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GLOBAL EXISTENCE OF FINITE ENERGY WEAK SOLUTIONS OF
QUANTUM NAVIER-STOKES EQUATIONS

PAOLO ANTONELLI AND STEFANO SPIRITO

ABSTRACT. In this paper we consider the Quantum Navier-Stokes system both in two and
in three space dimensions and prove global existence of finite energy weak solutions for large
initial data. In particular, the notion of weak solutions is the standard one. This means
that the vacuum region are included in the weak formulations. In particular, no extra term
like damping or cold pressure are added to the system in order to define the velocity field
in the vacuum region. The main contribution of this paper is the construction of a regular
approximating system consistent with the effective velocity transformation needed to get
necessary a priori estimates.

1. INTRODUCTION

In this paper we study the Quantum-Navier-Stokes (QNS) system on (0,7") x €2,
Op + div(pu) =0
1.1 A
(L) Or(pu) + div(pu @ u) + Vo7 — 2v div(pDu) — 2k*pV (—\/ﬁ> =0,
VP

with initial data

p(0,2) = p’(x),
(pu)(0,2) = (@) (@).
The domain 2 we consider is the d-dimensional torus with d = 2,3. The unknowns p,u
represent the mass density and the velocity field of the fluid, respectively, v and k are positive
constants and they are called the viscosity and the dispersive coeflicients.

The above system belongs to a wider class of fluid dynamical evolution equations, called
Navier-Stokes-Korteweg systems, which read
Op + div(pu) =0
O(pu) + div(pu @ u) + Vp = divS + div K,

(1.2)

(1.3)

where S = S(Vu) is the viscosity stress tensor
S = h(p) Du + g(p) div ul,
and K = K(p, Vp) the capillarity (dispersive) term, defined through

A =V (paiv(K(p) Vo) = 50 (9) = k)Tl )  iv(k()Vp & Vi),

Furthermore, similar systems arise also in the description of quantum fluids. For example
the inviscid system, ie. (LI with v = 0, is the well known Quantum Hydrodynamics
(QHD) model for superfluids [26]. Global existence of finite energy weak solutions for the
QHD system has been studied in [I], 2]. Inviscid systems with a general capillarity tensor are
also studied extensively, for example in [6] the local well-posedness in high regularity spaces
of the Euler-Korteweg system is treated. Recently in [4] the global well-posedness of the same
system for small irrotational data was proved. The viscous correction term in (LI]) has been
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also derived in [I3], by closing the moments for a Wigner equation with a BGK term. For
more details about the derivation of the QNS system we refer the reader to [22].

The main result we are going to prove in our paper is the existence of global in time finite
energy weak solutions for the Cauchy problem (1], (I2]). This is the first result of global
existence for finite energy weak solutions to a Navier-Stokes-Korteweg system in several space
dimensions. For the one dimensional case, in [23] the global existence of weak solutions for the
QNS system (L)) is proved. Furthermore, in [I8] the authors consider a large class of NSK
systems in one dimension, for which they prove the existence of global in time finite energy
weak solutions. We also mention [15] where the authors show the existence of global classical
solutions around constant states in one space dimension. Concerning the multidimensional
setting, in [20] the existence of global strong solutions to (ILI]) is shown, by choosing a linear
pressure and kK = v.

A global existence result for (ILT), (L2]) with finite energy initial data was already obtained
by Jiingel in [21I] in the case k > v and v > 3. However, the notion of weak solutions in
[21] requires test functions of the type p¢, with ¢ smooth and compactly supported. This
particular choice of such test functions does not consider the nodal region {p = 0} in the
weak formulation, where there are the main difficulties in dealing with the convective term
and it was introduced in [9] to prove a global existence result for a Navier-Stokes-Korteweg
system (L3)) with a specific choice of viscosity and capillarity coefficients.

Furthermore, some global existence results by using the classical notion of weak solutions
have been shown by augmenting the system ([I]) with some additional terms: for example,
[19] considers a cold pressure term, whereas in [3I] damping terms are added. Those aug-
mented systems ensure that the velocity field is well defined also in the vacuum region and
it lies in some suitable Lebesgue or Sobolev spaces. From such a priori estimates it is then
possible to infer the sufficient compactness properties for the weak solutions, in particular to
deal with the convective term in the vacuum region.

When £ = 0 in ([J), global existence results for finite energy weak solutions have been
recently obtained by [30] and [27]. One of the main tools to treat the convective term is the
Mellet-Vasseur inequality [29]. There the authors prove the compactness of finite energy weak
solutions for the Navier-Stokes equations with degenerate viscosity by obtaining a logarithmic
improvement to the usual energy estimates, namely they show the quantity

plul®log (1 + [ul?)

is uniformly bounded in L{°L..

The presence of the dispersive term in (ILI]), however, prevents to directly prove a Mellet-
Vasseur type inequality. This was indeed already remarked in [30], where the authors can
only prove an approximate estimate by exploiting the extra damping terms and a truncation
technique for the mass density.

In [3] we overcome this difficulty by using an alternative formulation for (L)) in terms of
an effective velocity w = u + ¢V logp. In this way it is possible to tune the viscosity and
capillarity coefficients such that the dispersive term vanishes in the new formulation. The
Mellet-Vasseur inequality is proved then for the auxiliary system and, by using the a priori
bounds obtained from a BD [7, 8] type estimate, we prove the compactness of solutions to
(T, [C2). We refer to [3] for a more detailed discussion on the stability properties of (L.1J),
(T2). We mention [11} [10], where a similar effective velocity was used to study fluid dynamical
systems with a two-velocity formulation. We also refer to [23] for a further introduction on
models where similar effective velocities are considered.

In this paper we continue our analysis of system ([Il), (LZ) by showing the global exis-
tence of finite energy weak solutions. The main difficulty here is to construct a sequence of
approximating solutions which satisfy the a priori bounds in [3]. More precisely, we need to
consider an approximating system with the following properties: first of all, it must retain
all the a priori estimates, such as the energy and the BD entropy estimates. This further
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implies that the approximating system must be consistent with the transformation performed

in [3] in terms of the effective velocity. Moreover, we need that the auxiliary system satisfies

a Mellet-Vasseur type estimate. Finally, the approximating solutions must be regular. We

notice that standard approximation procedures based on Faedo-Galerkin method can not be

used here since the a priori estimates in [3] heavily depend on the structure of the system.
The approximating system we are going to study is the following one

Ope + div(peus) = 0,
Or(peue) + div(peue @ us) + V(pl + p=(pe)) + De(pe)ue = divS, + div K,

where p.(pc) is a cold pressure term, p.(p:)u. is a damping term, S; and K. are the approxi-
mating viscosity and capillarity tensors, respectively. As we will see below, the cold pressure
term will give us the higher integrability a priori bounds crucial to prove the global regularity
of the approximating solutions. However, this introduces some difficulties in the analysis, first
of all that prevents to obtain a Mellet-Vasseur type estimate. To overcome this problem we
then add the damping term, with a suitable choice of the coefficient p.(p.) such that in the
auxiliary system written in terms of the effective velocity the cold pressure cancels. In order
to show the convergence to zero of the cold pressure and damping terms we need additional
a priori estimates. We manage to get further integrability properties for those singular terms
by considering a regularized viscous stress tensor, similarly to [27]. On the other hand, this
requires that also the capillarity tensor has to be regularized accordingly; this is necessary
so that the approximating system is consistent with the transformation through the effective
velocity, as already remarked above. We will thus consider a regularization for the capillarity
tensor such that it can be transformed as a part of the effective viscous tensor. Moreover, this
is the good approximation for the capillarity tensor since this yields the necessary a priori
bounds on the mass density.

