Call Option
21.05 . .

risk-free Price
Defaultable Price

21

20.95

20.9

20.85

20.8

20.75

Value of contract

20.7

20.65

20.6

20.55 : : : :
Time

Figure 1.1: The behavior of a European call option with a maturity of one year, T = 1, strike price K = 90,
underlying asset S = 100, deterministic interest rate » = 0.05, LGD = 0.05, and volatility sigma = 0.4 is as
follows: Call_Price_Default_Free = 20.9094;

Call_Price_Defaultable = 20.5963;

UCVA=0.3132

Before 2007, banks estimated counterparty credit risk using unilateral CVA. If both parties are
defaultable, this valuation is asymmetric and it contradicts the accounting principle that an asset
for one party is a liability for another.

Bilateral adjustments address this discrepancy by adding a new unit of measure BCVA (Bilat-
eral Credit Value Adjustment).

2We do not specify here the dynamics of the underlying asset and the Monte Carlo method used. It will be
addressed in more detail in the subsequent chapters.

Ivan Gallo 9



1.2. Bilateral CVA

1.2 Bilateral CVA

After 2009, the Basel Committee released Basel I1I, which required financial institutions to evalu-
ate any party’s default risk also when evaluating products having cashflows in both directions.

Bilateral default risk appears in [6, 13] for the first time, who price both the CVA and DVA of
a derivative deal.

In [14, 15], a fully rigorous formula is developed, which shows that the bilateral > counterparty
risk adjustment computed by one of the two parties is obtained as a difference of two terms: an
adjustment of the valuation of credit (CVA) due to the counterparty’s default and a new measure
called Debt Value Adjustment (DVA), which was introduced as an accrual of the claim’s value due
to the investor’s default risks. The potential for self-default benefits the contract value, hence it has
a negative sign.

Now, we assume that both financial entities might default, and we denote with 7 = min(77, 7¢)
the event first-to-default between two parties, where 7o and 7; denote, respectively, the counter-

party’s and investor’s time default.
* If 7 > T, both on investor and the counterparty are not in default during the contract’s life.

e If 7 < T, it means that one of the two parties is in default. As in the unilateral case, we have
the discounted cashflow until the default time and the discounted expected value at 7. We

have two situations:

1. if 7 = 7¢ and V; < 0, the investor must pay to the counterparty, if V; > 0 the investor

receives only a recovery fraction R of V. paying by the counterparty.

1. if 7 = 77, the situation is symmetric, namely, V. > 0, the counterparty will receive
the payment from the investor, otherwise if V; < 0 the counterparty will pay only a

fraction R; of V. to the investor.

The general payoff under bilateral counterparty default risk is

Vi = EY [1°(t,T)] =EY [1,>mI1(¢, T)]

HEY Loy L) (T 7) o 10 (ReV 4 V,)) (1.4)

_Etg l{r:n}l{rgT} (H(t,f) +e J7 reds (VT+ 1 RIVT_)>

Theorem 1.2.1 (General bilateral counterparty risk pricing formula[13]). * For any fixed t €

[0, T] on the event {T > t} the price of the financial contract under bilateral counterparty risk is

3Bilateral emphasizes the investor’s default in the framework. Thus, the investor’s counterparty risk position price
is opposite to the counterparty’s.
“The proof following the same idea of Theorem 1.1.1, for completeness we include it
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1.2. Bilateral CVA

given by )
Y [HD(t,T)] —E9[11(t, T)

B | rereyLfren LG D™ i | (1.5)

FES |1(r—rp I (rery LG Dy i 7t Vf] ,

where LGD; = 1 — R; is the Loss Given Default, for i = I,C and R, R¢ denote the recovery

fractions of the transaction market value.

Proof. We know that
H(ta T) - 1{T>T}H(t7 T) + 1{t<Tc§T}H(t7 T) + 1{t<T[§T}H(t7 T)7
hence the fist term in the expectation in (1.5) is

Loyt T) + Lpcre<r 118, T) + Lpar, <y 11(E, T)
ey (Lpmrey LGDoe™ 0V 4 Loy LGDge 1T,
=1, T) + Vpero <y 118, T) 4+ Lyar, <y 11(2, T)
—Lir<ry [1{T=Tc}(1 — Ro)e BV 1y (1= Ry)e I ’“stV;}
=1 I1(t, T)
ey Lpmrey (T, T) — = IV F 4 Roe™ Jomedoy )
ey Ly (TI(E, T) — e OBV 4 Ryem S ey,

Remember that
V. = B¢ [1(, 7))
LicrenyIl(t, T) = 1yycrary (H(t, T)+e” I Tsdsﬂ(ﬁ T))
So, we have
1y II(t, T)

FlrerLrmroy (T8, 7) 4 ¢ T (7, T) — = B9 [T1(7, T)] " + Ree™ [T sy +)
<y pmry (I8, 7) + €7 JorsdsT (7, T) — ¢~ I msds g9 [T1(r,T)]” + Rye” N radsy =),
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1.2. Bilateral CVA

Conditionally on the information available at time 7, and by linearity of the expectation, we get

Eg 1{T>T} I (ta T)

+ET | 1r<r Lr=ro) (H(t, 7) e (T, T) — B9, T)]*) + Ree™ I rsdsw)

+ET [Lrer Lp=ry (HO@ 7)o Ji e (H(T ,T) — EZ[1(r, T)]_> + Rye I “dsvf_)

Moreover,

Finally,
1{T>T}H(t7 T)

i<y lir=rey (H(t, ) 4 e Jirsds (Rcvj N Vf))
+1{TST}1{T:TI}<H(15,7) 4o Ji meds (W N RI‘@))-

Conditioning the obtained result on the information available at ¢, and using the fact that E{ [Eg [H =
EY[-] duetot < 7, we obtain (1.4). O

The bilateral pricing formula (1.4), unlike the unilateral pricing formula (1.1), is symmetric,
meaning both the investor and the counterparty obtain the same value. The value of a defaultable
claim is the value of the corresponding default-free claim plus two terms. The first gives a nonzero
contribution only if the counterparty defaults first, and the second gives a nonzero contribution
only if the investor defaults first. This is known as Bilateral Credit Value Adjustment

BCVA=-CVA-DVA (1.6)

where

CVA :Etg [I{T:TC}I{TST}LGDCG_ Ji r‘sds‘/:-}
- (1.7)
DV A =Ej [1{T=71}1{T§T}LGD16_L ”dSV;} .

In particular, we can write
V; =V, + BCVA.
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1.3. Trading under Collateralization

1.3 Trading under Collateralization

In order to minimize counterparty credit risk, financial institutions use collateralization. A collat-
eral account is jointly opened by both parties and it is used to prevent losses. The parties estimate
the contract’s value and compare it daily with the current value. The party that estimates a low
value compared to the current one has to post cash or assets equal to the difference on the account,
otherwise he/she draws them. We call the Collateral Taker the investor or counterparty withdraws
from that the account, the other Collateral Provider. This role is interchangeable according to the
sign of the collateral. We say, if the sign of the collateral is positive, the Collateral Taker is the
investor, otherwise he/she is the counterparty. Moreover, the Collateral Taker can rehypothecate

the collateral’s excess, which means he/she can invest the account’s surplus to self-finance.

1.3.1 Collateralization

Collateralization has been analyzed in [23] and more recently in [13, 34].

We denote the collateral account value {C}}, which has to be F;-adapted stochastic process,
since we assume that it is a risk-free cash account. We also assume that C; = 0 for all ¢ < 0 and
t > T' N\ 7, that means the collateral account is opened for each new contract and closed when the
deal defaults or ends. If the account is closed, any collateral must be returned to the original party.

We describe the mechanism of collateral posting. If the Collateral Taker is the investor, this
means that by time ¢ the overall collateral account is composed of the counterparty’s excess of
collateral posted, in this case the collateral account is positive C; > 0, and it can be used by
the investor to reduce his exposure. When C; < 0 the investor is Collateral Provider and the

counterparty is the Collateral Taker.

1.3.2 Close-Out value

The ISDA specifies how parties must respond to defaults to fulfill their contractual obligations.
The surviving party should assess the final transactions, and claim for a reimbursement only after
the application of collateralization.

The ISDA Master Agreement defines this term close-out value, which is the the amount of
losses or costs the surviving party would incur in replacing or providing for an economic equivalent
at time of counterparty default. Notice that the close-out amount is not a symmetric quantity with
respect to the exchange of roles between two parties since it is valued by one party after the default
of the other one. The close-out value is agreed upon at the beginning of the contract, and it depends
only on market information, which means it has to be [F-measurable. We denote the close-out value

as e, 1= L yerr + 17—7yec,r, where

* ¢4 1s the investor’s close-out value based on the counterparty’s default at time 7. If it is

positive, the investor is the counterparty’s creditor;
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1.3. Trading under Collateralization

* £¢, 1s the close-out amount when the investor is defaulting. A negative value for ¢ ;, means

that the counterparty is a creditor to the investor.

1.3.3 Collateral Rehypothecation

The Collateral Provider expects to receive the remaining collateral from the Collateral Taker at
maturity of the contract or in case of default, after it has been used to cover the exposure.
However, if the Collateral Taker has rehypothecated the excess collateral, the Collateral Provider
may only receive a fraction of the original collateral, which leaves the Collateral Taker as an unse-
cured creditor.
We denote as R}, for i = C, [ the recovery fraction of rehypothecation, when the Collateral
Taker is respectively the counterparty or the investor and with LG D} = 1 — R the respective loss

fractions.

1.3.4 Bilateral CVA Formula under Collateralization and Close-out rules

In this subsection we aim at constructing a valuation framework that includes both collateralization

and close-out value.

« If the investor measures a positive close-out value on counterparty €7, > 0, we have two

cases
1. C; > 0, the investor is Collateral Taker and he/she uses the collateral to reduce the
close-out value (¢;, — C), and if

a. (e1+ — C.) > 0, means the collateral is not enough, the investor suffers a loss and

he/she recovers only a fraction R¢ of exposure;

b. (e1+ — C;) < 0 the remaining collateral (if any) is returned to the counterparty

Rc(e’:“[ﬂ- — CT)JF + (8[,7- — C.,.)f.

1. C. < 0, the counterparty is the Collateral Taker, the investor may suffer a loss from
the exposure, and he/she may only be able to recover a fraction of the collateral R¢.
Collateral is returned to the investor if it is not rehypothecated (R, = 1), otherwise

only a portion of it is returned
RCE]’T — R/CCT

* if the close-out value of the contract is negative for the investor €, < 0, even if the coun-

terparty defaults, the investor is still obligated to pay it.

1. If C; > 0, the investor must return the entire collateral to the counterparty.

EIr — C.,-.
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1.3. Trading under Collateralization

1. If C; < 0, the collateral is used by the counterparty to reduce the investor’s debt,

a. if (e;, — C;) < 0, the investor pays the remaining exposed;
b. otherwise, (& I+ — C;) > 0, the collateral covers the investor’s debt, and the re-

mainder (if any, and if it is not rehypothecated) gets back to the investor.
(5177' - CT)_ + R/C(glﬂ' - OT)+'

Similarly, one can compute the situation when the investor defaults before the counterparty.
Now, we may combine both parties’ default, non-default, and collateral account cashflows

obtaining

0P(8,T5C) =1any 1 T) + Lpary (T1(t,7) + = 7200, )
Flir=ro<rye” I T3d81{51,7<0}1{07>0} (51 T C'r)

Hlporeerye B Lo <oy (e — Cn) ™ + Ri(er, — Cr)T)
Hlrmroerpe T 1, oo Lie 50 (51, — Cn)™ + Reler, — Cr)T)
Hl—rocmye I Tsd51{5177>0}1{cf<0}(RC€I - CT) (1.8)
e erpe O L oy Lie, <op(ec — )

e eme B 1m0y ((eor — Co)F + Ri(ec, — Cr)7)

+1{T:T]<T}e_ I7 Tsdsl{ac,7<0}1{cr<0}( Ecr — C T4 R](ECT — CT)_)
o erye B e, oo 0y (Rieer — RiC),

with TIP (¢, T; C') denoting the analogous net cashflow inclusive of collateralization.

A more compact form is provided by

P (¢, T;C) =11(¢, T)
~rerye J (7, T) = Yrereyers — Lrmrpcir)
e (B 2 I G e

Re) (517 - C;)Jr

1)(eer = C7)

1) (€6, —CF)

Notice that the collateral account entry only as a term reducing the exposure of each party upon

the default of the other, keeping in mind which party posted the collateral.

(1.9)

_I{T:TC<T}e ft rads

(
( _
~Lreryerpe (1 - R
gy (1 R
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1.3. Trading under Collateralization

1.3.5 Collateralization BCVA General Formula

The bilateral valuation adjustment in presence of collateralization is them given by

BCVA(C) =E{ [I1°(,T;C)] — Ef [11(t,T)]
=—Efbvava““UKﬂT%—hmmﬁm=—hmnﬁaﬁ]
— EEtg [1{T=TC<T}6_ ffT rsds (LGDC (5}:7_ — C:)+ + LGDéj (51_77_ — C_)+)l (110)

T

::C;TA(C)
~E7 [ crye O (LGD (e, — C7) + LGD (e, — CF) )],

T T
/

=DV A(C)

Special cases

We introduce a new term, called mark-to-market exposure ° €, with t < u < T, as given by
ew = EY[I(u, T)],

which represents the default-free price of all cashflows remaining after time u up to maturity 7.

