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Abstract

During these last decades the modal instability of systems, generated by frictional contact forces, has been
the subject of a huge amount of works in friction induced vibration literature. Linear and nonlinear numerical
analyses have been largely investigated to predict and reproduce squeal vibrations. While nonlinear transient
analysis needs large computational efforts, results of Complex Eigenvalue Analysis (CEA) suffer from an
over-prediction issue and it is not able to predict correctly the mode that will become effectively unstable in
case of several unstable eigenvalues. Because the CEA has been adopted as an efficient tool for brake design,
a more reliable index is here proposed, from the CEA outputs and energetic considerations, to identify the
mode that will become effectively unstable. A modular lumped model is developed to reproduce friction
induced vibrations. The use of the eigenvalue real part, as discriminant of the system instability, is here
combined with information coming from the eigenvectors, projected on the equilibrium position, to account
for the energy flows involved in the squeal phenomena. This approach allows to define a Modal Absorption
Index (MAI). The MAI allows for comparing unstable modes of the same system and is applied in this paper
to predict, by CEA outputs, the unstable mode that will effectively result in squeal vibrations.

1. Introduction

In the analysis of Friction-Induced Vibrations (FIV) issues [1], particular emphasis has been dedicated to
the unstable vibrations [2, 3]. In fact, the severe operating conditions generated by this phenomena on the
mechanical systems, i.e. the high amplitude vibrations often associated to noisy sound emissions, tickled,
for instance, the research on the brake squeal [4, 5] and on the hip endoprosthesis squeaking [6, 7].

This unstable behavior was originally attributed to a discrete or continuous variation of the friction
coefficient with speed (velocity-slope) [8, 9]. Nowadays the idea, initially proposed by Spurr [10], that the
instability can be “geometrically induced” and can be reached also with a constant friction coefficient is
currently accepted. Hence, the friction force can be expressed as a follower force [11] and friction-induced
vibrations are in this case very similar, from a mathematical point of view, to the flow-induced vibrations
and to the flutter instability [12].

In this framework the Complex Eigenvalue Analysis (CEA) represents a fundamental tool to evaluate
the stability of a mechanical system with frictional contacts, and this approach is widely used in the design
and optimization process of brake systems, to avoid or at least reduce the squeal occurrence. Nevertheless,
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results from CEA provide an over-prediction of the possible unstable modes, and it is currently impossible
to predict which one of the possible unstable modes will actually dominate the transient behavior.

Even if non-linear semi-analytic approaches allow to reproduce the transient behavior (i.e. amplitude of
vibration) of reduced order and simplified models, in case of a single unstable mode of the system [13, 14],
a full model transient analysis is required in case of multi-instabilities predicted by the CEA [15–17] to find
the mode that is actually excited and the amplitude of the limit-cycle vibration.

Recently, energy approaches have been developed to evaluate the “feed-in” energy in unstable friction-
induced vibrations [18, 19]. For the first time, not only the eigenvalue information but also the eigenvectors,
resulting from the CEA, are used to evaluate the capability of each unstable mode to inject energy from
the contact interface into the bulk of the system, as an additional information to the propensity for the
instability.

In this paper a new instability index, the Modal Absorption Index (MAI) is defined; the main advantage
of the new index is the possibility of comparing the capability of each unstable mode of the system to
absorb energy from the contact interface; where a multi-instabilities configuration is predicted by the CEA,
the new index allows for predicting the unstable mode selection occurring in the transient response of the
mechanical system. The comparison between several modes was made possible by the projection of the
static equilibrium position on the complex modal base. By this way it is possible to estimate the actual
energy absorption due to the wide-band excitation generated at the frictional contact. Similar approaches
are used in the seismic analysis of civil structures to evaluate the significance of the vibration modes, i.e.
the capability of each mode to be excited by a base excitation [20].

In this paper a modular lumped model is developed to reproduce the friction-induced vibrations. The
use of a lumped model allows for a fast integration of the transient solution. The performance of this new
instability index have been verified for different system configurations and several operating conditions,
showing a good agreement between the predicted (by the MAI index from CEA) and the simulated (by
transient analysis) unstable behavior.

2. Mechanical system and numerical tools

2.1. A periodic modular lumped model

A lumped model (LM) composed of masses m connected by springs k and viscous dampers c has been
developed to study the friction-induced vibrations on a simple mechanical system (cf. Fig. 1). The model is
composed of both masses that are in frictional contact with rigid sliders and masses that are not in contact
with the sliders, but linked to the adjacent masses. Furthermore, a static pre-load displacement δ can be
applied at the upper end of the springs ki3, allowing for the introduction of a contact pre-load. The masses in
contact with the sliders are able to switch among the different contact states (Sliding-Sticking-Detachment).
The presence of both masses directly involved in the contact and masses that are not in contact, allows
consideration of both the bulk and the surface behavior of a system with frictional contacts. In fact, the
strong coupling between the surface behavior and the dynamic response of the system is considered to be
of main importance for friction induced vibration issues [21–30].

The proposed LM is composed of single modules (i), each one composed of two masses (mi
1 and mi

2

in Fig. 1), the connecting stiffnesses and dampers (ki3:6 and ci3:6) and the respective boundary conditions
(δi, vi and θi). The module is repeated (N) times and the different modules are connected each other via
stiffnesses and dampers (ki1:2 and ci1:2). Furthermore, a periodicity condition is imposed between the last
(N) and the first (1) module.

The periodicity allows to account for the double modes, that are generally due to the symmetry of a
system [17]. On the other hand, the modularity permits a rapid variation of the number of degrees of
freedom and consequently of the system complexity. Moreover, the presence of multiple contact points
reproduces, even if in a discrete way, the distribution of the contact stresses and tangential velocity over
an extended contact surface, and their contribution to the exchange and dissipate energy during friction
induced vibrations [31].
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Figure 1: Periodic and N -modular lumped system

Before the application of the contact constraint, in a general configuration, each module is characterized
by 4 Degrees of Freedom (DoF):

Xi =
{
xi1 xi2 xi3 xi4

}T
. (1)

The mass sub-matrix of the single module is

Mi = diag( mi
1 mi

1 mi
2 mi

2 ) (2)

The stiffness sub-matrix of the single module is:

Ki =



ki1 + ki4 + ki6 0 −ki6 cos θi ki6 sin θi −ki1 0
0 ki2 + ki3 + ki5 −ki5 sin θi −ki5 cos θi 0 −ki2

−ki6 cos θi −ki5 sin θi ki5 sin2 θi + ki6 cos2 θi (ki5 − ki6) sin θi cos θi 0 0
ki6 sin θi −ki5 cos θi (ki5 − ki6) sin θi cos θi ki5 cos2 θi + ki6 sin2 θi 0 0

