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PREFACE

This doctoral thesis incorporates and expands upon research that I have previously
developed and disseminated through four articles. All of them have been published

in peer-reviewed mathematics journals.

o Transfinite hypercentral iterated wreath product of integral domains, Aragona
R., Gavioli N., Nozzi G., 2025 , Annali di Matematica Pura e Applicata,
https://doi.org/10.1007/s10231-025-01616-6.

o Normality conditions in the Sylow p-subgroup of Sym(p™) and its associated
Lie algebra, Aragona R., Gavioli N., Nozzi G., 2025 | Journal of Algebra,
https://doi.org/10.1016/j.jalgebra.2025.10.033.

o A classification of module braces over the ring of p-adic integers, Aragona
R., Gavioli N., Nozzi G., 2025 , Ricerche di Matematica, https://doi.org/10.
1007/s11587-025-00972-y.

o Classification of a specific class of F x-braces using bilinear forms, Aragona R.,
Nozzi G., 2025 , Journal of Algebra and Its Applications, https://doi.org/
10.1142/50219498826502592.

Some notational or expository changes have been made for consistency and clarity.
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INDEX OF NOTATION

Sym
AGL

Fun(A, B)

=53 =

WOO
7:(G)
Z.(@G)
Stab
wt ()
P(x)
It

field of characteristic p.

symmetric group.

affine general linear group.

right regular representation.

integral domain of characteristic 0.

field of fractions of D.

group of functions from A to B with pointwise
multiplication.

normalizer.

idealizer.

p-Sylow subgroup of AGL(V').

wreath product of n copies of [,.
wreath product of n-copies of D.

x-term of lower central series of G.
x-term of the upper central series of G.
stabilizer.

weight function of the partition .
Partitions with maximal part at most .

leading term.
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AfF()
Ann(x)
s(%)
d(x)

x-term of the normalizer chain originating
from T in W,,.

*-th term of the normalizer chain originating
from T in W;°.

*-term of the idealizer chain originating from
Tin £,.

*-th term of the idealizer chain originating
from T in £°.

principal ideal domain.

holomorph of the group .

free module over R.

affine group of .

annihilator of the algebra (or brace) .

scale of the lattice *.

discriminant of the matrix .



ABSTRACT

Let n > 2 and V be a vector space over a finite field of dimension n. This thesis is
devoted to the study of elementary abelian regular subgroups of the symmetric group
Sym(V'). After recalling the necessary background and summarizing previous results
in the literature, we investigate the p-Sylow subgroup W,, of the symmetric group
on p” elements. We introduce a weighted degree order on its elements, compute
its central series, and study the Lie algebra associated with its lower central series.
Moreover we study the normal subgroups of W,, and the normalizer chain originating
from the canonical elementary abelian regular subgroup of W,,.

We extend this analysis to characteristic zero by constructing an analogue of
W, as an iterated wreath product over an integral domain, proving that it is
transfinite hypercentral and explicitly describing its ascending central series and
normal subgroups.

In the final part of the thesis, we study abelian regular subgroups of affine groups
over free modules by exploiting their correspondence with bi-brace structures. Under
suitable assumptions, we reduce the classification problem to the study of bilinear
forms, and we obtain classification results over finite fields of odd characteristic and

over the ring of p-adic integers, both in the torsion-free and torsion cases.



INTRODUCTION

Let n > 2 and V be a vector space over a finite field of dimension n. Although
this is not the only topic covered, the common thread connecting all chapters of this
work is the study of elementary abelian regular subgroups of the symmetric group
Sym(V). In Chapter 2 and Chapter 3 of this thesis, we approach this theme by
studying the normalizer chain arising from the image of the regular representation
of V' (which we call the canonical elementary abelian regular subgroup), introduced
for the first time in [5]. In the final chapter (4) of the thesis, using the well-known
bijective correspondence between these subgroups and algebraic structures known
as bi-braces (see, for example, [17] or Theorem 1.6.4 in this thesis), we provide a
classification for specific types of these bi-braces.

The motivation for studying this class of subgroups of the symmetric group
arises from the increasing interest in this area within the field of cryptography
(see [14-16,18]). We briefly outline the reasons below.

Let V be a vector space partitioned into b blocks, that is,

V=Vie---dWV,

with dim(V;) = s, and s € {4,8}. This decomposition forms the basis of the
design of many modern ciphers based on Substitution-Permutation Networks (SPN),
such as AES (see e.g. [25]). For R > 1, a classical round function Ej, is a nonlinear

permutation in Sym(V') with the following structure: Ej = e, ---€j,, and for
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ce{l,...,R} we have e, = y\o.. Where

o (V) is the confusion layer and denotes the application of b copies of a nonlinear

map v € Sym(2?%), called s-bozx. In other words,
Y((@1, -5 mn)) = (V@150 8))5 s Y(Ts(b=1)5 - - - Tn)))-

o A\ is the diffusion layer and is a linear map in GL(n, 2).

e 0.:x +— x + c represents the key addition, where + is the bitwise XOR on [Fo.

Remark 0.0.1. The round keys k; are derived from the master key k£ through a public
algorithm called the key schedule, k + (ki,...,kgr) € VE.

Definition 0.0.2. A block cipher on the plaintext space V' is a family {Fj }rex of

encryption functions (as defined above) indexed by a key space K.

The security of a block cipher mainly depends on how far its encryption functions
are from being linear, i.e., roughly speaking, on the distance of the s-box v from the
affine group AGL(V). For a definition of non-linearity see [19,38].

Notice that Sym(V') contains several isomorphic copies of AGL(V'), each cor-
responding to a different operation induced on V. To be more precise, let T be
the group of translations of V. If we take any element g € Sym(V') such that the
conjugate subgroup AGL(V')9 # AGL(V), this new group AGL(V')Y acts on V in a
distinct way. This new action is inherited from the group of translations 79, which
is itself a new elementary abelian regular subgroup of Sym(V').

This leads to a new research direction in cryptanalysis: studying the non-linearity
of encryption functions with respect to these alternative affine structures. Indeed,
an alternative operation on V' may cause encryption functions to be closer to linear,
potentially exposing new vulnerabilities.

Recent works [14,15] have demonstrated the practical implications of these ideas.
The authors construct a cipher resistant to classical differential attacks [13], but
which can be attacked using another operation. This motivates a deeper algebraic
study of elementary abelian regular subgroups and their conjugacy classes within

Sym(V).
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This line of research has been developed mainly in the series of papers [2-7]. The
present PhD thesis fits into this framework and provides a unified and comprehensive
treatment of the subject, collecting and extending the results obtained in those
works.

We also emphasize that, although the cryptographic setting provided the original
motivation for the study of elementary abelian regular subgroups of the symmetric
group, the continuation of this analysis in odd and zero characteristic does not
currently have direct cryptographic applications, and is pursued for its intrinsic

algebraic interest.

Organization of the Thesis and Principal Results

The first chapter of this thesis aims to provide all the preliminaries necessary for
a smooth reading of the work. In particular, it presents the main results obtained
in the series of papers [2-7], of which this thesis serves as the conclusion. It also
introduces the preliminary notions concerning the theory of skew braces that will be
used in the final chapter.

In the second chapter, we focus our attention on the p-Sylow subgroup W,, of the
symmetric group over p” elements. We introduce a total order on the elements of W,
through a weighted degree with respect to p (see Subsection 2.0.1). Subsequently,
we compute the ascending and descending central series of W,, and prove that they
coincide (see Theorem 2.1.8). This result was already established in [34], but here
we provide a different proof using alternative techniques.

We then introduce the Lie algebra associated with the lower central series of W,
denoted by £,. We also prove that its central series coincide (see Corollary 2.2.11).
Using the descending central series of W,,, we define a map ¢ that sends group
elements to elements of the algebra.

After introducing the concept of a saturated subgroup of W,, (see Definition 2.1.1)
and a homogeneous subring of £,, (see Definition 2.2.1), we prove that the normalizer
of a saturated subgroup of W,, and the idealizer of the image of the saturated
subgroup under ¢ in £, have the same cardinality (see Equation (2.12)). This allows

us to refer to the results in [2] to determine the growth of the chain of normalizers
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originating from 7" (see Theorem 2.3.12).

We conclude this chapter by proving that any normal subgroup of W, always
contains a term of the descending central series, and we provide an estimate of its
index (see Equation (2.17)).

In the third chapter, we turn our attention to infinite groups. Specifically, we
construct the analogue of the group W,,, which we denote by W2°, in characteristic
zero. To this end, since W,, can be seen as the iterated wreath product of n copies of
[p, in this chapter we consider the iterated wreath product of n-copies of an integral
domain of characteristic zero.

Subsequently, we prove that, under suitable restrictions on the base subgroups
of the wreath product, the group WS° is transfinite hypercentral (see Appendix A.2
and Theorem 3.1.13) and we explicitly compute its ascending central series (see
Equation (3.9)). Analogously to our work in characteristic p, we demonstrate that
the full normal subgroups (see Definition 3.3.1) coincide with the terms of the
ascending central series of W° (see Theorem 3.3.4).

We then determine the growth of the chain of normalizers originating from the
abelian regular subgroup generated by constant functions (see Subsection 3.4). In
the final section of the second chapter, we find the characteristic zero counterpart of
Proposition 1.1.4 and Theorem 1.1.5.

In the fourth chapter, we let M be a free module of rank n over a principal
ideal domain R. We denote by T the group of translations of (M,+), and by
T, another abelian regular subgroup of the affine group of M. These two regular
subgroups induce two operations, + and o, on M, and under the assumption that
T normalizes T, (see Assumption 4.1.2), the triple (M, +, o) becomes a bi-brace.
Equivalently, T normalizes T, if and only if the algebra (M, +,-) is nilpotent of
class 3 (see Proposition 4.1.3), where the operation - is defined by a-b=aob—a—b
for a,b € M.

Assuming that M - M is a cyclic R-submodule of M, we associate to every
bi-brace structure on M (or, equivalently, to every abelian regular subgroup of
the affine group of M) a bilinear form (see Equation 4.7). We emphasize that

assumptions 4.1.2 and 4.2.1 are the same as those made in [15,22], where their
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relevance in cryptographic applications is also discussed.

This allows us to reduce the problem of classifying bi-braces to a problem of
classifying bilinear forms. We have therefore studied two particular cases. The first
one is the case where R = [, a finite field of odd characteristic. In this setting, we
show that there exist either one or two isomorphism classes of (M, +,0), depending
on the dimension of M as a vector space (see Theorem 4.3.7).

Next, we examine the case where R = Z,, the ring of p-adic integers. It is
natural to treat separately the case in which M is torsion-free and the case in
which it has torsion. In the torsion-free case, we obtain results that closely resemble
those for R = [ (see Theorem 4.4.8), using the Jordan decomposition of non-
degenerate bilinear forms over Z, (see [24, Chapter 15]). In the torsion case, we
rely on the notion of isoclinism between braces introduced in [36] (we note that
in our setting, this definition coincides with the notion of isoclinism between R-
algebras), and we determine the number of isoclinism classes of bi-braces (M, +, o)

(see Theorem 4.5.10).



CHAPTER 1

PRELIMINARIES

1.1 Regular Elementary Abelian Subgroups of Sym(V)

Let V' be a vector space over [, of dimension n > 2, and let {ej, ez,...,e,} be a
fixed basis for V. We begin by describing the regular subgroups of the symmetric
group Sym(V') associated with two different regular embeddings of the vector space
V, leading to different group structures 7y and 7,. These embeddings induce
distinct group operations on V. Let us denote by o: V' — Sym(V') the right regular

representation and by T4 the image oy of this representation, i.e.,
Ty ={o, |veEV, x— x+v} (1.1)

We consider 7 : V' — Sym(V') another regular embedding of V' into Sym(V') and
To = {7y | v € V} , where 7, is the unique (by regularity of T,) map sending 0 — v.

Notice that using the group 7T, we can define a new operation on V by setting
uov :=ur, for all u,v e V. (1.2)

Although this fact is straightforward, it is worth emphasizing that the groups T,
and T are elementary abelian regular groups.

Let us introduce the subspace W of both (V,+) and (V, o), defined as
W={veV]|v+tu=vouforallueV}. (1.3)

Notice that oy = my =T NTs.
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Remark 1.1.1. As we will show in Section 4.1, we can endow V with a multiplication
by setting u-v = uov —u—wv for u,v € V. The triple (V, +,-) is actually a nilpotent
algebra, and so the subspace W = {v € V | v-V = 0} is nontrivial. This has been
already observed in [18].

The following classical result allows us to conclude that isomorphic regular
subgroups of the symmetric group are conjugate, a fact that is crucial in our context.

For a proof of this theorem see e.g. [4, Theorem 1].

Theorem 1.1.2 (Dixon). Let X = {x1,za,...,xmnm} be a finite set and let H and K
be reqular subgroups of Sym(X). If H = K, then there exists g € Sym(X) such that
K =HY.

As a consequence there exists g € Sym(V) such that T = TY. Moreover, since

Ngymv)(T+) = AGL(V,+), we have that
Ngymv)(To) = AGL(V, +)? := AGL(V, 0). (1.4)
From now on, until the end of this section, we assume p = 2.

Proposition 1.1.3. [16] Let T, be such that T # To. If W < V is such that
ow =T+ NTy, then dim(W) <n — 2.

Proof. Assume by way of contradiction that dim(W) =n — 1. Let {v1,...,vp_1}
be a basis for W and v € V'\ W. We claim that a7, = ao, for any a € V, that is
ve Ty NT,. If a € W there is nothing to prove. We consider a = w + v, for some

w € W. We get that

aty = (w4 v)71y = (Woy)Ty
= (wry)Tp = w(T)? =w

= aoy,. O

In particular, none of the subgroups T, has maximal intersection with 7. The
authors of [4] focus on the study of elementary abelian regular subgroups of Sym(V)
which intersect T in a second-maximal subgroup, that is [T N T| = 272,

Let W be as in Equation (1.3) and of dimension n — 2. Without loss of generality,

we may assume W = span{es, ..., e,}. We denote by v(#J) the vector consisting of
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the coordinates of v from the i-th to the j-th, for 1 < i < j < n. The following
result characterizes the structure of elementary abelian regular subgroups of Sym(V')
that intersect T in a second-maximal subgroup. We will provide an analogous

characterization in the case of characteristic zero in Proposition 3.5.5.

Proposition 1.1.4. [}, Proposition 2] The elementary abelian regular subgroups of
Sym(V') intersecting Ty in a second-maximal subgroup are subgroups of AGL(V).

Moreover, they are of the form
de:mc<ﬂ-b7€b70-ei ‘ 3 S 1 S n)a

where

(1.5)

for some b € W\ {0}.

Notice that, since Ty < AGL(V, +), it follows that T is a normal subgroup of
every Sylow 2-subgroup of AGL(V,+). Moreover, interchanging the roles of T and
Ts in the previous statement, we also have that T < AGL(V, o).

The following theorem is the main result of [4]. We will later provide an analogous

result stated for characteristic zero (see Corollary 3.5.6).

Theorem 1.1.5. Any Sylow 2-subgroup U of AGL(V,+) contains, as normal sub-
groups, exactly two elementary abelian reqular subgroups conjugated to T. Moreover,
the normalizer Ngyp(on)(U) of U in Sym(V') interchanges by conjugation these two

subgroups.

1.2 Chief Series of T" and Sylow p-subgroup of Sym(V)

From this point onward, we assume that p is an odd prime unless otherwise
explicitly specified. In this section, let V' be a vector space over [, of dimension
n > 2. As before, {ej,...,e,} denotes a basis of V. We set T as the image of the
right regular representation of V' in Sym(V'), and denote by AGL(V) the normalizer
of T within Sym(V).
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First, we recall that there is a one-to-one correspondence between the Sylow
p-subgroups of AGL(V), the set of all chief series of T', and the Sylow p-subgroups
of Sym(V).

Since T is an elementary abelian p-group of order p”, every subgroup of T' of
order p' is isomorphic to [F;. A chiefseries §: 1 =Ty <T1 < -+ < T, =T in T has
length n, and each factor T;11/T; is a cyclic group of order p. It follows that every
such series corresponds to a maximal flag F of subspaces {0} < Vi <--- <V, =V
in V.

Let U be a Sylow p-subgroup of AGL(V'). Up to conjugation by an element in
AGL(V), we may assume U :=U x T, where U is the group of upper unitriangular
matrices, a Sylow p-subgroup of GL(V'). The vector space V is an uniserial ¢/-module,
that is, any U-submodule of V' is contained in the mazimal flag {0} = Vo < Vi <
. <V, =V, with V; = (ep—it1,...,6n) and 1 < i < n. For any given maximal
flag

F: {0} =V <Vi<...<V, =V,

if U is the stabilizer of F in GL(V'), then UT is a Sylow p-subgroup of AGL(V'). Thus,
there is a one-to-one correspondence between the Sylow p-subgroups of AGL(V)
and the set of maximal flags of subspaces of V. Indeed, given a maximal flag
Vo < Vi <...< V,, the corresponding Sylow p-subgroup of AGL(V) is exactly the

stabilizer under conjugation of the associated chief series
1:O'V0 <oy <...<oy, =T.

To establish the correspondence between the chief series in T" and the Sylow

p-subgroups of Sym(V'), we introduce the following notion.

Definition 1.2.1. Let T < G be finite p-groups, and let §: 1 =Ty <11 < -+ <
T,, =T be a chief series in T. We say that the chief series § is induced by the chief
series 1 =Gy < -+ < G, =G in G if

(TNG;|0<j<n}={Ti|0<i<m} (1.6)

Notice that, since chief factors of finite p-groups are cyclic of order p, every chief

series in G induces a chief series in T'. If, for any chief series § in 7', there exists a
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finite p-group Gz > T such that every chief series in G induces § in T', we say that
Gg controls §.

Theorem 1.2.2 ( [35]). Let T be the image of the right regular representation of V
in Sym(V).

o FEvery Sylow p-subgroup of Sym(V') containing T controls a chief series in T.

o For every chief series § in T there exists a unique Sylow p-subgroup Wz of

Sym(V') which contains T and controls §.

As a consequence of the previous theorem, the number of chief series in T
corresponds to the number of Sylow p-subgroups of Sym(V'). Furthermore, each Sylow
p-subgroup Uz of AGL(V') uniquely determines a chief series § of T' and a Sylow p-
subgroup Wz of Sym(V') that contains 7', controls §, and satisfies Uy = WzNAGL(V).
It follows that

Ny, (T) = Uz = Wz N AGL(V). (1.7)

From now on, we will fix the chief series § in 7" and we will refer to W5 and Uz
as W,, and U,,, respectively.

The Sylow p-subgroup of Sym(V') can be seen as a group of permutations that
stabilizes the chain of imprimitivity (see Appenidix A.1) defined as follows. For each

integer 0 < m < n and for each 0 < k < p"™ — 1, we define the fundamental blocks
Omr = {kp" "+ 1, (k+1)p" ™}

each of them with cardinality p"~"™. These blocks partition {1,...,p"} into p™
blocks of equal size. Let ©}, be the partition at the level m. That is,

O = { O 0s s Oni1 } -
This yields a chain of imprimitivity
Cr:00 > =0, - =0,

where OF = {1,...,p"} and O] = {{1},{2},...,{p"}}. The Sylow p-subgroup W,

of Sym(V) is exactly the stabilizer of the entire chain C,

Wy == (] Stabgym(pn)(O,)-

m=1



1.3 Yang-Baxter Equation and Set-Theoretic Solutions 12

Moreover, for 1 <i < n, the set {s1,...,s,} with
pifl
S’L = H(]?]+p7/_17"'7]+(p_1)pl_1)
j=1

is a minimal generating set. Notice that each s; acts non-trivially on the blocks of

the partition ©7 with j > i, permuting them cyclically.

