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PREFACE

This doctoral thesis incorporates and expands upon research that I have previously

developed and disseminated through four articles. All of them have been published

in peer-reviewed mathematics journals.

• Transfinite hypercentral iterated wreath product of integral domains, Aragona

R., Gavioli N., Nozzi G., 2025 , Annali di Matematica Pura e Applicata,

https://doi.org/10.1007/s10231-025-01616-6.

• Normality conditions in the Sylow p-subgroup of Sym(pn) and its associated

Lie algebra, Aragona R., Gavioli N., Nozzi G., 2025 , Journal of Algebra,

https://doi.org/10.1016/j.jalgebra.2025.10.033.

• A classification of module braces over the ring of p-adic integers, Aragona

R., Gavioli N., Nozzi G., 2025 , Ricerche di Matematica, https://doi.org/10.

1007/s11587-025-00972-y.

• Classification of a specific class of Fpk-braces using bilinear forms, Aragona R.,

Nozzi G., 2025 , Journal of Algebra and Its Applications, https://doi.org/

10.1142/S0219498826502592.

Some notational or expository changes have been made for consistency and clarity.
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INDEX OF NOTATION

Fp field of characteristic p.

Sym symmetric group.

AGL affine general linear group.

σ right regular representation.

D integral domain of characteristic 0.

F field of fractions of D.

Fun(A,B) group of functions from A to B with pointwise

multiplication.

N normalizer.

N idealizer.

Un p-Sylow subgroup of AGL(V ).

Wn wreath product of n copies of Fp.

W∞
n wreath product of n-copies of D.

γ∗(G) ∗-term of lower central series of G.

Z∗(G) ∗-term of the upper central series of G.

Stab stabilizer.

wt(∗) weight function of the partition ∗.

P(∗) Partitions with maximal part at most ∗.

lt leading term.
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N
(p)
∗ ∗-term of the normalizer chain originating

from T in Wn.

N
(∞)
∗ ∗-th term of the normalizer chain originating

from T in W∞
n .

N
(p)
∗ ∗-term of the idealizer chain originating from

T in Ln.

N
(∞)
∗ ∗-th term of the idealizer chain originating

from T in L∞
n .

R principal ideal domain.

Hol(∗) holomorph of the group ∗.

M free module over R.

Aff(∗) affine group of ∗.

Ann(∗) annihilator of the algebra (or brace) ∗.

s(∗) scale of the lattice ∗.

d(∗) discriminant of the matrix ∗.
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ABSTRACT

Let n ≥ 2 and V be a vector space over a finite field of dimension n. This thesis is

devoted to the study of elementary abelian regular subgroups of the symmetric group

Sym(V ). After recalling the necessary background and summarizing previous results

in the literature, we investigate the p-Sylow subgroup Wn of the symmetric group

on pn elements. We introduce a weighted degree order on its elements, compute

its central series, and study the Lie algebra associated with its lower central series.

Moreover we study the normal subgroups of Wn and the normalizer chain originating

from the canonical elementary abelian regular subgroup of Wn.

We extend this analysis to characteristic zero by constructing an analogue of

Wn as an iterated wreath product over an integral domain, proving that it is

transfinite hypercentral and explicitly describing its ascending central series and

normal subgroups.

In the final part of the thesis, we study abelian regular subgroups of affine groups

over free modules by exploiting their correspondence with bi-brace structures. Under

suitable assumptions, we reduce the classification problem to the study of bilinear

forms, and we obtain classification results over finite fields of odd characteristic and

over the ring of p-adic integers, both in the torsion-free and torsion cases.
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INTRODUCTION

Let n ≥ 2 and V be a vector space over a finite field of dimension n. Although

this is not the only topic covered, the common thread connecting all chapters of this

work is the study of elementary abelian regular subgroups of the symmetric group

Sym(V ). In Chapter 2 and Chapter 3 of this thesis, we approach this theme by

studying the normalizer chain arising from the image of the regular representation

of V (which we call the canonical elementary abelian regular subgroup), introduced

for the first time in [5]. In the final chapter (4) of the thesis, using the well-known

bijective correspondence between these subgroups and algebraic structures known

as bi-braces (see, for example, [17] or Theorem 1.6.4 in this thesis), we provide a

classification for specific types of these bi-braces.

The motivation for studying this class of subgroups of the symmetric group

arises from the increasing interest in this area within the field of cryptography

(see [14–16,18]). We briefly outline the reasons below.

Let V be a vector space partitioned into b blocks, that is,

V = V1 ⊕ · · · ⊕ Vb,

with dim(Vi) = s, and s ∈ {4, 8}. This decomposition forms the basis of the

design of many modern ciphers based on Substitution-Permutation Networks (SPN),

such as AES (see e.g. [25]). For R ≥ 1, a classical round function Ek is a nonlinear

permutation in Sym(V ) with the following structure: Ek = εk1 · · · εkR
, and for
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c ∈ {1, . . . , R} we have εc = γ̄λσc. Where

• γ̄(V ) is the confusion layer and denotes the application of b copies of a nonlinear

map γ ∈ Sym(2s), called s-box. In other words,

γ̄((x1, . . . , xn)) = (γ((x1, . . . , xs)), . . . , γ((xs(b−1), . . . , xn))).

• λ is the diffusion layer and is a linear map in GL(n, 2).

• σc : x 7→ x+ c represents the key addition, where + is the bitwise XOR on F2.

Remark 0.0.1. The round keys ki are derived from the master key k through a public

algorithm called the key schedule, k 7→ (k1, . . . , kR) ∈ V R.

Definition 0.0.2. A block cipher on the plaintext space V is a family {Ek}k∈K of

encryption functions (as defined above) indexed by a key space K.

The security of a block cipher mainly depends on how far its encryption functions

are from being linear, i.e., roughly speaking, on the distance of the s-box γ from the

affine group AGL(V ). For a definition of non-linearity see [19,38].

Notice that Sym(V ) contains several isomorphic copies of AGL(V ), each cor-

responding to a different operation induced on V . To be more precise, let T be

the group of translations of V . If we take any element g ∈ Sym(V ) such that the

conjugate subgroup AGL(V )g ≠ AGL(V ), this new group AGL(V )g acts on V in a

distinct way. This new action is inherited from the group of translations T g, which

is itself a new elementary abelian regular subgroup of Sym(V ).

This leads to a new research direction in cryptanalysis: studying the non-linearity

of encryption functions with respect to these alternative affine structures. Indeed,

an alternative operation on V may cause encryption functions to be closer to linear,

potentially exposing new vulnerabilities.

Recent works [14,15] have demonstrated the practical implications of these ideas.

The authors construct a cipher resistant to classical differential attacks [13], but

which can be attacked using another operation. This motivates a deeper algebraic

study of elementary abelian regular subgroups and their conjugacy classes within

Sym(V ).
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This line of research has been developed mainly in the series of papers [2–7]. The

present PhD thesis fits into this framework and provides a unified and comprehensive

treatment of the subject, collecting and extending the results obtained in those

works.

We also emphasize that, although the cryptographic setting provided the original

motivation for the study of elementary abelian regular subgroups of the symmetric

group, the continuation of this analysis in odd and zero characteristic does not

currently have direct cryptographic applications, and is pursued for its intrinsic

algebraic interest.

Organization of the Thesis and Principal Results

The first chapter of this thesis aims to provide all the preliminaries necessary for

a smooth reading of the work. In particular, it presents the main results obtained

in the series of papers [2–7], of which this thesis serves as the conclusion. It also

introduces the preliminary notions concerning the theory of skew braces that will be

used in the final chapter.

In the second chapter, we focus our attention on the p-Sylow subgroup Wn of the

symmetric group over pn elements. We introduce a total order on the elements of Wn

through a weighted degree with respect to p (see Subsection 2.0.1). Subsequently,

we compute the ascending and descending central series of Wn and prove that they

coincide (see Theorem 2.1.8). This result was already established in [34], but here

we provide a different proof using alternative techniques.

We then introduce the Lie algebra associated with the lower central series of Wn,

denoted by Ln. We also prove that its central series coincide (see Corollary 2.2.11).

Using the descending central series of Wn, we define a map φ that sends group

elements to elements of the algebra.

After introducing the concept of a saturated subgroup of Wn (see Definition 2.1.1)

and a homogeneous subring of Ln (see Definition 2.2.1), we prove that the normalizer

of a saturated subgroup of Wn and the idealizer of the image of the saturated

subgroup under φ in Ln have the same cardinality (see Equation (2.12)). This allows

us to refer to the results in [2] to determine the growth of the chain of normalizers
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originating from T (see Theorem 2.3.12).

We conclude this chapter by proving that any normal subgroup of Wn always

contains a term of the descending central series, and we provide an estimate of its

index (see Equation (2.17)).

In the third chapter, we turn our attention to infinite groups. Specifically, we

construct the analogue of the group Wn, which we denote by W∞
n , in characteristic

zero. To this end, since Wn can be seen as the iterated wreath product of n copies of

Fp, in this chapter we consider the iterated wreath product of n-copies of an integral

domain of characteristic zero.

Subsequently, we prove that, under suitable restrictions on the base subgroups

of the wreath product, the group W∞
n is transfinite hypercentral (see Appendix A.2

and Theorem 3.1.13) and we explicitly compute its ascending central series (see

Equation (3.9)). Analogously to our work in characteristic p, we demonstrate that

the full normal subgroups (see Definition 3.3.1) coincide with the terms of the

ascending central series of W∞
n (see Theorem 3.3.4).

We then determine the growth of the chain of normalizers originating from the

abelian regular subgroup generated by constant functions (see Subsection 3.4). In

the final section of the second chapter, we find the characteristic zero counterpart of

Proposition 1.1.4 and Theorem 1.1.5.

In the fourth chapter, we let M be a free module of rank n over a principal

ideal domain R. We denote by T+ the group of translations of (M,+), and by

T◦ another abelian regular subgroup of the affine group of M . These two regular

subgroups induce two operations, + and ◦, on M , and under the assumption that

T+ normalizes T◦ (see Assumption 4.1.2), the triple (M,+, ◦) becomes a bi-brace.

Equivalently, T+ normalizes T◦ if and only if the algebra (M,+, ·) is nilpotent of

class 3 (see Proposition 4.1.3), where the operation · is defined by a · b = a ◦ b− a− b

for a, b ∈ M .

Assuming that M · M is a cyclic R-submodule of M , we associate to every

bi-brace structure on M (or, equivalently, to every abelian regular subgroup of

the affine group of M) a bilinear form (see Equation 4.7). We emphasize that

assumptions 4.1.2 and 4.2.1 are the same as those made in [15, 22], where their
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relevance in cryptographic applications is also discussed.

This allows us to reduce the problem of classifying bi-braces to a problem of

classifying bilinear forms. We have therefore studied two particular cases. The first

one is the case where R = Fpk , a finite field of odd characteristic. In this setting, we

show that there exist either one or two isomorphism classes of (M,+, ◦), depending

on the dimension of M as a vector space (see Theorem 4.3.7).

Next, we examine the case where R = Zp, the ring of p-adic integers. It is

natural to treat separately the case in which M is torsion-free and the case in

which it has torsion. In the torsion-free case, we obtain results that closely resemble

those for R = Fpk (see Theorem 4.4.8), using the Jordan decomposition of non-

degenerate bilinear forms over Zp (see [24, Chapter 15]). In the torsion case, we

rely on the notion of isoclinism between braces introduced in [36] (we note that

in our setting, this definition coincides with the notion of isoclinism between R-

algebras), and we determine the number of isoclinism classes of bi-braces (M,+, ◦)

(see Theorem 4.5.10).
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CHAPTER 1

PRELIMINARIES

1.1 Regular Elementary Abelian Subgroups of Sym(V )

Let V be a vector space over Fp of dimension n ≥ 2, and let {e1, e2, . . . , en} be a

fixed basis for V . We begin by describing the regular subgroups of the symmetric

group Sym(V ) associated with two different regular embeddings of the vector space

V , leading to different group structures T+ and T◦. These embeddings induce

distinct group operations on V . Let us denote by σ : V → Sym(V ) the right regular

representation and by T+ the image σV of this representation, i.e.,

T+ = {σv | v ∈ V, x 7→ x+ v}. (1.1)

We consider τ : V → Sym(V ) another regular embedding of V into Sym(V ) and

T◦ = {τv | v ∈ V } , where τv is the unique (by regularity of T◦) map sending 0 7→ v.

Notice that using the group T◦ we can define a new operation on V by setting

u ◦ v ..= uτv for all u, v ∈ V. (1.2)

Although this fact is straightforward, it is worth emphasizing that the groups T◦

and T+ are elementary abelian regular groups.

Let us introduce the subspace W of both (V,+) and (V, ◦), defined as

W = {v ∈ V | v + u = v ◦ u for all u ∈ V }. (1.3)

Notice that σW = τW = T+ ∩ T◦.
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Remark 1.1.1. As we will show in Section 4.1, we can endow V with a multiplication

by setting u · v = u ◦ v−u− v for u, v ∈ V . The triple (V,+, ·) is actually a nilpotent

algebra, and so the subspace W = {v ∈ V | v · V = 0} is nontrivial. This has been

already observed in [18].

The following classical result allows us to conclude that isomorphic regular

subgroups of the symmetric group are conjugate, a fact that is crucial in our context.

For a proof of this theorem see e.g. [4, Theorem 1].

Theorem 1.1.2 (Dixon). Let X = {x1, x2, . . . , xm} be a finite set and let H and K

be regular subgroups of Sym(X). If H ∼= K, then there exists g ∈ Sym(X) such that

K = Hg.

As a consequence there exists g ∈ Sym(V ) such that T+ = T g◦ . Moreover, since

NSym(V )(T+) = AGL(V,+), we have that

NSym(V )(T◦) = AGL(V,+)g ..= AGL(V, ◦). (1.4)

From now on, until the end of this section, we assume p = 2.

Proposition 1.1.3. [16] Let T◦ be such that T+ ̸= T◦. If W ≤ V is such that

σW = T+ ∩ T◦, then dim(W ) ≤ n− 2.

Proof. Assume by way of contradiction that dim(W ) = n − 1. Let {v1, . . . , vn−1}

be a basis for W and v ∈ V \W . We claim that aτv = aσv for any a ∈ V , that is

v ∈ T+ ∩ T◦. If a ∈ W there is nothing to prove. We consider a = w + v, for some

w ∈ W . We get that

aτv = (w + v)τv = (wσv)τv

= (wτv)τv = w(τv)
2 = w

= aσv.

In particular, none of the subgroups T◦ has maximal intersection with T+. The

authors of [4] focus on the study of elementary abelian regular subgroups of Sym(V )

which intersect T+ in a second-maximal subgroup, that is |T+ ∩ T◦| = 2n−2.

Let W be as in Equation (1.3) and of dimension n−2. Without loss of generality,

we may assume W = span{e3, . . . , en}. We denote by v(i:j) the vector consisting of
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the coordinates of v from the i-th to the j-th, for 1 ≤ i < j ≤ n. The following

result characterizes the structure of elementary abelian regular subgroups of Sym(V )

that intersect T+ in a second-maximal subgroup. We will provide an analogous

characterization in the case of characteristic zero in Proposition 3.5.5.

Proposition 1.1.4. [4, Proposition 2] The elementary abelian regular subgroups of

Sym(V ) intersecting T+ in a second-maximal subgroup are subgroups of AGL(V ).

Moreover, they are of the form

Tb
def

= ⟨πb, εb, σei
| 3 ≤ i ≤ n ⟩ ,

where

πb =




12

0

b(3:n)

0 1n−2



σe1 , εb =




12

b(3:n)

0

0 1n−2



σe2 , (1.5)

for some b ∈ W \ {0}.

Notice that, since T+ ⊴ AGL(V,+), it follows that T+ is a normal subgroup of

every Sylow 2-subgroup of AGL(V,+). Moreover, interchanging the roles of T+ and

T◦ in the previous statement, we also have that T+ ≤ AGL(V, ◦).

The following theorem is the main result of [4]. We will later provide an analogous

result stated for characteristic zero (see Corollary 3.5.6).

Theorem 1.1.5. Any Sylow 2-subgroup U of AGL(V,+) contains, as normal sub-

groups, exactly two elementary abelian regular subgroups conjugated to T+. Moreover,

the normalizer NSym(2n)(U) of U in Sym(V ) interchanges by conjugation these two

subgroups.

1.2 Chief Series of T and Sylow p-subgroup of Sym(V )

From this point onward, we assume that p is an odd prime unless otherwise

explicitly specified. In this section, let V be a vector space over Fp of dimension

n ≥ 2. As before, {e1, . . . , en} denotes a basis of V . We set T as the image of the

right regular representation of V in Sym(V ), and denote by AGL(V ) the normalizer

of T within Sym(V ).
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First, we recall that there is a one-to-one correspondence between the Sylow

p-subgroups of AGL(V ), the set of all chief series of T , and the Sylow p-subgroups

of Sym(V ).

Since T is an elementary abelian p-group of order pn, every subgroup of T of

order pi is isomorphic to Fip. A chief series F : 1 = T0 < T1 < · · · < Tn = T in T has

length n, and each factor Ti+1/Ti is a cyclic group of order p. It follows that every

such series corresponds to a maximal flag F of subspaces {0} < V1 < · · · < Vn = V

in V .

Let U be a Sylow p-subgroup of AGL(V ). Up to conjugation by an element in

AGL(V ), we may assume U ..= U ⋉ T , where U is the group of upper unitriangular

matrices, a Sylow p-subgroup of GL(V ). The vector space V is an uniserial U -module,

that is, any U-submodule of V is contained in the maximal flag {0} = V0 < V1 <

. . . < Vn = V , with Vi = ⟨ en−i+1, . . . , en ⟩ and 1 ≤ i ≤ n. For any given maximal

flag

F : {0} = V0 < V1 < . . . < Vn = V,

if U is the stabilizer of F in GL(V ), then UT is a Sylow p-subgroup of AGL(V ). Thus,

there is a one-to-one correspondence between the Sylow p-subgroups of AGL(V )

and the set of maximal flags of subspaces of V . Indeed, given a maximal flag

V0 < V1 < . . . < Vn, the corresponding Sylow p-subgroup of AGL(V ) is exactly the

stabilizer under conjugation of the associated chief series

1 = σV0 < σV1 < . . . < σVn = T.

To establish the correspondence between the chief series in T and the Sylow

p-subgroups of Sym(V ), we introduce the following notion.

Definition 1.2.1. Let T ≤ G be finite p-groups, and let F : 1 = T0 < T1 < · · · <

Tm = T be a chief series in T . We say that the chief series F is induced by the chief

series 1 = G0 < · · · < Gn = G in G if

{T ∩Gj | 0 ≤ j ≤ n} = {Ti | 0 ≤ i ≤ m}. (1.6)

Notice that, since chief factors of finite p-groups are cyclic of order p, every chief

series in G induces a chief series in T . If, for any chief series F in T , there exists a
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finite p-group GF ≥ T such that every chief series in GF induces F in T , we say that

GF controls F.

Theorem 1.2.2 ( [35]). Let T be the image of the right regular representation of V

in Sym(V ).

• Every Sylow p-subgroup of Sym(V ) containing T controls a chief series in T .

• For every chief series F in T there exists a unique Sylow p-subgroup WF of

Sym(V ) which contains T and controls F.

As a consequence of the previous theorem, the number of chief series in T

corresponds to the number of Sylow p-subgroups of Sym(V ). Furthermore, each Sylow

p-subgroup UF of AGL(V ) uniquely determines a chief series F of T and a Sylow p-

subgroup WF of Sym(V ) that contains T , controls F, and satisfies UF = WF∩AGL(V ).

It follows that

NWF
(T ) = UF = WF ∩ AGL(V ). (1.7)

From now on, we will fix the chief series F in T and we will refer to WF and UF

as Wn and Un, respectively.

The Sylow p-subgroup of Sym(V ) can be seen as a group of permutations that

stabilizes the chain of imprimitivity (see Appenidix A.1) defined as follows. For each

integer 0 ≤ m ≤ n and for each 0 ≤ k ≤ pm − 1, we define the fundamental blocks

Θn
m,k

..=
{
kpn−m + 1, . . . , (k + 1)pn−m}

each of them with cardinality pn−m. These blocks partition {1, . . . , pn} into pm

blocks of equal size. Let Θn
m be the partition at the level m. That is,

Θn
m

..=
{

Θn
m,0, . . . ,Θ

n
m,pm−1

}
.

This yields a chain of imprimitivity

Cn : Θn
0 ≻ · · · ≻ Θn

m ≻ · · · ≻ Θn
n

where Θn
0 = {1, . . . , pn} and Θn

n = {{1}, {2}, . . . , {pn}}. The Sylow p-subgroup Wn

of Sym(V ) is exactly the stabilizer of the entire chain Cn

Wn
..=

n⋂

m=1

StabSym(pn)(Θ
n
m).
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Moreover, for 1 ≤ i ≤ n, the set {s1, . . . , sn} with

si ..=
pi−1∏

j=1

(j, j + pi−1, . . . , j + (p− 1)pi−1)

is a minimal generating set. Notice that each si acts non-trivially on the blocks of

the partition Θn
j with j > i, permuting them cyclically.

Remark 1.2.3. Notice that the chain Cn is a maximal imprimitivity chain for the

translation group T . Moreover, every maximal imprimitivity chain for T corresponds

to a chief series in T , namely 1 = T0 < · · · < Tn = T , such that Θn
i is the set of orbits

of Tn−i. In view of the previous discussion, Cn is the unique maximal imprimitivity

chain that is stabilized by the group Un, under conjugation.

Our aim is to calculate the normalizer chain originating from T and defined as

follows.

N
(p)
i =





T if i = −1

Un if i = 0

NSym(V )(N
(p)
i−1) if i ≥ 1.

(1.8)

We already observed in Equation (1.7) that Un = NWn(T ). The following result

of [5] shows that the chain remains unchanged when computed in Wn instead of

Sym(V ).

Theorem 1.2.4. [5] For every k ≥ 1, we have N
(p)
k = NWn(N

(p)
k−1).

Proof. Let Θ be a system of imprimitivity for N
(p)
k−1. For each x ∈ N

(p)
k , Θx is a

system of imprimitivity for (N
(p)
k−1)x = N

(p)
k−1. Thus, for a given x ∈ N

(p)
k and an

imprimitivity chain C for N
(p)
k−1, the set Cx is also an imprimitivity chain for N

(p)
k−1

and a fortiori for Un. By Remark 1.2.3, Cn is the unique maximal one for Un, and

so Cxn = Cn. It follows that Cn is stabilized by N
(p)
k for every k, i.e. N

(p)
k ≤ Wn.