−ki1 0 0 0 ki1 0
0 −ki2 0 0 0 ki2


(3)

the elements of this matrix over the 4th line and column represent the link between the module i and the
module i + 1. To realize the periodicity condition the N th module is linked with the 1st module. These
sub-matrices, defined for each module, are assembled to obtain the full matrices M and K (4N ×4N) of the
mechanical system. The material damping is considered to be proportional to the mass and to the stiffness
of the system, following the Rayleigh model, and the damping matrix can be defined as follows:

C = αM + βK. (4)

The vector of the applied forces for the ith module is:

F i =
{

0 −ki3δi T i N i
}T

(5)
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Hence, the dynamic equation of motion can be written for the mechanical system:

MẌ + CẊ + KX = F (6)

The contact conditions 
xi4N

i = 0

xi4 ≥ 0 and N i ≥ 0

T i = −sign(ẋi3 − vi)µN i

(7)

impose some constraints on the system, reducing the actual number of DoFs of each module. The contact
between the mass mi

2 and the respective slider of each module i can assume 4 different states:

Sliding (SL): in this state the tangential speed of the contacting mass is lower than the slider speed
(ẋi3 < vi); the tangential force can be expressed as a function of the normal force by means of
the friction coefficient µ (T i = µN i). Furthermore, the contact condition imposes that the position,
velocity and acceleration in the direction xi4, that are normal to the contact, are nil (xi4 = ẋi4 = ẍi4 = 0).
In these conditions the local normal force, acting on the contact mass, is calculated as a function of
the system state (N i = f(X, Ẋ));

Reverse-sliding (R-SL): in this state the tangential speed of the contacting mass is higher than the
slider speed (ẋi3 > vi). Concerning the direction normal to the contact, the same considerations for
the SL state remains valid; nevertheless, in this case, the tangential force has an opposite direction
(T i = −µN i);

Sticking (ST): in this state the relative speed between the contacting mass and the slider is nil (ẋi3 = vi).
Also in this case the mass mi

2 does not move in the direction normal to the contact and both the
normal and tangential forces can be expressed as a function of the system state N i = f1(X, Ẋ) and
T i = f2(X, Ẋ). To remain in ST state the module of the tangential force must be |T i| < µN i. When
|T i| reaches the limit value µN i the system switch to the SL or R-SL state, as a function of the sign
of the tangential force T i;

Detachment (DT): when the normal force N i reaches a nil value, the unilateral contact constraint cannot
apply a traction force on the mass (N i ≥ 0) and the mass detaches from the slider moving in both
the normal (xi4 ≥ 0) and tangential direction. In this case the contact forces are nil (N i = T i = 0)
until the normal position xi4 > 0. When the normal position reaches the nil value it means that the
mass engages again the contact with the slider and the system switches to the SL or R-SL state, as a
function of the sign of the relative tangential speed.

When at least one of the modules composing the system is in SL or R-SL state, the tangential force has
the following form:

T i = −sign(xi3 − vi)µf
(
X, Ẋ

)
(8)

and introduces asymmetric terms on the stiffness and damping matrices.
Furthermore, when at least one of the contacting masses is in ST state, with the slider that moves with

a constant speed vi, the position of the sticking mass is:

xi3(t) = x̂i + vi(t− t̂) (9)

where x̂i and t̂ are respectively the tangential position of the sticking mass at the beginning of the ST state
and the time at beginning of the ST state.

Hence, after the application of the contact constraints, in (8) and (9), the dynamic equation of the

system, in (10), will be characterized by system matrices M̃, C̃ and K̃ that are generally smaller than the
matrices in (6) and they will be non-symmetric if at least one of the contacting masses is in SL or R-SL
state. Furthermore, the applied forces on the right side of (10) will be composed by constant terms F0 if
all the masses are in SL, R-SL or DT state. A time dependent linear terms F1t will appear if at least one
of the contacting mass is in ST state. A general system of equation can be expressed as:

M̃
˜̈
X + C̃

˜̇
X + K̃X̃ = F0 + F1t (10)
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2.2. Time integration approach

The defined mechanical system (cf. Fig. 1), due to its lumped nature, can reach a finite number of contact
configurations (4N ). During the transient response, the system remains into the same contact configuration
for a finite interval of time. The dynamic equations (10) can be assembled and calculated for each contact
configuration and an analytical solution can be obtained. During each interval, the response of the system
can be expressed with a modal decomposition approach [32]. The asymmetry of the stiffness and damping
matrices forces us to write the mechanical equation in the state space coordinates Y as follows:M̃

˜̈
X + C̃

˜̇
X + K̃X̃ = F0 + F1t

M̃
˜̇
X − M̃

˜̇
X = 0

(11)

A =

[
C̃ M̃

M̃ 0

]
, B =

[
K̃ 0

0 −M̃

]
, (12)

Y =

{
X̃˜̇
X

}
, Q0 =

{
F0

0

}
and Q1 =

{
F1

0

}
(13)

AẎ + BY = Q0 +Q1t. (14)

To perform the Complex Eigenvalue Analysis (CEA), two eigenproblems have to be defined on (14), to find
the complex eigenvalues λ and both the left and right complex eigenvectors, respectively υ and ξ, as follows:

λrυ
T
r A = −υTr B (15)

λrAξr = −Bξr (16)

Left and right complex eigenvectors can be gathered on matrices, respectively Υ and Ξ that allows to
diagonalize the system matrices A and B in (14):

ΥTAΞ ż + ΥTBΞ z = ΥTQ0 + ΥTQ1t (17)[
`ar

`

]
ż +

[
`br

`

]
z = p0 + p1t. (18)

where z is the vector of the complex modal coordinates. The right eigenvector matrix Ξ allows the trans-
formation between the state space coordinates and the modal coordinates Y = Ξz; p0 and p1 are the
projection on the modal base, by means of the left eigenvector matrix Υ, of the constant and of the linear
term of the applied forces Q0 and Q1. Furthermore, ar and br represent the diagonal terms after the modal
transformation.

Finally, the response of the system, starting from the initial condition Y0, can be expressed as:

Y (t) = Ξ

[
`eλrt

`

]
Ξ−1Y0 + Ξ

[
`br

`

]−1 [
`1− eλrt

`

]
p0 + Ξ

[
`br

`

]−1 [
`1− eλrt

λr
+ t

`

]
p1 (19)

The solution in (19) is valid within a time interval, until one of the contact masses changes its contact
state at time t?. The position and velocity of the system at this time Y (t?) will be the initial condition
Y0 for the following time interval; the time response within the new time interval is still expressed by (19),
but calculated starting from a set of system dynamic equations in (10) that account for the new contact
configuration of the system. In such a way, the time response of the system is piecewise linear and can
be calculated in subsequent time intervals by considering the set of dynamic equations appropriate to each
contact configuration of the system.