Hence, the (1.10) can rewrite as

BCVA(C) = — Etg [1{T<T}e_ Jirsds (87- — l{T:TC}SI,T — 1{7271}6077—)}
—EY [pergerye /" (LGDe(f, — CF) " + LGDp (e, — C7) )]

T

— EY [1rryerye & " *(LGDy (e, — CF)” + LGD (e, — CF) 7)),

T T

If we assume ¢, = ¢, = €1, the expression for BC'V A is

BOVA(C) = = Ef [Lyerperye™ ¥ " (LGDe(f, — CF) " + LGDp (e, — C1) )]

T

— EY [Lfrerjerye W " (LGD; (e, — CF) ™ + LGD; (et — CH) )],

T T

If collateral rehypothecation is not permitted (LG D, = LG D', = 0), the above formula simplifies

to
BCVA(C) = - Ef [1yeroerye ¥ "®LGDe (ef, — CF) ']

T

—EY [1pp—ryerye " “LGD; (ec, — CF) 7]

T

SMark-to-market (MTM) is a financial accounting practice that involves valuing an asset or liability at its current
market value. In other words, MTM is the process of adjusting the value of an asset or liability to reflect its current
market price. When an asset is marked-to-market, its value is adjusted daily to reflect changes in market conditions.
For example, if an investor owns a stock that is marked-to-market, the value of that stock will be adjusted each day
based on the current market price. If the price of the stock goes up, the value of the investor’s position will increase,
and if the price goes down, the value will decrease.
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On the other hand, if rehypothecation is permitted, the surviving party is always forced to face the
worst case scenario (LGD; = LGD; fori = C, )

BCVA(C) = — B¢ [1s—rperye # LG De (51, — C;) ']

. (1.11)
—EY (1, emye” J B LG Dy (e0, — CF) ]

Finally, if we remove collateralization we get (1.6), and and we consider a default-free investor

(11 — oo) we have (1.3).

1.4 Example of Collateralization Schemes

We examine two distinct collateralization mechanisms. The first one is the more realistic, and it
is called margining procedure, in which both parties post or withdraw collateral to or from the
account on a fixed set of dates based on their current exposure. The second mechanism, known as

perfect collateralization, where the collateral account covers all exposure risk.

1.4.1 Collateral Management under Margining Procedures

The CSA agreement between the parties establishes the terms and conditions for collateralization,
including the specific collateral assets that can be used, the margin threshold, and the frequency of
margin calls. In addition, the agreement ensures that the Collateral Taker is required to compensate
the collateral account at a predetermined accrual rate, which reflects the cost of borrowing funds
in the market. The accrual rate may be set as a fixed percentage or as a variable rate linked to a
benchmark, such as the overnight interest rate.

We introduce two adapted processes that represent (forward) collateral accrual rates, {c; (T},
when the investor takes the collateral assets (he/she is the Collateral Taker), and {c;~(7")}; when
he/she posts them (the counterparty is the Collateral Taker). Furthermore, we define (collateral)

zero-coupon bonds as { P¢(T)}; as

C . 1
FT) =5 + (T —t)e(T)’

where, ¢ is the effective collateral accrual rate, defined as
c(T) = Lig<ope (T) + Ly,s0y¢7 (T).

We can represent the timeline of a deal using a time grid {¢1, . ..,t, = T}, that includes the dates
when both parties post or withdraw collateral to or from the collateral account. We can begin by

listing all cashflows from the investor to counterparty when a default event does not occur:

1. the investor opens the account at the first margining date ¢; if C;; < 0 (the counterparty is
the Collateral Taker);
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1.4. Example of Collateralization Schemes

2. The investor posts to the account at each ¢, as long as C;, < 0. As Collateral Taker, the coun-
terparty pays interest on the collateral at the accrual rate c;; (1) between two subsequent

margin dates ¢, and ;. 1;

3. if no default event has occurred, the investor closes the account at the last margining date ¢,,
it Gy, < 0.

At each margining date, the counterparty considers the same cashflows for opposite values of the
collateral account, that is, when the investor is the Collateral Taker and he/she pays a rate c; (t5+1).

As a result, we denote 7 as the sum of the discounted margining costs over the period (t,7" A 7|

n—1
otk _ P, (ti41) Py (tey1)
VLT ATC) =) 1 ne itrds o o Z VL o Z e R
( ) £ {tgtk<T/\ } tr tr Ptck (tk+1) tr Ptck (tk+1)

n—1
t P t
=D Lusnarane 00, (1 _ M)

k=1 Pf (tg41)
n—1 1

= Lpzerane IR0, (1 _ Ity (o) ) (1.12)
k=1 L4 (tp1—tw)Cty, (1)

n—1 ~
. L+ (tey1 — te)Cry, (trrn)
e e nase (1 .
Z {t<tp<TAr}€ 123 1+ (tk:—H — tk)rtk (tk—i-l)

k=1
n—1 B
- Z o<t <rarye” St e (te1 — i) (reg (Pet1) — Coy (Err))
o . AT

" {t<ti<TAT} k 1+ (b1 — tk)rtk (tes1)

with the risk-free zero coupon bond, related to the risk-free rate r, given by P,(7). We may

approximate (1.12) as the first order expansion, for small ¢ and 7,

n—1

Y, TAT;C) =~ Z o<, <rarre” I "I Cy0u (th (tjr1) — ¢ (tj+1))7 (1.13)

j=1

with «; is the year fraction between ¢; and ¢; ;.

This last expression clearly shows the cost of carrying a structure for collateral costs. If C' > 0,
the investor is the Collateral Taker and he/she will have to pay (hence the minus sign) an interest
¢”, while receiving the natural growth r for cash. In the opposite case, the investor is the Collateral
Provider (the counterparty is the Collateral Taker) and receives (pays) interest c<.

We define the Bilateral Credit Valuation Adjusted price ‘7;(0), with collateral management

under margining procedures, as

Vi(C) =E¢ [TP(t, T; O)]

. (1.14)
=E{ [11(t, T A7) + vt T A7;C) + Lipaqye” 0 7250, (C )]
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where 6. (C, €) is the on-default cashflows given by
0,(C;€) =1 (r—rpam (e,,T ~ LGDc(ef, — C)" = LGD (7, — C;)+)
IR (EC,T LGDi (e — C5) — LGDY(<}, c:)) .
Namely, to price a deal we have to sum up three components:

i. TI(t, s) is the discounted cashflows from the contract’s payoff structure over the period (¢, s];

ii. y(t, s; C') represents the discounted cashflows of collateral margining costs within the inter-
val (¢, s];

iti. 0,(C};¢) is the on-default cashflow with close-out amount ¢.

1.4.2 Perfect Collateralization

The perfect collateralization scheme is defined by collateralization in continuous time, with con-
tinuous mark-to-market of the portfolio at default events, and with collateral account inclusive of

margining costs at any time u, i.e
Cl=EJ[M(u,T) +y(u,T; C)],
with close-out amount chosen to be equal to collateral price, i.e.
Cr=c1r=¢ccr.
Then, the price (1.14) becomes
Vi(C) =EY {H(t, TAT)+7vtT AT 0) + Lpare im0,

=K {H@: T) +3(t.T:C) = Lrarye™ K (W5, T) +9(r. T:C)) + Lirarye H7+C;

=EY [I1(t,T) + (¢, T; O)]
=CT.

1.5 Funding Value Adjustment

When managing a trading position, liquidity, which is provided by either the Treasury or the mar-
ket, is an important consideration. The lender must be repaid, and borrowers must pay interest,
while those who lend must earn it. It is critical to include these financial expenses in the contract
evaluation. For this reason, a new adjustment known as the Funding Value Adjustment (FVA) has

to be introduced. More precisely, FVA can be viewed as a cost or benefit for hedging a series of
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transactions. In recent years, academics and practitioners have contributed to a discussion on FVA
(see for instance [22, 25-27]).

Various more or less sophisticated approaches have been suggested for calculating this adjust-
ment. In [17], FVA is examined as a pricing component that can only be calculated recursively due
to its dependence on the price itself.

To enhance comprehension, consider the following example of a collateralized swap.

Suppose to have a swap with collateral between two parties. When the market value of the swap
changes, the parties send or withdraw cashflows from the collateral account. If the market value
of the swap becomes negative, the party that is required to transfer cash or assets to the collateral
account may borrow them from the Treasury Department or the market at an unguaranteed rate.
Meanwhile, the collateral will continue to accrue interest at a rate set by the CSA.

Alternately, if the value is positive, the party will get collateral and the CSA rate paid to its
counterparty.

The swap transaction faces additional expenses due to the asymmetrical nature of the collateral
cost, known as FVA. However, it should be noted that the previous example, though understand-
able, is unrealistic as it oversimplifies the complexity of the actual transaction.

Let’s consider a single transaction to explore a general scenario. As we showed, CVA and
DVA are additively decomposable within the deal’s cashflow, but financing costs are not, because
they depend on future financing choices. As a result, valuing the product requires a recursive
equation, which is challenging to run due to the product’s path-dependent nature and the need for

both backward induction and forward simulation.

1.5.1 Trading under funding risk

The strategy for hedging that accurately replicates the arbitrage-free valuation of a derivative is
composed of a cash position, typically referred to as a current account denoted by {F}};, and a
portfolio position of hedging instruments denoted by { H}, (the risky-asset account®). The current
account { F} }, is determined by considering both the positions taken by the trader at time ¢, which
could be either borrowing or investing. The account F} is positive when the trader obtains the re-
quired amount to establish the hedging strategy, meaning that the trader borrows cash. Conversely,

F; is negative when the trader invests the surplus cash into the hedging strategy. We get
V,(F)=F,+H,

where XN/t(F) is the derivative risky price inclusive of funding and investing costs. Therefore the

financing account as

Ft:"?t(F)_Ht

®In the classical Black-Scholes-Merton framework, a hedge’s risky aspect would entail a §-position stance in the
underlying equity, with the risk-free component being held in a secure bank account.
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If the contract is collateralized and rehypothecation is available, the Collateral Taker can use col-

lateral assets for funding, reducing or eliminating the requirement for cash,
Ft — %(C,F) _Ct —ﬁt

where \N/t(C’, F)) is the derivative risky price with collateral management under margining proce-
dures, funding and investing costs. Notice that this will produce a recursive equation because the
price of the product at time ¢ depends on the funding strategy F'((¢, 7']) which depends on the price

of the product. This will be made clear in the sections that come after this one.

1.5.2 Liquidity policies

The trader’s position for financing or investing is determined by its liquidity policy.
Let be {t,...,t,}; a discrete time-grid, and assume that the trader enters a funding position,

between two adjacent funding times ¢; and ¢;,; for 1 < j7 < n — 1 we have that
* at ¢; the trader requests from the funder a cash sum that is equivalent to the amount of F3..

* at ?;4, the trader must repay the funder for cash and finance charges. The latter expenses are

constant at the start of each financing cycle and charged at the conclusion.

We can follow the same logic also for investing cash amounts (F; < 0) not directly used by the
trader, and to consider investing periods along with funding periods.

The contracts used by the investor to finance the deal can be introduced as suitable pricing
processes. Let { P/ - (T')}+ be the price of the F-adapted borrowed contract, where the trader pays
a unit of cash at maturity 7', and let { P/ ) (T')}+ be the price of the F-adapted lent contract where
the dealer receives a unit of cash at maturity 7.

The corresponding financial/investment rate (forward) is

FAT) = Tl_ t (szl(T) _ 1).

In other words, if the hedging strategy of the deal requires borrowing cash, this can be done at the

funding rate f~, while surplus cash can be invested at the lending rate f<. We define the effective

funding rate {ﬁ}t faced by the dealer as

FUT) = Ypcor f5(T) + Lpsop £ (D).

The sum of discounted cashflows from funding costs during the life of the deal is equal to

n—1
t; P, (t;
e, TNAT F) = E l{tgtj<T/\r}e_ e Tsdsth (1 - #), (1.16)
j=1 Pt]' (tj-i-l)
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where the zero-coupon bond corresponding to the effective funding rate is defined as

7 1
P/(T) = S
L+ (T =) f(T)
In the same way, (1.12) may be rewritten as a first order approximation with continuously com-

pounded rates fand r associated to the relevant bonds

n—1

et TAT F) = Z Lit<t,<rarye " " Fy o (th (tjs1) — Ji, (tj+1))- (1.17)

J=1

Thus Bilateral Credit Valuation Adjusted price ‘7;(0, F), inclusive of funding and investing costs,

can be written in the following form:

Vi(C, F) =E¢ |TI(t, T A7) +7(t,T AT;C) + o(t, T AT; F) + 1yaremye™ L 50,(C ).
(1.18)

1.5.3 Implementing Hedging Strategies

At any fixed time ¢, when the investor borrows a risky asset, H, > 0, while H; < 0, when he/she
lends it. We want to consider both financing costs and benefits of employing the risky asset in our
framework.

Let us introduce the adapted processes {h; (T')}:, that represents the effective asset lending

rates from ¢ to 7', and {h;(T')},, the asset borrowing rate. We define the (hedging) zero-coupon
>
bonds { P~ (T}, as given by

1
L+ (T —t)RE(T)

PI(T) =

It is also useful to introduce the effective lending/borrowing rate ﬁt defined as
hi(T) := Vg, oy (T) + Lz oy b’ (T).

If we implement the hedging strategy using the same time grid as the funding procedure, we can
add the costs of funding and hedging in a single term and re-define ¢ to take the hedging strategy

into account.

n—1

— tj P (t;
ot,TNT;F,H) := E l{tgtj<T,\T}e’ft Tsdsﬂj <1 — —ti( ]H))
j=1 j )

(1.19)

n—1 ‘s Pt (t
(Y rds T (L1
T

J=1
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which might be approximated as

n—1 ] "
o(t, TANT; F,H) ~ Z 1{t§tj<T/\T}eift] TSdSthOéj <Tt]~ (tjig1) — ftj(tj+1))

= (1.20)

n—1

- Z Ly<y,<rampe” 1, 0y (ftj (tj41) — Iy, (tj+1)) :

i=1

In conclusion, we can rewrite (1.18) as

Vi(C, F) =E¢ |TI(t, T A7) +7(t, T AT;C) + @(t, T A7; F, H) + 1yarepye” 0 550,(C ) |
(1221)

1.6 Continuous-time generalizated Pricing Equation

If we assume a continuous-time approximation for the general valuation equation (1.21), this
means that collateral margining (1.13), funding, and hedging strategies (1.20) are carried out con-

tinuously. As we approach the time limit, we get
TAT u
AT AT:C) = / o ¥ s (1, — Z)Cld,
t
e TNAT u " . -
p(T AT, F,H) = / e T ((ry = fu)Fu + (fu — ha)Hy)du,

t

moreover, we express the discount cashflow II(¢, 7 A 7) as
TAT u
Mt TAT) = / e I AT du,
t

with {II, }, is the payoff coupon process of the derivative contract.