1.3 Yang-Baxter Equation and Set-Theoretic Solutions

In Chapter 4 of this thesis, the analysis of regular abelian subgroups of the

symmetric group makes use of recently introduced algebraic structures known as
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skew braces. Owing to the relatively recent development of skew brace theory, the

remainder of this chapter is devoted to outlining the fundamental notions and the

key results in the field, with the aim of guiding readers who may not yet be familiar

with it. All results and proofs presented from this point on, up to the end of the

chapter, are well established and can be found in [20,28,30,31,37,42,44].

We start by introducing the algebraic framework in which skew braces naturally

arise.

A solution to the Yang-Baxter equation (YBE) is a linear map R : V ⊗V → V ⊗V

such that

R12R13R23 = R23R13R12,

where V is a vector space and Rij denotes the map from V ⊗ V ⊗ V to V ⊗ V ⊗ V

acting as R on the (i, j) factor and as the identity on the remaining factor.

An interesting class of solutions of the YBE arises when V has an R-invariant

basis X. In such a case, the solution is said to be set-theoretic.

Definition 1.3.1. A set-theoretic solution to the YBE is a pair (X, r), where X is

a non-empty set and r : X ×X → X ×X is a map such that

(r × id)(id ×r)(r × id) = (id ×r)(r × id)(id ×r). (1.9)

Let (X, r) be a set-theoretic solution. We will write

r(x, y) = (λx(y), ρy(x)) (1.10)

where λx, ρy : X → X. We shall say that (X, r) is non-degenerate if λx, ρx are

bijective for all x ∈ X, and that (X, r) is finite if X is a finite set.

Remark 1.3.2. Notice that a set-theoretic solution can be bijective and degenerate

(i.e., not non-degenerate). For example, if X is a non-empty set, then (X, idX×X) is

bijective, with

r(x, y) = (λx(y), ρy(x)) = (x, y).

while the maps λx and ρy are not bijective. However, non-degenerate solutions are

automatically bijective (see e.g. [33]).
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Remark 1.3.3 (A graphical interpretation). Let r1 = r × id and r2 = id ×r. We can

write the Yang-Baxter equation as r1r2r1 = r2r1r2. The following figures provide an

interpretation of r and the YBE in terms of graphs.

x y

λx(y) ρy(x)

r :

Figure 1.1. Graphical representation of r

x y z

r1

r2

r1

=

x y z

r2

r1

r2

Figure 1.2. Graphical representation of the YBE

Proposition 1.3.4. Let X be a non-empty set and let r : X × X → X × X be a

map. Writing r = (λx(y), ρy(x)), we have that (X, r) is a set-theoretic solution to

the YBE if and only if the following equalities hold

• λxλy = λλx(y)λρy(x) ,

• λρλy(z)(x)ρz = ρλρy(x)(z)λx ,

• ρzρy = ρρz(y)ρλy(z) .

Proof. Let r1 = r × id and r2 = id ×r. We have that

r1r2r1(x, y, z) = r1r2(λx(y), ρy(x), z) (1.11)

= r1(λx(y), λρy(x)(z), ρzρy(x))

= (λλx(y)λρy(x)(z), ρλρy(x)(z)λx(y), ρzρy(x))

and, analogously,

r2r1r2(x, y, z) = (λxλy(z), λρλy(z)(x)ρz(y), ρρz(y)ρλy(z)(x)). (1.12)
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Example 1.3.5. Let X be a non-empty set and let ◁ : X × X → X be a binary

operation on X. We define r : X ×X → X ×X such that r(x, y) = (y, x ◁ y). The

pair (X, r) is a set-theoretic solution to the YBE if and only if

(x ◁ y) ◁ z = (x ◁ z) ◁ (y ◁ z).

The maps λx = idx and ρy(x) = x ◁ y satisfy the conditions of Proposition 1.3.4.

From now on, when we talk about a solution of the YBE, we mean a bijective

non-degenerate set-theoretical solution of the YBE.

Theorem 1.3.6. [37, Theorem 1] Let G be a group. Let λ : G × G → G and

ρ : G× → G be a left and a right group action of G on itself, respectively. If λ and ρ

satisfy the condition

uv = λu(v)ρv(u), (1.13)

then (G, r) is a solution of the YBE, where r(u, v) = (λu(v), ρv(u)).

Proof. Let r1 = r × id and r2 = id ×r. By Equation (1.11) and Equation (1.12) we

have that

r1r2r1(u, v, w) = (λλu(v)λρv(u)(w), ρλρv(u)(w)λu(v), ρwρv(u))

and

r2r1r2(u, v, w) = (λuλv(w), λρλv(w)(u)ρw(v), ρρw(v)ρλv(w)(u)).

Since uv = λu(v)ρv(u), we get that

λλu(v)λρv(u)(w) = λλu(v)ρv(u)(w) = λuv(w) = λuλv(w)

ρwρv(u) = ρvw(u) = ρλv(w)ρw(v)(u) = ρρw(v)ρλv(w)(u)

and that

λλu(v)λρv(u)(w)ρλρv(u)(w)λu(v)ρwρv(u) = uvw

= λuλv(w)λρλv(w)(u)ρw(v)ρρw(v)ρλv(w)(u).

It follows that (G, r) satisfies the YBE. Notice that, by hypothesis, λ and ρ, are

bijective, and so the solution is non-degenerate. It remains to prove that r is bijective.

Let us set r(u, v) = (λu(v), ρv(u)) = (x, y), then we obtain

λy(v
−1)u = λy(v

−1)ρv−1(y) = yv−1 = x−1u = (λu(v))−1u
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and, as a consequence, (λu(v))−1 = λρv(u)(v
−1). In the same way we have that

(ρv(u))−1 = ρλu(v)(u
−1). It is immediate to see that the inverse map of r is

r′(x, y) = ((ρx−1(y−1))−1, (λy−1(x−1))−1).

Definition 1.3.7. A solution (X, r) is said to be involutive if r2 = id.

Remark 1.3.8. We note that if (X, r) is an involutive solution of the YBE, then

(x, y) = r2(x, y) = (λλx(y)ρy(x), ρρy(x)λx(y)). (1.14)

Thus, ρy(x) = λ−1
λx(y)(x). This means that for involutive solutions, it is enough to

know the set {λx | x ∈ X}.

We remind the reader that a non-unitary ring A is a (Jacobson) radical ring if it

is isomorphic to the Jacobson radical of a unitary ring.

Remark 1.3.9. Let S be a unitary ring, it is well-known that an element s lies in the

Jacobson radical J(S) of S if and only if 1 + r · s is invertible for all r ∈ S.

Lemma 1.3.10. Let A be a non-unitary ring. The following statements are equiva-

lent.

1. A is a radical ring.

2. For all a ∈ A there exists a unique b ∈ A such that

a+ b+ a · b = a+ b+ b · a = 0.

Proof. Let A be a radical ring. There exists a unitary ring S and an isomorphism

ψ : A → J(S), where J(S) is the Jacobson radical of S. Let a ∈ A. By the

previous remark, we know that 1 + ψ(a) ∈ S is invertible. Let s ∈ S be such

that (1 + ψ(a))(1 + s) = 1. From this, we can immediately deduce that s ∈ J(S).

Therefore, there exists a unique b ∈ A such that s = ψ(b). We have that

1 = (1 + ψ(a))(1 + ψ(b)) = 1 + ψ(a) · ψ(b) + ψ(a) + ψ(b)

and so ψ(a+ b+ a · b) = 0. Since ψ is an isomorphism, we must have a+ b+ a · b = 0.

Conversely, assume that for every a ∈ A, there exists a unique b ∈ A such that

a+ b+ a · b = 0. We define the unitary ring

A1 = Z ×A,
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with operations given by: (n, a) + (m, b) = (n + m, a + b) and (n, a)(m, b) =

(nm,ma+ nb+ a · b). Let a ∈ A, we have that

(1, a)(1, b) = (1, a+ b+ a · b) = (1, 0),

and so (1, a) is invertible in A1.

Now let (k, a) ∈ J(A1). Then,by the previous remark, the element

(1, 0) + (5, 0)(k, a) = (1 + 5k, 5a)

must be invertible in A1 for all (k, a) ∈ J(A1) . Thus, 1 + 5k ∈ {1,−1} and k = 0.

This shows that J(A1) ⊆ {0} ×A. On the other hand, take any (0, a) ∈ {0} ×A. We

have that the element

(1, 0) + (k, b)(0, a) = (1, ka+ b · a),

is invertible for every (k, b) ∈ A1. Hence, (0, a) ∈ J(A1) for all a ∈ A.

Let A be any ring. Define on A the binary operation ◦ : A×A → A by setting

a ◦ b = a+ b+ a · b (1.15)

for all a, b ∈ A. In general, the pair (A, ◦) is a monoid, but in the case where A is

a radical ring, as an immediate consequence of the previous lemma, we have the

following result.

Corollary 1.3.11. A is a radical ring if and only if (A, ◦) is a group.

Example 1.3.12. Let p be a prime number and let A = Z /p2 Z. The couple (A,+),

endowed with the multiplication a · b = pab for all a, b ∈ A, is a radical ring.

The next theorem was first proved by W. Rump in [42] and it shows that a

radical ring always defines an involutive solution of the YBE. The proof can be

deduced as a consequence of Theorem 1.3.6.

Theorem 1.3.13. Let A be a radical ring. Then (A, r) is an involutive solution of

the YBE, where

r(x, y) = (−x+ x ◦ y, (−x+ x ◦ y)′ ◦ x ◦ y). (1.16)
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1.4 Foundations of Skew Braces and Their Role in the

YBE

In order to find a generalization of Theorem 1.3.13, in this section we introduce

the structure of a skew brace. In particular, we show that an involutive solution

to the Yang–Baxter Equation can be constructed starting from an arbitrary skew

brace.

Definition 1.4.1. A skew left brace is a triple (A,+, ◦) where (A,+) and (A, ◦) are

groups (not necessarily abelian) and for all a, b, c ∈ A the following equality holds

a ◦ (b+ c) = (a ◦ b) − a+ (a ◦ c). (1.17)

We highlight that, although it is denoted additively, the group (A,+) is not

necessarily abelian. We shall denote the identity of the group (A,+) by 0 and we

shall denote the inverse of an element a ∈ (A,+) by −a. The inverse element of

a ∈ (A, ◦) will be denoted by a′.

Remark 1.4.2. A skew right brace satisfies the equality

(a+ b) ◦ c = (a ◦ c) − c+ (b ◦ c) (1.18)

for all a, b, c ∈ A. There exists a bijective correspondence between skew left braces

and skew right braces. When we talk about skew braces we refer to skew left braces,

unless otherwise specified.

Definition 1.4.3. A skew brace (B,+, ◦) is a bi-skew brace if (B, ◦,+) is also a

skew brace.

Let χ be a family of groups. A skew brace B is said to be of χ-type if its additive

group belong to χ. The skew braces of abelian type are skew braces with abelian

additive group. We shall call a bi-skew brace of abelian type simply a bi-brace.

Example 1.4.4 (First examples of skew-braces). Let (A,+) be a group.

1. A is a skew brace with a ◦ b ..= a+ b for all a, b ∈ A. This skew brace is called

trivial brace. Similarly if a ◦ b ..= b+ a, then (A,+, ◦) is a skew brace. This

skew brace is called the almost trivial brace.
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2. Let A,B be skew braces. The triple (A×B,+, ◦) defined via

(a1, b1) + (a2, b2) ..= (a1 + a2, b1 + b2) (1.19)

(a1, b1) ◦ (a2, b2) ..= (a1 ◦ a2, b1 ◦ b2)

is a skew braces (the direct product of A and B).

3. Let (A,+) and (G,+) be groups and let α : A → Aut(G) be a group homo-

morphism. The triple (G×A,+, ◦) with

(g, a) + (h, b) ..= (g + h, a+ b) (1.20)

(g, a) ◦ (h, b) ..= (g + αa(h), a+ b)

is a skew brace.

4. Let (A,+) be a group with an exact factorization through the subgroups B

and C, i.e. for all a ∈ A there exist unique aB ∈ B and aC ∈ C such that

a = aB + aC . The triple (A,+, ◦) such that for all a, b ∈ A

a ◦ b = aB + b+ aC (1.21)

is a skew brace. Notice that (A, ◦) is a group isomorphic to B × C. This

provides an example of skew brace (A,+, ◦) such that (A,+) ∼= (A, ◦) and

which is not necessary trivial.

Lemma 1.4.5. Let B be a skew brace.

1. If 1 denotes the identity of (B, ◦), then 1 = 0.

2. For all a, b ∈ B we have that −(a ◦ b) = −a+ a ◦ (−b) − a.

Proof. 1. We have that

0 = 0 + 0 = 1 ◦ (0 + 0) = 1 ◦ 0 − 1 + 1 ◦ 0 = 0 − 1 + 0 = −1.

2. It suffices to note that

a = a ◦ 0 = a ◦ (b− b) = a ◦ b− a+ a ◦ (−b).
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Proposition 1.4.6. Let B be a skew brace. For each a ∈ B the map λa : B → B

sending b 7→ −a+ a ◦ b is an automorphism of (B,+). Moreover

λ : (B, ◦) → Aut(B,+) (1.22)

a 7→ λa

is a group homomorphism.

Proof. The map λa is an endomorphism of (B,+). Indeed we have that

λa(b+ c) = −a+ a ◦ (b+ c) = −a+ a ◦ b− a+ a ◦ c = λa(b) + λa(c),

By definition λ0(a) = −0 + 0 ◦ a = a, and so λ0 = id. Moreover, using Lemma 1.4.5

we get that

λaλb(c) = −a+ a ◦ (−b+ b ◦ c)

= −a+ a ◦ (−b) − a+ a ◦ (b ◦ c)

= (−a ◦ b) + a ◦ (b ◦ c)

= −(a ◦ b) + (a ◦ b) ◦ c = λa◦b(c)

Finally, the map λa is bijective and λa
−1 = λa′ .

We get the following characterization of skew left braces.

Proposition 1.4.7. Let B be a set endowed with two operation + and ◦ such that

(B,+) and (B, ◦) are groups. Let λ : B → Sym(B), a 7→ λa, given by λa(b) =

−a+ a ◦ b. The following data are equivalent:

1. B is a skew left braces.

2. λaλb(c) = λa◦b(c) for all a, b, c ∈ B.

3. λa(b+ c) = λa(b) + λa(c) for all a, b, c ∈ B

Proof. By Proposition 1.4.6 it remains to prove that (3) =⇒ (2).

λaλb(c) = λa(−b+ b ◦ c) = λa(−b) + λa(b ◦ c)

= −a+ a ◦ (−b) − a+ a ◦ (b ◦ c) = −(a ◦ b) + (a ◦ b) ◦ c = λa◦b(c).

Notice that the last equality follows by 0 = λa(b + (−b)) = λa(b) + λa(−b), i.e.

−(a ◦ b) = a ◦ (−b).
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Proposition 1.4.8. Let B be a skew brace. For each a ∈ B, the map ρb : B → B,

sending a 7→ (λa(b))
′ ◦ a ◦ b, is bijective. Moreover

ρ : (B, ◦) → Sym(B) (1.23)

b 7→ ρb

is an anti-homomorphism (i.e. ρcρb = ρb◦c).

Proof. We first note that λa(b) = a ◦ (a′ + b), indeed a ◦ (a′ + b) = a ◦ a′ − a+ a ◦ b =

0 − a+ a ◦ b = λa(b). Hence, we obtain

ρb(a) = (λa(b)
′) ◦ a ◦ b

= (a ◦ (a′ + b))′ ◦ a ◦ b

= (a′ + b)′ ◦ a′ ◦ a ◦ b

= (a′ + b)′ ◦ b.

It follows that ρ0(a) = (a′ + 0)′ ◦ 0 = a, and so ρ0 = id. Finally, it is easy to verify

that ρcρb = ρb◦c and that ρ−1
b = ρb′ .

Theorem 1.4.9. [31,42] Let B be a skew brace. The couple (B, r) is a bijective

solution of the YBE, with

r(x, y) = (−x+ x ◦ y, (−x+ x ◦ y)′ ◦ x ◦ y). (1.24)

Proof. It is a direct consequence of Proposition 1.4.6, Proposition 1.4.8 and Theo-

rem 1.3.6.

By Remark 1.3.8, if r = (λx(y), ρy(x)) is involutive, then ρy(x) = λ−1
λx(y)(x). As

a consequence, we get the following.

Corollary 1.4.10. (B, r) is involutive if and only if (B,+) is abelian.

1.5 Basic Concepts in the Theory of Skew Braces

We now set aside the study of solutions to the Yang–Baxter Equation and turn

our attention to the study of skew braces. We provide some definitions and prove

several properties that will be useful in Chapter 4 of this work.



1.5 Basic Concepts in the Theory of Skew Braces 22

Definition 1.5.1. Let B be a skew brace.

• A sub-brace of B is a subset C of B such that (C,+) ≤ (B,+) and (C, ◦) ≤

(B, ◦).

• A left ideal of B is a subgroup (I,+) of (B,+) which is λ- invariant.

• A strong left ideal of B is a left ideal I of B such that (I,+) ⊴ (B,+).

Remark 1.5.2. A left ideal I of B is clearly a sub-brace of B. Indeed, if λb(I) ⊆ I

for all b ∈ B, then (I, ◦) ≤ (B, ◦). If B is a skew brace of abelian type, then the

definitions of left ideal and strong left ideal coincide.

Definition 1.5.3. An ideal of B is a strong left ideal I of B such that (I, ◦) ⊴ (B, ◦).

Thus, an ideal I of B is a normal subgroup of (B, ◦) and a normal subgroup of

(B,+) which is λ-invariant.

Example 1.5.4. We construct an example of left ideal which is not an ideal. First we

need to introduce the notion of semidirect product of skew braces.

Let A and B be two skew braces and consider the semidirect product A⋊α B

defined as follows. Let α : (B, ◦) → Aut(A,+, ◦) be a homomorphism of groups and

define two operation on the direct product A×B. For all a, b ∈ A and x, y ∈ B we

set

(a, x) + (b, y) ..= (a+ b, x+ y)

(a, x) ◦ (b, y) ..= (a ◦ αx(b), x ◦ y).

The semidirect product of A and B via α is the skew brace A⋊α B ..= (A×B,+, ◦).

For a more general construction of semidirect product of skew braces see also e.g. [29].

As an application consider B = Z /3 Z⋊Z /2 Z be the semidirect product of

the trivial braces Z /3 Z and Z /2 Z via the non-trivial action of Z /2 Z over Z /3 Z.

Then, the set

Fix(B) = {b ∈ B | λx(b) = b for all x ∈ B}

is a left ideal of B that is not an ideal of B. Indeed, Fix(B) is equal to {(0, 0), (0, 1)}

which is not a normal subgroup of (B, ◦).
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Definition 1.5.5. Let A and B be two skew left braces. A homomorphism between

A and B is a map f : A → B such that f(a+b) = f(a)+f(b) and f(a◦b) = f(a)◦f(b)

for all a, b ∈ A.

Let f : (A,+, ◦) → (B,+, ⋄) be a homomorphism of skew braces. Notice that

ker(f) = {a ∈ A | f(a) = 0} is a normal subgroup of both (A,+) and (A, ◦).

Moreover, if a ∈ A and b ∈ ker(f) we have that

f(λa(b)) = f(−a+ a ◦ b) = −f(a) + f(a) ⋄ f(b) = −f(a) + f(a) = 0.

Thus, ker(f) is an ideal of (A,+, ◦).

Definition 1.5.6. Let B be a skew brace. We define socle of B as the subset

Soc(B) = ker(λ) ∩ Z(B,+).

Lemma 1.5.7. Let B be a skew brace. Then, λa(x) ∈ Soc(B) for all a ∈ B and for

all x ∈ Soc(B).

Proof. Notice that for all x ∈ Soc(B), we have that λa(x) = a ◦ x− a = a ◦ x ◦ a′.

Indeed

λa(x) = −a+ (a ◦ x) = a ◦ (a′ + x) = a ◦ (x+ a′) = a ◦ x− a.

and a ◦ x − a = a ◦ (x + a′) = a ◦ (x ◦ a′) = a ◦ x ◦ a′. The result now follows by

showing that λa(x) + b = b+ λa(x) and that λλa(x) = id.

Remark 1.5.8. The socle of B is an ideal of B, and x ∈ Soc(B) if and only if

x ◦ b = x+ b and x+ b = b+ x for all b ∈ B.

The following definition gives us another example of an ideal of a skew brace.

Definition 1.5.9. Let B be a skew brace. The subset Ann(B) = Soc(B) ∩ Fix(B)

is called the annihilator of B.

Definition 1.5.10. A skew left brace B is said to be a skew two-sided brace if, for

all a, b, c ∈ B,

(a+ b) ◦ c = a ◦ c− c+ b ◦ c. (1.25)

Thus, a skew two-sided brace is a skew left and skew right brace.
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Remark 1.5.11. Any skew brace with an abelian multiplicative group is two-sided.

Proposition 1.5.12. A skew brace of abelian type (B,+, ◦) is two sided if and only

if (B,+, ·) is a radical ring.

Proof. Since (B, ◦) is a group and (B,+) is an abelian group, the only thing left to

prove is that (B,+, ·) is a ring. In particular, it remains to show the associativity

and distributivity properties. Using Lemma 1.4.5, it is straightforward to verify that

a · (b · c) = (a · b) · c and the distributivity laws. Conversely, let (B,+, ·) be a radical

ring and define a ◦ b = a+ a · b+ b. Since (B,+, ·) is a radical ring, we have that

(B, ◦) is a group and (B,+) is an abelian group. Finally, we have

a ◦ (b+ c) = a · (b+ c) + a+ b+ c

= a · b+ a · c+ a+ b+ c

= a ◦ b− a+ a ◦ c

and

(a+ b) ◦ c = a+ b+ (a+ b) · c+ c

= a+ b+ c+ a · c+ b · c

= a ◦ c− c+ b ◦ c.

1.6 Skew Braces and Regular Subgroups of the Holo-

morph

In this section, we prove that there is a bijective correspondence between the

class of skew braces with additive group (B,+) and the set of all regular subgroups

of Hol(B).

Let (B,+) be a group. The operation ◦ which turns (B,+, ◦) into a skew brace

can be characterized as

a ◦ b = a+ γa(b) (1.26)

where γ : B → Aut(B,+) is a function, satisfying

γa+λa(b) = γaγb. (1.27)
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We shall refer to such functions as gamma functions. The map λa defined in

Proposition 1.4.6 is the gamma function of the skew brace B.