We conclude this introduction by a comparison with the result in [3]. The compactness
holds for any v,k > 0 positive such that x < v. In the two dimensional case we prove the
existence result for the same range x < v, while in the three dimensional case we consider v
and p at the same scale, namely k < v < akx for some « > 1. However, it is worth to point
out that no smallness assumption on v and k are assumed.

Our paper is structured as follows: in Section 2l we introduce the notations and definitions,
in Section Bl we study the approximating system and we show some useful identities. Then,
in Section [ we prove the a priori estimate we need. Finally, in Section Bl we prove the The-
orem [2.2] and and in Section [6] we prove the global existence of smooth solutions for the
approximating system.

2. NOTATIONS, DEFINITIONS AND MAIN RESULT

In this section we are going to fix the notations used in the paper, to give the precise
definition of weak solution for the system ([LI)) and to state our main results.

Notations

Given Q C R?, the space of compactly supported smooth functions will be D((0,T) x ). We
will denote with LP(€2) the standard Lebesgue spaces and with ||- ||, their norm. The Sobolev
space of LP functions with k distributional derivatives in L? is W*P(Q) and in the case p = 2
we will write H¥(Q). The spaces W*2(Q) and H—*(Q) denote the dual spaces of W*»'(Q)
and H"*(Q) where p’ is the Holder conjugate of p. Given a Banach space X we use the the
classical Bochner space for time dependent functions with value in X, namely LP(0,7T; X),
WHP(0,T; X) and W=FP(0,T; X). Finally, Du = (Vu + (Vu)T)/2 is the symmetric part of
the gradient and Au = (Vu — (Vu)T)/2 the antisymmetric part. In what follows, C' will be
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any constant depending on the data of the problem but independent on e. Moreover, ¢ will
be always less than a small € depending only on 7, v and «, which will be chosen in the sequel.

Weak Solutions

We first recall two alternative ways to write the third order tensor term, which will be
very useful in the sequel:

(2.1) 2pV <%ﬁ> = div(pV?log p) = VAp — 4div(V/p @ V/p).

Then, by using (2.1), we can consider the following definition of weak solutions.

Definition 2.1. A pair (p,u) with p > 0 is said to be a weak solution of the Cauchy problem
CI)-@2) o
(1) Integrability conditions:
p € L>(0,T; L' n LY (TY)),
Vpu € L0, T; L*(T)),
Vp € L0, T; H (T?)).

(2) Continuity equation:

[#o+ [[ pon+ vovmuve o,
for any ¢ € C2([0,T); C>=(T7)).

(3) Momentum. equation:
/ pPul(0) + / / Vo) 4+ /pu @ /puNV + pY div e
_ o //(\/m % VBV — 2 //(v\/m )V
+ 1/// NN u/ Jo/puV div i

— 42 //(V\/ﬁ ® Vy/p)VYp + 2K° / VPV/pV div ¢ = 0,
for any v € C([0,T); C=(T)).
(4) Energy Inequality: if
1 %
B(0) = [ ol + =2 + 2619 5P,
then the following energy inequality is satisfied for a.e. t € [0,T]
E(t) < E(0).
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Main Result
Let us start by specifying the assumptions on the initial data. Let v > k and let 1 be a
small fixed positive number. We consider an initial density p° such that
p° >0 in T
(2.2) P’ e LY n LY(TY),
vy’ e L2 0 L2(TY).
Concerning the initial velocity ug we assume that
ug = 0 on {p° = 0},
Vpoul e L2 n L2(T9).

The hypothesis of higher integrability on V/p? and +/p%u® imply that

(2.3)

0 s 0PN : 0 plmd
(2.4) p(1+ 5 log [ 1+ 5 is uniformly bounded in L*(T%),

with v° = u% 4 ¢V log p® and ¢ > 0. In order to simplify the presentation we assume also that
p¥ is bounded from above and below, namely there exists p® > 0 such that

1 _
(2.5) 0< 5 <p’<p’
Then, we state our main result in the two dimensional case.

Theorem 2.2. Let d = 2. Let v,k and =y positive such that kK < v and v > 1. Then for any
0 < T < oo there exists a finite energy weak solutions of the system (L) on (0,7T) x T2, with

initial data ([L2)) satisfying (2Z2), @3) and 2.3).
In the three dimensional case we need the a restriction on v, k and ~.

Theorem 2.3. Let d = 3. Let v,k and ~y positive such that k*> < V> < %/{2 and 1 < v < 3.
Then for any 0 < T < oo there exists a finite energy weak solutions of the system ([LLJ]) on

(0,T) x T3, with initial data (L2) satisfying @2), E3) and E3).

Let us briefly comment on the extra assumption we have in Theorem 2.3l This assumption
it is not required in the passage to the limit from the approximating solutions (pe,u.) to
solutions of (ILT]) but only in the proof of global existence of smooth solutions of the approx-
imating system, see Theorem As it will be clear from our proof (see Proposition [6.3]),
we need the viscosity and capillarity constants to be comparable in order to prove regularity
of solutions of the approximating system. The constant 9/8 is not optimal there and can be
improved. Furthermore we stress that we do not need any smallness assumptions on v.k.

3. THE APPROXIMATING SYSTEM

In this Section we first introduce the approximating system we are going to study and we
then show how that can be transformed into an equivalent system in terms of the effective
velocity, analogously to what was done in [3].

Approximating System

The system in (0,7) x T¢ we consider is
Ope + div(peue) = 0,

(3.1) . . _ .
Or(peue) + div(peue @ us) — 2v divS: + V(pl + p(pe)) + De(pe)ue = k2 div K.
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The system (B.1)) is coupled with initial data on {t = 0} x T¢:
pe(0,2) = pl(x),
peuc(0,2) = pl(z)ul(x).

Let us describe in what follows the various terms appearing in (3.1]).
The viscosity coefficient h.(p.) is defined as follows

(3.2)

7
(3.3) he(pe) = pe +epé +ep]
and we define g.(p:) to be
(3.4) 9e(pe) = pehl(pe) — he(pe).
Then the stress tensors S, = S¢(Vu,) is:
(3.5) Se(Vue) = he(ps) Due + g=(pe) div u.LL
The following inequalities follow from the definitions of h.(p:) and g-(p:)
(3.6) he(ps) = 0, 19e(pe)| < (v = Dhe(pe),

h!—:(pa)pe < vhe(pe), ’hg(pa)’pa <(r- 1)h::(/76)'
In particular it follows from (B3] that

. 5
(3.7) hs(Pe)|Due|2 + g=(pe)| dlvu€|2 > ghe(p€)|Due|2'

The approximating dispersive term K. = K.(p-, Vp.) is defined as

div(Ke(pe, Vpe)) = 20V <hle(pa) diV(\/hi_ipe)v\/p_g)> |

We notice that, for e = 0, we recover the quantum term in (21I). Next Lemma clarifies how
this approximation is consistent with the approximating viscous tensor in ([B.5]).

Lemma 3.1. The following formulae hold for the tensor K.:

20V <’W€> div(j;_ipf)vm) — div(he(p) V2 (2(p2)) + V(9 (p2) Abo(p2))

=V (W) Ae(p2) — Adiv (B (p2)V/72) © (Ko=) Vo/52)
where ¢ (pe) is such that p.¢'(pe) = h(pe).
Proof. By direct computations we get
Aiv(K(pe)) = V(K. (pe) /B div (. (00) Ve /7)) — 4K (0e) VB div (L () Y /72)
= V(hl(pe)Ahe(pe)) — 2V (|PL(pe)V/pel)
AR () VP © (9 )V /72) + AV (R(p2) T/72) - (B (p2)V /)
= V(hz(pe) Ahe(pe)) — 4div(hL(p)Vy/pe @ he(pe)V/pe)-
To prove the remaining identity, we use the fact that p.¢'(p:) = hl(p:) we have
V(R (pe) Ahe(pe)) — Adiv(he(pe) V/pe ® hi(pe)V/p:)) =
V(he(pe) div(p-Ve(p:))) — div(Vhe(p:) @ Ve (pe)) =
V(he(pe)peDAde(pe)) + V(Vhe(p:) - Ve (pe))
= V2 (he(pe)Ve(pe)) + div(he(p:) V2 o= (p-)) =
V(h(pe)pLoe(p:)) — V (he(pe) Ade(p2)) + div(he (p-) Ve (pe)) =
V(9 (pe) A¢e(pe)) + div(he(p) V2= (p:))-
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The previous Lemma explains how the regularization of the dispersive tensor is consistent
with (33]) and the transformation through the effective velocity. Indeed, since the viscous
tensor Sc(Vue) = he(pe)Due + g-(ps) divue, the effective velocity is given by v. = wue +
cVe(p:), where as above ¢.(p.) is defined through hl(p:) = p-¢L(pe). Then, from the
identities in Lemma [B.]] it is straightforward to see that divK.(ps, Vp:) = divS: (V- (pe)),
so that in the effective system this can be incorporated in the effective viscous tensor.

