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ABSTRACT. We construct a deterministic, Lagrangian many-particle approximation to a class
of nonlocal transport PDEs with nonlinear mobility arising in many contexts in biology and
social sciences. The approximating particle system is a nonlocal version of the follow-the-leader
scheme. We rigorously prove that a suitable discrete piece-wise density reconstructed from the
particle scheme converges strongly in Lj,, towards the unique entropy solution to the target
PDE as the number of particles tends to infinity. The proof is based on uniform BV estimates
on the approximating sequence and on the verification of an approximated version of the entropy
condition for large number of particles. As part of the proof, we also prove uniqueness of entropy
solutions. We further provide a specific example of non-uniqueness of weak solutions and discuss
the interplay of the entropy condition with the steady states. Finally, we produce numerical
simulations supporting the need of a concept of entropy solution in order to get a well-posed
semigroup in the continuum limit, and showing the behaviour of solutions for large times.

1. INTRODUCTION

A wide range of phenomena in biology and social sciences can be described by the combi-
nation of classical (local) - linear or nonlinear - diffusion with some nonlocal transport effects.
Examples can be found in bacterial chemotaxis [27, 32, animal swarming phenomena [22, 7],
pedestrian movements in a dense crowd [25], and more in general in socio-economical sciences
[36, 1]. In a fairly general setting, a set of N individuals z1,...,zxy located in a sub-region
of the Euclidean space R¢ are subject to a drift which is affected by the status of each other
individual. In most of the above-mentioned applications, such a “biased drift” can be expressed
through a set of first order ordinary differential equations

.%",‘(75):U[(l‘l(t),...,x]v(t)], iZl,...,N, (1.1)

in which the velocity law v is known. Having in mind a particle system obeying the laws of
classical mechanics or electromagnetism, the set of equations (1.1) is quite unconventional due
to the absence of inertia. On the other hand, this choice is very common in the modelling of
socio-biological systems, mainly due to the following three reasons.

e Inertial effects are negligible in many socio-biological aggregation phenomena. Even in
cases in which the system is appropriate for a fluid-dynamical description, a ‘thinking
fluid’ model, with a velocity field already adjusted to equilibrium conditions, is often
preferable compared to a second order approach. The typical examples are in traffic
flow and pedestrian flow modelling. Moreover, it is well known in the context of cells
aggregation modelling that the time of response to the chemoattractant signal is, most
of the times, negligible. Finally, inertia is almost irrelevant in many contexts of socio-
economical sciences, such as opinion formation dynamics.

e First-order modelling turns out to simulate real patterns in concrete relevant situations
arising in traffic flow, pedestrian motion, and cell-aggregation, and such an achievement is
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satisfactory in many situations, in applied fields often lacking a unified rigorous modelling
approach.

e In several practical problems such as the behaviour of a crowd in a panic situation, the
model can be seen as the outcome of an optimization process performed externally, in
which the “best strategy” needed to solve the problem under study (reaching the exit
in the shortest possible time, in the crowd example) is transmitted to the individuals in

)

real time (e.g. a set of “dynamic” evacuation signals in a smart building).

In addition to the ‘discrete’ approach (1.1), these models are often posed in terms of a
“continuum” PDE approach via a continuity equation

dup + div(pvlp]) = 0, (1.2)

in which p(+,t) is a time-dependent probability measure expressing the distribution of individuals
on a given region at a given time, and in which the continuum velocity map v = v[p] is detected
as a reasonable “cross-grained” version of its discrete counterpart in (1.1). The modelling of
biological movements and socio-economical dynamics is often simulated at the continuum level
as the PDE approach is more easy-to-handle in order to analyse the qualitative behaviour of
the whole system, in the form e.g. of the emergence of a specific pattern, or the occurrence of
concentration phenomena, or the formation of shock waves or travelling waves. In this regard,
the descriptive power of the qualitative properties of the solutions in the continuum setting is
an argument in favour of the PDE approach (1.2). On the other hand, the intrinsic discrete
nature of the applied target situations under study would rather suggest an ‘individual based’
description as the most natural one. For this reason, the justification of continuum models (1.2)
as many-particle limits of (1.1) in this context is an essential requirement to validate the use of
PDE models.

As briefly mentioned above, the velocity law v = v[p] in the PDE approach (1.2) may
include several effects ranging from diffusion to external force fields, from nonlinear convection
effects to nonlocal interaction terms. We produce here a non-exhaustive list of results available
in the literature in which the continuum PDE (1.2) is obtained as the limit of a system of
interacting particles, with a special focus on deterministic particle limits, i.e. in which particles
move according to a system of ordinary differential equations (i.e. without any stochastic term).
The presence of a diffusion operator has several possible counterparts at the discrete level. The
literature on this subject involving probabilistic methods is extremely rich and, by now, well
established, see e.g. [37, 23, 12] only to mention a few. A first attempt (mainly numerical)
to a fully deterministic approach to diffusion equations is due to [35], see [21] for the case of
nonlinear diffusion.

Without diffusion and with only a local dependence v = v(p), an extensive literature has
been produced based on probabilistic methods (exclusion processes), see e.g. [18, 19]. A first
rigorous result based on fully deterministic ODEs at the microscopic level for a nonlinear con-
servation law was recently obtained in [17]. Nonlocal velocities v = W  p have been considered
as a special case of the theory developed in [8], with W a given kernel (possibly singular) us-
ing techniques coming from kinetic equations, see [24]. In all the above mentioned results, the
particle system is obtained as a discretised version of the Lagrangian formulation of the system.