Then, putting all the above terms together the recursive pricing equation yields

TAT ~
V, = EY / o Jitreds (Hu —(Cu = ru)Cu = (fu — 1) Fu
t

(1.22)
_<EL - EAFU)) du + 1g<r<rye” I TstGT] -
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1.6. Continuous-time generalizated Pricing Equation

By recalling that, under rehypothecation, F; = V,—C, — H,, (1.22) became

. TAT w - .
V=Y / e Ji reds (Hu —(Cy —7ru)Cu — (fu — 1) (V= C)
t

(1.23)
—(ry — Eu>H“)) du+ 1y<r<rye” ) TSdSQT

with 6, in (1.23) representing the one-default cashflow , it is defined in (1.15).

According to the traditional no-arbitrage theory and in a market with no credit risk, the hedging
process H would be equivalent to a 6-hedging strategy account. This implies that the portfolio
would be adjusted continuously to maintain a delta-neutral position, in order to eliminate the risk

of price fluctuations in the underlying asset.
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Chapter 2
Backward Stochastic Differential Equation

In this chapter, we briefly present the theory of Backward Stochastic Differential Equation, in
order to apply it to our specific case of Value Adjustments. This theory was born in 1973 with
the seminal paper by Bismut [7] and since then it has enormously developed in several directions
and we refer the interested reader to [30, 31, 42, 44, 49] for a detailed account of both theory and
application. The Chapter mainly follows the Zhang’s book [49].

2.1 Preliminary notions

In this section, we introduce the notations we are going to use in the rest of chapter.

Let (2, F,FF,IP) be a complete filtered probability space on which is defined a dimensional
standard Brownian motion W' = (W;)o<;<r, such that F = (F;)o<t<r is the natural filtration of
W, and T is a fixed finite horizon, augmented by all the P-nulls sets.

Let p,q > 0, we define

 L°(F) the space of F-measurable random variables;

LP(F) the space of X € L°(F) such that | X2 := E[| X[?] < oo;

LO(FF) the space of F-adapted stochastic processes {X }.ep0,17;

LP(F) the space of {X }yepo.r) € LO(F) such that | X2 = E[( fOT |Xt|pdt)%)] < o0. For
p = q we abbreviate it by LP(F) := LPP(F) and || X ||, := || X||,p for {X }icpo,r) € LP(F);

SP(IF) the set of { X },cj0,r) € L°(IF) continuous a.s. such that || X2,  := E[X*?] < oo, and

we denote by X* = supg<,<r | X¢[;

L>(TF) the space of bounded processes in L°(IF), with L°>°-norm denoted by || - ||so;

LP

loc

() the space of processes in L°(F) such that fOT | X |Pdt < 0o, P-a.s.

Let us recall some important inequalities:
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2.1. Preliminary notions

Propotion 2.1.1. Let p, q be conjugates.
i) (Young’s Inequality) Assume p,q > 1. For any x,y € R, it holds:

p q
p q

In particular, for p = q = 2 and for any a > 0, we have

2ry < ax’ +a 'y’ (z+y)P < (1+a)®+(1+a )y’

ii) (Holder’s Inequality) Let { X }.cj0.r) € LP(F), {Y }icjor) € LI(F). Then

XY < [IXTIY g
iii) (Gronwall Inequality) Assume the function a : [0,T] — [0, 00) satisfies
¢
a; < Cy+ Cl/ agds,
0

for some Cy,Cy > 0. Then a; < Cpe“t,0 <t <T.

Theorem 2.1.1 (Burkholder-Davis-Gundy). ! For any p > 0 and o € L*?(F) C L? (F), define

loc

t
M, :/ osdWy and M* = sup |Ms|.
0

0<s<t

There exist universal constants 0 < ¢, < C,, depending only on p, such that

T z T g
(/ |0t|2dt) < E[|M§i|p} < cpE{/ (|at|2dt) ] (2.2)
0 0

All vectors are considered to be column vectors, namely we take the convention that R" =

cplE

R™! for some dimensionn. A n-dimensional random vector is a mapping X = (X;,..., X,,)" :
Q) — R" such that X; € L°(F),i = 1,--- ,n, where T stands for transpose. We say X =
(X1, ..., X™) " isan-dimensional processif X*,--- , X™ are processes such that X* € LO(IF). We
note that all of the preceding notations can be extended to multidimensional settings; to emphasise

the dimension we write, for example L°(FF, R"™).

"'We observe that for p = 2 is exactly the Doob’s maximum inequality:

E[|Mr[*] <E[|M7|*] <4E[|M7[*]. 2.1)
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2.2. Motivation

2.2 Motivation

Classical Stochastic Differential Equations (SDEs) usually describe the stochastic time evolution
of some phenomenon starting from a known initial condition. The evolution may have a finite
horizon, say 7', and the final value of the solution process is a random variable that needs to be
determined. In nature and finance, it often happens to have evolutionary phenomena that depend
on a given final condition rather than an initial one. These phenomena are not simply time-reversed
evolutions, since randomness requires the measurability properties of the solution with respect to
the underlying filtration that represents the progressive accumulation of information. This opens
up a series of mathematical issues that have been addressed by the theory of Backward Stochastic
Differential Equations.

To understand better the peculiarities of the topic, let us look at the following example.

We want to construct a process {Y; }+cjo.7] that verifies a final condition Y, = £ € L*(Fr).

Certainly the constant process

V,=¢& t€][0,T] (2.3)

verifies our requirement, but it is F;-adapted only if £ is a constant. If £ is a random variable, then

{Yi}icpo,m is certainly adapted, if it is defined as the martingale
}/;f = E[€|‘Ft]7

which verifies of course Y, = £. If F; is the natural filtration generated by the Brownian motion
W, then the martingale representation theorem gives the existence of a progressively measurable
stochastic process {Z; }1epo,r] € L*(IF) such that

dY, = Z, dW, Yt e |[0,T], Y,=E[].
By integrating on [0, ¢] and [0, 7]
t
Y- [ zaw,
0
T
Yo-Yo= [ Zaw.,
0
by subtracting the two quantities, we have
T
Y, =Yr — / ZdWs.
t
Remember that Y = £, hence

T
Y, =¢— / ZdW, Vte[0,T] P—a.s. (2.4)
t

Ivan Gallo 27



2.3. Existence and uniqueness

We remark that the representation theorem gives the existence and uniqueness of Z, but not an

explicit expression.

Definition 2.1. Given an JF;-measurable random variable &, and f : [0, T] x Q x R* x R"*¢ — R
2 is F-progressively measurable function in all variables. A solution to the BSDE is a pair (Y, Z)

satisfying

T T
Yi=¢ +/ f(s, Y5, Zs)ds — / ZdWs, Yr=¢ 0<t<T, P-as. (2.5)
t t

2.3 Existence and uniqueness
We want to study the following BSDE
—dY, = f(t,Y,, Z)dt — Z, dW,, Yr=¢ 0<t<T, P—as (2.6)

where Y € S*(F,R"), Z € L*(F, R™*%), for some dimension 7, d and the pair (¢, f).
We prove an existence and uniqueness result for the above BSDE. Wihout loss generality we

shall assume n = d = 1 in most proofs.

2.3.1 Linear BSDE

We see the following first result.

Theorem 2.3.1. Let £ € L*(Fr,R™) and f : [0,T] x Q x R™ x R™? — R" such that f(-,0,0) €
LY2(F,R™). Then the following linear BSDE has a unique solution (Y, Z) € L*(F,R")x L?*(F,R™*):

T T
Y, = 5 +/ f(sa 0, O)dS - / ZdW (2.7)
t t

Proof. Let us set
T
Y, =E {5 + / f(s,0, O)ds]]—"t] . (2.8)
t

By the integrability assumptions we know that

T
Mt:E[5+ / f(s,o,0>ds|ft}
0

is a square integrable thus, by the martingale representation theorem, there exists unique progres-
sively stochastic process Z € L?(F, R"*?), such that

t
M, = M, +/ ZdWs.
0

2For simplicity we will omit the dependence on w €
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2.3. Existence and uniqueness

Hence . .
Y; = My — / f(s,0,0)ds +/ ZdW,
0 0

T T
YT = MO - / f(S, 0, O)dS + / ZSdWS.
0 0

By calculating the difference Y; — Y7, and remember that Y = £, we get immediately (2.7). [

Let a € L(F,R"), 8 € L>=(F,R"*4), we consider the linear BSDE withn = d = 1

T T
Y%%+/W%K+&&+ﬂawm%—/2MWw (2.9)
t t

or
dY, = —[oqY; + Z,B8, + f(£,0,0))dt + Z,dW,, (2.10)

Here we provide a representation formula for its solution (2.5).

Theorem 2.3.2. Let £ € L*(Fr),a, 3 € L¥(F), and f : [0,T] x Q x R" x R™*¢ — R" such that
f(-,0,0) € LY*(F), and f is uniformly Lipschitz continuous in (y, 2), i.e. there exists L > 0 such
that

[t y1, 21) = f(, 92, 22) || < L(Hy1 — 4ol + |21 _Z2H)7 Y1, Y2 € R" 21,29 € Rnw,W € [0,71].

If (Y, Z) € S*(F) x L*(F) satisfies the linear BSDE (2.10), then

T
Y, = r;lE[rTg +/ T, f(s,0, O)dsm], @.11)
t

where
dFt :FtOdtdt + Ftﬁtth or

! ' 1 2.12)
Ft :e.ﬁCp{ / 5SdWS +/ [Oés — 5‘55|2d8}
0 0

Proof. By applying Itd’s formula

d(TY;) = TydY; + Yidly + d(Y, T),
= —Ty(awY, + ZiB + f(t,0,0))dt + Iy Z,dW; + YiTyeudt + YDy 3, dW, + Ty Zydt
= —TonY, — T2 Z,8; — To f (£,0,0)dt + Ty, Z,dW, + YiLaudt + YT, 5,dW; + Ty Z, By dt
= [ - TiwY, + DYy — T ZiBy + T4 ZyBy — Tuf(,0,0)]dt + [Y,DoB, + T2, dW,
= =T, f(£,0,0)dt + I, [V, 8, + Z)dW,

Denote

Yii=TY, Z,:=T[YB+ %], €:=Tz¢ [(£,0,0):=T,f(t0,0). (2.13)
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2.3. Existence and uniqueness

Then
dY, = —f(t,0,0)dt + Z,dW,. (2.14)

We integrate over the intervals [0, ¢] and [0, 7]

t t
Y, + / f(s,0,0)ds = Yj —|—/ ZdWs,
0 0
Vr +/ (5,0,0)ds = Yy — / Z.dW,,
0 0

therefore . .
?t—?T:/ f(s,o,())ds+/ Z.dW.. (2.15)
t t

Since v and /3 are bounded, we see that E[sup,,<7 [I';|?] < 0o, and by denoting by 3 the upper-

bound of /3, we have

T _ 1/2 T 1/2 T 1
E[( / zﬁds) ]gE[( / rrs\2n55+zs|2ds) }SEK | s !Ft\Q(YsﬁerZs)st)]
0 0 0 0<t<T

T

< E[ sup || (/ (YsfBs + Zs)zds) ] (Holder’s Inequality)
0<t<T 0

—_——

A B

e o) = e ) o -]

b

-
1=

IA

a

1 1 T
< (a2+62):]E[ sup |Ft]2+/ (YSBS+ZS)2d3]
2 2 |o<i<r 0
1 T T T
< E[supft|2+/ |Ytﬁs|2dt+/ |Zt|2dt+/ 2(Y,3s) Z, ds}
2 t 0 0 0 ———

2zy<az24y2

1 T T
< QE[sup T4 + 232/ |Vi|2dt + 2/ Zt|2dt] < 0.
t 0 0

This shows that the local martingale in (2.15) is a uniformly integrable martingale. By taking the

its expectation, we obtain
T
Y, = E{f —|—/ f(s,0,0)ds]}"t]. (2.16)
t

by (2.13), and observing that I is invertible, this it implies (2.11) immediately. [

2.3.2 A Priori Estimates for BSDEs

Now, we look into the nonlinear BSDE (2.5), and let’s start by introducing two important results

that will be useful in proving the uniqueness of its solution.

Theorem 2.3.3. Let £ € L*(Fr), and f : [0,T] x Q x R" x R"™4 — R" such that f(-,0,0) €
LY2(TF), and f is uniformly Lipschitz continuous in (y, z), if (Y, Z) € L*(F,R™) x L*(F,R™%) is

Ivan Gallo 30



2.3. Existence and uniqueness

a solution of the BSDE (2.5). Then' Y € S*(F,R") and there exists a constant C, depending only

onT, L,n,d, such that
T 2
€ + (/ If(t,0,0>|dt> ] (2.17)
0

In this proof and in the sequel, we shall denote by C' a generic constant, which depends only

T
IV, 2)|7 = E||viP + / Z2dt| < CE

on T, L,n,d, and may vary from line to line.