Remark 1.2.3. Notice that the chain C, is a maximal imprimitivity chain for the
translation group 1. Moreover, every maximal imprimitivity chain for 1" corresponds
to a chief series in 7', namely 1 =Ty < --- < T, =T, such that O} is the set of orbits
of T,,—;. In view of the previous discussion, C, is the unique maximal imprimitivity

chain that is stabilized by the group U,,, under conjugation.

Our aim is to calculate the normalizer chain originating from 7" and defined as

follows.

T ifi =—1
N =1, ifi=0 (1.8)

We already observed in Equation (1.7) that U, = Ny, (T'). The following result
of [5] shows that the chain remains unchanged when computed in W,, instead of

Sym(V).
Theorem 1.2.4. [5] For every k > 1, we have Nép) = NWH(N,(f_)l).

Proof. Let © be a system of imprimitivity for N,E:p_)l. For each z € N,E/,p ), O% is a

system of imprimitivity for (Ngﬂ D)f = N,@ 1- Thus, for a given x € N/’ and an

imprimitivity chain C for N,(f? 1> the set C* is also an imprimitivity chain for Népj 1

(»)
k

and a fortiori for U,,. By Remark 1.2.3, C, is the unique maximal one for U,, and
so CF = C,,. It follows that C,, is stabilized by Nép ) for every k, i.e. N,(Cp ) <Ww,. O
1.3 Yang-Baxter Equation and Set-Theoretic Solutions

In Chapter 4 of this thesis, the analysis of regular abelian subgroups of the

symmetric group makes use of recently introduced algebraic structures known as
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skew braces. Owing to the relatively recent development of skew brace theory, the
remainder of this chapter is devoted to outlining the fundamental notions and the
key results in the field, with the aim of guiding readers who may not yet be familiar
with it. All results and proofs presented from this point on, up to the end of the
chapter, are well established and can be found in [20,28,30,31,37,42,44].

We start by introducing the algebraic framework in which skew braces naturally
arise.

A solution to the Yang-Baxter equation (YBE) is a linear map R: V@V — VeV
such that

Ri9R13R23 = RogRi3 R,

where V' is a vector space and R;; denotes the map from V@V @V toVaV eV
acting as R on the (i, ) factor and as the identity on the remaining factor.
An interesting class of solutions of the YBE arises when V' has an R-invariant

basis X. In such a case, the solution is said to be set-theoretic.

Definition 1.3.1. A set-theoretic solution to the YBE is a pair (X, ), where X is

a non-empty set and r: X x X — X x X is a map such that
(r xid)(id x7)(r x id) = (id x7)(r x id)(id x7r). (1.9)
Let (X,r) be a set-theoretic solution. We will write

r(z,y) = Aa(y), py(z)) (1.10)

where Az, p,: X — X. We shall say that (X,r) is non-degenerate if \;, p, are

bijective for all z € X, and that (X, r) is finite if X is a finite set.

Remark 1.3.2. Notice that a set-theoretic solution can be bijective and degenerate
(i.e., not non-degenerate). For example, if X is a non-empty set, then (X,idxxx) is
bijective, with

r(@,y) = Aa(y), py(2)) = (2, 9).

while the maps A, and p, are not bijective. However, non-degenerate solutions are

automatically bijective (see e.g. [33]).
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Remark 1.3.3 (A graphical interpretation). Let 1 = r x id and r9 = id xr. We can

write the Yang-Baxter equation as rir9ry = rorire. The following figures provide an

interpretation of » and the YBE in terms of graphs.

B Az(y) >< py(x)

€rw Y

Figure 1.1. Graphical representation of r

T J 9
| |
T2 J = 1
| |
||

Figure 1.2. Graphical representation of the YBE

Proposition 1.3.4. Let X be a non-empty set and let r: X x X - X x X be a

map. Writing r = (A (y), py(x)), we have that (X,r) is a set-theoretic solution to

the YBE if and only if the following equalities hold
* Ay = M) Aoy (@)
* )\p)\y(z)(x)pz = p)‘py(z)(Z)Az ’
® PPy = Pp.(y)Pry(2) -
Proof. Let 1y = r x id and ro = id xr. We have that
rirar (v, y, 2) = r1ra(Ae(y), py(2), 2)
=11 (Ax(Y)s Ap, (2)(2) P2py (7))
= ()‘)\x (v) )\py(x) (Z)v p)\py(z)(z) Az (y)7 PzPy (l’))

and, analogously,

T2r1T2 (1'7 Y, Z) = (A&?)‘y(z)7 )\p)\y<z)(x)p2(y)7 Pp=(y)Pry(2) (1‘))

(1.11)

(1.12)
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Ezample 1.3.5. Let X be a non-empty set and let <: X x X — X be a binary
operation on X. We define r: X x X — X x X such that r(z,y) = (y,x <y). The
pair (X, ) is a set-theoretic solution to the YBE if and only if

(r<dy)<z=(x<z2)<a(y<z).

The maps A\, = id, and p,(x) = x <y satisfy the conditions of Proposition 1.3.4.

From now on, when we talk about a solution of the YBE, we mean a bijective

non-degenerate set-theoretical solution of the YBE.

Theorem 1.3.6. [37, Theorem 1] Let G be a group. Let \: G x G — G and
p: GX = G be a left and a right group action of G on itself, respectively. If X and p
satisfy the condition

uv = Ay (V) po(u), (1.13)
then (G,r) is a solution of the YBE, where r(u,v) = (Ay(v), pp(u)).
Proof. Let r1 = r x id and ry = id xr. By Equation (1.11) and Equation (1.12) we
have that
r1rar1 (U, 0, W) = (Ax, () Apy (w) (W)5 P, (0 () Au (V) Pwpo (W)
and
rar1r2(u, v, w) = (Audo(W), Apy ()P0 (V) Ppyy () P () ()
Since uv = Ay (v)py(u), we get that
M @) A () (W) = Ax, @), () (W) = Aun(w) = AuAo(w)
Pupo(t) = pow() = Pr,@w)pw () (W) = Ppy () Pay (w) (1)

and that

M (0) Apo () (WP, oy () Au (V) propo (1) = wvw
= >\u>\v(w)ApAU(w)(u)pw(U)ppw(v)pz\v(w) (U)

It follows that (G,r) satisfies the YBE. Notice that, by hypothesis, A and p, are
bijective, and so the solution is non-degenerate. It remains to prove that r is bijective.

Let us set r(u,v) = (Ay(v), py(u)) = (z,y), then we obtain

Ay u = Ay (0 py1(y) = ot = a7 = (A (v) M
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and, as a consequence, (A, (v))™! = A, (,y(v™!). In the same way we have that

(po(u))™t = pr,(w)(u™1). It is immediate to see that the inverse map of r is

r(@,y) = (o1 (y™) 7 Qg2 (@) 7). -
Definition 1.3.7. A solution (X, r) is said to be involutive if 72 = id.

Remark 1.3.8. We note that if (X, r) is an involutive solution of the YBE, then

(LU, y) = 7‘2({17,y) = ()‘)\z(y)py(x)u ppy(gc))‘x(y)) (114)
Thus, py(x) = )\le(y) (z). This means that for involutive solutions, it is enough to
know the set {\; | z € X}.

We remind the reader that a non-unitary ring A is a (Jacobson) radical ring if it

is isomorphic to the Jacobson radical of a unitary ring.

Remark 1.3.9. Let S be a unitary ring, it is well-known that an element s lies in the

Jacobson radical J(S) of S if and only if 1+ r - s is invertible for all r» € S.

Lemma 1.3.10. Let A be a non-unitary ring. The following statements are equiva-

lent.

1. A is a radical ring.
2. For all a € A there exists a unique b € A such that

a+b+a-b=a+b+b-a=0.

Proof. Let A be a radical ring. There exists a unitary ring S and an isomorphism
: A — J(S), where J(S) is the Jacobson radical of S. Let a € A. By the
previous remark, we know that 1+ ¢(a) € S is invertible. Let s € S be such
that (14 ¢(a))(1+ s) = 1. From this, we can immediately deduce that s € J(5).
Therefore, there exists a unique b € A such that s = ¢(b). We have that

1= (1+¢(a)(1+9(b) =1+v(a) ¢(b) +1(a) + ¢(b)

and so ¥ (a+b+a-b) =0. Since v is an isomorphism, we must have a+b+a-b = 0.
Conversely, assume that for every a € A, there exists a unique b € A such that

a+ b+ a-b=0. We define the unitary ring

A1:Z><A,
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with operations given by: (n,a) + (m,b) = (n + m,a + b) and (n,a)(m,b) =

(nm,ma+nb+ a-b). Let a € A, we have that
(L,a)(1,b) = (l,a+b+a-b) = (1,0),

and so (1, a) is invertible in A;.

Now let (k,a) € J(A1). Then,by the previous remark, the element
(17 0) + (57 O)(k, a) = (1 + 5k, 5a>

must be invertible in A; for all (k,a) € J(A;) . Thus, 1+ 5k € {1,—1} and k = 0.
This shows that J(A;) C {0} x A. On the other hand, take any (0,a) € {0} x A. We

have that the element
(1,0) + (k,b)(0,a) = (1,ka +b - a),
is invertible for every (k,b) € A;. Hence, (0,a) € J(A4;) for all a € A. O

Let A be any ring. Define on A the binary operation o: A x A — A by setting
aob=a+b+a-b (1.15)

for all a,b € A. In general, the pair (A, o) is a monoid, but in the case where A is
a radical ring, as an immediate consequence of the previous lemma, we have the

following result.
Corollary 1.3.11. A is a radical ring if and only if (A, o) is a group.

Ezample 1.3.12. Let p be a prime number and let A = Z /p? Z. The couple (A, +),

endowed with the multiplication a - b = pab for all a,b € A, is a radical ring.

The next theorem was first proved by W. Rump in [42] and it shows that a
radical ring always defines an involutive solution of the YBE. The proof can be

deduced as a consequence of Theorem 1.3.6.

Theorem 1.3.13. Let A be a radical ring. Then (A,r) is an involutive solution of

the YBE, where

r(z,y) = (—z+zoy,(—x+z0y) 0omoy). (1.16)
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1.4 Foundations of Skew Braces and Their Role in the
YBE

In order to find a generalization of Theorem 1.3.13, in this section we introduce
the structure of a skew brace. In particular, we show that an involutive solution
to the Yang—Baxter Equation can be constructed starting from an arbitrary skew

brace.

Definition 1.4.1. A skew left brace is a triple (A, +, o) where (A4, +) and (A, o) are

groups (not necessarily abelian) and for all a, b, c € A the following equality holds
ao(b+c)=(aob)—a+ (aoc). (1.17)

We highlight that, although it is denoted additively, the group (A, +) is not
necessarily abelian. We shall denote the identity of the group (A, +) by 0 and we
shall denote the inverse of an element a € (A,+) by —a. The inverse element of

a € (A, o) will be denoted by a'.

Remark 1.4.2. A skew right brace satisfies the equality
(a+b)oc=(aoc)—c+ (boc) (1.18)

for all a,b,c € A. There exists a bijective correspondence between skew left braces
and skew right braces. When we talk about skew braces we refer to skew left braces,

unless otherwise specified.

Definition 1.4.3. A skew brace (B,+,0) is a bi-skew brace if (B,o,+) is also a

skew brace.

Let x be a family of groups. A skew brace B is said to be of y-type if its additive
group belong to y. The skew braces of abelian type are skew braces with abelian

additive group. We shall call a bi-skew brace of abelian type simply a bi-brace.
Ezample 1.4.4 (First examples of skew-braces). Let (A, +) be a group.
1. A is a skew brace with a o b:=a + b for all a,b € A. This skew brace is called

trivial brace. Similarly if a o b:= b+ a, then (A, +,0) is a skew brace. This

skew brace is called the almost trivial brace.
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2. Let A, B be skew braces. The triple (A x B, +,0) defined via

(a1,b1) + (a2, b2) == (a1 + az, by + b2) (1.19)

(a1,b1) o (az,b2) = (a1 © az, by o by)
is a skew braces (the direct product of A and B).

3. Let (A,+) and (G, +) be groups and let a: A — Aut(G) be a group homo-
morphism. The triple (G x A, +,0) with

(g,a) + (h,b) :== (g + h,a +b) (1.20)

(g,a) o (h,b) == (g + aa(h),a +)
is a skew brace.

4. Let (A,+) be a group with an exact factorization through the subgroups B
and C, i.e. for all a € A there exist unique agp € B and ac € C such that
a = ap + ac. The triple (A, +,0) such that for all a,b € A

aob=ap+b+ac (1.21)

is a skew brace. Notice that (A,o) is a group isomorphic to B x C. This
provides an example of skew brace (4, +,0) such that (A,+) = (A,0) and

which is not necessary trivial.
Lemma 1.4.5. Let B be a skew brace.
1. If 1 denotes the identity of (B, o), then 1 = 0.
2. For all a,b € B we have that —(aob) = —a+ao (—b) — a.

Proof. 1. We have that

0=0+0=10(0+0)=100—-1+100=0—1+0=—1.

2. It suffices to note that

a=ao0=ao(b—b)=aob—a+ao(-b). O
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Proposition 1.4.6. Let B be a skew brace. For each a € B the map A\y: B — B

sending b — —a 4+ aob is an automorphism of (B,+). Moreover
A: (B,o) = Aut(B,+) (1.22)
ar— A

is a group homomorphism.
Proof. The map A, is an endomorphism of (B, +). Indeed we have that
X(b+c)=—-a+ao(b+c)=—-a+aob—a+aoc=A(b)+ A(c),

By definition Ag(a) = =0+ 00 a = a, and so A9 = id. Moreover, using Lemma 1.4.5

we get that
Aap(c) = —a+ao(=b+boc)
=-—a+ao(-b)—a+ao(boc)
=(—aob)+ao(boc)
= —(aob)+ (aob)oc=wp(c)
Finally, the map A, is bijective and Ay ™! = g/ O
We get the following characterization of skew left braces.

Proposition 1.4.7. Let B be a set endowed with two operation + and o such that
(B,+) and (B,o) are groups. Let A\: B — Sym(DB), a — A\,, given by A\,(b) =

—a+aob. The following data are equivalent:
1. B is a skew left braces.
2. Aap(€) = Naop(c) for all a,b,c € B.
3. Aa(b+¢) = Aa(b) + Ao(c) for all a,b,c € B
Proof. By Proposition 1.4.6 it remains to prove that (3) = (2).
AaMo(€) = Aa(=b+boc) =N (=b) + Ng(boc)
=—a+ao(=b)—a+ao(boc)=—(aob)+ (aob)oc= Aop(c).

Notice that the last equality follows by 0 = A, (b+ (=b)) = Aa(b) + Aa(—D), i.e.
—(aob) =ao(—b). O
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Proposition 1.4.8. Let B be a skew brace. For each a € B, the map py: B — B,

sending a — (g (b)) 0 aob, is bijective. Moreover

p: (B,o) = Sym(B) (1.23)

b— pp

is an anti-homomorphism (i.e. pepy = pPoc)-

Proof. We first note that A\, (b) = ao (a’ +0), indeed ao(a'+b) =aocd —a+aob=
0—a-+aob= A (b). Hence, we obtain

po(a) = (Aa(b)) 0 aob

ao(a +b))oaob

(
= (
=(a' +b)od oaoh
=(a'"+0b)o

It follows that pp(a) = (a’ +0) 00 = a, and so py = id. Finally, it is easy to verify
that pcpp = proc and that pb_1 = py- O

Theorem 1.4.9. [31,/2] Let B be a skew brace. The couple (B,r) is a bijective
solution of the YBE, with

r(z,y) = (—x+zoy,(—r+x0y) 0moy). (1.24)

Proof. 1t is a direct consequence of Proposition 1.4.6, Proposition 1.4.8 and Theo-

rem 1.3.6. ]

By Remark 1.3.8, if r = (A;(y), py(x)) is involutive, then p,(z) = )\;zl(y) (). As

a consequence, we get the following.

Corollary 1.4.10. (B, r) is involutive if and only if (B,+) is abelian.

1.5 Basic Concepts in the Theory of Skew Braces

We now set aside the study of solutions to the Yang—Baxter Equation and turn
our attention to the study of skew braces. We provide some definitions and prove

several properties that will be useful in Chapter 4 of this work.
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Definition 1.5.1. Let B be a skew brace.

o A sub-brace of B is a subset C' of B such that (C,+) < (B,+) and (C,0) <
(B, o).

o A left ideal of B is a subgroup (I,+) of (B, +) which is A- invariant.
o A strong left ideal of B is a left ideal I of B such that (I,+) < (B, +).

Remark 1.5.2. A left ideal I of B is clearly a sub-brace of B. Indeed, if A\p() C I
for all b € B, then (I,0) < (B,o). If B is a skew brace of abelian type, then the

definitions of left ideal and strong left ideal coincide.
Definition 1.5.3. An ideal of B is a strong left ideal I of B such that (I,0) < (B, o).

Thus, an ideal I of B is a normal subgroup of (B, o) and a normal subgroup of

(B, +) which is A-invariant.

Example 1.5.4. We construct an example of left ideal which is not an ideal. First we
need to introduce the notion of semidirect product of skew braces.

Let A and B be two skew braces and consider the semidirect product A x, B
defined as follows. Let a:: (B,0) — Aut(A, +,0) be a homomorphism of groups and
define two operation on the direct product A x B. For all a,b € A and z,y € B we

set

(a,z) + (byy) = (a+b,x +y)

(a,z) o (b,y) = (aoag(b),xoy).

The semidirect product of A and B via « is the skew brace A x4 B := (A x B, +,0).
For a more general construction of semidirect product of skew braces see also e.g. [29].
As an application consider B = Z /37 x Z /27 be the semidirect product of
the trivial braces Z /37 and Z /2 Z via the non-trivial action of Z /27 over Z /3 Z.
Then, the set
Fix(B) ={b€ B | Az(b) =b for all x € B}

is a left ideal of B that is not an ideal of B. Indeed, Fix(B) is equal to {(0,0), (0,1)}

which is not a normal subgroup of (B, o).
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Definition 1.5.5. Let A and B be two skew left braces. A homomorphism between
Aand Bisamap f: A — Bsuchthat f(a+b) = f(a)+ f(b) and f(aocb) = f(a)o f(b)
for all a,b € A.

Let f: (A,+,0) = (B,+,¢) be a homomorphism of skew braces. Notice that
ker(f) = {a € A | f(a) = 0} is a normal subgroup of both (A4,+) and (A4,o).
Moreover, if a € A and b € ker(f) we have that

fQa(b)) = f(=a+aob) = —f(a) + f(a) o f(b) = —f(a) + f(a) = 0.

Thus, ker(f) is an ideal of (A, +, o).

Definition 1.5.6. Let B be a skew brace. We define socle of B as the subset
Soc(B) = ker(A\) N Z(B,+).

Lemma 1.5.7. Let B be a skew brace. Then, A\y(x) € Soc(B) for all a € B and for

all z € Soc(B).