We denote by Hol(B) ..= B ⋊ Aut(B) the holomorph of B. Notice that every

subgroup G of Hol(B) acts on B. More in particular, let (a, α) ∈ G and b ∈ B, and

consider π1 the projection onto B, we have that

(a, α) · b = π1((a, α)(b, id)) = π1((a+ α(b), α)) = a+ α(b).

We shall say that G ≤ Hol(B) is regular if it acts regularly on B, i.e. given a, b ∈ B

there exists a unique (c, γ) ∈ G such that b = (c, γ) · a = c+ γ(a).

Lemma 1.6.1. A subgroup G of Hol(B) is regular if and only if there exists a

gamma function γ : B → Aut(B) and G = {(a, γa) | a ∈ B}.

Proof. By regularity of G, we can index the elements of G by way of the elements of B.

Hence we can express G as G = {(a, γa) | a ∈ B}. Let b ∈ B and (c, γc) the unique

element of G such that (c, γc) · 0 = b. Since γc(0) = 0 and b = (c, γc) · 0 = c+ γc(0),

we get that c = b. We define the map γ : B → Aut(B) by sending b 7→ γb. Notice

that

(a, γa)(b, γb) = (a+ γa(b), γaγb),

which gives γaγb = γa+γa(b).

Conversely, let G = {(a, γa) | a ∈ B} and γaγb = γaγa+γa(b). Let (a, γa) ∈ G and

let (a′, γa′) ∈ G be the inverse element of (a, γa). We have that




a+ γa(a
′) = 0 = a′ + γa′(a)

γaγa′ = γa′γa = id .

(1.28)

Let c, d ∈ B. We claim that (d+γd(c
′), γd+γd(c′)) · c = d. Indeed, by Equation (1.28),

we obtain that

(d+ γd(c
′), γd+γd(c′)) · c = (d, γd)(c

′, γc′) · c

= (d, γd)((c
′, γc′) · c)

= (d, γd) · (c′ + γc′(c))

= (d, γd) · 0 = d.
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Notice that the uniqueness of (d+ γd(c
′), γd+γd(c′)) follows from the uniqueness of

the inverse of an element in a group.

The following theorem, first proved by D. Bachiller in [12], provides a bijective

correspondence between the class B of skew braces with additive group (B,+) and

the set R of all regular subgroups of Hol(B).

Theorem 1.6.2. Let (B,+) be a group. If B◦ = (B,+, ◦) belongs to B, then

GB◦ = {(a, λa) | a ∈ B} is in R. The map

f : B → R

B◦ 7→ GB◦

is a bijection, and isomorphism classes of skew braces correspond to conjugacy classes

of regular subgroups of Hol(B) under the action of Aut(B).

Proof. We recall that the map λa : B → B which sends b 7→ −a + a ◦ b is an

automorphism of the group (B,+). We define the map

ψ : (B, ◦) → GB◦

a 7→ (a, λa)

Applying Proposition 1.4.7, we have that

ψ(a)ψ(b) = (a, λa)(b, λb) = (a+ λa(b), λaλb) = (a ◦ b, λa◦b) = ψ(a ◦ b),

hence ψ is an isomorphism. It follows that GB◦ is a group and, since λaλb = λa◦b =

λa+λa(b), by Lemma 1.6.1 it is a regular subgroup of Hol(B).

Let G be a regular subgroup of Hol(B). By Lemma 1.6.1, there exists a map

γ : B → Aut(B) such that G = {(a, γa) | a ∈ B}. We define a ◦ b ..= a + γa(b)

and we claim that (B,+, ◦) is a skew brace. Since the map G → (B, ◦) defined by

(a, γa) 7→ a is a isomorphism, (B, ◦) is a group. Moreover, we have that

a ◦ (b+ c) = a+ γa(b+ c) = a+ γa(b) + γa(c) = a ◦ b− a+ a ◦ c

proving the first part of the statement.

To prove the last part, let B◦ = (B,+, ◦) and B⋄ = (B,+, ⋄) be two isomorphic

skew braces, and let g be an isomorphism. Consider the associated groups GB◦ =
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{(a, λa) | a ∈ B} and GB⋄ = {(a, λ̄a) | a ∈ B} with λa = −a+a◦b and λ̄a = −a+a⋄b.

Observe that

gλag
−1(b) = g(−a+ a ◦ g−1(b)) = −g(a) + g(a) ⋄ b = λ̄g(a)(b)

so that (0, g)GB◦(0, g−1) = GB⋄ . The converse is analogous. For a detailed proof

see e.g. [12,31].

The following theorem is a consequence of the results proven so far.

Theorem 1.6.3. Let (B,+) be a group. The following data are equivalent:

• a binary operation ◦ on B such that (B,+, ◦) forms a skew brace;

• a regular subgroup G ≤ Hol(B);

• a gamma function γ : B → Aut(B).

In Chapter 4, we will make extensive use of the above theorem, as well as of the

following analogous correspondence established by Caranti in [17].

Theorem 1.6.4. Let (B,+) be a group. There exists a bijective correspondence be-

tween bi-brace structures on (B,+) and the regular subgroups N of Hol(B) normalized

by the right regular representation σ(B) of B.
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CHAPTER 2

ITERATED WREATH PRODUCT IN ODD

CHARACTERISTIC CASE

This chapter is primarily based on the results presented in [10].

Let n ≥ 2 and V be a vector space over Fp of dimension n. Kaloujnine and

Krasner in [34] showed that the Sylow p-subgroup Wn of Sym(V ) can be realized

as the iterated wreath product of n copies of Z /pZ (see Appendix A.3). In other

words,

Wn
..= ≀ni=1 Z /pZ = Fun(Fn−1

p ,Fp) ⋊Wn−1. (2.1)

The pointwise multiplication endows Fun(Fn−1
p ,Fp) with a group structure. It may

be identified with the additive group of the polynomials in n− 1 variables in which

every variable appears with degree at most p − 1. More precisely, the k-th base

subgroup Bk of Wn is defined as

Bk ..= Fun(Fk−1
p ,Fp) ∼= Fp[x1, . . . , xk−1]/(xp1 − x1, . . . , x

p
k−1 − xk−1)

and consequently we have the decomposition Wn = Bn⋊· · ·⋊B1. To avoid ambiguity,

since the same polynomial element may belong to different base subgroups, we will

denote a polynomial f ∈ Bk as f∆k. As a result of Equation (2.1), every element

w ∈ Wn can be uniquely written as a product of the form w = fn∆n · · · f1∆1, where

fi ∈ Bi.
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Definition 2.0.1. Let x = (x1, . . . , xk−1) be a vector of Fk−1
p and consider the

integers 1 ≤ i < k ≤ n. For each element h∆i ∈ Bi, we define the operator ∆i by

∆i(h)(f(x)∆k) = (f(x+ hei) − f(x))∆k.

This operator can be used to express the conjugation action of an element

h∆i ∈ Bi on an element f∆k ∈ Bk by way of the commutator

[f∆k, h∆i] = ∆i(h)
(
f∆k

)
.

Since the functions in the base subgroups are polynomials in which every variable

appears with degree at most p− 1, we can use the Taylor formula to write the above

commutator as follows

[f∆k, h∆i] =
p−1∑

j=1

1

j!

∂jf

∂xji
hj∆k. (2.2)

Notice that the element f∆k ∈ Bk acts on (x1, . . . , xn) ∈ V via the translation

(x1, . . . , xn) → (x1, . . . , xn) − ekf(x1, . . . , xk−1).

Under this notation, the subgroup T can be seen as

T = ⟨∆1, . . . ,∆n⟩. (2.3)

We will refer to T as the canonical elementary abelian regular subgroup of Wn.

2.0.1 Power Monomials and p-degree

To describe the elements of Wn, we introduce notation which makes use of integer

partitions. This will also help in understanding the structure of the normalizer chain

defined in Equation 1.8. Let Λ = {λi}
∞
i=1 be a sequence of non-negative integers

with finite support and weight

wt(Λ) ..=
∞∑

i=1

iλi < ∞. (2.4)

We shall say that Λ is a partition of N if wt(Λ) = N . The maximal part of Λ is the

integer max{i | λi ̸= 0}. The set of partitions whose maximal part is less than or

equal to k is denoted by P(k) and we define for each m ≥ 1

Pm(k) = {Λ ∈ P(k) | λi ≤ m− 1 for all i} .
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Let Λ ∈ P(k). We define the power monomial xΛ by

xΛ =
∞∏

i=1

xλi

i .

Throughout this chapter, unless otherwise stated, we will consider partitions in Pp(k)

for k = 1, . . . , n. The set B consists of all power monomials in Wn, i.e.

B =
{
xΛ∆k | Λ ∈ Pp(k) and 1 ≤ k ≤ n

}
. (2.5)

Definition 2.0.2. We define the p-degree of the power monomial xΛ = xλ1
1 · · ·x

λn−1

n−1 ,

written pdeg(xΛ), by

pdeg(xΛ) = λn−1p
n−2 + · · · + λ2p+ λ1.

Let 1 ≤ j ≤ n, and set µj = pn−1 − pj−1. Then

pdeg(xΛ∆j) = pdeg(xΛ) + µj . (2.6)

Notice that if pdeg(xΛ∆k) < µk, then xΛ∆k = 1. For a homogeneous element

f∆k = (c1x
Λ1 + · · · + ctx

Λt)∆k ∈ Bk we define pdeg(f∆k) as

max
{

pdeg(xΛi∆k) | i = 1, . . . , t
}
.

The leading term lt(f∆k) of f∆kis the monomial element of the form cjx
Λj ∆k which

attains that maximum.

We are now equipped with all the necessary tools to compute the central series

of Wn.

2.1 The Lower and the Upper Central Series of Wn

In this section we compute the lower and upper central series of Wn and we

give a proof of the equality between the terms of the two series. We begin with a

definition that also appears in [3].

Definition 2.1.1. A subgroup S ≤ Wn is said to be saturated if

1. S = S1 · · ·Sn, where Si ≤ Bi,
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2. if f∆k ∈ S, then for each monomial cxΛ of f , with c ∈ F∗
p, the element xΛ∆k

is in S.

Notice that a saturated subgroup S of Wn is spanned by the set S ∩ B.

Now consider xΛ∆k ∈ Bk and xΘ∆ℓ ∈ Bℓ with k > ℓ. the following equalities

hold.

pdeg([xΛ∆k, x
Θ∆ℓ]) = pdeg



p−1∑

i=1

1

i!

∂xΛ

∂xℓ
xΘ∆k


 = pdeg

(
∂xΛ

∂xℓ
xΘ∆k

)
.

Thus, if [xΛ∆k, x
Θ∆ℓ] ̸= 0, then

pdeg([xΛ∆k, x
Θ∆ℓ]) < pdeg(xΛ∆k). (2.7)

Lemma 2.1.2. Let xΛ∆k ∈ Bk. There exists a monic monomial element w ∈ Wn

such that [xΛ∆k, w] lies in Bk and

pdeg([xΛ∆k, w]) = pdeg(xΛ∆k) − 1.

Proof. Let Λ = (λ1, . . . , λk−1) and j = min{j | λj ̸= 0}. If j = 1, then take w = ∆1.

Indeed, we have that

pdeg([xΛ∆k,∆1]) = pdeg

(
∂xΛ

∂x1
∆k

)
= pdeg(xΛ∆k) − 1.

If j > 1, then take w = xp−1
1 · · ·xp−1

j−1∆j . Indeed

pdeg([xΛ∆k, x
p−1
1 · · ·xp−1

j−1∆j ]) = pdeg

(
∂xΛ

∂xj
xp−1

1 · · ·xp−1
j−1∆k

)

= (pdeg(xΛ) − pj−1) + (p− 1)
j−2∑

i=0

pi + µk

= pdeg(xΛ∆k) − 1.

Corollary 2.1.3. If xΛ∆k ∈ Bk, then there exist monic monomial elements

w1, . . . , wℓ ∈ Wn such that the commutator [xΛ∆k, w1, . . . , wℓ] lies in Bk and

pdeg([xΛ∆k, w1, . . . , wℓ]) = pdeg(xΛ∆k) − ℓ (2.8)

where 1 ≤ ℓ ≤ pdeg(xΛ).

As a consequence we have the following result.
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Lemma 2.1.4. Let i ≥ 1, then γi(Wn) ∩Bk = ⟨xΛ∆k | pdeg(xΛ∆k) ≤ pn−1 − i⟩.

Proof. By Equation (2.7) and Corollary 2.1.3, it is enough to notice that

max{pdeg(xΛ∆k) | xΛ∆k ∈ γi(Wn) ∩Bk} = pn−1 − i.

That maximum is reached by applying Corollary 2.1.3 to the maximal monic mono-

mial element xp−1
1 · · ·xp−1

k−1 of Bk. Furthermore, by applying Corollary 2.1.3 to a

monic monomial in Bk with pdeg = s+ i, we obtain an element with pdeg = s lying

in γi(Wn) ∩Bk, for every s < pn−1 − i.

Lemma 2.1.5. Let A be an abelian subgroup of G and B ⊴ G such that

1. AB = A⋉B is normal in G,

2. there exists H ≤ G such that H ≤ NG(A) and G = H(AB).

Then [AB,G] = ([A,G] ∩A)[B,G].

Proof. Let g = hāb̄ ∈ G with h ∈ H, ā ∈ A, b̄ ∈ B and ab ∈ AB. Note that the

commutator

[ab, g] = [a, g][a, g, b][b, g] ∈ [a, g][B,G].

Moreover, since A is abelian we have

[g, a] = [h, a][h, a, b̄][b̄, a] ∈ ([G,A] ∩A)[B,G]

Hence [ab, g] ∈ ([G,A]∩A)[B,G], so [AB,G] ≤ ([G,A]∩A)[B,G]. Since the opposite

inclusion is trivial we have the claim.

Corollary 2.1.6. In the same hypotheses of the previous lemma the following

equality holds

[AB,G, . . . , G︸ ︷︷ ︸
k times

] = ([A,G, . . . , G︸ ︷︷ ︸
k times

] ∩A)[B,G, . . . , G︸ ︷︷ ︸
k times

]

The following is another straight consequence

Corollary 2.1.7. γi(Wn) = (γi(Wn) ∩Bn) ⋊ · · · ⋊ (γi(Wn) ∩B1).
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Notice that the terms of the lower central series of Wn are saturated subgroups

and

γi(Wn) = γi+1(Wn) ⋊ ⟨cxΛ∆k | pdeg(xΛ) = pn−1 − i, 1 ≤ k ≤ n and c ∈ Fp⟩.

The remaining part of this section is devoted to proving the following theorem.

Theorem 2.1.8. The upper and the lower central series of Wn coincide.

Before providing the proof, we need some preliminary results.

Lemma 2.1.9. Zi ∩Bn = γpn−1−i(Wn) ∩Bn = [(Zi+1(Wn) ∩Bn),Wn].

Proof. We know that Zi(Wn) ∩ Bn ≥ γpn−1−i(Wn) ∩ Bn. Since Bn is a uniserial

Wn-module, for all i, j ≥ 1 we have the following

1. γj(Wn) ∩Bn = [Bn,Wn, . . . ,Wn︸ ︷︷ ︸
j − 1 times

];

2. |(γpn−1−i(Wn) ∩Bn) : (γpn−1−i−1(Wn) ∩Bn)| = p;

3. |Zi(Wn) : Zi−1(Wn)| ≥ p;

4. Zpn−1−1(Wn) ∩Bn ̸= Bn;

5. Zpn−1(Wn) ∩Bn = Bn.

Thus, pn−1 =
∏pn−1

j=1 |(Zj(Wn) ∩ Bn) : (Zj−1(Wn) ∩ Bn)| ≥
∏
j=1 p = pn−1 and so

|(Zj(Wn) ∩Bn) : (Zj−1(Wn) ∩Bn)| = p for all j. The statement follows inductively

noting that Z1(Wn) ∩Bn = γpn−1(Wn) ∩Bn

Lemma 2.1.10. If g = gk . . . gn ∈ Zi(Wn) with gs ∈ Bs then gk ∈ Zi(Wn).

Proof. Let ψ : Wn → Wk be the canonical map whose kernel is Bk+1 · · ·Bn. Note

that ψ(Zi(Wn)) ≤ Zi−pn−1+pk−1(Wk). By Lemma 2.1.9 it follows that

ψ(g) = gk ∈ Zi−pn−1+pk−1(Wk) ∩Bk = γpn−1−i(Wk) ∩Bk = γpn−1−i(Wn) ∩Bk.

Thus, gk ∈ γpn−1−i(Wn) ∩Bk ≤ Zi(Wn) ∩Bk.

Corollary 2.1.11. If g = g1 . . . gn ∈ Zi(Wn) with gs ∈ Bs then gs ∈ Zi(Wn) for all

s. In particular

Zi(Wn) = (Zi(Wn) ∩B1) · · · (Zi(Wn) ∩Bn).
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Proof of Theorem 2.1.8. Notice that

(Zi(Wn) ∩B1) · · · (Zi(Wn) ∩Bn) = (γpn−1−i(Wn) ∩B1) · · · (γpn−1−i(Wn) ∩Bn).

Indeed, by Lemma 2.1.9, we have that (Zi(Wn) ∩Bn) = γpn−1−i(Wn) ∩Bn and the

claim follows easily by arguing induction considering the quotient Wn−1 = Wn/Bn.

Finally, by Corollaries 2.1.7 and 2.1.11, we have

Zi(Wn) = (Zi(Wn) ∩B1) · · · (Zi(Wn) ∩Bn)

= (γpn−1−i(Wn) ∩B1) · · · (γpn−1−i(Wn) ∩Bn) = γpn−1−i(Wn).

2.2 The Lie Algebra associated to Wn

In this section, we introduce the Lie algebra Ln associated to the group Wn, and

we define a map between these structures.

We start by noting that each base subgroup Bi is a uniserial module for Wn.

Hence, by Corollary 2.1.7 the quotient of two consecutive terms of the lower central

series is an elementary abelian p-group for a prime p. This implies that the graded

Lie ring Ln associated with the lower central series of Wn inherits the structure of

a Lie algebra over Fp. As shown in [46], this Lie algebra may be described as the

iterated wreath product Ln = ≀n L1, where L1 is the one dimensional algebra over

Fp.

Let ∂k be the derivation given by the standard partial derivative with respect

to the variable xk, with 1 ≤ k ≤ n. We identify Ln as the subalgebra of the Witt

algebra (see Appendix A.4) over Fp in n variables spanned by the basis

B =
n⋃

k=1

Bk where Bk =
{
xΛ∂k | Λ ∈ Pp(k − 1)

}
.

The product of Ln is defined on the basis B as follows

[
xΛ∂k, x

Θ∂j
]

:= ∂j(x
Λ)xΘ∂k − xΛ∂k(x

Θ)∂j

=





∂j(x
Λ)xΘ∂k if j < k,

−xΛ∂k(x
Θ)∂j if j > k,

0 otherwise.
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This operation is then extended by bilinearity to the whole Ln.

The lower central series of Wn allows us to establish a connection between the

Lie algebra Ln and the group Wn. In particular, let cxΛ∆k ∈ Wn with c ∈ Fp. We

define

φi(cx
Λ∆k) =





cxΛ∂k if xΛ∆k ∈ γi(Wn) \ γi+1(Wn)

0 otherwise

Notice that φi(x
Λ∆k) ̸= 0 if and only if pdeg(xΛ∆k) = pn−1 − i. Let f∆k be a

homogeneous element of γi(Wn), we define φi(f∆k) ..= φi(lt(f∆k)). Given a generic

element g = g1 . . . gn ∈ Wn, we set

φi(g) =





∑n
j=1 φi(lt(gj)) if g ∈ γi(Wn) \ γi+1(Wn),

0 otherwise.

This defines a map φ : Wn → Ln by setting φ(g) = φi(g) whenever g ∈ γi(Wn) \

γi+1(Wn).

We now introduce the concept of homogeneous subring of Ln which, as we will

see later, is related to Definition 2.1.1 of saturated subgroup.

Definition 2.2.1. A Lie subring h of Ln is said to be homogeneous if it is the span

over Fp of some subset H of B.

Remark 2.2.2. Let Li be the Fp-span of Bi, and define L(i) =
⊕i

j=1 Lj . Consider the

Fm-submodule T of L, generated by the set {∂1, . . . , ∂n}. This submodule forms a

homogeneous and abelian Lie subring. Moreover, for each i, the element ∂i generates

the center of L(i). The subring T provides a natural counterpart to the elementary

abelian regular subgroup of Wn.

Definition 2.2.3. If U is a subset of B, then its idealizer is defined as

NB(U) = {b ∈ B | [b, u] ∈ Fp U for all h ∈ U} .

Theorem 2.2.4. Let H be a homogeneous subring of Ln having basis U ⊆ B. The

idealizer NLn
(H) of H in Ln is the homogeneous subring of Ln spanned over Fp by

NB(U).
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Proof. Let N = NLn
(H) be the idealizer of H in Ln and let

z =
∑

xΛ∂k∈B

lΛ,kx
Λ∂k

be an element of N. We aim to show that each term in this sum belongs to N. Notice

that, since H is a homogeneous subring, it suffices to show that
[
lΛ,kx

Λ∂k, x
Θ∂j

]
∈

Fp H for all xΘ∂j ∈ H. We know that

H ∋ [z, xΘ∂j ] =
∑

xΛ∂k∈B

lΛ,k[x
Λ∂k, x

Θ∂j ],

where the sum is taken over all xΛ∂k ∈ B such that
[
xΛ∂k, x

Θ∂j
]

≠ 0. Observe that

for xΛ1∂k1 ̸= xΛ2∂k2 , the commutators

[xΛ1∂k1 , x
Θ∂j ] ̸= [xΛ2∂k2 , x

Θ∂j ]

and so each non-zero bracket [xΛ∂k, x
Θ∂j ] is an element of Fp H.

2.2.1 Lower and Upper Central Series of Ln

Thanks to the map φ : Wn → Ln, we can easily compute the central series of Ln.

The terms of these series provide further examples of homogeneous subrings.

First, observe that if [xΛ∂j , x
Θ∂k] = cxΓ∂u, for some c ∈ Fp, then

u = max(j, k) and wt(Γ) = wt(Λ) + wt(Θ) − min(j, k).

This formula will be used implicitly in the results that follow.