A slightly more difficult class of problems is the one in which the velocity v = v[p] depends
both locally and non-locally from p. Several results about the mathematical well-posedness of
such models are available in the literature, which use either classical nonlinear analysis techniques
or numerical schemes. In the paper [9] a similar model is studied in the context of pedestrian
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movements, and the existence and uniqueness of entropy solutions is proven. We also mention
[11], which covers a more general class of problems, and [2] covering a similar model in the context
of granular media. A quite general result was obtained in [33] in which the velocity map p — v[p]
is required to be Lipschitz continuous as a map from the space of probability measures (equipped
with some p-Wasserstein distance) with values in C'(R?), and the authors prove convergence of
a time-discretised Lagrangian scheme. We also mention [3], in which a special class of local-
nonlocal dependencies has been considered, however in a different numerical framework. We
also recall at this stage the related results in [5, 6] on the overcrowding preventing version of the
Keller-Segel system for chemotaxis, in which the existence and uniqueness of entropy solutions
is proven. To our knowledge, no papers in the literature provide (so far) a rigorous result of
convergence of a deterministic particle system of the form (1.1) towards a PDE of the form (1.2)
in the case of local-nonlocal dependence v = v[p]. Indeed, the result in [33] does not apply to
this case in view of the Lipschitz continuity assumption on the velocity field, see also a similar
result in [20].

In this paper we aim at providing, for the first time, a rigorous deterministic many-particle
limit for the one-dimensional nonlocal interaction equation with nonlinear mobility

Op — Ox(pv(p)K + p) =0, (1.3)

in which v and K satisfy the following set of assumptions:

(Av) v € C1([0, +00)) is a decreasing function such that v(0) = Ve > 0, v(M) = 0 for some
M >0, v <0 on interval (0, M], v =0 on [M,+00).

(AK) K € L},.(R) is a nonlocal attractive potential, radially symmetric, with K'(x) > 0 for
every x > 0. Moreover, by denoting ¢ = meas(supp(p)), we assume that

sup |K"(z)| <Ly, and sup |K"(z)| < L2,
z€[—2¢,2¢) xe[—2¢,20)

for some positive constants L1, Ly. Then we set L := max{Li, Lo}.

Also in view of the applications in mind, the unknown p = p(z,t) in (1.3) will be assumed to be
non-negative throughout the whole paper. The PDE (1.3) is coupled with an initial condition

p(x,0) = p(x), p € L>®R)NBV(R), 0<p(x) <M, supp(p) compact. (1.4)

The constant M here plays the role of a maximal density, which is supposed not to be exceeded
by the density for all times. Clearly, the property p € [0, M] has to be proven to be invariant
with respect to time. We notice that the total mass of p in (1.3) is formally conserved. For
simplicity, throughout the paper we shall set

ol iy = 1.

We set [Zimin, Tmaz] as the closed convex hull of supp(p).

Our goal is to approximate rigorously the solution p to (1.3) with initial datum p via a
set of moving particles. More precisely, we aim to proving that the entropy solution of the
Cauchy problem for (1.3) can be obtained as the large particle limit of a discrete Lagrangian
approximation of the form (1.1). Such a Lagrangian approximation can be introduced as follows
as a reasonable generalization of particle approximations considered previously in the literature
in [17, 14, 15, 16]. For a fixed integer N sufficiently large, we split [Zyin, Tmaz| into N intervals
such that the integral of the restriction of p over each interval equals 1/N. More precisely, we
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let Zop = Tmin and TN = Tymaz, and define recursively the points z; for i € {1, ..., N — 1} as
1
Z; = sup {xGR / x)dzr < N} (1.5)
It is clear from the construction that ijil p(x)dx = 1/N and Tp < 71 < ... < Tn—1 < TN.

Consider then N + 1 particles located at initial time at the positions Z; and let them evolve
accordingly to the following system ODEs

zi(t) = ZK' zi(t) — x;(t)) — ZK' xi(t) —x;(t)), (1.6)

j>i j<i
with i € {0,..., N}, where the discrete density R;(t) is defined as follows
1
N(zit1(t) — zi(t))’
In (1.6), each particle x; has mass 1/N. We are then in position to define the N-discrete density

Ry(t) := i=0,...,N—1.

=

PN (t, x) = Ri(t) X[z, (), w1 (1)) () (1.7)

i

I
=)

We observe that pV (t,-) has total mass equal to 1 for all times. The R; are actually dependent
on the number of particles N, but we will drop the N-dependence to simplify the notation.
We refer to system (1.6) as non-local Follow-the-leader scheme, as in fact this system is a non-
local extension of the classical Follow-the-leader scheme previously considered in the literature.
More in detail, system (1.6) is motivated as follows. The right-hand side of (1.6) represents the
velocity of each particle. Therefore, it has to be reminiscent of a discrete Lagrangian formulation
of the Eulerian velocity —v(p) K’ * p in the continuity equation (1.3). Now, since we are in one-
space dimension, the discrete density R; is a totally reasonable replacement for the continuum
density p, except that one has to decide whether the discrete density should be constructed in
a forward, backward, or centred fashion. Our choice of splitting the velocity @; into a backward
and forward term is motivated by the sign of the nonlocal interaction K'(z; — x;), which has
the same sign as x; — x;. Hence, since K'(z) is negative on z < 0, particles labelled by z; with
x; > x; yield a drift on x; oriented towards the positive direction. Since the role of the nonlinear
mobility term pv(p) is that of preventing overcrowding at high densities (consistently with the
assumption of v being monotone decreasing), such a drift term should be “tempered” by the
position of the (i + 1)-th particle. This motivates the use or v(R;) in the sum with z; > ;. A
symmetric argument justifies the use of v(R;—1) in the remaining part of the sum with z; < ;.
Our main results concerns with the study of the many particle limit as N — oo for the
discrete density p" defined above. Apart from the above mentioned assumptions on v and K
and p, we shall also assume that p € BV(R). Such a condition is crucial in order to prove
the needed estimate which guarantees that p’¥ converge (up to a subsequence) to some limiting
density p in a strong enough topology. As a minimal requirement, the limit p should satisfy (1.3)
in a distributional sense. On the other hand, the presence of a nonlinear convection in (1.3)
suggests the possibility of multiple weak solutions for fixed initial data. A notion of entropy
solution in the sense of Kruzkov [29] is therefore needed to ensure uniqueness. Motivated by
this remark, we shall actually prove that the limit density p of the above particle scheme is an
entropy solution to (1.3) with initial condition p, in the sense of the following definition.