Proof. Notice that for all € Soc(B), we have that \,(z) =aoxz—a=aozod.
Indeed

M(z)=—a+(aoz)=ao(d +2)=ao(x+d)=aox—a.

and aoxr —a=ao(r+d)=ao(rod)=aoxod. The result now follows by

showing that A\,(7) +b = b+ A\o(x) and that Ay, ) = id. O

Remark 1.5.8. The socle of B is an ideal of B, and x € Soc(B) if and only if
xob=x+bandx+b=0>b+x forall b € B.
The following definition gives us another example of an ideal of a skew brace.

Definition 1.5.9. Let B be a skew brace. The subset Ann(B) = Soc(B) N Fix(B)

is called the annihilator of B.

Definition 1.5.10. A skew left brace B is said to be a skew two-sided brace if, for
all a,b,c € B,
(a+b)oc=aoc—c+boc. (1.25)

Thus, a skew two-sided brace is a skew left and skew right brace.
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Remark 1.5.11. Any skew brace with an abelian multiplicative group is two-sided.

Proposition 1.5.12. A skew brace of abelian type (B,+,0) is two sided if and only
if (B,+,-) is a radical ring.

Proof. Since (B, o) is a group and (B, +) is an abelian group, the only thing left to
prove is that (B, +,-) is a ring. In particular, it remains to show the associativity
and distributivity properties. Using Lemma 1.4.5, it is straightforward to verify that
a-(b-c)=(a-b)-cand the distributivity laws. Conversely, let (B, +,-) be a radical
ring and define aob =a+a-b+b. Since (B, +,-) is a radical ring, we have that

(B, o) is a group and (B, +) is an abelian group. Finally, we have
ao(b+c)=a-(b+c)+a+b+c

=a-bt+a-c+a+bdb+c

—aob—a-+aoc
and

(a+bjoc=a+b+(a+b)-c+c
=a+b+ct+a-c+b-c

=qgoc—c+boec. O

1.6 Skew Braces and Regular Subgroups of the Holo-

morph

In this section, we prove that there is a bijective correspondence between the
class of skew braces with additive group (B, +) and the set of all regular subgroups
of Hol(B).

Let (B,+) be a group. The operation o which turns (B, +,0) into a skew brace

can be characterized as

aob=a+v,(b) (1.26)

where v: B — Aut(B, +) is a function, satisfying

Ya+Xq () = YaTb- (1.27)
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We shall refer to such functions as gamma functions. The map A, defined in
Proposition 1.4.6 is the gamma function of the skew brace B.

We denote by Hol(B) := B x Aut(B) the holomorph of B. Notice that every
subgroup G of Hol(B) acts on B. More in particular, let (a,a) € G and b € B, and

consider w1 the projection onto B, we have that
(a.0) -b = m((a,a)(b,id)) = mi((a + a(b),a)) = a+ a(b).

We shall say that G < Hol(B) is regular if it acts regularly on B, i.e. given a,b € B
there exists a unique (¢,7) € G such that b = (¢,7) - a = ¢+ (a).

Lemma 1.6.1. A subgroup G of Hol(B) is reqular if and only if there exists a
gamma function v: B — Aut(B) and G = {(a,v,) | a € B}.

Proof. By regularity of G, we can index the elements of G by way of the elements of B.
Hence we can express G as G = {(a,7,) | @ € B}. Let b € B and (c,~.) the unique
element of G such that (¢,7.) -0 =b. Since 7.(0) = 0 and b = (¢,7.) - 0 = ¢ + 7.(0),
we get that ¢ = b. We define the map ~v: B — Aut(B) by sending b — ~,. Notice
that

(av ’)’a)(b, fyb) = (a + ’Ya(b)v ’Ya’)/b)a

which gives YoV = Yoy, (b)-
Conversely, let G = {(a,74) | @ € B} and va% = YaYatyab)- Let (a,7.) € G and

let (a/,7,) € G be the inverse element of (a,7,). We have that

a+7a(a’) =0=d +7x(a)
¢ ¢ (1.28)
YaVYa' = Ya'VYa = id.

Let ¢,d € B. We claim that (d+7a(c'), Yaqry,()) - ¢ = d. Indeed, by Equation (1.28),

we obtain that

d,va) (¢, ye) - ¢
d,va)((¢,7er) - ©)
d,a) - (¢ 4+ ye(c))

d,vq) - 0 =d.

(d +7a(c"), Yatya(e) - €

=
=
=
=



1.6 Skew Braces and Regular Subgroups of the Holomorph 26

Notice that the uniqueness of (d + va(c'), Ya4ry(e)) follows from the uniqueness of

the inverse of an element in a group. O

The following theorem, first proved by D. Bachiller in [12], provides a bijective
correspondence between the class B of skew braces with additive group (B, +) and

the set R of all regular subgroups of Hol(B).

Theorem 1.6.2. Let (B,+) be a group. If B° = (B,+,0) belongs to B, then
Gpo ={(a,\,) | a € B} is in R. The map

f: B—= R
B° — GBO
s a bijection, and isomorphism classes of skew braces correspond to conjugacy classes

of reqular subgroups of Hol(B) under the action of Aut(B).

Proof. We recall that the map A\,: B — B which sends b — —a + aob is an

automorphism of the group (B, +). We define the map

w: (B,O) — GBO

a +— (a,A\g)

Applying Proposition 1.4.7, we have that

P(a)(b) = (a, Xa)(b; \p) = (a + Aa(b), Aads) = (a0 b, Aaop) = (a0 b),

hence v is an isomorphism. It follows that Gpo is a group and, since AgA\p = Agop =
Aa+rq(b), Dy Lemma 1.6.1 it is a regular subgroup of Hol(B).

Let G be a regular subgroup of Hol(B). By Lemma 1.6.1, there exists a map
v: B — Aut(B) such that G = {(a,7,) | a € B}. We define aob := a + 7,(b)
and we claim that (B, +,0) is a skew brace. Since the map G — (B, o) defined by

(a,7va) = a is a isomorphism, (B, o) is a group. Moreover, we have that
ao(b+c)=a+v(b+c)=a+7(b) +7(c)=aob—a+aoc

proving the first part of the statement.
To prove the last part, let B° = (B, +,0) and B°® = (B, +,¢) be two isomorphic

skew braces, and let g be an isomorphism. Consider the associated groups Gpo =
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{(a,X\s) | @ € B} and Gge = {(a,\s) | @ € B} with \, = —a+aoband A\, = —a-+aob.
Observe that

gAag ™~ (b) = g(—a+ao g (b)) = —g(a) + g(a) © b = Ay(4)(b)

so that (0,9)Gp-(0,g7!) = Gpo. The converse is analogous. For a detailed proof
see e.g. [12,31]. O

The following theorem is a consequence of the results proven so far.
Theorem 1.6.3. Let (B,+) be a group. The following data are equivalent:
e a binary operation o on B such that (B,+,0) forms a skew brace;

o a reqular subgroup G < Hol(B);
o a gamma function v: B — Aut(B).

In Chapter 4, we will make extensive use of the above theorem, as well as of the

following analogous correspondence established by Caranti in [17].

Theorem 1.6.4. Let (B,+) be a group. There exists a bijective correspondence be-
tween bi-brace structures on (B, +) and the regular subgroups N of Hol(B) normalized

by the right regular representation o(B) of B.
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CHAPTER 2

ITERATED WREATH PRODUCT IN ODD
CHARACTERISTIC CASE

This chapter is primarily based on the results presented in [10].

Let n > 2 and V' be a vector space over [, of dimension n. Kaloujnine and
Krasner in [34] showed that the Sylow p-subgroup W,, of Sym(V') can be realized
as the iterated wreath product of n copies of Z /pZ (see Appendix A.3). In other
words,

Wy =0 Z /pZ = Fun(F) " F ) x Wy, (2.1)

The pointwise multiplication endows Fun([FZ_l, ) with a group structure. It may
be identified with the additive group of the polynomials in n — 1 variables in which
every variable appears with degree at most p — 1. More precisely, the k-th base

subgroup By of W, is defined as
By, = Fun([F’;_l, Fp) = Fplai,... ,xk,l]/(mlf —T1,... ,xi_l — Tk—1)

and consequently we have the decomposition W,, = B,, X - -x Bj. To avoid ambiguity,
since the same polynomial element may belong to different base subgroups, we will
denote a polynomial f € By as fAg. As a result of Equation (2.1), every element
w € W, can be uniquely written as a product of the form w = f, A, - -- fiA1, where

fi € B;.
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Definition 2.0.1. Let x = (z1,...,25_1) be a vector of [F’l;_1 and consider the

integers 1 < i < k < n. For each element hA; € B;, we define the operator A; by
Ai(R)(f(z)Ak) = (f(z + he;) — f(2))Ag.

This operator can be used to express the conjugation action of an element

hA; € B; on an element fA, € By by way of the commutator
[fAR, hA] = Ai(h) (fAR).

Since the functions in the base subgroups are polynomials in which every variable
appears with degree at most p — 1, we can use the Taylor formula to write the above

commutator as follows

p—1 j
10°f .
[f AR, hA] =) f,ij;hjﬁk- (2.2)
j=1 J: 8$Z
Notice that the element fAy € By acts on (x1,...,2,) € V via the translation
(X1, oymn) = (X1, xn) —epf(T1,. o0, Tp—1)-

Under this notation, the subgroup 7' can be seen as
T=(A1,...,Ay). (2.3)

We will refer to T" as the canonical elementary abelian reqular subgroup of W,.

2.0.1 Power Monomials and p-degree

To describe the elements of W,,, we introduce notation which makes use of integer
partitions. This will also help in understanding the structure of the normalizer chain
defined in Equation 1.8. Let A = {\;}52; be a sequence of non-negative integers

with finite support and weight

wt(A) = ii)\i < 0. (2.4)
=1

We shall say that A is a partition of N if wt(A) = N. The maximal part of A is the
integer max{i | \; # 0}. The set of partitions whose maximal part is less than or

equal to k is denoted by P(k) and we define for each m > 1

Pm(k) ={A e Pk)| \i <m—1foralli}.
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Let A € P(k). We define the power monomial z by

o0
= H :1:;\1
i=1

Throughout this chapter, unless otherwise stated, we will consider partitions in P, (k)

for k=1,...,n. The set B consists of all power monomials in W,,, i.e.

B={a"Ay|AePy(k)and 1 <k <n}. (2.5)

Definition 2.0.2. We define the p-degree of the power monomial z = x?l x -m?{l—ll,

written pdeg(z®), by
pdeg(z) = Ay 1p™ 2 4 -+ 4 Aap+ Ar.
Let 1 < j <n, and set y; =p"» 1 —pi~1. Then
pdeg(z*A;) = pdeg(z™) + ;. (2.6)

Notice that if pdeg(z*Ay) < px, then A, = 1. For a homogeneous element
fAR = (c1z™ + - 4 ™) Ay, € By, we define pdeg(fAy) as

max {pdeg(mAiAk) li=1,... ,t} .

The leading term 1t(fAy) of fAgis the monomial element of the form c;z% Ay, which
attains that maximum.

We are now equipped with all the necessary tools to compute the central series

of W,,.

2.1 The Lower and the Upper Central Series of W,

In this section we compute the lower and upper central series of W,, and we
give a proof of the equality between the terms of the two series. We begin with a

definition that also appears in [3].
Definition 2.1.1. A subgroup S < W, is said to be saturated if

1. §S= S1 Sn, where Sz < Bi,
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2. if fAL € S, then for each monomial cz® of f, with ¢ € I, the element AN
isin S.
Notice that a saturated subgroup S of W,, is spanned by the set .S N B.

Now consider z*Aj, € By, and 2°A, € B, with k > ¢. the following equalities
hold.

p—1 A A
10z ox
A C) _ (C) _ ©
pdeg([z* Ak, z°Af]) = pdeg ( E FE x Ak> = pdeg (8:@ x Ak> )

=1

Thus, if [z2 Ay, 29A/] # 0, then
pdeg([z" Ay, 29A]) < pdeg(zAy). (2.7)

Lemma 2.1.2. Let 2 Ay, € By,. There exists a monic monomial element w € W,

such that [z Ay, w] lies in By, and
pdeg([z* A, w]) = pdeg(z"Ay) — 1.

Proof. Let A = (A1,...,A\,—1) and j = min{j | \; # 0}. If j = 1, then take w = A;.
Indeed, we have that

au

pdeg([azAAk, Aq]) = pdeg <8x1

Ak> = pdeg(z*Ag) — 1.
If j > 1, then take w = 2}~ ' - 27~ A;. Indeed

_ _ ot _
pdeg([z*Ag, 2]~ - 28] Aj]) = pdeg <axj RN x?i%)
. j_2 .
= (pdeg(z™) =P N+ (p—1)D_p' + i
=0
= pdeg(z*Ay) — 1. O

Corollary 2.1.3. If *A, € By, then there exist monic monomial elements

wi, ..., we € Wy, such that the commutator [z Ay, w1, ..., wy| lies in By, and
pdeg([z* Ay, wi, ..., w]) = pdeg(zAg) — ¢ (2.8)
where 1 < £ < pdeg(z™).

As a consequence we have the following result.
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Lemma 2.1.4. Let i > 1, then ~;(Wy,) N By, = (x*Ay, | pdeg(z}Ay) < p"~ 1 —i).
Proof. By Equation (2.7) and Corollary 2.1.3, it is enough to notice that
max{pdeg(xAAk) ] ML € i(Wo) N By} =p" 1t —i.

That maximum is reached by applying Corollary 2.1.3 to the maximal monic mono-

1

mial element 2z~ ---xij of By. Furthermore, by applying Corollary 2.1.3 to a

monic monomial in By with pdeg = s+ 4, we obtain an element with pdeg = s lying

in v;(W,) N By, for every s < p"~! —i. O
Lemma 2.1.5. Let A be an abelian subgroup of G and B I G such that

1. AB = A x B is normal in G,

2. there exists H < G such that H < Ng(A) and G = H(AB).
Then [AB,G] = ([A,G] N A)[B,G].

Proof. Let g = hab € G with h € H, a € A, b € B and ab € AB. Note that the

commutator

[ab, g] = [a, gl[a, g, b][b, g] € [a, g][B, G].

Moreover, since A is abelian we have

lg,a] = [h,allh,a,b]b,a] € (|G, AN A)[B,G]

Hence [ab, g] € ([G, A]NA)[B,G], so [AB,G] < ([G, A|NA)[B, G]. Since the opposite

inclusion is trivial we have the claim. O

Corollary 2.1.6. In the same hypotheses of the previous lemma the following
equality holds
[AB,G,...,G] = ([A,G,...,G]NA)[B,G,...,J]

— N— N—
k times k times k times

The following is another straight consequence

Corollary 2.1.7. v;(W,) = (7(Wy) N By) x -+ x (v:(Wy) N By).
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Notice that the terms of the lower central series of W,, are saturated subgroups

and
Yi(Wh) = i1 (Wy) x (cx™ Ay, | pdeg(z®) = p" 1 =4, 1 <k <nand c € F)).
The remaining part of this section is devoted to proving the following theorem.
Theorem 2.1.8. The upper and the lower central series of W, coincide.
Before providing the proof, we need some preliminary results.
Lemma 2.1.9. Z; N By, = yyn-1_;(Wy) N By, = [(Zix1(Wn) N By), Wa).

Proof. We know that Z;(W,) N B, > yyn-1_;(Wy,) N By. Since B, is a uniserial

W,,-module, for all 4, j > 1 we have the following

1. vi(Wn) N By, = [By, Wy, ..., Wy];
——

7 — 1 times

2. |(ypr-1-i(Wn) N Bn) : (Ypn-1-4-1(Wn) N By)| = p;
3. |Zi(Wh) : Zia(Wh)| = p;

4. Zyn—1_1(Wy) N By # Bp;

5. Zyn-1(Wn) N By, = By,

Thus, pn_l = Hpi_ll |(ZJ'(Wn) N By) : (ijl(Wn) N By)| > Hj:lp = pn_l and so
(Zj(Wyn) N By) : (Zj—1(Wy,) N By)| = p for all j. The statement follows inductively
noting that Z1(Wy) N By = ypn—1(Wy) N By, O

Lemma 2.1.10. If g = gi...gn € Z;(Wy,) with gs € By then g € Z;(W,,).

Proof. Let ¢: W, — Wy be the canonical map whose kernel is By --- B,. Note
that ¥(Z;(Wy)) < Z;_pn-14pe-1(Wg). By Lemma 2.1.9 it follows that

¢(g) =gr € Zi,pn—1+pk—1(Wk) N B = 'ypn—l_i(Wk) N B, = ’ypn—1_i(Wn) N By.
Thus, g € ’ypn—l_i(Wn) N By < ZZ(Wn) N By,. ]

Corollary 2.1.11. If g = g1 ...gn € Z;(W,) with gs € Bs then gs € Z;(W,,) for all

s. In particular

Zi(W) = (Z:(Wy) N B1) -+ (Zs(Wy) O B).
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Proof of Theorem 2.1.8. Notice that
(Zi(W) (1 B) -+ (Z(Wo) 0 B) = (s (W) 11 B) -+ (s (W) 1 By).

Indeed, by Lemma 2.1.9, we have that (Z;(Wy) N By) = yyn-1_;(Wy,) N By, and the
claim follows easily by arguing induction considering the quotient W,,_; = W,,/B,,.

Finally, by Corollaries 2.1.7 and 2.1.11, we have

Zi(Wy) = (Z;(Wyn) N B1) - -+ (Zi(Wn) N By)

= (Ypr-1-i(Wn) N B1) -+ - (Ypn-1-{(Wn) N By) = ypn-1{(Wy). O

2.2 The Lie Algebra associated to W,

In this section, we introduce the Lie algebra £,, associated to the group W,,, and
we define a map between these structures.

We start by noting that each base subgroup B; is a uniserial module for W,,.
Hence, by Corollary 2.1.7 the quotient of two consecutive terms of the lower central
series is an elementary abelian p-group for a prime p. This implies that the graded
Lie ring £,, associated with the lower central series of W,, inherits the structure of
a Lie algebra over [,. As shown in [46], this Lie algebra may be described as the
iterated wreath product £, =" £1, where £, is the one dimensional algebra over
Fp.

Let O be the derivation given by the standard partial derivative with respect
to the variable xi, with 1 < k < n. We identify £,, as the subalgebra of the Witt
algebra (see Appendix A.4) over [, in n variables spanned by the basis

n
B = | By where By = {20, | A € Py(k — 1)}
k=1

The product of £, is defined on the basis %5 as follows
[ank,xeﬁj} = 0j(z™)2®0), — 210k (29)0;
9;(xM)z%0y  ifj <k,
= § —2Po(2®)0; ifj >k,

0 otherwise.
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This operation is then extended by bilinearity to the whole £,.

The lower central series of W,, allows us to establish a connection between the
Lie algebra £,, and the group W,,. In particular, let ca® A, € W, with ¢ € F,. We
define

cxhoy,  if 2t Ay € (W) \ via (W,
ol Ay = )\ Vi1 (Wn)

0 otherwise
Notice that ¢;(2z*Ay) # 0 if and only if pdeg(z®Ay) = p"~! —i. Let fA be a
homogeneous element of v;(W,,), we define ;(fAg) = pi(lt(fAg)). Given a generic
element g =g¢;...9, € W, we set
Y1 pilt(gy)) if g € 1i(Wa) \ Yiga (Wa),

vi(g) =
0 otherwise.

This defines a map ¢: W,, — £, by setting ¢(g) = ;(g) whenever g € ~;(W,,) \
Yit1(Wn).

We now introduce the concept of homogeneous subring of £, which, as we will

see later, is related to Definition 2.1.1 of saturated subgroup.

Definition 2.2.1. A Lie subring h of £, is said to be homogeneous if it is the span

over [, of some subset §) of 5.