The coefficient p.(pe) in the damping term is defined by

Pe(pe) = Me) <p§2 + p!s%)

where \(e) = e” 1. The cold pressure p.(pe) is defined such that

_ h.(p.

p/e(ps) = Mps(ps) 6( a),
Pe

where

(3.8) pw=v—\v?—r2

In particular, by using the definition of h.(p.) and p.(p-) by direct computations we get the
following expression for p.(p)

3 1 1 1
1 —i ng(EVE)—’Y )p€2+v ()€ pe =
(3.9) e ui(e) -5-1 e37\(¢) —L 4y
o248 T 1-2(y-1"
6
= " pilpe)
i=1

Let f-(pe) such that

pe(pe) = pEfé(p€) — fe(pe).

Then, again by direct calculation we have that

(3.10)
4 1 5 11
_ ME )‘(5) 2 € M7)\(5) =238
Jelpe) = 12 /" * (8 —¢e2)(8 — 9{52)/)€
+ e’ pA(e)y L1 e2p(e) -4
(+e2(y— 1)1 +e(y —2)"" e2+1'
e5uTA(e)8 -4-1 3 uyA(e) SN 6 @'
Brep+8n) TO-20-))A-20-2)" —;fe@s)-

It is straightforward to check that there exists e; = e¢(y) > 0 small enough such that both
fipe) and (fi(pe))" are positive for any i = 1,...,6, ¢ < &.
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Finally we construct the initial data ([B.2]). Given (p°,u°) satisfying 2.2), 23) and (23]

it is easy to construct a sequence of smooth functions (pg, ug) such that

1 0 =0
=0 <p <p,
p

p? — p° strongly in L'(T9),

{p°}. in uniformly in bounded in L' N LY(T%),

(3.11) {h.(p)V\/p}e is uniformly bounded in L? N L2+7(T%),
W (p2)°V/p0 — V /0 strongly in L*(T%),
{+/p%ul} is uniformly bounded in L? N L*T7(T%),
20l i LA(T),
f-(p%) = 0 strongly in L*(T%).

In particular the hypothesis on the boundedness of p” makes easy to prove that h'(p.) and
f-(p-) are uniformly bounded. Moreover, the higher integrability on h/(p?)V+/p? and +/p2u?
implies that

0 vel? e . : !
(3.12) pe |1+ 5 log { 1+ 5 is uniformly bounded in L*(T%),

with 02 = u® 4+ ¢V (p?) and ¢ > 0.
The effective velocity formulation

We now consider the effective velocity v. = u. + ¢V (p:). Next Lemma shows that the
system (BJ]) can be equivalently written in terms of (pe,v:). Furthermore, with a suitable
choice of the constant ¢, either the dispersive and the cold pressure terms will vanish.

Lemma 3.2. Let (p-,u:) be a smooth solution of the system BI). Then, (ps,v:), with
Ve = ue + cV(p:) and ¢ > 0 satisfies the following system,

Orpe 4 div(p-ve) = cAhe(p:)
(3.13) r(peve) + div(peve @ v2) + VI + AVpe(pe) — cA(he(pe)ve) + Blpe)ve
— 2(v — ) div(he(po) Du.) — (20 — V(g2 (p2) diver) — 2 divK. = 0,
where > 0 is defined in B8), &2 = k> — 2vc+ 2, A= (u—c)/p.
Proof. Let ¢ € R. From the first equation in ([BJ]) we have that

(3.14) c(peVoe(pe))t = =V (div(he(pe)uc)) — cV(ge(pe) divue).

Moreover, it is straightforward to prove that
(3.15) cdiv(paus @ Vo (pe) + peVoe(pe) @ us) = cA(he(pe)us) — 2¢div(he(p:)Duy)
' + ¢V div(he(p:)ue)

and

(3816)  Pdiv(p.Vo.(p.) ® Voe(p.)) = A (he(p) V. (p2)) — & div(he (p.) V202 (p.),
see also [23]. Then, by using the definition of v, we have

i (peve) + div(peve @ ve) + Vpl =

Or(peue) + div(peus @ ue) + Vpl+

c(pVPe(pe))t + cdiv(peue @ Vo (pe) + pVe(pe) @ ue)
A(h(p)Ve(p2)) — 2 div(he(pe) V26 (p.)) + Vi

(3.17)
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and by using (BI4])-(BI6]) and the fact the (pg,u.) satisfies the momentum equation in ([B.1)
we get

O(peve) + div(peve ® ve) — cA(h:(pe)ve) + Vpl
(3.18) = 2(v — ¢)div(he(pe) Dve) — (2v — ¢)V(g=(pe) div ve) + p(pe)ve
= cPe(pe)Voe(pe) — pé(ﬂe)vpa + (H2 —2ve+ 02) div K. (pe ).
By using that v. = u: + ¢V (p:), Lemma Bl and the definition on p.(p:) we get
Ot (p=ve) + div(p-v: @ ve) — cA(he(p:)ve) + Vpl

(3.19) + Cdiv(hf(pa)D%) - (2V - C) div Se(ve) +ﬁ(pa)va

—c
= (* = 2vc+ k%) divK.(p.) — 'MTVpE(pE).
Let us notice that, by taking ¢ = u, then the right hand side in (3.19]) vanishes. O

4. A PRIORI ESTIMATES

In this Section we are going to show that the approximating system satisfies, uniformly in
e > 0, the a priori estimates used in [3] to prove the compactness of weak solutions to (L.
First of all we prove the classical energy estimate for system (B.I]).

Proposition 4.1. Let (p-,u:) be a smooth solution of BIl). Then, the following estimate
holds.

d ([ pelu>  pd
([ 25+ 2 o)+ 2o P
Lo / he(po)|Duc? + 20 / ge(pe) | div e + / Belpe)luel? =

Proof. Let us multiply the momentum equation in ([BI]) by wu.. After integrating by parts
and using the first equation we get

d u|? i Z
y Pe’Qe’ +2y/h€(p€)|Du€|2+2y/g€(p€)|dlvu€|2—|—/pe(/)€)|u€|2

(4.1)

(4.2)
— K2 /div Kou, + /V(p;’ + pe(pe))ue = 0.

—1
Then, we consider the pressure terms. By multiplying the first equation by 1,;%"—1 we get

/V,o”’ue =

By multiplying again the first equatlon by 1L(pe)

(4.4) / fe(pe) / Vpe(pe)ue = 0.

Finally, we deal with dispersive term. By multiplying the first equation by
—262h,(pe) div(hL(ps)V/pe)//P= we get

—2/<;2/3tp5h/5(p€) div(\;ia)_(pe)v\/p_s) _ 2&2/div(p5u€)h;(p€) diV(\;L/;_(pg)v\/p_e) —o.