Definition 1.1 (Entropy solution). Let p € L*(R) N LY (R). Denoting f(z) = zv(z), we
say that p : [0,400) x R — [0,400) is an entropy solution of (1.3) with initial condition p if
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p € L*™([0,00), LY(R, [0,1])) and, for all constants ¢ > 0 and for all ¢ € C°([0,+00) x R) with
p >0 one has

0< [ lp@)—clot0.0)de+ [ [ lo=cliisign(p-l(f(0)F) K *ppuF(O)K s o,
where we define the sign function at the origin as sign(0) = 0.
We are now ready to state the main result of our paper.

Theorem 1.2. Assume v and K satisfy (Av) and (AK) respectively. Let p € BV (R)N L. (R) be
a compactly supported function with total unit mass and such that p < M. Then, for all T > 0,
the discrete density pV constructed in (1.7) converges almost everywhere and in L'([0, T] x R)
to the unique entropy solution p of the Cauchy problem

{ Oip = O0x(pv(p)K' % p) (t, x) € (0, T] xR,

p(0, ) = p(z) z eR. (18)

As a by-product, the above result also imply existence of entropy solutions for (1.8), a task
which has been touched in other papers previously [9, 11, 5, 3]. Implicitly, our result also asserts
the uniqueness of entropy solutions for (1.3), a side result that we shall prove as well in the
paper, similarly to what done in [5, 6].

The need of the entropy condition to define a suitable notion of solution semigroup for (1.3)
is not only motivated by the possibility of proving its uniqueness. We actually prove in the
paper that a mere notion of weak solution does not yield the well-posedness of the semigroup
as multiple weak solutions can be produced with the same initial condition.

Our paper is structured as follows. In Section 2 we introduce the nonlocal follow-the-leader
particle scheme and prove that it satisfies a discrete maximum principle, a crucial ingredient
in order to deal with the particle approximation in the sequel of the paper. In Section 3 we
prove all the estimates needed in order to detect strong L' compactness for the approximating
sequence p”. The main ingredient of this section is the BV estimate proven in Proposition
3.3. We emphasize that the presence of an attractive interaction potential in the particle system
implies most likely a growth w.r.t. time of the total variation. Therefore, one has to check that
the blow-up in finite time of the total variation is avoided. In Section 4, we prove that the limit
of the approximating sequence is an entropy solution in the sense of Definition 1.1. This task
is quite technical as it requires checking a discrete version of Kruzkov’s entropy condition. In
Section 5 we provide an explicit example of non uniqueness of weak solutions, which has links
with the admissibility of steady states. Finally, in Section 6 we complement our results with
numerical simulations.

2. THE NON-LOCAL FOLLOW-THE-LEADER SCHEME

In this section we introduce and analyse in detail our approximating particle scheme (1.6).
Here the macroscopic variable p does not need to be labelled by N, as N is supposed to be
fixed throughout the whole section. The regularity assumptions on v and K in (Av) and (AK)
imply that the right-hand side of (1.6) is locally Lipschitz with respect to the N + 1-tuple
(zo,21,...,2N) as long as we can guarantee that the denominator in R; does not vanish. Such
a property is a consequence of the following Discrete Mazimum Principle, ensuring that the
particles cannot touch each other at any time. This implies both the (global-in-time) existence
of solutions of the system (1.6) for all times ¢ > 0, and the conservation of the initial particle
ordering during the evolution.
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Lemma 2.1 (Discrete Maximum Principle). Let N € N be fized and assume that (Av) and
(AK) hold. In particular, let M > 0 be as in assumption (Av). Let To < T1 < ... < Ty be the
initial positions for (1.6), and assume that

1
Titl = Ti 2 3 (2.1)

Then every solution x;(t) to the system (1.6) satisfies
VN < wip1(t) — xi(t) for alli € {0, ..., N —1} and for all t € [0, +00). (2.2)
Consequently, the unique solution (xo(t),...,xn(t)) to (1.6) with initial condition (Zg,...,TN)

exists globally in time.

Proof. Let Trnqz > 0 be the maximal existence time for (1.6). Due to the assumptions (Av) and
(AK), the local-in-time solution (zq(t), ..., zx(t)) is C* on [0, Tjuae ). If we prove that (2.2) holds
on [0, Tinaz), this will automatically prove global existence by a simple continuation principle.
Arguing by contradiction, assume that t; < Ty is the first instant where two consecutive
particles are at distance 1/M N and get closer afterwards, i.e.