Proof. For simplicity, we assume n = d = 1. The proof is divided into several step.
Step 1. We show that
E[jv; ") < CE

T
/ [|Y2]* + | Z:*]dt | + CE
0

T 2
€]* + (/0 \f(t,o,())ydt) ] <00, (2.18)

Since (Y, Z) is a solution of BSDE (2.5), from the triangular inequality, and the Lipshitz property

of f
T
/ ZsdW
t

T T
< I¢] +/ (50,0 + L(|Ya| + 1 Z.])ds + ‘/ Z.dW,
t t

T
Y < lel+ / (s, Y, Z2)|ds +
t

Moreover,

T
vi<c |s|+/ (1/(5,0,0)] + Y| + | Z])ds + sup
0

0<t<T

t
/ ZdWi| | .
0

Square both sides, take the expectation, and apply the Burkholder-Davis-Gundy Inequality, we

have

T 9 T
B(V7R) < CE[Ief + ([ 1re0.0lar) + [ [vP+1220)ar

with (2.18) resulting immediately.
Step 2. For any € > 0, we show that

sup E[|Y;]’] + E

0<t<T

T
/ ]Zt|2dt] < eE[|Y/]’] + CeT'E
0

T 2
€12 + (/0 |f(t,0,0)|dt) ] (2.19)

By applying Ito formula to |Y;|? a
d|Y,]2 = 2Y,dY; + d(Y,Y)s = —2V,f(t, Ys, Zo)dt + 2V, Z,dW, + | Z,|%dt
|2

By integrating on [0, t] and [0, 7], and then taking |Y;|> — |Y7|? we have

T T T
\Yt\Q—]YT\Q:/ 2st(s,YS,Zs)ds—/ 2Y8ZSdWS—/ |Z,|2ds
t t t
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2.3. Existence and uniqueness

Thus,
T T T
|Y;|2+/ |ZS|2ds = ]§|2+/ QKf(s,}Q,ZS)ds—/ 2Y, Z . dW. (2.20)
t t t

Note that . .
/ Y, Z,|?ds < 2/ (|Ys]* +12Zs%)ds < oo, (2.21)
0 0

then [ Y,Z,dW, is F-martingale.
By taking expectation on both sides (2.20)

T i T
E m\%/ |Z,|’ds| =E \512+2/ Y f(s,Ys, Zs)ds
t t
i T
<B|lgP+2 [ VG Ve Zo)lds
t
i T
<ElgP+2 | Ys|[|f<s,o,o>\+0(m+rzsr)}ds]
t
i T T T
<E |§|2+2Y{5/ |f(s,0,0)|ds+C/ |Y3\2ds+/ Y|l Zs| ds
0 t t S~
- 2zy<xz2+y?
[ T T T
2 « 31y 12 1 2
<E|[¢] +2YT/ |f(s,0,0)|ds+0</ —|Ys] ds+/ | Zs| ds) .
I 0 t 2 2 Ji
This leads to
1 /7 T T
B\ + 5 [ 12| <B|igP 0y [ Iss00ds+c [ ppds) @2
t 0 ¢
by splitting the expectation and applying Fubini’s theorem,
T T
BV < B[l + vy [ 15.0.01ds| +C [ wiPas
— 0 N t .,
a 5:) C1 ftTasds
applying backward Gronwall inequality (at < Coecl(T*t)), we get
T
B < CEle?+ v [ If0.0las], wepTl 2.23)
0
Then, by letting ¢ = 0 and plugging (2.23) into (2.22) we have
T T
EU |Zs|2ds} < CE{|§|Q+Y{$/ |f(s,0,0)|ds]. (2.24)
0 0

-~

ab

By (2.23) and (2.24) and noting that 2ab < ea? + ¢~ 'b?, we obtain (2.19) immediately.
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2.3. Existence and uniqueness

Step 3. Plugging (2.19) into (2.18), we get

E[[Y7 ] < CeE[|Y/]?] + Ce'E

T 2
€7 + ( /0 |f<t,0,0>|dt) ] (2.25)

1
By choosing ¢ = el for the constant C' above, we obtain

T 2
€12 + </O |f(t,o,0)\dt) ] (2.26)

This, together with (2.19) proves (2.17). [

E[|Y;?] < CE

Theorem 2.3.4. For i = 1,2, assume (&', f*) satisfy the assumptions of Theorem 2.3.3 and
(Y, Z%) € L*(F,R™) x L*(F,R™*%) are solutions to BSDE (2.5) respectively with coefficients
(€', f*)- Then

I(AY,AZ)||* < CE

T
agk+ ([ |Af<t,n1,23)|dt)2], (227)
0

where
AY :=Y'=Y? AZ:=2'-2% AG=¢ - Afi=f-f

Proof. Without loss generality we assume n = d = 1. Note that
AK — }/;1 . }/tQ

T T
:A§+/ [fl(s,Ysl,Zsl)—fQ(S,Yf,ZSZ)]ds—/ AZ dW,.
t t

Adding and subtracting f2(s, Y]}, Z!) and f?(s, Y2, Z})

—act [ [ 2D < P2 YL - VA7)

Af(S’Y317Z$1‘)

425, Y2, ZY) — £(s, Y2 ZQ)}dS_/TAZSdWS.

Hence
T
AY, = A¢ +/ [Af(s, Y, Z)0) + o, AY, + BAZ] ds —/ AZ, AW, (2.28)
=€ ' = f(5,Ye,Zs) -—Zs
where 2 1 71 2 2 1
_ LYz - PeYAZ,
Qg = AY, {AY;#0}
5o SOYRZD - P2,
t-— AZt {AZf7é0}
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2.3. Existence and uniqueness

are bounded by liptschiz property of f?, for i = 1,2. Then, we may view (AY,AZ) € L*(F) x
L?(TF) as the solution to the BSDE (2.28), given that the coefficients satisfy the assumption required
to apply Theorem 2.3.3, and we obtain the result immediately. [

2.3.3 Well-Posedness of BSDEs

We establish the well-posedness of BSDE (2.5).

Theorem 2.3.5. Under the assumptions of Theorem 2.3.3, BSDE (2.5) has a unique solution
(Y, Z) € L*(F,R™) x L*(F,R™*%),

Proof. Uniqueness follows directly from theorem 2.3.4. We now prove the existence by using
the Picard iteration. For simplicity we assume n = d = 1, since the proof is analogous in the
multidimensional case.

Step 1.

Letd > 0and 0 < T < § be constants.

Letusset Y0 := 0, Z? :=0. Fork = 1,2,..., let us define (Y*, Z*) as the unique solution

of the following equation
T T
v =£+/ fls, YL Z5 s —/ ZEdW, (2.29)
t t

with (Y*-1, Z+=1) € L2(F) x L*(F).

Indeed, by the linear growth condition it follows that f (¢, Y,*~*, ZF~') € L'?(F), and Theorem
2.3.1 and 2.3.3 imply that (2.29) has a unique solution (Y* Z*) € S*(F) x L?(F). By induction
we have (Y* Z%) € S*(F) x L?*(FF) for all k > 0.

Denote by AY}* := Y} — V' AZF .= ZF — ZF' Then,

T T
AY} = / [QfTAYF 4 g AZE) - / AZFaw,
t t

where
k—1 f(S7szk717Z§71> _f(s’xfskiazfil)
O{t = A}/tk—l 1{Ayvtk71#0}7
k—1 f<87)/sk_27Z§_1> _f(87}/sk_27Z§_2)
= AZFT Lazi=120

are bounded due to the Lipschitz property of f. Applying Ito’s formula, we have
d(|AYF?) = 22AY [of TAYFT + BETTAZET dt 4+ 2AYFAZEAW, + |AZF P dt.

Note that, as shown in (2.21), fot AYFIAZF1dW, is a F-martingale. Nothing that AY} = 0, and

by integrating over the intervals [0, ¢] and [0, T'], subtracting the two quantities from each other, we
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2.3. Existence and uniqueness

get
T T T
AYF? + AZF2ds =2 | AYF(FTAYF L 4 B IAZE Nas — 2 [ AYFAZEAW,
t S s s S S S s S
t t t
Taking expectations, we have

T
E |Ay;k|2+/ |AZF|2ds| = E
t

T
2 / AYF (S TAYF 4+ @5—1AZ§—1)ds]
t (2.30)
< CE

T
JASAINGE |Azf—1|)ds] -
0

In particular

E||AY?| < CE

T
JRSAINGE |Azf—1|>ds] -
0

By integrating over [0, 7] and applying the Fubini’s theorem, we have

T
| 1avipas

0

E

T T
</ (CE[ / |An’“|(|AY,f-1|+|Azf-1|)ds})dt,
0 0

remembering that 7' < ¢

T
E / |AY}*|2ds
0

0 ~~

2ry<a?+y?

[T
< CSE / |AYS’“I(\A1@’“‘1|+\AZf‘1|)d8]

T
< CSE / AYEP 4 (|AYFY 4 |AZE1)2ds
0

T
= COF / (|A5@’“|2+|AY;’f—1l2+|AZ§—1|2+2|Ank—1||AZ§‘1l)ds]
O ~ VvV

L 2ry<z2+y?

T
< CSE / (JAYF]? +|AY 2+ |AZ§1P)ds] :
0

1
Assume § < 20 thus 1 — C'6 < 1/2. Then,

T
E / |AYF|?ds| < COE
0

T
| avep mzf—lﬁ)ds] .
0
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2.3. Existence and uniqueness

Moreover, setting t = 0 in (2.30) we have

T T T
E[/ ]AZf\Zdt] < CE[/ ymffﬁdt] +1EU [JAYF? + ]AZf‘lﬂdtl
0 0 8 0
T
< {05—% %}E{/ [|AY;’<~‘*1|2_._ ‘AZflﬂdt}

0

1
Set§ := sC for the above C'. Then

1 T
{/ |AYF)? + |AZF)? dt] 1 [/ |AYF? + |AZt’“‘1|2dt}
0
By induction we have

T
C
EUO |AYF]? + \AZt’“\th} < rzl

This implies that the pair (Y*, Z%) is a Cauchy sequence, so it converges in S*(F) x L?(IF). There-
fore, we can conclude that there exists (Y, Z) € S*(F) x L?(FF) such that

lim ||(Y,F - Y, ZF — Z,)|| = 0.

k—o00

By letting & — oo in BSDE (2.29) we know that (Y, Z) satisfies BSDE (2.5).

Step 2.

We now prove the existence for arbitrary 7. Let & > 0 be the constant in Step 1. Consider a
partition 0 =ty < --- < t,, = T suchthatt;,; —t; < 0,71 =0,1,...,m — 1. Define V;  := ¢,
and fori =m —1,...,0and t € [t;,t;11), let (Y;, Z;) be the solution to the following BSDE on
[ti, tital:

tit1

Y, =Y,

741

tit1
f(s,YS,Zs)ds—/ ZdW., €[t
t

t
Since t;11 — t; < §, by Step 1 the above BSDE is well posed. Moreover, we see that (Y, 7) €
L*(F) x L*(F), and thus they are a global solution on the whole interval [0, T'. O

Theorem 2.3.6 (Comparison theorem). Assume, fori = 1,2, (%, %) satisfies assumption of The-
orem 2.3.3 and (Y, Z"') € S*(F) x L*(F) are the unique solution to the following BSDE:

T
=&+ / fi(s, Y, Zds —/ Zaw, i=1,2. (2.31)
t
Assume further that £* < €%, P—a.s., and f'(t,y,2) < f*(t,y, z),dt x dP-a.s. Then,

Y <Y? 0<t<T, P-as. (2.32)
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Proof. Let us denote by
AY, =Y =Y AZo=7; -7} A= -8 Af=f'-f
Then,
T T
AY, =A§+/ [f(s, Y}, Z)) —fQ(S,Y'f,ZS?)]ds—/ AZ,dW,
tT ' T
=A¢ + / [ AY, + AZ B+ Af(s, Y72, Z2)]ds — / AZ AW,
t t

where « and 3 are defined in a similar way as (2.28), and they are bounded due to the Lipschitz
property of f. Let us set I'5 as (2.12), and by (2.11) we have

T
AY}zI?HEF&A§+l/ Fﬂxﬂaif,Zbdﬂfﬂ, (2.33)
t

morecover
ity 2) < fPty.2), V(y.2), dtxdP—as.,

which implies that A f(,Y?, Z?) < 0,dt x dP-a.s. Since I' > 0 and A¢ < 0, then (2.32) follows
from (2.33) immediately. OJ

2.4 Markov BSDEs and PDEs

We introduce the flow notation by indexing the family of the solutions of a given SDE on the basis
of the initial time and of the starting point { X" ¢t < s < T, X} = x}.

Definition 2.2. Let b : [0,T] x R™ — R™ be a continuous and monotone in x, uniformly with
respect to t, and o : [0,T] x R™ — R™*? pe continuous and globally Lipschitz in x uniformly
with respect to t. Let { X"t < s < T} be the solution of the Forward SDE

X0 = x—i—/ b(r, X}f’m)dr+/ o(r, X" dW,
t t
and, let (Y"* Z"") be the unique solution
T T
Vi = g(X5") - / flr, XE2 V0" Z5%)dr + / ZEr AW, (2.34)
where g : R™ — R" and f : [0,T] x R™ x R® x R"™? — R"™ are uniformly Lipschitz continuous
in (x,y, z) with constant L. We define the following decoupled Forward-Backward SDE (FBSDE)

with deterministic coefficients on [t, T:

X" = b(t, XP")dt + o(t, X*)dW,

(2.35)
VP = = f (6 XpT Y00, 207 )b+ 20 AW
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Assume, also that b(+,0),0(+,0), f(-,0,0,0) and ¢g(0) are bounded, and b, o, f, g are uniformly

Hélder—§ 3 continuous in ¢ with constant H.
Let us set
u(t,x) == Y,"

Then u(t, z) is bth F;-measurable and independent of F;, and thus is deterministic. Moreover, we

have
VAT =t XPT), 0<t<T.
We shall denote by
m 1 m
,C = bz t, (9I - 7 t, i t, 82_ sy
Z,Z:; ( ZL’) i + 2 z;- g ( x)o-]( ZL’) Tk

the infinitesimal generator of the Markov process { X* : t < s < T'}.

2.4.1 Nonlinear Feynman-Kac Formula

We now derive the PDE which the above function » should satisfy.

We consider the following system of backward semilinear parabolic PDEs

Owu(t.x) + Lu(t,x) + f(t,z,u(t,x), Vu(t,x)o(t,z)) =0, (t,x) € [0,T] x R™,
u(T,x) = g(x), x € R™,

(2.36)

where the V is gradient operator.

Theorem 2.4.1. (Nonlinear Feyman-Kac Formula) Let v € C*2([0,T] x R™ R") be a classical
solution of (2.36). Then, for each (t,z) € [0,T] x R™ {(u(s, X:*), Vu(s, X:*)o (s, X1*) 1 t <
s < T} is the solution of the FBSDE (2.35). In particular;

u(t,z) =Y, and Vu(s,x)o(s,x) = Z" (2.37)

Proof. For the sake of exposition, we consider d = m = n = 1.

Applying Ité’s formula to u(t, X;*), we have

1
du(t, X;") = Opu(t, X;")dt + Opu(t, X;7)dX]" + Qcﬁzu(t, XPO)d(Xr, XY
= Quu(t, Xy ")dt + Opu(t, X;%) [b(t, X{7)dt + o(t, X;7)dW,]
1
+ S 0nu(t, X7")2o(t, XP")2dt (2.38)
1
= [Ouult, X{") + Opult, X;7)b(t, X;7) + S Oult, X{)Po(t, X{")?]dt

+ Opu(t, X))o (t, XP0)dW,.

