npj | heritage science

Article

https://doi.org/10.1038/s40494-025-02060-8

Computer-based method to digitally
reconstruct axially symmetric fragmented
heritage: the case of a medieval bell

M| Check for updates

Luca Di Angelo'?, Paolo Di Stefano'?, Rocco Furferi®

, Lapo Governi® & Emanuele Guardiani'?

The shape and tuning of bells provide archaeologists with valuable insights into their historical origins
and casting methods. Unfortunately, the availability of fully preserved medieval and Renaissance bells
is limited worldwide due to the remelting of many specimens following fractures, wear, or traumatic
events such as earthquakes. The original geometry is therefore reconstructed by archaeologists by
examining uncovered external mould during excavations. However, determining the symmetry axis
and interpreting the profiles of small fragments is not trivial, and fragments are not always easily
reassembled along their fracture surfaces. To solve this issue, this paper presents a computer-based
method that enables the automated virtual reconstruction of ancient bells from their external mould
fragments. The approach performs geometric and differential analysis of discrete models obtained
from 3D scans of the fragments, facilitating the retrieval of a consistent 3D shape, thereby aiding in the

preservation and understanding of historical relics.

The art of bell formation did not reach its pinnacle in Europe until the 17th
century, even though bronze bells with exceptional melodic qualities “were
cast in China around 3000 years ago”"”. This period marked a significant
development with the Hemony brothers, who successfully designed and cast
the first precisely tuned carillon. They discovered the ideal shaping of the bell
profile, ensuring that the ratios of their vibrational frequencies adhered to
musical relationships. This tuning resulted in bells with strong tonal char-
acteristics and improved musical pitch, enabling melodies and chords to be
played from a set of bells. The first experiments with copper-tin alloys for
bell casting in Europe are believed to have taken place in the fourth century’.
During this time, bells were primarily used for practical purposes, such as
regulating daily activities and commemorating rites, rather than for poly-
phonic music’. Consequently, musicality and tuning quality were of lesser
importance. By the early 12th century, bell design underwent a significant
transformation, moving from conical shapes to the more curved profiles we
recognize today. This gradual evolution enhanced the sound characteristics
of the bells, resulting in a more pleasant tone”. Based on previous con-
siderations, the morphology and tuning of the bells offer valuable insights
into their place of origin, reflecting the casting and tuning techniques
employed during their creation. Since the 1980s, advances in technology and
computational power have significantly improved the physical modelling
and simulation of the dynamic behaviour of musical instruments™’. A
review of the existing literature reveals various approaches to analysing

several aspects of bell acoustics. These include analysis of bell vibration
modes®™, the impact of bell geometry on sound’, the study of materials used
in bell casting'’, the dynamic responses of bells to external excitation'"* and
“the development of physics-based sound synthesis techniques™. Studies
dealing with the analysis of bell vibrations are also provided by scientific
literature'>"”. Unfortunately, accurate 3D geometrical data from bells
acquired using structured light scanning are barely explored in the literature
and only in refs. 16,17 some valuable hints are provided. As a result, due to
the lack of automated or computer-based methods, archaeologists recon-
struct bells using manual methods.

Archaeological excavations sometimes reveal only remnants of these
bells, melting pots that are often broken into fragments'®. Archaeologists
study these findings to learn more about bell forms and casting methods.
The axis and generator profile are estimated by hand from the fragments of
the casting mantle and then depicted in drawings. The final shape of the bell
is constructed by merging these drawings. Unfortunately, fragments rarely
include features that could help determine their orientation in the three-
dimensional space, such as axially symmetric decorations"”. In addition,
archaeologists work with small fragments that are not trivial to put together
along their fracture surfaces, due to the damage incurred while the bells were
extracted from the earth. Accordingly, to the best of the authors’ knowledge,
developing a computer-based technique for assembling the bell’s geometry
from the external mould fragments is a groundbreaking innovation for the
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Cultural Heritage field. In fact, besides the lack of methods developed by the
scientific community on bell reconstruction, even the methods provided by
scientific literature dealing with reconstructing other axially symmetric
objects from fragments are not directly employable.