Lemma 2.2.5. Let xΛ∆k ∈ γi(Wn) \ γi+1(Wn) and xΘ∆h ∈ γj(Wn) \ γj+1(Wn). If

the commutator [xΛ∆k, x
Θ∆h] is not trivial, then it lies in γi+j(Wn) \ γi+j+1(Wn),

and the following equality holds

φi+j([x
Λ∆k, x

Θ∆h]) = [φi(x
Λ∆k), φj(x

Θ∆h)]. (2.9)

Proof. Without loss of generality we can assume k > h, φi(x
Λ∆k) ̸= 0 ̸= φj(x

Θ∆h)

and
∂xΛ

∂xh
̸= 0. Since

pdeg([xΛ∆k, x
Θ∆h]) = pdeg

(
∂xΛ

∂xh
xΘ∆k

)
= pn−1 − i− j,
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we have that

φi+j([x
Λ∆k, x

Θ∆h]) = φi+j

(
∂xΛ

∂xh
xΘ∆k

)

=
∂xΛ

∂xh
xΘ∂k

= [xΛ∂k, x
Θ∂h]

= [φi(x
Λ∆k), φj(x

Θ∆h)].

Let S be a saturated subgroup of Wn. We shall denote by Sφ the homogeneous

Lie subring of Ln spanned by the set φ(S ∩ B).

Remark 2.2.6. A straightforward consequence of the previous lemma is that if S is a

saturated subgroup of Wn, then |S| = |Sφ|.

Corollary 2.2.7. For each i ≥ 1 we have γi(Wn)φ = Lin is the i-th Lie power of Ln.

We now compute the upper central series of Ln.

Definition 2.2.8. Let 1 ≤ j ≤ n. We define ξm as the Fp-span of the set

{
xΛn∂n, . . . , x

Λ1∂1 | pdeg(xΛi∂i) < m for all i = 1, . . . , n
}
.

Notice that, by Lemma 2.1.4, ξm = γpn−1−m(Wn)φ, and so ξm ⊆ ξm+1.

Lemma 2.2.9. For each xΘ∂ℓ ∈ Ln and xΛ∂i ∈ ξm the commutator [xΛ∂i, x
Θ∂ℓ]

belongs to ξm−1.

Proof. Without loss of generality, we may assume xΛ∂i ̸= 0 ̸= xΘ∂ℓ. For ℓ < i, the

claim is easily verified noting that

pdeg

(
∂xΛ

∂xℓ
xΘ∂i

)
≤ pdeg(xΛ∂i) − 1 < m− 1.

If ℓ > i, we have that [xΘ∂ℓ, x
Λ∂i] =

∂xΘ

∂xi
xΛ∂ℓ. We observe that, since xΛ∂i ≠ 0, we

must have m > µi. Hence

pdeg

(
∂xΘ

∂xi
xΛ∂ℓ

)
≤ pn−1 − 1 − pi−1 = µi − 1 < m− 1.

Thus, xΛ∂i ∈ ξm−1.
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Lemma 2.2.10. Let xΛ∂i be such that pdeg(xΛ∂i) = r+µi. Then for each k+1 < r

there exists xΘ∂ℓ ∈ Ln such that pdeg([xΘ∂ℓ, x
Λ∂i]) > k + µi.

Proof. Let r = λ1 + λ2p+ · · · + λi−1p
i−2 and k + 1 = γ1 + γ2p+ · · · + γi−1p

i−2. Let

j be the maximum index such that λj > γj . If λj − γj > 1, then

pdeg([xΛ∂i, ∂j ]) > k + µi.

If λj−γj = 1 and there exists s < j such that λs ≠ 0, then pdeg([xΛ∂i, ∂s]) > k+µi. If

such s does not exist and j ̸= 1, then pdeg([xΛ∂i, x
p−1
1 . . . xp−1

j−1∂j ]) = r−1+µi > k+µi.

If j = 1, then pdeg([xΛ∂i, ∂1]) = r − 1 + µi > k + µi.

Corollary 2.2.11. For all i = 1, . . . , n the following equalities hold

ξm ∩ Bi = Zm(Ln) ∩ Bi = Lp
n−1−m
n ∩Bi.

In particular, Zm(Ln) = Lp
n−1−m
n .

2.3 A Chain of Normalizers

We now have all the necessary tools to return to the original goal we set at the

beginning: to compute the chain of normalizers originating from the subgroup T of

Wn, and defined in Equation (1.8). We recall that Theorem 1.2.4 shows that the

normalizers can be computed inside Wn rather than inside Sym(V ). For the reader’s

convenience, we restate the definition of the normalizer chain.

Let T = ⟨∆1, . . . ,∆n⟩ be the canonical elementary abelian regular subgroup of

Wn, and define the sequence {N
(p)
i }i≥−1 as follows.

N
(p)
i =





T if i = −1

NWn(N
(p)
i−1) if i ≥ 0.

(2.10)

In this section, we prove that the growth of that normalizer chain coincides with the

growth of the corresponding chain of idealizers in Ln originating from the subring T

defined in Remark 2.2.2.

Proposition 2.3.1. Let S ≤ Wn be a saturated subgroup. The normalizer NWn(S)

of S in Wn is a saturated subgroup.
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Proof. Let g = hgk ∈ NWn(S) with gk ∈ Bk \ {1} and h ∈ Bk+1 · · ·Bn. Since S is

saturated, we have that the condition g ∈ NWn(S) is equivalent to requiring that

[g, s] ∈ S for every s ∈ Bi ∩ S and all i ∈ {1, . . . , n}. Notice that, in order to prove

that NWn(S) is saturated, it is enough to show that gk ∈ NWn(S). Indeed, since

gk ∈ NWn(S), we obtain h = gg−1
k ∈ NWn(S) and we can then argue by induction

on k. Let s ∈ Bi ∩ S, we have

S ∋ [g, s] = [h, s]gk [gk, s].

If k = i, then [gk, s] = 1 and we are done.

Without loss of generality, we can suppose [gk, s] ̸= 1. If k > i, then [h, s]gk ∈

Bk+1 · · ·Bn and [gk, s] ∈ Bk. In particular, since S is saturated, we get [gk, s] ∈ S.

If k < i, write h = ĥh̄ with h̄ ∈ Bk+1 · · ·Bi−1 and ĥ ∈ Bi · · ·Bn. Then

S ∋ [g, s] = [ĥh̄gk, s] = [ĥ, s]h̄gk [h̄gk, s].

Here, [h̄gk, s] ∈ Bi and [ĥ, s]h̄gk ∈ Bi+1 · · ·Bn, so [h̄gk, s] ∈ Bi ∩ S. Now decompose

h̄ = hi−1 · · ·hk+1 with hj ∈ Bj . Then

S ∋ [h̄gk, s] = [hi−1, s]
hi−2···hk+1gk · · · [hk+1, s]

gk [gk, s]. (2.11)

Note that in each monomial term of [gk, s] the variable xj appears with the same

degree as in s. In contrast, in each monomial element of [hj , s]
hj−1...hk+1gk , the

degree of xj is strictly less than in s. This means that the monomial elements

coming from [gk, s] are distinct from those coming from the other commutators

[hj , s]
hj−1...hk+1gk for j = k + 1, . . . i− 1. Thus, since S is saturated, and the whole

product [hi−1, s]
hi−2···hk+1gk · · · [hk+1, s]

gk [gk, s] lies in S, each monomial element

coming from the decomposition of [gk, s] must lie in S, proving the statement.

The following result is a technical lemma aiming to intertwine idealizers and

normalizers.

Lemma 2.3.2. Let H be a saturated subgroup of Wn and let n ∈ Bℓ. If lt([n, h]) ∈ H

for all h ∈ H, then [n, h] ∈ H.
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Proof. Since H is a saturated subgroup, without loss of generality, we may assume

that h = g∆i ∈ Bi for some i, and n = f∆ℓ. If ℓ > i, then

[n, h] =
p−1∑

s=1

1

s!

∂sf

∂xsi
gs∆ℓ

and lt([n, h]) =
∂f

∂xi
g∆ℓ ∈ H. The statement follows noting that [lt([n, h]), h] ∈ H

so that
∂sf

∂xsi
gs∆ℓ ∈ H for s = 2, . . . , p− 1. If ℓ < i, then

[n, h] =
∞∑

s=1

1

s!

∂sg

∂xsℓ
fs∆i

and lt([n, h]) =
∂g

∂xℓ
f∆i ∈ H. By hypothesis, lt

(
[n, lt([n, h])]

)
=

∂2g

∂x2
ℓ

f2∆i ∈ H.

Iterating the process we obtain the desired result.

Proposition 2.3.3. Let H be a saturated subgroup of Wn. The following equality

holds

(NWn(H))φ = NLn
(Hφ).

Proof. By Proposition 2.3.1 we know that NWn(H) is a saturated subgroup of Wn.

Let n ∈ NWn(H) ∩ B and i an integer such that n ∈ γi(Wn) \ γi+1(Wn). For every

h ∈ H ∩ B, there exists an integer j such that h ∈ γj(Wn) \ γj+1(Wn) and we have

the following equality by Lemma 2.2.5

φ([n, h]) = φi+j([n, h]) = [φi(n), φj(h)].

Since φ([n, h]) ∈ Hφ for all h ∈ H ∩ B, it follows that φi(n) = φ(n) ∈ NLn
(Hφ).

We now prove the opposite inclusion. Let t ∈ NLn
(Hφ) ∩ B. For some positive

integer i, there exists n ∈ B ∩
(
γi(Wn) \ γi+1(Wn)

)
such that φ(n) = t. For all

φ(h) ∈ Hφ ∩ B, there exists an integer j such that φ(h) = φj(h) and

Hφ ∋ [φi(n), φj(h)] = φi+j([n, h] = φ(lt([n, h]))).

Thus, lt([n, h]) ∈ H for all h ∈ H and, by Lemma 2.3.2, we have [n, h] ∈ H.

Remark 2.3.4. By Proposition 2.3.3, we obtain that the correspondence sending

H to Hφ maps normal saturated subgroups of Wn into homogeneous ideals of Ln.
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Moreover, we define a new map ε : B → B by xΛ∂k 7→ xΛ∆k. If I is an homogeneous

ideal of Ln, we denote by Iε the saturated subgroup of Wn generated by ε(I ∩ B).

As

φ[ε(xΛ∂k), ε(x
Θ∂h)] = [φε(xΛ∂k), φε(x

Θ∂h)] = [xΛ∂k, x
Θ∂h],

it follows that Iε is a normal saturated subgroup of Wn such that
(
Iε
)φ

= I.

Similarly, if N is a saturated normal subgroup of Wn, then
(
Nφ

)ε
= N . This

shows that the maps (·)φ and (·)ε establish a bijection between the poset of normal

saturated subgroups of Wn and the poset of homogeneous ideals of Ln.

By Remark 2.2.6 and Proposition 2.3.3 we have that

|NLn
(Hφ)| = |NWn(H)|. (2.12)

Thus, the growth of the normalizer chain defined in Equation (2.10) is equal to the

growth of the following idealizer chain originating from T.

N
(p)
i =





T if i = −1

NLn
(N

(p)
j−1) if i ≥ 0

(2.13)

where T is the homogeneous subring of Ln spanned by the set {∂1, . . . , ∂n}.

2.3.1 The Idealizer Chain

The idealizer chain defined in Equation (2.13) has already been studied in [2].

In this subsection, we recall the results obtained in [2] in order to enhance the

clarity of the exposition. First, we introduce the following subsets of B. Let

U = T ∪ {xj∂k | 1 ≤ j < k ≤ n} and for 1 ≤ i ≤ n− 1, define

Wi =
{
xΛ∂k ∈ B | n− i+ 1 ≤ k ≤ n and wt(Λ) = k + i− n+ 1

}
. (2.14)

Theorem 2.3.5. The Lie subring N
(p)
i is homogeneous and it is the Fp-linear span

of N
(p)
i which is recursively defined by

N
(p)
i =





T if i = −1

U if i = 0

N
(p)
i−1 ∪̇ Wi otherwise.

(2.15)
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Remark 2.3.6. Note that, by Equation (2.15) for 1 ≤ i ≤ n− 1

N
(p)
n−i =

{
xΛ∂k ∈ B | wt(Λ) ≤ k − i+ 1

}
∪ U . (2.16)

Lemma 2.3.7. The set N
(p)
0 is equal to NB(T ).

Proof. We first show that U ⊆ NB(T ). The fact that T ⊆ NB(T ) is trivial.

Moreover, for all xi∂j ∈ U with i < j, the bracket [xi∂j , ∂k] is an element of Fp T ,

since

[xi∂j , ∂k] =





∂j k = i,

0 k ̸= i.

Conversely, let xΛ∂j ∈ NB(T ). For 1 ≤ k ≤ n,

Fp T ∋ [xΛ∂j , ∂k] =





0 for k ≥ j

∂k(x
Λ)∂j for k < j.

It follows that Λ = 0 or xΛ = xk for some 1 ≤ k ≤ n, concluding the proof.

Lemma 2.3.8. If 1 ≤ i ≤ n− 1, then [U ,Wi] ⊆ Fp N
(p)
i−1.

Proof. Let xΛ∂j ∈ Wi and xΘ∂k ∈ U . We set cxΓ∂u = [xΛ∂j , x
Θ∂k], for some c ∈ Fp.

In the case xΘ∂k = ∂k ∈ T , then either c = 0 or

wt(Γ) = wt(Λ) − k.

Since wt(Λ) = j + i− n+ 1 and k ≥ 1, it follows that wt(Γ) ≤ j − n+ i.

Now consider xΘ∂k = xh∂k ∈ U \ T . If k ≤ j, then

wt(Γ) = wt(Λ) + h− k ≤ wt(xΛ) + (k − 1) − k

= j + i− n.

If k > j, then

wt(Γ) = wt(Λ) + h− j = j + (j + i− n+ 1) − j

≤ k + i− n.

In both cases the resulting monomial xΓ∂u satisfies the condition to lie in N
(p)
i−1.
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Lemma 2.3.9. If 1 ≤ i < h ≤ n− 1, then [Wi,Wh] ⊆ Fp N
(p)
h−1.

Proof. Let us consider xΛ∂j ∈ Wi, x
Θ∂k ∈ Wh and their bracket [xΛ∂j , x

Θ∂k] =

cxΓ∂u with c ̸= 0. Notice that if xΓ∂u ∈ U , there is nothing to prove. Otherwise,

by the definitions of Wi and of Wh, we know that wt(Λ) = j + i − (n − 1) and

wt(Θ) = k + h− (n− 1). Thus,

wt(Γ) = wt(Λ) + wt(Θ) − min(j, k)

= j + i− (n− 1) + k + h− (n− 1) − min(j, k)

= (j + k − min(j, k)) + i+ h− 2n+ 2

= u+ h− n+ (i− n+ 2)

≤ u+ h− n.

Proposition 2.3.10. If 1 ≤ i ≤ n− 1, then N
(p)
i = NB(N

(p)
i−1).

Proof. By the previous lemmas, it remains to prove the inclusion NB(N
(p)
i−1) ⊆

N
(p)
i . Let xΛ∂j ∈ NB(N

(p)
i−1). By definition for each xΘ∂k ∈ B we have that

[xΛ∂j , x
Θ∂k] ∈ N

(p)
i−1. Let k < j be the minimum index such that λk ≠ 0, and

consider xΘ∂k = xk−1∂k. By construction [xΛ∂j , xk−1∂k] = cxΓ∂j ̸= 0 for some

nonzero c ∈ Fp and xΓ∂j ∈ N
(p)
i−1. It follows that

wt(Λ) = wt(Γ) + 1 ≤ j + i− n+ 1,

and so xΛ∂j ∈ N
(p)
i .

It is now clear that Theorem 2.3.5 is a direct consequence of Theorem 2.2.4,

Lemma 2.3.7, and Proposition 2.3.10.

2.3.2 Connections with Integer Partitions

Let tp,i be the number of partitions of i into at least two parts, where each part

can be repeated at most p− 1 times, and let qp,i be the partial sum

qp,i =
i∑

j=1

tp,j .

By Theorem 2.3.5 we get the following result.
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Theorem 2.3.11. Let 1 ≤ i ≤ n − 1 and p > 2 a prime integer. Then, for

n− i+ 1 ≤ k ≤ n we have | Wi ∩ Bk | = tp,k+1+i−n and therefore the Fp-vector space

N
(p)
i /N

(p)
i−1 has dimension qp,i+1.

By way of Equation (2.12), the previous theorem can be immediately restated in

the group case as follows.

Theorem 2.3.12. Let 1 ≤ i ≤ n− 1, then |N
(p)
i /N

(p)
i−1| = pqp,i+1.

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 OEIS

t3,i 0 1 1 3 4 6 8 12 15 21 26 35 43 56 A000726

q3,i 0 1 2 5 9 15 23 35 50 71 97 132 175 231

t5,i 0 1 2 4 5 9 12 18 24 33 43 59 75 99 A035959

q5,i 0 1 3 7 12 21 33 51 75 108 151 210 285 384

t7,i 0 1 2 4 6 10 13 20 27 38 50 69 89 118 No ref.

q7,i 0 1 3 7 13 23 36 56 83 121 171 240 329 447

Table 2.1. First values of the sequences (tp,i) and (qp,i) for p = 3, 5, 7.

Remark 2.3.13. In the case p = 2, Aragona et al. [2] prove that for every 1 ≤ i ≤ n−2,

the F2-vector space

N
(2)
i /N

(2)
i−1

has dimension q2,i+2.

2.4 Normal Subgroups of Wn

To conclude the work on iterated wreath product in odd characteristic, we study

the normal subgroups of Wn. We show that if a normal subgroup N ⊴ Wn is

contained in the last n − k base subgroups of Wn, then it contains a term of the

lower central series with an index bounded only by k and p.
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Lemma 2.4.1. Let N be a normal subgroup of Wn and f∆k ∈ N . Every monomial

element xΛ∆k of p-degree at most pdeg(f∆k) belongs to N .

Proof. We argue by induction on the p-degree of f∆k. The base of the induction

is when f is constant of minimum possible p-degree µk. In this case, the claim is

trivial. Otherwise t = pdeg(f∆k) ≥ µk. By Lemma 2.1.2 applied to the leading

term xΛ∆k of f∆k, there exists an element in N of p-degree equal to t − 1. By

induction, N ∩Bk contains every monomial element of p-degree at most t− 1. In

particular, f∆k −xΛ∆k lies in N and so also xΛ∆k ∈ N , proving the statement.

Lemma 2.4.2. If N ⊴ Wn, then (N ∩ Bk)(N ∩ Bk+1) · · · (N ∩ Bn) ⊴ Wn for all

1 ≤ k ≤ n.

Proof. Since the elements in N of the form f∆h, where h ≥ k, generate (N∩Bk)(N∩

Bk+1) · · · (N ∩Bn), it suffices to note that the commutator [f∆h, x
Λ∆s] belongs to

N ∩Bℓ for each generator xΛ∆s of Wn, where ℓ = max(s, h).

Lemma 2.4.3. Let N be the normal closure of ⟨f∆k⟩. Then

N = (N ∩Bk)(N ∩Bk+1) · · · (N ∩Bn).

Proof. On the one hand, note that N ≥ (N ∩Bk)(N ∩Bk+1) · · · (N ∩Bn). On the

other hand, by Lemma 2.4.2, (N ∩Bk)(N ∩Bk+1) · · · (N ∩Bn) is a normal subgroup

of Wn containing f∆k, hence it contains its normal closure N . Thus we have the

equality.

Lemma 2.4.4. If 1 ̸= xΛ∆k ∈ γt(Wn) \ γt+1(Wn), then

[⟨xΛ∆k⟩,Wn] =
(
γt+1(Wn) ∩Bk

)(
γpk−1+1(Wn) ∩ (Bk+1 · · ·Bn)

)
.

Proof. The inclusion [⟨xΛ∆k⟩,Wn] ≤
(
γt+1(Wn)∩Bk

)(
γpk−1+1(Wn)∩ (Bk−1 · · ·Bn)

)

is trivial. In order to prove the opposite inclusion, consider the monomial element

xΘ∆h ∈
(
γt+1(Wn)∩Bk

)(
γpk−1+1(Wn)∩ (Bk−1 · · ·Bn)

)
. Let us first analyze the case

h = k. We know that pdeg(xΛ∆k) = pdeg(xΛ) + µk = pn−1 − t and pdeg(xΘ∆k) =

pdeg(xΘ)+µk ≤ pn−1 − t−1 = pdeg(xΛ∆k)−1. By Lemma 2.4.1, γt+1(Wn)∩Bk ≤

[⟨xΛ∆k⟩,Wn].
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If h > k it suffices to consider the commutator

[xΛ∆k, x
p−1−λ1
1 · · ·x

p−1−λh−1

h−1 ∆h]

which has pdeg equal to µk − 1, and apply Lemma 2.4.1 as above.

Proposition 2.4.5. The normal closure of the subgroup of Wn generated by xΛ∆k

is

⟨xΛ∆k⟩[⟨x
Λ∆k⟩,Wn] = ⟨xΛ∆k⟩

(
γt+1(Wn) ∩Bk

)(
γpk−1+1(Wn) ∩ (Bk+1 · · ·Bn)

)
,

where t = pdeg(xΛ∆k).

Proof. Since by Lemmas 2.4.2 and 2.4.4, the subgroup [⟨xΛ∆k⟩,Wn] is normal in

Wn, the claim follows.

The proposition above together with Lemma 2.4.1 give the following results.

Corollary 2.4.6. The normal closure of the subgroup of Wn generated by f∆k is

the saturated subgroup

⟨f∆k⟩[⟨f∆k⟩,Wn] = ⟨f∆k⟩
(
γt+1(Wn) ∩Bk

)(
γpk−1+1(Wn) ∩ (Bk+1 · · ·Bn)

)
,

where t = pdeg(f∆k).

Proposition 2.4.7. Let g = f∆k · h, with h ∈ Bk+1 · · ·Bn. The normal closure

⟨g⟩Wn contains γpk−1+1(Wn).

Proof. If h = 1 the statement follows by Corollary 2.4.6. If h ̸= 1, let xΛ∆k be

the leading term of f∆k. Observe that [xp−1−λ1
1 . . . x

p−1−λn−1

n−1 ∆n, g] has p-degree

pn−1 −pk−1 −1, and so we can apply Lemma 2.4.1 to get γpk−1+1(Wn) ∩Bn ≤ ⟨g⟩Wn .