3The Holder continuity is mainly for the regularity, not for the well-posedness.
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Compare thus with
Y[ = —f (6, X0 Y 207 dt + 20 AW

we obtain
1
[Dru(t, X7%) + Opu(t, Xy )b(t, X7%) + S0u(t, X77) 2o (8, Xp")?]dt + Opult, X" )or(t, X0 ) AW,

=— f(t, X", Y)", 207 dt + Z)TdW,

(2.39)
1
= Dot X) o+ Dl X )06, X7) + 0t Xy ™o 6, X)) = ~f (6 X700 7))
Apu(t, Xp Yo (t, XP") = 72"
This concludes the proof. [
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Chapter 3

Non-linear approximated value adjustments

for derivatives under multiple risk factor

The following chapters are summarized in our two papers [1, 32].

3.1 Evaluation of European claims under the intensity approach

We will be discussing the intensity approach for evaluating a contingent claim based on multiple
risk factors, which it was previously introduced in Chapter 1. Firstly, we present our market model.

Let (£2,G,G,P) be the same complete probability space and [0, 7] the finite time interval of
Chapter 1, and let us denote by F = (F;)o<¢<r the market filtration generated by the adapted
process Sy, representing the asset price, called underlying, with the following dynamics under the

risk-neutral measure P:
dSt = T'tStdt + O'tStth, (31)

where W; is a Brownian motion, and o, represents the underlying volatility and r, the risk-free
interest rate process. We assume that both are deterministic, bounded functions of time.
We assume the so called H-hypothesis (see for details [5, 33, 39, 43])

(H) every F;-martingale remains a G;-martingale.

We consider a European claim with maturity 7" and payoff' ®(S7), where ® is a function as
regular as needed, not necessarily non-negative.

Remember that 7 = min(7¢, 77) is a stopping time with respect to the enlarged filtration G, but
in general, not necessarily with respect to the market filtration /. We assume that 77, 7 are the
first jump times of two Cox processes with stochastic F-predictable positive intensities \’, \“ (see

[5, 16, 39]). More precisely, let us take two F—adapted, right-continuous, increasing processes I

IPayoff refers to the total amount of money received or paid out as a result of an investment or financial transaction.
The term can refer to the profits or losses that an investor incurs from holding or selling a particular asset, such as a
stock or option.
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3.1. Evaluation of European claims under the intensity approach

defined on our space, for ¢ = (| I, called F—hazard processes, such that Fé =0, and
Fi:/ ANdu, i=C,I Vt>0.
0

We assume that the probability space is sufficiently rich to support two random variables &;, which

are uniformly distributed on the interval [0, 1] and independent of the filtration F under P. Then
m=if{t>0:e Tt <&} =inf{t >0: T > —in(&)}.

Consequently, we have that the F-adapted increasing processes FY = P(r; < t|F;) have the

representation
. i tyg
Fl=1—e¢li=1—¢ Jotudu

The default times, as defined, are conditionally independent® with respect to JF, that is
P[TC > 11,7 > t2|ft] = ]P)[TC > t1|E]IP[T] > tgl./—';g], \V/thtg € [0715},

so that the probability of simultaneous default is 0.
As a consequence, the conditional distribution of the first-to-default time 7 has the representa-
tion
Plr > t|F] = e Jotudu X\ =\C 4 AT,

and we denote T = min(7,T).
By following Chapter 1, the G;-adapted value process of a defaultable derivative V, is given
by the sum of the discounted default-free price and the adjustments due to default, funding, and

collateralization risks, and it is characterized as the solution of the following BSDE

V, = Ef 1{T>T}e_ftTTSdS<I)(ST)+/ e Jersbom, du| —EY / e I (e, — 7, ) Cudu

t t
2 (& J/
~~ ~~

Contractual cashflows Cost of carry of collateral account

7| [ B = ) (T = Cd | — 82| [ B, — R
t B t

N J/

TV TV
Costs due to funding account Costs due to hedging

+ Etg e ) Tsdsl{tSTST} (57 — I{TC<TI}LGDC(€7— — 07—)+ + 1{T1<Tc}LGDI(€T — CT)_>

N J/

(3.2)

TV
On-default cashflows due to contract

’It is worth noting that the independence assumption certainly simplifies computations, but it does not consider
default contagion effects. Within the intensity framework, more realistic models allowing default dependence were
recently proposed (see [8, 9] and the references there in), and we remark that we could extend the method to the
correlated case, provided we introduce an additional parameter.

Ivan Gallo 41



3.1. Evaluation of European claims under the intensity approach

We note the (3.2) corresponds to the theoretical equation (1.22) which we recall below

. TAT w - .
V=Y / e Ji rads (Hu —(Cy —7ru)Cu — (fu — 1) (V= C)
t

—(’["u — Eu>ﬁu)) du + l{tSTST}e_ ftT TstQT

where we assumed that IT; in (3.2) was due to a payoff and, possibly, to a dividend? process, ¢ := ¢,
f= fv 7:=hande = ec,r = €1, In Table 3.1, we highlight the measurability properties of
the factors involved, which include those predefined by the contract agreement as well as those
that depend on the price evolution. We recall that the close-out value ¢, is usually taken as the
default-free price or as the adjusted price of the defaultable claim: the first choice gives a solvable
linear BSDE, while the second (¢, = XA/;) determines a non-linear BSDE, not explicitly solvable.
We examine this last case.

It is to be noted that the default times are not market observable, thus the theoretical price
represented by (3.2) must be projected on to the market filtration F;.

To do so, we employ the Key Lemma and its extensions, (see Section 3.1 of [5]).
Lemma 3.1.1 (Key). For any G-measurable random variable X andt > 0, we have

Ef [1(r51 X]

Ef (1> X] = 1mnE7 [X] = 1{T>t}m-

(3.3)

In particular, for anyt < s

P(t <7< S|ft)
]P(T > t|ft) ’

Pt <7 <slGy) = 1ion

v

<
=
o3
S
=3

Role Assumption
Payoff at maturity ~ Lipschitz function of Sp

=

s Contract dividends ~ F-predictable
C Collateral process ~ F-predictable
H Hedging process G-predictable
€ Close-out value F-predictable
c Collateral rate F-predictable
f Funding rate G-predictable
h Hedging rate G-predictable

LGD;,1=C,I Loss Given Default Constant

Table 3.1: Summary of cashflows and their measurability properties

3A dividend is a distribution of a portion of a company’s earnings to its shareholders. Typically, dividends are
paid out in cash, but they can also be distributed in the form of additional shares of stock or other assets. Dividends
are usually paid out on a regular basis, such as quarterly or annually, and are often seen as a way for companies to
share their profits with their investors.
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3.1. Evaluation of European claims under the intensity approach

and we have that for any G;-measurable random variable Y there exists an JF;-measurable random
variable 7 such that 1;~nY = 17> Z.

Proof. Multiplying both sides of (3.3) by P(7 > t|F;), we need to verify that for any A € G, we

have
/1{T>t}XP<T > t|ft)d]P): / 1{T>t}Ef[1{T>t}X]dp'
A A

By Lemma 3.1.1* of [5], for any A € G; we have AN {7 >t} = BN {r >t} for some B € F,,
and so

XP(r > t|F)dP = / XP(r > t|F)dP

Bn{r>t}

/ 1oy XB(r > 1| F)dP = /
A

An{r>t}

= / 1oy XP(7r > t|F)dP = / E/ [1(r>0 X |P(7 > t|F,)dP
B B

= / E/ [1{T>t}]Ef [1{T>t}X]]dIP’: / E/ 1> X]dP
B Bn{r>t}

= / Ef [1(rn X ]dP = / Liron B [1grsny X ] dP
An{r>t} A

This ends the proof. [

Now, we illustrate how we can apply the previous Lemma 3.1.1 with a stochastic process.
Following the proofs in Appendix B of [16] and Lemma 3.8.1 in [39], we have two particular
case. In Lemma 3.1.2, we deal with the case of a change of filtration for a stopped integral, and in

Lemma 3.1.3, we deal with the case of a process valued at a default time.

Lemma 3.1.2. If @, is an integrable G-adapted process, then

T T
/ (pudu] = 1{T>t}Ef / I~ s Asds¢udu] :
t t

where @, is an F,-measurable variable such that 1 ~.,, @ = L~ .

17

Proof. We note that

T TAT T
/ Spudu] :1{T>t}E? / (;Oudu] - 1{T>t}Etg / 1{T>u} qudu]
t t t

T T
/ 1{T>t}1{7>u}<ﬂudu] =/ EY |:1{7'>t}1{7'>u}90u} du.
t t

1 onEY

—EJ

By applying the Lemma 3.1.1 we have

T E (117501 (rou) Pu]
1 . t {r>t} {r>u}¥u du.
/t YT B ey]

4 Assume that the filtration G = (G;); satisfies G, = Hy A Fy, with Hy = 0(1{r<yy : u < t) . Then G* C G,
where G* = (G} )i>0, with G :={A € G:3IB e F, An{r >t} =Bn{r >t}}
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3.1. Evaluation of European claims under the intensity approach

Remember that Ef [1,5] = P(7 > t|F,) = e~ Jo Audu e get

T
1{T>t} / Ef [1{T>u} Sou] efo )\Sdsdu-
t

We choose an F,,-measurable variable such that 1;,~.,,®, = 1{7>.) %, and obtain

T
1{T>t} / Ef [Ef[1{7>u}]¢u} efo )\Sdsdu
t

T
:1{T>t} / Ef [ei fou /\Sdsau]efo )\Sdsdu
t

T
:1{r>t}Etf {/ e i ASdS@udul .
t

Lemma 3.1.3. If ¢, is an F-predictable process, we have:

E}

T
_ [uC I s
1{t<T<T}1{Tc<n}SOT] =1 E] / o A AfsoudUI-
t

Proof. Consider ¢, = 141{,cy<,y fort < s < v < T and some A € F,. We note that

1{s<‘r:7'c§v} = 1{11/\7'27'0} - 1{5/\7'27'(;}-

By adding and subtracting [,"" A{du and [;"" \{du, we have

VAT VAT
(1{W>Tc} - / Afdu> + / A du
0 0
SAT SAT
—(1{W>Tc}— /0 Afdu) - /0 2 du,

anT

0 )\Sdu, it’s a G-martingale ( refer to Section 3.7.1 of [5] for

denote as MS = Lignrorey —

further details.). Hence

Etg 1{t<T=TC§T}]-{TC§TI}SOT :Etg 1A1{s<T:TC§v}

VAT
=EY |1, (MS — ME + / Agdu)

AT

r VAT
14E9 | MC — ME + / )\fduu

SAT

="

ol [ \c 1 F
=FE Nooudu| =1pop——F
t / v IR > 1lF)

T
/ Moo, P(T > u\}"u)du]
t

:1{T>t}Ef

T
/ e~ ftu(A£+)‘£)dS)\5(pudu] 7
¢
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3.1. Evaluation of European claims under the intensity approach

where the last equality follows from the formula

TAT
/t/\ qbudU] 1{T>t}]P)( Zf’./_" [/ ¢u T > u|"r) ]

which holds for any F-predictable process ¢ such that the right-hand side is well defined. 0

E

Projecting (3.2) on F;, and employing the previous lemma we may conclude that the F;-
adapted adjusted price V}, such that 1~ V; = 1{T>t}l7t verifies the following F-BSDE

T
V; = B |emJe (oA p () / g™ Ji (rothe)ds (wu = (ew = 1) Cu = (fu = 1) (Vu = Cu)
t

— (ru — ho)Hy + Vi — LGDEAC (V, — O + LGDAL(V, — Cu)‘>du ,

(3.4)
where f,, h, and H, are F-adapted processes such that 1;;-,&, = 1{T>t}fu for £ = f,h, H ad
define in (3.2).

If F; is generated by a (possibly multidimensional) Brownian motion driving the market assets
prices, by the martingale representation theorem, taking for granted the necessary integrability

conditions, we have the following theorem
Propotion 3.1.1. The value process (3.4) satisfies the following BSDE:

T
W :(I)(ST) + / <7Tu + (fu - cu)cu - quu - (ru - hu)Hu - LGDC)\S(VU - CYu)+
' (3.5)

T
+LGDN(V, — Cu)‘>du = / Zy - AW, + M,
t

where W, is a (vector) Brownian motion, Z; an F-adapted, possibly square integrable, (vector)
process, and M is a martingale orthogonal to ftT Zy-dW,, possibly depending on further stochas-

tic factors. For the sake of simplicity, we assume M = (.

Proof. Denote as

Q(ta Vi, >\tC, )\f) =Ty = (Ct - Tt)Ct - (ft - Tt)(Vt - Ct) - (Tt - ht)Ht + Vil
— LGDcX, (V; — C)* + LGD A (V, — Cy) ™

We rewrite the value process as

T
V, = EF e~ etA)ds g5y 4 / e i et AIds Oy v, AC DY du (3.6)

() u U
t
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We multiply (3.6) by e~ Jo(rs+A)ds_and we split the integral

e~ fot(rs—&-)\s)ds% :]Et]:

U u U

T t u
e~ Io (r5+)\5)dsq)(ST) . / e Jo (Ts-i-/\s)dSQ(u’ Vv )\C )\I)du
0

T
+/ e fou(Ts+)\s)d5Q(u’ Vu; )\57 )\i)du] ]
0

The right hand side is made up of a F;—predictable term and a local F-martingale. Then, since
it is adapted to the Brownian generating the filtration /, by the martingale representation theorem
we have

Ey

U "ty Tt

T t
o fOT(rSJr)\S)ds(I)(ST) +/ o fou(rer/\S)dsQ(u, V. \C )\I)du] — / ?u -dW,
0 0
for some F-predictable (vector) process Z.