Remark 2.2.2. Let £; be the [-span of B;, and define £(i) = ;-:1 £;. Consider the
F-submodule T of £, generated by the set {d1,...,0,}. This submodule forms a
homogeneous and abelian Lie subring. Moreover, for each 7, the element 0; generates
the center of £(i). The subring ¥ provides a natural counterpart to the elementary

abelian regular subgroup of W,,.
Definition 2.2.3. If 4l is a subset of B, then its idealizer is defined as
Np() ={beB|[bu] € Fpufor all h € il}.

Theorem 2.2.4. Let §) be a homogeneous subring of £, having basis 34 C B. The

idealizer Mg, (9) of H in £, is the homogeneous subring of £, spanned over [, by

Mg (41).
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Proof. Let 9t = Ng, ($) be the idealizer of $) in £, and let
Z = Z lAJﬁI'Aak
IAakEB
be an element of 9. We aim to show that each term in this sum belongs to 91. Notice

that, since ) is a homogeneous subring, it suffices to show that [l A,kxAc'?k, 16961} €

Fp,H for all 290; € H. We know that

$H> [z,xeaj] = Z lAvk[ank,xeaj],
Z‘AakEB

where the sum is taken over all 229, € B such that [Q:A@k, xeﬁj} = 0. Observe that

for 2810y, # 2120y, the commutators
[xAl aku‘T@aj] # [$A2ak2’ $63j]

and so each non-zero bracket [0}, 299;] is an element of [, H. O

2.2.1 Lower and Upper Central Series of £,

Thanks to the map ¢: W,, — £,,, we can easily compute the central series of £,,.
The terms of these series provide further examples of homogeneous subrings.

First, observe that if [xA(?j, 290y] = cx'9,, for some ¢ € [, then
u =max(j, k) and wt(I') = wt(A) + wt(0) — min(j, k).
This formula will be used implicitly in the results that follow.

Lemma 2.2.5. Let 22Ay, € v(Wy) \ 71 (Wy) and 2P Ay, € v (W) \ vj1(Wa). If
the commutator [z Ay, x® Ay] is not trivial, then it lies in Vit i Wn) \ Yigjr1 (Wn),

and the following equality holds
i ([ Mg, 29 An]) = i@ Ag), 5 (xOA)). (2.9)

Proof. Without loss of generality we can assume k > h, @;(z2Ay) # 0 # (29 Ap)

A
and 027 # 0. Since
oxy,

Oz 3 o
pdeg([z" Ay, 29A,]) = pdeg <axhw®Ak> =p" i3,
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we have that

—
a%'h

5$A )

= [ank, xeah]

oz
Qv ([2 Ak, 2 AL)) = @it ( 9Ak>

= [pi(a™ Ar), 0 (z9A)). [

Let S be a saturated subgroup of W,,. We shall denote by S¥ the homogeneous
Lie subring of £,, spanned by the set ¢(S N B).

Remark 2.2.6. A straightforward consequence of the previous lemma is that if S is a

saturated subgroup of W,,, then |S| = |S?|.
Corollary 2.2.7. For each i > 1 we have ~;(W,)? = £ is the i-th Lie power of £,.
We now compute the upper central series of £,,.

Definition 2.2.8. Let 1 < j < n. We define §,, as the [,-span of the set
{xAnﬁn, R ) | pdeg(z™i0;) < m foralli=1,... ,n} )
Notice that, by Lemma 2.1.4, §,, = ypn-1_,,,(Wp)¥, and s0 & € Eya-

Lemma 2.2.9. For each 290, € £, and z20; € &, the commutator [xA&i,x@ag]

belongs to Epm—1.

Proof. Without loss of generality, we may assume z9; # 0 # 2°9,. For ¢ < i, the
claim is easily verified noting that

0z o A
pdeg 87:):@36 0; | < pdeg(z™0;) —1<m—1.

o ©
If ¢ > i, we have that [290,, 220;] = ; z19,. We observe that, since 29; # 0, we
T

must have m > p;. Hence

92° n—1 i—1
pdeg o O | <pt 7 —-1-p"=p—-1l<m-1.
7

Thus, ani €&m_1. J
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Lemma 2.2.10. Let 20; be such that pdeg(20;) = r+ p;. Then for each k+1 < r
there exists 90, € £, such that pdeg([z®0y, z20;]) > k + ;.

Proof. Let r =X+ Xop+ -+ Xicipt 2and k+1 =7 +vp+ - +v_1p" 2 Let

J be the maximum index such that A\; > ;. If \; —~; > 1, then
pdeg([z"9;,9;]) > k + pui.

If \;—v; = 1 and there exists s < j such that \s # 0, then pdeg([z"0;, 05]) > k-+u;. If
such s does not exist and j # 1, then pdeg([z28;, 22" ... xg?jaj]) =r—1+p; > k+p,.

If j = 1, then pdeg([z"0;,01]) = r — 14 p; > k + p;. [

Corollary 2.2.11. For alli =1,...,n the following equalities hold

1

EmNB; =3,(L,)NB; = L ~™mNB,.

n—1__

In particular, 3, (£,) = £8° ™.

2.3 A Chain of Normalizers

We now have all the necessary tools to return to the original goal we set at the
beginning: to compute the chain of normalizers originating from the subgroup T of
Wy, and defined in Equation (1.8). We recall that Theorem 1.2.4 shows that the
normalizers can be computed inside W), rather than inside Sym(V'). For the reader’s
convenience, we restate the definition of the normalizer chain.

Let T'= (Aq,...,A,) be the canonical elementary abelian regular subgroup of
W, and define the sequence {NEP )}iz,l as follows.

w T ifi=—1
N®) — (2.10)

(2
Ny, (N®)) if i > 0.
In this section, we prove that the growth of that normalizer chain coincides with the
growth of the corresponding chain of idealizers in £, originating from the subring ¥

defined in Remark 2.2.2.

Proposition 2.3.1. Let S < W, be a saturated subgroup. The normalizer Ny, (S)

of S in Wy, is a saturated subgroup.
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Proof. Let g = hgy, € Nw, (S) with gx € Bx \ {1} and h € Byy1--- By. Since S is
saturated, we have that the condition g € Ny, () is equivalent to requiring that
[g,s] € S for every s € B;N S and all i € {1,...,n}. Notice that, in order to prove
that Ny, (S) is saturated, it is enough to show that g, € Ny, (S). Indeed, since
gk € Nw, (S), we obtain h = gg; * € Ny, (S) and we can then argue by induction

on k. Let s € B; NS, we have
S [g,S] = [hvs]gk[gkvs]'

If kK =i, then [gg, s] = 1 and we are done.

Without loss of generality, we can suppose [g,s] # 1. If k > i, then [h, s]% €
Byi1 -+ By and [gg, 8] € By. In particular, since S is saturated, we get [gx, s] € S.

If k < i, write h = hh with h € By, - B;_1 and h € B;--- By,. Then

S 3 [g.s] = [hhgy, s] = [, 5" [hgy s].
Here, [hgy, s] € B; and [fL, s]ﬁgk € Biy1--- By, so [hgy, s] € B;NS. Now decompose
h = hi_1---hgs1 with hj € B;. Then

S>3 [ng‘y S] = [hifl) S]hi_Qwthﬁlgk T [hk-f-la S]gk [gka 5]‘ (211)

Note that in each monomial term of [g, s] the variable ; appears with the same
degree as in s. In contrast, in each monomial element of [h;, s]"i—1-k+19k  the
degree of z; is strictly less than in s. This means that the monomial elements
coming from [gg, s] are distinct from those coming from the other commutators
[hj, s]hi-1hetagk for j =k +1,...i — 1. Thus, since S is saturated, and the whole
product [h;_1,s]i-2Pe+19k .. [y 1 s]9% gk, 5] lies in S, each monomial element

coming from the decomposition of [gi, s] must lie in S, proving the statement. [J

The following result is a technical lemma aiming to intertwine idealizers and

normalizers.

Lemma 2.3.2. Let H be a saturated subgroup of W, and letn € By. Iflt([n,h]) € H
for all h € H, then [n,h| € H.
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Proof. Since H is a saturated subgroup, without loss of generality, we may assume

that h = gA; € B; for some i, and n = fAy. If £ > i, then

and 1t([n, h]) = gf gAy € H. The statement follows noting that [It([n, h]),h] € H
Zi
S
so that gx{g“’Ag € Hfors=2,...,p—1. If { <1, then
.1 0%
hl=Y — WAY
I, A sz::l s! axjf

2
and 1t([n, h]) = gaifAi € H. By hypothesis, 1t([n,1t([n, h])]) = gngQAi € H.
]

Iterating the process we obtain the desired result. O

Proposition 2.3.3. Let H be a saturated subgroup of W,. The following equality
holds
(Nw,, (H))? = Ng, (H?).

Proof. By Proposition 2.3.1 we know that Ny, (H) is a saturated subgroup of W,,.
Let n € Ny, (H) N B and i an integer such that n € v;(W,,) \ vit1(W,). For every
h € H N B, there exists an integer j such that h € v;(Wy,) \ vj+1(W,) and we have

the following equality by Lemma 2.2.5

¢([n, h]) = ivj([n, hl) = [pi(n), p;(h)]-

Since ([n, h]) € H? for all h € H N B, it follows that ¢;(n) = ¢(n) € Ne, (H?).

We now prove the opposite inclusion. Let ¢ € De, (H¥) NB. For some positive
integer i, there exists n € BN (7;(W,) \ 7i+1(Wy)) such that p(n) = t. For all
w(h) € H? N8, there exists an integer j such that ¢(h) = ¢;(h) and

H? 5 [pi(n), ;i (h)] = ir;([n, h] = @(1t([n, h)))).
Thus, 1t([n, h]) € H for all h € H and, by Lemma 2.3.2, we have [n,h] € H. O

Remark 2.3.4. By Proposition 2.3.3, we obtain that the correspondence sending

H to H? maps normal saturated subgroups of W,, into homogeneous ideals of £,.
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Moreover, we define a new map €: B — B by 229, — z*A. If J is an homogeneous
ideal of £,,, we denote by J¢ the saturated subgroup of W,, generated by (T N B).
As

ple(@0r),e(x%0h)] = [pe("0k), e(x®0h)] = [2* Ok, 20,

it follows that J° is a normal saturated subgroup of W,, such that (35)<p = 7.
Similarly, if N is a saturated normal subgroup of W, then (N¥)° = N. This
shows that the maps ()% and (-)¢ establish a bijection between the poset of normal

saturated subgroups of W,, and the poset of homogeneous ideals of £,,.

By Remark 2.2.6 and Proposition 2.3.3 we have that
Ne, (H?)| = [Nw, (H)]. (2.12)

Thus, the growth of the normalizer chain defined in Equation (2.10) is equal to the
growth of the following idealizer chain originating from ¥.

o F ifi=—1
N = (2.13)

Ne, (MP)) ifi>0

where ¥ is the homogeneous subring of £,, spanned by the set {01, ...,0,}.

2.3.1 The Idealizer Chain

The idealizer chain defined in Equation (2.13) has already been studied in [2].
In this subsection, we recall the results obtained in [2] in order to enhance the
clarity of the exposition. First, we introduce the following subsets of B. Let

U=TU{z;j0r|1<j<k<n}andforl<i<n-—1,define
W= {2t eBn—it1<k<nand wi(A)=k+i-n+1}.  (214)

Theorem 2.3.5. The Lie subring ‘)’IZ(-p) is homogeneous and it is the [ p-linear span

of ./\/;-(p) which is recursively defined by

T ifi=—1
NP =1y ifi=0 (2.15)

()

./\/;»(f)1 UW; otherwise.
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Remark 2.3.6. Note that, by Equation (2.15) for 1 <i¢<n—1

N, = {aho, € Bl wi(h) <k —i+1}uU. (2.16)

n—

Lemma 2.3.7. The set /\/'ép) is equal to Ng(T).

Proof. We first show that U C MNg(T). The fact that 7 C MNy(7T) is trivial.
Moreover, for all z;0; € U with i < j, the bracket [x;0;,0k] is an element of [, T,

since

0 k=i,
(205, O] =
0 k#i.

Conversely, let 220; € Ny (T). For 1 <k < n,

A 0 for k> j
U“_pTB[$ 8j,6k]:
8k(xA)8j for k < j.

It follows that A = 0 or 2z = x for some 1 < k < n, concluding the proof. O
Lemma 2.3.8. If 1 <i<n—1, then [U W] C F, N

Proof. Let 29; € W; and x99, € U. We set cz''d,, = [219;, 290y, for some c € F,.

In the case 99, = ), € T, then either ¢ = 0 or
wt(T') = wt(A) — k.

Since wt(A) =j+i—n+1and k > 1, it follows that wt(I") < j —n + 1.
Now consider 28y, = 2,0, € U \ 7. If £ <j, then

wt(D) = wt(A) +h — k < wt(z™) + (k— 1) — k

=j+i—n.
If £ > j, then

wt(I) =wt(A)+h—j=j+(G+i—n+1)—j

<k4+1i—n.

In both cases the resulting monomial x'' 0, satisfies the condition to lie in ./\/'i(f )1 OJ
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Lemma 2.3.9. If 1 <i<h<n-—1, then Wi, W] C F, 7).

Proof. Let us consider :UAGJ- e W;, 290, € Wy and their bracket [:UAGj,x@Gk] =
cx' 9, with ¢ # 0. Notice that if 21’0, € U, there is nothing to prove. Otherwise,
by the definitions of W; and of W, we know that wt(A) = j+i¢— (n — 1) and
wt(0) =k + h — (n—1). Thus,

wt(T) = wt(A) + wt(©) — min(j, k)
=j+i—(n—1)+k+h—(n—1)—min(jk)
= (j+k—min(j, k) +i+h—2n+2
=u+h—-—n+({—-n+2)

<u-+h-—n. O

Proposition 2.3.10. If1 <i<n—1, then M(p) =Ny (./\fl(p)l).

Proof. By the previous lemmas, it remains to prove the inclusion 9y (./\fi(fJ )1) -

NP Let 220, € 9?%(./\/2»(1) )1) By definition for each 2°9;, € B we have that

)

[anj,xGak] € /\/;(f)l Let k£ < j be the minimum index such that A\; # 0, and
consider 290, = z;_10;. By construction [anj,a:k,lak] = c:cré)j # 0 for some

nonzero ¢ € F, and :J:Fé?j € /\/Z-(f )1 It follows that
wt(A) =wt(l) +1<j+i—n+1,
and so anj € M(p). O

It is now clear that Theorem 2.3.5 is a direct consequence of Theorem 2.2.4,

Lemma 2.3.7, and Proposition 2.3.10.

2.3.2 Connections with Integer Partitions

Let t,; be the number of partitions of ¢ into at least two parts, where each part

can be repeated at most p — 1 times, and let g, ; be the partial sum

%
qui = thzj
i=1

By Theorem 2.3.5 we get the following result.



2.4 Normal Subgroups of W, 44

Theorem 2.3.11. Let 1 < i < n—1 and p > 2 a prime integer. Then, for
n—i+1 <k <n we have |W; N By | = tp kr14i—n and therefore the [ ,-vector space

mz(p)/mz(li)l has dimension qp ;1.

By way of Equation (2.12), the previous theorem can be immediately restated in

the group case as follows.

Theorem 2.3.12. Let 1 <i <n—1, then NP/ /NP | = ptis1,

] 1123|456 |78 |91 |11 12 | 13 | 14 OEIS

t3; |01 |1 ]3] 4] 6 |8 [12|15| 21 | 26 | 35 | 43 | 56 | A000726

g3 || 0|1 (2159 1523|3550 | 71 | 97 | 132 | 175 | 231

tsi |01 2]4] 5 ]9 121824 33 | 43 | 59 | 75 | 99 | A035959

gs; || 013|712 |21 |33 |51 | 75108 | 151 | 210 | 285 | 384

tzi |01 2]4] 6 | 101320 27| 38 | 50 | 69 | 89 | 118 || No ref.

gri || 0|13 |7 1323|3656 |83 | 121 | 171 | 240 | 329 | 447

Table 2.1. First values of the sequences (¢,;) and (gp ;) for p=3,5,7.

Remark 2.3.13. In the case p = 2, Aragona et al. [2] prove that for every 1 <i < n—2,
the Fo-vector space

0 /o)

has dimension g2 ;42.

2.4 Normal Subgroups of W,

To conclude the work on iterated wreath product in odd characteristic, we study
the normal subgroups of W,,. We show that if a normal subgroup N < W, is
contained in the last n — k base subgroups of W,,, then it contains a term of the

lower central series with an index bounded only by k and p.
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Lemma 2.4.1. Let N be a normal subgroup of W, and fA, € N. Every monomial
element ™Ay, of p-degree at most pdeg(fAy) belongs to N.

Proof. We argue by induction on the p-degree of fAy. The base of the induction
is when f is constant of minimum possible p-degree ug. In this case, the claim is
trivial. Otherwise ¢ = pdeg(fAx) > pr. By Lemma 2.1.2 applied to the leading
term Ay of fAy, there exists an element in N of p-degree equal to t — 1. By
induction, N N By contains every monomial element of p-degree at most t — 1. In

particular, fA; — Ay lies in N and so also Ay, € N, proving the statement. [

Lemma 2.4.2. If N I W, then (N N Bg)(N N Bki1)--- (NN By) I W, for all

1<k <n.

Proof. Since the elements in N of the form fAj, where h > k, generate (NN By)(NN
Bjy1)--- (N N By), it suffices to note that the commutator [fAy, 2 A,] belongs to

N N By for each generator ™A, of W,,, where £ = max(s, h). O

Lemma 2.4.3. Let N be the normal closure of (fAy). Then
N = (NN By)(NNBysi) - (NN By).

Proof. On the one hand, note that N > (N N Bg)(N N Bi41) -+ (N N By). On the
other hand, by Lemma 2.4.2, (NN By)(N N Bgt1) - -- (NN By,) is a normal subgroup
of W,, containing fAj, hence it contains its normal closure N. Thus we have the

equality. O

Lemma 2.4.4. If 1 # 22Ay € v (W) \ Y1 (W), then
(2 Ak), Wa] = (V1 (W) 0 Bi) (Ypr—141 (W) N (Bjeg1 -+ Br)).

Proof. The inclusion [(z*Ag), Wn] < (441 (Wn) N Bg) (Ypr—141 (W) N (B—1 -+ - Bn))
is trivial. In order to prove the opposite inclusion, consider the monomial element
290 € (Y41 (W) N B) (Ypr-111 (W) N (Bg—1 -+ Br)). Let us first analyze the case
h = k. We know that pdeg(z*Ay) = pdeg(z?) + pup = p"~ ' — t and pdeg(2PA}) =
pdeg(z®) + pup < p" ! —t—1 = pdeg(z*Ay) — 1. By Lemma 2.4.1, v41(W,,) N By, <
[<$AAI€>’ Wh).
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If A > k it suffices to consider the commutator

A —1-X p—1-Ap_1
[$ Ak-,.fll) ! T Ah]

which has pdeg equal to u; — 1, and apply Lemma 2.4.1 as above. ]

Proposition 2.4.5. The normal closure of the subgroup of W,, generated by z* A},

<IAA/€> [<mAAk>7 Wn] = <mAAk’> (7t+1(Wn) N Bk) (’ka—1+1(Wn) N (Bk+1 s Bn)),
where t = pdeg(z™Ay).

Proof. Since by Lemmas 2.4.2 and 2.4.4, the subgroup [(z*A}), W,,] is normal in
W, the claim follows. ]

The proposition above together with Lemma 2.4.1 give the following results.