As noted in ref. 20, both local and global techniques available “rely on
reassembling the original complete geometry by connecting the fragments
in correspondence of their fracture surfaces”. Furthermore, “due to the
damage to the external mould caused by the removal of the bell, as well as
considerable wear, encrustations, and other common damage to archae-
ological shards, the item cannot be reassembled simply by reassembling the
pieces at their fractured edges™.

To overcome these limitations, the present work aims to provide a
computer-based technique to restore the shape of the bell using external
mould fragments. The method uses discrete models of fragments, which are
obtained via a 3D scanner, and a specifically developed geometric-
differential analysis. This technique generates a 3D shape of the bell that is
compliant with the actual shapes of bells from the same area and period
when applied to pieces from a medieval bell furnace. For the digital
reconstruction of items of axially symmetric cultural heritage that cannot be
put back together along fractured surfaces, this novel method holds promise.
Thus, it could be an invaluable instrument for understanding and preserving
historical items in the context of cultural heritage conservation.

Methods

The approach described in the present article originates from the analysis of
35 fragments (see Fig. 1) of a bell furnace located in Rocca di Cambio (Italy)
that may date to the second half of the 13th century'®. These fragments are

not from the bell itself but from the external mould (casting mantle) used to
shape the bell during the lost-wax casting process. This mould, found in a
13th-century bell furnace discovered in Rocca di Cambio, Italy'**', was made
of clay that was formed into two different layers, according to the exam-
ination of these well-preserved pieces. The rough and coarse clay exterior
layer that was exposed to fire has calcareous inclusions and evident plant
material traces, such as straw or manure, which provide enough porosity.
Archaeologists established the following details from the macroscopic
examination of casting mantle fragments:
 the bell had to have been 3.2 cm thick, with a decoration at shoulder level
that was characterized by a convex band surrounded by two cords in relief;
* the remaining portion of the body, which was smooth and devoid of
macroscopic impurities or imperfections, “was occupied by at least four
concentric lines that were 1.6 cm apart and situated in the hollow of the
bell, between the lip and the inscription™.

The method proposed in this work is structured in four key steps (see
Fig. 2):
1. Fragments digital twin generation
2. Features segmentation and recognition
3. 2D profile reconstruction
4. 3D virtual reconstruction

Fragments digital twin generation
The first step consists in digitizing fragments belonging to the external
mould used to shape the bell during the lost-wax casting process. Since even

Fig. 1 | The 35 fragments related to the bell furnace
here considered.
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Fig. 2 | Flow-chart of the proposed method.
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a fragment cannot always be acquired in a single scan, mainly due to its
dimensions and the limitations of scanning technology, multiple scans are
often required, each taken from a specific orientation of the object relative to
the scanning device.

Consequently, the acquired point clouds must be aligned in the same
reference system through a registration process™. Once point clouds are
appropriately registered, outliers are manually removed (e.g., using radius-

based or clustering-based outlier removal method™, clouds are resampled
and smoothed, and mesh refinement and remeshing is carried out using
Laplacian smoothing filters™.

The results of this process, which is the only non-automated step in
the proposed procedure, can “vary based on the operator’s subjectivity,
expertise, skills, and professional experience” according to scientific
literature"”.
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Fig. 3 | The symmetry axis detection methodology.

Features segmentation and recognition

Smooth regions need to be identified to segment the smoothest inner surface
of each fragment. This is accomplished by locating large areas of the frag-
ment’s surface that have the so-called sharpness indicator (SHI)** value
below a given threshold. The SHI measures the C' continuities of the h-ring
n-ring neighbourhood of a triangular mesh i.e., the set of vertices that are “n
steps” away from a given vertex. By using a sphere to approximate the
segmentation points and checking the concavity by its normal vertices, the
interior wall of the casting mould mantle can be recognized.