2.3. Definition of the energy quantities

The transient simulation is performed starting with the system at its static equilibrium position X0, due
to the application of the static pre-load δi, while the sliders are driven at a constant velocity v during the
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whole simulation. A small perturbation ε from the equilibrium is applied to one of the degrees of freedom,
in the state space, in order to observe the transient response and the stability of the frictional system [32].

The transient simulation allows for calculating the response Y (t) at each time interval, taking into
account the contact state variation during the system response.

The mechanical energy Et of the system can be expressed as sum of the kinetic Ek and elastic potential
Ee energies. They can be calculated from the transient solutions X(t) and Ẋ(t)

Ek(t) =
1

2
Ẋ(t)TMẊ(t) (20)

Ee(t) =
1

2
X(t)TKX(t). (21)

To calculate the potential term, only the elastic force have to be considered; consequently, to compute this
quantity the matrix K in (6) has to be considered, rather than the matrix K̃ in (10), which includes also
the non-conservative terms due to the contact forces.

Based on the work-energy theorem, the work of non-conservative forces produces a variation of the
mechanical energy. In this system the two non-conservative forces are the tangential contact forces T i and
the internal damping forces Fd:

Fd(t) = CẊ(t) (22)

The material dissipated power Pm(t) and the power Pc(t) exchanged at the contact can be expressed as
follows:

Pm(t) = Ẋ(t)TCẊ(t) (23)

Pc(t) =

N∑
i=1

T i(t) ẋi3(t). (24)

The sign of the contact exchanged power Pc indicates the direction of the energy flow at the contact and,
for each term, it depends on the direction of the tangential speed ẋi3 and of the tangential contact force T i.
Each contacting mass mi

2 gives its positive or negative contribution over the simulation time.
Hence, the derivative of the total energy can be expressed as the sum of the power exchanged at the

contact and the power dissipated by the damping forces [33]:

dEt(t)

dt
= Pc(t)− Pm(t) (25)

The damping dissipative term Pm gives always a negative contribution to the variation of the mechanical
energy Et, due to the nature of the damping non-conservative forces that produce an action proportional
to the velocity along the opposite direction with respect to the local velocity. On the other hand the power
exchanged at the contact Pc between the elastic system and the sliders can be either positive, increasing the
energy content of the system Et, or negative, subtracting energy from the system and acting as a damper
with respect to the dynamic response of the system. In general, during friction-induced vibrations, a mutual
exchange in the two directions is always present at the contact.

It should be noted that Pc is the energy exchanged and not the energy dissipated at the contact, even if
it has a negative sign. In fact, a distinction must be done between the exchanged energy at the contact Pc
and the energy dissipated at the contact Pd, which is defined as the product of the relative velocity (xi3−vi)
and the tangential component of the contact force T i:

Pd(t) =

N∑
i=1

(ẋi3 − vi)T i (26)

This quantity is always negative both in SL and in R-SL state, because of the definition of the tangential
force in (8). The masses in ST state have a nil relative velocity and their contribution to the contact
dissipated power is zero.
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Finally, the total external power Pex, released by the sliders, is defined as

Pex =

N∑
i=1

viT i (27)

and it is partially dissipated at the contact Pd and partially introduced into the elastic system Pc (28).

Pex = Pd + Pc. (28)

3. System response and energy analysis

In this section, results by the transient analysis and CEA are presented to show the capability of this
system to reproduce friction-induced vibrations in unstable conditions. Moreover, the time evolution of the
system energy analysis terms, detailed in the paragraph 2.3, is analyzed.

The transient responses are presented for a system composed by two modules (N = 2 in Fig. 1), where
the masses m, the springs stiffness k, the inclination angle θ, the pre-load δ and the damping coefficients α
and β in (4) are reported in Table 1.

Parameter Value Unity

mi1:2 { 0.3 0.7 } kg

ki1:6 { 5.5 6.0 2.2 6.0 30.0 25.0 }E + 4 N/m

θi 0.5 rad

δi 5.0E− 3 m

α 0.0 s−1

β 3.0E− 5 s

Table 1: System parameters and boundary conditions.

The physical (masses, stiffness and damping of the lumped model) and the geometrical parameters (plane
inclination angles), which have been adopted for these analyses, have been arbitrarily chosen in order to
obtain a system with multiple instabilities.

Figure 2(a) shows the values of real and imaginary parts of the eigenvalues λ obtained by CEA and their
dependence on the friction coefficient µ. Figure 2(b) shows the real mode shapes for a nil friction coefficient.

The friction coefficient µ, as well as the damping coefficients α and β, are considered to be key factors
in the system stability [17, 29, 30, 34] because the two terms in (25) are strictly related to them.

Increasing the friction coefficient µ for the same value of all the other system parameters, the weight of
the contact term Pc, in the energy balance (25), and of the energy that is actually dissipated at the contact
Pd (26) increases.

From a mathematical point of view, the asymmetric contribution in K̃ and C̃ (10) due to the frictional
contact interaction in SL or R-SL state (8), grows as a function of µ. This modifies the eigenvalues and
eigenvectors of the system in (15) and (16); if the frequencies of two similar modes coalesce, it produces the
lock-in phenomena with a consequent divergence of the real parts of the coalesced eigenvalues (cf. Fig. 2(a)).
The system becomes unstable if one of the real parts reaches a positive value. In the parametric analysis
in Fig. 2(a), the range of variation of the friction coefficient µ has been selected in order to obtain several
unstable modes, with the real parts of the unstable eigenvalues that cross each other as µ increases.

It is worth noting that the coalesced modes (cf. Fig. 2) are characterized by a displacement of the
upper masses that is in phase one each other for modes 3 − 4, and in phase opposition for modes 5 − 6;
the same observation can be done for the contact masses. Furthermore, observing each pair of coalesced
modes, one of the two modes is characterized by displacements of the upper masses that are quasi-normal
to the slider, while the other is quasi-parallel. When the modes coalesce to each other, the combination
of these displacement directions (normal and tangential to the contact surface) generates a quasi-elliptic
motion of the upper masses that is at the origin of the energy exchange between the mechanical system and
the contact, i.e. of the stability or instability of the system [32]. This quasi-elliptic motion is, in fact, at
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Figure 2: Complex Eigenvalues Analysis results and stability evaluation.
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Figure 3: Stable response of the system composed by two modules N = 2 for a friction coefficient µ = 1

the origin of the phase difference between the tangential speed and the tangential force that produces the
contact energy flow [18, 19, 32].

