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ABSTRACT. We consider the Cauchy problem for the scalar conservation law
1
Oru+ 0z f(u) = —, t>0, = €R,
9(u)

with g € CY(R), g(0) = 0, g(u) > 0 for u > 0, and assume that the initial
datum wug is nonnegative.

We show the existence of entropy solutions that are positive a.e. by means
of an approximation of the equation that preserves positive solutions and by
passing to the limit using a monotonicity argument. The difficulty lies in
handling the singularity of the right-hand side (the source term) as u possibly
vanishes at the initial time. The source term is shown to be locally integrable.

Moreover, we prove a uniqueness and stability result for the above equation.

1. INTRODUCTION

We consider the initial value problem for the hyperbolic conservation law with
singular source

1
Ou+ 0y f(u) = —, t>0,z€R,
(11) kOl = o)
w(0,x) = uo(x), r eR,

where we assume that
feCHR),
(12) geCl(R), g(0)=0, £>0=>g(&)>0, / 9(€)de = oo,
ug > 0, Ug € LOO(R)

In several traffic flow [2] and gasdynamic models [§], formulated in terms of
hyperbolic conservation laws [3] [5 [6], the unknown u(t, z) represents a density and
when the vacuum is experienced one has u(t,2) = 0. In (L)) the source term 1/g(u)
blows up in the presence of a vacuum. The singular problem (L) is a first step
toward a better understanding of the isentropic gasdynamics equations in Eulerian
coordinates. The next steps clearly consist of the extensions of the present result
to systems and to changing sign initial conditions.

Received by the editors August 26, 2011.
2010 Mathematics Subject Classification. Primary 35B25, 35B09, 35L65.
Key words and phrases. Singular nonlinear problems, positive solutions, conservation laws.

©2012 American Mathematical Society

1613

Licensed to Universita' degli Studi di Bari. Prepared on Thu Feb 21 13:12:49 EST 2013 for download from IP 193.204.177.107.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1614 D. AMADORI AND G. M. COCLITE

Our result is strictly related to the existence one in [4]. Indeed there the authors
prove the existence of nonnegative solutions for the integrodifferential problem

Ou+ O f (u /Kasy ))dy, t>0,z€(0,1),

u(t,0) = u(t, 1) t>0,
u((),:c) - UO( )v T € (07 1);

where K is a nonnegative integral kernel (say the Green’s function of a differential
operator). Formally, if

K — Oo=y)
we get (LI)).

Let us finally mention the following two papers. Schonbek [I0] considered a
singularity depending on x and not on u. Natalini, Sinestrari, and Tesei [9] studied
the blowup in the case of locally bounded sources.

Here the main difficulty is to prove that the source term 1/g(u) lies in L}, ., even
if the initial condition is identically 0 (see Lemma [B.1]). This is necessary in order
to give a meaning to (LI)) in the distributional sense.

Let us give the definition of an entropy solution for (LI]).

Definition 1.1. A function u : [0,00) x R —= R is an entropy solution of (L)) if
i) we L>®((0,T) x R) for every T > 0;
ii) u#0 a.e., and 1/g(u) € L},, ((0,00) x R);

iii) for every convexr entropy n € CQ( ) with flux q defined by ¢' = ' f’, the
inequality

/ / ( u)Opp + q(u)Oup + Z((S)) Lp) dtdac+/}R77(u0(x))(p(07x)daj >0

holds for every nonnegative test function ¢ € C°(R?).

In the rest of the paper we will frequently use the function G defined as follows:

1
(13) GO = [ glo)ds. ¢ fo.0).
0
In particular, we observe that

G(0) = G'(0) = 0, E+£0=G'(&) >0, lim G(&) = oc;

E—o0

hence G is increasing and invertible in [0,00) and its inverse G~! is defined in
[0, 00).
Let us state our main result.