The smooth axisymmetric inner part needs to be processed to deter-
mine its symmetry axis. Generally, evaluating the axis of symmetry is a
complex task that influences subsequent analyses. These challenges arise
because the only information from a discrete model is limited to the coor-
dinates of points and the normal of triangles. As highlighted in the
literature”, these difficulties are overstated when analysing fragments in
Cultural Heritage. Based on these considerations, this paper employs an
iterative method to obtain the best axis of symmetry that starts with an initial
solution and undergoes further refinement 3). The initial solution represents
the best outcome achieved using the following methods, which are con-
sidered state-of-the-art as of now:

e normal based,

¢ M-estimator,

* osculating sphere-based,

¢ circle and line fitting method.

It is important to note that M-estimators, osculating sphere-based, and
circle and line fitting methods are iterative and require an initial solution.
The proposed methodology initialises these methods using the normal-
based solution (see Fig. 3). The aforementioned methods rely on the indirect
properties of axisymmetric surfaces.

Hence, as reported in*, none of these approaches yields accurate results
for fragments with incomplete circular spans, particularly when low point
cloud density is affected by micro and macro irregularities.

For these reasons, the implemented procedure con- siders the typical
manufacturing method used to create the casting mantle, whose fragments
must be analysed, was constructed: a profiling compass was rotated around a

central pivot to shape and smooth the curved surface. The initial solution
minimizes the profile area obtained through the three methods (the first
attempt solution box as illustrated in the figure). This profile area is calcu-
lated by projecting the 3D coordinates of points identified as axially sym-
metric onto the 2D cylindrical coordinates (p, z), with the evaluated axis
coinciding with the z axis of the global reference system. If the surface were a
perfect surface of revolution and the axis were accurate, the projected profile
would converge to a strict geometrical curve, resulting in a profile area of
zero. However, surface deformations on a macroscopic or microscopic scale
and inaccuracies in the axis create a strip of projected axially symmetric
points. Therefore, starting from the initial solution, the final solution is
achieved by iteratively minimizing the profile area using the Levenberg-
Marquardt algorithm®.

All bell fragments are processed using the aforementioned iterative
process so that each part is eventually aligned and its fragment axis («)
coincides with the z-axis.

2D profile reconstruction

The 2D profile reconstruction phase begins with the clustering of 3D sherds
(see Fig. 2). This process involves grouping fragments with similar radius
values. After clustering, the fragments must be registered to allocate the final
two degrees of freedom, i.e., the z-coordinate (parallel to the axis) and the 6-
coordinate (which indicates the rotation angle around the axis). This is
accomplished by performing coarse and refined registration so that the
fragments with the greatest extension along the z-axis of each cluster are
fixed in place. The remaining fragments are eventually arranged to max-
imize the overlapping areas of their distances from the axis.

In detail, coarse registration is achieved by determining Az and A8
values, minimizing the distance between each fragment analysed and pre-
viously registered ones. The configuration obtained from the coarse regis-
tration is refined by minimizing the objective function provided by the

f()ll()Wlng Equatl()n.
Lf2

)

[AzP'AG'] = argmin,, 5
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Table 1 | Input parameters required by the proposed method

Proposed method phase Parameter Description Value
Features segmentation and recognition Np Neighbourhood order 3
Features segmentation and recognition TSHI Smoothness indicator threshold value 0.05
2D profile reconstruction tol 1 Distance threshold value (see Eq. 2) 1.0mm
2D profile reconstruction tol 2 Distance threshold value (see Eq. 3) 1.0mm
2D profile reconstruction Niter Number of iterations of the minimization process 10

Where:
* N is the number of points ©,,,,, (ie, the points which change
coordinates during the registration process)

e Disa M x N matrix, defined as follows:

d;; = distance(p; € Pfiveas] € Paiignea) if distance < tolg,

D = { d;; = NULL otherwise &)

* d;;isa non-null element representing the Euclidean distance between
the ith point of #fixed and the j-th point of #moving; this is defined
only when it is lower than the threshold value tol;

Z[\/[.N/ ,

- [, =5 " s a term that refines the angular mismatch between the
two point clouds; in this formulation, ; are the elements of a M x N
matrix V,,  defined as follows:

Vi = { vij = n(P;) - n(Q;) ifd,-‘j < tolf2 )

v;; = NULL otherwise

being n(P,) the exterior normal estimated at the point P,.

