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Pulsed Electromagnetic Excitation of a Thin
Wire—An Approximate Numerical Model Based
on the Cagniard—DeHoop Method of Moments
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and Jonas Ekman

Abstract—An approximate computational model of an electro-
magnetic pulse-excited thin-wire antenna is developed. The pre-
sented solution methodology is based on the Cagniard—-DeHoop
method of moments and Hallén’s approximation of the thin-wire
model. It is shown that the proposed time-domain solution leads to
an inversion-free and efficient updating procedure that mitigates
the marching-on-in-time accumulation error. An illustrative nu-
merical example demonstrates the validity of the proposed model.

Index Terms—Cagniard—-DeHoop method of moments (CdH-
MoM), integral equations (IE), time-domain (TD) analysis,
transient waves, wire antenna.

1. INTRODUCTION

LECTROMAGNETIC (EM) radiation and scattering by a
E thin-wire antenna can be evaluated through the electric-
current distribution along its axis [1, Ch. 4]. The current distri-
bution can be obtained from the corresponding integral equation
(IE) either numerically via the method of moments (MoM) [2,
Ch. 4] or approximately using analytical techniques (e.g., [3]
and [4, Ch. 8]).

While powerful time-domain integral-equation (TD-IE) tech-
niques for the transient analysis of thin-wire structures are
widely available (e.g., [5], [6], [7], [8], [9], and [10]), approxi-
mate expressions for the antenna current are dominantly limited
to time-harmonic EM fields with the triangular and sinusoidal
spatial distributions being the most popular approximations [1,
Eqgs. (4.20)a and (4.20)b]. A rare exception in this respect is
the traveling-wave solution based on the first-order Hallén’s
approximation [11]. In contrast to more widespread frequency-
domain approaches, TD techniques account for transient EM
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Fig. 1. Pulse-excited thin-wire segment.

phenomena, thus describing the physics in its entirety over a
broad range of frequencies [12].

In this letter, the incorporation of Hallén’s approximation in
the Cagniard—DeHoop method of moments (CdH-MoM) [13] is
investigated. It is demonstrated that this approach leads to a tridi-
agonal TD impedance array elements of which are described via
straightforward closed-form analytical expressions. Moreover,
the pertaining marching-on-in-time solution procedure mitigates
the error accumulation and does not require, for a special choice
of the time step, the impedance matrix inversion.

II. PROBLEM DESCRIPTION

To localize position in the problem configuration (see Fig. 1),
we employ the Cartesian coordinates {z,y, z} with respect to
an orthogonal Cartesian reference frame that is defined by its
origin O and the base vector {4, i, 2. }. The time coordinate is
denoted by ¢. The Heaviside unit-step function is denoted H(t)
(H(t) =1ift > 0,H(t) = 1/2ift = 0,and H(¢) = 0if ¢t < 0).
The Dirac-delta distribution is §(¢). The convolution operator is
denoted by *, which is supplemented by the pertaining subscript
(e.g., *, denotes the time convolution operator). In a similar
fashion, partial differentiation is denoted by J (e.g., J, then
denotes the differentiation with respect to x). Finally, the time
integration operator is defined as 9; ' f(¢) = f(t)*,H(t).
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We shall analyze the space-time electric-current distribution
induced along a pulse-excited, perfectly electrically conducting
(PEC) straight wire segment. The wire is located in a ho-
mogeneous, isotropic, and lossless medium that occupies an
unbounded domain Dy. Its EM properties are described by
(real-valued and positive) electric permittivity, ¢y, and mag-
netic permeability, 1o. The corresponding wave speed and wave
impedance is ¢y = (eopo) /2 > 0 and Zy = (po/€0)/? > 0,
respectively.

The axis of the wire segment extends along I' = {—¢/2 <
x <L/2,y =0,z =0}, where ¢ > 0 denotes its length. Its ra-
dius, a > 0, is assumed to be relatively small such that the thin-
wire approximation applies. The wire is supposed to be excited
by either an external pulsed-EM source or via a narrow voltage
gap source. The effect of the excitation field is incorporated
via the axial component of the (incident) electric-field strength
denoted by E (x,t). The difference between the total EM field
in the configuration and the incident EM field is defined as the
scattered EM field (to be denoted by superscript ®).

