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The viscoelastic paradox in a nonlinear Kelvin—Voigt type model
of dynamic fracture

MAicoL CAPONI@), ALESSANDRO CARBOTTI AND FRANCESCO SAPIO

Abstract. In this paper, we consider a dynamic model of fracture for viscoelastic materials, in which the
constitutive relation, involving the Cauchy stress and the strain tensors, is given in an implicit nonlinear form.
We prove the existence of a solution to the associated viscoelastic dynamic system on a prescribed time-
dependent cracked domain via a discretization-in-time argument. Moreover, we show that such a solution
satisfies an energy-dissipation balance in which the energy used to increase the crack does not appear. As a
consequence, in analogy to the linear case this nonlinear model exhibits the so-called viscoelastic paradox.

1. Introduction

In the derivation of a mathematical model for dynamic crack propagation, the two
fundamental facts that must be taken into account are the laws of elastodynamics
and the (dynamic) Griffith criterion. The first one states that the displacement of the
deformation must solve the elastodynamics system away from the crack, while the
second one dictates how the crack grows in time. More precisely, the Griffith criterion
(see [16,18]), originally formulated in the quasi-static setting, explains that there is a
balance between the mechanical energy dissipated during the evolution and the energy
used to increase the crack, which is supposed to be proportional to the area increment
of the crack itself.

The first step to address the study of a model of dynamic fracture is to find the
solution to the elastodynamics system when the evolution of the crack is prescribed.
From the mathematical point of view, this leads to the study of the following system
in a time-dependent domain:

ii(t) —div(o(t)) = f(t) inQ\T,,tel0,T], (1.1)

with some prescribed boundary and initial conditions. In the above formulation, 2 C
R is an open bounded set with Lipschitz boundary which represents the reference
configuration of the material, I'; C Qisa (d — 1)-dimensional closed set that models
the crack at time ¢, u(t): Q\ Iy — R4 is the displacement of the deformation, o (¢)
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is the Cauchy stress tensor, and f(¢) is a forcing term. Once found the displacement
u that solves (1.1) with a prescribed crack evolution ¢ — I';, we determine the pairs
displacement-crack which satisfy the Griffith energy-dissipation balance. Finally, we
select the “right” crack evolution according to some maximal dissipation principle.
In the easiest case of a pure elastic material, the system (1.1) is coupled with the
following constitutive law involving the Cauchy stress and the strain tensors:

o(t) =Ceu(r) inQ\Iy,tel0,T], (1.2)

where C is the elasticity tensor, which is fourth-order positive definite on the space of
symmetric matrices Rfyxnfl, and eu = %(Vu + VuT') is the strain tensor. In this setting,
the Griffith criterion reads as

1 . 2 1 2 d—1
Ellu(t)llz + Elleu(t)llz +H" (T \ To)
1 1
= 5||Lz(0)||§ + 5||eu(0)||§ + work of external forces (1.3)

forall ¢ € [0, T]. We point out that the first two terms in the left-hand side of the above
identity correspond to the mechanical energy (the sum of kinetic and elastic energy),
while the term H9~! (I't \ T'p) models the energy used to increase the crack from I'g
to I'y.

In the literature, we can find several mathematical results for the model associated
with (1.1) and (1.2). As for the existence of a solution when the evolution ¢ — I is
prescribed, we refer to [10, 13] for the antiplane case, thatis when u(r): Q\I'; — Ris
a scalar function and eu is replaced by Vu, and [4,26] for the general case. Regarding
the determination of the crack evolution t — [';, we have only partial results. For
example, we cite [5], where the authors characterize in the antiplane case and for
d = 2 the pairs displacement-crack which satisfy the energy-dissipation balance, and
[11,12] in which for d = 2 the authors study the coupled problem under a suitable
notion of maximal dissipation.

Viscoelastic materials, which exhibit both viscous and elastic behaviors when un-
dergoing deformations, are another class widely studied in the literature. One of the
simplest mathematical model is the Kelvin—Voigt one, where the constitutive law be-
tween the Cauchy stress and the strain tensors reads as

L . 2 1 2 d—1
Ellu(t)llz + 5”5140)”2 +HT (T \To)
1 1
= z||Lz(0)||§ + §||eu(0)||§ + work of external forces (1.4)

where C and B are the elasticity and the viscosity tensors, respectively. For the Kelvin—
Voigt model, the Griffith criterion leads to the following energy-dissipation balance

L o 1 2 d—1 to 2
5I|M(¢)|I2+§|I€M(I)IIZ+H T\ To) + A llez(s)5 ds

1 1
=3 12(0) |13 + S lleu(©) 13 + work of external forces (1.5)
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for all + € [0, T']. Notice that, with respect to formula (1.3), in (1.5) we need to
take into account also the energy dissipated by the viscous term, which is given by
Jo lleii()15 ds.

In [10,26], we can find existing results for the linear viscoelastic problem (1.1)
and (1.4), when the evolution of the crack is prescribed. Unfortunately, in those papers,
it is also shown that the Griffith energy-dissipation balance (1.5) holds without the
term HY~1(I"; \ Tp). As a consequence, there is no pair displacement-crack which
satisfies (1.5), unless the crack does not grow in time, i.e., I’y = I'g for all t € [0, T'].
This phenomenon, which says that in the linear Kelvin—Voigt model the crack can not
propagate, is well-known in mechanics as the viscoelastic paradox, see for instance
[25, Chapter 7]. We point out that, if the viscosity tensor B is allowed to degenerate in a
neighborhood of the moving crack, the viscoelastic paradox does not occur, as shown
in [6]. For other versions of linear constitutive laws in the framework of viscoelastic
materials, we refer for example to [7-9,23].

More recently, viscoelastic materials in which the constitutive relation is nonlinear
and given in an implicit form have been also considered. For example, in [3], the
authors study the following elastodynamic system in a domain without cracks:

i(t) —divie()) = f(t) inQ,tel0,T], (1.6)
with the implicit constitutive law
G(o(t)) =eu(t) +eu(t) inQ,tel0,T], 1.7

where G: ]Rf‘f‘nf — R?;‘W‘f is a nonlinear monotone operator which satisfies suitable

p-growth assumptions. In particular, the prototypical models studied are

§

Gi(§):=|g|P7% forp>1, Gy)=—"r
(1+ |g|a)a

for p =1, witha > 0.
(1.8)

As explained by Bulicek, Patel, Siili, and Sengiil in their paper [3] (see also [21]), linear
models may be inaccurate to describe real phenomena, while implicit constitutive
theories allow for a more general structure in modeling than explicit ones. Moreover,
as shown by Rajagopal in [22], the nonlinear relationship between the stress and the
strain can be obtained after linearizing the strain, and so it make sense to consider
implicit constitutive relations in the contest of small deformations. Under suitable
assumptions on the initial data and on the nonlinear term G, Bulicek, Patel, Siili,
and Sengiil in [3] prove existence and uniqueness of solutions to the problem (1.6)
and (1.7) via the Galerkin approximation.

The aim of our paper is to study the model of viscoelastic materials with implicit
constitutive law of [3], in the framework of dynamic crack propagation. More precisely,
we consider the elastodynamics system (1.1) with the constitutive relation

G(o(t) = eu(t) + eir(t) inQ\ Ty, t €0, T], (1.9)
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where G: ]Rf;j;f — ]Rfyx,,fl is a nonlinear monotone operator which satisfies suitable
p-growth assumptions (more precisely (G1)—(G3) in Sect.2). Since the linear growth
p = 1 is hard to handle even in the case with no cracks, we restrict ourselves to the
range p € (1,2%), where 2* := % is the Sobolev critical exponent. The condition
p < 2*, which also appears in [3], is needed to ensure that the displacement u(¢) is an
element of L2(2\ I';; RY). Indeed, from (1.9), we easily deduce that u(¢) lives in the
Sobolev space wir'(Q \ I';; RY), being p’ = % the Holder conjugate exponent of
p, which is compactly embedded in L>(€2\ I';; RY) whenever p < 2*. This simplifies
the mathematical formulation of the problem. An interesting question, which is out of

the scope of this paper, is whether this condition can be removed.

Our first result is Theorem 2.8, where we prove the existence of a solution to the
problem (1.1) and (1.9) when the crack evolution ¢ +— T is prescribed, under suit-
able conditions on the data and on the nonlinear term G. The proof of Theorem 2.8
follows the main ideas of [3], adapted to our setting. First, since the Galerkin approx-
imation does not fit well with the framework of time-dependent domains, we use the
discretization-in-time scheme exploited in [10]. Moreover, since we want to consider
nonlinear operators which are not strictly monotone, we regularize G in order to invert
the relation (1.9). This allows us to write the Cauchy tensor in terms of the displace-
ment and to switch from the formulation (1.1) and (1.9) to a simpler system. More
precisely, we fix n € N and we search a discrete-in-time approximate solution to (1.1)
and (1.9) with G replaced by its regularization. Then, we perform a discrete energy
estimate (see Lemma 3.3), which allows us to pass to the limit as n — oo to obtain
a pair (u, o) which solves (1.1). We prove that the displacement u is more regular in
time, and by using a standard technique in the monotone operator theory, we show
that (u, o) satisfies also the implicit constitutive relation (1.9). We conclude this part
of the paper with Theorem 3.10, where we prove that there is at most one pair (u, o)
with the same regularity of the solution of Theorem 2.8 that solves (1.1) and (1.9) for
a prescribed crack evolution # — I;.