Next, the commutator [xp−1−λ1
1 · · ·x

p−1−λn−2

n−2 ∆n−1, g] = s∆nq∆n−1 is such that

pdeg(s∆n) ≤ pdeg([xp−1−λ1
1 · · ·x

p−1−λn−2

n−2 ∆n−1, x
p−1
1 . . . xp−1

n−1∆n]) ≤ pn−1−pk−1−1.

It follows that s∆n ∈ ⟨g⟩Wn by the argument above. In particular, q∆n−1 ∈ ⟨g⟩Wn

and has p-degree equal to pn−2 − pk−1 − 1. Thus, by Lemma 2.4.1, γpk−1+1(Wn) ∩

Bn−1 ≤ ⟨g⟩Wn . The rest of the proof is obtained by iterating this argument induc-

tively.



2.4 Normal Subgroups of Wn 47

A straightforward consequence is the following estimate.

Corollary 2.4.8. If N ⊴ Wn is a normal subgroup such that N ⊆ (Bk · · ·Bn) \

(Bk+1 · · ·Bn), then N contains γpk−1+1(Wn) and

|N : γpk−1+1(Wn)| ≤
(
pp

k−1)n−k+1
. (2.17)

In particular this index is bounded above by a function depending only on p and k.

Remark 2.4.9. Notice that if k = n, then N coincides with a term of the lower central

series that depends only on the maximal monomial term appearing in N .
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CHAPTER 3

ITERATED WREATH PRODUCT IN ZERO

CHARACTERISTIC CASE

This chapter is primarily based on the results presented in [9].

In this chapter, we focus our attention on infinite groups. We construct a group

W∞
n , the analogue of the p-Sylow subgroups of Sym(V ), by means of an iterated

wreath product of integral domains of characteristic zero. Within W∞
n , we identify

a counterpart of the elementary abelian regular subgroup T of Wn, and we compute

its normalizer chain, following the approach of the previous chapter. In this setting

we again obtain interesting connections with certain integer partitions.

We begin with a non-standard definition that restricts the base group of the

unrestricted standard wreath product of two groups.

Definition 3.0.1. Let K,H be two groups. If L ≤ KH is an H-invariant subgroup,

we define

K ≀L H ..= L⋊H.

When L = KH , we obtain the classical notion of unrestricted standard wreath

product and, in this case, we will omit the subscript L. The base subgroup of K ≀LH

is defined as usual by B = {(f, 1H) | f ∈ L} ∼= L.

Let D be an integral domain of characteristic 0 with fraction field F . We shall

denote by Ri an additive subgroup of DDi
containing a copy of D seen as the
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subring of constant functions. We ask furthermore that Di acts faithfully on Ri

by translations, and that f(g0, . . . , gi−1) ∈ Ri whenever f ∈ Ri and gj ∈ Rj . We

consider the iterated wreath product

W∞
n = D ≀Rn−1 D ≀Rn−2 · · · ≀R1 D

of n copies of D.

Let f ∈ Rk−1, we shall denote by f∆k an element in the base group Bk of

W∞
k = D ≀Rk−1

W∞
k−1

corresponding to the function f when regarded as an element of Bk. The elements

of W∞
n are then n-tuples (fn−1∆n, . . . , f0∆1) with fi ∈ Ri. It is worth noting that

R0 is an additive subgroup of D.

The group W∞
n is a permutation group acting on the set Dn. The action of W∞

n

on Dn is defined as follows

(x1, x2, . . . , xn) · (fn−1∆n, . . . , f1∆2, f0∆1) =

(x1 − f0, x2 − f1 (x1) , . . . , xn − fn−1 (x1, . . . , xn−1)) .

Notice that, each base subgroup Bk is endowed with a structure of D-module by

setting

d · (f∆k) = (df)∆k

for all d ∈ D. If f =
∏1
k=n fk∆k is a generic element of the group W∞

n , then

d ·
∏1
k=n fk∆k =

∏1
k=n dfk∆k.

We rewrite the definition of the operator ∆ in this new setting, even though it is

entirely analogous to Definition 2.0.1.

Definition 3.0.2. Let x ∈ Dj and let {e1, . . . , ej} be a basis for Dj . For each

h ∈ D, and i < j, we define the operator ∆i(h) : Rj → Rj by

∆i(h)f(x) = f(x+ hei) − f(x).

Also in this case, by way of the operator ∆ , we can express the commutator
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between two elements, f∆k and h∆i, in the group W∞
n as follows

[f∆k, h∆i] =





(∆i(h)f)∆k if k > i

−(∆k(f)h)∆i if i > k

0 if k = i

(3.1)

Moreover, if k > i, by Taylor formula, in the case of f being a polynomial function,

we have

[f∆k, h∆i] =
∞∑

s=1

1

s!

∂sf

∂xsi
hs∆k. (3.2)

We refer to the Appendix A.5 for some results on difference equations that will be

useful later.

3.0.1 Power Monomials and Transfinite Degree

We refer to Subsection 2.0.1 for the definition of power monomial elements of

W∞
n . As done previously, we denote by P(k) the set of partitions whose maximal

part is less than or equal to k. In this case there will be no further restrictions on

the degree of the xis. Let B be the set of all power monomial elements of W∞
n , that

is

B = {xΛ∆k | 1 ≤ k ≤ n, Λ ∈ P(k − 1)}. (3.3)

We call monomial elements those elements of the form dxΛ∆k, where d ∈ D.

Definition 3.0.3. Let k ≥ 1 be an integer, 0 ̸= d ∈ D and Λ ∈ P(k), we define the

transfinite degree of the monomial dxΛ, written tdeg(dxΛ), by

tdeg(dxΛ) = ωn−2λn−1 + · · · + ωλ2 + λ1.

We set

tdeg(dxΛ∆k) =
n−k∑

i=1

ωn−i + tdeg(xΛ)

where, for k = n, the sum has to be intended empty.

It is easy to see that for every non-limit ordinal α, satisfying 0 ≤ α ≤
∑n
i=1 ω

n−i,

there exists a unique monic monomial element bα ∈ B such that tdeg bα = α. Notice

that this definition endows the set B with a total ordering. In particular, every
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polynomial element f ∈ W∞
n can be uniquely decomposed as f =

∏
α cαbα, where

cα ∈ D and bα is the unique monic monomial element with transfinite degree equal

to α. We shall denote by lt(f) the leading term of a non-identity element f , i.e. the

monomial appearing in f with non-zero coefficient and with maximum transfinite

degree, together with its corresponding ∆∗ component. We define

tdeg(f) =





tdeg(lt(f)) if f ̸= d · 1,

0 otherwise.

We shall write f ≺ g to mean that tdeg(f) < tdeg(g).

Lemma 3.0.4. Let xΛ∆k, x
Θ∆u ∈ W∞

n be two monomials such that k > u. The

following equality holds

lt
(
[xΛ∆k, x

Θ∆u]
)

=
∂xΛ

∂xu
xΘ∆k.

Proof. If λu = 0, then [xΛ∆k, x
Θ∆u] = 0 and there is anything to prove. Otherwise,

by Equation (3.2) we have that

[xΛ∆k, x
Θ∆u] =

∞∑

s=1

∂sxΛ

∂xsu

(xΘ)s

s!
∆k.

It is enough to prove that, for s ≥ 1, the following inequality holds

∂sxΛ

∂xsu

(xΘ)s

s!
≺
∂s−1xΛ

∂xs−1
u

(xΘ)s−1

(s− 1)!
.

We denote by xΛ̄ the monomial xΛ with the variable xu removed and by λu the

exponent with which xu appears in the monomial xΛ. We get

∂sxΛ

∂xsu

(xΘ)s

s!
= xΛ̄xsΘxλu−s

u

≺ xΛ̄x(s−1)Θxλu−(s−1)
u

=
∂s−1xΛ

∂(xs−1
u )

(xΘ)s−1

(s− 1)!
.

3.1 Transfinite Hypercentral Series of W ∞
n

In this section we aim to give necessary and sufficient conditions on the modules

Ri in order to have W∞
n transfinite hypercentral (see Appendix A.2 for the definition

of transfinite hypercentral groups).
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Let f : Di → D, d =
∑i
j=1 cjej , and dj =

∑j−1
s=1 cses. We define

∆(d)(f) ..= fd − f =
i∑

j=1

∆j(cj)(fdj
), (3.4)

where fc(x) = f(x+ c).

Definition 3.1.1. For i ≥ 0, the subring VPi of virtual polynomials in Fun(Di, D)

is defined as

VPi = {f ∈ Fun(Di, D) | ∃k ∈ N s.t. (∆(d1) · · · ∆(dk))(f) = 0

for all d1, . . . , dk ∈ Di} (3.5)

If k is the minimum non-negative integer such that (∆(d1) · · · ∆(dk))(f) = 0 for all

d1, . . . , dk ∈ Di, then f ∈ VPi is said to be of class k.

Remark 3.1.2. Let f ∈ VPk be of class ℓ. By Lemma A.5.1, if x, d ∈ Dk, then the

function f̂x,d : Z → D defined by

f̂x,d(m) = f(x+md)

is a polynomial function in m of degree at most ℓ− 1, with coefficients in F , that is,

f behaves like a polynomial along affine integral lines. We will use the same notation

f̂x,d to denote the natural extension of this function to a map f̂x,d : Q → F . In

particular, f̂x,d is a polynomial function with coefficients in F such that f̂x,d(Z) ⊆ D.

In general, we denote by Pk the subring of F [x1, . . . , xk] consisting of those

polynomials f ∈ F [x1, . . . , xk] such that

f(d1, . . . , dk) ∈ D for all (d1, . . . , dk) ∈ Dk.

This ring is also known as the ring of numerical polynomials in k variables. Moreover,

Pk ⊆ VPk, and in the special case D = Z, we have Pk = VPk. We point out that

this is not always the case, e.g., if D = C the function z 7→ Re(z), associating to a

complex number its real part, is an example of a virtual polynomial of class 2 that

belongs to VP1 but not to P1.

With the same notation as in Remark 3.1.2 we have the following result.
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Lemma 3.1.3. Let f ∈ VPi, and suppose x, d ∈ Di and r ∈ Q are such that

x+ rd ∈ Di. Then

f(x+ rd) = f̂x,d(r).

Proof. Write r = s/t, with s, t ∈ Z, and set d′ = rd, so that td′ = sd. Note

that f̂x,td′ = f̂x,sd. We have f(x + td′m) = f̂x,td′(m) = f̂x,d′(tm), and similarly,

f(x+ sdm) = f̂x,sd(m) = f̂x,d(sm). Thus,

f(x+ rd) = f(x+ d′) = f̂x,d′(1) = f̂x,td′(1/t) = f̂x,sd(1/t) = f̂x,d(s/t) = f̂x,d(r).

It is well known that the F -vector space F i can be regarded as a Q-vector space.

Given vectors u1, . . . , uk ∈ F i, we denote by ⟨u1, . . . , uk⟩ the Q-vector subspace of

F i spanned by {u1, . . . , uk}.

Lemma 3.1.4. Let u1, . . . , uk ∈ F i, and let x = r1u1 +· · ·+rkuk ∈ ⟨u1, . . . , uk⟩∩Di,

where r1, . . . , rk ∈ Q. If f ∈ VPi is of class ℓ, then f(x) is a polynomial function in

the variables r1, . . . , rk, with degree bounded by a function of ℓ.

Proof. Let y = r2u2 + · · · + rkuk. By the previous lemma, we have that f(x) =

f̂y,u1(r1) is a polynomial function in the variable r1 of the form

f̂y,u1(r1) = a0(y) + a1(y)r1 + · · · + am(y)rm1 ,

where m ≤ ℓ− 1, and each coefficient aj(y) is independent of r1.

By induction on k, we may assume that a0(y) = f(r2u2 + · · · + rkuk) = f(y) is

a polynomial function in r2, . . . , rk, whose degree is bounded by a function of ℓ. It

is easy to see that ∆t
u1

(f)(x) =
∑m−t
j=0 bj(y)rj1 ∈ VPi, where b0(y) = t! at(y). Hence,

for t = 1, . . . ,m, also at(y) is a polynomial function in r2, . . . , rk whose degree is

bounded in terms of ℓ, as claimed.

Remark 3.1.5. Let W be a Q-vector space, and let f be an element of FW . We say

that f is an fd-polynomial function if, for every finite-dimensional Q-vector subspace

V = ⟨u1, . . . , uk⟩ of W , the map

f̄ : Qk → F, f̄(r1, . . . , rk) := f(r1u1 + · · · + rkuk)

is a polynomial function in the variables r1, . . . , rk.



3.1 Transfinite Hypercentral Series of W∞

n 54

Furthermore, f is called a uniform fd-polynomial function if there exists a positive

integer t such that deg f̄ ≤ t, for every such subspace V . In this case, the total

degree of f is defined to be the maximum, taken over all such subspaces V , of the

degrees of the associated polynomials f̄ .

Corollary 3.1.6. Let f ∈ Fun(Di, D). Then f ∈ VPi and has class at most ℓ if

and only if f is the restriction to Di of a uniform fd-polynomial function f̃ : F i → F

of total degree at most ℓ− 1.

Proof. If f has class at most ℓ, then by the previous lemmas, its natural extension

f̃ to F i restricts on every finite-dimensional Q-vector subspace to a polynomial

function of degree at most ℓ− 1. This shows f̃ is a uniform fd-polynomial function

of total degree at most ℓ− 1.

Conversely, if such a uniform fd-polynomial extension f̃ exists, then the finite

differences of order ℓ of f vanish on Di. Hence, f ∈ VPi and has class at most ℓ.

Let f ∈ VPi−1. There exist non-negative integers k1, . . . , ki−1 such that the

ordinal number ωi−2ki−1 + · · · + ωk2 + k1 is minimal, and


i−1∏

j=1

∆j(cj,1) · · · ∆j(cj,kj
)


 (f) = 0 for all cj,1, . . . , cj,kj

∈ D.

We then define

tdeg(f) = ωi−2ki−1 + · · · + ωk2 + k1, (3.6)

tdeg(f∆i) =
n−i∑

j=1

ωn−j + tdeg(f). (3.7)

Whenever f ∈ Pi−1, this notion of tdeg agrees with that given in Definition 3.0.3.

Remark 3.1.7. Let f ∈ VPt−1 with tdeg(f) = ωt−2kt−1 + · · · + ωk2 + k1 and assume

kj ̸= 0. For any choice of functions gi ∈ VPj−1, with i = 1, . . . , s ≤ kj , and

j = 1, . . . , t− 1, by Corollary 3.1.6, the function

F = (∆j(g1) · · · ∆j(gs)) (f)

lies in VPt−1, with transfinite degree

tdeg(F ) = ωt−2ht−1 + · · · + ωh2 + h1,
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for some integers hi such that hi = ki for i = j + 1, . . . , t − 1, and hj < kj . In

particular, if s = kj , then hj = 0 and F does not depend on xj .

Definition 3.1.8. Let α be a countable ordinal. We define

ζα = {f∆n | f ∈ VPn−1 and tdeg(f∆n) < α} .

Note that if α is a limit ordinal, then ζα =
⋃
β<α ζβ .

Lemma 3.1.9. Let p ∈ VPℓ−1 and f∆n ∈ ζα. Then there exists an ordinal β < α

such that [f∆n, p∆ℓ] ∈ ζβ.

Proof. Let tdeg(f) = ωn−2kn−1 + · · · + k1. Then the commutator [f∆n, p∆ℓ] lies in

VPn−1 and either vanishes or by Remark 3.1.7 it has transfinite degree strictly less

than tdeg(f∆n). Indeed

tdeg ([f∆n, p∆ℓ]) = tdeg (∆ℓ(p)(f)∆n)

= ωn−2kn−1 + · · · + ωℓkℓ+1 + ωℓ−1hℓ + · · · + h1,

for some integers hi with hℓ < kℓ.

Remark 3.1.10. Since Di acts faithfully on Ri by translations, a standard argument

shows that the center of Wn is given by

Z(Wn) = {c∆n | c ∈ D}.

Lemma 3.1.11. If α < ωn−1 is an ordinal, then Zα(Wn) ∩Bn ≤ ζα.

Proof. We argue induction on α, the case α = 1 being obvious by the previous remark.

Let f∆n ∈ Zα(Wn) ∩ Bn and c ∈ D. The commutator [f∆n, c∆ℓ] ∈ Zβ(Wn) ∩ Bn

for some ordinal β < α. By induction [f∆n, c∆ℓ] ∈ ζβ for every choice of ℓ ≤ n, i.e.,

tdeg(∆ℓ(c)(f)) < β and hence tdeg(f∆n) < β + 1 ≤ α as required.

A direct consequence of the previous lemmas is the following.

Corollary 3.1.12. Let α ≤ ωn−1 be an ordinal. If for every i = 1, . . . , n− 1, the

ring Ri is contained in VPi, then:

1. [ζα+1,Wn] ⊆ ζα if α is not a limit ordinal;
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2. [ζα,Wn] ⊆ ζα if α is a limit ordinal.

In particular, ζα = Zα(Wn) ∩Bn.

Theorem 3.1.13. The group Wn is transfinite hypercentral if and only if n = 1 or

Ri ⊆ VPi for all i = 1, . . . , n− 1.

Proof. We may assume n ≥ 2, the result being trivial for n = 1. First, assume that

Wn is transfinite hypercentral. Let f∆ℓ ∈ Zα(Wn) with f ∈ Rℓ−1. We proceed by

transfinite induction on α, with the goal of showing that f ∈ VPℓ−1.

If α = 1, then by Remark 3.1.10 we must have ℓ = n and f = c for some c ∈ D.

Thus, ∆(d)(f) = 0 for all d ∈ Dn−1.

Now, assume α a countable non-limit ordinal. For every i = 1, . . . , ℓ − 1 and

every c ∈ D, we have

[f∆ℓ, c∆i] = ∆i(c)(f)∆ℓ ∈ Zα−1(Wn).

By the inductive hypothesis, there exists m ∈ N such that

(∆(d1) · · · ∆(dm)∆i(ci))(f) = 0

for all d1, . . . , dm ∈ Dℓ−1 and all ci ∈ D.

Let dm+1 =
∑ℓ−1
i=1 ciei. By Equation (3.4) and the translation invariance of

VPℓ−1, we have

(∆(d1) · · · ∆(dm)∆(dm+1))(f) = 0

for all d1, . . . , dm+1 ∈ Dℓ−1, showing that f ∈ VPℓ−1.

If α is a limit ordinal, observe that f∆ℓ ∈
⋃
β<α Zβ(Wn), so there exists a

non-limit ordinal β < α such that f∆ℓ ∈ Zβ(Wn), and the previous argument

applies.

Conversely, suppose Ri ⊆ VPi for all i = 1, . . . , n− 1. We proceed by induction

on n. The case n = 1 is trivial. Assume the result holds for n−1. By Corollary 3.1.12,

we have Zωn−1(Wn) ⊇ Bn, so that the quotient Wn/Zωn−1 is a quotient of Wn−1 =

Wn/Bn, which is transfinite hypercentral by the inductive hypothesis. Hence, Wn is

also transfinite hypercentral.



3.1 Transfinite Hypercentral Series of W∞

n 57

Theorem 3.1.14. If Ri ≤ VPi and Ri ⊗D F ⊇ F [x1, . . . , xi] for all i = 1, . . . , n− 1,

then

Wn = Zωn−1+···+ω+1(Wn). (3.8)

We split the proof into several Lemmas.

We remind the reader that the symbol ∆i is used to denote both the element

1∆i of the i-th base subgroup, and the difference operator with respect to the i-th

variable. It will be clear from the context which one we are using.

From now on, we assume that Ri ⊆ VPi and that Ri ⊗D F ⊇ F [x1, . . . , xn−1] for

all i. This is equivalent to requiring that for every monomial xΛ ∈ F [x1, . . . , xn−1]

there exists a non-zero element dΛ ∈ D such that dΛx
Λ ∈ Ri.

Lemma 3.1.15. Let α < ωn−1 be an ordinal. There exist f ∈ VPn−1 with

tdeg(f∆n) = α such that for every ordinal β such that β + 1 < α, there exists

an element hβ ∈ Wn such that

tdeg([f∆n, hβ]) > β.

In particular ζα+1 ⊋ ζα.

Proof. Write the ordinals α and β + 1 in their Cantor normal form:

α = ωn−2an−1 + · · · + ωa2 + a1, β + 1 = ωn−2bn−1 + · · · + ωb2 + b1.

Let f = cxΛ ∈ Rn−1 with 0 ̸= c ∈ D and with Λ = (a1, . . . , an−1). We have

tdeg(xΛ∆n) = α. Let j ∈ {1, . . . , n− 1} be the maximum index such that aj > bj .

If aj − bj > 1, then

tdeg ([f∆n,∆j ]) > β.

If aj − bj = 1, then

tdeg
(
[f∆n, cx

|aj−1−bj−1|+1
j−1 ∆j ]

)
> β, if j ̸= 1,

tdeg ([f∆n,∆1]) > β, if j = 1.

Lemma 3.1.16. Let g ∈ Wn \Bn. Then there exists h ∈ Wn such that [g, h] /∈ Bn,

unless g ∈ Z(Wn−1)Bn.
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Proof. Let g =
∑n−1
i=1 gi∆i ∈ Wn\Bn, and suppose g /∈ Z(Wn−1)Bn. Then, the image

of g in the quotient Wn/Bn ≃ Wn−1 is not central. We can choose i ∈ {1, . . . , n− 1}

minimal such that gi depends nontrivially on the variable xj , for some j < i.

Consider the commutator

[g,∆j ] = [gi∆i,∆j ]
gi−1∆i−1···g1∆1 mod (Bi+1 · · ·Bn)

by minimality of i. Hence, the term [g,∆j ] lies in Bi modulo (Bi+1 · · ·Bn) and

therefore [g,∆j ] /∈ Bn.

Lemma 3.1.17. Let 0 ̸= c ∈ D be such that c∆n−1 ∈ Wn−1. For every ordinal

α < ωn−1 there exists h ∈ Wn such that [c∆n−1, h] /∈ ζα.

Proof. Write α = ωn−2an−1 + · · · + ωa2 + a1. If Λ = (a, . . . , an−2, an−1 + 2), then

h = xΛ∆n is the desired element.

A direct consequence of the previous results is the following.

Corollary 3.1.18. Zωn−1+1(Wn) = Z(Wn−1)Bn and Zωn−1(Wn) = Bn. In particu-

lar ζα = Zα(Wn) ⊆ Bn whenever α ≤ ωn−1.

We are now ready to give the claimed proof.

Proof of Theorem 3.1.14. We argue by induction on n, the case n = 1 being trivial.