This minimization process realigns all point clouds by “registering
pairs between one randomly selected cloud (designated as fixed) and all
other clouds”. This registration is repeated Ny, times across N fragments.
Fragments belonging to the same cluster and finely registered are then
processed to determine a new symmetry axis.

Once established, these fragments are realigned so that the new axis
aligns with the z-axis. Finally, the series of circles’ radii, which indicate the
crossings of planes perpendicular to the z-axis, is measured using finely
aligned fragments to construct the cluster profile. More details of this pro-
cedure are presented in ref. 29.

An algorithm has been appropriately devised to fill in the missing areas
of the original bell profile, allowing for the reconstruction of a representative
external bell profile where no fragments were found. This algorithm calculates
the optimal translation along the z-axis (in the z-p plane) of one profile in
relation to another, ensuring that the smoothest possible curve is obtained by
extrapolating between the two profiles. Specifically, the proposed algorithm
aligns two profile datasets at a time (designated as profile_f and profile_m),
which represent fragments of a larger 2D profile, by minimizing the following:

1 &
E=—
N<

1

2

(200 = 2P % (1 = ne(p) % m(p,) o)

1
Where:

e N is the size of Peommon = [rnax(m.in(pf)2 min(p,,)), min(@ax(pf),
max(p,,))] that is the p interval in which the profile is to be
reconstructed;

* zi(p;) and z,,(p;) are, respectively, the z coordinates of the extrapola-
tions for p; € p_,.mo, Of the cubic smoothing splines approximating
profile_f and profile_m;

* n;(p;) and n,,(p;) are, respectively, the normal of the extrapolations for
Pi € Poommon Of the cubic smoothing splines approximating profile_f
and profile_m;

An iterative optimization process, using the Levenberg-Marquardt
algorithm’, adjusts the translation along the z-axis of profile_m to minimize
error E. The vertical displacement (Az) is calculated as the average absolute
difference between the profiles:

1 N
Bz= ;\zf(pi) —2,(p) )

2D profile reconstruction

The 3D point cloud is created by rotating a 2D representation of the external
bell profile around its axis of symmetry. However, this method does not
automatically include non-axially symmetric decorations, so these features
must be manually added to the 3D model based on the specifications pro-
vided by the archaeologists.

Results

The devised computer-based method was implemented within the
MATLAB® environment and tested against the case study of the recon-
struction of a medieval bell from the acquired 3D point clouds of 35 frag-
ments of external mould, as mentioned in “Methods”. 3D scanning was
performed using a calibrated FARO Edge® 9 ft (= 2.7m) laser scanner.

According to the technical specification of the scanning device, the
repeatability of a single point varies from 0.024 to 0.064 mm, and the average
point spacing of the point cloud was set to 0.3 mm. Design X® software
package is used to create a manifold model by implementing the procedure
suggested in ref. 30. First, outliers are removed. Next, a point cloud for each
fragment is generated by aligning two acquisitions taken from opposite
viewpoints. Registration is considered successful when the mean distance
between the two considered point clouds is less than 0.1 mm. Furthermore,
to reach a constant point density of 0.3 mm, a uniform point sampling is
carried out after the point clouds are registered. The random noise inevitably
derived from the acquisition is removed by using Gaussian smoothing
operators so that it does not influence the measurement process. In parti-
cular, smoothing ensures that the mean displacement of the points does not
exceed a value set to 0.05 mm. Finally, model tessellation and the resolution
of non-manifold issues are manually carried out. The automatic analysis
method requires the input of the parameters listed in Table 1. These values,
set through a preliminary experiment on five random fragments recognized
as belonging to the same cluster, ensured the best compromise between
smoothness results and computational time.