Then, by using Lemma [B1] integrating by parts and using the chain rule we get
d .
(4.5) 7 262 (pe)V/pel? + K /le Keue = 0.
By summing up (42), (£3), [@4) and (@3] we get (LI]). O

Next Lemma gives the energy estimate for the transformed system (4.1T]).

(4.3)
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Proposition 4.2. Let (pe,v:) be a smooth solution to [B1)) and let us consider (pe,ve), where
ve s the effective velocity v = us + cVaoe(p:), with ¢ € (0, ). Then we have

il N e A
dt 2 y—1 S S )

+e / e (pe)| Ave? + (20— ¢) / (he(po)|Dve? + go(p2)| div e ?)
+/155(p5)!v5!2 +cv/hé(pe)!Vpe\2p2_2 +cx/hé(pe)\Vpe!2fé’(pe)
e / he(0) [V 26 (p2) 2 + 2 / 0 (po)| A (p2) = 0,

(4.6)

where X = (1 — ¢)/p and &% = & — e+ K2,

Proof. Since (pe,ue) is a smooth solution of ([B]) we can use LemmaB2lto deduce that (p., v:)
satisfies equations ([BI3]). Then, by multiplying the momentum equation by v., integrating
by parts and using the first equation we get

d P€|U€|2

G P55 e [ ntolant? + @ =) [(hlp|Decl + gelpo)] div o)

/VPPY Ua+)\/Vpe(pe) 'Ua‘i‘/ﬁa(Pe)‘Ua‘Q —ﬁ2/diVK5?}5 =0,

where we used that |Vv.|? = |Dv|? + |Avc[2. Then, by multiplying the first equation by

(4.7)

—1
'Yé’g and integrating by parts we get
4.8 d [ _r: Ve 2h.(p2)p2? 2 — [ Vplv. =0
(4.8) i N1 +ey [ IVpel“he(pe)pl = — PeVe = V.

By multiplying again the first equation by A fL(pe) we get

(4.9) %/S‘fe(pe) _S‘/VPE(/OE)UE+65‘/h/e(p€)|vp€|2f!(pe) =

Then, we consider the dispersive term. By multiplying the first equation
by —2&%h(p2) div(RL(p:)V /) y/P= we get

o e(pe) div(he(p)Vvpe) oo [0 hepe) div(he(p:)V /)
2K /815/06 Pz —2 /d (peve) NG
(o) div (WL (pe)V /)

NS

The first two terms are treated as in Proposition 1] and we get

ok c(pe) div(hi(pe)V/Pe) _9r2 (v hi(pe) div(h(p:)V\/pe)
2k /3 N 2 /d (peve) N

dt 282N (pe)V/pe|? — &? /dierve.

+ 2 / Ahe(p:)
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We then consider the last term, by integrating by parts we get

2 [ i APSIVIT) _ [ 4,5p, (PAL LIV

- [ Voo divic,
—/V¢5(Pe) diV(hE(Pa)v2¢a(Pe)
_/V¢6(P6)V(QE(P6)A¢6(P6)7

where Lemma B has been used. By integrating by parts we get

2 [ s WL (pe) div (W (p2)V /%)
N>

— [ nee 60008 + [ g0 202000

Resuming, we have

G [V + R [ divK(ee.

(4.10)
+ ci? / hs(pe)|v2¢e(p€)|2 + CRQ.gE(pE)|A¢€(p€)|2 =0

By summing up (), (), () and @I0) we get [@T) O

Let us now choose the constant in the effective velocity to be u = v—+/v2 — k2. Throughout
this paper we will denote by w® the effective velocity with this particular choice of the
constant, i.e. w. = u: + uVo:(p:). As we already noticed, in this case both the dispersive
term and the cold pressure term vanish in ([BI3]), so that the system reads

Ope + div(pew:) = pAhe(pe),
(4.11) O(pewe) + div(pewe ® we) — pA(he(pe)we) + Vol + plpe)we
—2(v — p) div(he (pe) Dwe) — (2v — )V (ge(pe) divwe) = 0.

Analogously to what we did in [3], we now prove a Mellet-Vasseur type estimate for (£IT]).
We will first prove an auxiliary Lemma which will also be useful later in section [6, see Lemma
0.5

Lemma 4.3. Let (p-,u:) be a solution of the system @I). Then, for any 8 € C1(R) the

pair (pe,we) satisfies the following integral equation
(4.12)

d 62 " 62 62
g oo (B55) v [ rtootawewper (B55) o [ nootaw e (50)

|w€|2

v —p) / he(pe) [ Dwe 5 (T) +(2v - p) / Ge(pe)| divwe*f' <@>
+/ﬁ5(pg)\we!2ﬁ' (@) + (20 —M)/ha(Pe)\DwS.wAQﬁ" (#)

=~ [vaws (M5 <20 [hetpDue ) - (w -y (12

@) [l div e - (Due )" (’“’;‘2> .
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Proof. Let B € C'(R). By a simple integration by parts we get

i [ Aty (M) = - [ Abgoounpr (120)
+M/Ahe(pa)ﬂ <| §|2>
wa [ oo (10)
[ hel) "(555).

Then, by multiplying the first equation in (£IT]) by w5’ (‘ wel? ) we get

- %ﬁCﬁP>+g/m@JV(Wﬁ>‘W(Wﬁ>
" %u—m/ﬁx%meZVCﬁF)+@wwn/%mamwwﬁf(ﬁ§§
+ / ﬁe<p€>lwe|26’<‘ ;’ >+2 v—p / Dw.w.Vww. " <%>
/V@%a('*)—@wwq/wﬂmw%mv('*)W(W*).

Let us consider the last term on the left-hand side of the equality, we have

2w—m/m@a(L7;—ij@%M(%})z

i o) ) i J 2
(4.14) 2(y — :u)/he(Pe) <M> wé <8jw5 +8lwe> wiﬁ/, (’wa‘ ) +

212
w
V——
2

2
Owl + ol \ (9wl — ol I
%wﬂn/m@a<i33—ﬂ>uk<ﬂigiﬂjww"ﬁﬂ‘)

Concerning the last term in the right-hand side of the inequality we have

/gg(pe) div wgwé@w ﬁ” <&>
l

(4.15)
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/mmJVG%§2”C%@

2
_ /ha(p€)|Aw€ -w€|2ﬁ" <|w25| >

Finally, by using that

(4.16)
2 o [ lwel?
+ ha(Pe)‘Dwe'we‘ B 9
y [ Jwel?
+ Q/he(pe)(Awe cwe ) (Dwe - we) B 5 .
Then, by using ([@I4]), (II5) and (£I6), we get from ([AI3]) exactly (LI12). O

Now, we are in position to prove the Mellet & Vasseur type inequality.

Proposition 4.4. Let (p-,u:) be a smooth solution of B.1)). Then, there exists and a generic
constant C > 0 independent on € such that (p-,w.) sastifies

\w5]2 \w5]2 2
sSup pe {1+ —F—Jlog|{1+—/— | <C he(pe) [ Vwe|
te(0,7) 2 2
352 2\ \ 5
@ f(fororma) (o (1 55 o)
+/p2<1+ |> <1+ |>

for any 6 € (0,2).

Proof. By choosing (t) = (1 4+ t)log(1 + t) in Lemma and keeping only the terms we
need we get that there exists a generic constant C' > 0 independent on ¢ such that

2 2 2
sup / <1+| wel >log <1+%> +//p€|Vw€|210g <1+%>
te(0,T)

2
<C‘/Vp€ 65 <‘ E’ >‘+C’/he(p€)|Vw€|2+C/|g€(p€)||divw€||Vw€|

+/%@+|A>go+|A>

Then, by using (B.6]), integrating by parts the first term, using Hoélder and Young inequality

t:lolr;/ <1+\ e!2> <1+! a!2> //p€|vw€|210g< L w e!2>
<C// 2y-1 ( 1+10g< >> //pevaailog< L Jw a!2>
+C//he(ps)lvw€|2+/pg< n Jw?]? > <1+| w?| )
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Finally, for § € (0,2) by using Holder inequality we get

2
// 2y— 1<1+10g <1+ |we| >>
2
B wel
(4.18) < /(/ ,og”‘s/?l)(?/(”))da;) </ pe <1+10g <1+ T€>> dm) dt
(2—9)/2
<C / ( / P21-/2-1(2/(2-0) dm) i

Then, ([@I7) is proved. O

5. PROOF OF THEOREM AND THEOREM

In this section prove we give the proofs of Theorem and Theorem Let us start by
collecting and deriving the main bounds which will be needed.