Corollary 2.4.6. The normal closure of the subgroup of W,, generated by fAy is

the saturated subgroup

(FAR(fAR), W] = (FAR) (41 (Wa) 0 Bi) (Ypr-1.41(Wn) N (Big -+ Ba)),
where t = pdeg(fAg).

Proposition 2.4.7. Let g = fAr - h, with h € Byy1---By,. The normal closure

(g)"n contains Ypr-141(Wh).

Proof. If h = 1 the statement follows by Corollary 2.4.6. If h # 1, let A, be
the leading term of fAj,. Observe that [:U]fflf’\l . xp_l_A””An,g] has p-degree

.. n_l
p" ! —pF~1 —1, and so we can apply Lemma 2.4.1 to get Ypr-141(Wn) N By, < (g)Wn.
Next, the commutator [z£ 17 .. -xf;;)‘”_QAn_l, g] = sApgA,_1 is such that

—1-A —1—An_ -1 -1 _ _
pdeg(sA;,) < pdeg([«} Looogby A, AP TA]) < p” L_ph=1_7.

It follows that sA, € (g)""» by the argument above. In particular, gA, 1 € (g)"»
and has p-degree equal to p"~2 — p*~! — 1. Thus, by Lemma 2.4.1, Ypr-141(Wn) N
By_1 < {g)"Wn. The rest of the proof is obtained by iterating this argument induc-

tively. O
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A straightforward consequence is the following estimate.

Corollary 2.4.8. If N Q W, is a normal subgroup such that N C (By---By) \
(Bry1--- Bn), then N contains ~yyr—1,1(Wy) and

k—1\n—k+1
IN -1 (W) < (07 ) : (2.17)
In particular this index is bounded above by a function depending only on p and k.

Remark 2.4.9. Notice that if kK = n, then IV coincides with a term of the lower central

series that depends only on the maximal monomial term appearing in V.
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CHAPTER 3

ITERATED WREATH PRODUCT IN ZERO
CHARACTERISTIC CASE

This chapter is primarily based on the results presented in [9].

In this chapter, we focus our attention on infinite groups. We construct a group
W, the analogue of the p-Sylow subgroups of Sym(V'), by means of an iterated
wreath product of integral domains of characteristic zero. Within W>°, we identify
a counterpart of the elementary abelian regular subgroup T of W,,, and we compute
its normalizer chain, following the approach of the previous chapter. In this setting
we again obtain interesting connections with certain integer partitions.

We begin with a non-standard definition that restricts the base group of the

unrestricted standard wreath product of two groups.

Definition 3.0.1. Let K, H be two groups. If L < K is an H-invariant subgroup,
we define

Ky H:=LxH.

When L = K we obtain the classical notion of unrestricted standard wreath
product and, in this case, we will omit the subscript L. The base subgroup of K, H
is defined as usual by B={(f,1g)| f € L} = L.

Let D be an integral domain of characteristic 0 with fraction field F'. We shall

denote by R; an additive subgroup of DP ' containing a copy of D seen as the
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subring of constant functions. We ask furthermore that D’ acts faithfully on R;
by translations, and that f(go,...,g9i—1) € R; whenever f € R; and g; € R;. We

consider the iterated wreath product
W=D, ,Dir, o - lr, D

of n copies of D.

Let f € Ri_1, we shall denote by fAj an element in the base group By, of
Wi =Dig, , Wiy

corresponding to the function f when regarded as an element of By. The elements
of W° are then n-tuples (fn—14n, ..., foA1) with f; € R;. It is worth noting that
Ry is an additive subgroup of D.

The group W;° is a permutation group acting on the set D™. The action of W°

on D" is defined as follows

(1,22, Tn) - (fam1Bny ooy f1A2, foAr) =
(@1 = fo,z2 = fi(z1),- s @n — fam1 (21, T01)
Notice that, each base subgroup By is endowed with a structure of D-module by
setting
d- (fAk) = (df)Ax
foralld € D. If f = H,lg:n fxAf is a generic element of the group W;°, then
d-Thep Fk = [Then dfe A

We rewrite the definition of the operator A in this new setting, even though it is

entirely analogous to Definition 2.0.1.

Definition 3.0.2. Let € D’ and let {ey,...,e;} be a basis for D/. For each
h € D, and i < j, we define the operator A;(h): Rj — R; by

Ai(h)f(x) = f(z + hei) — f().

Also in this case, by way of the operator A , we can express the commutator
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between two elements, fA; and hA;, in the group W, as follows

(AR A, if k>
[fAR hA] = § —(AR(f)L)A; ifi >k (3.1)
0 ifk=1

Moreover, if k > ¢, by Taylor formula, in the case of f being a polynomial function,

we have
o°f
oz

<1
[fAR, hA;] = Z; heAg. (3.2)
s=1°"

We refer to the Appendix A.5 for some results on difference equations that will be

useful later.

3.0.1 Power Monomials and Transfinite Degree

We refer to Subsection 2.0.1 for the definition of power monomial elements of
W, As done previously, we denote by P(k) the set of partitions whose maximal
part is less than or equal to k. In this case there will be no further restrictions on
the degree of the x;s. Let B be the set of all power monomial elements of W°, that
is

B={as*A,|1<k<n, AeP(k-1)}. (3.3)

We call monomial elements those elements of the form dz®Ay, where d € D.

Definition 3.0.3. Let k£ > 1 be an integer, 0 # d € D and A € P(k), we define the

transfinite degree of the monomial da®, written tdeg(dz™), by
tdeg(dz™) = w2\, 1 4+ -+ wha 4 Ap.

We set
n—=k

tdeg(dz™Ay) = Z Wt 4 tdeg(z)

=1

where, for k = n, the sum has to be intended empty.

It is easy to see that for every non-limit ordinal «, satisfying 0 < o < 77 w4,
there exists a unique monic monomial element b, € B such that tdegb, = «. Notice

that this definition endows the set B with a total ordering. In particular, every
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polynomial element f € W;>° can be uniquely decomposed as f =[], caba, where

co € D and b, is the unique monic monomial element with transfinite degree equal

to o. We shall denote by 1t(f) the leading term of a non-identity element f, i.e. the

monomial appearing in f with non-zero coefficient and with maximum transfinite

degree, together with its corresponding A, component. We define

tdeg(l6(f)) if f #d-1,

tdeg(f) =

otherwise.

0

We shall write f < g to mean that tdeg(f) < tdeg(g).

Lemma 3.0.4. Let 2Ay, 2®A, € W be two monomials such that k > u. The

following equality holds

A
_ 027 o
= x
0xy

It ([:UAAk,:ceAUD Ay

Proof. If X\, = 0, then [z*Ay, z®A,] = 0 and there is anything to prove. Otherwise,

by Equation (3.2) we have that

00 881:A (1’@)5

S
= oxs

22 A, 2PA,] = Ay

s!

It is enough to prove that, for s > 1, the following inequality holds

6S$A (1.@)5
oxs

asfle (xG)sfl
orst (s— 1)

s!

We denote by z™ the monomial 24 with the variable x, removed and by A, the

exponent with which z, appears in the monomial z*. We get

8890/\ (xG)s

- _ mA:Us@x;)ufs
oxs

s!

< I‘AI(S_I)@.’L’QU_(S_I)

as—le ($®)s—1
T oy ) (s

3.1 Transfinite Hypercentral Series of W *

In this section we aim to give necessary and sufficient conditions on the modules

R; in order to have W° transfinite hypercentral (see Appendix A.2 for the definition

of transfinite hypercentral groups).
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sS=

Let f: D' - D, d= 22:1 cjej, and d; = Zjﬂ cses. We define
Ad)(f) = fa— T =D Aj(ej)(fay), (3.4)
j=1

where f.(z) = f(z + ¢).

Definition 3.1.1. For i > 0, the subring VP; of virtual polynomials in Fun(D?, D)

is defined as

VP; = {f € Fun(D", D) | 3k € N s.t. (A(dy)---A(dg))(f) =0

for all di,...,dy € D'} (3.5)

If k£ is the minimum non-negative integer such that (A(dy)--- A(dg))(f) = 0 for all
di,...,d; € D', then f € VP; is said to be of class k.

Remark 3.1.2. Let f € VP be of class £. By Lemma A.5.1, if ,d € D*, then the
function fx,d: Z — D defined by

fra(m) = f(x 4 md)

is a polynomial function in m of degree at most £ — 1, with coefficients in F’, that is,
f behaves like a polynomial along affine integral lines. We will use the same notation
fx,d to denote the natural extension of this function to a map fx,d: Q— F. In
particular, f%d is a polynomial function with coefficients in F' such that fxvd(Z) CD.

In general, we denote by P the subring of F[z1,...,x] consisting of those

polynomials f € F[z1,...,x] such that
f(dy,...,dy) e D forall (di,...,d;) € D

This ring is also known as the ring of numerical polynomials in k variables. Moreover,
P, C VP;, and in the special case D = Z, we have P, = VP;. We point out that
this is not always the case, e.g., if D = C the function z — Re(z), associating to a
complex number its real part, is an example of a virtual polynomial of class 2 that

belongs to VP; but not to P;.

With the same notation as in Remark 3.1.2 we have the following result.
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Lemma 3.1.3. Let f € VP;, and suppose x,d € D' and r € Q are such that
x4 rd € D'. Then
fa+rd) = fra(r).

Proof. Write r = s/t, with s,t € Z, and set d = rd, so that td’ = sd. Note
that fx,td/ = fx,sd- We have f(xz + td'm) = fw,tdr(m) = fmﬂd/(tm), and similarly,
f(x+ sdm) = f;vsd(m) = de(sm). Thus,

flatrd) = fle+d) = foa() = fora(1/t) = fosa(1/t) = foa(s/t) = fra(r). O

It is well known that the F-vector space F can be regarded as a Q-vector space.
Given vectors uy,...,u, € F', we denote by (uy,...,u) the Q-vector subspace of

F* spanned by {u1,...,us}.

Lemma 3.1.4. Let uy,...,u, € F', and let x = ryuy+- - - +rpug € (u,...,u,)ND?,
where ri,...,r, € Q. If f € VP; is of class £, then f(x) is a polynomial function in

the variables r1,...,1E, with degree bounded by a function of L.

Proof. Let y = roug + - -+ + rpug. By the previous lemma, we have that f(z) =

fy,ul (r1) is a polynomial function in the variable 1 of the form

Fywun(r1) = ao(y) + ar1(y)r1 + -+ + am(y)r},

where m < ¢ — 1, and each coefficient a;(y) is independent of r;.

By induction on k, we may assume that ag(y) = f(rous + - - + rrug) = f(y) is
a polynomial function in ro, ..., 75, whose degree is bounded by a function of /. It
is easy to see that Al (f)(z) = Z;”:_Ot bj(y)r{ € VP;, where by(y) = t! a;(y). Hence,
for t = 1,...,m, also a;(y) is a polynomial function in ro,...,r; whose degree is

bounded in terms of £, as claimed. O

Remark 3.1.5. Let W be a Q-vector space, and let f be an element of F"'. We say
that f is an fd-polynomial function if, for every finite-dimensional Q-vector subspace

V = (u1,...,u) of W, the map

f: Qk_>Fa f(rlu"'vrk)::f(rlu1+"'+rkuk)

is a polynomial function in the variables r1, ..., 7.



3.1 Transfinite Hypercentral Series of W° 54

Furthermore, f is called a uniform fd-polynomial function if there exists a positive
integer t such that deg f < t, for every such subspace V. In this case, the total
degree of f is defined to be the maximum, taken over all such subspaces V, of the

degrees of the associated polynomials f.

Corollary 3.1.6. Let f € Fun(D%, D). Then f € VP; and has class at most { if
and only if f is the restriction to D' of a uniform fd-polynomial function f: F' — F

of total degree at most £ — 1.

Proof. If f has class at most ¢, then by the previous lemmas, its natural extension
f to F" restricts on every finite-dimensional Q-vector subspace to a polynomial
function of degree at most ¢ — 1. This shows f is a uniform fd-polynomial function
of total degree at most £ — 1.

Conversely, if such a uniform fd-polynomial extension f exists, then the finite

differences of order ¢ of f vanish on D*. Hence, f € VP; and has class at most ¢. [

Let f € VP;_1. There exist non-negative integers ki, ..., k;—1 such that the

ordinal number w*~2k;_1 + - - - + wky + k; is minimal, and

i—1
(H A]’(CJJ) s Aj(cj,kj)) (f) =0 forall Cjls---,Cik; € D.
j=1

We then define

tdeg(f) = w' 2ki—1 + - + whko + k1, (3.6)
tdeg(fA;) = Z_:w”_j + tdeg(f). (3.7)
j=1

Whenever f € P;_1, this notion of tdeg agrees with that given in Definition 3.0.3.

Remark 3.1.7. Let f € VP, with tdeg(f) = w'2ky_1 + -+ - + wko + k1 and assume
k; # 0. For any choice of functions g; € VP;_1, with i« = 1,...,5s < k;, and

j=1,...,t—1, by Corollary 3.1.6, the function
F=(Aj(g1)--Aj(g5)) (f)
lies in VP;_1, with transfinite degree

tdeg(F) = w'™2hs_1 + - - - + why + hy,
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for some integers h; such that h; = k; for i = j+1,...,£—1, and h; < k;. In

particular, if s = k;, then h; = 0 and F' does not depend on z;.

Definition 3.1.8. Let o be a countable ordinal. We define
Ca =A{fAn|f € VPy1 and tdeg(fA,) < a}.
Note that if o is a limit ordinal, then (o = Ug<q (s-

Lemma 3.1.9. Let p € VP;_q1 and fA, € {,. Then there exists an ordinal 5 < «
such that [fAn, pAg] € (5.

Proof. Let tdeg(f) = w" 2k, _1 +---+ k1. Then the commutator [fA,, pAy] lies in
VP,,_1 and either vanishes or by Remark 3.1.7 it has transfinite degree strictly less

than tdeg(fA,). Indeed

tdeg ([f An, pA]) = tdeg (Ar(p)(f)An)

= w" kg + Wk w0 R+ By
for some integers h; with hy < k. ]

Remark 3.1.10. Since D' acts faithfully on R; by translations, a standard argument

shows that the center of W, is given by
Z(W,) ={cA, | c € D}.
Lemma 3.1.11. If a < w" ! is an ordinal, then Zo(W,) N By, < (a.

Proof. We argue induction on «, the case &« = 1 being obvious by the previous remark.
Let fA, € Zo(Wy,) N By, and ¢ € D. The commutator [fA,,cA € Zg(W,) N By,
for some ordinal 3 < . By induction [fA,,,cA/] € (g for every choice of £ < n, i.e.,
tdeg(Ag(c)(f)) < B and hence tdeg(fA,) < 8+ 1 < « as required. O

A direct consequence of the previous lemmas is the following.

Corollary 3.1.12. Let o < w™ ! be an ordinal. If for everyi=1,...,n—1, the

ring R; is contained in VP;, then:

1. [Cot+1, W] C (o if v is not a limit ordinal;
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2. [Cay W] C (o if v is a limit ordinal.
In particular, (o, = Zo(Wy) N By,.

Theorem 3.1.13. The group W,, is transfinite hypercentral if and only if n =1 or
R; C VP, foralli=1,...,n—1.

Proof. We may assume n > 2, the result being trivial for n = 1. First, assume that
W, is transfinite hypercentral. Let fA, € Z,(W,,) with f € Ry_1. We proceed by
transfinite induction on «, with the goal of showing that f € VP, ;.

If o =1, then by Remark 3.1.10 we must have £ = n and f = ¢ for some ¢ € D.
Thus, A(d)(f) =0 for all d € D" L.

Now, assume « a countable non-limit ordinal. For every ¢ = 1,...,¢ — 1 and

every ¢ € D, we have
[fAg, eAi] = Ai(e)(f)Ar € Za—1(Wh)-
By the inductive hypothesis, there exists m € N such that
(A(dy) -~ Aldm)Ai(ci))(f) =0

for all di,...,d, € D' and all ¢; € D.
Let dpy1 = Zf;ll cie;. By Equation (3.4) and the translation invariance of
VP;_1, we have

(A(dr) -+ Aldm) A(dm+1))(f) = 0

for all di,...,dy+1 € D1, showing that f € VPy_;.

If o is a limit ordinal, observe that fA, € U<, Zs(Whn), so there exists a
non-limit ordinal f < « such that fA, € Zg(W,), and the previous argument
applies.

Conversely, suppose R; C VP; for allt=1,...,n — 1. We proceed by induction
on n. The case n = 1 is trivial. Assume the result holds for n—1. By Corollary 3.1.12,
we have Z n-1(W,,) 2 B, so that the quotient W,,/Z »-1 is a quotient of W,,_1 =
W,/ B, which is transfinite hypercentral by the inductive hypothesis. Hence, W), is

also transfinite hypercentral. O
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Theorem 3.1.14. If R; < VP; and R;®p F D Flxy,...,z;] foralli=1,...,n—1,
then

Wy = w”*1+~--+w+l(Wn>' (38)

We split the proof into several Lemmas.

We remind the reader that the symbol A; is used to denote both the element
1A; of the i-th base subgroup, and the difference operator with respect to the i-th
variable. It will be clear from the context which one we are using.

From now on, we assume that R; C VP; and that R; ®p F' D Flz1,...,x,_1] for
all 4. This is equivalent to requiring that for every monomial z* € Flzy, ..., 2, 1]

there exists a non-zero element dy € D such that dyz® € R;.

Lemma 3.1.15. Let a < w" ! be an ordinal. There exist f € VP,_1 with
tdeg(fA,) = « such that for every ordinal 8 such that 5+ 1 < «, there exists
an element hg € W,, such that

tdeg([fAn, hs]) > B.

In particular (41 2 Cao-

Proof. Write the ordinals « and 8 + 1 in their Cantor normal form:

a=w"2a, 1+ - +war+a, B+1=w""2b,_1+- -+ wby+b.

Let f = ca® € R,_; with 0 # ¢ € D and with A = (a1,...,a,_1). We have
tdeg(z*A,) = a. Let j € {1,...,n — 1} be the maximum index such that a; > b;.
If a; —b; > 1, then

tdeg ([fAn, Aj]) > B.

If aj —bj = 1, then

tdeg([fAn,ca:L»CfIﬁbFllHAj]) > 6, if j#£1,

tdeg ([fAn, Ar]) > B, if j = 1. O

Lemma 3.1.16. Let g € W, \ B,,. Then there exists h € W,, such that [g,h] ¢ By,
unless g € Z(Wp—1)Bn.
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Proof. Let g = ?;11 9iA; € Wi\ By, and suppose g ¢ Z(W,,_1)B,,. Then, the image
of g in the quotient W,,/B,, ~ W,,_1 is not central. We can choose i € {1,...,n—1}
minimal such that g; depends nontrivially on the variable x;, for some j < 1.

Consider the commutator
9, ] = [gii, 8j)9 1217931 mod (Bigy -+ By)
by minimality of i. Hence, the term [g, A;] lies in B; modulo (Bj;1--- By) and
therefore [g, Aj] ¢ B,,. O
Lemma 3.1.17. Let 0 # ¢ € D be such that cA,_1 € Wy_1. For every ordinal
a < w" L there exists h € W, such that [cAp_1,h] ¢ Ca.
Proof. Write o = w" 2a,_1 + - +was +ay. If A = (a,...,apn—2,an—1 + 2), then
h = zMA,, is the desired element. O

A direct consequence of the previous results is the following.