Theorem 1.1. Let (L2) hold. Then the initial value problem (L)) has an entropy
solution u, in the sense of Definition [L1], such that
(1.4)

0< G ¢t <u(t,x <G Ht+ G (Nuoll; e , forae t>0andzx <R
L (R)

Moreover, let T > 0 and assume that

(1.5) sup {_5;((:5))) T w e (O,k}} < 00, for all k > 0.
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CONSERVATION LAW WITH SINGULAR SOURCE 1615

If u and v are entropy solutions of (L)) oblained in correspondence of the initial
conditions ug, vg € L*(R), ug, vo > 0, then, for any R > 0 and 0 < t < T, the
Kruzkov estimate holds:

R R4-Lrt
(1.6) / lu(t, z) — v(t, z)|de < e”Tt/ |uo — vol de,
-R —R—Lrt
where

YT = sup {—5;((2)) T weE (O,QT]} ,
Ly = max{|f'(w)| : we[0,G7]},
Gr = G (T + G (max { luoll o gy sl e sy ) )

We prove our existence result studying the solutions of the following approxima-

tion of (LI):

1
Oe +0pf(u) = ——~—— t>0,z€R,
(1.7) ' flwe) =y +e

ue (0,2) = up(x), z eR.

The existence of a unique bounded nonnegative entropy solution u. has been
proved in [7].

Our argument is based on the precise knowledge of the properties of the entropy
solution to (IL7); see [7, []. One interesting feature of the approximated problem
is the monotonicity of the family {u.}.~o with respect to € that gives the conver-
gence of all of the family to the entropy weak solution of (1) and not just the
convergence of a subsequence. The main point of our analysis is the convergence of
the approximated source terms 1/(g(u.) + ¢) due to the unboundedness of 1/g(u).

The assumption ([LH) on the source term g is trivially satisfied if ¢'(u) > 0, for
instance with g(u) = u. An example of a source term that satisfies (L2) and not

(T3 is given by 1/g(u) with
u? (2 +sin (1)), if u+#0,
s [ @),
0, if u=0.

Notice also that the uniqueness does not hold in the class of solutions with no given
sign. As a simple example, consider g(u) = u, u(0,-) = 0, and u(t,z) = u(t) =
+/2t.

The note is organized as follows. Sectionlis dedicated to some a priori estimates
uniform with respect to € on the solutions of the approximated problem (7). In
Section [3] we prove our main result.

2. A PRIORI ESTIMATES

This section is devoted to some estimates on u. uniform with respect to €. Let
us begin by introducing the notation

Ge(§) =G(&) +e, (R e>0.
Thanks to ([L3]), we know that
(2.1) G.(0)=0, Gl=g+e, £>20= GL(£),G-(£)>0.

Licensed to Universita' degli Studi di Bari. Prepared on Thu Feb 21 13:12:49 EST 2013 for download from IP 193.204.177.107.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1616 D. AMADORI AND G. M. COCLITE

In particular G. is increasing and invertible in [0, 00) and its inverse G ! is defined
in [0, 00).

Lemma 2.1 (L*°-estimate). We have that

(2.2) 0<GoNt) Sue(t,x) <G (t +G (HuoHLoo(R))) =: M(t)

for every e >0,t >0, and x € R.

Proof. We have only to verify that the functions
ot z) = M), w(te)=GI(t), >0, zER,
are a super and a subsolution of (Il). We observe that

1 1 1
O+ 0f0) — ——— L5y Ly
O e T T A 2 )
1 , 1

and obviously at time ¢ = 0,
U)(07 ) =0 < Uo < ||u0||L°°(R) = ’U(O, )

Therefore the claim follows from the comparison principle for scalar conservation
laws with bounded sources [7]. O

Lemma 2.2 (Monotonicity). The family {u.}.>0 is nondecreasing as ¢ — 0;
namely, the following inequality holds:
(2.3) Ue < U, a.e. in [0,00) X R
for every e > ¢’ > 0.
Proof. Let e > ¢’ > 0. We have only to observe that
1 < 1

9()+e = g()+e"
The claim follows from the comparison principle for scalar conservation laws with
bounded sources [7]; see also Proposition 1.2.2 in [9]. O

Lemma 2.3 (L}, -estimate on the source). Let a < b and T > 0. The following

inequality holds for every 0 < e < 1:
1

(2.4) —_— < KrCroap,
&+ 9(ue) || L1 (0,7 x (aby) ‘

where

(2.5) Kr=MT+1)+ sup |f],

[0,M (T+1)]

M(T) is defined in 22) and Crqp is a positive constant depending only on T, a,
and b.