The EM antenna problem is formulated here with the aid of the
EM reciprocity theorem of the time-convolution type (see [14,
Sec. 28.2] and [15, Sec. 1.4.1]). Hence, applying the theorem
to the scattered and testing (denoted by superscript T) states in
the unbounded domain exterior to the wire segment, we end up
with

/2
/ E;F(:E,t) x, I3 (x,t)dx
z=—L/2

/2
= / EX(z,t) *,
x=—0/2

where EZ(x,t) represents (the axial components of) the scat-
tered electric field along the wire. Consequently, ES(z,t) =
—Ei (z,t), for all ¢t >0 along the PEC wire. Furthermore,
I5(x,t) denotes the (unknown) induced current in the wire,
and IF(z,t) is the testing current to be associated with a set
of subdomain functions of rectangular and impulsive shape in
space and time, respectively [see (14)]. The testing electric field
onT, EX(x,t),is related to I} (x,t) via [14, Sec. 26.9]

ExT(x,t) = — o AT (z,t) + €00, L0? AT (z,1)
for{—¢/2<x<{/2}andt >0 (2)

IF (2, t)dx )

where A" denotes (the z-component of) the magnetic vector
potential. The first-order approximation of Hallén is arrived at
by using [11], [16]

AT (x,t) = (x,t) %%, g(2,t) =~ L (2, )Q(z,a) /47 (3)

where we neglected the propagation time over the cross sec-
tion of the wire, a/co | 0, g(z,t) = §(t — o/co)/4mo, with
0= (22 + a?)'/2 > 0, is the Green’s function pertaining to the
(unbounded, isotropic, homogeneous, and lossless) surrounding

medium and
Q(z,a) = sinh ™! <M> —sinh™! <$_£/2> @
a a

For the convenience of the solution methodology that follows,
we shall further replace Q(z, @) in (3) with the average of (0, a)

and £2(££/2, a). Consequently, we write
AT (2, ) ~ I3 (x,1)Q0 /47 6))
where
Qo = 3 [2sinh ™ (¢/2a) + sinh™"(¢/a)]
= 2log(¢/a) + L log(2) + o(a/l) as a/t L 0. (6)

The TD reciprocity relation (1) with (2) and (6) is the point of
departure for the CdH-MoM analysis of thin-wire antennas [13,
Sec. 2.2].

III. TRANSFORM-DOMAIN REPRESENTATION

The presented solution methodology relies on the CdH tech-
nique [17] (see also [18, Ch. 2]). This joint-transform method-
ology combines a unilateral Laplace transform

Euos) = [ el

=0

—st)Ey(x,t)dt

for {s € R;s > 0} (7

with the wave slowness representation in the axial direction, i.e.,

Ey(x,s) = % /100 exp(—skz)Ey(k,s)dk.  (8)

=—ioco
In fact, (8) represents an inverse spatial Fourier transform with
respect to x, where the (real-valued and positive) Laplace-
transform parameter, s, plays the role of a scaling parameter.
Through (7) and (8), the TD reciprocity relation (1) can be
expressed in terms of complex slowness integrals

/ EY(k, s)I5(—k, s)dr

=—ioco
/ioc
K=—1i00

where the (approximate) transform-domain testing field is given
by

ES(k, )1} (—k, s)dr 9)

E; (k,5) = —(s/co) Zr g (W) I; (K, )
where Zp = (Zy/47)Q [see (6)] and V3 (k) = ¢y 2 — K.