Of 35 fragments collected by archaeologists, the axes could be calcu-
lated for 16 of them. The other fragments 19 were excluded from the
dimensional analysis, as their shapes were too poorly defined to be processed
by the proposed algorithm for feature segmentation and recognition. For
instance, (Fig. 4) illustrates the results of the axis calculation for fragment
FRO5. The information on the internal wall was inadequate for properly
evaluating the axis, whether for preliminary or refinement methods.

Figure 5 shows the results for fragments FR#01 (Fig. 5a) of:

* The generation of a digital twin (Fig. 5b) through 3D scanning and the
construction of a discrete manifold model tol.

¢ Internal wall segmentation (Fig. 5¢) based on identifying the largest
area of the fragment’s surface with the sharpness indicator (SHI)*
values lower than a specified threshold fol;

npj Heritage Science| (2025)13:501


www.nature.com/npjheritagesci

https://doi.org/10.1038/s40494-025-02060-8

Article

segmentation
The recognised

fragment’s inner surface 1
-400
[mm] 450
-500
15 -800
mm 0
[ 00 [mm] [mm] =0

50 -900

osculating sphere-based
method

150

100
[mm]
50

0
50 "
[mm] * 59

0 [m]

Fig. 4 | Results from the axis estimation for a poorly defined fragment (FR#5).
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* Axis evaluation (Fig. 5d) resulting from the iterative method that
minimizes the

profile area on the internal wall points, starting from an appropriately
chosen initial solution fol.

The procedure was repeated for the fragments analysed, positioning
the z-axis of the x-y-z reference system in alignment with their respective
symmetry axes. Out of the 16 fragments analysed, the M-estimator was the
first method attempted and had the smallest profile area before refinement.
In every case, the refinement process reduced the profile area even further.
Therefore, based on these findings, the corresponding axis was considered
the fragment axis.

The proposed methodology divided the fragments into five clusters
based on their diameter ranges (see Fig. 6a). Figure 6b and 6¢ illustrate the
results of the coarse (Fig. 6b) and fine adjustments (Fig. 6¢), achieved by
minimizing the objective functions detailed in Eq. 2.

Although all other clusters contain common areas in axial symmetrical
zones, fragments FR#13 and FR#16 share a distinctive characteristic of
rounded raised decorations (Fig. 6d). This finding emerges from an analysis
of the diameters of these decorations on two different surfaces, revealing
three rope decorations.

This conclusion, which differs from previous observations by
archaeologists, is substantiated by the fact that the different rope
decorations exhibit three distinct characteristic sizes. Figure 6e shows
the results of the representative external profile of the bell for each

cluster. Figure 6f graphically reports the final positioning of these
profiles minimizing the function in equation 4. The profile obtained for
K; was approximated using a cubic spline; the resulting curve was
extrapolated downward until the point with vertical tangency was
reached.

Therelative positions of Ky, - relative to Ky, and Ky inrelation
to Ky have been updated to consider the thickness of the rope

FR#13
decorations.

As mentioned before, it is not trivial to accurately capture the geometry
of the bell’s axially symmetric decorations, mainly due to their dimensions
(around one to two millimetres), their state of preservation, and the optical
accessibility to such features. In the lower section of the reconstructed profile
(approximately from z 50 to 150 mm), the shape was inferred based on
stylistic analogies with bells from the same period and region. Archae-
ological drawings and documentation were utilised to support this
reconstruction.

The results of adding four circularly contoured embossed orna-
ments to the bell profile are shown in Fig. 6g. The diameter of the bell
base, measured on the final 3D model, is equal to 427.4 mm, which is
very close to the estimated value of 430 mm reported by the archae-
ologists. Figure 6h shows the final model of the bell, which includes
three additional decorations of the rope. These non-axially symmetric
decorations have been manually added to the 3D model using
Computer-Aided Design software. Their shapes and dimensions were
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Fig. 7 | The comparison between the axially symmetric profiles obtained by the
proposed method and the manual method from archaeologists.

determined by archaeologists who analysed the traces on fragments
FR13 and FR16, drawing stylistic comparisons with bells from the same
period and region.