Uniform Bounds
Let € < € and let {(p-,uc)}e, wWith p. > 0, be a sequence of smooth solutions of (B.])
with initial data (p2,u?) satisfying (BII]). The global existence of (pe,u.) will be proved in

the next section. By Proposition [4.]] there exists a generic constant C' > 0 independent on &
such that

swp [pul <0 s [ W)V VAP <,
(5.1) Sltlp/(pe +pl) <C, // he(p)|Duc|* < C,

sup / f(p) < C. / e (pe)lucl? < C.

where ([B.0]) has been used. In particular, by using ([3.3]) we have that

(5.2) sw [[vyrP <. [[plpup<c
t

Then, by (B.II) and Proposition we get that there exists a generic constants C' > 0
independent on € such that

// (pe |Au€| <C, // (pe |V,0€| P~ 2<q,
// (pe |Vp5| ) < C, // (p)IV ¢€(p€)|2 <C,

where we have used ([B.6]) and the fact that Aw. = Au.. In particular combining (510), (52)),
(E3) and B3) we have

(5.4) J[rawup <. [[ovur<c

(5.3)
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Next we consider the pressure. From (51 and (B3], after using (3.3)), we get

(5.5) // VpE<C

and then by interpolation with (5II) we have that

5y
(5.6) //pg3 < C for any 7 > 1 if d = 2 and for any v € (1,3) if d = 3.
Finally, we have the following uniform bounds

(5.7 [ w2vmr+ et <c.

The bounds (5.7)) are crucial to handle the passage to the limit in the dispersive term and are
not a straightforward consequence of the a priori estimates. Indeed in order to obtain them
we need a generalization of the inequality

1
// V2ol + | Vpi |t < C///)IV2 log p|”

proved in [21], see also [31]] for an alternative proof.

Lemma 5.1. Let p > 0 and h(p) be a smooth function such that

(5.8) h(p) =0, h'(p) >0, N'(p)p < Chlp), [h"(p)lp < CH'(p)
Then, the following inequality hold

(5.9) //h’ NV (H (p)V/p) | + // ('t |Vf|4<c// p)|[V2h(p

where pg'(p) = h'(p). Moreover, if in addition we assume that h'(p) > ¢ > 0 then

(5.10) [[192vae+ [[19o1 < [[nomomr

Proof. By using (5.8]) we have that
2
~ [[ e <c [[noesmP

(5.11) //ph’(p) ‘V (ML\/Z\/@

where h'(p) = p¢’(p) has been used. Then, by using the chain rule we have

(5.12) v <hl(f0\)/;x/ﬁ> _ V(h’(%vx/ﬁ) B h’(p)V\/pﬁ@@ Vo

Taking the square we get

W)Yo\ |* _ IV ()Y Vo)
'v( NG ) a p
(5.13) B QV(h’(p)V\/ﬁ)iL/’;Z)V\/,B ®Vp
. W)Vt
P '

Then, by using (B.11))

/ 3 4
I/ h’(p)IV(h’(p)V\/ﬁ)lz VL < ¢ [ hp 2ot

. (P)VD)W (p)V /P& V\/p
+2// " VPP

(5.14)
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Now we focus on the last term of (IBEI) By integrating by parts we get

//h’ V\/_h\%)vx/@@v\/ﬁ:
Ou(H (0); /P (p)ir /M (0)D1/5 _
// 9 (W (p \/ﬁ)\l/“b’ﬁ(p)a VPR (p)9;\/p
I 7
//h’ )9;+/p0; (h,(p af) 1 (0)0;/p.
Then,
Y
- [[#orevpaie (h’( OIS
(5.15) _// \/ﬁmmv\fdiv <h’ PV /P p> Vi<
)|

c//ph'(p) ‘v <

PO e ] e
Then, by (&.I4) we get

(5.16) //h’ NV (W (p)V/p)]* + // ('l |Vf|4<c// p)|V2é(p

Now we prove the second part of the Lemma. Assuming that h/(p) > ¢ it is straightforward

to prove that
//\Vp%\“ < C//h(p)\v2¢(p) ?

By using the chian rule we have

//h/ IV () V)P //h’ )R (p)V2/p + 21" (p)y/PV /P © V/p|?

= [[ W ove it

, W (p)VP/ph (p)pV /p® V/p
w1 [ -

Y I EOON NN

By using the fact that |h”(p)p| < Ch'(p) we get

[[rwmevvee <c [[ e ey
] ot

<o [[wewweepr o [[ IV

+5 [[ W@ oV it

(5.17)

(5.18)
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Then, by using (5.16) we get

(5.19) [[romevvar <c [[novron.

Then, since h/(p) > ¢ we have that

(5.20) [[v2ver < [[ oo
Summing up (E19) and (E20) we get (G.10). O

Preliminary Lemma

In the following lemma we prove the main convergences needed in the proof of the main
Theorems.

Lemma 5.2. Let {(pe,uc)}e be a sequence of solutions of B.Jl). Then up to subsequences
there exists a function \/p such that

(5.21) Vpe = /p strongly in L*(0,T; H*(T?)).

Proof. Let us consider the first equation in ([BI). Since, by Proposition pe > 0 we have
that

(5.22) O/ pe = —% divue — div(y/peue) + Vue/pe,

and, by the uniform bounds we have in (5.2]) and (5.4]), we have that
{9y\/pe }e is uniformly bounded in L?(0,T; H™(T%)).
Then, since {/pz }- is uniformly bounded in L?(0,T; H*(T?)) by using Aubin-Lions Lemma

we get (.2]]). 0
Lemma 5.3. Let {(pe,u:)}e be a sequence of solutions of BI)). Then

(5.23) R (p)\/pe — \/p strongly in L*((0,T) x T%)),

(5.24) h.(pe)V\/pz — V/p strongly in L*((0,T) x TY),

(5.25) W (p2)peN\/p= — O strongly in L*((0,T) x T%).

Proof. Let us start by proving (5.23). By using (3.3]) we get

[[ o - vt < [[ 1 - vir
+52//p§
+62//p§71'

The first term goes to zero because of (B.ZI)). The second term, simply by using Hoélder
inequality and the uniform bound (5II). Finally, for the last term we have that when d = 2
there for any v > 1 fixed there exists § = J(y) small enough such that 2y —1 < (2 — J)y
and them the integral is bounded because p? € L"((0,T) x T¢) for any r < 2. When d = 3
since v € (1,3) it holds that 2y — 1 < gfy. Then, the third term goes to zero by using Hoélder

inequality and (5.6]).
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To prove ([5.24]) we have
/ﬂ%%WﬁiWWW§/|w@;vWP
+ Ce? //pg‘lllv\/p_g\Q
4o //pgv—%v\/p—g\?.

Then, the first term goes to 0 because of ([B.2I]). Concerning the second term we have

_1 1 1
e? //Pe Vel Sez//pélvpélz-

Then, by Holder inequality
1 1
2 -1 2 2 : i)’ 2
2 [ piwymr<ce ([ va vodit)” < ce.
Now, we treat the last term. From (53] we have that
[[19opriion <c.
Then, by using B3] we get

6/ Vo222 = 45/ IVVpe?p2 72 < C,

which implies the convergence of the last term. Finally concerning (5.20), by using again

B3), we have
1
[ woapvve-vvir <ce [[ o yar
4+ Ce? //pgw\v\/p—gy?.
Then, it goes to zero arguing as above. O

Lemma 5.4. Let {(pe,u:)}e be a sequence of solutions of [B.I)) then
(5.26) he(pz) = pe = 0 in L'((0,T) x T?,
(5.27) ge(pe) — 0 in in LY((0,T) x T?).