t1 = inf{t € [0, T] : there exists i : z;11(t) — z;(t) = 1/M N},

and there exists ta € (t1, T such that
xi_H(t) — :L‘Z(t) < ﬁ YVt € (tl, tg] .
Notice that the minimality of #; ensures that all particles maintain their initial order for all
t € [0, t1). At time t; we have R;(t1) = 0 due to (Av). Substituting this value in the equation
(1.6) for x;, we easily see that only the terms j < ¢ survive in the nonlocal part, thus yielding
#;(t1) < 0. Similarly, we get &;4+1(t1) > 0. For similar reasons, if #;4+1(t1) = 0 then the ODE for
x;4+1 implies that at time ¢; we have R;y1(t1) = M, or equivalently x;12(t1) — xi+1(t1) = 1/MN.
Similarly, if #;(¢t1) = 0 then z;(t1) — z;—1(t1) = 1/MN. Let us now assume for the moment
that x;19(t1) — xi41(t1) = zi(t1) — xi—1(t1) = 1/MN. Then, with similar arguments as above
one can show that @;_1(t1) < 0 and #;42(¢1) > 0, and we can repeat the same argument above
to obtain that #;_1(t1) = 0 implies z;_1(t1) — zi—2(t1) = 1/MN and Z;42(t;) = 0 implies
Ziy3(t1) — xiya(t1) = 1/MN. Such a procedure can be iterated to conclude that there exists
either some index k > ¢ with #541(t1) > 0 or some index h < i such that &(¢;) < 0, otherwise
any two consecutive particles would be placed at distance 1/M N and the system would be static
for all t € (¢1, T'], which would contradict the existence of ¢a.
The above considerations imply that we can assume, without loss of generality, that

.%"7;4_1 (tl) > 0, and ii(tl) <0.
Let ;41 > 0 be small enough such that ¢; + €;41 < t2, then by Taylor expansion one has
Tig1(t) = zip1(ta) + T (t) (¢ — t1) + o([t — 1),

where, up to taking e;4; even smaller, the contribute o(t — t;) does not affect the sign of
Zip1(t1)(t —t1). As a consequence, x;41(t) > x;+1(t1) for all t € (t1,t1 + €;41) and a symmetric
argument gives also x;(t) < x;(t1) for all ¢t € (t1,t; + &;). In particular, we deduce that
1 .
xi+1(t) — :L‘Z(t) > a:z-_H(tl) — xi(tl) = m Vt € (tl, t1 + mln{ai, 5i+1})
and this contradicts the existence of to. This argument ensures both the validity of (2.2) and
the existence of solutions for all times ¢ > 0. O
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Let us consider the discrete density

N-1
p(t, x) = Z Ri(t)X[xi(t),IiH(t))($)'
=0

A straightforward consequence of Lemma 2.1 is that
p(t,z) <M  for all (t,x) € [0,+0) x R.

Moreover, we observe that p has unit mass on R for all times.

As already mentioned before, a straightforward consequence of the above Maximum Prin-
ciple is that the particles can never touch or cross each other. In particular, the particle zg will
have no particles at its left for all times, which means that the ODE for zy will only feature
terms with j > 0 on the nonlocal sum. A symmetric statement holds for xx. As a consequence
of that z¢(t) > 0 and n(t) < 0 for all ¢, thus the support of p(t, -) is bounded by ¢ uniformly
in N and t. We summarize this property in the next lemma.

Lemma 2.2. Under the same assumptions of Lemma 2.1, the support of p(t,-) is contained in
the interval [Zo, TN for all times t € [0,400).

3. CONVERGENCE OF PARTICLE SCHEME

We now focus on the converge of the particle scheme (1.6), where the initial condition (1.5)
is constructed from an L (R)-initial density p having compact support and finite total variation.

The proof of Theorem 1.2 relies on two main steps: the first one consists in proving that
the discrete density p’¥ defined in (1.7) is strongly convergent (up to a subsequence) to a limit
p in L1([0,T] x R), the second one is to show that the limit p is a weak entropy solution of (1.8)
according to Definition 1.1. In this section we take care of the former step. As we will show in
Propositions 3.3 and 3.4 below, the sequence (py)nen satisfies good compactness properties with
respect to the space variables but, on the other hand, we cannot reach a uniform L' control on
the time oscillations. In our case, we are only able to prove a uniform time-continuity estimate
with respect to the 1-Wasserstein distance (see [38]), which nevertheless will suffice to achieve
the required compactness in the product space. Such a strategy recalls the one used in [17]
for the case of a scalar conservation law. The main result of this section is the content of the
following

Theorem 3.1. Under the assumptions of Theorem 1.2, the sequence p is strongly relatively
compact in L'([0,T] x R).

The proof of Theorem 3.1 relies on a generalized statement of the celebrated Aubin-Lions
Lemma (see [34, 13, 14]) that we recall here for the reader’s convenience. In what follows, d; is
the 1-Wasserstein distance.

Theorem 3.2 (Generalized Aubin-Lions Lemma). Let 7 > 0 be fized. Let n™ be a sequence in
L>=((0, 7); LY(R)) such that n™ (t, ) > 0 and ||n™ (t, -)|| 1) = 1 for every N € N and t € [0, 7).
If the following conditions hold
1) supy Jg [InV (& pagydt + TV [N (¢, )] + meas(suppln™ (¢, )])] dt < oo,
IT) there exists a constant C > 0 independent from N such that dyn (nN(t, S, (s, )) <
Clt — s| for all s, t € (0, 7),
then ™ is strongly relatively compact in L*([0, 7] x R).
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In view of Theorem 3.2, the result in Theorem 3.1 will follow as a consequence of the
following two propositions.

Proposition 3.3. Let p, v, K and T be as in the statement of Theorem 1.2. Then, there exists
a positive constant C > 0 (only depending on K, v, and on supp(p)) such that for every N € N
one has

TV[pN(t, )] < TV[ple®t  for allt €[0,T]. (3.1)

Proposition 3.4. Let p, v, K and T be as in the statement of Theorem 1.2. Then, there exists
a positive constant C > 0 (only depending on K ) such that

dyn (pN(t, Y, 0™ (s, )) < Clt—s| foralls, te(0,T), and for all N € N. (3.2)

The remaining part of this section is devoted to the proof of Propositions 3.3 and 3.4. For
future use we compute

Ri(t) = = N(R)A (i1 — ) = ~N(B:)2[ — 20(R0) 1 K (i1 — )
— (v(Rit1) — ’U(Rz‘))% > K'(zip1 — ;)
j>it1
- vum% S (K@i — ) — K@ — )
7>i+1
~ (w(R:) - K i )~ o(Re) e 3 (K i —3) — K (o — )]