In the second part of the paper, we aim to study the validity of the Griffith energy-
dissipation balance for the implicit nonlinear model (1.1) and (1.9). At first, in Theo-
rem 4.1 we prove that the mechanical energy of every regular solution to problem (1.1)
and (1.9) (in particular, of the one found in Theorem 2.8) satisfies the implicit energy
balance

1 ! 1
EIIL)(I)II% + / / o(s,x)-eu(s,x)dxds = §||zl(0)||% + work of external forces
0 Ja

for every t € [0, T]. Then, we consider the strictly monotone operator G(§) =
|£|P2&, so that our problem reduces to the nonlinear Kelvin—Voigt system

ii(t) — div(leu(t) + ei(®)|” "2(eu(t) + ei(r))) = f(t) inQ\ Ty, e [0, T].
(1.10)
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In this setting, the Griffith energy-dissipation balance takes the form
L. o 1 » d—1
Ellu(t)llz + —lleu®ll,, +H"(I'; \ To)
P
t
+/ f leu(s, x) + eu(s, x)|” 72(eu(s, x) + eu(s, x)) - eu(s, x)dx ds
0 Ja
t
—/ / lew(s, )7 "2eu(s, x) - ei(s, x) dx ds
0 Ja
1 1 /
= - ||L't(0)||% + — lleu(0)||”, + work of external forces (1.11)
2 7 P

for every t € [0, T']. In particular, the energy dissipated by the viscous term is given
by

t
/ / leu(s, x) + et (s, x)I”/_z(eu(s, x) + eu(s, x)) - eu(s, x)dx ds
0 JQ

t
—/ / |eu(s,x)|p_zeu(s,x) -eu(s,x)dxds >0,
0 JQ

which reduces to the corresponding term in (1.5) for p = 2 (notice that this term
is nonnegative due to the monotonicity of G~1(5) := |n|P/’2n). For this particular
choice of G, in Corollary 4.3 we derive that the energy dissipation balance proved in
Theorem 4.1 can be rewritten justin terms of the displacement u as (4.7). Therefore, the
pair displacement-crack given by Theorem 2.8 satisfies (1.11) if and only if I'; = T’y
foreveryt € [0, T],1.e., when the crack does not grow in time. This shows that also the
nonlinear Kelvin—Voigt model of dynamic fracture exhibits the viscoelastic paradox,
as it happens in [10,26] for the corresponding linear model.

We conclude the introduction by observing that the corresponding phase-field model
of dynamic crack propagation has been analyzed in [20] (see also [21]). This is the one
in which, roughly speaking, for a fixed € > 0 the crack set is replaced by a function v
which is 0 in a e-neighborhood of the crack and 1 far from it. More precisely, in [20]
the author proved that there exists a pair (u., ve) which satisfies the elastodynamics
system with the implicit constitutive law and the Griffith energy-dissipation balance
for both the nonlinearities in (1.8). Therefore, it could be interesting to understand in
a future paper if there is a connection between these two models and, in particular, if
the viscoelastic paradox can also occur in the phase-field setting.

The rest of the paper goes as follows: in Sect.2 we introduce the mathematical
framework of our model of dynamic fracture for viscoelastic material, and we fix
the main assumptions on the reference set, the crack evolution, and the nonlinearity
G in the constitutive law. Moreover, in Definition 2.3 we give the notion of (weak)
solution to problem (1.1) and (1.9), and we state our main existence result, which
is Theorem 2.8. In Sect.3 we prove Theorem 2.8 by performing a discretization-in-
time scheme together with a regularization of the nonlinearity G. At first, we find
an approximate solution in each node of the discretization of the regularized model.
Then, in Lemma 3.3 we prove a discrete energy estimate, which allows us to pass to the
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limit when the parameter of the discretization and regularization goes to 0. Finally, we
show that under suitable regularity assumptions the solution is unique. We conclude
the paper with Sect.4, where we prove that every regular solution to (1.1) and (1.9)
satisfies the energy-dissipation identity of Theorem 4.1. Afterwards, we consider the
nonlinear Kelvin—Voigt system (1.10), and we use the energy-dissipation identity to
show that this model exhibits the viscoelastic paradox.

2. Notation and formulation of the model
2.1. Notation

The space of m x d matrices with real entries is denoted by R"*¢; in case m = d,
the subspace of symmetric matrices is denoted by Rfyxnf. For any A, B € R?*4 we
denote with A - B the Frobenius scalar product, namely A - B := Tr(A” B). Given a
function u: RY — R™ we denote its Jacobian matrix by Vu, whose components are
(Vu)jj := dju; fori € {1,...,m}and j € {1,...,d}; when u: RY — RY, we use
eu to denote the symmetric part of the gradient, namely eu := %(Vu + VuT). Given
atensor field A: RY — R"™*4 by div A we mean its divergence with respect to rows,
namely (div A); := Z?:l 9jA;jfori e {l,...,m}.

We denote the d-dimensional Lebesgue measure by £¢ and the (d — 1)-dimensional
Hausdorff measure by H?~!; given a bounded open set Q with Lipschitz boundary,
by v we mean the outer unit normal vector to 9€2, which is defined He- 1 a.e. on the
boundary. The Lebesgue and Sobolev spaces on €2 are defined as usual; the boundary
values of a Sobolev function are always intended in the sense of traces. When there

is no ambiguity, we simply write || - ||, to denote the norm in L7 (S; R¥) for all
p €[l,o0]land k € N.
The norm of a generic Banach space X is denoted by || - || x; when X is a Hilbert

space, we use (-, -)x to denote its scalar product. We denote by X’ the dual of X and
by (-, -)x’ the duality product between X’ and X. Given two Banach spaces X and
X», the space of linear and continuous maps from X to X, is denoted by .2 (X; X7);
given A € Z(X1; X») andu € X, we write Au € X, to denote the image of u under
A.

Given an open interval (a, b) C R and g € [1, oo], we denote by L7 (a, b; X) the
space of L7 functions from (a, b) to X; we use Wk’q(a, b; X) to denote the Sobolev
space of functions from (a, b) to X with derivatives up to order k in LY (a, b; X).
Givenu € W4 (a, b; X), we denote by u € L9(a, b; X) its derivative in the sense of
distributions. When dealing with an element u € wla (a, b; X) we always assume u
to be the continuous representative of its class, and therefore, the pointwise value u(z)
of u is well defined for all ¢ € [a, b]. We use C 8) ([a, b]; X) to denote the set of weakly
continuous functions from [a, b] to X, namely the collection of maps u: [a, b] — X
such that r — (x’, u(t))x’ is continuous from [a, b] to R, for all x’ € X’.
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2.2. Mathematical framework

Let7T > 0andd € N withd > 2. Let Q C R? be a bounded open set (which
represents the reference configuration of the body) with Lipschitz boundary. Let dp 2
be a Borel subset of €2, on which we prescribe the Dirichlet condition, dy 2 its
complement in <2, and I' C Q the prescribed crack path. As in [6,7], we assume
the following hypotheses on the geometry of the crack and the Dirichlet part of the
boundary:

(E1) T is aclosed set with £4(I') = 0 and H~ /(' N aQ) = 0;

(E2) @\ T is the union of two disjoint bounded open sets 21 and 2, with Lipschitz
boundary;

(E3) 0pS2NaL2; contains the graph of a Lipschitz function 6; over a non-empty open
subset of R4~ forall i € {1, 2};

(E4) {T't}s¢f0,7 1s a family of closed subsets of I" satisfying I's C I'; forall 0 < s <
t<T.

We recall that the set I'; represents the prescribed crack at time ¢ € [0, T'] inside 2.

Thanks to (E1)—(E4) for all ¢ € [1, oo] the space L9(2 \ T'y; R?) coincides with
L4(; RY) forallt € [0, T].Inparticular, we can extend a functionu € L4 (Q\I';; RY)
to a function in L9(2; Rd) by setting u = 0 on I';. Moreover, for all ¢ € [1, co) the
trace of u € W4 (Q\I'; Rd) is well defined on 92 and there exists a constant Cy, > 0,
depending on €2, I, and ¢, such that

lull Lo oo rey < Corlullwra@rope, forallu e WH(@\T;RY).  (2.1)
Hence, we can define the space
WEIQ\T;RY) = fu e WH(Q\T;RY) : u=00ndpQ).

Furthermore, by using the second Korn inequality in £2; and €2, (see, e.g., [19, Theo-
rem 2.4]) and taking the sum we can find a positive constant Cx, depending on €2, I',
and g, such that

1

q q 7

||Vu||L‘1(Q;]Rd><d) S CK(||u||Lq(Q;Rd) + ”eu”L‘I(Q;Rf;nd )q
forallu € Whe(Q\ I'; RY). (2.2)

Similarly, thanks to the Korn-Poincaré inequality (see, e.g., [19, Theorem 2.7]) we
obtain also the existence of a constant Cg p, depending on €2, I', ¢, and dp<2, such
that

1,
”u”Wl"/(Q\F;Rd) < CKP ||eu||Lq(Q;R§l‘?;’le) forall u e WDq(Q \ F, Rd) (23)

Finally, for all ¢ € (%, oo] the embedding Wha(Q\I'; RY) < L2(2:; R?) is con-

tinuous and compact.
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We fix p € (1, 2*), where 2* is the Sobolev conjugate of 2, defined as

oo ford =2,

% ford > 2.