Proof. By [B.3]) and (34]) we have that

//|h€(p€)_106|Sce//Pe%—i-C&//pg,
[[san=ce [[ i vcs [[

Then, we conclude by using Holder inequality and (G.1]).

Lemma 5.5. Let {(pe,u:)}e be a sequence of solutions of [B.)) then
ol = 7 in LY((0,T) x T,

(5.28) pe(p=) = 0 in L'((0,T) x T),
Pe(pe) — 0 in L'((0,T) x T?).
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Proof. The convergence of pl follows from (5.21)) and the bound (5.5]). By the definition of
p. we have that there exists a generic constant C' independent on ¢ such that

(5:29) [[n<cs [[ i

Let us recall from (G.1])

147 11
(5.30) supe”\(e) (/ pE o + pe < 8> <C.

t

We start by estimating p!(p:), by 3) and Hélder inequality we have

(5.31) J[ ke cee [[ o <cae ( NG *) Sy

Then, by using that A(c) = e=¥/=" we get

2 (r=1) 1\ 205D
1 € —(me 5 Z+y—1\ H+2(-1)
/pe(pe) < Cme (52(1+s2(w 1))) (5 )\(8) Slip/pg.;2 )

and then by using (5.30) we get the convergence to 0 of p!(p.). The term p?(p.) is treated at
the same way. Now, we deal with convergence of the term p3(p.). First of all, we have that

/ / 12 (p-)| < CEPA(e) / / p2

Then, we recall from (5.3]) the following uniform bound

(5.32) / Ve PH (02) /1 (pe) < C

which contains the following uniform bound

L 42v—4
0A(e) / / Voo < e

SMA(e) //‘v (n?”_l) 2

<C.
Then, by Sobolev embedding

1
PR
614)\(6)/ </ ps” o 6) ’ dt < C.

Now, by Holder inequality we get
1+e2(y—1)

3 1646 14+2e2(y—1)
/ Ip2(pe)| < Ce’A(e) ( / ( / p > dt)
) 1+s22(w—1>
3 (v=1) 3 o\ 3 1+2e2(y—1)
g — 14 - +6’Y 6
< Cme 2(112e2(v—1)) (6 )\(6)/ </p€2 dt .

e 1+2e2(v—1)

which means that

ol

Then, we have that p2(p.) vanishes as € goes to 0. Let us consider the term p2(p.). We have

[[ o= e [[ o <cma (] p>

8
3 1 1 1\ 3.9
£ —— —=—x% \ 8+¢
< C—p—e 647 (55)\(5) sup/pE = 8) .
t

£ 8+E2
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Then we get that p2(p.) goes to 0. Now, we consider the term p3(p.). By ([B9) and Hélder
inequality

(5.33) [t <cene [[o

In the bound (532]) is contained the following bound
_1_q _1_1 4
ex(e) // pe ¥ Vplpe P <C

o ()

which by Sobolev embedding implies

(5.34) 514)\(5)/ (/p;s%_%dxf dt < C.

Then,

which means that

8+E2

63 a2 \ 7%7§ 8+2¢2
(535) / ’p?([)g)‘ S Cme €2(842¢2) 81 )\(8)/ </P5 € 8) dt .

£ 8+2e2

ol

and then p2(p.) vanishes as € goes to 0. Finally, the term pS(p.) is treated as the term p2(p.).
The same proof of the convergence of the term pl(p.) and p2(p.) show the convergence of the
damping coefficient pe(pe). O

Lemma 5.6. Let {(pe, u:)}e be a sequence of solutions of [B.l) then up to subsequences there
exists a vector my such that

(5.36) petie — my strongly in L*(0,T; LP(T9)) with p € [1,3/2).
Proof. To prove (5.30) we first notice that from the bounds (G.1)
(5.37) {V(p-u:)}e is uniformly bounded in L?(0,T; L' (T9)).

Then, we need to estimate the time derivative of p.u.. Precisely, we are going to prove that

(5.38) [0l <
By using the first equation in [BI]) we get

Or(peue) = — div(peus @ us) — Vpl — Vpe(pe) — Pe(pe)ue
+ 2v div(he(pe) Dus) + 20V (ge(pe) div ue)

(5.39) + K div(he(pe)v2(¢s(pe)) + V(ge(pe) A (pe))

8
— Z g
i=1
First of all we notice that

‘ge(/)e)‘ < Ch&(pa)

(5.40) he(pe) is uniformly bounded in L; ,.

Then, we estimates each term. From (G.I]) we have that

(5.41) {I£}. is uniformly bounded in L(0, T; W ~11(T?)).
By using Lemma (pressure) we get that for ¢ = 2,3, 4

(5.42) {I£}. is uniformly bounded in L*(0,T; W~ HH(T%)).
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Regarding the stress tensor by using (5.40) and (5.2]) we have for i =5

(5.43) {I£}. is uniformly bounded in L(0, T; W~11(T?)).

Then, by using the (B3] and (5.40) we have also that for i = 7,8

(5.44) {I£}. is uniformly bounded in L(0, T; W ~11(T%)).

Then, by using Aubin-Lions the lemma is proved. O

Lemma 5.7. Let (p-,u:) be a sequence of solutions of (L) and let w. = ue + cVoe(pe).
Then, up to subsequences we have that

(5.45) Vpeue — \/pu strongly in L*((0,T) x T%),
where u is defined m/p on {p > 0} and 0 on {p = 0}.

Proof. Let us consider the Mallet-Vasseur type estimate (£IT) in Proposition 4l By using
(EI)-(EEH) and by taking 6 > 0 sufficiently small in ([@I7]) we may infer

2 2
(5.46) sup /pa<1+| wel >1g<1+| wel )SC.
te(0,7) 2 2

By Lemma and Lemma we can extract a further subsequence such that
pe — /p a.e. in (0,T) x T¢,

V/p: — Vy/p ae. in (0,T) x T¢,

h.(pe)V/pz — V/p a.e. in (0,T) x T¢,

mie = pete — my a.e. in (0,7) X I

(5.47)

Then, it follows that

(5.48) Mae 1= mie + 203/ph(pe) V/pe = mu + 21/pV/p =1 ma,
a.e. in (0,7) x T9. Arguing as in [29] by using (IBZI)—(IBEI) and Fatou Lemma we have that

(5.49) / / lim inf Le < lim inf / /

This implies that m; = 0 a.e. on {p = O}. Let us define the following limit velocity
% on {p > 0},

0 on{p=0}

In this way we have that my = pu and m1//p € L>(0,T;L*(T%). Then from (EAR) we
have that mo = my + 2u,/pV,/p and since V,/p is finite almost everywhere we also have
that me = 0 on the set {p = 0}. This in turn implies that after defining the following limit

velocity
\Y
mi _,_Quw on {p # 0}

w

0 on {p =0},
we have that mge = pw and

Now we can prove (0.45]). First, by using (5.47), (5.460) and Fatou Lemma we get that
2 2
(5.50) Sup/,o|w|210g <1 + u) < sup/p€|w€|2log (1 + e ) <C.
t t
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Then, we note that for any fixed M > 0

(5.51) VPeWe X we| <M —> /PWX |w|<M
a.e. in (0,7) x Q. Indeed, in {p # 0} it holds

(5.52) Vpwe = + hl(pe)V/pe —
While, in {p = 0} we have

(5.53) IV/PeWeX|w.|<m| < My/ps — 0 ace.
Then,

mie

N

mi

Nz

+V/p ae.