Proof. Let ¢ = p(t,x) be a test function such that
peCP(R?), 0<p<L,

(2.6) (t.2) 1, if (t,z) € [0,T] x [a, b],
PTTN0, i (r) e R2\ (1, T+ 1) x (a—1,b+1)).
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CONSERVATION LAW WITH SINGULAR SOURCE 1617

Thanks to ([22)), since u. is a distributional solution of (EI:ZI), we have
1

dtdx
dtd
5+g(us) Ll((OT)X(ab)) 5+g us R5+g ua

= _/0 /R&‘tcp(t,x)usdtdx - /O /R@mcp(t,x)f(us)dtdx — /Rw(O,:v)uo(x)dw

<0

IN

Hue||Loo((0,T+1)xR) ||at‘P||L1(JR2) + ||f(us)||Loo((o,T+1)><R) ||az‘P||L1(JR2)

< {M(T+1)+ sup |f|}|¢|w1,1<m2> < Krllellwags) -
[0,M(T+1)]

By taking the infimum over all possible test functions ¢ that satisfy ([26]), we end
up with (Z4)). O
3. PrROOF OF THEOREM [L]]

Let us begin with the convergence of the families {u, }.>0 and {1/(g(us)+¢)}eso-
Lemma 3.1. There exists a function u € Ly ((0,00) x R) such that

(3.1) u: —u  ae. andin LY

((0,00) xR), 1 <p< o0 ase—0.

Moreover, u is nonnegative a.e. in [0,00) x R and satisfies (L4).
In addition, we have that

(3.2) u#0 a.e in[0,00) xR,
1
(33) @ € Llloc((ov OO) X R)v
1
(3.4) H 7@ < KrCra.p,
Ul L1 ((0,1) % (a,b))
1

(3.5) in L},.((0,00) x R),

—
e+ g(ue) g(u)
for every T > 0 and a < b, where Ky is defined in Z5) and Cr 4y is a positive
constant depending only on T, a, and b.

Proof. Let us introduce the function

U = SUup Ue.
e>0

Due to Lemma 211 (L4]) holds. Moreover, thanks to Lemma 22]
Ue — 4 a.e. in [0,00) X R.

Therefore, (L4]) and the Dominated Convergence Theorem together give (B.I]).
Now let T > 0, a < b. We begin by proving (32), (33)), and [B4). Consider the
function
L if u(t,z) #0,
0

g :[0,00) x R = Ry U {400}, g(t,z) = { 9lultz)) .
00, ifu(t,z) =
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1618 D. AMADORI AND G. M. COCLITE

Clearly, from ([B.]) one has

g >0, — ¢ a.e. in[0,00) x R.

€+ g(ue)
Therefore Lemma [2.3] and Fatou’s Lemma give

T b T b 1
/ / gdtdr < lim inf/ / ————dtde < K7Cr,q.,
0 a k 0 a € + g(us)

which means
9 € Lioo((0,00) x R).
As a consequence we have that ¢ is finite a.e. and therefore (82), (33), and (34)
hold, with g = g(u)
We conclude by proving (3.5]). Let ¢ : R — R be a cutoff function such that

1, ifo<u<?i

(36)  weC™R), Y <0<yY<l,  Yw={ L TUT2
0, ifu>1,

and let ¢ > 0 be a parameter to be chosen later. We observe that

1 1

etglus)  g(u)

L1((0,T) % (a,b))

Ue 1 1
= H¢ (_) 5+9( )21 (0.1 % (a0)) Hw g(u) L1((0,T) % (a,b))
(3.7) S
H (;)> m L1((0,T) % (a,b))
i 1 1
- H (1 v (%)) (5 +gu) g(u)) L1(0T) % (ab))

Since

(¢ () -3 5= 707

1

'(H”(%)) (s+;<u5>‘g<u>)‘§ g<1u> T el (w)

and the functions on the right-hand side are summable in (0,7T) X (a,b) (see (B3))),
the Dominated Convergence Theorem and ([B.1]) give

o i |G =0 ) 3 =
(39) hg%&p ‘(1 - (%» (5 +;(u5) - 9(1u)> L1((0,T) % (a,b)) -

We claim that

)

<O [ e (D)l

L'((0,T)x(a,b))
M(T+1) s /
. < a -
(3.11) ) < Cr, ,b/o ( (U) [L+[f(s)[]ds

for some constant CT,a,b > 0 depending only on T, a, and b.