On the contrary, the modes 1 and 2 are characterized by a quasi rigid motion of the modules along the
direction of the sliders. Their deformation does not produce any variation of the normal contact force N ;
this is the reason why the two modes, even if they reach the same frequency, for a friction coefficient µ ' 6.5,
don’t coalesce and pass through each other (in frequency) without interacting. The presence of tangential
and normal components of the coalescing modes at the contact interface has been found to be a necessary
requirement for mode instability in finite element models of continuous systems and experiments [35, 36].
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3.1. Stable transient behavior

The study of the eigenvalue real parts is a standard tool to investigate the system stability. When all the
eigenvalue real parts are negative, the system is stable and the transient response converges exponentially
to the static equilibrium position. On the contrary, when at least one of the eigenvalue has a positive real
part, the system is unstable and the response diverges.

Using this criterion, the system introduced in Section 3 is stable for a friction coefficient µ < 1.19
(cf. Fig. 2(a)). In particular, for the friction coefficient µ = 1, even if modes 5− 6 are already coalesced, all
the real parts are still negative. The system response is reported in Fig. 3. In this case the initial condition
is the static equilibrium position X0 due to the application of the static pre-load δ1:2 (cf. Fig. 3(a)) with a
perturbation applied on the velocity ẋ11(0) = ε = 0.001m/s (cf. Fig. 3(b)).

3.2. Unstable transient behavior
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Figure 4: Unstable response of a system composed by two modules N = 2 for a friction coefficient µ = 2.2
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For the same model, in case of a friction coefficient µ = 2.2 the system is unstable, the coalesced modes
3−4 and 5−6 have a positive real part (cf. Fig. 2(a)), and the same small perturbation ε (as in Section 3.1)
generates a transient response with an amplitude that increases exponentially (cf.Fig. 4).

Figure 4 shows the transient response of the system, when self-excited friction-induced vibrations arise.
The amplitude of vibration increases with a complex behavior due to the presence of more than one unstable
mode (t < 1.5s in Fig. 4(a)). After an initial phase of increasing amplitude (in overall sliding condition) (t <
0.4s), an intermediate saturation phase occurs, where the contact nonlinearities (switch between different
contact state) heavily modify the linear behavior (0.5 < t < 1.5s); afterwards the system reaches a steady-
state behavior (t > 2s), characterized by the limit-cycle.

The steady-state transient response is periodic (limit-cycle) and the two subsystems are in phase with
each other (cf. magnified responses in Fig. 4(a) and Fig. 4(b)). During this steady state behavior the two
contact masses switch between SL, ST (when the ẋi3 = vi = 2.5m/s in Fig. 4(b)) and DT (when ẋi4 6= 0 in
Fig. 4(b)). Figures 4(c) and 4(d) show respectively the contact force and the contact status of the mass m1

2

to give a better idea of the relevance of the contact nonlinearities in the transient behavior (i.e. stick-slip
transition in the tangential direction, and contact-no contact transitions in the normal direction).

When the system reaches a steady state condition, the global amplitude of vibration remains constant,
i.e. the integral of the power exchanged over a period of oscillation (25) is nil.

3.3. Weakness of the eigenvalue real part as unstable mode selector

It is known that the main drawback of CEA is the over-prediction of the instabilities [5, 15, 17, 35].
CEA parametric analysis gives as a result all the possible unstable system modes, with over-prediction of
the unstable ranges and with the impossibility to predict which mode will be effectively unstable, when
several modes are predicted to have a positive real part of the eigenvalue. A higher value of a real part
does not correspond to the probability of the mode to become unstable in the transient response, but only
to the rate of growth of the vibrations in the initial linear phase before the nonlinear contact transitions.
The previous simulations in Section 3.1 and Section 3.2 show the reliability of the real part of the system
eigenvalues to evaluate the stability of the system; on the contrary it is not possible, by observation of the
real parts, to identify the “effectively unstable” mode in the case of system multi-instabilities (i.e. when
more than one eigenvalues of the system have a positive real part) and to indicate the modal instability
that would be recovered on the steady state transient response. For example in the unstable response
presented in Section 3.2 the modes 3 − 4 and 5 − 6 are in a lock-in state, their real parts (respectively
Re(λ3−4) = 1.292Hz and Re(λ5−6) = 3.317Hz) are positive and the system is unstable. During the initial
part of the transient response (t < 0.25s), when the system is in a uniform sliding state (cf. Fig. 4(b)), the
frequency analysis in Fig. 5(b) shows the presence of the two unstable modes with an amplitude of their
frequency peak that depends on both the real part and the particular perturbation chosen for this analysis.
The resulting contact nonlinearities (0.5s < t < 1.5s) produces the increase of the contribution of modes
3− 4 on the system response. Finally, the frequency analysis of the unstable transient response in the time
interval 2s < t < 3s shows a single peak in the spectrum (with some small super-harmonic contributions)
corresponding to the frequency f ' 166Hz of the coalesced mode 3 − 4, which is the one with the lower
value of the real part.

Furthermore, an analysis of the transient responses (cf. Fig. 4) shows that the two modules move perfectly
in phase one each other, confirming the same deformation of the corresponding 3− 4 coalesced real modes
(cf. Fig. 2(b)), which is characterized by the same motion of the two subsystems.

4. A new instability index for mode selection based on energy considerations

As highlighted in 3.3, the real part of the unstable eigenvalue is not able to predict the real propensity
of each unstable mode to squeal. In this section a new index is defined, based on the observation that the
unstable modes are the ones with a more relevant deformation at the contact [17], which increases the energy
flow at the contact. The idea is to compute, for each mode, the variation of the total energy Et due to
the power Pc introduced by the contact during friction induced vibrations and the power Pm dissipated by

10



0 0.5 1 1.5 2 2.5 3

−0.5

0

0.5

time [s]

v
e
lo
c
it
y
[m

/
s]

(a) Velocity response along x11

0 200 400 600 800
10−8

10−7

10−6

10−5

10−4

10−3

frequency [Hz]

∣ ∣ D
F
T

( x
1 1

)∣ ∣

0.00 < t < 0.25

0.50 < t < 1.50

2.00 < t < 3.00

(b) Discrete Fourier Transform

Figure 5: Frequency analysis of the unstable transient response of a N = 2 system with a friction coefficient µ = 2.2.

material damping, evaluated as mean values over an oscillation period for each eigenvector of the system.
In this way, it is possible to have a comparison between different modes, not only based on the information
coming from the eigenvalues (eigenfrequencies and modal dampings) but also on the eigenvectors (modal
shapes), which contain important information about the energy distribution over the system, and on the
capability of each mode to absorb and dissipate energy from both the contact and the bulk.

The distribution of stresses in combination with the local tangential velocity at the contact interface are
related to the capability of each mode to introduce energy into the system. These considerations can be
made by referring to each complex eigenvector (complex modal shape) resulting from the CEA; nevertheless,
each mode contribution is defined as proportional to an arbitrary constant that is complex and generally
different for left and right modes in case of non self-adjoint systems (cf. (15) and (16)).