2% =

Notice that p € (1, 2*) if and only if p’ € (%, 00), where p’ := % is the Holder

conjugate exponent of p. We set H := L?(R2; R?) and we define the following spaces
V=W @\ RY and V= WhP(Q\ T RY) foralls € [0, T1.

We point out that in the definition of V and V;, we are considering only the distributional
gradient of u in Q \ I" and in Q2 \ T';, respectively, and not the one in €2. Taking into
account (2.2), we shall use on the set V; (and also on the set V') the equivalent norm

1
luly, = (Nl + llewl%,) " forallu € V;.
Furthermore, by (2.1), we can consider the sets
VPi={ueV:u=00ndpQ), VP2:i={ueV,:u=00ndpQ} forallsel0,T],

which are closed subspaces of V and V;, respectively.

Remark 2.1. Since p € (1,2%), by exploiting (E1)—-(E4) we derive that for all ¢ €
[0, T] the space V,” is a separable reflexive Banach space with embedding

VtD < H continuous, compact, and dense.

In particular, the aforementioned condition on p is used to deduce the compactness of
V,D in H. Therefore, the embedding H — (VtD )/, which is defined by

(h u) oy = (h,u)y forh € Handu €V, 2.4)

is continuous, and the same holds true also for V,, V, and V2.

Let us consider a nonlinear operator G : Rfyxnf — Rfyﬁ satisfying the following
assumptions:
(G1) there exists a convex function ¢ : Rfyxﬂ‘f — R of class C! such that G(§) =
Ve (£) forall £ € REx4,

sym
(G2) there exist constants by > 0 and b, > 0 such that G(¢) - & > b1|&|P — b, for all
£ e RI
(G3) thereexistsaconstantbz > Osuchthat |G ()| < b3(1+|€|7~ 1) forallé € R¥xd

sym *°

Remark 2.2. The assumption (G1) implies that G is continuous and monotone, i.e.,

(GE) —GE)) - (1 —&) =0 forall&, & € RESY. (2.5)

Moreover, up to add a constant, we always assume that ¢ (0) = 0.
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Given
(D1) f e L*0,T; H);
(D2) z € W2P'(0, T; Vo) N W22(0, T; H);
(D3) u® u' € Vo such that u® — z(0) € V£ and u' — 2(0) € VL;
we study the following dynamic viscoelastic system with implicit nonlinear constitu-
tive law:

i(t) —divic(®)) = f(t) inQ\TI;,tel0,T],

. . (2.6)
Go(@) =eu(t)+eu(t) nQ2\Iy,tel0,T],
equipped with the boundary conditions
u() =z(@) ondp, tel0,T], 2.7
o()v=0 onayQUIy, rel0,T], (2.8)
where v denotes the outward unit normal to 0S2, and the initial conditions
u©)=u’, #0)=u' inQ\Ty. (2.9)

Notice that in (2.6)—(2.9) the explicit dependence on x is omitted to enlighten notation.
As usual, the Neumann boundary conditions are only formal, and their meaning will
be explained in Remark 2.4.

From now on we always assume that p € (1,2*) and that (E1)-(E4), (G1)-(G3),
and (D1)—(D3) are satisfied. Let us define the following functional spaces:

Vi={pe W', T; V)N Wh0, T; H) : ¢(t) €V, forallt € [0, T1},
D:={pe CCI(O, T;V): @) e V,D for all r € [0, T']}.
Similarly to [14], we introduce the following notion of weak solution.

Definition 2.3. (Weak solution) A pair (u, ) € V x LP(0, T; LP(Q, RExD)) is a
weak solution to the nonlinear viscoelastic system (2.6)—(2.8) if

() u(t) —z(t) € VP forallt € [0, T];

(ii) the following identity holds

T T
- /0 @), () df + fo (@ (1), eg(t)) . dt

T
=/ (f(@), p(t)) g dr forall p € D (2.10)
0
where (g,/1), 0 = [q8(x) - h(x)dx for all g € LP(Q R and h €
L7 (2 REx):;
(iii) the constitutive law
G(o(t)) = eu(t) +ei(r) inQ\ T, forae.re[0,T] 2.11)

is satisfied.
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Remark 2.4. The Neumann boundary conditions (2.8) are formally used to pass from
the strong formulation (2.6)—(2.8) to the weak formulation (2.10). Notice that, if u(z),
o (1), and I'; are sufficiently regular, then (2.8) can be deduced from (2.10) by using
integration by parts in space.

We want to give a meaning to the initial conditions (2.9) for a weak solution (u, o)
to (2.6)—(2.8). To this aim, we first recall the following result (see, for instance [15,
Chapitre XVIII, §5, Lemme 6]).

Lemma 2.5. Let X, Y be reflexive Banach spaces such that X — Y continuously.
Then,

L0, T; X)nCY (0, T1: v) = ([0, T1; X).

Moreover, we need the following regularity result for the weak solutions to (2.6)—
(2.8).

Lemma 2.6. Let (u,0) € V x LP(0, T; LP(Q, R?*%)) be a weak solution to the

sym
nonlinear viscoelastic system (2.6)—(2.8). Then, u € W>4(0, T (VOD)/), where q :=
min{2, p}. In particular u € C°([0, T1; V) and it € Cg([O, T]; H).

Proof. Let g be given as in the statement. We define A € L9(0, T; (VOD )" as follows:
(A1), v)(VOD)/ =—(0(),ev)p y + (f(),v)g forallve VP and forace. € [0, T].

Let us consider a test function ¢ € C cl (0, T), then for all v € VOD the function
@(t) := Y (t)v satisfies

peClO,T;V), ¢@)eVP cVP foralrel0,T]. (2.12)

Thanks to (2.10), since ¢ € D from (2.12), we can write
T T T
—/0 (i(1), v) g (1) dt = —/0 (U(I),ev)p,pﬂﬂ(t)dtvL/o (f (@), v)ay(r)de

T
- /0 (), v) oy (1) dr,

which implies by (2.4)

T

T
Lo _ D
(—/0 () () dt, v>(V0D)/ _</0 A (1) dr, v> L. forallv e VY.

Vo)

Hence, we get

T T
—/ a()y (1) dt :/ AP @) dr in (VL) forally € CL0,T). (2.13)
0 0

Sinceu € L*°(0,T; H) — L*(, T, (VOD)’) then identity (2.13) implies

ue w40, T; (VPY).
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Therefore i € W14(0,T; (VP)) — ¢°(0, T1; (VP)). Since i1 € L*(0,
T; H), by Lemma 2.5 we deduce that i € Cg([O, T1; H). Finally, we have Wl’f’/(O,
T:V) < CY%0, T];: V) hence u € C°([0, T]; V). O

If(u,0) e VxLPO,T,; LP(Q; Rf;‘,,f)) is a weak solution to (2.6)—(2.8), then u(t)
and u(t) are well defined as functions of V and H, respectively, for all r € [0, T'].
Therefore, it makes sense to evaluate them at time ¢ = 0 in order to make consistent

the following definition.

Definition 2.7. (Initial conditions) We say that a weak solution (i, o) € Vx L?(0, T;
LP(; Rfyxnf)) to the nonlinear viscoelastic system (2.6)—(2.8) satisfies the initial

conditions (2.9) if
u@ =u’ inV, #00)=u' inH
The main existence result of this paper is the following theorem.

Theorem 2.8. There exists a weak solution (u, o) € V x LP(0,T; LP(Q; Rfyxnf))
to the nonlinear viscoelastic system (2.6)—(2.8) satisfying the initial conditions (2.9).

Moreover, u € W22(0, T; H).

The proof of Theorem 2.8 is postponed to the next section. We point out that the
displacement u of the solution found in Theorem 2.8 is more regular in time, more
precisely ii € L*(0,T; H). This regularity is used at the end of Sect.3 to prove
a uniqueness result for the nonlinear viscoelastic system (2.6)—(2.9). Moreover, we
exploit such a regularity in Sect.4 to show the energy-dissipation balance of Theo-
rem 4.1. This identity implies the viscoelastic paradox, which is discussed at the end
of the paper.

3. Existence of solutions

This section is devoted to the proof of Theorem 2.8. As explained in the introduc-
tion, the main idea is to combine the discretization-in-time scheme of [10] with the
regularization of the nonlinear operator G introduced in [3]. Therefore, we rephrase
the system (2.6) in a simpler way, and we use Browder-Minty Theorem to find a se-
quence of approximate solutions in each node of the discretization scheme. Then in
Lemma 3.3 we prove a discrete energy estimate and we use a compactness argument
to obtain a pair (u, o) which solves (2.10) (see Lemma 3.8). Finally, in Lemma 3.9,
by performing a standard argument in the theory of nonlinear monotone operators we
show the validity of the constitutive law (2.11).