(3.3)

Proof (of Proposition 3.8). It is easy to see that TV [p™ (0, -)] < TV[p]. Then estimate (3.1)
follows by Gronwall Lemma as soon as we show that

STVION 6, )] < OTVIN (1 ), (3.4

for a suitable constant C' > 0. The total variation of pV at time ¢ is given by

TVI[pN (¢, -)] = Ro(t) + Ry (t +ZIRZ+1 Ri(t)|

=

—1
= R;[sign(R; — R;—1) — sign(Rit1 — R;)] — Ro(sign(Ry — Rg) — 1)
+ RN(Sign(RN — RN—I) + 1)

N-1

= po(t)Ro(t) + un () Ry + > R,
i=1

Il
—

where we set for brevity
pi(t) := sign(Ri(t) — Riy1(1)) —sign(Ri—1(t) — Ri(t))  i=1,...,N -1,
wo(t) = (1 — sign(R; — Ro)),
pn(t) = (1+ sign(Ry — Ry—1)).
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Then we can compute

d N-1

£TV[ N(t, )] = Ro(t) + By () + > Sign(Ri—H(t) - Ri(t)) (Ri+1(t) - Ri(t)>
i=0

= no(t)Ro(t) + un () R (t) + Z (R

The value of the coefficient pu;(t) clearly depends on the positions of the consecutive particles:
it is easy to see that for i € {1, ..., N — 1}

—2 if Riy1 > R; and R;—1 > Ry,
Ni(t) = 2 if Ri+1 < R;and R;_1 < RZ‘,
0 if Riy1 >R > Ri_1or Ri_1 > R > Riqq,
moreover
0 if Ry < Ry, 0 if Rv_1 > Rn,
Ho(t) = { 92 if Ry > Ry, i (t) = { 2 if Ry_; < Rn.

Recalling (3.3), we can rewrite

N-1 N-1
LTV (1) = o(t) Folt) + (D Bn () — 3 (R0 T~ Y wa(DR0) s, (3.5)
i=1 i=1
where
I =~ (R ()= (B(£)) Y K (@i (O)=a5(0)— (o(Bi(8) —v(Rir (1)) 3 K (i) = (1))
j>it+1 j<i

and
I = —Ri(tw(Ri(t)) Y. (K'(mis1(t) — x(t) — K (2:(t) — 2;5(1)))
i, i+1
— 2R (t)o(Ri (1)) K (i1 (t) — @i(t)) .-
Let us first estimate — SN 71 11;(4)(R;(¢))21; in (3.5). Clearly, the only relevant contributions in
the sum come from the particles z; for which p;(¢) # 0. However, if the index 4 is such that
wi(t) = =2, then R;41, R;—1 > R; and the monotonicity of v imply
v(Riy1(t)) —v(R;(t)) <0, and wv(Ri(t)) —v(Ri—1(t)) > 0.

The assumption (AK) on K ensures that I; < 0, thus, on the other hand, u;(t)(R;(t))%L < 0.
An analogous argument implies that, if i such that p;(¢) = 2, then I; > 0 and 2(R;(t))%; > 0.
These considerations lead immediately to

- Z it 2L < 0. (3.6)

Let us now focus on — ZZ T u(Ri(8))Ri(t) ;. In this case, we would like to obtain an upper
bound in terms of TV [p™ (¢, -)] and for this purpose we need to estimate |I1;|. We get

15| = Ry(t)|v(Ri(t)| | 2K (w1 () — 2:(8)) — Y (K'(wapar(t) — 5(2) — K'(wi(t) — 2;(1)))
G, i+1

N-2 1
RO ZLN_C (3.7)

< Ri(t)LC
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for some constant C > 0. We have

N—2 N—2
- Z t)Il; = B. T+Z sign(Ri—1—R;)(Ri—Ri—1)1Ii+ Z sign(R;—1—R;)Ri(I11;—11;—1),
=1 =2
and thanks to (3.7) it is easy to see that
N—2 N-1
‘B.T.‘ + Z Sign(Ri,l — Rl)(Rl — Rifl)IIi < (14 Cy Z |Rl — R1;1| <Ch+ CQTV[pN(t)],
i=1 i=2
(3.8)

then it remains to check the term involving II; — II;_;. It is easy to see that Il; — Il;_; may
be written as a sum of three terms 114, + IIp, + Ilc,, where

I, = (Ri—1v(Ri—1) — Riv(Ry))

2K (zip1 —m) + Y, (K (i1 — x5) — K' (2 — Ij))] ,
Giit1
ITg, = 2Ri_1w(Ri—1)(K'(x; — xi—1) — K' (241 — 23)),

Ilc, = Ri 1v(R;1)

G#i—1,i G+,

We can notice immediately that

Z (K’(."L‘z — $j) — K/(ﬂj‘z;l — ."L‘])) — Z (K’(l‘i+1 — Qj‘j) — K’(l‘l’ — l‘j)):| .