Corollary 3.1.18. Z n-1,.(Wy) = Z(Wy—1)By, and Z,n-1(W,,) = By,. In particu-

lar o = Zo(W,,) C B, whenever a < w™ 1.

We are now ready to give the claimed proof.

Proof of Theorem 3.1.14. We argue by induction on n, the case n = 1 being trivial.
By Corollary 3.1.18, we know that Z .-1(W,,) = B, and by inductive hypothesis

we may assume that
anf2+...+w+1(Wn—1) =Wp1 = n/Bn = Wn/(Zw"’l (Wn))
Hence W, is transfinite hypercentral and Wy, = Z n-1,... 1, 1(Wn—1). d

Remark 3.1.19. When R; ® F = Fx1,...,z;] we can give an explicit description of
the a-th term of the upper central series of W,, by way of the definition of transfinite

degree, more specifically
Zo(Wp) = {g € W, | tdeg(g) < a} (3.9)

and

Zar1(Wy) = {ca® Ay | ¢ € DY x Z, (3.10)

where tdeg(z*Ay) = o
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3.2 The Lie Algebra associated to W *

As similarly described in Section 2.2, we present the Lie algebra associated with
W2° as an iterated wreath product i £7°, where £3° = D9, is the one-dimensional
Lie algebra over D. This Lie algebra can be identified with the subalgebra of the Witt
algebra whose basis elements are of the form :z?fl e x;\;h with 1 <4 < -+ <ip < n.
We briefly outline its construction, although it is entirely analogous to the one
presented in the previous chapter.

We follow the same construction given as in [3]. Let ) be the derivation given

by the standard partial derivative with respect to zp, where 1 < k < n. We define

£5° to be the free D-module spanned by the basis
B = {20 [1<k<nand A€ P(k—1)}. (3.11)

In the same fashion as Definition 3.0.3, we define the transfinite degree of an element
2y in B as tdeg(z2dy) = X7 w" " + tdeg(z) and tdeg(0) = 0. As with the
group W,,, the function tdeg can be extended to £5°.

The product of the algebra is defined on the basis B via

(220, 290)] == 9;(™)2x® — 210, (2®)0;
0;(x™)z%9,  ifj <k,
= 1 —220,(29)0; if j >k,

0 otherwise.

This operation is then extended by bilinearity on the whole £5°, endowing it with a
D-Lie ring structure.

With the same notation as in Equation (3.11), we may define a map connecting
the structures of W3° and £5°.

Let ¢: BU{1} — B U {0} be defined by setting ¢(z*Ay) = 220, and ¢(1) = 0.
We extend this map to the group W;° as follows. For each element 1 # g € WS°,
there exists a unique ordinal « such that g € Z,41 \ Z,. By way of Equation (3.10),
g = cx™Ay - h for unique cx®Ay, € Zoy1\ Zo and h € Z,. Thus, we set ¢(g) = cz 0.

Observe that the map ¢ is not injective.
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Lemma 3.2.1. For every pair g,h € DB, the following equality holds

©(lg, ) = [¢(9), p(h)].

Proof. Tt suffices to note that if ¢ = cz®A;, and h = dz® A, with k > ¢ and ¢,d € D,

then, by Lemma 3.0.4, we get that

A © 0z o
It([cx™ Ag, dz® Ag]) = cd—x Ay.
oxy
0" o A e :
Therefore, ¢([g, h]) = cd%x Ok = [cx™ 0k, dx® 0| as required. O
14

3.2.1 Saturated Subgroups and Homogeneous Subring

From now on, unless explicitly stated otherwise, we consider R; = D[zy,...,x;],

fori=1,...,n—1.

Definition 3.2.2. Let G < W°. We shall say that G is a D-subgroup of W2° if G

is closed under multiplication by elements of D, i.e.,
G=D-G.

From now on, all the subgroups of W ° will be regarded as D-subgroups, unless

otherwise stated.

Definition 3.2.3. Let H be a D-subgroup of WS°. We shall say that H is a
saturated subgroup of Wy° if whenever f = [], caba belongs to H, with ¢, € D,

then b, € H for all ordinals «a.

Remark 3.2.4. Notice that for H to be saturated, it is sufficient that if f € H and
1t(f) = caba, where ¢, € D and b, € B, then b, € H. An equivalent condition is
that

H = (caby | co € D and b, € HN B) .

An immediate consequence is that
H=(HNB,) x---x(HNBy).

Theorem 3.2.5. The normalizer in W° of a saturated subgroup is also saturated.
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Proof. By the definition of a saturated subgroup, it suffices to show that if f €
Nweo (H) and 1t(f) = cz®Ay, then 297, € Ny (H).

Write f = ca®Ay, [lp<q f5, where tdeg(z®Ay) = a, and let z*A, be a generic
monic monomial in H. By hypothesis, we have

> [f, SCAAU] = [chAk,xAA K [C.T@Ak,l‘ Ay, H fal- H fﬂ, Ay
B<a B<a

Our goal is to show that [2® A, z2A,] € H

We decompose the commutator [fo, acAAu] as a product dj - - - d;, where each d;

is a monomial and dy > --- = d;.

Case 1: k = u. In this case, [mGAk,xAAu] =1 € H, and there’s nothing more to

prove.

Case 2: k < u. Then
O x A( @)
Oz},

[cx® Ay, 2t Z

where )y, is the degree of z, in . Hence, the r-th term is:

arxA (CJC@)T
oxy, r!

u7

dr = A,

It is not difficult to see that d; is the leading term of [f,z*A,] € H. Since H is
saturated, it follows that d; € H. Then, by induction, we argue that (r 4+ 1)d,4+1
is the leading term of [d,, f] € H, so d,+1 € H as well. Therefore, all d, € H, and
thus [cx® Ay, 22A,] € H

Moreover, since each d; = c;b; € H with ¢; € D and b; € B, and H is saturated,

we get b; € H for all j. In particular, [z® Ay, 28A,] € H

Case 3: k > u. In this case, the argument is analogous to Case 2. Each term is of

the form:
9k o @ )

(%v” 7“!

k:7

and again, by induction, we obtain that (r + 1)d,+1 = It([d,, 2 A,]) € H. This
shows that all d, € H, and so [z® A, 2*A,] € H. d

We recall the definition of homogeneous subring of £5° already given in Defini-

tion 2.2.1.
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Definition 3.2.6. A Lie subring ) of £5° is said to be homogeneous if it is the free

D-module spanned by some subset of B.

The following result concerning homogeneous subrings can be established by an

argument entirely analogous to that of Theorem 2.2.4.

Theorem 3.2.7. [3] The idealizer in £5° of a homogeneous subring is also homo-

geneous.

Let H < W2°. We denote by H¥ the D-subring of £7° generated by ¢(H).

Remark 3.2.8. If H < WX is a saturated subgroup, then H¥ is a homogeneous
subring of £5°.
The following statement is a straightforward consequence of Lemma 3.2.1 and

the previous remark.

Lemma 3.2.9. The a-th center 3, of £5°is an homogeneous subring of £5°. More-
over

30 = <ch0k | c e D and tdeg(z"8;) < a> =2Z7.
In particular £5° is a transfinite hypercentral Lie ring over D.

Noting that the map ¢ yields a bijection between the set of saturated normal
subgroups of W;° and the set of homogeneous Lie ideals of £7°, we have the following

completely analogous result to Proposition 3.3.4.

Proposition 3.2.10. Every homogeneous ideal of £3° is a term 3 of the transfinite

upper central series of £5°.

In general the map ¢ transforms normalizers into idealizers when restricted to
saturated subgroups. The proof is a straightforward consequence of Theorem 3.2.5,

Theorem 3.2.7 and Lemma 3.2.1.

Proposition 3.2.11. Let H be a saturated subgroup of WS°. An element g € WS°
belongs to the normalizer Ny (H) of H in WZ° if and only if p(g) lies in the
idealizer Meee (H?) of H? in £7°.

Corollary 3.2.12. The difference |Nyeo (H) N B| — |H N B| is equal to the rank of
Neo (HY)/HY as a free D-module.
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3.3 Normality Conditions in D-subgroups of WS°

Analogously to Section 2.4, we aim to provide normality conditions for the
subgroups of W>°. We show that, under certain conditions, normal subgroups

coincide with the terms of the ascending central series.

Definition 3.3.1. Let G < WS°. We say that G is full if, for every element
g =11, caba € G, with ¢, = dc,, for some d # 0 in D, the element g = [[,, caba also

belongs to G.

Note that if D is a field, every D-subgroup is full.

Remark 3.3.2. A straightforward argument shows that a D-subgroup H < WS° is
saturated if and only if it is D-generated by H N B; that is, the elements of H are
precisely those that can be written (uniquely, in decreasing order) as
H Cq9,
geHNB
where ¢4 # 0 for only finitely many g. In particular, every saturated subgroup is full.
The converse, however, is false: for instance, the D-subgroup H = {d(z1 + x2)A,, | d € D}

is full but not saturated.

From now on, we call the full D-normal closure of a subgroup H < W2° the

minimal full normal D-subgroup of W° containing H.

Lemma 3.3.3. Let g € WS° be an element of transfinite degree . The full D-normal
closure N of the D-subgroup H = D (g) is Zg+1-

Proof. Let cx™A}, be the leading term of g # 1, for some 1 < k < n. If & = 0, then
H = Z; and there is nothing to prove.

We proceed by transfinite induction on a.

First, suppose that A = 0, so that 1t(g) = ¢Ag with £ < n and ¢ € D. Then the

transfinite degree of 1t(g) is @ = w™~! 4 --- + wk. For each s, define
Be = w4 4w s

Observe that sup, Bs = . Consider the commutator ugs = [xZHAkH, g] € N, which

has transfinite degree 5; < «. By the inductive hypothesis, the full D-normal closure
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of D (us) is Zg, 1. It follows that
N>|]JZp,11 = Za.
s
Moreover, since g = ¢A;, mod Z, and N is full, we conclude that A, € N. Thus,
N > D(Ay) % Zo = Zus1 > H,

so N ="Z2441.
Now consider the case A # 0. Let £ be the minimal index such that A\ # 0. Then

A

we can write 2 = 242°, where 0; = \; — 6;. Define 2" = (z,_1)® if £ > 1, and

2l's = 1 otherwise. Consider the commutator
g, :UFSAg] € N,

which has transfinite degree €5, where sup,es = a if £ > 1, and sup,es = a — 1 if

¢ = 1. Reasoning as before, we get Z, < N, and therefore N = Z, 4. O

Proposition 3.3.4. A normal full D-subgroup H of W° is a term Z, of the

transfinite upper central series of WS°. In particular H is saturated.

Proof. Let o = supy,cy(tdeg(h)) + 1. Note that H < Z,. By Lemma 3.3.3, the

subgroup H contains Ug<, 25 = Za- O

3.4 A Sequence of Normalizers

In this section, we define the analogue of the canonical regular elementary abelian
group introduced in Equation (2.3). We also compute the corresponding chain of
normalizers arising from this group, and highlight the connection between the growth
of this sequence and integer partitions.

Let T = (Ay,...,A,) be the abelian regular subgroup of WS:° generated by
the unit constant function elements. We deal with the normalizer chain in W2°

starting from T, that is the sequence {Ngoo)}iz_l defined as follows

T i=-1,
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By means of Proposition 3.2.11 and Corollary 3.2.12, the normalizer chain described
above can be interpreted using results previously obtained by Aragona et al. in [3],
within the algebra £5° for the following idealizer chain
T ifi=—1
Mm, = (3.12)
Neee (M) i >0
where ° = (01, ...,0,). Notice that this idealizer chain is the image under ¢ of
the normalizer chain in the group, since ¢ is a bijection when restricted to saturated

subgroups.

Definition 3.4.1. Let ¢ > 1 be an integer, and let 1 < r; < n — 1 be such that

1 —1
h; = 1.
L%—lJ+

i =r; mod (n —1). We set

The functions weight-degree and i-th level-function on power monomials elements
are defined as

wd(cz*Ay) = wt(A) — deg(z™) +n — k,
and

levi(cazAy) = hy wd(z*Ay) + deg(a?) — 1.
Let i > —1. We define the set
/\/’l.(oo) = {xAAk | lev;(z*Ay) = j for some j < z}

and we call £; = J\/i(oo) \j\/;-(f?).
The following results are the analogues of those found by Aragona et al. in [3]

for the idealizer chain (3.12), interpreted via the inverse map ¢!

Theorem 3.4.2. The first normalizer Ny (T>) of T* coincides with <N0(°O)>,
and in general,

N = Nyyeo (VD)) = (V).

i

Let {a;}$2, denote the sequence of the number of partitions of i. Let b; = Z;:O a;
be i-th partial sum of {a;} and ¢; = 2:0 b; be the i-th partial sum of {b;}. The
initial terms of these sequences can be found in [1] at A085360 . Beyond a threshold
value that depends quadratically on n, the sequence {|£;|} exhibits periodic behavior

and it is related to the sequence {c¢;}.
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Proposition 3.4.3. Ifi > (n—4)(n—1) and 1 < k <n, then
|Li N Bi| = brysk—n—1
and
|Li] = cri-1,
where B = BN By and the value r; is as in Definition 5./.1.

As a consequence, it follows that the sequence {|£;|} is ultimately periodic,

meaning there exist integers k and j such that |£;| = |£;1x| for all i > j.

Although Proposition 3.4.3 is stated under the assumption R; = Dlzq,...,z;],
we prove that its validity extends to a more general framework.
Define

W%O — Dan71 Dan72 2R D’

1
where each R; is a subring of the ring of numerical polynomials P;, satisfying
R;®p F = Flr1,...,x;]. Also define

Wi = Flg,_, Fla, -, F

where R; = Flz1,...,x;]. Clearly, W2° < W < W. We denote by B;, B;, and
B; the ith base subgroup of W, W, and Wﬁo, respectively.
We now consider the normalizer chain {Nl(-oo)}iz,l in W2 arising from the

subgroup T°°, defined recursively by N(ff) =T and
N = N (N1,

)

Analogously, we define the normalizer chain {Ngm)}iz_l in W,fo Observe that for

alli > —1 and 1 < k < n, the following identity holds:
N By ep FE N nB, = (N nB)ep F. (3.13)

Define the free rank frk(M) of a D-module M as dimp(M ®p F). Then, from

Equation 3.13, we conclude that
frk(N 0 By) = frk(NI°) 1 By,).

From Equation 3.13, the following generalization of Proposition 3.4.3 follows.
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Theorem 3.4.4. The free rank of the quotient

(N 0 By) /(N N By)
is equal to the free rank by i j_n—1 of
(NI 0 B /(N 11 By)
foralli> (n—4)(n—1). In particular, it is independent of the choice of the rings
R;.

3.5 Abelian Regular Normal Subgroups of N(()OO)

In this section we find an analog of Theorem 1.1.5 and Proposition 1.1.4 stated
in Section 1.1 in the case of characteristic 2.
We begin by proving that any abelian regular subgroup must intersect the center

of W non-trivially, which will play a key role in the rest of the section.

Lemma 3.5.1. If T' < WS° is an abelian regular subgroup, then T intersects the

center Z of W>° non-trivially.

Proof. 1t is enough to notice that T'Z is abelian and transitive, so it is regular (and

contains 7T'). This means that T'=T2Z. O

Let T = (Ay,...,A,) be the canonical regular subgroup considered in the

previous section.

Remark 3.5.2. Notice that N(()oo) = 5 x T°, where S is the group generated by
{z;Ar |1 < j <k <n} acting on T* as the group of upper unitriangular matrices.
Indeed, if k& > 4, then

Ay iti=y

1 otherwise

(00)

Moreover, N~ acts on T° by conjugation, i.e.

A, ifi=
(80)55%F = A [Ag,z5A] =
A; otherwise
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and (A;)?* = A;. We denote by E;; the elementary matrix with 1 in the position
(i,7) and 0 elsewhere, by e; the i-th vector a fixed basis of D", and by 1,, the n x n
identity matrix. The vector e; represents the element A; of T, while the matrix

1, + 6;;Eji, represents the action of x;A; on A;. In other words
(Az)xlAk =e€;- (ﬂn + Ezk) =e; +ep = N AL

By varying 1 < ¢ < k < n, these matrices generate the upper unitriangular group U.

Thus, we establish a surjective homomorphism 7: N(()OO) — U such that ker(w) =

T°°. Moreover the map 7: U — N(()OO), defined by sending Ej;, — x;A, is a

homomorphism such that 77 is the identity. It follows that N(()OO) 2 UXT® =2 ST,
(o0)

Let T be another abelian regular subgroup normal in Ny’ and isomorphic to

D". Weset T = (z1,...,2,) with z; = t;u; where t; € T and v; € S.

Lemma 3.5.3. Let t; = 377 a;;A;, where a;; € D. The matriz (@ij)ij=1,..n 18

unimodular.

Proof. The group T is regular, in particular, for each j = 1,...,n, there exists a
unique permutation o; € T such that 0;(0) = e;. Since Z;’s generate T, there are

coefficients h;; € D such that o; = Yi"; hj;Z; and as a consequence
n n
€; =0j (0) = Z hjifi(()) = Z hjiti’l)z' (0) .
i=1 i=1

Notice that v;(0) = 0 since v; € S and A4(0) = e, thus

n

€j = Z hjitivi (0) = Z hjitz' (O)
i=1 =1

n n n n
= Z hji Z a;sAs (0) = Z hji Z QAisCs
i=1 s=1 i=1 s=1
Hence > ;' hj;a;s = ;s for each j =1,...,n. O

Let us consider the inverse matrix (b;;) of (a;;) and let us define #; = >°7_; b;jZ;.

Notice that
£ (0) = bijZ; (0) = Y bijt; (0) = A; (0) = e;.
j=1 j=1

Since T is regular, the only element of T' sending 0 to e; is Aj; so, we can write
T = (t1,...,t,) where

Ei = A;u; with u; € S.



3.5 Abelian Regular Normal Subgroups of Néoo) 69

Lemma 3.5.4. If A; €T, then Ajiq,..., A, €T.
Proof. 1t is enough to notice that A; = [z;A;,A;] €T fori=j+1,...,n. O

We are now ready to describe the groupT' = (t1,...,t,) as did in Proposition 1.1.4

in the case of characteristic 2.

(o0)

Proposition 3.5.5. If T' is an abelian regular normal subgroup of Ny’ isomorphic

to D™, then there exists c € D such that
T == <A1(C$1An), AQ, ey An>

Proof. By Lemma 3.5.1, A, € T and so u, is the identity 1 of T. Analogously
A; €T mod (By, -+ B;iy1) and so u; € By, -+ Biy1. Hence

=0 [ (zAp)i*. (3.14)

i+1<k<n
i<k

. _1 p—
In particular, [t;, z1As] = [As, 21 A% [us, 11A4] = Aﬁ““i [uj, x1Agl €T. If i # 1,
we have [u;, 21As] € TNS, and so [u;, z1As] = 1. This implies that u; = [J(z1Ag)cit*
for ¢ > 1 and

ti = A H (x1Ag)“* for 1 < i < n.
i+1<k<n

Leti > 2andi+1 < k < n, then the commutator [t;, xxAn] = [As, 28 AR] Y [ug, 11 A] =

(1A,) "% € TNS. Thus, (z14,)%* =1 and so ¢;1; = 0. This means that
u; = (x1Ay)" for 1 <i<n—1.
For 1 <i <n — 2 we get that
[tis wiAir1] = [A, i1 ] [ui, 2,8 41]) = Ai_+11 [wi, i Aj11] = A;Lll eT.