(%)

L1((0,7) % (a,b))
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CONSERVATION LAW WITH SINGULAR SOURCE 1619

To prove [BI0), let ¢ = p(t,z) be a test function satisfying (2.6). Since the

function N
5
U — — / P (—) ds
0 g
is convex in [0, 00) and u. is nonnegative, from the definition of an entropy solution

we have
Ug 1
H¢ (;) m L1((0,T)x (a,b))
T b
= L) e
< [ o)

< - /OOO/Ratgo(t,x) /Oug(tﬁx) ) (S) dsdtdx —/Rap(o,x) /Ouo(w) ) (g) dsdx

<0
oo ue (t,2) s
—/ /8130(1‘,,1‘)/ w(—) f'(s)dsdtdx
o JR 0 g
M(T+1) M
<ol [ 0 (5) dst Il [

M(T+1)
el [ 0 (5) 017 @ds

(T+1)

¥ (2)1/(s)lds

o
Therefore (I0) is proved.
Now let us prove (BII)). Fatou’s Lemma and [BI0) together give

HOFS o (%) o5

LY((0,7) % (a,b))

S St

L((0,7) % (a,b))

lim inf
e—0+

IN

L1((0,T) % (a,b))

Crap /0 " () a+1Fs)lds,

(%)

IN

which is (BIT]).
At last, using (3.8)), 39), BI0), and BII) in B2,

1 1
lim sup -
esot ||+ g(us)  g(u) L1((0,T)x (a,b))
1 1
< limsup |[¢ (E) —_— + H%// (E) —
0+ o/ e+ g(ue) || 11 0.1y % () 7/ g(u) | 11.(0,7)x (a,0))

M(T+1)
<20 [ 0 (2) @)

Since this estimate holds for every o > 0, as 0 — 0 we get (3.0]). O

Proof of Theorem [Tl We begin by proving that the function w introduced in
Lemma [B] is an entropy solution of (II]) in the sense of Definition [[LI Due
to Lemmas [2.1] and B.1] we have only to verify the entropy inequalities.
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1620 D. AMADORI AND G. M. COCLITE

Let ¢ € O°(R?), ¢ > 0, and n € C?(R) be a convex entropy with flux ¢ defined
by ¢ = 1 f’. The following inequality holds:
(3.12)
7' (ue)

/OOO/R <77(ua)8ttp + q(ue )0z + %w) dtdr + /Rn(uo(m))ﬁp(o, 2)dz > 0.

g(ue

Thanks to the Dominated Convergence Theorem and Lemma[3.1] as € — 0 we have
that

[e ) / u
(3.13) / / (n(u)atgo + q(u)dpp + A )<p> dtdz + / n(uo(x))p(0,z)dx > 0;
o JRr g9(u) R
therefore u is an entropy solution of (II)) in the sense of Definition [T
Notice that, if u is an entropy solution of (1), then the following inequality

(3-14)  Ofu— k| + 0y (sign (u — k) (f(u) — f(k))) — sign (u — k) ﬁ =0

holds in the sense of distributions for every k € R. Indeed, let k € R and {9, }nen C
C?(R) be a sequence of convex entropies such that

N — | - —k| uniformly on every compact subset of R,
n, — sign (- — k), in L}, (R),
||77:z||L0°(]R) <1, n € N.

Introducing the notation

we have also
qn — sign (- — k) (f(-) — f(k)), uniformly on every compact subset of R.

Let ¢ € C'((0,00) xR) be a nonnegative test function with compact support. Since
u is an entropy solution of (II]) we have

oo} /
/ / (nn(u)atqﬁ +qn(w)02¢ + ”"—(“)ob) dtdz > 0.
o Jr g9(u)
As n — oo, using the boundedness of u, the summability of 1/g(u), and the Domi-
nate Convergence Theorem we have that

/OOO/R ('“‘ K0 + sign (u— k) (£(u) — F(K)) Op +
which is (B.14]).