By Corollary 3.1.18, we know that Zωn−1(Wn) = Bn and by inductive hypothesis

we may assume that

Zωn−2+···+ω+1(Wn−1) = Wn−1
∼= Wn/Bn = Wn/(Zωn−1(Wn)).

Hence Wn is transfinite hypercentral and Wn = Zωn−1+···+ω+1(Wn−1).

Remark 3.1.19. When Ri ⊗ F = F [x1, . . . , xi] we can give an explicit description of

the α-th term of the upper central series of Wn by way of the definition of transfinite

degree, more specifically

Zα(Wn) = {g ∈ Wn | tdeg(g) < α} (3.9)

and

Zα+1(Wn) = {cxΛ∆k | c ∈ D} ⋉ Zα (3.10)

where tdeg(xΛ∆k) = α.
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3.2 The Lie Algebra associated to W ∞
n

As similarly described in Section 2.2, we present the Lie algebra associated with

W∞
n as an iterated wreath product ≀ni=1L

∞
1 , where L∞

1 = D∂u is the one-dimensional

Lie algebra over D. This Lie algebra can be identified with the subalgebra of the Witt

algebra whose basis elements are of the form x
λi1
i1

. . . x
λih

ih
with 1 ≤ i1 < · · · < ih ≤ n.

We briefly outline its construction, although it is entirely analogous to the one

presented in the previous chapter.

We follow the same construction given as in [3]. Let ∂k be the derivation given

by the standard partial derivative with respect to xk, where 1 ≤ k ≤ n. We define

L∞
n to be the free D-module spanned by the basis

B ..=
{
xΛ∂k | 1 ≤ k ≤ n and Λ ∈ P(k − 1)

}
. (3.11)

In the same fashion as Definition 3.0.3, we define the transfinite degree of an element

xΛ∂k in B as tdeg(xΛ∂k) =
∑n−k
i=1 ω

n−i + tdeg(xΛ) and tdeg(0) = 0. As with the

group Wn, the function tdeg can be extended to L∞
n .

The product of the algebra is defined on the basis B via

[xΛ∂k, x
Θ∂j ] := ∂j(x

Λ)xΘ∂k − xΛ∂k(x
Θ)∂j

=





∂j(x
Λ)xΘ∂k if j < k,

−xΛ∂k(x
Θ)∂j if j > k,

0 otherwise.

This operation is then extended by bilinearity on the whole L∞
n , endowing it with a

D-Lie ring structure.

With the same notation as in Equation (3.11), we may define a map connecting

the structures of W∞
n and L∞

n .

Let φ : B ∪ {1} → B ∪ {0} be defined by setting φ(xΛ∆k) = xΛ∂k and φ(1) = 0.

We extend this map to the group W∞
n as follows. For each element 1 ̸= g ∈ W∞

n ,

there exists a unique ordinal α such that g ∈ Zα+1 \Zα. By way of Equation (3.10),

g = cxΛ∆k ·h for unique cxΛ∆k ∈ Zα+1 \Zα and h ∈ Zα. Thus, we set φ(g) = cxΛ∂k.

Observe that the map φ is not injective.
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Lemma 3.2.1. For every pair g, h ∈ DB, the following equality holds

φ([g, h]) = [φ(g), φ(h)].

Proof. It suffices to note that if g = cxΛ∆k and h = dxΘ∆ℓ with k > ℓ and c, d ∈ D,

then, by Lemma 3.0.4, we get that

lt([cxΛ∆k, dx
Θ∆ℓ]) = cd

∂xΛ

∂xℓ
xΘ∆k.

Therefore, φ([g, h]) = cd
∂xΛ

∂xℓ
xΘ∂k = [cxΛ∂k, dx

Θ∂ℓ] as required.

3.2.1 Saturated Subgroups and Homogeneous Subring

From now on, unless explicitly stated otherwise, we consider Ri = D[x1, . . . , xi],

for i = 1, . . . , n− 1.

Definition 3.2.2. Let G ≤ W∞
n . We shall say that G is a D-subgroup of W∞

n if G

is closed under multiplication by elements of D, i.e.,

G = D ·G.

From now on, all the subgroups of W∞
n will be regarded as D-subgroups, unless

otherwise stated.

Definition 3.2.3. Let H be a D-subgroup of W∞
n . We shall say that H is a

saturated subgroup of W∞
n if whenever f =

∏
α cαbα belongs to H, with cα ∈ D,

then bα ∈ H for all ordinals α.

Remark 3.2.4. Notice that for H to be saturated, it is sufficient that if f ∈ H and

lt(f) = cαbα, where cα ∈ D and bα ∈ B, then bα ∈ H. An equivalent condition is

that

H = ⟨cαbα | cα ∈ D and bα ∈ H ∩ B⟩ .

An immediate consequence is that

H = (H ∩Bn) ⋊ · · · ⋊ (H ∩B1).

Theorem 3.2.5. The normalizer in W∞
n of a saturated subgroup is also saturated.
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Proof. By the definition of a saturated subgroup, it suffices to show that if f ∈

NW∞
n

(H) and lt(f) = cxΘ∆k, then xΘ∆k ∈ NW∞
n

(H).

Write f = cxΘ∆k
∏
β<α fβ, where tdeg(xΘ∆k) = α, and let xΛ∆u be a generic

monic monomial in H. By hypothesis, we have

H ∋ [f, xΛ∆u] = [cxΘ∆k, x
Λ∆u] · [cxΘ∆k, x

Λ∆u,
∏

β<α

fβ] · [
∏

β<α

fβ, x
Λ∆u].

Our goal is to show that [xΘ∆k, x
Λ∆u] ∈ H.

We decompose the commutator [fα, x
Λ∆u] as a product d1 · · · di, where each dj

is a monomial and d1 ≻ · · · ≻ di.

Case 1: k = u. In this case, [xΘ∆k, x
Λ∆u] = 1 ∈ H, and there’s nothing more to

prove.

Case 2: k < u. Then

[cxΘ∆k, x
Λ∆u] =

λk∑

r=1

∂rxΛ

∂xrk

(cxΘ)r

r!
∆u,

where λk is the degree of xk in xΛ. Hence, the r-th term is:

dr =
∂rxΛ

∂xrk
·

(cxΘ)r

r!
∆u.

It is not difficult to see that d1 is the leading term of [f, xΛ∆u] ∈ H. Since H is

saturated, it follows that d1 ∈ H. Then, by induction, we argue that (r + 1)dr+1

is the leading term of [dr, f ] ∈ H, so dr+1 ∈ H as well. Therefore, all dr ∈ H, and

thus [cxΘ∆k, x
Λ∆u] ∈ H.

Moreover, since each dj = cjbj ∈ H with cj ∈ D and bj ∈ B, and H is saturated,

we get bj ∈ H for all j. In particular, [xΘ∆k, x
Λ∆u] ∈ H.

Case 3: k > u. In this case, the argument is analogous to Case 2. Each term is of

the form:

dr = c
θk∑

r=1

∂rxΘ

∂xru

(xΛ)r

r!
∆k,

and again, by induction, we obtain that (r + 1)dr+1 = lt([dr, x
Λ∆u]) ∈ H. This

shows that all dr ∈ H, and so [xΘ∆k, x
Λ∆u] ∈ H.

We recall the definition of homogeneous subring of L∞
n already given in Defini-

tion 2.2.1.
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Definition 3.2.6. A Lie subring H of L∞
n is said to be homogeneous if it is the free

D-module spanned by some subset of B.

The following result concerning homogeneous subrings can be established by an

argument entirely analogous to that of Theorem 2.2.4.

Theorem 3.2.7. [3] The idealizer in L∞
n of a homogeneous subring is also homo-

geneous.

Let H ≤ W∞
n . We denote by Hφ the D-subring of L∞

n generated by φ(H).

Remark 3.2.8. If H ≤ W∞
n is a saturated subgroup, then Hφ is a homogeneous

subring of L∞
n .

The following statement is a straightforward consequence of Lemma 3.2.1 and

the previous remark.

Lemma 3.2.9. The α-th center Zα of L∞
n is an homogeneous subring of L∞

n . More-

over

Zα =
〈
cxΛ∂k | c ∈ D and tdeg(xΛ∂k) < α

〉
= Zφα .

In particular L∞
n is a transfinite hypercentral Lie ring over D.

Noting that the map φ yields a bijection between the set of saturated normal

subgroups of W∞
n and the set of homogeneous Lie ideals of L∞

n , we have the following

completely analogous result to Proposition 3.3.4.

Proposition 3.2.10. Every homogeneous ideal of L∞
n is a term Zα of the transfinite

upper central series of L∞
n .

In general the map φ transforms normalizers into idealizers when restricted to

saturated subgroups. The proof is a straightforward consequence of Theorem 3.2.5,

Theorem 3.2.7 and Lemma 3.2.1.

Proposition 3.2.11. Let H be a saturated subgroup of W∞
n . An element g ∈ W∞

n

belongs to the normalizer NW∞
n

(H) of H in W∞
n if and only if φ(g) lies in the

idealizer NL∞
n

(Hφ) of Hφ in L∞
n .

Corollary 3.2.12. The difference |NW∞
n

(H) ∩ B| − |H ∩ B| is equal to the rank of

NL∞
n

(Hφ)/Hφ as a free D-module.
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3.3 Normality Conditions in D-subgroups of W ∞
n

Analogously to Section 2.4, we aim to provide normality conditions for the

subgroups of W∞
n . We show that, under certain conditions, normal subgroups

coincide with the terms of the ascending central series.

Definition 3.3.1. Let G ≤ W∞
n . We say that G is full if, for every element

g =
∏
α cαbα ∈ G, with cα = dc̄α for some d ̸= 0 in D, the element ḡ =

∏
α c̄αbα also

belongs to G.

Note that if D is a field, every D-subgroup is full.

Remark 3.3.2. A straightforward argument shows that a D-subgroup H ≤ W∞
n is

saturated if and only if it is D-generated by H ∩ B; that is, the elements of H are

precisely those that can be written (uniquely, in decreasing order) as

∏

g∈H∩B

cgg,

where cg ̸= 0 for only finitely many g. In particular, every saturated subgroup is full.

The converse, however, is false: for instance, theD-subgroupH = {d(x1 + x2)∆n | d ∈ D}

is full but not saturated.

From now on, we call the full D-normal closure of a subgroup H ≤ W∞
n the

minimal full normal D-subgroup of W∞
n containing H.

Lemma 3.3.3. Let g ∈ W∞
n be an element of transfinite degree α. The full D-normal

closure N of the D-subgroup H = D ⟨g⟩ is Zα+1.

Proof. Let cxΛ∆k be the leading term of g ̸= 1, for some 1 ≤ k ≤ n. If α = 0, then

H = Z1 and there is nothing to prove.

We proceed by transfinite induction on α.

First, suppose that Λ = 0, so that lt(g) = c∆k with k < n and c ∈ D. Then the

transfinite degree of lt(g) is α = wn−1 + · · · + wk. For each s, define

βs = wn−1 + · · · + wk+1 + swk−1.

Observe that sups βs = α. Consider the commutator us = [xs+1
k ∆k+1, g] ∈ N , which

has transfinite degree βs < α. By the inductive hypothesis, the full D-normal closure
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of D ⟨us⟩ is Zβs+1. It follows that

N ≥
⋃

s

Zβs+1 = Zα.

Moreover, since g ≡ c∆k mod Zα and N is full, we conclude that ∆k ∈ N . Thus,

N ≥ D ⟨∆k⟩ ⋊ Zα = Zα+1 ≥ H,

so N = Zα+1.

Now consider the case Λ ̸= 0. Let ℓ be the minimal index such that λℓ ≠ 0. Then

we can write xΛ = xℓx
Θ, where θi = λi − δiℓ. Define xΓs = (xℓ−1)s if ℓ > 1, and

xΓs = 1 otherwise. Consider the commutator

[g, xΓs∆ℓ] ∈ N,

which has transfinite degree εs, where sups εs = α if ℓ > 1, and sups εs = α − 1 if

ℓ = 1. Reasoning as before, we get Zα ≤ N , and therefore N = Zα+1.

Proposition 3.3.4. A normal full D-subgroup H of W∞
n is a term Zα of the

transfinite upper central series of W∞
n . In particular H is saturated.

Proof. Let α = suph∈H(tdeg(h)) + 1. Note that H ≤ Zα. By Lemma 3.3.3, the

subgroup H contains
⋃
β≤α Zβ = Zα.

3.4 A Sequence of Normalizers

In this section, we define the analogue of the canonical regular elementary abelian

group introduced in Equation (2.3). We also compute the corresponding chain of

normalizers arising from this group, and highlight the connection between the growth

of this sequence and integer partitions.

Let T∞ = ⟨∆1, . . . ,∆n⟩ be the abelian regular subgroup of W∞
n generated by

the unit constant function elements. We deal with the normalizer chain in W∞
n

starting from T∞, that is the sequence {N
(∞)
i }i≥−1 defined as follows

N
(∞)
i =





T∞ i = −1,

NW∞
n

(T∞) i = 0,

NW∞
n

(N
(∞)
i−1 ) i ≥ 1.
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By means of Proposition 3.2.11 and Corollary 3.2.12, the normalizer chain described

above can be interpreted using results previously obtained by Aragona et al. in [3],

within the algebra L∞
n for the following idealizer chain

N
(∞)
i =





T∞ if i = −1

NL∞
n

(N
(∞)
j−1) if i ≥ 0

(3.12)

where T∞ = ⟨∂1, . . . , ∂n⟩. Notice that this idealizer chain is the image under φ of

the normalizer chain in the group, since φ is a bijection when restricted to saturated

subgroups.

Definition 3.4.1. Let i ≥ 1 be an integer, and let 1 ≤ ri ≤ n − 1 be such that

i ≡ ri mod (n− 1). We set

hi ..=

⌊
i− 1

n− 1

⌋
+1.

The functions weight-degree and i-th level-function on power monomials elements

are defined as

wd(cxΛ∆k) = wt(Λ) − deg(xΛ) + n− k,

and

levi(cx
Λ∆k) = hi wd(xΛ∆k) + deg(xΛ) − 1.

Let i ≥ −1. We define the set

N
(∞)
i =

{
xΛ∆k | levj(x

Λ∆k) = j for some j ≤ i
}

and we call Li = N
(∞)
i \ N

(∞)
i−1 .

The following results are the analogues of those found by Aragona et al. in [3]

for the idealizer chain (3.12), interpreted via the inverse map φ−1.

Theorem 3.4.2. The first normalizer NW∞
n

(T∞) of T∞ coincides with ⟨N
(∞)
0 ⟩,

and in general,

N
(∞)
i = NW∞

n
(⟨N

(∞)
i−1 ⟩) = ⟨N

(∞)
i ⟩.

Let {ai}
∞
i=0 denote the sequence of the number of partitions of i. Let bi =

∑i
j=0 aj

be i-th partial sum of {ai} and ci =
∑i
j=0 bj be the i-th partial sum of {bi}. The

initial terms of these sequences can be found in [1] at A085360 . Beyond a threshold

value that depends quadratically on n, the sequence {|Li|} exhibits periodic behavior

and it is related to the sequence {ci}.
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Proposition 3.4.3. If i > (n− 4)(n− 1) and 1 ≤ k ≤ n, then

|Li ∩ Bk| = bri+k−n−1

and

|Li| = cri−1,

where Bk = B ∩Bk and the value ri is as in Definition 3.4.1.

As a consequence, it follows that the sequence {|Li|} is ultimately periodic,

meaning there exist integers k and j such that |Li| = |Li+k| for all i ≥ j.

Although Proposition 3.4.3 is stated under the assumption Ri = D[x1, . . . , xi],

we prove that its validity extends to a more general framework.

Define

W∞
n = D ≀R̄n−1

D ≀R̄n−2
· · · ≀R̄1

D,

where each R̄i is a subring of the ring of numerical polynomials Pi, satisfying

R̄i ⊗D F = F [x1, . . . , xi]. Also define

W̃∞
n = F ≀R̃n−1

F ≀R̃n−2
· · · ≀R̃1

F,

where R̃i = F [x1, . . . , xi]. Clearly, W∞
n ≤W∞

n ≤ W̃∞
n . We denote by Bi, B̄i, and

B̃i the ith base subgroup of W∞
n ,W∞

n , and W̃∞
n , respectively.

We now consider the normalizer chain {N
(∞)
i }i≥−1 in W∞

n arising from the

subgroup T∞, defined recursively by N
(∞)
−1 = T∞ and

N
(∞)
i = NW∞

n
(N

(∞)
i ).

Analogously, we define the normalizer chain {Ñ
(∞)
i }i≥−1 in W̃∞

n . Observe that for

all i ≥ −1 and 1 ≤ k ≤ n, the following identity holds:

(N
(∞)
i ∩ B̄k) ⊗D F ∼= Ñ

(∞)
i ∩ B̃k ∼= (N

(∞)
i ∩Bk) ⊗D F. (3.13)

Define the free rank frk(M) of a D-module M as dimF (M ⊗D F ). Then, from

Equation 3.13, we conclude that

frk(N
(∞)
i ∩ B̄k) = frk(N

(∞)
i ∩Bk).

From Equation 3.13, the following generalization of Proposition 3.4.3 follows.
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Theorem 3.4.4. The free rank of the quotient

(N
(∞)
i ∩ B̄k)/(N

(∞)
i−1 ∩ B̄k)

is equal to the free rank bri+k−n−1 of

(N
(∞)
i ∩Bk)/(N

(∞)
i−1 ∩Bk)

for all i > (n− 4)(n− 1). In particular, it is independent of the choice of the rings

Rj.

3.5 Abelian Regular Normal Subgroups of N
(∞)
0

In this section we find an analog of Theorem 1.1.5 and Proposition 1.1.4 stated

in Section 1.1 in the case of characteristic 2.

We begin by proving that any abelian regular subgroup must intersect the center

of W∞
n non-trivially, which will play a key role in the rest of the section.

Lemma 3.5.1. If T < W∞
n is an abelian regular subgroup, then T intersects the

center Z of W∞
n non-trivially.

Proof. It is enough to notice that TZ is abelian and transitive, so it is regular (and

contains T ). This means that T = TZ.

Let T∞ = ⟨∆1, . . . ,∆n⟩ be the canonical regular subgroup considered in the

previous section.

Remark 3.5.2. Notice that N
(∞)
0 = S ⋉ T∞, where S is the group generated by

{xj∆k | 1 ≤ j < k ≤ n} acting on T∞ as the group of upper unitriangular matrices.

Indeed, if k > i, then

[∆i, xj∆k] =





∆k if i = j

1 otherwise

Moreover, N
(∞)
0 acts on T∞ by conjugation, i.e.

(∆i)
xj∆k = ∆i [∆i, xj∆k] =





∆i∆k if i = j

∆i otherwise
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and (∆i)
∆k = ∆i. We denote by Eij the elementary matrix with 1 in the position

(i, j) and 0 elsewhere, by ei the i-th vector a fixed basis of Dn, and by 1n the n× n

identity matrix. The vector ei represents the element ∆i of T∞, while the matrix

1n + δjiEjk represents the action of xj∆k on ∆i. In other words

(∆i)
xi∆k = ei · (1n + Eik) = ei + ek = ∆i∆k.

By varying 1 < i < k < n, these matrices generate the upper unitriangular group U .

Thus, we establish a surjective homomorphism π : N
(∞)
0 → U such that ker(π) =

T∞. Moreover the map τ : U → N
(∞)
0 , defined by sending Ejk → xj∆k, is a

homomorphism such that τπ is the identity. It follows that N
(∞)
0

∼= U⋉T∞ ∼= S⋉T∞.

Let T be another abelian regular subgroup normal in N
(∞)
0 and isomorphic to

Dn. We set T = ⟨z̄1, . . . , z̄n⟩ with z̄i = tivi where ti ∈ T and vi ∈ S.

Lemma 3.5.3. Let ti =
∑n
j=1 aij∆j, where aij ∈ D. The matrix (aij)i,j=1,...,n is

unimodular.

Proof. The group T is regular, in particular, for each j = 1, . . . , n, there exists a

unique permutation σj ∈ T such that σj(0) = ej . Since z̄i’s generate T , there are

coefficients hij ∈ D such that σj =
∑n
i=1 hjiz̄i and as a consequence

ej = σj(0) =
n∑

i=1

hjiz̄i(0) =
n∑

i=1

hjitivi (0) .

Notice that vi(0) = 0 since vi ∈ S and ∆s(0) = es, thus

ej =
n∑

i=1

hjitivi (0) =
n∑

i=1

hjiti (0)

=
n∑

i=1

hji

n∑

s=1

ais∆s (0) =
n∑

i=1

hji

n∑

s=1

aises

Hence
∑n
i=1 hjiais = δjs for each j = 1, . . . , n.

Let us consider the inverse matrix (bij) of (aij) and let us define t̄i =
∑n
j=1 bij z̄j .

Notice that

t̄i (0) =
n∑

j=1

bij z̄j (0) =
n∑

j=1

bijtj (0) = ∆i (0) = ei.

Since T is regular, the only element of T sending 0 to ej is ∆j ; so, we can write

T = ⟨t̄1, . . . , t̄n⟩ where

t̄i = ∆iui with ui ∈ S.



3.5 Abelian Regular Normal Subgroups of N
(∞)
0 69

Lemma 3.5.4. If ∆j ∈ T , then ∆j+1, . . . ,∆n ∈ T .

Proof. It is enough to notice that ∆i = [xj∆i,∆j ] ∈ T for i = j + 1, . . . , n.

We are now ready to describe the groupT = ⟨t̄1, . . . , t̄n⟩ as did in Proposition 1.1.4

in the case of characteristic 2.

Proposition 3.5.5. If T is an abelian regular normal subgroup of N
(∞)
0 isomorphic

to Dn, then there exists c ∈ D such that

T = ⟨∆1(cx1∆n),∆2, . . . ,∆n⟩.

Proof. By Lemma 3.5.1, ∆n ∈ T and so un is the identity 1 of T . Analogously

∆i ∈ T mod (Bn · · ·Bi+1) and so ui ∈ Bn · · ·Bi+1. Hence

t̄i = ∆i

∏

i+1≤k≤n
j<k

(xj∆k)
cijk . (3.14)

In particular, [t̄i, x1∆s] = [∆i, x1∆s]
ui [ui, x1∆s] = ∆

δi1u
−1
i

s [ui, x1∆s] ∈ T . If i ̸= 1,

we have [ui, x1∆s] ∈ T ∩S, and so [ui, x1∆s] = 1. This implies that ui =
∏

(x1∆k)
ci1k

for i > 1 and

t̄i = ∆i

∏

i+1≤k≤n

(x1∆k)
ci1k for 1 < i < n.