Let us fix n € N and set

T
Ty = —, uf = uo, V,f‘ = Vk%, zﬁ = z(kty), fork €{0,..., n},

sul :=u', §7°:=z20), fF.= ][’(‘,j"_lmf(t)dt, fork e {1,...,n}.
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We define G,,: RIXd 5 RAXd 44

sym sym

sym

Gul€) == G(&) + %IEI”‘ZS for all & € RAX4.

Notice that G, still satisfies (G1)—(G3) with ¢ replaced by

¢ (§) =0 (&) + LISI” forall § € Ry,
np

and with b3 replaced by b3 + 1. Since G, is strictly monotone, by the standard theory
of monotone operators there exists the inverse operator G,, ! : Rfyxnf — Rfyxnf, which
is still strictly monotone. Moreover, if we introduce the Legendre transform ¢;' of ¢,

defined as

¢r(n) == sup {n-&— (&)} forall e RO,

seR

by (G1)-(G3) we have that ¢} : ngxmd — R is still a convex function of class C! and
G, ! satisfies

G, () = V() for all n € RExd, 3.1)
G, -n =z erlnl” — e for all 77 € RT3, (3.2)
G ()l < e3(+ 1”1 for all 5 € RE:Y, (3.3)

for suitable constants ¢y, c3 > 0 and ¢; > 0 independent of n € N. Furthermore, if
we define ng := G(0) = G,(0), by the assumption ¢(0) = 0 (see Remark 2.2) we
have

b (10) = —¢ (0) = 0.
Therefore, thanks to the convexity of ¢;; we derive
$n () = (o) + G, (o) - (n —mo) =0 forall n € RY5Y, (34)
Gr () < G5 (10) + Gt (n) - (n — mo) < a1+ n?) foralln e REY, (3.5

for a suitable constant ¢4 > 0 independent of n € N.
Forallk € {1, ..., n} we search for a function uX € V with uk —zX € V¥ satisfying
the following identity

%k, o) i + (G N euk + esuk), e) .y = (f5, @)u forallg € VE, (3.6)

where

k k—1 k k—1
- Suk — s
guk o= U T g2k WM O et ). (BT)
‘Cn Tn
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To this aim, we find a function v¥ € V¥ which solves

8%k + 8225, )i 4 (G ' (evk + esvF + ezk 4 e82h), eQ)p.p'
= (ff. @)u forallg e VY, (3.8)

where §z% and 82z are defined similarly to (3.7) starting from zX. Indeed, the function
vk € VK solves (3.8) if and only if uf := vk + X € V satisfies uk — 2k = vk € VK
and (3.6).

To solve (3.8), we consider the family of nonlinear operators FX: VK — (vky
defined by

(Fy). @)y = @+ 0,77 = 207+ 0l6% — 21 £ o)
+(G, (1 + %)ev - ri,,vr];_l + ez, + €82,), €9)p
for v, ¢ € V¥, Ttis clear that v* € V¥ solves (3.8) if and only if
Ff @) =0 in (V). (3.9)

To find a solution to (3.9) we need the following result, whose proof can be found in
[2,17].

Theorem 3.1. (Browder-Minty) Let X be a reflexive Banach space and let F: X —
X' be a monotone, hemicontinuous, and coercive operator. Then, F is surjective.
Moreover, if F is strictly monotone, then F is also injective.

Let us show that F,’f satisfies the hypotheses of Theorem 3.1.

Proposition 3.2. Foreveryn € Nandk € {1, ..., n} the nonlinear operator F,f : V,f
— (V,f ) is strictly monotone, coercive, and hemicontinuous.

Proof. Letus fixn € Nand k € {1, ..., n}. We start by proving that F,’f is a strictly
monotone operator, i.e.,

(F,]f(v) — F,f(w), v — w>(V,{‘)’ >0 forallv,w € V,f‘ with v # w.

By the definition of F,’f, forall v, w € V,f‘ with v # w we have
(Fy () = Fy (W), v = w) iy = énv — w3 + (G, (cnev + hf)
n
~Gy N enew + k), ev — ew), ,  (3.10)
where
=1+ % >0, hf:= —%ev,’fl +ezk 4+ eszk e VE

By using in (3.10) the monotonicity of G;l withn; = c,ev —i—h’,‘l and 7y = c ew —l—h’,‘l,
we can write

k k 1 2
(Fy () = Fy(w), v — w)yky = ﬁ”v —wlly >0,
n
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which shows the strictly monotonicity of F,],‘

To prove the coerciveness of F,’l‘, we have to show that

(F,f(v), U)(V,{f)/

T — 00 as ||v||Vrf(—>oo.
Va

Notice that

(Fy (), V) iy = dullvl|F; + du(h, V)i

G e I, cnen 1
+ c (G, (cnev + Iy), chev + hn)PaI’/
n

1 —1 k k
- E(G" (cnev +hy), hy)p. s

where

1
— k._ k=2 k=1 262 k | -2 ¢k
dy = = >0, £,:=v, " —=2v, +71,6%2,+71,f, €H.
n

Thanks to (3.2), (3.3), and Young inequality, for all ¢ > O we have

L k k PP kN 1k
E(Gn (cnev + hy), cpev +hy)p py — E(Gn (cnev +hy), hy)p,

c1 ) 1 _
> —llcnev + iyl — =L4Q) = =G, (caev + )yl
Cn n Cn

1

1 kyp' €2 nd _i —1 N2
> o IICnev+h,,||p/ Cnﬁ (£2) e G, (cnev+h)p

€1 kP €2 pd kyp'
> —|lchev + hnlli/ - —L9(Q) — ,Ilhnllg/
Cn Cn p'che?

Sp ’
. @=L llepev + hh 15, + Pl (9)))
n

1 2P~ 1clep /
3 k

= —(e1 = =2 ) lleaev + HEI7

Cn p

1 o1
- ———|h} ”,——(c +
e Ll VOl

M)[,d(g).

In particular, the Korn-Poincaré inequality (2.3) yields
o

p/
CKP

P P '—1 kyp' "1k P
Ilvllvnk < llenevll, < 2F llcnev + hyll + 27 a1y

p'cne

J. Evol. Equ.

@3.11)

kP
» 723, ||p/

(3.12)
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Hence, from (3.12) we deduce

[P k k P ky .k
c_(G” (cnev +hy), cnev +hy)p pr — c_(G" (cnev +hy), hy)p
n n

p'—1 —1,.p —-1.p
c 2P ch el / 1 2P=lcs el 1 /
> (e = =2l — — (e = =+ —— Ik
2P =1Cxp no Cp p'e
1 2r=tclep
- —(a+ =)@ (3.13)
Cn

By applying again Young inequality, we can write

d d
dullvl1; + du (€l vy > E”an%, ~ 7”||z§||%,. (3.14)

1
P
0<e< c1p ,
21’_165

thanks to (3.13) and (3.14) we obtain the existence a positive constant K such that

If we choose

(L@, ) wey = Ki (01 + 1010, — IASI — leki3 = 1) 3.15)
Clearly, we have

R 117, + €I + 1

lollvs

— 0 as ”””V,f — 00. (3.16)

Moreover, we can write

2 4
lvllz + ||v||Vnk

!
—1
> [olll ' — 00 as vl — . (3.17)
ol g i

Thanks to (3.15)—(3.17) we get (3.11).

To prove the hemicontinuity of F, ,’f, we need to show that for all u, v, w € V,f there
exists o = to(u, v, w) such that the function [—#g, 9] > t (F,f(v + tu), w)(Vf)/ is
continuous int = 0. We fix u, v, w € V,f and we notice that

(Fy v+ 11), ) iy = dp (v + Ly, W) + dut (1, W)
+(G;1(cn(ev + teu) + hﬁ), ew)p .

Moreover, we can write

G, (calev + teu) + hk) - ew “—eo> G, Y(chev + hb) - ew, (3.18)
t—
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and thanks to (3.3) we get

(G, (cn(ev + teu) + hY), ew), |

A

1 1 /
G, @ulev +tew) + DI+ lew!l,

20—k L alvee 1 /
< —lenlev +tew) + hi |11+ —=2LYQ) + = llew]”,
p p
kyr' P’ P
< Ka(llcaev +hi 17+ leullh, + llew|h, + 1), (3.19)

for a positive constant K». By using (3.18), (3.19), and dominate convergence theo-
rem we obtain

(G, N(enlev +teu) + hb), ew), — (G, (cnev + hY), ew), . (3.20)
—

Since d,t (u, w)y — 0ast — 0, by (3.20) we have
(FF( +tu), w) vy P dy(v+ €5, W)y + (G, (enev + hY), ew),
= (F, (), W)y,
O

Thanks to Theorem 3.1 and Proposition 3.2, we obtain that for alln € N and k €
{1, ..., n} the nonlinear operator FX: V¥ — (V¥ is bijective, and hence there exists
aunique v¥ € V¥ which solves (3.8). As a consequence, the function uX = vk+zk e v
is the unique solution to (3.6).