U u U

e’fJ(TS“S)dSVt + /t e’fou(rs+AS)dsQ(U, Vi, A9, M) du = /t ZydW,,.
0 0
By applying integration parts formula, we have
—(ry 4 N)e Jo TN gy o= et A s gy 4 o= JotratA)ds 9(¢ i, AC N at = Z,dW,.
whence, we way rewrite the above as
AV, = [(r + M)Vi — Q(t, Vi, AT A |dt + Z, - dW,

with Z, = elo(rs+)ds 7

By integrating on interval [¢, 7], we have

T T
V,=Vp— / (7 4+ Au) Vi — Qu, Vi, NS, AL dt — / Zy - dW,,.
t t

Recalling Q and that V = ®(S7) we get immediately (3.5). N

Missing a closed form solution for (3.5), one may try to construct an appropriate approximation
procedure. In the literature, the most widespread method is Monte Carlo simulations.

Monte Carlo simulations are widely used in the literature. Here, we briefly present the Longstaff-
Schwartz method, which provides a tool to discretize conditional expectations. That the method
we employed was introduced in a paper written in 2001, we would like to emphasize that our de-
cision to use this method stems from its widespread use in the articles referenced throughout in
this thesis. The chosen method serves as a benchmark value, allowing us to conduct our analyses

effectively. By doing so, we ensure consistency and comparability with existing research in the
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3.1. Evaluation of European claims under the intensity approach

field.

It is worth noting that more advanced Monte Carlo methods, such as variance reduction or
multilevel techniques, could indeed offer increased competitiveness. However, it is important to
clarify that the primary objective of our research is not to find the best Monte Carlo method.
Instead, our focus lies in establishing a benchmark value that enables us to carry out our analyses

accurately and draw meaningful conclusions.

3.1.1 Monte Carlo techniques

In [41], Longstaff and Schwartz developed a Monte Carlo simulation method for pricing American
options’. Obviously, the method can be employed to value also European options.

The key feature of this method is the discretization of the conditional expectation at all times
and we are going to adapt and employ it to (3.4).

Let us consider our evaluation on a finite partition {to,t1,-- - ,t,, = T} of [0, 7] and with step
size At =t — ;.

According to the theory of no-arbitrage valuation, the value of an option is determined by
taking the expectation of the remaining discounted cashflows with respect to the risk-neutral pric-
ing measure. At time ¢,, = T, the investor knows the option’s value, which is given by the payoff
®(Sr). However, the value of the option is unknown at earlier times ¢, fork = m—1,m—2,...,0,
and we want to estimate it.

Discretizing the time integral we may approximate the value of the derivative defined by (3.5),

at time ¢, by

- TTS s)as - - ) Ts s)as
Vi = B [ P850y 4§ e Sttt g v AC N | (3.7)

j=k+1

Once this done, it remains to approximation the conditional expectation. The most popular ap-
proach to do so (3.7) is based on regression methods.

The method consists in approximating the solution of (3.7) by a linear combination of known
functions, called basis functions, of the current state of asset price .S. This is possible, because the
conditional expectation is a square integrable functions in a Hilbert space, hence, it has a countable
orthonormal basis and the conditional expectation can be represented as a linear function of the

elements of the basis. We can express (3.7) as
Vi, = Zﬂfk%(stk) (3.8)
i=0

Here, 1;(S;, ) represents the basis function, and Bfk represents the unknown coefficients that de-

>An American option is a financial contract that gives the holder the right, but not the obligation, to buy or sell
an underlying asset at a predetermined price (strike price) at any time before or on the option’s expiration date, unlike
European options which can only be exercised on the expiration date.
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3.1. Evaluation of European claims under the intensity approach

pend on time ¢y.
In our simulation, we use the Laguerre polynomials as our orthonormal basis
e* d

VYi(xr) = exp(x/2)—

! dxt

(z"e™), i=0,1,2,...

but Chebyshev, Legendre, Jacobi or Hermite polynomials can also be used [41].
A regression method is then used to estimate the optimal coefficients for the approximation.

For this, we use the first M/ < oo basis functions and denote this further approximation as
M-1
Vil =D Bii(Su) = Ba(Su),
i=0

with B, = (B2, 8.+, BT, and ¢(z) = (Yo(x),¥1(x), -+ ,¥a—1(z)). The regression
coefficients can be determined using the following theorem.

Theorem 3.1.1 ([48]).
B = (W(Se)0(S)T) ™ ($(St) Vi) - 3.9)

where (S )(Sy,) " is a M x M matrix and 1(S;,)V; .., is a vector of length M.

Jj+1

Proof. By least-square regression we want to find

2
min (w(stk)—rﬁtk - V;fk-u) :

tg

By taking the derivative of the above with respect to 3;, and setting it equal 0, we get

w(‘stk) (w<Stk>T5tk - ‘/;/kJrl) =0.
By solving for 3;, , we get

¢<Stk)w(stk)Tﬁtk - ¢(Stk)mk+l
=By = (V(S )0 (S) ") T (S ) Vi

We remark that (3.4) describes a backward regression.
So starting from ¢,, = T we may estimate 3;,, step by step by employing Monte Carlo simula-

tions at each time ty,.

More in detail, we simulate /N independent sample paths for asset price S, = (St(ln), St(: ), cee Sﬁ:”l) )
forn =1,..., N. The least-squares estimation of the regression coefficients /3;, is then calculated
as follows:

- 1« 1«
= (3 L)) (5 v )
n=1 n=1
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where thi)l is known, because we are working backwards in time. Then, the approximation of the

option’s value is given by:
VM = Brp(S,) k=m—1,m—2,...,0,

where Vti” = (VM(D yM@ XA/M(N))T.

tr ) Vi s Vi

In [24] it is showed that

lim VM =V, .
M—oo 'k

In particular, we are interested in the approximation value at the initial time ¢,, which can be

obtained by:

When considering a triple of stochastic processes, the Monte Carlo simulations needed to approxi-
mate V; in (3.4) are bound to become extremely costly in terms of machine time. As a result, using

alternative numerical methods that have lower computational costs becomes a crucial matter.

3.2 Contract’s value expression by PDE

In this section, we derive the PDE associated with (3.5). To do so, we require the processes

(S, A\, A1) to be in a Markovian context. Using the flow notation, for the underlying we write
Sht =g +/ ruSHrdu +/ oSHrdW,, o>0, t<s<T,
t t

and we assume ¢ constant from now on.

As for the default intensities, we propose modeling them using Cox Ingersoll Ross processes

ASHY =y + / Yo (e — A§M)du + / ney) N dBS
t t

: (3.10)
A= [ = s [Nl
t t

with v;, 1, m; > 0, @ = C, I, verify the Feller condition, 2y;p; > n?, to ensure the processes’

positivity, and

Wi = poBf + prBf +\/1—pt —piBi, po+pi <1, —1<p <1

where (B, B/, B;) is 3-dimensional standard Brownian motion.

To simplify our discussion we also assume that

* the claim pays no dividends, hence ™ = 0;

* the rates f, ¢, h are deterministic, bounded functions of time;
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3.2. Contract’s value expression by PDE

* the collateral process is a fraction of the process V,,, namely C, = «,V,,, where 0 < o, < 1

is a function of time.

e the process H; = H(t, Sy, Vi, Z;), where H (u, x, v, z) is a deterministic, Lipschitz-continuous
function in v, z, uniformly in u. Besides we take H(u,x,0,0) continuous in z. This means

that we have an explicit representation for the hedging process H; (see [2, 12, 16, 20]);

Here, we choose the two default intensities independent of each other to simplify calculations,
but this assumption may be easily removed by adding a further correlation parameter in the dis-
cussion that follows.

We remark that by taking v; = ¢; = n; = 0,7 = C, I, we can restrict to the case of determin-
istic intensities (as in [16]).

Using this representation, (3.5) becomes

dVbEYz —
S

(1 o at) [fs‘/;t,z,y,z + LGDc)\SC”t’y‘/St’x’y’Z’—’_ _ LGD[)\g,t,yV;t,x,y,z,—

+ oy VIRUE 4 (ry — By H(E, SE, VEowe Zbm2) | ds 4 Z0502q W, + dM,

Vi (i),

(3.11)
and the previous equation satisfies the assumptions of Theorem 2.3.5, here reported: ®(z) €
L*(Fr),and V : [0,T] x Q x R* x R**? — R" such that V(-,0,0) € LY*(F), and f is uniformly

Lipschitz continuous in (y, z), with

WV(s,9,2) =[(1 = ) [fos + LGDXSy? — LGDIy; | + sy

+(rs — hg)H(t, x5, ys, zs)]ds

As shown in [2], assuming a d-hedging for this product, an appropriate change of probability may

be applied to include the hedging function H in the dynamics °, so that (3.11) may be rewritten as

t,x,y,z __
d-‘/ts777 -

(1 o 043) [fs‘ét,x,y,z + LGDC)\SC’,t,y‘/St,J:,y,Z,+ o LGDI)\g,t,y‘/;t,x,y,z,f]

a‘/;t,x,y,z
05

(3.12)

+ e VITYE 4 (ry — hy) ShElds + ZLPYEdW, + d M.,

Vi —a(si)

Since the triple (S%*, A&t \I2) is Markovian, V*¥7 is a deterministic function of the state
variables, u(s, S&*, A& ALE#) . Assuming u(t, z,y,2) € CH2([0,T] x R3), by applying Ito’s

s 17%s

5We do not address the hedging problem any further.
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3.2. Contract’s value expression by PDE

formula
du(t, z,y, z) =0wu(t, x,y, 2)dt + Oyu(t, z,y, 2)dS + Oyu(t, x,y, 2)d\C + O u(t, x,y, z)d\
1
g (Pl (5. 5) + 02,000, IO N°) + St 0N, N )
2 c 2 I
+20;,u(t, z,y, 2)d(S, \~) + 20, u(t, ,y, 2)d(S, \")
=0wu(t, z,y, 2) + Opul(t, x,y, z) (radt + cxdWy) + 0y (t, z,y, 2) (ve (Yo — y)dt + nc\/ﬂdBtC)

1
+azu(ta z,y, Z) (’YIWI - Z)dt + nl\/;dBtI) + 5 <a§zu(t7 z,Y, Z)szzdt + ajyu(ta r,Y, 2)7720ydt

+02 u(t, x,y, 2)n3 zdt + 28§yu(t, Ty, 2)pcorne/ydt + 202 u(t, z,y, z)oxmﬁdt)

:[atu(ta-r7 ZU»Z) + 20 U(t T,Y,z ) + (’YC(wC - y)>ayu(tvl‘7ya Z) + (,YI('(/}I - Z))azu’(ta z,Y, Z)
1 1

+§O—2x28§wu(tvxay7 ) + ncya U(t T, Y, Z) + 577%758;“(75’% Y, Z)

—l—pcaxnc\/ﬂagyu(t, z,y,z) + prozny/z0 u(t, x,y, 2)|dt

+oxdyu(t, z,y, 2)dWi + no/yoyu(t, x, v, z)dBtC + nrvz0,u(t, .y, 2)dB],
(3.13)

and comparing the two expressions (3.12) and (3.13), it can be shown that u(¢, x, y, z) verifies the

non-linear PDE independent of the interest rate . Indeed,
((1 —a) (fu(t, z,y,2) + LGDoyu(t, z,y,2)" — LGDzu(t, z,y, z)_)
+ acu(t,z,y, z) + (r — h)zdyu(t, z, v, z)]dt
= [atu(ta Y, Z) + ’I“I'@IU(t, x,y, Z) + (rYC(qu)C - y))ayu(t’ x,y, Z) + (’YI(QZ)I - Z))azu(tv x,y, Z)
1 1 1
+2U x282 (tvxaya )+ 770982 (tax7y7 )+ 7712'82 (t,l’,y,Z)
+pCanC\/§a§yu(t7 z,Y, Z) + PIUW]I\/gagzu(tv LY, Z)] dt
[&eu(t 2,y,2) + hadyu(t, =y, 2) + (Yo (Vo — y))Oyult, x,y, 2) + (vi(¢r — 2))Qzult, x,y, 2)
1 1
+2O' 56282 (tvl‘aya Z) + 577%3/851115@’% Y,z ) + 77[28 U(t LY, Z)
+p00-x770\/378§yu(t’ LY, Z) + p[O'JIT][\/gaiZU(t, Z,Y, Z) - acu(t, z,Y, Z)
—((1 = a)(fult,z,y,2) + LGDcyu(t,z,y,z)" — LGDrzu(t, x,y,2)”)]dt = 0.

Now, we denote

ﬁ(u)(ta x,y, Z) = atu(ta x,y, Z) + 70(1#0 - y>ayu(t7 X, Y,z ) + 7](¢I - Z)aZU(t,ZE, Y, Z)

1
+h$8xu(t7$73/7 )+ 7701/82 (tvxvyv )+ 771282 (t,ﬂ?,y,Z)

1
+ 502x28§xu(t7 T, Y, Z) + PCUWK’\/gaiyu(t» Ty, Z)

+ /01035771\/2652“(15’ z,Y, Z) - OéCU(t, x,Y, Z) - (1 - a)fu(tv x,Y, Z)a
and we rewrite the non-linear PDE

L(u)(t,,,2) — (1 — @) [LGDeyu(t, 7, ,2)* — LGDrzu(t, 7.y, 2)"| =0

(3.14)
u(T,z,y,2) = ().
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3.2. Contract’s value expression by PDE

In the next chapter we are going to suggest a discretization of (3.14) that seems to work efficiently
in terms of computational times and accuracy.
We remark that the solution to (3.14) might be intended in viscosity sense, and we postpone

the analysis of the regularity of the solution to further future work.
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Chapter 4
Problem discretization

The method of lines (see, for instance, [28, 29, 38, 40, 45-47]) is a numerical technique commonly
used to solve partial differential equations (PDEs) by discretizing them in one or more spatial di-
mensions and solving the resulting system of ordinary differential equations (ODEs). Typically,
the method of lines involves dividing the spatial domain into a set of grid points and approximating
the spatial derivatives in the PDE with finite difference approximations. This discretization trans-
forms the PDE into a system of ODEs, which can be solved by a suitable time integration method,

such as the Euler one.

4.1 Finite difference approximations

In this section we brefly review the finite difference method often employed to approximate the
solution of a PDE, that we will later use for (3.14). However, for a more detailed discussion we
refer to the reader [40, 46, 47].