The same fragments considered in this paper were analysed by
archaeologists using traditional manual methods. The archaeologists
selected the 10 most significant fragments (FR#1, FR#2, FR#3, FR#4, FR#5,
FR#8, FR#13, FR#16, FR#24, FR#25). For each of these fragments, they
estimated the spatial orientation and measured the diameters perpendicu-
larly to the estimated axis in increments of 10 cm. The final profile of the bell
was created by positioning these diameters perpendicularly to the z-axis,
constraining the overall height based on measurements taken during the
archaeological excavation of the furnace. Figure 7 compares the two
obtained axially symmetric profiles, highlighting the evident differences in
shape and dimensions.

Fig. 8 | The arrangement of the three parts making up the model on the print bed and
the use of support material.

Discussion

The significant differences between the profiles obtained using the proposed
automatic method and the traditional manual method require a second
experiment to verify the reliability of the results obtained with the computer-
based method. In particular, the limitation in verifying the reliability of the
previously presented results is due to the lack of a 3D model of the bell from
which the fragments of the external mould were analysed. The methodology
described here includes methods for feature segmentation, recognition, and
2D profile reconstruction. Each of these methods has been evaluated indi-
vidually in previous studies focused on analysing pottery shards™"*.
Additionally, a fine registration approach was used to realign and register
point clouds obtained from scanning upper limb anatomy with a depth-
camera-based scanner”. Since the level of information available for bell
reconstruction was considered comparable to that found in the cited studies,
it was determined that retesting these methods was unnecessary. Instead, the
focus was placed on assessing the reliability of the overall methodology. To
address this issue, in the new experiment, a 3D model of the bell from the
method proposed in “Results” was produced through additive manu-
facturing and subsequently acquired using a scanner. The external surface of
the reconstructed bell was algorithmically divided into patches, on which the
proposed method was applied. The choice to use a ‘physical reference
model for testing and validating the proposed methodology is motivated by
the need for more reliable results. By employing real data, which includes
inherent errors from its collection, we can attain greater accuracy than we
would with synthetic meshes that incorporate artificial Gaussian errors. The
3D model is constructed using the Prusa XL printer, which has a build
volume of 360 mm x 360 mm x 360 mm, allowing the execution of large-
scale projects. Since the bell model had a diameter of 430 mm and a height of
530 mm, careful planning was required for effective printing and assembly.
The CAD model was divided into three parts along three horizontal planes
to optimize the print and reduce the use of support materials. This strategic
division allowed efficient printing of the upper sections while minimizing
the waste of support material and preserving surface quality.”* The
alignment holes for dowels were designed in each division plane to maintain
precise alignment during assembly™.

Although two dowels per plane would suffice, a third was added to help
mitigate any potential deformation in the components, ensuring better fit
and assembly accuracy. The 3D models were placed on the print bed with
the largest diameter aligned roughly parallel to the diagonal of the print bed,
thus maximizing the usage of print space and reducing print time (all parts
could be printed with a single job), according to ref. 36. This arrangement
allowed for a seamless print of each section without further subdivisions.
The arrangement of the three parts that make up the model on the print bed
and the use of support material are shown in Fig. 8. The CAD model has
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Table 2 | Key printing setting

Settings

Material PLA
Filament Diameter 1.75mm
Extrusion Temperature 220°C
Extrusion nozzle diameter 0.4mm
Layer Thickness 0.25mm

Perimeters for Vertical Walls

Minimum of 2

Solid Layers for Horizontal Walls

Minimum of 4

Infill Density

15%, using a grid structure

Overhang Support Threshold

45°

Printing Speed

Variable, between 50 and 140 mm/s

a)

meshed with a 0.3 mm mesh size to avoid “faceting” errors and ensure a
smooth, accurate print’, Table 2 summarizes the key print settings; this
approach and these parameters facilitated a high-quality, efficient print
while ensuring structural integrity and ease of assembly for the bell model.