2L i1 — Ry
[[1p,| < 2L[[v[|Lee Rie1|(zim1 — i) — (Tig1 — @3)| = N\|U||L°°Ri1w, (3.9)
while, recalling that the functions f(z) = zv(z) and K’ are Lipschitz,
|IIA1’ S LZp[f]NL(IEZJrl - .ZZ)|RZ - Ri,1|. (310)

On the other hand,
IIc,) < BT + vllpeRict . 2K (25 — 25) — K (wis1 — 25) — K (w21 — 25)),
it
so, if we expand K'(z;+1 — x;) at the first order w.r.t. K'(x; — x;) and recall that K" and K"

are bounded in [0, £], we get

Ri|IIc,| < |RBTi| + vl p~RiRic1 > |K"(w; — x)||(xi — zim1) — (wi41 — 25)]

it
v
+1 H2L RiRir Y K" || (meay[(zim1 — 20)* + (2341 — 20)?]
jAiELi
<4 ||UHL LIRi — Ry 1| + HUHL"OL(Ri(azi — 2 — 1)+ Ri1 (i1 —2)).  (3.11)

2

Thanks to (3.9), (3.10) and (3.11) and the fact that the support of p? is uniformly bounded in
time for every N, we then obtain

N—-2
> lsign(Ri—1 — R)Ri(IL; — IL;_1)| < > Ri[[I14,| + [IIp,| + [I1c,|]
] =2

‘ 2 v - N-2 N—-1
< 0+ CL(Liplf) + WL 4 o) Y (R - Rt |+ Lol Y [ -,
i=2 =0

< CA+TV[p"(t, ")),
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and, together with (3.8), this implies

N-1
= 3 W(R()R(OIE| < O+ C TV (2, ) (3.12)
=1

We can now focus on Ry and Ry. Since the setting is symmetric, we only present the argument
for po(t)Ry and leave the one for pn(t) Ry to the reader. Since po(t) # 0 only if Ri(t) > Ro(t),
without restriction we can assume (v(R1) — v(Rp)) < 0 and can compute

poRo = poRo[Rov(R1) Y (K (w1 — x) — K' (w0 — ;) + 2Rov(Ro) K’ (21 — )]

7>1
+ p10(Ro)?(v(Ry) — v(Ro)) Y K'(wo — ;)
i>1
< /LQR()[R[)’U(Rl) Z <K,(l‘1 — wj) — K/(xo — $J)> + 2R01)(R0)K/((L'1 — 270)] .
7>1

Moreover,

N -1 2vupez L
N + N

Rov(Ry1) Z (K’(:Cl — .%'j) — K/(:C[) — $])> + 2R0’U(R0)K/(:U1 — xo) < Upmaz L
7>1

In particular, poRo < (3CL)Ry and
toRo + (RN RN < 30maz L (Ro + RN) < 3Umae LTV[pN (t, -)]. (3.13)

By putting together (3.6), (3.12) and (3.13) we get estimate (3.4), and (3.1) follows as a conse-
quence of the Gronwall Lemma. O

We now prove the equi-continuity w.r.t. time with respect to the 1-Wasserstein distance for
N

o
Proof (of Proposition 3.4). Assume without loss of generality that 0 < s < t < T. Our goal
then is to investigate the continuity in time of the discrete density p” with respect to the 1-
Wasserstein distance. We exploit the well known relation between the 1-Wasserstein distance of
two probability measures and the L' distance of their respective pseudo inverse functions. More
precisely, for any two probability measures u, v the following identity holds

di(p, v) = | Xy — XollLa (o, 1))

where X,, and X, are the pseudo inverses of the cumulative distribution functions of p and
v respectively. The assertion of the proposition will follow once we prove that there exists a
constant C' > 0 independent of N such that

1 X~ 1y = Xpn s, 9 Lo,y < Clt = sl
for all 5, t € (0,T). By the definition of p¥ we can explicitly compute

X v, (2) = Nf (wi»v (t) + (z - %) Rl(t)) Xjid, (i+1)3) (%) -

=0
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Therefore,

dy (pN(t7 ')7pN(57 )) = |XpN(t,-) - )(pN(s,~)HLl([()7 1)
1

& /N i 1 1
< N (t) — zN(s +<z—>< — >dz
o /i/N ) (s) N7\ Ri(t) Ri(s)
N-1 N-1
1 1 1 (i+1)/N i
<3yl @ -2 e)l+ e [ (-5 ) e
i=0 N ; Ri(t)  Ri(s) i/N N
N-1 N-1
1 1 thd 1
=Y Sl =26+ 5nm || dr
= N 2 2 Js |dT Ri(T)
N o1 gt
§3_0N/s a'cf-v(T)’dT,
where in the last inequality we used that
d 1 . . . .
TR0 Ny, (7) — &7 (7)] < Nlafly (r)] + Na (7)) -

Notice that we can control |Z¥ (7)| uniformly in N and in 7. Indeed, recalling the assumption
(AK), setting L as the Lipschitz constant of K’ on the interval [—2¢,2/] as in the proof of
Proposition 3.3, we have

2LN
—o( ZK —l'] —v(Ri—1 ZK _33] _$:2Lvmaxm

7> 7<t

1
- N _

which gives

di(pN(t, ), PN (5, 1)) < 6Lvmag [t — s Z — < 12L0pmag|t — 8|,
1= 0

and (3.2) is proven. O

4. CONSISTENCY OF THE MANY PARTICLE SCHEME: CONVERGENCE TO THE ENTROPY
SOLUTION

In this section we show that any limit p obtained in Section 3 satisfies the entropy condition
in the sense of Definition 1.1. Moreover, we can prove that p is the unique entropy solution of
the Cauchy problem

{ Op = a:c(pv(p)K, * P) te (O,T], (4 1)
p (Oa ) =p- '
The first step consists in showing that the discrete densities satisfy an analogous version of
the entropy condition. For technical reasons arising in the proof of the convergence to entropy
solutions, we need to introduce another approximating sequence of the solution p, namely the
N-empirical measure

N 1 a
p (L) == NZ%@)(!B)
=0

In the next lemma we show that s and p" are arbitrarily close in the 1-Wasserstein distance,
which implies that p" converge up to a subsequence to the same limit p obtained in the previous
section.
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Lemma 4.1. For all N € N, we have
. C
dl(pN(ta ')a pN(ta )) < Na
for some constant C only depending on p.