The finite difference method is a numerical technique used to solve differential equations. It
involves approximating the derivatives in the equation with difference quotients and discretizing
the spatial domain by dividing it into a grid of points. The method then iteratively computes
approximate solutions of the equation at each point on the grid. The accuracy of the solution is
determined by the size of the grid and the order of the used difference approximation. The finite
difference method is widely used in various fields, including physics, engineering, and finance. For
simplicity, we consider the one-dimensional case. Let’s suppose that a function v is sufficiently
smooth to be expanded in a Taylor series in the neighborhood of x with an increment & > 0.

Truncating the expansion it at the first order, we have:

x+h)—v(x)
h

v(z+h) =v(z)+h/(2) + Oh*) = V(1) ~ d 4.1)

where the term O(h?) indicates that the error is proportional to h?. From (4.1), we deduce that
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4.1. Finite difference approximations

there exists a constant K > 0, such that for h > 0 sufficiently small we have:

_ "
R R S N 7 1]
h yElx,z+ho] 2

for hy > 0 and h < hg. The error committed by replacing the derivative +/(z) by the differential
quotient is then of order i and the approximation of v/ at point x is said to be consistent at the first
order. This approximation is known as the forward difference approximation of v'. Likewise, we

can define the first-order backward difference approximation of v/’ at point x as:

v(ix —h) —v(z)
h .

v(z —h) = v(z) — hW'(x) + O(h?) = V() = 4.2)
In order to improve the accuracy of the approximation, we define a consistent approximation,
called the central difference approximation, by taking the points * — h and x + h into account.
Expanding the function v at the points  + h and x — h, truncating it at the third order, we have
h2
v(z+h) =v(x)+h/(z) + 71/’(.75) + O(h%)
2

v(z —h) =u(z) — h/'(z) + ?V”(x) —O(h?).

By subtracting these two expressions we obtain

v(x+h) —v(x—h)
2h

x+h)—v(zx—nh)
2h

=V (2) +20(h*) = V' (z) ~ d (4.3)

Hence, for every h € (0, hg), we have the following bound on the approximation error

o) ==t e e W)
2h N ’ ye(x—h0,1'+h0) 6

This defines a second-order consistent approximation to /.
In a similar way, an approximation can be found for the second derivative, using the Taylor

expansions up to the fourth order to achieve the result:

v(iz+h)=v(z)+h/(z) + ?u"(x) + %1/”(3:) +O(h)
vz —h)=v(z) — h'(z) + %1/”(33) — %I//”(.T) +O(hY).

Like before, we can write

v(z+h)—2v(x)+v(ix—h)
12

v(z+h)—2v(x)+v(x—h)
72

=1"(z) +20(h*) = V"'(2) =~
4.4)

As far as numerical solutions are concerned, we will only deal with discrete solutions, 1.e.,
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4.2. Example: discretizing a parabolic problem

solutions denoted only by a discrete set of z-values. Let us assume a grid of points {zy < z; <
-+ < xp, t with step Az = x;,1 — ;. In general, a method provides an approximation v; ~ v(z;)

on each grid point. So, now we can approximate (4.1) (4.2) (4.3) (4.4) as follows

Vi1 — V; . . ..
! :% forward finite difference for first derivative
x
y Vier — U . . ..
V=T A, backward finite difference for first derivative
x
Vig1 — Vi— . . ..
v :% central finite difference for first derivative
x
Vig1 — 2U; + v;_ o R
v = il & Z)Q =L central finite difference for second derivative
x

4.2 Example: discretizing a parabolic problem

We consider the diffusion equation with boundary and initial condition

atu(ta 33) - agzu@?x) = f(twr)v t>0, z¢€ (07 L)
u(t,0) = u(t, L) =0, t>0 (4.5)
u(0,z) = up(x), xz e (0,L).

To solve the heat equation numerically we have to discretize the spatial domain following the finite

difference. We sub-divide the space interval into m uniform sub-interval with step Ax = x; 1 —z;,

and denote by w;(t) an approximation of u(t,z;), 7 = 1,--- ,m — 1, and approximate the problem
(4.5) by the scheme

1

x

up(t) = um(t) =0, Vt>0,

w;(0) = up(z;), i=1,---,m—1,

where f;(t) = f(t,x;), and it is a system of ordinary differential equations of the following form

u'(t) =—Au(t)+1£(t), Vvt>0
u(0) =u

(4.6)
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4.3. Discretization of the contract’s value

where u(t) = (uy(t), - ,um_1(t))" is the vector of unknowns, £(t) = (f1(t), -+, frm_1(t))",

uy = (up(21), -+ ,uo(zm_1))" and A is the (m — 1) x (m — 1) tridiagonal matrix of the form
-2 1 0 0
-2 1
a=-210 0
A2
0
0 0o 1 =2

A scheme for the integration of (4.6) with respect to time is the explicit Euler scheme. To con-
struct the scheme, we consider a temporal grid {to,t1,--- ,¢,}, with step At = t;., — t; for

j =20,---,n — 1 then, the explicit Euler scheme for the time-integration of (4.6) is

u(tje) —ulty) _ |
Y = —Au(l;) +£(1;) @7

u<t0) = Uy,

and we can get u(¢,;1) explicitly. Regarding stability [38, 40, 45, 47], the explicit Euler method is
conditionally stable!, and the time-step At should decay as the square of the grid spacing Ax. In
other words, the method is stable if At < ATQCQ. This condition is called Courant—Friedrichs—Lewy
condition (CFL). An unconditionally stable method is the implicit Euler scheme that, applied to
Equation (4.6) leads to

. = —Au(t;yr) +f(t;41) (4.8)

4.3 Discretization of the contract’s value

Returning to our PDE (3.14), we note that the spatial domain R? is unbounded, so we need to
restrict it to an appropriate bounded rectangle [a,, b,] X [ay, by| X [a,,b.] C R3. This truncation
requires defining appropriate boundary conditions, which can be done by identifying, when pos-
sible, the asymptotic behaviour of the solution. Here, we decided to exploit the knowledge of the

Black & Scholes formula, with adjusted rates to include the default intensities

u(t,az,y,z) =0, w(t, by, y,2) = d(t, by;m + N, 0),
u(t,x,ay,2) = o(t,x;r + X, o), u(t,z,by,z) =¢(t,x;r + X\ 0), 4.9)
u(t’ :E, y’ az) - ¢(t7 x;r—f—A? O-)’ u(t7 x? y7 bz) - ¢<t7x;T+A7 0-)7

! A method is conditionally stable if its stability depends on certain conditions being satisfied. In other words, the
method may be stable for some ranges of input parameters or initial conditions, but unstable for others.In numerical
analysis, a method is considered stable if small perturbations in the input or the algorithm do not cause large errors
in the output. Conditionally stable methods may have regions in their parameter space where they become unstable,
which can lead to numerical errors or incorrect results.
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4.3. Discretization of the contract’s value

where ¢(t,z;w, o) is the Black and Scholes’s pricing function. The choice of the Black and
Scholes’s pricing function to set the Dirichlet boundary conditions is somewhat arbitrary. The
rationale behind such choice is that it is exactly what we would have, when considering only
the CVA without any other feature. We sub-divide the three space intervals into m uniform 2 sub-
intervals by taking, x; = a,+iAz, y; = a,+iAy, z; = a,+iAz with Ax = (bgc aa) , Ay = by;ay)
Az = % foriv = 0,...,m, and we apply the finite difference method to appr0x1mate the space

)

partial derivatives,

t iy ~3) T tu iy <] .o
895“(7573719,%2]')%“(7xk+17y Z]ix ult, iy ) k=0,....m—1, 4,5=0,....m

2 ~ u<t7 Tk+1,Yi, Zj) - ZU(t, Tk, Yis Zj) + u<t7 Lk—15Yi, Zj)
83:3;u(t7 Tk Yis zj) ~ AZEQ

k=1,....m—1, 4,7=0,....m

O ult, o, yiy ) u(t, Tpr1, Yir1, 25) — Ut e, Yig1, 25) — Wt Trgrs Ui, 25) + ult, 2, Ui, 25)
Y AxAy

We write the equation at each point zy,¥;, z;, and we denote the piecewise approximation of
u(t,z,y, z) by ug,;(t) = u(t, g, yi, zj) for x € [vg, Th11).y € [YisYit1), 2 € [25, 2j41) With
i,7,k =0,...,m — 1. For fixed x, y;, z; we get the following non-linear ODE

Uk,i,j (t)/ :DE(uk,i,j)(t) — (1 — O[) [LGDCyium,j (t)Jr — LGD[zjuk’i’j (t)i)], k‘, i,j = 0, .., M,

(4.10)
DL(uy,; ;) is the discretized operator of L(u).
We can write the non-linear ODE system in matrix form
u(t) = A(z,y,2)u(t) — (1 — o) [LGDcyu(t)™ — LGDyzu(t) ], (4.11)

where u(t), u(t), and A(T, 7, Z) is a 3-dimensional tensor respectively, and T, 7, Z are the vectors

in R™*! given by
_ T - T = T
T=(0s,%1, s Tm—1,02) » U= (ay, Y1, s Ym-1,by) , Z=1(as 21,...,%n1,0;)

with final condition u(T’, 7,7, Z) = ®(x) holds, where &(z) = (Do(z), ®1(2), ..., Ppu(z)) .
Accordingly with the choice described before, we pose the boundary conditions

u(t, zo, Yi, 2;) =0 1,7=0,...,m,

Oty xm;T + N, 0) 1,7=0,...,m,
u(t, Tk, Ym, 2j) = otz + XN o) kj=1,...,m—1,
=u(t, Tg, Yi, 2m) = O(t,xp;r + No) kyi=1,...,m—1.

U(t, T, Yiy 2 9

)
zj)
u(t, Tk, Yo, 2;)
)

u(t, Tr, i, 20

>There may be sub-regions of the spatial sub-intervals that may be more probable than others, so it would be
worthwhile to perform non-uniform discretization, for details see [37, 47].
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4.4. Numerical Results

To solve system (4.11), we use the explicit Euler scheme with N (0 =ty < t; < -+ <ty <

ty = T') time sub-intervals of uniform length At =t,,; —t¢; fori =0,..., N — 1, so we get
u(t;) = u(tipr)— AL[A(T, Y, 2)u(tir1) — (1—a) (LGDeyu(tivr)t —LGDzu(tig)7)] . (4.12)

We are aware that the explicit Euler method could produce serious numerical instabilities, and
therefore favouring an implicit scheme would be a better choice, since it has no limitations on the
time integration step, even through implying quite lengthy computations. In the next section, we
compare some numerical results from the explicit, implicit, and semi-explicit Euler schemes. In
our setting, we are indeed able to achieve a good and competitive accuracy by the explicit scheme
in highly shorter computational times.

For t = 0, we are interested in computing the value u(0, z,y, z) for given z,y, z. To do
so, we simply choose the closest points of the grid such that z;, =~ z,y; = y, 2; = z for some
k,i,7 = 0,...,m and we approximate the solution value by (0, z, y;, 2;), or, as suggested in

[47], the specific option value is determined by spline interpolation.

At At At
Ax2) Ay2a Az2

below a critical value. Hence, if one wishes to increase the accuracy of (4.12) by using smaller Ax

We remark that for the solution of (4.12) to remain stable, the min( ) must remain
or Ay, Az, also a smaller value of At is required to keep the CFL number below its critical value.
Thus, there is a conflicting requirement between improving accuracy and maintaining stability (for
more detail on the stability theory, see Chapter 9 of [40], or Chapter 9 of [38]), which may imply an
increase in computational time. For completeness, we also give the expression using the implicit
Euler method

u(t;) = u(tiy) — At[A(T,7,2)u(t;) — (1 — o) (LGDeyu(t;)™ — LGDrzu(t;) )] . (4.13)
and the semi-implicit Euler method [4, 10]

a(t;) = u(tiv1) — At[A(T, 7, 2)a(tin) — (1 — o) (LGDegu(ti)* — LGDzu(t,)”)] . (4.14)

4.4 Numerical Results

In this section, we present some numerical results of our method for the European call price. First,
we looked at the case with constant intensities to test the method’s accuracy, comparing with the
results obtained in [16] by Monte Carlo simulations, with the same set of parameters. In this case,
only one state variable, represented by the underlying price, is present.

All the algorithms were implemented in MatLab(R2021a) on a Intel(R) Core(TM) i5-10210U
CPU @ 1.60GHz 2.11 GHz computer.

We consider a European call option with six months maturity, strike price X = 90, and we
set (as in [16]) r = 0.005, 0 = 0.4, LGD¢ = 0.6, LGD; = 0.6, ¢ = 0.002, f = r, « = 0.5
Ac = 0.04 and A\; = 0.02.
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4.4. Numerical Results

As the computational time was not reported in [16], we replicated their simulations, moreover
a 95% confidence interval has been built, with M = 10° sample independent paths and with
N; = 1000 temporal nodes, obtaining the value 16.4494, in about 7 minutes of machine time
(fairly close to 16.4534 in [16]). In Table 4.1, we report the results of our method with the relative

computational times and we compare them with the results in [16]. We remark that with only

Monte Carlo simulations
N, Seconds | confidence interval | Price by Brigo
1000 | 416 (16.4405;16.4583) | 16.4494 | 16.4534
Method of lines
Ny N, | Seconds | Price
100 30 | 0.31 16.4545771
500 50 | 0.28 16.4272255
1000 | 90 | 0.57 16.4643242
5000 | 150 | 1.93 16.4555334
5000 | 200 | 1.52 16.4568071
10000 | 300 | 3.7 16.4574087
50000 | 500 | 18.48 16.4574889

Table 4.1: Prices of a European call with maturity 6 months and deterministic intensities with explicit scheme.

30 spatial nodes, we get about the same value as by Monte Carlo simulations, with almost nihil
computational time. From Table 4.1, we achieve better performance and comparable accuracy also
with respect to [3] 3, where the computational time is about 25 seconds.

Moreover, increasing the number of spatial nodes and of temporal nodes, the second and third
digits stabilize, showing the convergence of the method. The first two decimal digits coincides
with those obtained by [16], and thanks to the convergence, we probably achieve a better accuracy.
Indeed, the digits seem to stabilize progressively.