Let i ≥ 2 and i+1 ≤ k < n, then the commutator [t̄i, xk∆n] = [∆i, xk∆n]ui [ui, xk∆n] =

(x1∆n)−ci1k ∈ T ∩ S. Thus, (x1∆n)−ci1k = 1 and so ci1k = 0. This means that

ui = (x1∆n)ci1n for 1 < i < n− 1.

For 1 < i ≤ n− 2 we get that

[t̄i, xi∆i+1] = [∆i, xi∆i+1]ui [ui, xi∆i+1] = ∆−1
i+1[ui, xi∆i+1] = ∆−1

i+1 ∈ T .

In particular ∆3 ∈ T and, by Lemma 3.5.4, we have ∆4, . . . ,∆n ∈ T . Hence, we

obtain

t̄i = ∆i for 3 ≤ i ≤ n,

t̄2 = ∆2(x1∆n)c21n (3.15)

and t̄1 as in Equation (3.14).
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When 1 < k < n, we get

[t̄1, xk∆n] = [∆1, xk∆n]u1 [u1, xk∆n] =
∑

j<k≤n−1

(xj∆n)c1jk ∈ T ∩ S,

hence, by regularity, c1jk = 0 and

t̄1 = ∆1(x1∆n)c11n . . . (xn−1∆n)c1,n−1,n .

If 3 ≤ s ≤ n, then the commutator [t̄1, x2∆s] = x2∆c1sn
n ∈ T ∩ S. Thus, it has to

be the identity and so c1sn = 0 for 3 ≤ s < n, i.e.

u1 =
∏

j=1,2

(xj∆n)c1jn = (c11nx1 + c12nx2)∆n.

Since T is abelian, on the one hand we have

1 = [t̄1, t̄2] = [∆1u1,∆2u2]

= [∆1, u2]u1 [∆1,∆2]u1u2 [u1, u2][u1,∆2]∆2

= (∆n)c12n−c21n [u1, u2]

and so [u1, u2] = 1 and ∆c12n−c21n
n = 1. In particular

c12n = c21n. (3.16)

On the other hand, the commutator

[t̄1, x1∆2] = [∆1, x1∆2]u1 [u1, x1∆2]

= ∆−u1
2 (x1∆n)c12n

= ∆−1
2 ∆c12n

n (x1∆n)c12n ∈ T .

Since ∆n ∈ T , we get that ∆2(x1∆n)−c12n ∈ T and by Equation (3.15) c21n = −c12n.

By (3.16) it follows that c21n = c12n = 0, i.e. t̄2 = ∆2 and t̄1 = ∆1(x1∆n)c11n .

Let T c ..= ⟨∆1(cx1∆n),∆2, . . . ,∆n⟩ be as in the previous proposition. We have

the following characteristic zero counterpart of Theorem 1.1.5.

Corollary 3.5.6. If 2 is an invertible element of D, then for every g ∈ N
(∞)
1 there

exists cg ∈ D such that (T∞)g = T cg . Otherwise in N
(∞)
1 there are two distinct

conjugacy classes of abelian regular normal subgroups of N
(∞)
0 isomorphic to Dn.
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Proof. It is enough to notice that N
(∞)
1 \ N

(∞)
0 = {x2

1∆n}, and ∆
x2

1∆n

i = ∆i for

i = 2, . . . , n. Moreover, for d ∈ D

∆
dx2

1∆n

1 = ∆1[∆1, dx
2
1∆n] = ∆1(2dx1∆n)

and

(∆1(x1∆n))dx
2
1∆n = ∆1(x1∆n)[∆1(x1∆n), dx2

1∆n]

= ∆1(x1∆n)[∆1, dx
2
1∆n] = ∆1((2d+ 1)x1∆n)

The element ∆1 appears as a member of the second family if and only if 2 is invertible

in D, concluding the proof.



72

CHAPTER 4

BI-BRACES OVER FINITE FIELDS AND p-ADIC

INTEGERS

This chapter is primarily based on the results presented in [8, 11].

In this chapter, we consider M to be a free module of rank n over a principal ideal

domain R. We equip M with a bi-brace structure arising from a regular subgroup of

the holomorph, normalized by the right regular representation (see Theorem 1.6.4).

Under suitable assumptions, we associate to each such structure a bilinear form,

which allows us to reduce the classification problem to that of symmetric bilinear

forms over specific rings.

We first deal with the case where R is the finite field Fpk , with p an odd prime;

then we turn to the case where R is the ring of p-adic integers Zp.

We emphasize that the techniques employed in this part of the work closely

parallel those developed in [23] in characteristic 2. In particular, we make use of what

they (as well as we) refer to as the defining matrix of a brace (see Definition 4.2.5);

this construction allows us to associate a bilinear form to the brace and subsequently

derive a classification up to isomorphism or isoclinism.
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4.1 Free Module Braces over a Commutative Ring

Let n be a positive integer and R a principal ideal domain. Consider

M =
n⊕

i=1

R, (4.1)

the free module of rank n over R, and let {e1, . . . , en} be a fixed basis for M . Denote

by AutR(M) the automorphism group of the R-module M , and by

Aff(M) = AutR(M) ⋉M (4.2)

the affine group of M . The automorphism group of M is given by

AutR(M) = GLR(M),

which corresponds to the group of unimodular n× n matrices over R.

Let T+ be the translation group of the additive group (M,+). For a ∈ M , denote

by σa the translation that sends 0 to a. Note that the addition on M can be defined

via

a+ b ..= aσb for a, b ∈ M,

so that (M,+) ∼= T+, and

Aff(M,+) = Hol(T+) ∼= NSym(M)(T+).

If T◦ is a regular, abelian subgroup of Aff(M), we can index its elements by the

elements of M as

T◦ = {τa | a ∈ M},

where τa is the unique permutation in T◦ sending 0 to a. By Equation (4.2), each

τa ∈ T◦ can be uniquely expressed as

τa = γaσa, with γa ∈ GLR(M). (4.3)

We define a binary operation ◦ on M by

a ◦ b ..= aτb, (4.4)

which endows M with the structure of an abelian regular group (M, ◦) isomorphic

to T◦.
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Moreover, for each a ∈ M , define the endomorphism δa = γa − 1M of (M,+).

Using δa, we define a multiplication on M by

a · b ..= aδb for all a, b ∈ M. (4.5)

In the rest of this chapter, by an algebra over a ring R we mean a commutative

R-algebra of finite rank as an R-module.

Theorem 4.1.1. The triple (M,+, ·) is a commutative, associative R-algebra such

that the resulting ring is radical.

Proof. The result follows immediately from Corollary 1.3.11, since (M, ◦) is a group.

In order to endow (M,+, ◦) with a bi-brace structure, we will assume the following

condition for the rest of the chapter.

Assumption 4.1.2. T+ < Aff(M, ◦) ∼= NSym(M)(T◦).

In [18], the authors prove that for every a, b ∈ M , the commutator [σa, τb] equals

σa·b. It follows that

T+ < AGL(M, ◦) ⇐⇒ σa·b ∈ T◦.

Therefore,

σa·b ∈ T◦ ∩ T+ = {σx | x ∈ Ann(M)},

where Ann(M) = {a ∈ M | a · M = 0} denotes the annihilator of the algebra

(M,+, ·). Hence,

T+ < AGL(M, ◦) ⇐⇒ M3 = {0}.

As a consequence, we obtain

γa·b = 1M for all a, b ∈ M,

and thus,

γa+b = γa◦b = γaγb.
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Indeed, for all a, b, c ∈ M , on the one hand we have:

γa+b(c) = −a− b+ (a+ b) ◦ c

= c+ a · c+ b · c,

and on the other hand:

γa◦b(c) = −(a ◦ b) + c ◦ (a ◦ b)

= −(a+ b+ a · b) + c ◦ (a+ b+ a · b)

= c+ c · a+ c · b.

Thus, T+ < AGL(M, ◦) if and only if (M,+, ◦) is a bi-brace. In other words,

we recover the following well-known result (see also [21, Proposition 4.1] for an

alternative proof).

Proposition 4.1.3. Let (M,+, ·) be a nilpotent R-algebra. The triple (M,+, ◦) is

a bi-brace if and only if M3 = 0.

Let Ann(M) denote the annihilator of the bi-brace (M,+, ◦) (which coincides

with the annihilator of the algebra (M,+, ·)). Since M is 3-nilpotent, we have:

M ·M ⊆ Ann(M). (4.6)

4.2 The Bilinear Form associated to (M, +, ◦)

In this section, we introduce a bilinear form associated with the bi-brace (M,+, ◦),

with the aim of classifying such structures using the known classification of bilinear

forms up to equivalence (initially over fields of odd characteristic, and later, as we

will see, over the ring of p-adic integers). From this point on, we will restrict our

attention to those structures that satisfy the following assumption.

Assumption 4.2.1. M ·M is a cyclic R-submodule of M .

Since R is a principal ideal domain, if M ·M is a cyclic submodule of the free

R-module M , then M ·M ∼= R as a R-module.

Let (M,+, ·) be a torsion-free, commutative, 3-nilpotent R-algebra such that

M ·M is a cyclic R-submodule of M . As shown in the previous section, M inherits
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a bi-brace structure from the algebra (M,+, ·). We will refer to this structure as a

torsion-free cyclic-square R-bi-brace.

Let us define the symmetric bilinear form

b : M ×M 7−→ Ann(M), (a, b) 7→ a · b. (4.7)

Notice that the radical RadM (b) = {a ∈ M | b(a,M) = 0} of the bilinear form b

coincides with Ann(M). Moreover, Rad(M) is a submodule of the free module M ,

so it is also free, say of rank d. As shown in Chapter 8 of [39], we can find a basis

for M such that Rad(M) is spanned by the last d vectors of that basis. Without

loss of generality, we may assume

Ann(M) = spanR{em+1, . . . , en}, m ..= n− d. (4.8)

The next result relates the matrix associated to the bilinear form b with the

linear maps described in (4.3).

Lemma 4.2.2. There exists a m× d matrix Θi with entries in R such that γei
has

the form

γei
=




1m Θi

0d×m 1d


 for i = 1, . . . ,m.

Moreover Θi = 0m×d for i = m+ 1, . . . , n.

Proof. Notice that a ∈ Ann(M) if and only if a ◦ b = a+ b for all b ∈ M . It follows

that ej ◦ ei = ej + ei for j = m+ 1, . . . , n and i = 1, . . . , n. In other words

ej ◦ ei = ejγei
+ ei = ej + ei. (4.9)

On the other hand for j = 1, . . . ,m and i = 1, . . . ,m

ej ◦ ei = ejγei
+ ei = ej + ei + ej · ei (4.10)

where ej · ei ∈ Ann(M) = span{em+1, . . . , en}. Thus, by Equation (4.9) and (4.10)

we obtain

γei
=




1m Θei

0 1d


 for i = 1, . . . ,m

and γei
= 1n for i = m+ 1, . . . , n.
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Remark 4.2.3. Denoting by Θi,j the j-th row of the matrix Θi, we get that

ei · ej = (0, . . . , 0︸ ︷︷ ︸
m

,Θi,j)

and so

γa =




1m a1Θe1 + · · · + amΘem

0 1d




for each a = a1e1 + · · · + anen ∈ M .

Remark 4.2.4. By Equation (4.6), Ann(M) = H ⊕K, where K is a cyclic R-module

containing M · M . Up to considering the quotient (M/H,+, ·), we can assume

M ·M = c · Ann(M), with c ∈ R and Ann(M) = span{en} the sub-brace spanned

over R by the last vector of the basis. Therefore, we will consider m = n − 1,

M ·M = c · span{en} and M = N ⊕ Ann(M) where N = span{e1, . . . , en−1}.

Definition 4.2.5. We shall say that the matrix Θ ..= [Θ1 . . .Θn−1] is the defining

matrix in the given basis of the bi-brace (M,+, ◦).

We notice that the matrix Θ = [Θ1 . . .Θn−1] is the matrix associated to the

symmetric bilinear form b restricted to the submodule N defined in Remark 4.2.4.

Lemma 4.2.6. The matrix Θ is symmetric of maximal rank.

Proof. By construction we have that ei · ej = ej · ei for every i, j ∈ {1, . . . , n} and

applying Remark 4.2.3 we get that the matrix Θ is symmetric.

Let us suppose that a non-trivial linear combination of the column vectors

Θ1, . . . ,Θn−1 is the null vector, i.e.

n−1∑

i=1

aiΘi = 0 ai ∈ R and as ̸= 0 for some s ∈ {1, . . . , n− 1}.

Then

γa1e1+···+an−1en−1 =




1n−1 a1Θ1 + · · · + an−1Θn−1

0 1


 = 1n

This means that a1e1 + · · · + an−1en−1 ∈ Ann(M) ∩N = {0}.

Conversely we have the following result.
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Theorem 4.2.7. Any (n− 1) × (n− 1) symmetric matrix with coefficients in R of

maximal rank is the defining matrix (with respect to a suitable basis) of torsion-free

cyclic-square R-bi-brace.

Proof. Let Θ = [Θ1, . . . ,Θn−1] be a (n − 1) × (n − 1) symmetric matrix with

coefficients in R of maximal rank and let (M,+) be a free R-module of rank n. For

a = a1e1 + · · · + anen ∈ M , let us define the map τa = γaσa where

γa =




1n−1 a1Θ1 + · · · + an−1Θn−1

0 1


 ,

and σa is a translation of (M,+). Set T◦ = {τa : a ∈ M} < Aff(M), where ◦ is the

operation induced by T◦ on M as in Equation (4.4).

By Theorem 1.6.4, in order to prove that (M,+, ◦) is a bi-brace, it is enough to

prove that T◦ is an abelian regular subgroup of Aff(M) normalized by T+. Let · be

as in (4.5), the algebra (M,+, ·) is torsion-free and cyclic square by construction.

• T◦ is a group, indeed τ0 = 1M is the neutral element and ◦ is associative by

definition. Notice that τaτb = τa◦b, indeed

xτaτb = xγaγb + aγb + b = xγaγb + a ◦ b

and since a ◦ b = a+ b+ a · b and γa·b = 1n

xτa◦b = xγa◦b + a ◦ b = xγa+b + a ◦ b = xγaγb + a ◦ b.

Thus, to prove that every element of T◦ admits an inverse, we just have to

prove that each a ∈ M admits an inverse with respect to the ◦ operation. In

other words, if a = (a1, . . . , an) ∈ M , then we have to find b ∈ M such that

a ◦ b = 0, i.e a + b + a · b = a ◦ b = 0. By Remark 4.2.4, M · M has rank 1

and is spanned by en, so b = (−a1, . . . ,−an−1, bn). It remains to find the last

component bn, that is

bnen = −(a1, . . . , an) · (−a1, . . . ,−an−1, bn) − anen

= ((a1, . . . , an−1)Θ(a1, . . . , an−1)tr − an)en.

• T◦ is abelian, indeed by definition a ◦ b = b ◦ a and we have just seen that

τaτb = τa◦b.
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• T◦ is regular, i.e. for all a, b ∈ M there exists a unique c ∈ M such that aτc = b.

For proving this, it is enough to observe that c = bτ−1
a , where the uniqueness

of c follows from the uniqueness of the inverse in T◦.

• T+ normalises T◦, i.e., for all a, b ∈ M , σaτbσ
−1
a ∈ T◦. Indeed, using the

equality γaγb = γaγb+b, it follows that

xσaτbσ−a = (x+ a)γbσbσ−a

= xγb + aγb + b− a

= xγaγbγ−a + aγb + b− a

= xτaγb+b−a.

4.3 The Case R = Fpk

In this section, we aim to study the case where M = V is a vector space of

dimension n ≥ 2 over the field Fpk with pk elements and p an odd prime.

Let V be an n-dimensional vector space over Fpk with basis {e1, . . . , en}. Let ◦ and

· be as defined in Equations (4.4) and (4.5). Note that, in this case, Assumption 4.2.1

translates into requiring that V · V be a one-dimensional subspace of V . We will

refer to the bi-brace (V,+, ◦) as a Fpk -bi-brace with one-dimensional product space.

Let us consider b the symmetric bilinear form associated to the bi-brace (V,+, ◦).

Remark 4.3.1. Let the annihilator Ann(V ) of V be a d-dimensional subspace of V .

Since V · V is contained in Ann(V ), we get that

Ann(V ) = (V · V ) ⊕H

for a suitable (d − 1)-dimensional subspace H of V . Thus, up to considering the

quotient algebra (V/H,+, ·), we may assume that the subspace V · V coincides

with Ann(V ) and that it is spanned by the vector en. We obtain the following

decomposition of V

V = W ⊕ (V · V )

where V · V = span{en}.
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The defining matrix Θ = [Θ1, . . . ,Θn−1] is the matrix associated with the bilinear

form b restricted to the subspace W of V , as defined in Remark 4.3.1.

Remark 4.3.2. The defining matrix Θ of (V,+, ◦) is an (n− 1) × (n− 1) invertible

matrix with coefficients in Fpk .

We denote by F×
pk the set of invertible elements of Fpk . We need to recall a couple

of well-known results concerning the classification of symmetric bilinear forms over

a field of odd characteristic.

Definition 4.3.3. Let b be a nondegenerate symmetric bilinear form on a Fpk -vector

space with associated matrix B. The discriminant of b, denoted by d(B), is defined

to be the coset det(B)(F×
pk)2 in F×

pk/(F
×
pk)2.

Theorem 4.3.4. [43, Proposition 5, pg. 34] Let b be a nondegenerate symmetric

bilinear form on a Fpk-vector space V of dimension strictly bigger than 1, then there

exists a basis for V such that the matrix B associated to b has one of the following

non-equivalent diagonal forms




1 0 0 0

0 1 0
...

... 0
. . . 0

0 · · · 0 1




or




1 0 0 0

0
. . . 0

...
... 0 1 0

0 · · · 0 q




,

where q is a non-square element of Fpk .

Corollary 4.3.5. [43, Corollary of Proposition 5, pg. 35] For two nondegenerate

symmetric bilinear forms over Fpk to be equivalent it is necessary and sufficient that

they have the same rank and same discriminant.

A straight consequence of the previous corollary is the following result which

gives a relationship between isomorphism classes Fpk -bi-braces with one-dimensional

product space and equivalence classes of the associated bilinear forms.

Let A be any matrix. We shall denote by Atr the transpose of the matrix A.

Theorem 4.3.6. Let V1 = (V,+, ◦1) and V2 = (V,+, ◦2) be two Fpk-bi-braces with

one-dimensional product space. Suppose that V ·1 V = V ·2 V = span{en}. A matrix
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of the form 

A 0

0 l


 , A ∈ GL(n− 1, pk), l ∈ {1, q}

is an isomorphism between (V,+, ◦1) and (V,+, ◦2) if and only if

AΘV1A
tr = lΘV2 , (4.11)

where ΘV1 and ΘV2 are the defining matrices of (V,+, ◦1) and (V,+, ◦2), respectively,

and q is a non-square element of F×
pk .

We are now ready to give a complete classification of the isomorphism classes of

Fpk -bi-braces with one-dimensional product space.

Theorem 4.3.7. Let (V,+, ◦) be a Fpk-bi-brace with one-dimensional product space.

There are two isomorphism classes of (V,+, ◦) if n− 1 is even and there is one class

is n− 1 is odd.

Proof. By Theorem 4.3.4, it suffices to consider the matrices

Θ1 =




1 0 0 0

0 1 0
...

... 0
. . . 0

0 · · · 0 1




, Θ2 =




1 0 0 0

0
. . . 0

...
... 0 1 0

0 · · · 0 q




where q is a non-square element of F×
pk . By Proposition 4.3.6, we left to check

whether Θ1 and qΘ2 represent equivalent bilinear forms.

• If n − 1 is even, then det(Θ1) = 1 is a square, while det(qΘ2) = qn is not a

square. Then Θ1 and qΘ2 are not congruent.

• If n− 1 is odd, then det(Θ1) = 1 is a square and det(qΘ2) = qn is a square.

Then Θ1 and qΘ2 are congruent.

We notice that the isomorphism classes of (V,+, ·) are in one to one correspon-

dence to the isomorphism classes of V/H as defined in Remark 4.2.4. In other words,

the results obtained so far also hold in the case of an algebra (V,+, ·), where V · V

is one-dimensional and Ann(V ) has arbitrary dimension.
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4.4 The Case R = Zp (Torsion Free)

We now consider the case where R = Zp, the ring of p-adic integers. We begin by

recalling an important decomposition of a bilinear form defined over a Zp-module.

Definition 4.4.1. Let (B,+, ◦) be a brace with associated gamma function γ : B →

Aut(B). Assume that (B,+) has a structure of left (right) module over some ring

R. We say that (B,+, ◦) is a left (right) module brace over R, or simply R-brace, if

γ(B) ⊆ AutR(B).

It is worth highlighting that if (B,+, ◦) is a two-sided brace, the notion of

R-brace coincides with the classical notion of R-module (see Example 2 in [26]).

We will see that the classification of torsion-free cyclic square Zp-bi-braces closely

resembles the one obtained for vector spaces over fields of odd characteristic.

Definition 4.4.2. Let b : M × M → Zp be a symmetric bilinear form on a free

Zp-module. We say that b is a p-adic unit form if its determinant is a unit in Zp.

Otherwise, we say that b is a p-adic degenerate form.

For a proof of the following result see Chapter 15, Theorem 2 of [24] or Chapter 9

of [39]

Theorem 4.4.3. For p ≠ 2, any p-adically integral form can be diagonalized by

a p-adically integral transformation. In particular, a p-adic unit form is uniquely

determined up to equivalence by its discriminant and its rank.

As a consequence of that we get the so called Jordan decomposition. Let

b : M × M → Zp be any symmetric bilinear form on a free Zp-module. We can

decompose b as a direct sum

b1 ⊕ pbp ⊕ p2bp2 ⊕ . . . (4.12)

where each bp is a p-adic unit form. We refer to each summand pibpi as the i-th

Jordan constituent of b and to the scalar pi as the scale of that Jordan constituent.

Definition 4.4.4. The scale of (M, b), denoted by s((M, b)) (or simply s(M)), is

the principal ideal in Zp generated by the subset b(M,M).
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Remark 4.4.5. The collection of the powers pi appearing in the decomposition (4.12),

together with the ranks and discriminants of the corresponding p-adic unit forms

bpi , form a complete set of invariants for the bilinear form b.