In particular A3 € T and, by Lemma 3.5.4, we have Ay, ..., A, € T. Hence, we

obtain

t; = A, for 3 <i<n,

t_g = Az(xlAn)cm" (315)

and ¢; as in Equation (3.14).
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When 1 < k < n, we get

[t_l,.IkAn] - [AbxkAn]lu [Ul,xkAn] = Z (xjAn)61jk € T N Sa
j<k<n—1

hence, by regularity, c1;, = 0 and
7?1 = Al(ZL'lAn)CH" ... (xnflAn)cl’nfl’".

If 3 < s < n, then the commutator [t;, xoAg] = 2o ASs» € T N S. Thus, it has to

be the identity and so c14, = 0 for 3 < s < n, i.e.

up = H (7;8,)™ = (11071 + C12072) Ay
j=1,2

Since T is abelian, on the one hand we have
1 = [t1,t2] = [Arur, Agus)]
= [Ar, ua] " [Ar, Ag]™ 2 uy, ug)[ur, Ag]™?
— (An)012n_021n [u17 UQ]

and so [u,us] =1 and Aé2n=%in = 1. In particular

C12n = C21n. (3.16)
On the other hand, the commutator
[t1, 2100] = [Ar, 21 80]" [ug, 21 As)]
= A" (214,12
= A IAG2 (2 A) 2 €T

Since A, € T, we get that Ag(z1A,)7 2" € T and by Equation (3.15) c21n, = —C12.
By (3.16) it follows that Co21p = C12np, = O, ie. t_Q = AQ and L?l = Al(xlAn)Cnn' O

Let T, = (A1(cz1A,), Ag, ..., Ay) be as in the previous proposition. We have

the following characteristic zero counterpart of Theorem 1.1.5.

Corollary 3.5.6. If 2 is an invertible element of D, then for every g € Ngoo) there
exists cg € D such that (T*)9 = Tcg. Otherwise in Ngoo) there are two distinct

conjugacy classes of abelian regular normal subgroups of N(()OO) isomorphic to D™.
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Proof. Tt is enough to notice that Nl(oo) \Néoo) = {2?A,}, and Af%A" = A, for

i=2,...,n. Moreover, for d € D

dx%An
1

A = Al[Al, d:U%An] = A1(2dl‘1An)

and

(A1 (21A0)218% = Ay (21A0)[A1(21A,), d22A,]

= Al(xlAn)[Al, d:c%An} = Al((2d + 1)$1An)

The element Aq appears as a member of the second family if and only if 2 is invertible

in D, concluding the proof. ]
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CHAPTER 4

BI-BRACES OVER FINITE FIELDS AND p-ADIC
INTEGERS

This chapter is primarily based on the results presented in [8,11].

In this chapter, we consider M to be a free module of rank n over a principal ideal
domain R. We equip M with a bi-brace structure arising from a regular subgroup of
the holomorph, normalized by the right regular representation (see Theorem 1.6.4).
Under suitable assumptions, we associate to each such structure a bilinear form,
which allows us to reduce the classification problem to that of symmetric bilinear
forms over specific rings.

We first deal with the case where R is the finite field [ ., with p an odd prime;
then we turn to the case where R is the ring of p-adic integers Z,,.

We emphasize that the techniques employed in this part of the work closely
parallel those developed in [23] in characteristic 2. In particular, we make use of what
they (as well as we) refer to as the defining matriz of a brace (see Definition 4.2.5);
this construction allows us to associate a bilinear form to the brace and subsequently

derive a classification up to isomorphism or isoclinism.
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4.1 Free Module Braces over a Commutative Ring

Let n be a positive integer and R a principal ideal domain. Consider
M =R, (4.1)

the free module of rank n over R, and let {e,...,e,} be a fixed basis for M. Denote

by Autg(M) the automorphism group of the R-module M, and by
Aff(M) = Autg(M) x M (4.2)
the affine group of M. The automorphism group of M is given by
Autr(M) = GLr(M),

which corresponds to the group of unimodular n x n matrices over R.

Let T’y be the translation group of the additive group (M, +). For a € M, denote
by o, the translation that sends 0 to a. Note that the addition on M can be defined
via

a+b:=ao0, fora,be M,

so that (M,+) =T, and
Aff(M,+) = Hol(T%) = Nsym(ar)(T).

If T, is a regular, abelian subgroup of Aff(M), we can index its elements by the
elements of M as

T, ={1q | a € M},

where 7, is the unique permutation in T, sending 0 to a. By Equation (4.2), each

Ta € Ts can be uniquely expressed as
Ta = YaOa, With 74 € GLr(M). (4.3)
We define a binary operation o on M by
aob:=am, (4.4)

which endows M with the structure of an abelian regular group (M, o) isomorphic

to Ts.
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Moreover, for each a € M, define the endomorphism 6, = v, — 157 of (M, +).

Using d,, we define a multiplication on M by
a-b:=ad, foralla,be M. (4.5)

In the rest of this chapter, by an algebra over a ring R we mean a commutative

R-algebra of finite rank as an R-module.

Theorem 4.1.1. The triple (M, +,-) is a commutative, associative R-algebra such

that the resulting ring is radical.

Proof. The result follows immediately from Corollary 1.3.11, since (M, o) is a group.

O]

In order to endow (M, +, o) with a bi-brace structure, we will assume the following

condition for the rest of the chapter.
Assumption 4.1.2. Ty < Aff(M,0) = Ngymar) (7o)

In [18], the authors prove that for every a,b € M, the commutator [o,, 7] equals

0ap- 1t follows that
T, < AGL(M,0) <= 04 € To.

Therefore,

Oab €EToNTy = {0, | x € Ann(M)},

where Ann(M) = {a € M | a- M = 0} denotes the annihilator of the algebra
(M, +,-). Hence,
Ty < AGL(M,o) <+ M?>=/{0}.

As a consequence, we obtain
Yab = Lpr  for all a,b € M,

and thus,

Ya+b = Yaob = YaVb-
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Indeed, for all a,b,c € M, on the one hand we have:

Yat+b(€) =—a—b+ (a+b)oc

=c+a-c+b-c
and on the other hand:

'Yaob(c) = —(aOb)+co(aob)
=—(a+b+a-b)+co(a+b+a-b)

=c+c-a+c-b.

Thus, T+ < AGL(M, o) if and only if (M,+,0) is a bi-brace. In other words,
we recover the following well-known result (see also [21, Proposition 4.1] for an

alternative proof).

Proposition 4.1.3. Let (M, +,-) be a nilpotent R-algebra. The triple (M, +,0) is
a bi-brace if and only if M3 = 0.

Let Ann(M) denote the annihilator of the bi-brace (M, +, o) (which coincides
with the annihilator of the algebra (M, +,)). Since M is 3-nilpotent, we have:

M -M C Ann(M). (4.6)

4.2 The Bilinear Form associated to (M, +,0)

In this section, we introduce a bilinear form associated with the bi-brace (M, +, o),
with the aim of classifying such structures using the known classification of bilinear
forms up to equivalence (initially over fields of odd characteristic, and later, as we
will see, over the ring of p-adic integers). From this point on, we will restrict our

attention to those structures that satisfy the following assumption.
Assumption 4.2.1. M - M is a cyclic R-submodule of M.

Since R is a principal ideal domain, if M - M is a cyclic submodule of the free
R-module M, then M - M = R as a R-module.
Let (M, +,-) be a torsion-free, commutative, 3-nilpotent R-algebra such that

M - M is a cyclic R-submodule of M. As shown in the previous section, M inherits
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a bi-brace structure from the algebra (M, +,-). We will refer to this structure as a
torsion-free cyclic-square R-bi-brace.

Let us define the symmetric bilinear form
b: M x M+ Ann(M), (a,b) — a-b. (4.7)

Notice that the radical Rada(b) = {a € M | b(a, M) = 0} of the bilinear form b
coincides with Ann(M). Moreover, Rad(M) is a submodule of the free module M,
so it is also free, say of rank d. As shown in Chapter 8 of [39], we can find a basis
for M such that Rad(M) is spanned by the last d vectors of that basis. Without

loss of generality, we may assume
Ann(M) = spang{em+1,...,en}, m:=n—d. (4.8)

The next result relates the matrix associated to the bilinear form b with the

linear maps described in (4.3).

Lemma 4.2.2. There exists a m x d matriz ©; with entries in R such that ., has

the form
1 O,
Ye; = " ‘ fori=1,...,m.
Odxm 1qg
Moreover ©; = 0p5q fori=m+1,...,n.

Proof. Notice that a € Ann(M) if and only if aob=a+b for all b € M. It follows

that ejoe; =ej+e;for j=m+1,...,nand i =1,...,n. In other words
ejoe; =ejv, + e =ej+e;. (4.9)
On the other hand for j=1,...,mandi=1,...,m
ejoe; =€V, tei=¢€+e+e-e (4.10)

where e; - e; € Ann(M) = span{em1,...,e,}. Thus, by Equation (4.9) and (4.10)

we obtain

and ve, = 1, fori=m+1,...,n. O
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Remark 4.2.3. Denoting by ©; ; the j-th row of the matrix ©;, we get that

€7j'€j:(07"'707@i’j)
m

and so
Iyn a10¢ + -+ + amOe,,

0 1y

Ya =

for each a = a1e1 + -+ + ane, € M.

Remark 4.2.4. By Equation (4.6), Ann(M) = H & K, where K is a cyclic R-module
containing M - M. Up to considering the quotient (M/H,+,-), we can assume
M- M =c-Ann(M), with ¢ € R and Ann(M) = span{e, } the sub-brace spanned
over R by the last vector of the basis. Therefore, we will consider m = n — 1,

M -M = c-span{e,} and M = N @ Ann(M) where N = span{ej,...,e,_1}.

Definition 4.2.5. We shall say that the matrix © := [0 ...0,,_1] is the defining

matriz in the given basis of the bi-brace (M, +, o).

We notice that the matrix © = [©;...0,_1] is the matrix associated to the

symmetric bilinear form b restricted to the submodule N defined in Remark 4.2.4.
Lemma 4.2.6. The matriz © is symmetric of maximal rank.

Proof. By construction we have that e; - e; = e; - ¢; for every i,j € {1,...,n} and
applying Remark 4.2.3 we get that the matrix © is symmetric.
Let us suppose that a non-trivial linear combination of the column vectors

©1,...,0,_1 is the null vector, i.e.

n—1
Za@-@i:() a; € R and as # 0 for some s € {1,...,n —1}.
i=1

Then
Ip—1 a1©1+ -+ ap—10,-1
Yarer++an—1en—1 = =1,
0 1
This means that aje; + -+ + ap—1€,—1 € Ann(M) N N = {0}. O

Conversely we have the following result.
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Theorem 4.2.7. Any (n — 1) x (n — 1) symmetric matriz with coefficients in R of
maximal rank is the defining matriz (with respect to a suitable basis) of torsion-free

cyclic-square R-bi-brace.

Proof. Let ® = [O1,...,0,_1] be a (n — 1) x (n — 1) symmetric matrix with
coefficients in R of maximal rank and let (M, +) be a free R-module of rank n. For

a=aie;+ -+ ane, € M, let us define the map 7, = y,0, where

Ip—1 @101+ 4+ ap—10,-1
Ya = ;
0 1

and o, is a translation of (M,+). Set To = {7, : a € M} < Aff(M), where o is the
operation induced by T, on M as in Equation (4.4).

By Theorem 1.6.4, in order to prove that (M, +,0) is a bi-brace, it is enough to
prove that T, is an abelian regular subgroup of Aff(M) normalized by T';. Let - be

as in (4.5), the algebra (M, +,) is torsion-free and cyclic square by construction.

o T, is a group, indeed 19 = 1) is the neutral element and o is associative by

definition. Notice that 7,7, = T40p, indeed
TTaTy = TYaVo +avp +b=avam +aob
and since aob=a+b+a-band v, = 1,
TTaob = TVaoh + A 0D = TYa4p+a0b =2y, +aob.

Thus, to prove that every element of T, admits an inverse, we just have to
prove that each a € M admits an inverse with respect to the o operation. In
other words, if a = (aj,...,a,) € M, then we have to find b € M such that
aob=0,iea+b+a-b=aob=0. By Remark 4.2.4, M - M has rank 1
and is spanned by e, so b = (—a1,...,—an—1,b,). It remains to find the last

component b, that is

bpen = —(a1,...,an) - (—ai,...,—ap_1,bp) — apey

= ((a1y...,an-1)0(ay,..., an,l)tr —ap)en.

e T, is abelian, indeed by definition a o b = b o a and we have just seen that

TaTv = Taob-
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o T, is regular, i.e. for all a,b € M there exists a unique ¢ € M such that ar, = b.
For proving this, it is enough to observe that ¢ = br; !, where the uniqueness

of ¢ follows from the uniqueness of the inverse in T5.

e T, normalises Ty, i.e., for all a,b € M, o,m0,! € T,. Indeed, using the

equality v4Vs = Yavy,+b, it follows that

LOGTHO —q = (37 + a)’YbUbU—a
=zp+ap+b—a
= TV WY-a +aWw +b—a

= TTayy+b—a- [

4.3 The Case R = [Fpk

In this section, we aim to study the case where M = V is a vector space of
dimension n > 2 over the field F . with p* elements and p an odd prime.

Let V' be an n-dimensional vector space over [, with basis {e1,...,en}. Let oand
- be as defined in Equations (4.4) and (4.5). Note that, in this case, Assumption 4.2.1
translates into requiring that V' - V be a one-dimensional subspace of V. We will
refer to the bi-brace (V,+,0) as a [ x-bi-brace with one-dimensional product space.

Let us consider b the symmetric bilinear form associated to the bi-brace (V,+,0).

Remark 4.3.1. Let the annihilator Ann(V) of V' be a d-dimensional subspace of V.
Since V' -V is contained in Ann(V'), we get that

Am(V)=(V- V)& H

for a suitable (d — 1)-dimensional subspace H of V. Thus, up to considering the
quotient algebra (V/H,+,-), we may assume that the subspace V -V coincides
with Ann(V') and that it is spanned by the vector e,. We obtain the following
decomposition of V'

V=Wea({V-V)

where V' - V' = span{e,, }.
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The defining matrix © = [01,...,0,_1] is the matrix associated with the bilinear

form b restricted to the subspace W of V', as defined in Remark 4.3.1.

Remark 4.3.2. The defining matrix © of (V,+,0) is an (n — 1) x (n — 1) invertible

matrix with coefficients in [Fpk.

We denote by [F;,C the set of invertible elements of [ x. We need to recall a couple
of well-known results concerning the classification of symmetric bilinear forms over

a field of odd characteristic.

Definition 4.3.3. Let b be a nondegenerate symmetric bilinear form on a F x-vector
space with associated matrix B. The discriminant of b, denoted by d(B), is defined
to be the coset det(B)([F;k)2 in [F;k/([F;k)Q.

Theorem 4.3.4. [/3, Proposition 5, pg. 34] Let b be a nondegenerate symmetric
bilinear form on a Fx-vector space V' of dimension strictly bigger than 1, then there
exists a basis for V such that the matriz B associated to b has one of the following

non-equivalent diagonal forms

1 0 0 0 1 0 00

0 1 0 0o .. 0 °
or s

0 0 0 10

o --- 0 1 0 --- 0 ¢

where q is a non-square element of .

Corollary 4.3.5. [/3, Corollary of Proposition 5, pg. 35] For two nondegenerate
symmetric bilinear forms over | to be equivalent it is necessary and sufficient that

they have the same rank and same discriminant.

A straight consequence of the previous corollary is the following result which
gives a relationship between isomorphism classes [ .-bi-braces with one-dimensional
product space and equivalence classes of the associated bilinear forms.

Let A be any matrix. We shall denote by A" the transpose of the matrix A.

Theorem 4.3.6. Let V; = (V,+,01) and Va = (V,+,02) be two [ -bi-braces with

one-dimensional product space. Suppose that V-1V =V oV = span{e, }. A matriz
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of the form
A

0 1

, AeGL(n—-1,p", le{1,¢}
is an isomorphism between (V,+,01) and (V,+,03) if and only if
ABy, AT = 1Oy, (4.11)

where Oy, and Oy, are the defining matrices of (V,+,01) and (V,+, 03), respectively,

and q is a non-square element of [F;k.

We are now ready to give a complete classification of the isomorphism classes of

[ k-bi-braces with one-dimensional product space.

Theorem 4.3.7. Let (V,+,0) be a [ -bi-brace with one-dimensional product space.
There are two isomorphism classes of (V,+,0) if n — 1 is even and there is one class

isn—1 s odd.

Proof. By Theorem 4.3.4, it suffices to consider the matrices

1 0 0 0 1 0 00
ol 0 1 0 o 0 0
0 . 0 0 10
o --- 0 1 0 --- 0 ¢

where ¢ is a non-square element of F*,. By Proposition 4.3.6, we left to check
p

whether ©! and ¢©? represent equivalent bilinear forms.

o If n — 1 is even, then det(©') = 1 is a square, while det(¢®?) = ¢" is not a

square. Then ©! and ¢©? are not congruent.

e If n—1is odd, then det(©!) = 1 is a square and det(¢O?) = ¢" is a square.
Then ©! and ¢O? are congruent. O

We notice that the isomorphism classes of (V| +,-) are in one to one correspon-
dence to the isomorphism classes of V/H as defined in Remark 4.2.4. In other words,
the results obtained so far also hold in the case of an algebra (V,+,-), where V- V

is one-dimensional and Ann(V') has arbitrary dimension.
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4.4 The Case R =7, (Torsion Free)

We now consider the case where R = Z,,, the ring of p-adic integers. We begin by

recalling an important decomposition of a bilinear form defined over a Z,-module.

Definition 4.4.1. Let (B, +,0) be a brace with associated gamma function v: B —
Aut(B). Assume that (B, +) has a structure of left (right) module over some ring
R. We say that (B,+,0) is a left (right) module brace over R, or simply R-brace, if
v(B) C Autg(B).

It is worth highlighting that if (B, +,0) is a two-sided brace, the notion of
R-brace coincides with the classical notion of R-module (see Example 2 in [26]).
We will see that the classification of torsion-free cyclic square Z,-bi-braces closely

resembles the one obtained for vector spaces over fields of odd characteristic.

Definition 4.4.2. Let b: M x M — Z, be a symmetric bilinear form on a free
Zp,-module. We say that b is a p-adic unit form if its determinant is a unit in Z,.

Otherwise, we say that b is a p-adic degenerate form.

For a proof of the following result see Chapter 15, Theorem 2 of [24] or Chapter 9
of [39]

Theorem 4.4.3. For p # 2, any p-adically integral form can be diagonalized by
a p-adically integral transformation. In particular, a p-adic unit form is uniquely

determined up to equivalence by its discriminant and its rank.

As a consequence of that we get the so called Jordan decomposition. Let
b: M x M — Z, be any symmetric bilinear form on a free Z,-module. We can

decompose b as a direct sum
by @ pb, B pbye B ... (4.12)

where each b, is a p-adic unit form. We refer to each summand pibpi as the i-th

Jordan constituent of b and to the scalar p* as the scale of that Jordan constituent.

Definition 4.4.4. The scale of (M,b), denoted by s((M,b)) (or simply s(M)), is
the principal ideal in Z, generated by the subset b(M, M).
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Remark 4.4.5. The collection of the powers p’ appearing in the decomposition (4.12),
together with the ranks and discriminants of the corresponding p-adic unit forms

byi, form a complete set of invariants for the bilinear form b.