(10)

IV. TIME-DOMAIN SOLUTION

Adopting the solution strategy presented in [10, Sec. IV],
the space-time solution domain is discretized uniformly. Ac-
cordingly, the wire’s axis is divided into N + 1 segments
of constant length A, =¢/(N + 1), thus enabling to rep-
resent I' by its partition AT = {z, = —¢/2+nA,,y =0,
z =0} with n € {1,..., N}. The time axis is discretized in
a similar manner by representing ¢ > 0 by {tx = kA,} with
ke{l,...,M}and A; > 0being the time step. The space-time
electric current induced along the wire is then supposed to be a
piecewise linear function of z and ¢ according to

N M

=3 i Al (@) Ak (2)

n=1 k=1

I (x,1) (11
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where z'gcn] (in A) denotes the electric-current coefficients to

be computed. Next, Al"(x) and A (t) represent the triangular
expansion functions that can be defined via

Al () = 14 (z—zp)/A forax € [z,_1,,] (12)
1—(z—a,)/A forx € [z, 1]
1+ (t—ty)/At fort € [ty _1,t
An(t) = (t—tr)/ (k1. ti] (13)
1-— (t—tk)/At fort € [tk,tk+1].
As the testing current, we choose
I} (x,t) = 1P (2)5(2) (14)

for all S={1,...,N}, where TI8l(z) =1 if 2 € [zg—
A,/2,25 — A, /2] and TT1¥)(2) = 0 elsewhere.

The use of the transform-domain counterparts of (11) and (14)
in the (transform-domain) reciprocity relation (9) leads to a sys-
tem of equations in the s-domain that can be readily transformed
to the TD analytically via the CdH technique. We then arrive at
the following time-convolution system of equations:

S NZ, L=V, (15)
k=1

where Z;, = Z(t;,) denotesa2-D [N x N]TD impedance array
att = t, and A? represents the second-order central-difference
operator [19, 25.1.2]

A2Zn = Zn+1 - ZZn + anl' (16)

Furthermore, I is a 1-D [N X 1] array of the electric-current
coefficients, iL"], and, V,,, represents a 1-D [V x 1] excitation-
voltage array at t = t,,.

Owing to the relatively simple structure of (the second-order
difference of) the (approximate) TD impedance array, the system

of equations can be solved at once as
In=C+A)" [V =V
+ A (2Lt — o))
forallm = {3,..., M} with
I,=C+A)"V,

I,=C+A) ' (Vo—Vi+2A-1;) (17

where (-)~! denotes the matrix inverse. Apparently, if coA; =
A/ 22 [see (26)—(30)], the inverse can be carried out at once

(C+A)' =—[1/2v22)] (18)

where I denotes the [NV x N] identity matrix. It is interesting to
note that the condition for the explicit solution bears a resem-
blance with the Courant stability limit, coA; = A/+/n, applying
to an n-dimensional uniform lattice [20, p. 651]. It is further
stressed that the electric-current array at t = ¢,,, is evaluated via
its pastvaluesatt = t¢,,,_; andt = t,,,_o only, thereby mitigating
the marching-on-in-time accumulation error [21, Sec. 3.2].

t/tw
Fig. 2.  Excitation power-exponential pulse shape.
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Fig. 3. Electric-current responses as computed using the proposed approxi-

mate and rigorous CdH-MoM models and FIT.

V. ILLUSTRATIVE NUMERICAL EXAMPLES

In the numerical examples that follow, the wire antenna of
length ¢ = 0.10 (m) with a/¢ = 1/500 is excited by a voltage
delta-gap source that is described by

El(z,t) = Vo(t)d(x) (19)

where V; (t) represents the excitation voltage (causal) pulse that
has a power-exponential shape [22]

Vo(t) = Vi (t/t:)" exp[—v(t/t: — 1)]H(?)

where we take the unit amplitude V;,, = 1.0V with v = 11,
which yields ¢, ~ 1.3132¢,, (see Fig. 2). In the example that
follows we take ty, = 5¢/cy ~ 1.67ns. We shall observe the
electric-current transient responses at x = 0 within the finite
time window {0 < coty < 30¢}. The (approximate) CdH-MoM
model of the wire is discretized uniformly into N + 1 = 10 seg-
ments. The time step is chosen such that a/coA; = 1/5. Fig. 3
shows the corresponding transient electric-current responses as

(20)
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calculated using the proposed approximate CdH-MoM model
based on Hallén’s approximation, its full rigorous CdH-MoM
version [10], and the finite integration technique (FIT) as im-
plemented in CST Microwave Suite. Despite the fundamental
difference between the FIT and CdH-MoM computational mod-
els, the resulting signal correlates well. The relatively small and
bounded oscillations in the late-time part of the TD response
can dominantly be attributed to the approximation introduced in
(5). It has been observed that their amplitude can be reduced by
choosing a smoother excitation pulse.