We obtain the following as an immediate consequence.

Corollary 4.4.6. Let Θ be the defining matrix of a torsion-free cyclic square Zp-bi-

brace. Then, there exists a p-adically integral transformation which diagonalizes Θ

into 


Ji1(ε1) 0 0 0

0 Ji2(ε2) 0
...

... 0
. . . 0

0 · · · 0 Jit(εt)




where Jij (εj) = pij



1 0

0 εj


 and the scalars εj take values in {1, q} where q is a

non-square element of Zp.

The following two results are the analogous of Theorem 4.3.6 and Theorem 4.3.7

of the previous section.

Proposition 4.4.7. Two torsion-free cyclic square Zp-bi-braces M1 = (M,+, ◦1) and

M2 = (M,+, ◦2) with defining matrices ΘM1 and ΘM2, respectively, are isomorphic

if and only if there exists a p-adic unimodular (n− 1) × (n− 1) matrix A such that

AΘM1A
tr = εΘM2

where ε ∈ {1, q} and q is a non-square element of Zp.

Theorem 4.4.8. Let (M,+, ◦) be a torsion-free cyclic-square Zp-bi-brace with

Ann(M) of rank d. If the defining matrix Θ of M is unimodular, then there are

two isomorphism classes of M when n− d is even, and one isomorphism class when

n− d is odd. Moreover, if n− d is even the isomorphism classes are determined by

the discriminant d(Θ) of Θ.

Remark 4.4.9. In general, the defining matrix of a torsion-free cyclic-square Zp-bi-

brace is not unimodular and there are infinitely many isomorphism classes. Indeed,
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counting the isomorphism classes of such bi-brace is equivalent to count all the

possible Jordan decompositions of a n × n symmetric matrix over Zp. There are

infinitely many such decompositions, as the set of possible scales for the Jordan

blocks is infinite.

Moreover, let I be an isomorphism class of a torsion-free cyclic-square Zp-bi-brace

and let Θ be the defining matrix (represented in its Jordan form) of a bi-brace in

that class. We note that if Θ has at least one Jordan constituent of odd rank, then

|I| = 2, otherwise |I| = 1.

4.5 The Case R = Zp (Torsion Case)

In this section, we study the case in which the module M has torsion. We obtain

a classification of cyclic-square Zp-bi-braces up to isoclinism.

We begin by introducing the definition of isoclinism between bi-braces. Note

that, in our case, the additive part of the bi-brace is commutative, and the definition

coincides with that of isoclinism between R-algebras.

Definition 4.5.1. [36] We shall say that two R-bi-braces M and N are isoclinic if

there exist two isomorphisms

ψ : M/Ann(M) → N/Ann(N) and φ : M ·M → N ·N

such that the following diagram commutes

M/Ann(M) ×M/Ann(M) N/Ann(N) ×N/Ann(N)

M ·M N ·N

ψ×ψ

( · ) ( · )

φ

Isoclinism is an equivalence relation among R-bi-braces. We shall say that a bi-brace

M is stem if Ann(M) ⊆ M ·M . For two isoclinic algebras M and N , we shall write

M ∼ N .

According to P.Hall [32], we provide the following characterization.

Lemma 4.5.2. Let M be an R-bi-brace, N ⊆ M a subalgebra and I ⊆ Ann(M) an

ideal of M such that I ∩ (M ·M) = {0}. Then
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• M ∼ M ⊕ T , where T is any algebra such that T · T = 0;

• M ∼ M/I;

• M ∼ N if and only if M = N + Ann(M).

For a proof of the following result see [36, Theorem 2.18].

Theorem 4.5.3. Every R-bi-brace is isoclinic to a stem brace.

Definition 4.5.4. Let M and N be two R-bi-braces and let b : M ×M → N be a

R-bilinear form such that N = ⟨b(M,M)⟩. We define the R-bi-brace

(Stem(b),+, ◦) = ((M/Ann(M)) ⊕N,+, ◦)

where ◦ is defined as in Equation (1.15) and · is defined as follows

(m1, n1) · (m2, n2) = (0, b(m1,m2)) for all m1,m2 ∈ M and n1, n2 ∈ N.

We now come back to the case R = Zp and M a Zp-module with torsion.

Due to the torsion assumption, the module M ·M is a finite cyclic Zp-submodule

of M and M/Ann(M) is a finite Zp-module. In particular M · M ∼= Zp/p
tZp for

some t > 0.

For any finitely-generated free Zp-module M̄ having M/Ann(M) as a quotient

and projection π : M̄ → M/Ann(M), there exists a bilinear form b̄ such that the

following diagram

M̄2 (M/Ann(M))2

Zp M ·M

b̄

π

b

mod pt

commutes. The couple (M̄, b̄) is said to be a covering of (M, b), and b̄ is said to be

a lifting of b. We point out that there are actually infinitely many coverings of M .

Observe that b̄1 and b̄2 are two symmetric bilinear forms on M̄ turning the previous

diagram into a commutative diagram if and only if there exists another bilinear form

b̄3 over M̄ such that

b̄1 − αb̄2 = ptb̄3,

where α is an invertible element of Zp. We denote by [b] the equivalence class of

lattices that are covering of M .
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Remark 4.5.5. There exist infinitely many non-degenerate liftings of b. Indeed, let

b̄ : M̄ × M̄ → Zp be a symmetric lifting of b with associated matrix B̄, then the

symmetric lifting with associated matrix B̄ − ph1n, for ph not an eigenvalue of B̄,

and h ≥ t, provides a non-degenerate covering in the same class.

We now introduce an equivalence relation between lattices.

Definition 4.5.6. Two lattices (M, bM ) and (N, bN ) are said to be pt-equivalent,

denoted by

(M, bM ) ∼pt (N, bN ),

, if there exists α ∈ Z×
p and two lattices (P1, g1) and (P2, g2) with s(P1) = s(P2) =

(pt), such that

(M, bM ) ⊥ (P1, g1) ∼= (N,αbN ) ⊥ (P2, g2).

Remark 4.5.7. We observe that M ∼pt M ′ if and only if the bilinear forms b and b′,

respectively of M and M ′, have proportional Jordan decomposition modulo pt, in

other words, if there exists α ∈ Z×
p such that

(b1, . . . , bt−1) ∼= α(b′
1, . . . , b

′
t−1).

With an abuse of language we write rk(bl) to denote the rank nl of the lattice

(Ml, bl).

By the previous remark, using the same notation, the next result follows imme-

diately.

Proposition 4.5.8. If two coverings (M̄, b̄) and (N̄, ḡ) with Jordan decompositions

modulo pt respectively (b̄1, . . . , b̄t−1) and (ḡ1, . . . , ḡt−1) are in [b] for some b, then

1. rk(b̄i) = rk(ḡi) for each i = 1, . . . , t− 1, and

2. b̄i = ḡi if rk(b̄i) = rk(ḡi) is even.

Proof. We have already observed that two coverings of M are pt-equivalent. It

follows that (b̄1, . . . , b̄t−1) ∼= α(ḡ1, . . . , ḡt−1) for some α ∈ Z×
p . Therefore, the ranks

must satisfy rk(b̄i) = rk(ḡi) for each i = 1, . . . , t− 1.

Moreover, since multiplication by a unit α does not affect the discriminant of

Jordan blocks of even rank, it follows that b̄i = ḡi whenever rk(b̄i) = rk(ḡi) is

even.
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We consider now a symmetric bilinear form b̄ : M̄ × M̄ → Zp with pt-radical

K = {x ∈ M̄ : b̄(x, y) ∈ ptZp, for all y ∈ M̄}, and t > 0 and we construct an algebra

M whose product form b is such that b̄ ∈ [b]. Clearly K is determined by the Jordan

splitting of b̄, and it is equal to the orthogonal sum of the h-Jordan components

with h ≥ t. Let b̃ : M̄ × M̄ → Zp/p
tZp be the reduction of b̄ modulo pt and let

M = Stem(b̃) be as in Definition 4.5.4. We have M̄/K ∼= M/Ann(M) and the

following commutative diagram

(M̄)2 (M/Ann(M))2

Zp Zp/p
tZp

b̄
b̃

b

Θ

where b is the symmetric bilinear form induced by the product in the algebra M .

Proposition 4.5.9. The non-degenerate lattice (M̄, b̄) is the covering of any algebra

in the isoclinism class of M = Stem(b̄ mod pt).

Proof. We define K = {x ∈ M̄ : b̄(x, y) ∈ ptZp, for all y ∈ M̄} and we note that

M̄/K ∼= M/Ann(M). Let N be an algebra in the isoclinism class of M with ψ

and φ isomorphisms as in Definition 4.5.1. It is possible to construct the following

diagram

(M̄)2 (M̄/K)2 ∼= (M/Ann(M))2 (N/Ann(N))2

Zp Zp/p
tZp ∼= M ·M N ·N

b̄

π

bM

ψ×ψ

bN

Θ φ

(4.13)

where bM and bN are the bilinear maps associated to the products of M and N

respectively. The statement follows since the previous diagram is commutative.

Let (M,+, ·) be a 3-nilpotent torsion Zp-algebra such that M · M ∼= Zp/p
tZp,

and let (M,+, ◦) be the associated cyclic-square Zp-bi-brace. We prove that there

are finitely many isoclinism classes of such bi-braces.

In the following statement, we set
(a
b

)
= 0 whenever a is not a non-negative

integer.

Theorem 4.5.10. There are

t∑

s=1

(
t

s

)
2s−1

((
n− 1

s− 1

)
+

(
n/2 − 1

s− 1

))
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isoclinism classes of cyclic-square Zp-bi-braces of rank n.

Proof. We start by counting all possible Jordan splittings modulo pt of a Zp-lattice.

All possible splittings of (M̄, b̄) into s components can be obtained by choosing s

scales in
(t
s

)
ways. Multiplication by a non-square invertible element α ∈ Zp changes

the discriminant of Jordan blocks of odd rank while leaving those of even rank

unchanged.

Supposing that at least one of the involved ranks is odd, since the discriminant

of each block can be chosen in two ways, we obtain

t∑

s=1

(
t

s

)
2s−1H(n, s)

possible non-equivalent Jordan splittings, where H(n, s) is the number of decompo-

sitions n = n1 + n2 + · · · + ns with each ni ≥ 1 and at least one ni odd.

We also define K(n, s) as the number of decompositions n = n1 + n2 + · · · + ns

with each ni ≥ 1. Finally, we consider the case when all ranks ni, and in particular n,

are even. Such a decomposition corresponds to doubling a decomposition of n/2 into

s parts. There are K(n/2, s) such decompositions, each carrying 2s non-equivalent

splittings. Hence, the total number of such splittings is

t∑

s=1

(
t

s

)
2s−1H(n, s) +

t∑

s=1

(
t

s

)
2sK(n/2, s) =

t∑

s=1

(
t

s

)
2s−1K(n, s) +

t∑

s=1

(
t

s

)
2s−1K(n/2, s).

It is well known that K(n, s) =
(n−1
s−1

)
, concluding the proof.
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APPENDIX

A.1 Imprimitivity Chain

We refer the reader to [47] for the following definitions and results. A permutation

group G on Ω is called semiregular if for each α ∈ Ω the only permutation of G

that fixes α is the identity permutation 1. The group G is said to be regular if it is

semiregular and transitive (i.e., if it has only one orbit on Ω).

Lemma A.1.1. All orbits of a semiregular group G have the same length, namely,

the cardinality of G.

As a consequence a group G that acts regularly on Ω is such that |G| = |Ω|.

Definition A.1.2. Let G be a permutation group on non-empty set Ω. We call a

subset Γ of Ω a block of G if for each g ∈ G the image set Γg either coincides with Γ

or is disjoint from Γ.

Notice that the whole set Ω, the empty set ∅ and the subsets of Ω consisting of

only one point are blocks of G. Moreover, if U ≤ G and Γ is a block for G, then Γ

is a block for U .

Lemma A.1.3. If Γ is a block for U ≤ G, then Γg is a block for g−1Ug.

From this it follows that if Γ is a block of G then for each g ∈ G, Γg is also a

block of G. Two such blocks are called conjugate. Any two conjugate blocks are
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equal or disjoint. The totality of all blocks conjugate to a block Γ of G form a

complete block system. All blocks of a complete block system have the same length.

If G is transitive on Ω, the union of the members of a complete block system of G is

Ω. It follows that the length of a block of a transitive group G is a divisor of |G|.

A transitive group G is called imprimitive if there is at least one nontrivial block

Γ (i.e., Γ ̸= ∅, {x} ,Ω). An imprimitivity system for G is a G-invariant partition of

Ω.

Remark A.1.4. The group G is primitive if G has only the trivial partitions {Ω} and

the set of the singletons of Ω as imprimitivity systems.

Definition A.1.5. Let G act imprimitively on the set Ω. An imprimitivity chain

B0 ≻ · · · ≻ Bt of depth t is a sequence of imprimitivity systems for G acting on Ω,

where B0 and Bt are the trivial partitions. We also require that for each B ∈ Bm+1

there exists B′ ∈ Bm such that B ⊆ B′ for 0 ≤ m ≤ t− 1.

Example A.1.6. Let G = Sym(pn) and Ω = {1, . . . , pn}. For each integer 0 ≤ m ≤ n

and for each 0 ≤ k ≤ pm − 1, we define the fundamental blocks

Θn
m,k

..=
{
kpn−m + 1, . . . , (k + 1)pn−m}

each of which with cardinality pn−m. These blocks partition {1, . . . , pn} into pm

blocks of equal size. Let Θn
m be the partition at the level m. That is,

Θn
m

..=
{

Θn
m,0, . . . ,Θ

n
m,pm−1

}
.

This yields a chain of imprimitivity

Cn : Θn
0 ≻ · · · ≻ Θn

m ≻ · · · ≻ Θn
n

where Θn
0 = {1, . . . , pn} and Θn

n = {{1}, {2}, . . . , {pn}}.

A.2 Transfinite Hypercentral Groups

Let G be a group. We define the terms of the upper central series of G by

Z0(G) = 1 and Zα+1(G)/Zα(G) = Z(G/Zα(G)),
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and, if α is a limit ordinal, by

Zα(G) =
⋃

β<α

Zβ(G).

Equivalently and more conveniently for computations, one can write:

Zα(G) = {g ∈ G | [g, z] ∈ Zα−1(G) for all z ∈ Zα−1(G)}

when α a non-limit ordinal.

A group G is called transfinitely hypercentral if G = Zα(G) for some (possibly

limit) ordinal α. For more details, see e.g. [41, Chapter 12].

A.3 Wreath Products

Let K and H be two groups acting on the sets Ξ and Γ, respectively. The

unrestricted wreath product of the two permutation groups K and H is defined as

K ≀H := Fun(Γ,K) ⋊H,

where Fun(Γ,K) denotes the group of functions from Γ to K, equipped with pointwise

multiplication, i.e.,

(fg)(γ) = f(γ)g(γ) for all γ ∈ Γ.

The group Fun(Γ,K) is referred to as the base group of the wreath product.

The group H acts on KΓ via

fh(γ) := f(γh
−1

), γ ∈ Γ, h ∈ H.

The group operation in K ≀H is then defined by

(f1, h1) · (f2, h2) =

(
f1 · f

h−1
1

2 , h1h2

)
.

In the case where H and K are arbitrary (not necessarily permutation) groups,

they can be viewed as permutation groups acting on themselves via the right regular

representation. In this setting, the wreath product K ≀HH, usually denoted simply by

K ≀H, is called the standard wreath product. For further details, see also e.g. [27,41].

The following result has been proven by Kaloujnin and Krasner in [34].
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Theorem A.3.1. A Sylow p-subgroup of Sym(pn) is isomorphic to the standard

wreath product

Wn = Z/pZ ≀ · · · ≀ Z/pZ,

where there are n factors.

Proof. We proceed by induction on n. The case n = 0 is trivial. Assume that

Sym(pn) has a Sylow p-subgroup P of the desired form. Consider the permutation

π ∈ Sym(pn+1) defined by

π = (1, 1 + pn, . . . , 1 + (p− 1)pn)(2, 2 + pn, . . . , 2 + (p− 1)pn)

. . . (pn, 2pn, . . . , pn + (p− 1)pn).

Note that πp = 1. Moreover, while P acts on the set {1, . . . , pn}, the conjugates

Pi := π−iPπi act on the pairwise disjoint subsets

{1 + ipn, 2 + ipn, . . . , pn + ipn}

for i = 0, . . . , p − 1. Since the supports of the Pi are disjoint, they generate their

direct product. Furthermore, it is possible to verify that

π−1Piπ = Pi+1, and π−1Pp−1π = P0 = P.

Then the group ⟨P, π⟩ is isomorphic to PZ/pZ ⋊Z/pZ = P ≀ Z/pZ. Furthermore, the

order of this group is |P |p · p = p1+p+···+pn
, which coincides with the highest power

of p dividing (pn+1)!. Hence, ⟨P, π⟩ is a Sylow p-subgroup of Sym(pn+1), completing

the proof.

A.4 Witt Algebras

In this section, we refer to [45]. Let A(n) denote the associative and commutative

Fp-algebra with unit, generated by elements x
(r)
i , for i = 1, . . . , n and r ≥ 0, and

relations

x
(0)
i = 1 and x

(r)
i x

(s)
i =

(
r + s

r

)
x

(r+s)
i for all r, s ≥ 0.
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Denoting by x(a) the element x
(a1)
1 · · ·x

(am)
m for a ∈ Nm, a basis for A(n) is given by

the set {x(a) | 0 ≤ |a|, a ∈ Nn}, where |a| =
∑n
i=1 ai. For each j ≥ 0, we set

A(n)j ..= span{x(a) | |a| ≥ j}.

Then (A(n)j)j≥0 is a descending chain of ideals. Let m = (m1, . . . ,mn) ∈ (N ∪ {∞})n,

we set

A(n; m) = span
{
x(a) | 0 ≤ ai ≤ pmi

}
,

where p∞ ..= ∞. For each i = 1, . . . , n, we define a derivation ∂i on A(n; m) by

setting

∂i(x
(ℓ)
j ) = δijx

(ℓ−1)
i .

One can verify using Pascal’s triangle that ∂i is indeed a derivation. Moreover,

∂i(A(n)j) ⊆ A(n)j−1.

Define

W (n) :=
n∑

i=1

A(n)∂i, W (n; m) :=
n∑

i=1

A(n; m)∂i. (A.1)

These Lie algebras are called Witt algebras.

Remark A.4.1. The Lie algebra Ln, introduced in Chapter 2, is a subalgebra of

W (n; p), where p = (p, . . . , p) ∈ Nn. The algebra Ln has as a basis the monomial

elements of the form

xλ1
i1

· · ·xλh

ih
∂k,

where 1 ≤ i1 < i2 < · · · < ih < k ≤ n. In our context, this corresponds to

considering, in the k-th summand of the decomposition (A.1), only polynomials

involving variables up to the (k − 1)-th. Similarly, L∞
n is a subalgebra of W (n).

A.5 Difference Equations and Polynomials

Let D be an integral domain of characteristic zero and let Rj be as in Chapter 3.

Let f be a function of x = (x1, . . . , xj). We recall that the operator ∆i(h) : Rj → Rj

is defined as

∆i(h)(f) = f(x+ eih) − f(x)
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for i ≤ j and h ∈ D. The result of performing this operation denoted by ∆i(h) is

still a function in Rj on which the operation may be repeated. We then obtain the

second difference

∆i(h)(∆i(h)(f)) = f(x+ 2eih) − 2f(x+ eih) + f(x).

We denote the second difference by ∆i(h)2. Proceeding in this way, we can form

the n-th difference by means of the relation ∆i(h)n = ∆i(h)(∆i(h)n−1(f)). For

simplicity , let us consider now f ∈ R1. As we did in Section 3.1, we define by

fn = f(x + n) − f(x). Let n ∈ Z. We want to find the solution of the following

homogeneous difference equation

fn(x) + c1fn−1(x) + · · · + cnf(x) = 0 (A.2)

with c1, . . . , cn ∈ F (the field of fractions of D). The classical way to obtain the

general solution of this kind of equations is to set f(x) = ax and find the values of a

for which the equation is satisfied. Substituting f(x) = ax in Equation A.2, we have

ax(an + c1a
n−1 + · · · + cn) = 0.

Therefore, if ax is a solution, it is necessary that

an + c1a
n−1 + · · · + cn = 0. (A.3)

Conversely, if a1, . . . , an are n distinct roots of Equation A.3, then ax1 , . . . , a
x
n are

solution of Equation A.2. So that

f(x) = k1a
x
1 + · · · + kna

x
n

is the general solution of Equation A.2. It may happen that Equation A.3 may

have multiple roots. Supposing that a1 = a2 = · · · = aℓ, the general solution of

Equation A.2 becomes

f(x) = (k1 + k2x+ · · · + kℓx
ℓ−1)axℓ + kℓ+1a

x
ℓ+1 + · · · + kna

x
n.

Although the following result is well known, we include a brief proof for the conve-

nience of the reader.
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Lemma A.5.1. If f ∈ Fun(D,Z) then ∆1 (1)k f = 0 if and only if f is a polynomial

of degree at most k − 1.

Proof. Let f ∈ F [x] be a polynomial of degree at most k − 1, then f =
∑k−1
i=0 aix

i.

Thus

g(x) = ∆1 (1) f (x) = f (x+ 1) − f (x)

=
k−1∑

i=0

ai (x+ 1)i −
k−1∑

i=0

aix
i

is a polynomial of degree at most k − 2. By induction ∆1 (1)k f = ∆1 (1)k−1 g = 0.

Conversely, let f : D → Z be such that ∆1(1)k(f) = 0. Notice that

0 = ∆1(1)kf(x) =
k∑

i=0

(
k

i

)
(−1)i f (x+ k − i)

is a homogeneous linear difference equation with constant coefficients (as in Equa-

tion A.2). The general solution is

f (x) = c1 + c2x+ . . .+ ck−1x
k−1,

where ci ∈ F .

The following statements are immediate consequences.

Corollary A.5.2. ∆1 (1)k f = c ̸= 0 if and only if f is a polynomial of degree k.

Corollary A.5.3. ∆1 (h)k f = 0, where h ̸= 0, if and only if f is a polynomial of

degree at most k − 1.

Corollary A.5.4. Let f ∈ Fun(Dj ,Z). Then ∆i (h)k f = 0 if and only if f is a

polynomial of degree at most k − 1 with respect to the i-th variable.

For a detailed reference on difference equations see [40].
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