To account for the contribution of each mode, a decomposition on the modal base, by means of the left

and right eigenvectors (Υ and Ξ), of the static equilibrium position X̃0 is proposed here. In this manner
also the contact forces in the static equilibrium position (overall sliding) are projected over the modal base.
In fact, the static equilibrium position is the actual deformation of the system in the steady-state condition
(braking phase) without instabilities induced by the contact; the friction-induced vibrations produce an
oscillation of the system around this position. During the sliding contact, the contact interaction produces
a large band excitation on the mechanical system, which is spatially distributed as the contact forces. In
this analysis the contact forces are evaluated at the static equilibrium position in uniform sliding, since it
represents the spatial distribution of the starting boundary condition for the unstable vibrations. Hence,
the contribution of such excitation to each system mode is proportional to the modal projection of the static
equilibrium position on the complex modal base. In this way, the projection of the equilibrium position on
the system modes allows for comparing the energy amount absorbed by each mode during the vibrations
around the equilibrium position (steady-state deformation), that are generated by a wide-band perturbation
with the same geometrical distribution as the static contact force. The static solution

K̃X̃0 = F0 (29)

can be expressed in the state space coordinate

BY0 = Q0 (30)

where B is the system matrix in the state coordinates defined in (12) and Y0 and Q0 are respectively the
static equilibrium state of the system and the corresponding external forces defined in the state coordinates
(cf. (13)). The matrix B in (30) can be diagonalized by means of the system eigenvectors matrices (cf. (18)):

ΥTBΞz0 =

[
`br

`

]
z0 = ΥTQ0 (31)
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where br represents the rth element of the diagonal matrix.
The complex eigenvalues are complex and conjugate (λ?r = λr+1 where ? indicates the complex and

conjugate operation); the elements on the even columns of the complex eigenvectors matrices are the complex
and conjugate of the previous odd columns (υ?r = υr+1 and ξ?r = ξr+1). Hence, the modal contributions z0
are 2× 2 complex and conjugates (z?r = zr+1) and the sum of a couple of these gives a real contribution on
the state space. Finally, it is possible to consider the contribution on the system position of each complex
and conjugate couple of modes as follows:

Yr =
1

br
ξrυ

T
rQ0 (32)

Yr+1 = Y ?
r =

1

br+1
ξr+1υ

T
r+1Q0 (33)

and being these contributions complex and conjugates their sum is real too.

Quantities in (32) and (33) contain information about both the position X̃r and the velocity
˙̃
Xr for

each couple of complex and conjugated modes; hence, the corresponding contact forces Nr and Tr can be
calculated.

The damping forces Fd are expressed as the product of the damping matrix C̃ times the speed vector
˙̃
X; it is possible as well to calculate the damping forces Fd,r generated by each modal contribution

˙̃
Xr.

Fd,r = C̃
˙̃
Xr (34)

The modal contribution of the system speed
˙̃
Xr and the modal contribution of the damping forces Fd,r,

are complex quantities, and for both of them it is possible to define a modulus (indicated respectively by
Λr and Γr) and phase (indicated respectively by Φr and Ψr). The mean power dissipated by material
damping for each mode during a period of oscillation is:

P̂m,r = 2ΛT
r [Γr � cos (Φr −Ψr)] (35)

where � indicates the Hadamard product (element by element product) of the two vectors.

The mean power introduced into the system by the frictional contact P̂c,r can be expressed, for each
mode, during a period of oscillation, as the sum of the power exchanged by each contact mass. Each
contribution can be expressed as the product of the modulus τ ir of tangential force T ir and the modulus ρir
of the tangential speed ẋi3,r, times the cosines of the difference of phases, respectively ψir and φir:

P̂c,r = 2

N∑
i=1

τ irρ
i
r cos

(
ψir − φir

)
. (36)

The Modal Absorption Index (MAI) is defined as the ratio between the total energy variation ∆Et,r,
over a period of oscillation ∆tr, and the period of oscillation itself. It is given by the sum of the mean
contribution of the Contact exchanged Power and the Material Dissipated Power for each couple of complex
and conjugate modes:

χr =
∆Et,r
∆tr

= P̂c,r + P̂c,r+1 − P̂m,r − P̂m,r+1. (37)

The MAI allows for comparison of the different system modes, by describing their respective capability to
absorb energy by the environment and to generate squeal. The information coming from this quantity results
to be particularly interesting in case of systems characterized by multi-instabilities highlighted by CEA,
where the standard approach does not give further information about the effective steady-state behavior.

The use of the static position decomposition allows to take into account the “shape” of the excitation
at the contact zone. In the numerical model, during the first part of the response, in uniform sliding
condition, the energy is introduced into the system at the contact interface by the frictional forces; the
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contribution of each mode on the transient behavior is strictly related to the initial external perturbation
and to the modal damping factor (real part of the corresponding eigenvalue). During the relative motion,
the random excitation from the sliding surface and the local variations of contact state (local sticking and/or
detachment) generate a uniform wide-band excitation that involves all the system modes; the mode with
a higher capability to introduce energy into the mechanical system is the one that will mainly affect the
steady-state response.

5. Application of the instability index to the lumped model

5.1. Application to the 2-modules system

Using the quantities introduced in Section 4 for the model analyzed in Section 3, it is possible to highlight
that the MAI, in combination with the information provided by the complex eigenvalues, is able to predict
the transient behavior of the unstable system. Several transient analyses have been performed to highlight
the different behaviors of the unstable system for several values of the friction coefficient (cf. Fig. 2).

Table 2 shows the 12 complex and conjugated eigenvalues of the system composed by 2 modules and
characterized by 6 DoFs. The modal coupling locks the frequencies of one or several mode pairs at about the
same value (light gray highlighted cells in Table 2); the real parts of the coalesced modes diverge towards
opposite direction and one of the two becomes positive, i.e. unstable (dark gray highlighted cells).

Friction coefficient µ

0.5 1.0 1.5 2.0 2.2 2.5 3.0

M
o
d
e
s

1 −0.12 ±i36.55 −0.14 ±i39.01 −0.16 ±i41.39 −0.18 ±i43.66 −0.19 ±i44.62 −0.20 ±i45.97 −0.22 ±i48.21

λ
/
2
π

[H
z
]2 −0.41 ±i65.76 −0.40 ±i65.54 −0.40 ±i65.31 −0.40 ±i65.08 −0.40 ±i64.98 −0.40 ±i64.84 −0.39 ±i64.60

3 −2.56 ±i164.77 −2.59 ±i165.94 −2.65 ±i167.70 −4.57 ±i172.27 −6.87 ±i171.88 −8.76 ±i171.36 −10.96 ±i170.52
4 −3.20 ±i184.23 −3.11 ±i181.62 −3.00 ±i178.25 −1.03 ±i172.38 1.29 ±i172.14 3.21 ±i171.75 5.47 ±i171.05
5 −4.46 ±i217.44 −8.19 ±i219.61 −10.32 ±i219.15 −11.80 ±i218.76 −12.34 ±i218.59 −13.05 ±i218.35 −14.11 ±i217.95
6 −4.68 ±i222.79 −0.91 ±i219.91 1.24 ±i219.63 2.75 ±i219.36 3.32 ±i219.24 4.04 ±i219.06 5.14 ±i218.74

Table 2: Real and imaginary part of the eigenvalues for several values of the friction coefficient, for the 2 module system.
Dark-gray highlighted cell correspond to unstable modes while light-gray highlighted cells correspond to the coalesced modes.