Let us define

ok = G Neuk 4+ esut) forallk e {1,...,n). (3.21)

In the next lemma, we show a uniform energy estimate with respect to n for the family
{k, of)}¥1_, which will be used to pass to the limit as n — oo in the discrete

equation (3.6).
Lemma 3.3. There exists a positive constant C1, independent of n € N, such that
n , n
max i max ||8u’ T l18ul |1 nloi|h < Ci. (3.22
max v+ max | un||1-1+; ST +; allolllh < Cr. (3.22)
Proof. Wetake ¢ = 1, (uﬁ —zﬁ) € Vnk as a test function in (3.6). Therefore, we obtain

1k ky ok k kK ok Lk 2k ok _k
7(G,, (eu, + eduy), eu, — ez,) p = Tu( Sy Uy — 21 — T (8 Uy, upy — ) 1.

(3.23)
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We fix i € {1, ..., n} and by summing in (3.23) over k € {1, ..., i} we obtain
i
Z Ty (G;1 (euﬁ + eBuﬁ), eu’;)p,p/
k=1

i i
=Y 1a(G, (et +edul). ez py + D TS ul — B

k=1 k=1

—Zrn(Szu uk —2*yy. (3.24)

Now we use ¢ = 17, (8uk — 8z%) € V¥ as a test function in (3.6) and we get

||5uﬁ||%1 — (8u],‘l_1, Suﬁ)H + ‘L’n(G;1 (euﬁ + e8u],‘l), eSuﬁ)P,p/

= 1, (f¥, 8ul — 828 i + T (G (e + esub), e828) ) + T (8%uk, 825
(3.25)

By means of the following identity

I8uk 13, — Suk", sukyy = —||6u ||H——||6 e+ ||62 1%,

from (3.25) we infer

1 1 _ 72 _
E||8uﬁ||%{ - E||<suﬁ N+ 7"||52u§||§, + (G, (euk + esul), esul),

= 0, (fX, 8uk — 825y + 1,(G (eu + esub), e85, + 1 (8%uk, 82,

and, by summing again over k € {1, ...,i} we get

1 1 : _
S8, 1% - E||ul 13+ Y (G, (eul + eduf), eduf)
k=1

i i
< Z T (f, 8uk — 525y + Z (G, (euy + eduy), €82,) .
k=1 k=1

i
+ Y T(8Puy, 825 (3.26)
k=1
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By considering together (3.24) and (3.26) we get

1 i _
E||51,¢;1||%L, + Y (G, (euf + eduy), euy + eduy)
k=1

1 i B
<3 ' 13+ D (G (eus + edul). ezl + edzy)
k=1

i i
) T (f Uy 4 Supy — 2y = ST H + Y Ty, 2+ 828
k=1 k=1

i
2 ko k
= T Tul uf) .

k=1

Thanks to (3.1)—~(3.3) and the Korn-Poincaré inequality (2.3) we deduce from the
previous estimate

1 . cq i /

2 k kP

5”5“;”1-1 + _Cp/ E T lluy, + Suy |y,
KP k=1

1 i
<aTL4Q) + z||u‘ 13+ D (G, (eus + edul). ezh + edzy)
k=1

i i
+ Zt,,(f,f, ub +suk — 25 —8byy + Ztn((SZuﬁ, 48y
k=1 k=1

i
= T (8%ul uf) . (3.27)
k=1
Let us now estimate the right-hand side of (3.27) from above. We can write

i
N ra(fE b+ subyy

1< 1<
<120 + 5 2o llinly + 5 D mlldusliy,
k=1 k=1 k=1

(3.28)

2 r . 1.2
WAz 0,70y T EHZ”LOO(O,T;H) + §”Z||L2(0,T;H)'

i
an(f,f, X +8hy

k=1

IA

(3.29)



J. Evol. Equ.  The viscoelastic paradox in a nonlinear Kelvin—Voigt type Page 19 of 38 63

Moreover

i
Z (G, (eu + esub), ez + eSz],;)p,p/
k=1

eP & 1 1 /
< " ZthGn (el + esul) b + m Z Tallezk + eSZﬁllﬁ/

k=1
2r=1cle i Ll Tepb 21’,*1 I
Zrnnu +sukIll + lj L4 + —— 1zl {0, 7:v)
p'—1
P
+ oy (3.30)
Notice that the following discrete integration by parts formulas hold
Zrn(62 sy = Gul, 2+ 87y — 0u®, 20 + 820y
-~ Zrn(rsuﬁ‘l, 828 + 82w, (3.31)
k=1
i
D uy, uy) g = Guly, ul) g — (Gul) up)u
i
= T Guy suf)y. (3.32)

k=1

Since
i i—1 i
D o wllsul MG =) wlsugly < Tl I3 + D wlisuslly,  (3.33)
k=1 k=0 k=1
thanks to (3.31) we can write for all ¢ > 0
i
| D af + 5280
€ i i )
< S l6u, 17, + —8||z; + 8213 + I 1 12(0) + 2(0) | 4

1 _ 1
+5 > rallsub =3, + 5 > Tallszh + 822813
k=1

k=1

& i 1 <
< K[+ S 18up iy + 5 3 wlldug I, (334)
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where K7 is a positive constant depending on . Moreover, since uil = Z;(: 1 Tnd uﬁ +
u® foralli € {1,...,n}, the discrete Holder inequality gives us

1
i i 2
; 1
iy <> alldufll + 1ullm < T2 (Z rnnauf,n%,) + 1u’lm. (3.35)
k=1 k=1

Hence from (3.32), (3.33), and (3.35) we deduce

i
2.k k
D w(uy, up)n

k=1

e . 1 .
< —lIsul 1 + Zuu;u%, + [l 116
1< 1<
+ 5 D mlldug g + 5 D wlléug
k=1 k=1

£ : T i
< K5+ 5||3u;||%, + (1 + ;) D walsuply.  (3.36)
k=1

where K75 is a positive constant depending on ¢. Furthermore

1 i i )
5 2l < Tl + T2 w1 (3.37)
k=1 k=1

If we consider together (3.27)—(3.37), we get

1 . cl 2=lePer\ /
(5—e)||6uﬁ,||%,+<cp, e DA R A

14
KP P k=1

i
< K (1 +Zrn||8uﬁu%{),

k=1

where K3 is a positive constant depending on ¢. By choosing

1 7
0<8<min[§,<%)l}
Ckp2"e3

we get the existence of a positive constant K4 independent of n and i such that

(3.38)
k=1 k=1

i i
18ul I3 + > walluf + sup |}, < Kq (1 + Zrnnauﬁu%,) :

By defining a, := ||8u},||3, foralli € {1,..., n}, from (3.38) we derive

i
ai, < K4 <1+Zt,,aﬁ> foralli e {1,...,n},

k=1
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and taking into account a discrete version of Gronwall lemma (see, e.g.,[1, Lemma 3.2.4])

we deduce that the family {a, }!_, is bounded by a positive constant K's independent
of i and n, i.e.,

I6ul |3 < Ks foralli e {l,....n}andn € N. (3.39)

By using (3.38) and (3.39) we get the existence of a positive constant K¢ independent
of n such that

n
max8u I + 1: Tl + Sul, |1} < K. (3.40)
1=

In particular, by (3.3) and (3.21) it holds

n n

. . . ’
D tallogly <2771 Y " wallew), + edu, |17, + 2P S T LY (Q)
i=1

i=1

<277 el kg + 2Pl T LY (). (3.41)
To get the last estimate in (3.22) we set bﬁ = (1+ t,,)k fork € {0, ..., n} and we
notice that
bk _ bk—l
o n — pkl forallk e {1,...,n). (3.42)
Tn

From (3.42) we can write

n-n n—n

k
k. k 0.0 i J ji—1 j—1
bEur — by =§:(b,’,u{,—b,j, ul™h
j=l

by —bh i et~ et g
= ZTnTun +anbn T = anbn (un + Suy).
j=1 j=1 j=1
(3.43)
Since
i
1<+ <+ = [(H—) } <e’,
n
from (3.43) we deduce the existence of a positive constant K7 such that
’ k . . ’
lufll} < K7 [ 14 walluh +Sunllyy | < K7(1+ Ke). (3.44)
j=1
As a consequence of this, we obtain
k . / k . . / . /
> mllsunlly <2771 wu (g + Su |1y, + llunly)
j=1 j=1
< 27"V (K¢ +TK7+ TK7Kg) . (3.45)

Hence by considering together (3.40), (3.41), (3.44), and (3.45) we get (3.22). O
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As a consequence of (3.22) and of the particular form of equation (3.6), we derive
also a uniform bound on the discrete second time derivative of « in the space H.
This allows us to find in the limit as n — oo a weak solution to (2.6)—(2.8) with
displacement u € W2’2(0, T; H).