Proof. In view of the standard isometric mapping between the 1-Wasserstein space of probability
measures and the convex cone of non-decreasing functions in L!([0, 1]), similarly to the proof of
Proposition 3.4, we have

. N-1 .(i+1)/N 1 1
o ()"0 < 3 //N (i) |
1 N1 1 N
=N Zo z () —z (1) = N (JUN(t) - Zy (U)
< 1 _
< 2Nmeas(supp(p)),
which proves the assertion. O

Remark 4.2. Let W € C(R) be even and locally Lipschitz. Then, there exists a constant C' > 0
depending only on p such that

. C
sup HW * pN(tv ) -W *pN(ta ')HLl < Na
t>0

for all N € N. To prove this, let vV (¢) be an optimal plan between p™ (,-) and p (¢, -) with
respect to the cost ¢(z) = |z|. We then estimate, for all ¢ > 0,

W e =W s iy = [ | [ W= g)ao e 00) - [ Wia - y)ai® e, de

~ Wz —2)) dy (t)(y, 2)
R

A/ RCE
< C/ // ly — zldg' (t)(y, 2)dw

where we have used that the supports of p’¥ and p"V are contained in supp(p) which is bounded
and independent of time. By definition of 1-Wasserstein distance we therefore have

dx

W % p™ = W s pN | 1) < Cda(pN (2, -), PN (2, -)) <

2o

for some suitable constant C' > 0 in view of Lemma 4.1.

Our next goal is to prove that the entropy inequality

T
0= [ [10" = clpr = sign(o" — (™) = H)K' * V0 = FOK" 5 P pldadt
0 JR

holds for every non-negative test function ¢ with compact support in C°((0,+00) x R), every
constant ¢ > 0, and in the N — oo limit. Such a goal, which requires some tedious calculations,
is however not enough to prove that the limit p of the previous section is an entropy solution
because of the discontinuity of the sign function in the above inequality, which does not allow
us to pass to the limit for p¥ — p almost everywhere and in L'. To bypass this problem we
introduce in Lemma 4.4 a J-regularization of the sign function in order to first let N — 400
and then 6 \, 0. In the last part of the section we prove the uniqueness of entropy solutions,
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which allows us to conclude that the whole approximating sequence p converges to p, thus
completing the proof of our main Theorem 1.2.

Lemma 4.3. For every non negative ¢ € C°((0,400) X R), ¢ > 0 and N € N the following
iequality holds

T
timint [ [ 10 —clir—sian(p" ~0l(F(0") = FEDK" ) s = F()K" 5 PN pldadt = 0. (4.2

Proof. Let T > 0 such that suppy C [0,7] x R. The basic idea of the proof is rather simple,
although the computations are quite technical: we need to rewrite the left-hand side of the
inequality so that it is possible to isolate a term with positive sign and then show that the
remaining terms give negligible contributions as N — co. By definition of p%¥ and 5" we obtain

T N-1
/D /RIpN—CM—Sign(ﬁN—C)[(f(pN)—f(C))K’wx—f( VK" xpN pldedt = BT+ IHrZ 1,

=0 =0
where
T rxit1
= [ [ 1R = clpu i,
0 x;
T rein / N
[ s (R R~ S 5 di
IZH i, AN
/ / c)sign(R; — )K" x p p dxdt,
B.T, ::/ / cor — FOIK * pN g + K" % pN o) dadt
0 —00
T poo
—I—/ / cor — F(O)[K" % pNpp + K" % pN ) dadt.
0 TN
For simplicity of notation we set SiN := sign(R; — ¢), we omit the dependence on N and ¢

wherever it is clear from the context. Moreover, we use the label B.T.; (or B.T.;;) to denote the
contribution of the “boundary terms”. Integrating by parts and recalling the definition of p
and the expression for R;, we can rewrite I; as

T Ti41
I; :/ SiRi(%iy1 — &) ( 7£ : o(t, r)dx — @(’%%LH)) dt
0 T

T
+ /O Si[Ri(Tip1 — @) p(t, wiv1) — (Ri — ¢)(Ziv1p(t, wig1) — Bap(t, z;))]dt,

and II; as

f<> a - T |
/ § AT I SN (1 — )t i) — K (2 — ) ot 25))dt

Jj=0

/ i K"(x — z;)p(t,x)dzdt .

T

70
Then the sum I; + I1; becomes

Li+1L=A + A>+ 7Z;,
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T Tit1
= / SiRi(Ziy1 — &) ( 7£ o(t,z)dx — ©(t, l‘z‘+1)) dt,

K3

/ z;)p(t, x)dzdt,

where we set

and

N-1 .71
— Z /0 Sigo(t,xi+1)[Rij:i + f(]{fl) ZK/(xi-f—l — .Ij)]dt

+ Z / Sip(t, Tiz1)[cEiv1 + f](vc) K'($i+1 - xj)]dt

— N N
+ Z /() Slc,o(t,xl)[Rlxl + f(Rl) ZK,($Z — l’j)]dt

N
—Z/ Sip(t, ;)| cxl—k](VC)ZK( i — xj)dt.

By performing a summation by parts, we get

N-1 N-1 .7
Z Z; =BT.9+ Z / gp(t,l‘i)si R;x; +
i=0 i=1 70

N
Z > dt
N-1 .7 N
— ; /O gp(t,xi)si,1 (Rili’il + f( N ) ZK’(SEl — l‘])> dt
N—-1 .1 c N
+ Z:l /0 o(t, ;) (Si—1 — S;) (cavZ f](V EZ: — ) dt
N-2

N-1
=BT+ BTs+ > (AJ+A)+ Y B
=1 =1

where B.T.o and B.T.3 involve the external particles. More precisely, B.T.o = B.T.91 + B.T .92,
where

T . N
B.T.Ql :C/O gO(t,l’N)SNflv(c) ;}\;RNl) ZKI(XN — xj)dt

v(c) — v(Ro)

T
— C/o o(t, z0)So I Xo — xj)dt,

0_$j>

T RN &
/0 o(t,zN)SN-1RN_1 EN_1 Nl Z (Xn — ;) | dt,

2 ||M2

T
B.T.22 :/0 gO(t,l‘o)S[)Ro <i‘0
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and B.T.3 corresponds to

T e &
B.T. :/0 ot rN-1)SN-1 <RN15CN1 + FEBn1) Y K'(xno1 - l“j)) dt
=0

N
T
- [ eltan)sy (
0

N
f(]}\jo) ;)K’(:El — SL‘])) dt.