Using the relations expressed in (32) and (33), it is possible to calculate P̂m,r, the material dissipated
power (35), associated to each modal contribution at the static equilibrium position. Table 3 shows this
quantity calculated for each mode, for several values of the friction coefficient, in both stable and unstable
conditions with one or more than one unstable modes. It is worth noting that, when two modes are coupled,
the power dissipated by material damping on each mode is the same. This power can assume only positive
values due to its nature of dissipative power (cf. (37)). Modes 3 and 4 show the highest values and the
energy dissipated by these modes is several order of magnitude higher than the others, except that for the
first mode.

Friction coefficient µ

0.5 1.0 1.5 2.0 2.2 2.5 3.0

M
o
d
e
s

1 4.54e + 00 1.28e − 01 5.91e − 01 1.44e + 00 1.90e + 00 2.73e + 00 4.54e + 00

P̂
m
,r

[W
]2 5.51e − 10 7.74e − 12 4.12e − 11 1.17e − 10 1.66e − 10 2.68e − 10 5.51e − 10

3 3.41e + 01 5.67e + 00 2.05e + 01 2.18e + 02 6.33e + 01 4.06e + 01 3.41e + 01

4 3.41e + 01 1.01e + 00 1.02e + 01 2.18e + 02 6.33e + 01 4.06e + 01 3.41e + 01

5 9.77e − 10 3.74e − 10 4.84e − 10 6.35e − 10 7.00e − 10 8.01e − 10 9.77e − 10

6 9.77e − 10 3.74e − 10 4.84e − 10 6.35e − 10 7.00e − 10 8.01e − 10 9.77e − 10

Table 3: Material dissipated power P̂m,r for several values of the friction coefficient. Highlighted cells corresponds to material
dissipated power for coupled modes.

The power exchanged at the contact P̂c,r expressed in (36), for the same set of values of the friction
coefficient, is reported in Table 4. In this case the sign of the power contribution depends to the phase
difference between the tangential contact velocity and the tangential contact force at the different contact
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points. It is positive if the power produces an increase of the mechanical energy of the system and it is
negative otherwise. In this case, for the pair of coupled modes, the contact exchanged power assumes values
with the same order of magnitude but opposite sign.

Friction coefficient µ

0.5 1.0 1.5 2.0 2.2 2.5 3.0

M
o
d
e
s

1 −8.57e − 05 −1.53e − 02 −9.56e − 02 −2.82e − 01 −3.95e − 01 −6.13e − 01 −1.12e + 00

P̂
c
,r

[W
]2 +2.31e − 16 +5.33e − 14 +4.30e − 13 +1.66e − 12 +2.60e − 12 +4.79e − 12 +1.20e − 11

3 −1.21e − 03 +4.76e − 02 +4.08e − 01 −1.50e + 02 −9.35e + 01 −8.88e + 01 −1.03e + 02

4 +7.51e − 05 +2.25e − 02 +3.23e − 01 +1.64e + 02 +9.74e + 01 +9.10e + 01 +1.04e + 02

5 −3.91e − 13 −2.98e − 10 −6.16e − 10 −1.02e − 09 −1, 21e − 09 −1.51e − 09 −2.07e − 09

6 +7.38e − 14 +3.02e − 10 +6.13e − 10 +1.01e − 09 +1, 19e − 09 +1.48e − 09 +2.03e − 09

Table 4: Contact exchanged power P̂c,r for several values of the friction coefficient. Highlighted cells correspond to contact
exchanged power for coupled modes, while, dark-gray highlighted cells correspond to unstable modes.

Finally, the MAI can be computed for each mode and its values are reported in the first part of Table 5,
for the same set of values of the friction coefficient. The cells on Table 5 are light gray if the corresponding
modes are coalesced, while they are dark gray highlighted if the corresponding mode is unstable. The
bordered cells indicate the mode that is predicted to be unstable by the MAI.

The second part of Table 5 shows the values assumed by the eigenvalues real parts of the modes 4
and 6 that become unstable increasing the friction coefficient. Again, gray highlighted cells correspond to
unstable modes, while bordered cells indicate the unstable mode with the highest value of the eigenvalue real
part. Finally, the last part of the table shows the frequency actually recovered in the steady-state regime
(limit-cycle) of the transient response flc, and the corresponding excited unstable mode.

The sign of the MAI results to be strictly related to the sign of the real part of the corresponding
eigenvalues. Nevertheless, the respective value of MAI for the different unstable modes is not in agreement
with the amplitude of the real part of the eigenvalues. In fact, being the magnitude of the powers that
are involved in modes 3 − 4 several order of magnitude higher than the ones of modes 5 − 6 (cf. Table 4
and Table 3), when mode 4 becomes unstable (Re(λ4) > 0, for µ ≥ 2.07) the corresponding MAI value
immediately overcomes the value of mode 6, i.e. the power absorption corresponding to the unstable pair
of mode 3− 4 is larger.

In fact, this is in agreement with the actual unstable behavior of the system (cf. third part of Table 5)
simulated by the transient analysis for the same values of the friction coefficient; as soon as the mode 4 is
unstable (Re(λ4) > 0, for µ ≥ 2.07), the only frequency measured over the steady-state limit-cycle is 166Hz,
which corresponds to the unstable mode 4.

On the contrary, the eigenvalues of the coalesced modes 5 − 6 show an higher real part with respect to
the modes 3−4, for the same interval of the friction coefficient, which is not in agreement with the transient
response of the system. The MAI index is able to predict the mode that will be at the origin of squeal
vibrations in the transient behavior, when several modes are predicted to be unstable by CEA.

Figure 6(a) shows the transient response for a 2-modules system for a friction coefficient µ = 1.5. For
this value of the friction coefficient only the modes 5 − 6 are coalesced and unstable. The mode predicted
to be unstable both by the eigenvalue real part and by the Modal Absorption Index is the 6th mode at a
frequency of about 219 Hz (cf. Fig. 2). The frequency analysis (cf. Fig. 6(b)) of the response shows that
during the linear phase, before the arising of contact status transitions (0 < t < 0.7s), during the saturation
phase (0.7 < t < 1.2s) and during the steady-state regime (2 < t < 3s), the main frequency recovered is in
agreement with the mode predicted to be unstable by both the eigenvalue real part and by the MAI.