Corollary 3.4. There exists a constant C», independent of n € N, such that

n
> mlls*ublly; < Ca (3.46)
k=1

Proof. Let us define vf := uf + 6uk € V forallk € {1,...,n} and n € N. By
equation (3.6) we deduce that vf, solves the following equation

v, )i + (G, (evh), ep) .y = (FX + 8uk, o)y forall p € VX

We take ¢ 1= 1,(8vF — 825 — 8622%) € VI as a test function in (3.6). We fix i €
{1,...,n} and by summing over k € {1, ...i} we get

i i
k2 —1 k k k—1
> wallsvsliy + Y (G evk) evf —evf T,
k=1 k=1

i i
=Y n(ff+sub sy =3 wa(ff + suk, 82k + 82y
k=1 k=1

i i
+ ) T Bvs, 828 + 8220 + ) (G, (evh). edzh + e8%2)), . (3AT)
k=1 k=1

Let us now estimate the right-hand side of (3.47) from above. Thanks to (3.22) we
can write

1 TC? i
< S Wi + - e D mldvl,  (G48)
k=1

i
D T ff A+ duf, sv8)m
k=1

i
Yty +0up 82y + 8220 u | < 1 1207y + TCT + 12151200, 7:10)0

k=1
(3.49)
i i
1
D @By, 8, + 82| <& ) mlldvyly + Iy iy (3.50)
k=1 k=1
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Moreover

i
> (G, (evh). edzh + e872h)

k=1
S_an”G (e >||p+—an|e<SZ +edly
op=1cP i 2r=lefT 21’*1
3 P 3 d
< kZ;rnnu + Suplly t— L@ wwom
_atd 207 1efT 2”‘1
< (TCP+C1)+TE (€2) WIP(OT yy 33D

Finally, by (3.1) and the convexity of ¢; we have

Z(G 1(evk) ev - ev = Z (/ ¢*(evﬁ(x)) dx —/ ¢:(evﬁ71(x)) dx)
Q

/d)n(ev (x)) dx —/ ¢ (ev)(x)) dx.
(3.52)

By combining (3.47)—(3.52) with the bound (3.5) for ¢;}, we deduce the existence of a
positive constant K¢, which depends on ¢, but it is independent of n and i, such that

1—28)2‘[,1”51) ||H /q) (ev (x))dx < K® foralli € {1,...,n}.

k=1
(3.53)

By choosing ¢ = % and using (3.4), from (3.22) and (3.53) we deduce (3.46). [l

We now want to pass to the limit as n — oo in the discrete equation (3.6) to
obtain a weak solution (u, o) to the nonlinear viscoelastic system (2.6)—(2.8), accord-
ing to Definition 2.3. We start by defining the following interpolation sequences of
(/) T

un (1) = uk + (t — k)Suk, iy (1) := Suk + (t — k1,)8%uk, t € [k — D1y, ko], ke{l,..., n},

wh(e) == uk, @) = au',;, te(k—Dty, k], ke{l,..., n},
u(0) :=ud =u", i) =8ud = ul,

uy (1) = uk1, i (1) = suk~1, teltk— D, kty), kefl, ..., n},
uy, (T) :=uj, IZ(T)—Su

a (1) :== ok, te((k—Dry kr,], kefl,..., n}.

By means of this notation, we can state the following convergence lemma.
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Lemma 3.5. There exists a pair (u, o) € (VN W22(0,T: H)) x LP(0, T; LP(;

R‘Y’yqul )) such that, up to a not relabeled subsequence

W' (0,7;V) WL (0.T; H) . _ Lrory) . . WR20.T:H) |
Uy ————— U, Uy —————— U, Up —— U, Uy ————————— U,
n—o00 n—o00 n—o0 n—0o0
(3.54)
L LX) e oy g LPOTH), . LPOTLN@RED)
n n— o0 ? n n— 00 ’ n n— 00 ’ n n—o0 :
(3.55)
Moreover
v - H .
u,(t) — u(t), i, (t) — u(t) forallt € [0,T], (3.56)
n—o0 n—>oo
+ \%4 ~4 H .
uy (t) —— u(t), u, (t) —— u(t) forallt € [0, T]. (3.57)
n—>0o0 n—oo

Proof. Thanks to Lemma 3.3 and the estimate (3.46), the sequences

{tn)y C WP O, T; V)N W0, T; H),  {iin)y C L7 (0, T; V) N W'2(0, T; H),
{05} C© LP(0, T; LP (92 REXDY),

sym

are uniformly bounded with respect to n € N. Indeed, we have

lenll? T, max k11 +Zrn||au [

k=1

W‘P(OTV)_

k
lunllwroo, 1y < g)lax Il + e?llax 8wy Ml s

..........

P
a7 72 _2Zrn||5u 15+ 1

in 120,75 < T, _max |6 ||H+Zrn||62ukn,,,
k=1

+P Z ky P
o, ||LP(OTL,,(QR%5)) : Tulloy lIp-

By Banach-Alaoglu theorem and Lemma 2.5 there exist three functions u € whr'o,
T; V)N Wh®(0, T; H),v e LY (0, T; V)N W20, T; H), and 0 € LP(0, T; L?
(2; R?yx,j )) such that, up to a not relabeled subsequence

W' 0,T;v) W10, T; H) . _ LYOT;V) . W'20,T;H)
Un u, Un u, Un v, Un v,
n—o0 n—o0 n—oo n—oo
(3.58)

and

LP(0,T;LP (Q;Rdxdy)

sym
0, .
n— 00
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Thanks to (3.46) we get
n
. ~ 2 2 2 k2 2
litn = @l 320,741y < T D wll%uyllTy < Coti —— 0,
k=1

from which we deduce that v = u.
By (3.22) also the sequences
(U he CLOO, T3 V), i)y CLP O, T;VINLYO, T H), (359
are uniformly bounded. Moreover, by using again (3.22) and (3.46) we have
ln =y lLo0.7: 1) < Tn max Iupller < City —=0

+ - k

U —u gy < T, max Su <Cit, —— 0

[|ue;, 2,71 < " e 6u, |z < City — 0,
n

~ ~4 2 2 2 k2 2

liin — i W2,y < 7 ernna uyly < Caty —— 0,
=1

n
2 2 k2 2
<Y nls*ublly < Cot; — 0.
k=1

~+ ~—2
”I/tn - Mn ”LZ(O,T;H)

We combine (3.58) and (3.59) with the previous convergences to derive

4 LO.TV) _y LO(O.T:H) _y L7 O.T:V)
g u, U, —————u, U, ————1u
n— o0 n— oo n—oQ

Finally, by (3.58) for all t € [0, T'] we have
1% - H .
uy(t) ——u(t),  ,(t) —— u(?).
n— o0 n—o0

Thanks to (3.22) and (3.46), for all # € [0, T'] we get
luz@llv < Cro gy () = @)l < Crog —— 0,
lu;f (1) —u, Oy < City ——> 0,
n—0oo

n

~+ ~+ ~ 2 2 k2

liE Ol < Cr i ) = i1 = 7 Y wlo®ul il < Cora —— 0,
k=1

n
~+ ~ 2 2 k2
I (1) — iy (D117 = rn;rnna uyllyy < Cotw —— 0,

which imply (3.56) and (3.57). O

In view of the compactness of the embedding V < H (see Remark 2.1), we deduce
also the following strong convergences.
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Corollary 3.6. Let (u,0) € (VN W22(0,T; H)) x LP(0, T; LP(2; R4X%)) be the

sym
pair of functions given by Lemma 3.5. Then, we have

+ L*O,T;H) _+ L*(0.T;H)
u, ———u, u, ——— U
n—o0 n—oo

(3.60)
Proof. By Lemma 3.5 we know that the following sequences
{unde € WP, T5 VYA WX, T5 H),  liig)a € L0, T; V)N W20, T5 H),

are uniformly bounded with respect to n. Since the embedding V — H is compact,
by Aubin-Lions lemma (see for example [24, Theorem 3]), we derive

L%(0,T;H) - L*0.T;H)
Up U, U, — U
n—0oo n—oo

Moreover, we have

n

2 k2 2

Tn 2 T llduy Iy < TCiT, e 0,
k=1

IA

2
“un - u;j_ ”Lz((),T;H)

IA

n
S =42 2 2 k2 2
N = & 1720711y < T ernna upliyy < Caty —— 0,
=1

which imply (3.60). 0
We want to prove that the pair (u, o) € (WNW2>2(0, T; H))xLP (0, T; LP(Q; R4x4

sym
of Lemma 3.5 is a weak solution to the nonlinear viscoelastic system (2.6)—(2.8) wiyth
initial conditions (2.9). To this aim, we need to check (i)—(iii) of Definition 2.3 and
that u(0) = «” in V and @#(0) = u' in H. We start by showing that the function
u € VN W20, T; H) satisfies the Dirichlet boundary conditions and the initial
conditions.

Lemma 3.7. The function u € V N W>2(0, T; H) of Lemma 3.5 satisfies (i) of
Definition 2.3 and the initial conditions u(0) = u%in V and i(0) = u' in H.

Proof. By (3.56) we have
0 v 1 - H .
u = u,(0) — u(0), wu =u,(0) — u(0).

Hence, #(0) = «° in V and 1#(0) = u! in H. Moreover, since z € C°([0, T'1; Vo) and
thanks to (3.57), we have for all ¢ € [0, T']

Uy (1) =2y (0 € VP, uy () = 27 (1) —— u(®) - z(0).

Thus, u(t) — z(t) € VP forall t € [0, T], being V,” a closed subspace of V. O

With the next lemma, we show that the pair («, o) solves the weak formulation (2.10)
of the elastodynamics system.

)
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Lemma 3.8. The pair (u,0) € (VN W20, T; H)) x LP(0, T; LP (2 RExD) of
Lemma 3.5 satisfies (ii) of Definition 2.3.