We obtain the following as an immediate consequence.

Corollary 4.4.6. Let © be the defining matriz of a torsion-free cyclic square Z,-bi-

brace. Then, there exists a p-adically integral transformation which diagonalizes ©

mnto
Ji1 (61) 0 0 0
0 JiQ (62) 0
0 0
0 e 0 Ji(er)
(1
where J;; () = p* and the scalars €; take values in {1,q} where q is a
0 Ej

non-square element of Z,,.

The following two results are the analogous of Theorem 4.3.6 and Theorem 4.3.7

of the previous section.

Proposition 4.4.7. Two torsion-free cyclic square Z,-bi-braces My = (M, +,01) and
My = (M, +, 09) with defining matrices ©yr, and Oy, respectively, are isomorphic

if and only if there exists a p-adic unimodular (n — 1) x (n — 1) matriz A such that
A@MlAtr = 6@M2
where € € {1,q} and q is a non-square element of Z,,.

Theorem 4.4.8. Let (M,+,0) be a torsion-free cyclic-square Z,-bi-brace with
Ann(M) of rank d. If the defining matriz © of M is unimodular, then there are
two isomorphism classes of M when n — d is even, and one isomorphism class when
n —d is odd. Moreover, if n — d is even the isomorphism classes are determined by

the discriminant d(©) of ©.

Remark 4.4.9. In general, the defining matrix of a torsion-free cyclic-square Z,-bi-

brace is not unimodular and there are infinitely many isomorphism classes. Indeed,
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counting the isomorphism classes of such bi-brace is equivalent to count all the
possible Jordan decompositions of a n X n symmetric matrix over Z,. There are
infinitely many such decompositions, as the set of possible scales for the Jordan
blocks is infinite.

Moreover, let I be an isomorphism class of a torsion-free cyclic-square Z,-bi-brace
and let © be the defining matrix (represented in its Jordan form) of a bi-brace in
that class. We note that if © has at least one Jordan constituent of odd rank, then

|I| = 2, otherwise |I| = 1.

4.5 The Case R = Z, (Torsion Case)

In this section, we study the case in which the module M has torsion. We obtain
a classification of cyclic-square Z,-bi-braces up to isoclinism.

We begin by introducing the definition of isoclinism between bi-braces. Note
that, in our case, the additive part of the bi-brace is commutative, and the definition

coincides with that of isoclinism between R-algebras.

Definition 4.5.1. [36] We shall say that two R-bi-braces M and N are isoclinic if

there exist two isomorphisms
: M/ Ann(M) - N/ Ann(N) and ¢: M-M — N-N
such that the following diagram commutes

M/ Ann(M) x M/ Ann(M) 2% N/ Ann(N) x N/ Ann(N)

[ [

M- M L N.-N

Isoclinism is an equivalence relation among R-bi-braces. We shall say that a bi-brace
M is stem if Ann(M) C M - M. For two isoclinic algebras M and N, we shall write
M ~ N.

According to P.Hall [32], we provide the following characterization.

Lemma 4.5.2. Let M be an R-bi-brace, N C M a subalgebra and I C Ann(M) an
ideal of M such that I N (M - M) = {0}. Then
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e M ~M®&T, where T is any algebra such that T -T = 0;
o M ~M/I;

o M ~ N if and only if M = N + Ann(M).

For a proof of the following result see [36, Theorem 2.18].

Theorem 4.5.3. Fvery R-bi-brace is isoclinic to a stem brace.

Definition 4.5.4. Let M and N be two R-bi-braces and let b: M x M — N be a
R-bilinear form such that N = (b(M, M)). We define the R-bi-brace

(Stem(b), +,0) = (M/ Ann(M)) @ N, +,)
where o is defined as in Equation (1.15) and - is defined as follows
(my,m1) - (ma,n2) = (0,b(my,msa)) for all my,my € M and ni,ne € N.

We now come back to the case R = Z,, and M a Z,-module with torsion.

Due to the torsion assumption, the module M - M is a finite cyclic Z,-submodule
of M and M/ Ann(M) is a finite Z)-module. In particular M - M = Z,/p'Z,, for
some t > 0.

For any finitely-generated free Z,-module M having M/ Ann(M) as a quotient
and projection 7: M — M/ Ann(M), there exists a bilinear form b such that the

following diagram
M? —"— (M/Ann(M))?

L ¢

z, — " My
commutes. The couple (M, b) is said to be a covering of (M,b), and b is said to be
a lifting of b. We point out that there are actually infinitely many coverings of M.
Observe that by and by are two symmetric bilinear forms on M turning the previous
diagram into a commutative diagram if and only if there exists another bilinear form
bs over M such that

by — aby = pt53a

where « is an invertible element of Z,. We denote by [b] the equivalence class of

lattices that are covering of M.
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Remark 4.5.5. There exist infinitely many non-degenerate liftings of b. Indeed, let
b: M x M — Z, be a symmetric lifting of b with associated matrix B, then the
symmetric lifting with associated matrix B — p™1,,, for p" not an eigenvalue of B,

and h > t, provides a non-degenerate covering in the same class.

We now introduce an equivalence relation between lattices.

Definition 4.5.6. Two lattices (M, bys) and (N, by) are said to be p'-equivalent,
denoted by
(M, bar) ~pt (N, by),
, if there exists a € Z;; and two lattices (P1,91) and (P, g2) with s(Py) = s(P%2) =
(pt), such that
(M, bar) L (Pr,g1) = (N, aby) L (P2, g2)-

Remark 4.5.7. We observe that M ~, M" if and only if the bilinear forms b and ¥/,
respectively of M and M’, have proportional Jordan decomposition modulo p?, in

other words, if there exists a € Z,; such that

(b1, be1) Z a(by, ... b y).

With an abuse of language we write rk(b;) to denote the rank n; of the lattice
(M, by).
By the previous remark, using the same notation, the next result follows imme-

diately.

Proposition 4.5.8. If two coverings (M,b) and (N,g) with Jordan decompositions

modulo pt respectively (by,...,bi_1) and (g1,...,Gi—1) are in [b] for some b, then

1. 1k(b;) = 1k(g;) for eachi=1,...,t —1, and

2. b; = gi if vk(b;) = 1k(g;) is even.

Proof. We have already observed that two coverings of M are p-equivalent. It
follows that (by,...,b_1) = a(gi,...,g¢—1) for some o € 2. Therefore, the ranks
must satisfy rk(b;) = rk(g;) for each i =1,... ¢t — 1.

Moreover, since multiplication by a unit « does not affect the discriminant of

Jordan blocks of even rank, it follows that b; = g; whenever rk(b;) = rk(g;) is

even. OJ



4.5 The Case R = Z, (Torsion Case) 87

We consider now a symmetric bilinear form b: M x M — Z, with p'-radical
K ={x € M: b(z,y) € p'Z,, for all y € M}, and t > 0 and we construct an algebra
M whose product form b is such that b € [b]. Clearly K is determined by the Jordan
splitting of b, and it is equal to the orthogonal sum of the h-Jordan components
with h > ¢. Let b: M x M — Z,/p'Z, be the reduction of b modulo p* and let
M = Stem(b) be as in Definition 4.5.4. We have M/K = M/Ann(M) and the

following commutative diagram

(M —— (M/ Ann(M))?
\ J
Z —° 7,7,

where b is the symmetric bilinear form induced by the product in the algebra M.

Proposition 4.5.9. The non-degenerate lattice (M, b) is the covering of any algebra

in the isoclinism class of M = Stem(b mod pt).

Proof. We define K = {x € M: b(z,y) € p'Z,, for all y € M} and we note that
M/K = M/Ann(M). Let N be an algebra in the isoclinism class of M with
and ¢ isomorphisms as in Definition 4.5.1. It is possible to construct the following

diagram

(M) —"— (M/K)2 = (M/ Ann(M))? 2% (N/ Ann(N))?

lb le le (4.13)

7z, —° 7,/p2,*M - M —* — N.N

where by; and by are the bilinear maps associated to the products of M and N

respectively. The statement follows since the previous diagram is commutative. [

Let (M,+,-) be a 3-nilpotent torsion Z,-algebra such that M - M = 7, /p'Z,,,
and let (M, +,0) be the associated cyclic-square Z,-bi-brace. We prove that there
are finitely many isoclinism classes of such bi-braces.

In the following statement, we set (}) = 0 whenever a is not a non-negative

integer.

Theorem 4.5.10. There are

2 () ()
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isoclinism classes of cyclic-square Z,-bi-braces of rank n.

Proof. We start by counting all possible Jordan splittings modulo p' of a Z,-lattice.

All possible splittings of (M, b) into s components can be obtained by choosing s
scales in (z) ways. Multiplication by a non-square invertible element o € Z,, changes
the discriminant of Jordan blocks of odd rank while leaving those of even rank
unchanged.

Supposing that at least one of the involved ranks is odd, since the discriminant
of each block can be chosen in two ways, we obtain

L[t
Z ( )28_1H(n, s)
s=1 \°
possible non-equivalent Jordan splittings, where H(n, s) is the number of decompo-
sitions n = ny +ng + - - - + ng with each n; > 1 and at least one n; odd.

We also define K(n, s) as the number of decompositions n = nj + ng + - -+ + ng
with each n; > 1. Finally, we consider the case when all ranks n;, and in particular n,
are even. Such a decomposition corresponds to doubling a decomposition of n/2 into
s parts. There are K(n/2,s) such decompositions, each carrying 2° non-equivalent

splittings. Hence, the total number of such splittings is

zt: (i) 251 H(n,s) + Et: (i) 2°K(n/2,s) =
s=1

s=1
t L[t
s—1 s—1
3 <8>2 K(n,s)+ > <8)2 K(n/2,s).
s=1 s=1
It is well known that K(n,s) = (Z:ll), concluding the proof. O



Appendices

89



90

APPENDIX A

APPENDIX

A.1 Imprimitivity Chain

We refer the reader to [47] for the following definitions and results. A permutation
group G on (2 is called semiregular if for each o € 2 the only permutation of G
that fixes « is the identity permutation 1. The group G is said to be regular if it is

semiregular and transitive (i.e., if it has only one orbit on ).

Lemma A.1.1. All orbits of a semireqular group G have the same length, namely,

the cardinality of G.
As a consequence a group G that acts regularly on € is such that |G| = |Q].

Definition A.1.2. Let G be a permutation group on non-empty set 2. We call a
subset I' of Q a block of G if for each g € G the image set ['9 either coincides with T'

or is disjoint from TI'.

Notice that the whole set €2, the empty set () and the subsets of § consisting of
only one point are blocks of G. Moreover, if U < G and I' is a block for GG, then T’
is a block for U.

Lemma A.1.3. IfT is a block for U < G, then T'9 is a block for ¢~ 'Ug.

From this it follows that if I' is a block of GG then for each g € G, I'9 is also a

block of G. Two such blocks are called conjugate. Any two conjugate blocks are
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equal or disjoint. The totality of all blocks conjugate to a block I' of G form a
complete block system. All blocks of a complete block system have the same length.
If G is transitive on €2, the union of the members of a complete block system of G is
Q. Tt follows that the length of a block of a transitive group G is a divisor of |G]|.

A transitive group G is called imprimitive if there is at least one nontrivial block
[ (ie, I'#0,{z},Q). An imprimitivity system for G is a G-invariant partition of
Q.

Remark A.1.4. The group G is primitive if G has only the trivial partitions {2} and

the set of the singletons of {2 as imprimitivity systems.

Definition A.1.5. Let G act imprimitively on the set ). An imprimitivity chain
By > --- = By of depth t is a sequence of imprimitivity systems for G acting on (2,
where By and B; are the trivial partitions. We also require that for each B € B,,+1

there exists B’ € B,,, such that BC B for 0 < m <t — 1.

Example A.1.6. Let G = Sym(p™) and Q = {1,...,p"}. For each integer 0 <m <n

and for each 0 < k < p™ — 1, we define the fundamental blocks
On = 1{kp" "+ 1, (k+1)p" ™}

each of which with cardinality p”~™. These blocks partition {1,...,p"} into p™

blocks of equal size. Let O}, be the partition at the level m. That is,
on = { A ,@zwmfl} .
This yields a chain of imprimitivity
Ch:00 > >0, - =0y

where O = {1,...,p"} and O} = {{1},{2},...,{p"}}.

A.2 Transfinite Hypercentral Groups
Let G be a group. We define the terms of the upper central series of G by

Zo(G) =1 and Z,41(G)/Z(G) = Z(G/Zs(Q)),
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and, if « is a limit ordinal, by

Za(G) = U Zﬂ(G)'

B<a

Equivalently and more conveniently for computations, one can write:
Za(G)={9€G|g,2] € Za—1(G) for all z € Z,_1(G)}

when a a non-limit ordinal.
A group G is called transfinitely hypercentral if G = Z,(G) for some (possibly

limit) ordinal . For more details, see e.g. [41, Chapter 12].

A.3 Wreath Products

Let K and H be two groups acting on the sets = and I, respectively. The

unrestricted wreath product of the two permutation groups K and H is defined as
KVH :=Fun(I',K) x H,

where Fun(I", K') denotes the group of functions from I' to K, equipped with pointwise
multiplication, i.e.,

(f9)(v) = f(7)g(y) forallyeTl.

The group Fun(T', K) is referred to as the base group of the wreath product.
The group H acts on KT via

') = f("), ~v€eT, heH.

The group operation in K { H is then defined by

(f1,h1) - (fa, he) = <f1 : f;fl, h1h2) :

In the case where H and K are arbitrary (not necessarily permutation) groups,
they can be viewed as permutation groups acting on themselves via the right regular
representation. In this setting, the wreath product Ky H, usually denoted simply by
K H, is called the standard wreath product. For further details, see also e.g. [27,41].

The following result has been proven by Kaloujnin and Krasner in [34].
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Theorem A.3.1. A Sylow p-subgroup of Sym(p™) is isomorphic to the standard
wreath product

Wy =2/pZ-- 2 Z]pZ,
where there are n factors.

Proof. We proceed by induction on n. The case n = 0 is trivial. Assume that
Sym(p™) has a Sylow p-subgroup P of the desired form. Consider the permutation
7 € Sym(p"*!) defined by

2", o P+ (p— 1)),

Note that 77 = 1. Moreover, while P acts on the set {1,...,p"}, the conjugates

P, .= m~'Pr" act on the pairwise disjoint subsets
{14dp"™, 24", ..., p" +ip"}

for i =0,...,p — 1. Since the supports of the P, are disjoint, they generate their

direct product. Furthermore, it is possible to verify that
7 lPr = Piy1, and 77_1Pp,17r =F =P

Then the group (P, 7) is isomorphic to PZ/PZ Z/pZ = P1Z/pZ. Furthermore, the
order of this group is |P[? - p = p!tPT*P" which coincides with the highest power
of p dividing (p"*1)!. Hence, (P,7) is a Sylow p-subgroup of Sym(p"*1), completing
the proof. O

A.4 Witt Algebras

In this section, we refer to [45]. Let A(n) denote the associative and commutative
(r)

[,-algebra with unit, generated by elements z; ’, for i = 1,...,n and r > 0, and

relations

¢ T

29— 1 and xl(r)mz(.s) = (T + S) xSHS) for all r,s > 0.
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Denoting by z(*) the element xgal) O

) for a € N, a basis for A(n) is given by

the set {z(¥) | 0 < |a|, a € N"}, where |a] = 37, a;. For each j > 0, we set
A(n); = span{z'®) | |a| > j}.

Then (A(n););>0 is a descending chain of ideals. Let m = (m1,...,my) € (NU{o0})",

we set

A(n;m) = span {x(a) |0 <a; < pmi} ,
where p> := oco. For each i = 1,...,n, we define a derivation 0; on A(n;m) by
setting

i (') = 6,52V,
One can verify using Pascal’s triangle that 0; is indeed a derivation. Moreover,
9i(A(n);) € A(n)j-1.

Define
W(n) = ZA(n)@i, W(n;m) = ZA(n;m)@i. (A.1)
i=1 '

These Lie algebras are called Witt algebras.

Remark A.4.1. The Lie algebra £,, introduced in Chapter 2, is a subalgebra of
W (n;p), where p = (p,...,p) € N". The algebra £,, has as a basis the monomial
elements of the form

331?‘11 e w?,fak,
where 1 < i1 < i < -+ < i < k < n. In our context, this corresponds to

considering, in the k-th summand of the decomposition (A.1), only polynomials

involving variables up to the (k — 1)-th. Similarly, £5° is a subalgebra of W (n).

A.5 Difference Equations and Polynomials

Let D be an integral domain of characteristic zero and let R; be as in Chapter 3.
Let f be a function of = (z1,...,2;). We recall that the operator A;(h): R; — R;

is defined as

Ai(h)(f) = f(x + eih) — f(x)
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for i < j and h € D. The result of performing this operation denoted by A;(h) is
still a function in R; on which the operation may be repeated. We then obtain the

second difference
A (Ai(B)() = F(x + 2eih) — 2f(x + esh) + £(2).

We denote the second difference by A;(h)%. Proceeding in this way, we can form
the n-th difference by means of the relation A;(h)" = A;(h)(Ai;(h)""1(f)). For
simplicity , let us consider now f € R;. As we did in Section 3.1, we define by
fo=f(x+n)— f(z). Let n € Z. We want to find the solution of the following

homogeneous difference equation

fn(:p)+len71($)+"'+cnf($) =0 (AQ)

with ¢1,...,¢, € F (the field of fractions of D). The classical way to obtain the
general solution of this kind of equations is to set f(z) = a” and find the values of a

for which the equation is satisfied. Substituting f(z) = a” in Equation A.2, we have

ax(an+clan—1 —|—"'+Cn) =0.

Therefore, if a” is a solution, it is necessary that
a" +eca M4, =0. (A.3)

Conversely, if aq,...,a, are n distinct roots of Equation A.3, then af,...,a} are

solution of Equation A.2. So that
F(2) = kiaf + -+ + kna

is the general solution of Equation A.2. It may happen that Equation A.3 may
have multiple roots. Supposing that a1 = a2 = -+ = ay, the general solution of

Equation A.2 becomes
f(@) = (k1 + kox + -+ + ko' 1)af + kpyrafyy + - + knal.

Although the following result is well known, we include a brief proof for the conve-

nience of the reader.
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Lemma A.5.1. If f € Fun(D, Z) then A, (1)k f=0if and only if f is a polynomial

of degree at most k — 1.

Proof. Let f € Flz] be a polynomial of degree at most k — 1, then f = Zf;ol a;xt.
Thus

—1 k-l
— Zal(x—i—l)l— Zalx’
1=0 =0

is a polynomial of degree at most k — 2. By induction Aj (1)k =24 (l)k_1 g=0.
Conversely, let f : D — Z be such that A;(1)*(f) = 0. Notice that

k
0=A1(1)" fx) =) <k> (=1 f (& + k — )

i=0 \"
is a homogeneous linear difference equation with constant coefficients (as in Equa-

tion A.2). The general solution is
f@)=ca+cr+...+ g™,
where ¢; € F. ]
The following statements are immediate consequences.
Corollary A.5.2. A, (l)k f=c#0 if and only if f is a polynomial of degree k.

Corollary A.5.3. Ay (h)k f =0, where h # 0, if and only if f is a polynomial of

degree at most k — 1.

Corollary A.5.4. Let f € Fun(D’,Z). Then A; (h)kf =0 if and only if [ is a

polynomial of degree at most k — 1 with respect to the i-th variable.

For a detailed reference on difference equations see [40].
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