For a friction coefficient µ = 2.2 (cf. Table 5) the mode predicted to be unstable by the MAI is the
4th mode, while by the analysis of the real parts of the eigenvalues the two coalesced couples of modes are
both unstable, with positive real parts of the same order of magnitude and larger value for the 6th. The
comparison of these results with the transient response in Fig. 5(a) and its frequency analysis in Fig. 5(b),
shows that the linear phase of the response (0 < t < 0.25s) and the saturation phase (0.5 < t < 1.5s) are
characterized by the presence of both the unstable modes (3− 4 and 5− 6 respectively at the frequency of

14



Friction coefficient µ

0.5 1.0 1.5 2.0 2.2 2.5 3.0

M
o
d
e
s

1 −1.36e − 03 −1.43e − 01 −6.87e − 01 −1.72e + 00 −2.30e + 00 −3.35e + 00 −5.67e + 00

χ
r

[W
]

2 −6.80e − 14 −7.69e − 12 −4.07e − 11 −1.16e − 10 −1.64e − 10 −2.63e − 10 −5.39e − 10

3 −2.27e + 00 −5.62e + 00 −2.01e + 01 −3.68e + 02 −1.57e + 02 −1.29e + 02 −1.37e + 02

4 −6.44e − 03 −9.83e − 01 −9.88e + 00 −5.42e + 01 +3.41e + 01 +5.04e + 01 +7.03e + 01

5 −2.58e − 10 −6.72e − 10 −1.10e − 09 −1.66e − 09 −1.91e − 09 −2.31e − 09 −3.05e − 09

6 −7.92e − 12 −7.23e − 11 +1.30e − 10 +3.76e − 10 +4.91e − 10 +6.82e − 10 +1.05e − 09

Re(λ4/2π) −3.20 −3.11 −3.00 −1.03 +1.29 +3.21 +5.47
Hz

Re(λ6/2π) −4.68 −0.91 +1.24 +2.75 +3.32 +4.04 +5.14

flc − − 219 219 − 166 166 166 166 Hz

modelc − − 6 6 − 4 4 4 4

Table 5: MAI index χr compared with the real part of complex eigenvalues for several values of the friction coefficient. Light-
gray highlighted cells correspond to coupled modes, while dark-gray highlighted cells correspond to the unstable modes. flc
is the frequency recovered in the steady-state limit-cycle during the transient analysis and modelc is the corresponding mode.
Bordered values indicate the modes predicted to be unstable by the MAI index χ and by the real part of the eigenvalues.
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Figure 6: Unstable transient response of a N = 2 system with friction coefficient µ = 1.5.

166 Hz and 219 Hz). In particular, the amplitude of each mode contribution in the spectral analysis results
to be strictly related to the shape of initial perturbation ε and to the value of the eigenvalue real parts
(growth of vibration in linear phase). On the contrary, during the steady-state regime (2 < t < 3s), the only
frequency detected is the one corresponding to the 4th mode, as correctly predicted by the MAI (cf Table 5).
While the transient linear increase of vibration is mainly affected by the different growth rate of the mode
instabilities, when the nonlinearities excite the system at the contact interface, the MAI index indicates
which mode will absorb more energy, i.e. will dominate the limit-cycle vibration.

5.2. Extension of the mode selection approach to more complex systems

In this section, the analysis is extended to a system composed by 4 modules to confirm the reliability of
the approach showed in the previous section. The characteristic parameters of the system are the same as
showed for the 2 modules system in Table 1.

Figure 7 shows the real and imaginary part of complex eigenvalue as a function of the friction coefficient.
In this case the system has 12 DoFs and the complex modal analysis shows 24 complex and conjugated
modes (cf. Fig. 7).

Due to the symmetry of the system there are double modes such as the mode 2, 3 (at f2,3 = 55Hz for a
nil friction coefficient) and modes 7, 8 and 9, 10 (respectively at f7,8 = 191Hz and f9,10 = 206Hz). Increasing
the friction coefficient modes 5− 6, double modes 7, 8− 9, 10 and modes 11− 12 coalesce one each other and
become unstable. The first coalescing modes are modes 11 − 12 for a friction coefficient µ > 1.2, and the
system is unstable.
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Figure 7: Real and Imaginary part of the complex eigenvalue λ as function of the friction coefficient µ for a system composed
by 4 modules (N = 4)

Similarly to the 2 modules system, the MAI has been calculated for each mode and its values are shown in
the first part of Table 6 for different values of the friction coefficient. Light gray highlighted cell indicate that
modes are coalesced while dark gray highlighted cell indicate that the corresponding modes are unstable.
Bordered cells indicate the unstable modes with the highest value of the MAI index, which are predicted to
be the effectively squeal mode during the steady-state squeal vibrations.

The second part of Table 6 shows the values of eigenvalue real parts of the unstable modes of the 4
module system. Also in this case dark gray highlighted cells indicate that the corresponding modes are
unstable. Bordered cells indicate the mode with the highest value of the eigenvalue real part, for each value
of the friction coefficient.

Finally, the third part of Table 6 shows the main frequency flc recovered during the steady-state regime
(limit-cycle) of the unstable response, and the corresponding unstable mode.

Also in this case the values assumed by the MAI highlight that there are some modes (1, 5 and 6 in
Table 6) that, due to the decomposition of the static position on the modal base, are able to exchange an
amount of energy that is several order of magnitude higher that the energy exchanged by the other modes.
Since the mode with an higher real part of the eigenvalue is not always the mode recovered in the steady-
state response of the system, the new index shows a better correspondence between the modes with highest
MAI and the frequency recovered on the limit-cycle of the transient analysis (cf Table 6 and Fig. 8).