Proof. We fix n € N and a function ¢ € D. We consider the following functions

—1
ok = pkt,) fork €{0,....n}, 8¢ =" —T" _ forke{l,...,n},

and the piecewise-constant approximating sequences

of () =¢k, Gl =8¢k, fF@) = fk fort e (k- Dy, kr,), kel{l,... n.

If we use r,,gofl € V,{‘ as a test function in (3.6), after summing over k € {1, ..., n},
we get
Z T (82uf. o) + Z T (O e0p) ppy = Z oWy en. (3.61)
k=1

Since ¢? = ¢ = 0 we obtain

n
> uy. o

k=1

n
= Gup. oh)u — Z(auk Lo = Z(zm,,,gon)ﬂ Z(zm,,, oxtu
k=1

=— Y w(uy, 8¢y u = meuk L e = - f (i, (1), @ (D) i,

k=1

and from (3.61) we deduce

T T
/ (it (1), +(t))Hdt+/ (a,f(t),ew,,*(t))p,p/dt=/o (fF @, of ) u dt.

(3.62)
Thanks to (3.55) and the convergences
P (0,T:V) L%(0,T;H) - L*0,T:H) . L2(0.T;H)
TS0, of ———5 0, ¢f ———= ¢, fI———f
n—oo n—oo n—oo n— 00

we can pass to the limit in (3.62), and we get that the pair (u,0) € V x L0, T; L?

(2 Rfyxnf)) satisfies (ii) of Definition 2.3. O
Finally, we have that the pair (u, o) satisfies the constitutive law (2.11).

Lemma 3.9. The pair (u,0) € (VN W30, T; H)) x LP(0, T; LP (2 RE%D) of

Lemma 3.5 satisfies (iii) of Definition 2.3.
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Proof. In order to verify the constitutive law, we use a modification of Minty method,

as done in [3,20]. Since & € W'2(0, T; H), by integrating by parts in (2.10) we
deduce that (u, o) solve

T T
A WQLMﬂMdr+A (@ (1), e@(1)) p, p d1

T
:/ (f@),o)gdt forallp € D. (3.63)
0

Let us now consider a function ¢ € LP/(O, T: V)N L%, T; H) with (1) € V,D
for a.e. t € [0, T]. Then, there exists a sequence of functions {¢,}, C D such that

LP (0,T:V) L2(0,T: H)
n EEEE— ) n
n—oo n— 00

This can be done, for example, by considering a sequence {w,}, C CLI, (( %, T — %))
with 0 < w, < 11in [0, T] for all n € N and such that w, (1) — 1 as n — oo for all
t € (0, T), and a sequence {p,}, C Ccl,((O, %)) with p, > 0 and fR pn dt = 1 for all
n € N, and defining

On = pp % (wpp) foralln e N

(see also [14, Lemma 2.8]). By testing (3.63) with ¢, and passing to the limit as
n — oo can deduce that the pair (u, o) satisfies

T T T
/0 (ii(t)»§0(t))Hdl+/0 (U(I),ew(f))p,p/dt=/0 (f@), o)y dr (3.64)

for all ¢ € LY (0, T; V)N L%, T; H) with (1) € V,D for a.e. t € [0, T]. Notice
that

u—ze Lp/(O, T;V)n L2(O, T;H), u()—z(t) e V,D fora.e.t € [0, T],

since “(t)_z(t_h) — Z(t)_i(t_h) e VP forallt € (0, T]and h € (0, 1), and

u(t) —ult =) 2(0) =z~ h)
h h
Hence, by using ¢ := u + u — z — z in (3.64) we get

— u(t) —z(t) forae.te€[0,T]ash — 0.

T
/ (o(t), eu(t) + eu(t)),,  dt
0
T T
=/0 (f(l),u(l)-i-b't(l))ﬂdt—/() @), u() +u))yde
T T
_/o (f@),z@) +z())u dl+/0 (1), z(t) + z(t))p dt

T
+/1wmxan+ambfm. (3.65)
0
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We now consider equation (3.6) and we use ¢ = 7, (uX + suk — 2k — 82%) as test
function. By summing over k € {1, ..., n} we get

n
Z rn(G;1 (eu],‘, + erSuﬁ), eu',j + e(Su',‘l)p,pr

k=1
n n

= Z rn(frf‘, ulfl + 8uﬁ)H — Z rn(82uﬁ, u],‘l + 814:;)11
k=1 k=1

n n
- Z T (fK 2K+ 8fyy + Z 7, (8%uk, 28 + 825y
k=1 k=1

n
+ ) 1(Gy  (eub + edub). ezh + e828) -

k=1

By using the notations introduced before, we can rewrite the previous identity as

T
fo (0,5 (1), Guloyf (1)), d

T

=/ (G eu (1) + et (1), eu (1) + eit (1)) .y it
0
T T,

=/ (fnJr(t),u;r(t)—i—ﬂ;{(l))Hdt—/ i (0), uyy (1) + ity (1) dt
0 0

T T .
—/ (fn+(l),2:(t)+ZI(I))Hdt+/ (U (1), 5 (1) + 2,5 (1)) i

0 0
(3.66)

T
+ / (0,7 (1), ez, (1) + ez, (1)), pr dt.
0

Now we pass to the limit in (3.66) as n — oco. Thanks to the strong convergences

4+ L?(0.T:H) + LY (0,T;V) 4+ L*0.T;:H)
fn > fv n Z, n > Z,
n—0oo n—0o0 n—oo
~ LP©.1:V) - LXO0.T:H)
— 2, I, —— 2
n—oo

n n—00
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and the convergences in (3.54), (3.55), and (3.60) we deduce that there exists

T
lim | (0, (1), Gu(o, (1)) dt
0

n—0o0

T T
:/0 (f(f),u(f)-f-ﬂ(f))Hdl—/o @), u(®) +u(t))p d
T T
_/0 (f@),z@) +z())u dl-i—/o @i(t), z(t) + z(t)) g dt
T
—i—/ (o(1), ez(t) +ez(t))p, r dt
0

T
=/ (o(t), eu(t) + eu(t))p, , dt,
0

in view of (3.65). Notice that by (3.22)
Nt e P
||G(O'n ) eu, eu, ”LP/(O,T;LF/(Q;Rg;(,,‘,?))
+y _ 17
1G @) = Gu@DI] oy sty
p < ﬂ RN
LPO,T;LP (RE) — pp' n—>oo

1
—llo 0. (3.67)

which gives
r T
limf (0,7 (1), G(o,f (1)), prdt = lim/ 0,5 (1), Gu(o, (1)) . dt
=00 Jo n—oo fo
T
=/ (0 (1), eu(r) + ei(t)) . dt.
0

Moreover, thanks to (G3) and (3.22) the sequence {G (a,)}, C L” (0, T; LP' (; Rfyxnf
is uniformly bounded. Hence, by (3.54) and (3.67) we derive

L7 .7 L7 (:RED))

G(o,))

eu + eu,

n—o0

We combine these two facts and we obtain that for all w € LP(0, T; LP(S2; R4xd))

sym
T
0< nmf (0,5 (1) — w(t), G0, (1) — G(w(1))) . di
n—>oo O

T
= / (o) —w(), eu(t) + eu(t) — G(w(1))),, , dt.
0

In particular, we take w := o — kb withb € L?(0, T; L?(%; ]Rfyxﬂfl)) and k > 0, and
by dividing by k we get

T
0< / (D(1), eu(t) + eu(t) — G(o(t) — kb(1)))p, , dt.
0
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Since G is continuous, by sending k — 0T we deduce

T
0 < f (b0, eult) + eir(t) — G(o (1)) . di
0

forall b € LP(0, T; L?(Q; R4*?)). This implies the constitutive law (2.11). O

sym
We can finally prove our main existence result Theorem 2.8.

Proof of Theorem 2.8. Itis enough to combine Lemma 3.5 with Lemmas 3.7-3.9. 0O

We conclude this section with a uniqueness result in the space (VNW22(0, T; H)) x
LP,T; LP(Q; Rfyxnf)) for the weak solutions (u, o) to the system (2.6)—(2.8) which
satisfy the initial conditions (2.9).

Theorem 3.10. Let (u,0) € (VN W22(0, T; H)) x LP(0, T; LP(2; R*%)) be a

sym
weak solution to the nonlinear viscoelastic system (2.6)—(2.8) satisfying the initial

conditions (2.9). Then, the function u is unique. Moreover, if G is strictly monotone,
also o is unique.

Proof. Let (u1,01), (u2,02) € W N W20, T; H)) x LP(0, T; LP(Q; REX%)) be

sym
two weak solutions to the nonlinear viscoelastic system (2.6)—(2.8) satisfying tlie initial
conditions (2.9).
Wefixs € (0,T]. If wesetu :=u; —upr € VN W22, T: H), by arguing as
in (3.64), we derive that u satisfies the following identity

N

/O(ii(t),fﬂ(t))HdI—FfO (01(t) — 02(1), e@(1)) p,py dt =0 (3.68)

for all p € Lp/(O, s; V)N L2(0, s; H) with (1) € VtD for a.e. € [0, s]. Moreover,
we have

u(0) =u(0) =0, u(t)+u(t) V,D forae.t € [0, T]. (3.69)

Thanks to (3.69) we can use u + u as test function in (3.68), and we get

/0 @), ul)+u(t))gdt = —/O (01(t) — 02(2), eu(t) + eu(t))p, ,r dt.
(3.70)
By taking into account (2.5) and (2.11), by (3.69) we have

fol (01(1) — 02(1). eu(t) + eii(1)) . dt
= fo (01(1) — 02(t), G(01(1)) — G(02(2))) p,pr dt = 0. (3.71)
Moreover, since u € W2'2(0, T; H), we derive

s 1 s
/0 GO, w(e) + i) 0t = 1) + ), s —/O N1 de.
(3.72)
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and by Young inequality

1 1 §
|(ie(s), u(s)) | < Znu(s)n%, + llu)ll3 < Znu(s)u%, + T/o lie(e) 113 dt.