J[ e = vl < [[ \azw. = ol + 4 [ [ 100w vE - Vv
< // I/ PeWe X | <M — v/ PUX )< 1]
w2 [ [ 1me P + 2 [ [ 1VP0Pxwiar
R RN N
< // IV/PeWe X jw. | <M — v/ PUX|w|< M|
R AR N N

2 2 |w€|2
- I 1
+10g(1+M) //pg\wel og( + 2

2 2 ‘W‘Q
- 1 1+ —.
+1og<1+M)//p'w' Og( M

The first term vanishes by using dominated convergence and (5.51]), the second term converges
to 0 because of (L.2I]) and finally the last two term goes to 0 by using (5.50) and by sending
M — oo. O

Proof of Theorem [Z3 and Theorem

Let (p°,u%) be initial data for () satisfying (Z2]) and ([Z3) and let (p2,u?) be the sequence
of initial data constructed in Section [ satisfying (Z.I1]). For any ¢ < £¢ by using Theorem
in the two dimensional case and Theorem in the three dimensional one, there exists
a sequence of global smooth solutions {(pe,ue)}e, p- > 0, of BI)-B2) and (p,u), with u
defined zero on the set {p = 0}, such that the convergences stated in Lemma hold.
We still denote with (pe, u:) the subsequence chosen in the convergence lemma. Let us prove
that (p,u) is a finite energy weak solution of (LI))-(L2]). Let us consider the first equation
of (B10).

Ope + div(peue) = 0.
The convergence to the weak formulation of (1) holds because of Lemma and Lemma
Next, let us consider the momentum equation

O(peue) + div(peue ® ue) — 2v div(peDus) + Vpl — k2 div K.,
= 2vdiv((he(pe) — pe)Duc) + 20V (ge(pe) div ue)
- Vps(ps) - ﬁs(ps)us-
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Then,

[ o= o= (] ’ha(pe)"’a‘f vl ‘ha<pg>uauﬁ+rpauDqu)%

and this term converges to zero because of Lemma [5.4, (5.I) and (5.2)). Then,

[ttt = ([f1a00)" ([ tatonaivne)’
(/ |ge<p€>|>é (/] |h€<p€>||vu€|2)é

and this term converges to zero because of Lemma [5.4] and (54]). Note that ([B.6]) has been
used. Then, the pressure term p.(p:) goes to 0 because of Lemma Concerning the
damping term we have

[t = (] |ﬁ€<p€>|)é (/] |za€<p€>||ue|2>é <c(ff |ﬁ€<p€)|>5

which goes to zero thanks to Lemma Now, we consider the terms in the left-hand
side. The only convergence to prove is the convergence in the dispersive term. Indeed,

since the strong convergence in L%x of \/pzu. holds the convergence of the other terms is

straightforward, see [3] for more details. Let us consider the following term where ¢ €

C>=([0,T) x T?)
[ avie o= [[Voteannions -1 [ [ avtiio)v v e ne)vvme
— 1 [ [ Wp ooV v dive
+2 [ [ MooV Ve divo
Y BN AN

and by using Lemma it easy to conclude that
[ W pbilp ¥ P aiv e o,
) / / B (pe)v/peh(p) V/B2V div ¢ — 2 / AV VAV div 6,
4// B, (pe)V /7= ® M.(pe)V PV — 4/ V/F®Vp: V.

6. GLOBAL REGULARITY FOR THE APPROXIMATING SYSTEM

In this section we prove the global in time existence of smooth solutions for the approxi-
mating system (BI). In the two-dimensional case the following theorem holds:

Theorem 6.1. Let v,k > 0 such that kK < v and v > 1. Then for e < ef = e5(v,K,1,7)
there exists a global smooth solution of ([B.1))-(3.2).

Concerning the three dimensional case, we have the following result
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Theorem 6.2. Let v,k > 0 such that k* < v* < (9/8)k* and v € (1,3). Then, fore < e =
(v, k,v,7y) there exists a global smooth solution of [B.1)-B.2).

In order to prove Theorems and the main estimate to show is that the density is
bounded from above and below, namely (6.7). Indeed, the higher order a priori estimate
can be done with minor change as in [27], Lemma 2.5. Then, Theorem and Theorem
follow by a standard continuity argument on local smooth solutions of (B.1)-(B.2]) with
p? > 0. To prove (6.7) we exploit the fact that the first equation in (@II]) is uniformly
parabolic since h.(p:) > 1. Then, to apply the parabolic regularity estimates we need that
peWe,w:/pe € L(LY) with p > d. On the other hand we already know by the energy
estimate that p. and 1/p. are L{°(L%) for some very large ¢ depending on e. Then, it suffices
to infer that p.|w.|99 is in L$°(LL). This is proved in the next Lemma and it is exactly here
that we need the restriction on x and v in three dimensions. This is due to the fact that in
the second equation of ([AIT]) there is the symmetric part of the gradient of w.

Lemma 6.3. Let (pe,u:) be a smooth solution of (31l Then, (p-,w.) satisfies the following
estimates:

In the two dimensional case, for any v > 1 and v,k > 0 there exists a small 5 =46(v,v,K)
and a constant C, possibly depending on €, such that for any § < o

(6.1) sup [ pu < C.
t

In the three dimensional case, for any v € (1,3) and v,k > 0 such that k% < v? < %Kz there
exists a constant C, possibly depending on €, such that

(6.2) sup [ o < C.
t

Proof. For convenience of the reader we write again the integral equality of Lemma

d € ’ " e 2 , - 2
i e <’w2‘ ) b [ helpoldu, - w.f? (@) b [ helpo)dwf? (@)

|w€|2

(o —u)/hg(pe)\Dwe’2ﬁl < 5 > + (2v —M)/ge(Pe)’divwa\Qﬂ/ (@)
v [t (@) + = p) [ belp)|Due - wePs” <M>

2
i 2

- =) [ alp v (w3 (121,
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Let B(t) = t'70 and with 6 > 0. Then we have that 3'(t) = % By integrating by parts
the pressure term and using Young inequality we get

d 2 o ( lwe]?
2

+ o) [t iDue w8 (M) + 20— ) [ oo (1)

2
+ (2v _M)/QE(Pa)’divwe‘Qﬂ/ <| ;| ) +M/h6(P6)’Aw6’2ﬁ/ (%)

R 2 1 ) " - 2
+/ﬁ€(pe)|we|2ﬁ/ <%> < %/Pz d1vw€|w€|2ﬁ (%)
2
+/Pgw6(Dwa'we)/8 <’ 28‘ > +V/he(P6)‘Dw6'w6’25” (%)
+ V/he(pe)|Awe : w€|2/8// <|w2€|2> + (2 - ,U2)('7 — 1)5/pg| divw€|2|w€|25” (@)
_ _ 2 _ 7 2

4 (21/ M)(fy 1)€/P3‘Dwe X w6’251/ <"U}5’ ) + 3(21/16 M)E/pg’Dwa‘Qlwa‘Qﬁ/l <%>

2
2v—p z we|?
+ 16 6/p§|Dw€-w€|2ﬁ” <—| ;| >

Then, by writing everything in term of 3" <|w5| > using (B8] and the fact that |Aw. -w.|* <

| Awe|?|we|* we have

d wg|? we|?
— | pef (’ 8‘ ) (p€)|Aw€ : w€|25” <%>
2 2 —
21/_ ( ‘Dwg wg, ﬂ”<|w§| ) X V25 ME/[)ADU&;WU&;F&’(

2
P\, 52w — "
< / |Dw€| |we | /8” (’U;‘ >+ ( 565 #) /ps |Dw€| |w€| B <

2v — _1 " 52
+( v ;;)6( ) /pg\dlvwg\ lwe |8 (%)

C(r) 2y—1, 1230 ‘WEP 37'/ 2, 2 (1Wel?
< —= v - 1%el
<7 [ tuer (M) + 55 [ poipuc oo (1
2 W 2
+C(Q)/P§71\we’25” <| ;| ) +Oé/pa’Dwa'w6‘2/8// <| 2€| >
2 2 — 7 2
+ V/hs(pe)|Awe : w€|2/8// (MU;‘ > + (V + ( V16 M)> e/,o58|Dw€ : w€|2/8// (’U;g‘ >
20 — -1 2 2
+ <V+ ( v MQ)(V )) E/pg’Dwa '?1)5’2,8” <’ 26‘ ) +V/p5‘Dw5 'U)g‘Qﬂﬂ <"U}25’ >

2v — -1 . we|? 3(2v — 7 we|?
# B0 a5 ) + 222 [ oo pus (M55)).