The printed model (Fig. 9a) was acquired using the same scanner as in
“Results” keeping the average point spacing of the point cloud set to 0.3 mm.
Figure 9b illustrates the distance map between the synthetic and acquired
bells, revealing that 91.24% of the distances fall below the density points.
Figure 11 displays the 16 original internal wall patches registered on the 3D
model obtained from the scan. The angular position was randomly defined
since the model was derived from a symmetrical profile. The patches for
analysis were extracted from the acquired surface as the points closest to the
fragment patches. The 16 patches were then analysed using the algorithm
discussed in this paper.
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Fig. 9 | 3D bell printed model. a Digital model; b corresponding map of the distance between the synthetic and scanned 3D model.
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Fig. 10 | Comparison between the profiles coming from the first and second experimentations. a Distance map between the profiles; b zoom in on the area at the

maximum distance.
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Fig. 11 | The 16 fragments’ internal walls patches registered on the 3D bell scan-
ned model.

Figure 10a) illustrates the negligible differences between the two pro-
files of the two experiments, with a maximum distance of less than 5 mil-
limetres. Figure 10a) indicates that the maximum distance results from
registration errors in the area with the greatest overlap of fragments. While
the method cannot guarantee convergence to a global minimum, it con-
sistently delivers satisfactory results. Based on deterministic algorithms, the
proposed method produces similar results starting from a comparable
input. However, evaluating the reliability of the resulting shape is difficult
because of the noisy and incomplete information available. The zones Kj,
Kj;, and Ky are well approximated by the fragments and are associated with
areas with a nearly constant curvature profile. This consistent profile allows
for a reliable connection with the adjacent shapes. In contrast, the areas Ky
and Ky are only roughly represented (as shown in Fig. 11). As a result, the
current representation is less reliable in the Ky and Kyy areas where the
available information is limited.

Accordingly, this study introduced a new computer-based method
devoted to reconstructing fragmented axially symmetric cultural heri-
tage assets, specifically applied to a medieval bell. Due to the challenge of
reassembling fragments of its external mould on their fracture surfaces,
traditional manual approaches used by archaeologists rely on estima-
tions regarding the spatial orientation of significant fragments. These
approaches measure diameters perpendicular to the estimated axis at set
increments.

The final profile of the bell is constructed by positioning these dia-
meters perpendicular to the z-axis, with the overall height constrained based
on measurements taken during the archaeological excavation of the furnace.
The results of these methods, which are neither repeatable nor reproducible,
depend heavily on the preparation, experience, and expectations of the
operators rather than on a thorough analysis of the fragments themselves. In
contrast, the proposed method employs geometric differential analysis and
3D scanning to address these limitations and accurately reconstruct the
shape of the bell from its casting mould mantle fragments.

This approach aims to recreate the bell’s three-dimensional form using
its two-dimensional profile, utilizing a custom-developed geometric-dif-
ferential analysis of the discrete models obtained from a 3D scanner. The
process was applied to 35 fragments of the external mould excavated from a
medieval bell furnace in inland Abruzzo. Specific experiments were con-
ducted to assess the precision, potential, and limitations of the procedure
implemented. The method successfully produces a shape consistent with
bells from the same region and time period. Significant differences in
accuracy and detail were observed compared to conventional manual
reconstructions performed by archaeologists, highlighting the effectiveness

of the digital method. Furthermore, the reliability of the method in recon-
structing axially symmetric objects was validated through additive manu-
facturing and scanning of a synthetic model. To the best of our knowledge,
no published work currently presents a computer-based method for
reconstructing globally axially symmetric 3D models from fragments
without relying on the assembly of fractured surfaces. This is particularly
significant when reconstructing the original shapes of archaeological finds
that have been lost and when remaining fragments cannot be joined along
their fractured surfaces. Given these promising results, future efforts will
focus on extending the analysis to different furnaces and validating the
method in cases where a physical model is also available. Implementing the
proposed method for its application to other archaeological artifacts, such as
pottery, will also be one of the main focuses of future work on this topic. As
part of future validation efforts, the method will be tested in scenarios where
physical reference models are available, allowing for a more comprehensive
assessment of its accuracy.
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