(3.73)
Hence, by (3.70)-(3.73), for every s € (0, T] we obtain
[ 2 . 2
i@l = T + 1)/ lli(2) 17, dt
0
l N
< —la)I% + @(s), u(s)m — /0 (0|13 dr < 0. (3.74)

In particular, since

d ([ _aqti)s /‘T o2
— 0% dt
o (e A () Nl

s
= e T+ Ds <||u(s)||%, — 4T + 1)/ ()13, dt) forae. s € [0, T},
0

thanks to (3.74) we have that the function s > e~*TDs [ |ii(r)||%, dt is decreasing
on [0, T], from which we deduce

N
/ li(2) |3, de =0 foralls € [0, T].
0

Therefore, 2 = 0 on [0, 7'], which implies u = ¢ for some constant ¢ € H. By (3.69),
we have 0 = u(0) = ¢, thatis u| = u,.

Finally, if G is strictly monotone, by G (01) — G(02) = eu + eu = 0, we conclude
that o1 = o3. O

4. Energy-dissipation balance and the viscoelastic paradox

In Theorem 2.8, we proved the existence of a solution (u, o) to the nonlinear
viscoelastic system (2.6)—(2.8). As observed in Lemma 3.9, the displacement u ob-
tained via the discretization-in-time scheme is more regular in time, more precisely
u € W22(0, T; H). This regularity allows us to prove the following energy-dissipation
balance.

Theorem 4.1. Every weak solution (u, o) € WNW22(0, T; H)) x L?(0, T; LP(Q;
Rfyx,,‘f)) to the nonlinear viscoelastic system (2.6)—(2.8) satisfies the energy-dissipation
balance

1 s
S+ /0 (0 (1), eit(t)) p.p dt

1
= 5||L't(0)||%, + W, s;u,o) foralls € [0, T], “4.1)
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where W(O0, s; u, o) is the total work of (u, o) on the time interval [0, s] < [0, T],
defined as

WO, 53 1, &) = / £ @), i) — 30 df + / (), 2 dt
0 0
+ /S(o(z‘), ez(t))p,ydt  foralls € [0, T].
0

Proof. We fix s € (0, T]. By arguing as in (3.64), we derive that the pair (4, o) €
VN W20, T; H)) x LP(0, T; LP($2; R9x4)) satisfies

sym

/0‘ (ii(1), (1)) g dt + /0‘ (0(1), e@(t))p,p dt = /0‘ (f @), o) g dr

for all ¢ € Lp/(O, s;V)n L2(O, s; H) with ¢(t) € V,D for a.e. t € [0, s]. Hence, if
we use ¢ := i — z we obtain

N N
/ @@i(t), u(t))y dt +/ (o(2), eu(t))p,py dt = W(0,s;u,0) foralls € [0, T].
0 0
Finally, since u € W2’2(0, T; H), we can use the identity

s 1 1
fo (i), u(t) g dt = §||u(s)||§, - §||a(0)||§, foralls € [0, T]

to derive (4.1). O

We conclude the paper by showing that in the nonlinear Kelvin—Voigt model, which
is the one associated with the monotone operator

G(&) = |§|P7%€ for& e REXd (4.2)

sym

the solution to the system (2.6)—(2.8) found in Theorem 2.8 satisfies another energy-
dissipation balance, which is (4.7). This implies that the crack can not propagate in
time, i.e., also the nonlinear Kelvin—Voigt model of dynamic fracture exhibits the
viscoelastic paradox, as discussed in the introduction.

We assume that G is defined by (4.2). Therefore, G satisfies the assumptions (G1)—
(G3) and in addition it is strictly monotone. In particular, G is invertible and its inverse
is given by

G =nl"" "y forn e R

sym

In this case, the system (2.6) reduces to

ii(t) — div(leu(t) + e () |” "2(eu(t) + ei(t))) = f(t) inQ\ Ty, ¢ e [0, T],
4.3)
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with boundary conditions

u(t) = z(1) on dp<2, tel0,T], 44

leu(t) + eb't(t)|p/_2(eu(t) +eu(t))r=0 ondyQUTY, tel0,T], 4.5
and initial conditions

u(©0) =u’, #0)=u' inQ \ Tp. (4.6)

According to Definition 2.3, we say that u € V is a weak solution to the nonlinear

Kelvin—Voigt system (4.3)—(4.5) if u(t) — z(¢t) € V,D for all t € [0, T] and the
following identity holds:

T T
—/0 (L't(l),t/'?(t))Hler/O (lew(r) + et()|” > (eu() + eir(1)). ep(1)) .y dt

T
= [ g
0
for all ¢ € D. By Theorems 2.8 and 3.10 we know that there exists a unique weak so-
lutionu € VNW22(0, T; H) to (4.3)—(4.5) which satisfies the initial conditions (4.6).
Moreover, by Theorem 4.1 the function u satisfies the identity (4.1).
We want to show that the energy-dissipation balance (4.1) can be rephrased just in

terms of u. Givenu € VN W2*2(0, T; H), we define the mechanical energy & at time
s €0, T]as

8530 i= SN + w17,
the energy dissipated by the viscous term #” on the time interval [0, s] C [0, T] as
Y0, 53 u) := /O‘Y(|eu(t) +ein(t)|” "2 (eur) + ei()) — leu()|” "2eu(r), i), dt,
and the total work # on the time interval [0, s] C [0, T] as

7O i= [ (@i - zamar+ [ .z

+ /OS(Ieu(t) +ein(n)|” "2 (eu(r) + eir(1)), ez (1)), dt.

Remark 4.2. For p = 2, we have
Y. 51u) = /0 lei ()13 dr,

which corresponds to the viscous dissipation term in the linear Kelvin—Voigt model.
Moreover, since G~ ! satisfies (G1), we deduce that

(G = G ) - (i —m2) = 0 forall ny, my € RE:,
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and by choosing n; = eu(t) + eu(t) and 1> = eu(t) we derive
7 (0,s;u) >0 foreverys € [0, T].

Therefore, )V can be seen as the analogous of the viscous dissipation term in the
nonlinear setting.

Thanks to Theorem 4.1 and (4.2), we derive the following result.

Corollary 4.3. Every weak solutionu € VN W2’2(O, T; H) to the nonlinear Kelvin—
Voigt system (4.3)—(4.5) satisfies the energy-dissipation balance

Es;u)+70,5,u) =80;u)+#(O0,s;u) foralls €[0,T]. 4.7

Proof. By Theorem 4.1, we know that u satisfies the energy dissipation balance (4.1).
Moreover, for the nonlinear operator G given by (4.2) we observe that

/OS (0 (1), ei()) . dt
= /OS(|eu(t) + (P " (eu(t) + ei(t)), ei(1)) ,  dt
- /OS(|eu(t) + ei() P "2 (eu(r) + ei(r)) — leu()|” "2eu(t), ei(r)) . di
+ /0 lew® P eu(r), eir(t)) . di
= f(:(|eu(t) +ei(D)]P "2 (eu(t) + ei(t)) — leu(n)|” "2eu(r), ei(t)) . d

1 » 1 0 o
+ ;Ileu(s)ﬂp/ - ;Heu( My

Indeed, u € W17’ (0, T'; V), which implies that the map 7 — ||eu(t)||£i is absolutely
continuous on [0, T'] with

d / ’_ .
E||eu(t)||}’;, = p'(leu()|? 2eu(t), eu(t))p , forae.te€[0,T].

By combining the previous identity with (4.1) we derive (4.7). 0

As a consequence of Corollary 4.3, we deduce that for every weak solution u €
Y N W20, T; V) to the nonlinear Kelvin—Voigt system (4.3)—(4.5) the crack can
not grow in time. Indeed, as explained in the introduction, according to the Griffith
criterion there is a balance between the mechanical energy dissipated and the energy
used to increase the crack. In the nonlinear Kelvin—Voigt model (4.3)—(4.5), this reads
as

E(s;u) +HNT, \To) + 7, s;u) =&0; u)+#(@,s;u) foralls €[0,T].
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Since the energy dissipated by the crack growth, which is H?~!(I'; \ I'p), does not
appear in (4.7), we derive that for the weak solutionu € VN W2’2(0, T; H)to (4.3)—
(4.5) given by Theorem 2.8 we must have HA=I(T, \ Ty) = 0 for every t € [0, T].
Hence, the crack associated with u does not increase in time. We point out that this
phenomenon, called viscoelastic paradox, is the same which arises in linear Kelvin—
Voigt models, as shown in [10,26].
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