)

\_/\M

)

2 1



26 P. ANTONELLI AND S. SPIRITO

Finally, by absorbing terms from the right hand-side to the left hand-side we get

d 52 7 52
€5<|w | >+( —v+ 26>/h€(p€)|Aw€'w€|25 <%>
+ =) [ oo e (1)
+ <u—u— (27/_'&2)(7_ 1)> E/p;’]Dwa-wEPﬁ” <M>
7 15 T |2
w(5 -5 )¢ [ v v (15F)
+ 2V2g'u /pe‘Dw5’2’wa‘25// (@)
2
) 1D P 25" (%)
512v — 3(2 |2
2
(27/ )( ) (% _ 1) 6/pg|divw€|2|w€|25” <"U}2’ >
2
< 02(;') /pi“’l]wg\Qﬂ” <|w€| >

2
37 we|?
+ 26/p€|Dw€| |w€| 5 (’ 2‘ >

+

w U3
(T

By considering § € (0,1] and choosing 7 = (2v — p)/6 and o« = v — p, after using Young
inequality we get

d we|?
E pa‘w5’2+25 (,U > /ha(pa)’Awa . w€‘2/8// <%>

zy— 1 w.|?
#(v-n 25 (G- 0-0) ) e fapunwper (M25)
(6.4) ,
_ T
T (18” ”“) [ oD, weps (—'w;' )
< C(v,k,0) </pa /pa‘w6’2+26>
with

= <27—1——> (14+6) > 0 for any d € (0,1).

Now we consider the two dimensional case. Given v,k > 0 with v > k and v > 1 it is easy
to find § small enough

vl 0 Logoyso
Y 5V ‘

By Proposition [4.1] we have that

1
sup/pé2 < C(e).

t
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Then, by choosing if needed € small enough such that for any € < 7 it holds ¥ < 1/ e? we
arrive at

d

G [otupr® < cmpn) + [ pdu

and we get () by Gronwall Lemma. Then, we consider the three dimensional case. Since
it seems not possible to avoid a restriction on v, kK we do not aim to optimality, which can be
obtained by optimizing the the Young inequalities and minimizing in 6. Going back to (6.4])
we argue as follows. First we note that for any ¢ € (0,1) it holds

o 3p
(6.5) w—v+ 55~ 5
and the left-hand side of (6.5 is positive if the following restriction on v and x holds:
9
(6.6) K2 < V? < g/@Q

Then, by using that v € (1,3) we can choose 6 = min{1/(y — 1),1}. Notice that 6 € (1/2,1)

and
U — 1
vV—u+ v M(g—(7—1)>>0

2

Then, since § = % + ¢’, with an abuse of notation avoiding the prime, we have

d -
& [t < cword ([ o1+ [ otu)

Then, by choosing if needed € small enough such that for any € < 7 it holds ¥ < 1/ e? we
get ([62) by using Gronwall Lemma. We stress that ¢ depends only on v, v and k. O

Now, we are in position to give the proof of Proposition

Proposition 6.4. Let (p-,u:) be a smooth solution of the system [B1). then, there exists a
constant C > 0 possibly dependent on e such that

1
Proof. First we want to prove that
(6.8) pew. and “= € L°°(0, T; LP(T%) with p > d
Pe

When d = 2, by Hoélder and Young inequality we get

/‘PEUJEP—HS < /Pg‘i_/ﬂe’wa‘z—’—%

with & = 0(v,v, k) > 0. Then by choosing if needed ¢ small enough such that § < 1/e2 we
get the desired estimate. Then,

246 1+ 2

1

Jrwe] 1
Pe

Pe
Then, by Holder and Young inequality
§
1
—| + /Pe,w6‘2+6a

6
J)

Pe Pe

~ 249 24+25\"

o=[1+ i i .

2+25 2490

Then, again by choosing if necessary ¢ small enough such that §<1 /e% we get the desired
estimate. Now we are in position to prove (6.7)). The proof is standard and it is based on

’pa‘%’we‘z—’—s'

with
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De Giorgi type estimate. We use the same approach as in [27], Lemma 2.4. Let us start by
proving that p. is bounded. Let m. = p.w.. Then the first equation in ([A.I1]) is the following

(6.9) Orpe — diV(h;(pe)VpE) = divme.

Let k > ||p?]|oo and Ay (t) = {p. > k}. Then by using Hélder inequality and the fact that
hi(pe) > 1 we get

(6.10)

By using (6.8) and denoting 7y = supyc(o.1) [Ax(t)] we get

1—2
(6.11) G 1o =0aP 4 5 [ KoV o~ R P < 007
Let o € (0,7) such that

//] — k)4 ;= sup /\ — k)4
te(0,7)
1—2
[ 1= 02 + [ 1902 = k(o) <y

where the fact that h.(p.) > 1 has been used. Let [ > k > [|p!||o and ¢ > 6 to be chosen
later. Then it holds that

A1 = k) <

Then,

< l(ps — k)4 (0)II3

(6.12) < l(pe — k) (@) 2 Au(o)] 7
< IV (p= — k)4 ()3 Ax(0)] "5
SC’r?%i%.

If we show that
(6.13) 71 < (1= k)T for some a > 0

by De Giorgi Lemma, see [32] Lemma 4.1.1], we get that p. is bounded. Then, in the three
dimensional case by Sobolev embedding we are forced to take ¢ = 6 in ([6.I12]). Then since
p > 3 we get (613) with

2 2
a=-—->0.

3 p
Note that since p is depending only on v, x and v then « has the dependence as well. In
the two dimensional case by Sobolev embedding we can take any ¢ < oco. Then, given
p = p(v,k,7y) > 2, it always possible to find ¢ big enough such that

2 2
a=1—-—-—->0.
p q
Now we prove that p. is bounded away from 0. By using (69) it follows that the equation
for q. := 1/p. is the following.

. V 2
(6.14) Orge — div(h(pe)Vge) + 2%

£

—divweqe + we - V..
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Let k> [|1/0%]], m. := qew. and Ag(t) := {g. > k}. Then we get

d Y T2
G [ 0P+ [Rva - pap+ [ zw%
£

= _/QE divwe(QE - k)+ + /ws : VC]E(QE - k)+
(6.15)

= 2/ wav%s(qg - k)—f— +/ geWe - V(QE - k)-i—
Ag(t) Ag(t)

sz/rwqe—knuwauqsr,

where it has been used that |(¢g- — k)+| < |ge|. By using Hélder inequality, Young inequality
and the fact that hl(p.) > 1 we have that

& [l =kp+5 [ R -nP< ([

Ag(t)

([imer)” mucors,

with p > d and the last term in the right-hand side of (G.I5]) has been dropped because it is
positive. Then, by using (6.8) and defining as before ry, = supyc(o 1y [Ak(t)| we get

2

d 1 1-
G 1= 0P+ 5 [ KoV - RaP <o

Arguing as in the proof of boundedness of p. we can conclude that ¢. is bounded and then
pe is bounded away from 0. U
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