VI. CONCLUSION

We have introduced an approximate numerical model for the
transient EM analysis of a straight-wire antenna. The antenna
problem has been formulated using the TD Lorentz reciprocity
theorem and solved with the aid of the classic CdH transform
method. It has been demonstrated that under the first-order
Hallén approximation, the TD impedance array pertaining to a
uniformly discretized wire segment can be readily expressed an-
alytically in terms of elementary functions only. Consequently,
the evaluation of the impedance array is computationally
effortless. In addition, its simple structure makes it possible to
express the transient antenna response via an efficient updating
scheme that mitigates the marching-on-in-time accumulation
error. The introduced computational model can be integrated in
more general TD-IE frameworks. The proposed model has been
validated with the aid of CST Microwave Suite and a rigorous
TD-IE approach. Finally, it is anticipated that a generalization
of the presented methodology to curved thin wires is feasible by
incorporating further spatial dimensions in the computational
domain as previously applied to the CdH-MoM analysis of a
strip antenna in [13, Ch. 14].

APPENDIX A
TIME-DOMAIN IMPEDANCE ARRAY

The elements of the TD impedance array can be generally
expressed as

ZI57(1) = (Zp Jeo Ay Ay) [R(a,-[sm +30,/2,1)
— 3RS + AL 2,t) + 3Rz — A, 2,t)
— R(z15M — 3Aa,/2,t)}
forall S;n e {l,...,N}andt >0 21

where we used z[®" =2 — 2, and recall that Zp =
(Zy/4m)8. The TD function, R(x,t), follows upon carrying
out the inverse Laplace transform of ]%(33, s) thatis given through
the complex slowness integral

R 8):_03/ ()
’ 27 Jek,

where the integration path, Ko, runs along Re(x) = 0 and is
indented around the origin, as shown in Fig. 4. If z > 0, then K,
can be closed with an infinite semicircle in the left of the x-plane.
The thus obtained closed contour is subsequently deformed to a

exp(sk)

Im(k)

Ko

Re(k)

>k

Co r.

Fig. 4. Complex k-plane with the integration paths K¢ and Cy.

small circle around the origin, Cg, the integration around, which

yields
R(w,s) = (c5/25%)(2 - s*2* /) H(x)

where we have incorporated H () as the integral for z < 0yields
the zero value. The inverse transform of (23) is straightforward
and gives the desired expression

R(z,t) = L(cft* — 2*)H(2)H(¢).

(23)

(24)

The resulting TD impedance array is a tridiagonal array, the
elements of which follow as:

Z15(t) = — (Zr[eoAvAy) (cBt? + 2AZ) H(t)ds-n0
+ %(ZF/COAtAx) (C(Z)tZ — iAi) H(t)é‘s,n‘,l
forall S;n € {1,...,N}. (25)

In the numerical procedure, the impedance array is evaluated
along the (uniformly) discretized time axis. Accordingly, upon
replacing t with t,,, = mA,, the second-order difference [see
(16)] follows as:

A2ZI5) (g, ) =TS L A (5 0 —6,,1)  (26)
where
Sl = 2065 0+ ad|5_n,1 27)
A = 67 650+ 651 (28)
with
a = Zr(coAt/A;) 29)
v =—Zr(Ay/8chAy). (30)

The simple structure of the TD array (26) makes its filling
computationally effortless. In addition, if & + v = 0 the system
of equations (15) can be solved via a stable, inversion-free
updating procedure [see (17) and (18)].
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