We conclude by proving the uniqueness and stability of positive entropy solu-
tions of (I) under the assumption (LH). Let R > 0,0 < t < T, u and v be
two entropy solutions of (LT]) obtained in correspondence of the initial conditions
ug, vo € L=(R), ug, vop > 0 respectively. For every ¢ > 0, let u., v be the two en-
tropy solutions of (7)) obtained in correspondence of the initial conditions wg, vg
respectively. From the stability results of [7] we know that

sign (u — k)

) ¢> dtdz > 0,

R+L7t

R
(3.15) / e (£, 2) — v (t, 7)) d < ewt/ luo — vo) d,
—R —R—Lpt
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CONSERVATION LAW WITH SINGULAR SOURCE 1621

where
_ A
Ver 1= sup{ G 17 w E (O,QT]}.
If ¢’(w) < 0 for some w € (0,Gr]|, one simply has

0 <ver <rs €>0;

hence from BI0) we get

R R+-Lrt
/ lue(t, ) — ve(t, x)| dx < e'VTt/ |ug — vo| dx
R —R—Lpt

and (L0 follows from (B.I]).

On the other hand, if ¢’(w) > 0 for all w € (0,Gr], one has that . r < 0 and
~vr < 0. Therefore, we can affirm that (L.8) holds with Lipschitz constant 1 in place
of Y7t which is sufficient to prove the uniqueness of the solution.

In order to prove estimate (L8], with the possibly negative decay e’*, one can
use a direct approach in the spirit of [7, Theorem 1]; see also [0, [I]. We cannot
deduce it from ([BI5) since it may happen that liminf. .oy, > yp. This is the
case for g(u) = u?.

Here a difficulty lies in the fact that the source term is not bounded but only
locally integrable, and this occurs in the dependence of the source on the state
variable wu.

Let ¢ > 0 be C'! with compact support in (0,7) x R. The proof is mainly devoted
to deriving the inequality

/ / |u(t, ) — v(t, z)|0cd(t, )

(3.16) +sign (u(t, z) —v(t,z)) - [f (u(t, ) — f (v(t,2))] 0= 0(t, )
1 1
{g(u(t,x)) B g(y(t,x)):| ¢(t>$)} dxdt > 0.

Let N be a constant such that the support of ¢ is contained in Q := (0, T)x (=N, N).
Define the C* function ¢ as

) _ t+717 z+y t—7 -y
@(twﬁvTay)_(ﬁ( 9 5 9 ))‘h( 9 5 9 )a

M(a.b) = 5 (@)a(b).  dnla) = 16 (L),

and § : R — R is a function such that

+sign (u(t, z) — v(t, x)) -

where

0<5<1, &eC™(R) /5(m)dx=1, 2 & [-1,1] = 8(z) = 0.
R

Observe that if h is sufficiently small, the support of ¢ is contained in the open set
G = Q x Q. The analogue of the inequality (3.4) in [7] is given by

4
(3.17) Z/ng (t,z; 1, y; ul(t, ), v(T,9)) An <t;7- z

y) dadtdydr > 0,
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1622 D. AMADORI AND G. M. COCLITE

with F3 =0 and

Ry (s o) = - vlows (5. 75,
Fy (t, 257, y5u,0) = sign (u —v) [f (u) = f@”z¢<ﬁ%rx;y>’
Edtﬁﬂwmv%4%n@—”)Lé)_géﬂ¢<t;ﬂx;y)'

Now, if |u|, |v1], |v2] < M(T), then there exists a constant C' > 0 depending on
f, ¢, M(T) such that for ¢ = 1, 2 we have
IF (b yiw v1) = By (b st asuva)| < O (=7l + o =yl + oy = val) |
=:F(t, ;7,y;v1,v2).

On this term, following [7, p. 225] one has

lim F(tvx;Tay;U(T7 y),’U(t,iE))Ah <
h—0 G

t—7 T—y
2 k)

> dtdxdrdy =0
and then one obtains for i = 1, 2:

lim E@wwww@@wﬁwDM<
h—0 g

t—7 T—vy
2

) dtdzdrdy

= 4/ F; (t,z;t, x; u(t, z),v(t, z)) dtdz.
Q

On the term with ¢ = 4, we cannot use the same argument because 1/g(u) is not
Lipschitz continuous for u > 0. Let us set, for w > 0 and v > 0:

. 1 1 .
() = {&gn(u—v) {m—m}, if u#wv,

0, ifu = v,
and write
Fi (37,5 u(t, 2), 0(r, ) =  (ult, 2 (”T,“y)
(3.18) = k(u(t,z),v(t,x)) ¢
(3.19) I (u(t,2), 0(r, ) [qﬁ (’T, L) o)
(3.20) + [k (ult, ), o(r, ) — k (ult, 2), o(t, 2))] 6 (£, 2) -