Furthermore, the analysis of the power flows around the equilibrium steady-state position, allows to
better understand the presence of more frequencies in the steady-state response, observed sometime in the
literature [15, 16, 37]. In fact, for specific values of the friction coefficient several mode frequencies are
detected in the limit-cycle response; e.g. for a friction coefficient µ = 1.4 there are two main peaks on
the Discrete Fourier Transform of the steady-state response (red curve in Fig. 8) that correspond to modes
9 − 10 and 12. The presence of several unstable mode in the steady-state response corresponds to values
of the energy index of the same order of magnitude. When two unstable modes have similar capability to
absorb energy from the contact, both of them can be present in the transient response.
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Friction coefficient µ

0.6 1.3 1.4 1.8 2.2 4.0

M
o
d
e
s

1 −3.73e − 03 −8.31e − 01 −1.08e + 00 −2.49e + 00 −4.59e + 00 −2.58e + 01

χr [W]

2,3 −5.52e − 13 −1.51e − 10 −2.04e − 10 −5.43e − 10 −1.19e − 09 −2.00e − 08

4 −1.89e − 13 −4.72e − 11 −6.29e − 11 −1.59e − 10 −3.27e − 10 −4.19e − 09

5 −5.26e + 00 −2.28e + 01 −2.98e + 01 −1.60e + 02 −3.14e + 02 −3.86e + 02

6 −1.87e − 02 −8.24e + 00 −1.27e + 01 −1.15e + 02 +6.82e + 01 +2.39e + 02

7,8 −3.87e − 09 −3.96e − 08 −3.77e − 08 −4.27e − 08 −5.30e − 08 −1.21e − 07

9,10 −4.94e − 11 −5.38e − 10 +2.73e − 09 +1.09e − 08 +1.86e − 08 +6.37e − 08

11 −1.04e − 09 −1.82e − 09 −2.00e − 09 −2.84e − 09 −3.81e − 09 −9.53e − 09

12 −5.77e − 11 +9.37e − 11 +1.75e − 10 +5.40e − 10 +9.82e − 10 +3.92e − 09

Re(λ6/2π) −20.00 −19.15 −19.01 −18.27 +8.12 +54.61

HzRe(λ9,10/2π) −24.42 −1.29 +2.87 +15.23 +24.44 +52.76

Re(λ12/2π) −29.14 +3.10 +5.55 +13.91 +20.84 +43.94

flc − 220 195 − 219 168 − 195 − 219 166 166 Hz

modelc − 12 9, 10 − 12 6 − 9, 10 − 12 6 6

Table 6: MAI index χr compared with the real part of complex eigenvalues for several values of the friction coefficient. Light-
gray highlighted cells correspond to the coalesced modes, while dark-gray highlighted cells correspond to the unstable modes.
flc is the frequency recovered in the steady-state limit-cycle during the transient analysis and modelc is the corresponding
mode. Bordered values correspond to the modes with highest value of the index χ and the eigenvalue real part.

When friction coefficient increases, the mode 6 becomes unstable and the steady-state is characterized
by an harmonic behavior with only its frequency at f = 166Hz; this is due to the value of the energy index
MAI, which becomes several order of magnitude greater than the others.
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Figure 8: Discrete Fourier Transform of the steady-state limit-cycle for different values of friction coefficient.

Figure 8 shows the harmonic content of the steady-state transient response, for each value of the friction
coefficient reported in Table 6. It shows how the MAI prediction is in very good agreement with the actual
unstable transient response of the system.

5.3. Effect of the initial perturbation

Transient results showed in Section 5.1 and Section 5.2 are all obtained considering a small velocity
perturbation ε in the x11 direction. Therefore, the first part of the transient response is strictly related to
the initial perturbation as well as to the eigenvalue real part.

Experimental observations and numerical analyses on extended mechanical systems show that the main
frequency recovered during the linear phase of the response is generally characterized by the same modal
frequency of the steady-state [17, 30, 36, 38]. This is due to the fact that for real frictional systems the
perturbation comes from the contact interface and is generally related to the surface roughness and the local
switch between contact states. Consequently, the initial perturbation is in this case a wide-band excitation
acting at the contact interface. In order to reproduce this behavior, the same step variation of the speed
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was applied to all the contact masses in the direction tangential to the contact. This produces a wide-band
excitation that is geometrically distributed on the overall contact interface.
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(a) Velocity perturbation on x11 direction.
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(b) Velocity perturbation on xi3 directions.

Figure 9: Effect of the initial perturbation for a N = 4 system with a friction coefficient µ = 2.2.

Figure 9 shows the harmonic content of the 4 modules system introduced in Section 5.2. In Fig. 9(a) the
response is generated by a velocity perturbation (ε = 1e− 3m/s) on the direction x11, while, in Fig. 9(b) the
response is generated by a perturbation applied on all the DoFs of the masses in contact along the direction
parallel to the contact sliders xi3 (cf. Fig. 1). The harmonic content of the initial phase (0 < t < 0.5), of the
saturation phase (0.5 < t < 1.0) and of the steady-state limit-cycle (2 < t < 3) are shown. The comparison
of these results highlight that while the initial response is affected by the initial perturbation, the response
during the steady-state limit-cycle is always the same.

Due to the distribution of the perturbation at the contact interface, to be more representative of real
perturbations on frictional systems, also the mode that is excited in the first phase of the simulation is the
mode predicted by the MAI. In fact, the predicted mode has the highest capability to inject energy into the
system from the contact interface, where the perturbation occurs.

6. Conclusions

In this paper a new instability index has been proposed to compare the different unstable modes recovered
by CEA and to select the mode expected to become effectively unstable during the transient response of the
system.

In order to test the index, a lumped model has been developed to reproduce the unstable friction induced
vibrations. The stability of the system, as a function of the friction coefficient, has been presented both
from a mathematical point of view, by the analysis of the eigenvalues, and from a physical point of view,
by analyzing the power flows that the system exchanges with the environment during the friction-induced
vibrations. The real part of the eigenvalues, even if it allows to indicate the stability of the system, is not
generally useful as an indicator of the steady-state characteristics in case of multi-instability configuration.

The new stability index has been introduced by quantifying the capability of each mode to exchange
energy with the external environment. The index is based on the projection of the static equilibrium position
on the modal base, allowing to account for not only the sign of the energy content variation but also for the
shape of the excitation source located at the contact. The broadband excitation coming from the frictional
interface is more effective on the modes that have the highest level of local displacement and stresses at the
contact. The projection on the initial condition allows for comparing the instability propensity of modes
obtained by the CEA and defined with an arbitrary constant.

The analysis of the new energy index on the lumped system shows a good agreement between the steady-
state response (unstable frequency) and the value of MAI index, compared among all the unstable system
modes. Even when the magnitude of the real part of the eigenvalue is not in agreement with the transient
unstable frequency, the mode predicted to absorb more energy by the MAI index generally corresponds
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to the effective unstable frequency. Since the squeal is a highly nonlinear problem and the MAI index is
computed starting from the linear conditions, some discordances can been observed when modes with similar
values of the MAI index appear. The MAI index allows to define a hierarchy among the different system
modes to better understand the evolution of the transient response up to the steady-state limit-cycle. The
analysis of the MAI index allows as well to explain the appearance of squeal events with multiple unstable
modes in the transient response, reported some times into the literature; mode with similar magnitude of
the MAI index (absorbing energy capability) can coexist in the transient response.

Future work will be aimed to the extension of the presented approach to commercial brake systems using
CEA by finite element codes, by calculating the MAI index from the system matrices and comparing the
results with finite element transient analysis and experimental observations.
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