In Table 4.2, we compare the explicit, semi-implicit and implicit * methods as the strike price
varies (K = 90; 100; 110), with the benchmark values from [16] and from our Monte Carlo simu-
lations. Finally in the Table 4.3, we run the same analysis for varying volatility (c = 0.3;0.4;0.6).
Given a mesh dense enough, all Euler schemes produce faster results than Monte Carlo simula-
tions, as shown in Table 4.2, and they approximate the benchmark very well. Furthermore, we
observe that the explicit method achieves the same results as the implicit one, but in remarkably
shorter times. This indicates that, in our particular setting, the explicit method might be preferable
even through unstable. Again, the explicit method results considerably quicker than the semi-
implicit one, marginally faster, yet less accurate, than the implicit one. Since the explicit method,
unlike the implicit one, imposes stability constraints on the time step, as the underlying’s volatility
increases, we expect the CFL constraint to become stricter. Actually, we observe instability also
with the implicit scheme (see lines 1 — 5 Table 4.3), due to a space step problem, while in the

explicit scheme the problem is due to the time step. These considerations are worth investigation

3All tests have been performed by using Matlab on an Intel(R) Xeon(R) CPU E3-1241 3.50 GHz computer.
“We use the Matlab function "fsolve" to implement the implicit and semi-implicit approaches.
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4.4. Numerical Results

K=90
P.Brigo | 16.4534
Ny Confidence Interval Price MC Seconds
1000 (16.4405;16.4583) 16.4494 416
N, N, | Seconds | Explicit Seconds | Semi-Implicit | Seconds | Implicit
100 30 | 0.579 16.454577 | 0.723 16.454279 1.209 16.454577
1000 90 | 0.544 16.464324 | 11.56 16.464295 12.64 16.464324
3000 150 | 1.16 16.455686 | 81.5 16.455677 81.88 16.455686
K=100
PBrigo | 11.2858
N, Confidence Interval Price MC Seconds
1000 (11.3064;11.3160) 11.3112 437.36
N; N, | Seconds | Explicit Seconds | Semi-Implicit | Seconds | Implicit
100 30 | 0.137 11.207271 | 0.71 11.206931 0.90 11.207271
1000 90 | 0.67 11.290589 | 12.3 11.290555 15.5 11.290589
3000 150 | 1.954 11.296083 | 87.6 11.296071 89.1 11.296083
K=110
P.Brigo | 7.4999
Ny Confidence Interval Price MC Seconds
1000 (7.5416;7.5463) 7.5439 448.22
N, N, | Seconds | Explicit Seconds | Semi-Implicit | Seconds | Implicit
100 30 | 0.250 7.498880 | 1.12 7.498544 1.23 7.498880
1000 90 | 0.460 7.519851 | 25.18 7.519817 23.02 7.519851
3000 150 | 1.648 7.513870 | 84.5 7.513859 83.45 7.513870

Table 4.2: We compare explicit, semi-implicit and implicit methods with Monte Carlo simulations and with [16]
results in the case of deterministic intensities.

and they might bring up new lines of research for future work. Nevertheless, in Table 4.3, we show
this has no impact on our issue as long as an appropriately dense mesh is selected.

In the case of stochastic intensities, we additionally set the following values for the parameters
of the CIR processes

v =0.02, ; =0.161, n; =0.08,:=C, 1.

In Table 4.4, we report the results of our method with the corresponding computational times.
To the best of our knowledge, in the literature, we could not find numerical methods covering this
general case, so we had to resort again to Monte Carlo simulations to provide a benchmark.

As shown in Table 4.4, Monte Carlo simulations give 16.4416 in about 9 minutes, while with
30 nodes for each space interval, we get a result close to the benchmark in less than a second.
To stabilize the first two decimal digits, we increased the spatial nodes to 100, still with a very
reasonable computational time. To achieve better accuracy, we increased the number of spatial and
time nodes even further, inevitably paying a cost in terms of time machine. Certainly Monte Carlo
simulations may be optimized, nevertheless a our approach provides consistent improvement in
machine.

The Table 4.5 compare the results of Table 4.1 with a symmetric finite difference for the ap-
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4.4. Numerical Results

o= 60%
Ny Confidence Interval Price MC Seconds
1000 | (21.22770;21.26145) 21.2445788 459.6
Ny N, | Seconds | Explicit Seconds | Semi-Implicit | Seconds | Implicit
100 | 30 | 0.166 8.46E+24 | 0.89 0.000000 0.9 0.000000
1000 | 90 | 0.5 20.854963 | 20.74 10.104217 26.16 20.854963
2000 [ 90 | 0.8 21.328809 | 19.93 21.328788 21.16 21.328809
3000 | 150 | 1.15 20.854866 | 117.09 | 10.003868 10593 | 10.003868
6000 | 150 | 2.10 21.323061 | 155.5 21.323054 140.8 21.323061

o = 40%
Ny Confidence Interval Price MC Seconds
1000 | (16.4387;16.4567) 16.44777 433.06

Ny N, | Seconds | Explicit Seconds | Semi-Implicit | Seconds | Implicit

100 | 30 | 0.150 16.454577 | 0.59 16.454279 0.79 16.454577
1000 | 90 | 0.420 16.464324 | 10.69 16.464295 11.49 16.464324
3000 | 150 | 1.160 16.455686 | 78.5 16.455677 76.57 16.455686

o = 30%
N, Confidence Interval Price MC Seconds
1000 | (14.0337; 14.0457) 14.03972 476.8

N, N, | Seconds | Explicit Seconds | Semi-Implicit | Seconds | Implicit

100 | 30 | 0.158 14.054061 | 0.57 14.053846 0.83 14.054061
1000 | 90 | 0.420 14.071745 | 11.69 14.071724 12.15 14.071745
3000 | 150 | 1.18 14.060971 | 75.87 14.060971 75.21 14.060978

Table 4.3: Comparison between explicit, semi-implicit and implicit methods for various volatilities in the case of
deterministic intensities.

Monte Carlo simulation
N, Seconds Price \ confidence interval
1000 | 527 16.4416729 (16.433;16.4506)

Method of lines

N, Nyy- Seconds Price
100 | 30;30;30 0.66 16.42897944
500 | 50;50;50 4.16 16.42209551
1000 | 90;90;90 17.68 16.46349986
1500 | 100;100;100 | 46.32 16.45064167
2000 | 120;120;120 | 173.43 16.45825752
5000 | 150;150;150 | 487.6 16.45475883

Table 4.4: Prices of a European call with maturity 6 months and stochastic intensities, p; = p2 = 0 with explicit
scheme.

proximation of the first spatial derivative. This new discretization may certainly give benefits in

terms faster, but there is no significant gain in accuracy.

Ivan Gallo 61



4.5. Sensitivity analysis

Forward finite difference | Symmetric finite difference
Ny Ngy. | Seconds | Price Seconds | Price

50 10 0.226 16.16472574 0.150 16.41309

100 | 30 0.66 16.42897944 0.320 16.48178

500 | 50 4.16 16.42209551 1.630 16.46791

1000 | 90 17.68 16.46349986 12.800 | 16.51000

1500 | 100 | 46.32 16.45064167 32.090 | 16.49799

Table 4.5: Prices of a European call with maturity 6 months and stochastic intensities, pc = p; = 0 with classic
and symmetric finite difference for the approximation of the first spatial derivatives.

4.5 Sensitivity analysis

In this section, we run a short sensitivity analysis for our method in the case of stochastic in-
tensities. This is done employing the explicit Euler scheme. Indeed, again a similar accuracy is
achieved by both the explicit and the implicit scheme, but with much larger computational times
for the second. Indeed a better accuracy can be obtained by increasing the number of spatial and
temporal nodes, but it becomes prohibitive timewise when applying the implicit scheme. We fur-
ther remark that when using the explicit scheme, the increase of computational times is due solely
to the thickening of the spatial nodes, while they remain stable (about 1 second) as the number of
temporal nodes increases.

In Table 4.6, we compare the explicit, semi-implicit and implicit Euler schemes. Especially,
when using an semi-implicit and implicit schemes, computational times grow considerably when
increasing the number of spatial nodes. Hence we were forced to keep the number of spatial nodes
equal to 15 with consequently far less accuracy.

The Table 4.6 emphasizes that, despite the explicit technique’s potential instability, it is precise
and extraordinarily fast in solving this particular problem.

From Table 4.4 one might conclude that the introduction of randomness for the intensities did
really affect the price. To understand whether this was due to the particular choice of parameters
or it was a general feature, fixing 100 spatial nodes, we performed a short sensitivity analysis, with
respect to the intensity parameters, maturity, and strike price. In Table 4.7 we consider a European
call option with different maturity (six months, nine months, and one year) and different strike
prices and we compared the results with the constant intensities case (taking the initial value of the
CIR processes), to underline the effect of introducing randomness for the intensities. We used the
explitic scheme for this comparison.

As expected, the price appears to be decreasing with respect to the strike price, and increasing
with respect to maturity. Table 4.7 shows also that the randomness of the intensities affects the
price up to the first decimal digit when maturity increases, confirming it might be significant to
consider stochastic intensities models for longer maturities.

Fixing S = 100, K = 90,7 = 0.5,a = 0.5, pc = p; = 0, we also explored the sensitivity
of the model varying the intensities parameters of A and \’. Being the derivative a call, the most

relevant effect comes, as it is to be expected, by the parameters (regression speed and long term
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4.6. Conclusion

K=90
o = 60%
Ny Confidence Interval Price MC Seconds
1000 | (21.1139; 21.1475) 21.130690 598.69
N, Ngy. | Seconds | Explicit | Seconds | Semi-Implicit | Seconds | Implicit
50 10 0.15 20.8416 | 19.80 20.9650 37.76 20.7396
100 | 15 0.24 21.4150 | 320.23 | 21.5437 759.70 | 21.3704
500 | 15 0.74 21.3971 | 1154.24 | 21.3977 275791 | 21.3882
o = 40%
Ny Confidence Interval Price MC Seconds
1000 | (16.433;16.4506) 16.4416729 527
Ny Ngy. | Seconds | Explicit | Seconds | Semi-Implicit | Seconds | Implicit
50 10 0.20 16.1647 | 21.20 16.2614 42.23 16.1024
100 | 15 0.21 16.5132 | 330.05 | 16.6135 599.97 | 16.4902
500 | 15 0.67 16.5039 | 1165.80 | 16.6044 1872.27 | 16.4993
o = 30%
Ny Confidence Interval Price MC Seconds
1000 | (14.0511;14.0631) 14.05715 587.5
Ny Ngy. | Seconds | Explicit | Seconds | Semi-Implicit | Seconds | Implicit
50 10 0.14 13.9204 | 20.08 14.0037 44.38 13.8786
100 | 15 0.21 14.2040 | 322.50 | 14.2903 354.83 | 14.1904
500 | 15 0.93 14.1985 | 1174.17 | 14.2849 5186.40 | 14.1957

Table 4.6: Prices of a European call with different volatility, with explicit, semi-implicit and implicit schemes in the
stochastic case.

6 months H 9 months H 1 year
K=90

16.4518463 | 16.450641 || 18.6724165 | 18.6835031 || 20.4575975 | 20.554191
K=100

11.292111115 | 11.291427 || 13.7820539 | 13.7948775 || 15.76652711 | 15.868368
K=110

| 751052959 | 75102467 [| 10.0105913 | 10.0248779 || 12.0356766 | 12.142071 |

Table 4.7: Prices of a European call with explicit scheme with different maturities ( 6 months, 9 months, and 1 year)
and strike prices (90, 100, 110), in the deterministic and stochastic case.

average) of the counterparty’s default intensity, while the investor’s intensity parameters influence
the price almost irrelevantly (Table 4.8). Finally, in Table 4.9, we show how the volatility affects
the explicit method’s convergence.

4.6 Conclusion

In this work, we developed a simple approximation procedure for the adjusted value of a derivative
contract subject to counterparty risk, collateralization and founding costs, assuming a diffusion

model for the default intensities and close-out values as a portion of the adjusted price itself. This
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4.6. Conclusion

ne = 0.08
Yo = 0.161 Yo =0.25 Yo =04
Yo | Price Yo | Price Yo | Price
0.02 | 16.4510 0.02 | 16.4499 0.02 | 16.4480
0.03 | 16.4502 0.03 | 16.4486 0.03 | 16.4458
0.05 | 16.4488 0.05 | 16.4459 0.05 | 16.4415
0.1 | 16.4451 0.1 | 16.4397 0.1 | 16.4307
0.2 | 16.4380 0.2 | 16.4274 0.2 | 16.4096
nr = 0.08
Yy = 0.161 Yy = 0.25 Py = 0.4
Yr Price Yr Price Yr Price
0.02 | 16.45102548 || 0.02 | 16.451025498 || 0.02 | 16.4510255148
0.03 | 16.45102549 || 0.03 | 16.451025512 || 0.03 | 16.4510255277
0.05 | 16.45102551 || 0.05 | 16.451025528 || 0.05 | 16.4510255387
0.1 | 16.45102553 || 0.1 | 16.451025541 || 0.1 | 16.4510255434
0.2 | 16.45102554 || 0.2 | 16.451025544 || 0.2 | 16.4510255436

Table 4.8: Sensitivity analysis for different regression speeds and fixed long term averages with explicit
scheme.

Yo =71 =0.1

Yo = = 0.0

K=90

o=40% | N, = 1500 N, = 2500 N, = 3000
ne /N1 0.08 0.1 0.2

0.08 16.42465705 | 16.42431168 | 16.34466761
0.1 16.42466191 | 16.42431655 | 16.34467243
0.2 NaN 16.42160683 | 16.34200124
o=60% | N, = 2500 N, = 3000 N, = 4500
ne /N1 0.08 0.1 0.2

0.08 21.39176544 | 21.39161946 | 21.28965302
0.1 21.39177163 | 21.39162566 | 21.28964689
0.2 NaN 21.38742986 | 21.28551264

Table 4.9: Sensitivity analysis for different volatilities with explicit scheme.

generate a non-linear BSDE, with an associated non-linear PDE characterizing the price.

By the simple method of lines applied to this PDE, we showed that accurate approximations
could be achieved in very manageable computational times, differently from what happens when
employing Monte Carlo simulations. We ran a short sensitivity analysis to estimate the effects of

the introduction of stochastic intensities.
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