Let us denote by Z4 the term with ¢ = 4 in I7) and write it as a sum
Iiy=h+T+Ts
related to the terms BI8]), (I19), and B20), respectively. The first term turns
out to be independent of h:
Ji = 4/ k(u(t,z),v(t,x)) ¢ (t,x) dtdz.
Q

Now we show that Ja2(h) and J3(h) vanish as h — 0. The function in BI9) is
estimated by

1 1
(MW@@)+yman(x_M+t—ﬂ%
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CONSERVATION LAW WITH SINGULAR SOURCE 1623
Let us evaluate the corresponding integrals. With the change of variables

T—y t—1T1
3.21 — (¢
(3:21) (g = (1 252 5T,

we deduce that

T X

_ Y e . b= =y
wawﬂ yHtDM<2,2>Md@

- (/Q g(u (1 d8d5> (/ / (Inl + 1) An (o) dnda> ;

the first integral is finite because of the summability of 1/g(u), while the second
vanishes as h — 0. The same analysis shows that, as h — 0,

1 t—7 r—y
——(jz—yl+ [t— 7)) A dtdzdrdy —s 0
Kgg(v(r,y)) e =vl+ =D h( 2 2 ) vardy

so that also J2(h) — 0. Finally, using again ([B.21]), we have

h h
Ty = 4 / h [ N o) (o m)drdy,

where
P(oyn) = /Q [k (u(t,z),v(xz —2n,t — 20)) — k (u(t,z),v(t,x))] ¢ (t,x) dtdx.

We claim that ¢(o,n) — 0 as (o,7) — (0,0). This clearly implies that J3(h) — 0.
To prove that ¢(o,n) — 0, it is enough to prove that for any sequence (c;,1;) =
(0,0) there exists a subsequence, still denoted by (oj,n;), such that ¢ (o;,7n;) — 0.

Step 1. Recall that v € L>®°(2) and € is bounded. We use the continuity of

translation in L}, to deduce that, for any sequence (o;,n;) — (0,0), there exists a

subsequence, still denoted by (o, 7;), such that
v(s—205,&—2n;) = v(s,§) for a.e. (s,&).
By the continuity of k, the integrand
Gj(5.€) = [k (u(s. ), v(s — 20, — 2m;)) — k (u(s,£), v(5, )] & (5,)
vanishes a.e. as j — oo.

Step 2. Let € > 0. By the absolute continuity of the integral, there exists a 6 > 0
such that if £ C €2 is measurable and |E| < 4, then

1 1
/E mdsdg <& /E mdsdf <e.

Notice that

|G lasas <c [ 2 ! !

+ dsd¢+C | ——
B9 (u(s,€)  g(v(s ) B 9(v(s,6))
where C' = [[¢| < (0,00)xr) a0d Ej = E = 2(0;,1n;). Clearly |E;| = |E| <. Then

dsdg,

(3.22) /E\Gj(s,f)|dsd£ < 4Ck, V3.
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Step 3. Let § > 0 be given as in Step 2. We apply the Severini—-Egoroff Theorem to
the sequence G; and deduce that there exists E, C (2, measurable with |E,| < 6,
such that

Gj(s,6) = 0 uniformly on Q\ E,.
Therefore

1 (0.m7)] < / G (s,€)| dsde + / G, (s,€)| dsde,

B, Q\E,
where the last integral vanishes as j — oo, thanks to the uniform convergence.

Using also (3:22]), we can conclude that there exists j. such that, for all j > j.,
one has

[V (0j,m5)] < 4Ce +e.

This concludes the proof of [BI6). To complete the stability proof, we use (LI
together with (BI6) and get

/OT/R {‘“(tv z) —v(t, )]0 (t, x)

+sign (u(t, z) — v(t, z)) [f (u(t,z)) — f (v(t,2))] O:9(t, x)
+ 7 |ult, ) — v(t, x)| P(t, x)}dxdt > 0.

Following [7, p. 228], a suitable choice of the test function ¢ leads to a Gronwall-
type estimate for the quantity

RJrLT(t S)
5!—>/ lu(s, z) — v(s, z)|dz

RLTtS

and finally to (6. O
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