The terms A3, A? and B; involve, instead, the internal particles and they are defined as follows

-
1 @(t
0
N

T v(R;)
A :/0 (p(t,z:) — o(t, mit1)) Si R (xz + Z (i1 — 25 ) at,

— K'(wi1 — xj)]dt,

BiZ/OT(p(t,xi)(Si_1—S) < —I—LZK >dt

Summarizing, we can rewrite B.T.1 + Zi:_ol(ji +11;) as

N-1 N-2 N-1
BT.4+ BT+ BT+ BTs+ > (Aj+ A7)+ Y (A} +AH + > B,
=0 =1 =1

then estimate (4.2) follows if we prove that such sum is non negative when N > 1, and this can
be done by showing that

N—-1
BT 1+ BT+ Y B;>0, (4.3)
i=1
while
N-1 N—-2 C
BT+ BT+ Y (Aj +A)+ > (A} + A))| < — (4.4)
=0 i=1

for a positive constant C = C(p, K,p,v,T). The remaining part of the proof is devoted to
showing the validity of (4.3) and (4.4). We focus first on (4.3). Integrating by parts, recalling
that ¢(0,-) = ¢(T,-) =0, ¢(t,) > 0 and the assumption (AK), we immediately obtain

BT, = —f](\,c) /OT <90(t7$N) ﬁ;K'(&“N — x;) + ¢(t, o) g:OK’(a?o - xj)) > 0. (4.5)
J= j=
Because of the monotonicity of v (see (Av)), for all times ¢ we know that
So(t)(v(c) —v(Ro(t))) 20, and  Sy-1(t)(v(c) —v(Rn-1(t))) = 0
thus, recalling again (AK), we deduce
B.T.y1 > 0. (4.6)
Let us now consider the generic term B;. Substituting the expression of ;, we get

T — v
Bi:/o go(t,xi)(Si_l—SZ-)[ ZK z; — ;) uZK z; — ;)| dt.

J>i j<i



PARTICLE APPROXIMATION FOR NONLOCAL TRANSPORT EQUATIONS 17

Now, if R;(t), Ri—1(t) are both strictly bigger than c or strictly smaller than ¢, then S;_;(¢) —
Si(t) = 0. Otherwise, since v is decreasing (and we assume sign(0) = 0), we get

Ri(t) 2 c=2 Rii(t) = —2<84(t) = Si(t) <0, w(e) —v(Ri(t)) 20, w(c) —v(Rim1) <0
Ri_1(t) > c>Ri(t) = 0<S8_1(t) — Si(t) <2, wv(c)—v(R;(t)) <0, v(c) —v(Ri—1) >0
and, recalling that K’ is symmetric and K'(x) > 0 if 2 > 0, for all times it holds
gy | v —u(@) w _
(Si_1 — S)) ZK > K'(z;— ;)| > 0.
Jj>i J<i
In particular, B; > 0 and
N-1
> B;i>o. (4.7)
i=1

Then estimate (4.3) is a direct consequence of (4.5), (4.6) and (4.7). Let us consider now (4.4).
First of all, observe that Lemma 2.2 ensures that the support of p"V is always contained in the
support of p. Therefore, since we assume K’ locally Lipschitz, there exists a constant L > 0
such that

L = sup {|K”($)| , TE [_(-'Emax - jmin)y (imax - jmm)]} .
Since the argument is quite technical, it is more convenient to split the left hand side of (4.4)
in three parts:
- -2 N—
Iy =BTa+BTs+Aj+ A%, Ta=> Al+ > A}, Ts Z (A2 + AD).
i=0 = i=1

Recalling that K’, ¢ and v are uniformly bounded and Lipschitz, we get

T
ITq| <4L HSOHLOOHUHLOO/O (Ro(w1 —20) + Ry—1(zNn — 2N-1))dl

C(e,v,L,T)

T
+ 2L [|v]| p Lip|i) /0 Ryl — ax-i)d < 00

Then, inserting the expression of &;, we can rearrange I's in such a way that

Titl Riy1) — v(Ry)| &
<33 [ | £ ) it PN S
j=0
it U(Ri) al / /
+Z R ) =t )| "B S 1) K -
j=0
_ T RZ N
e 3 [ Rt n) — ot B BN S e
i=1 “0 N j=0

(T U(R N ,
+> /0 Rilo(t,z:) — p(t, viy1)] Z —zj) — K'(%iy1 — xj)ldt,
i=1 =0
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and using the Lipschitz and the uniform regularity of K’, ¢, v, estimate (3.1) and the uniform
bound on the support of pV, it is easy to see that

T N-1
ol SALLipldLiplolTVI) [ ¢ Y Rilwies — i)t
0 i=0

S Clep,v,K,p, T
+2L||U”LOOLZp / Z R xl+1_$l) dt< (@7 }V » Py )

(4.9)

It remains to show that also I's vanishes as N — oo. In this case, the uniform bound on K"
implies

T 1’1+1 N
T3] < Z / |F(Rs)] / o(t, x) (t,xi)]Z]K”(x—xj)]dxdt

J=0

C(QO, v, K7 /57 T)
> : (4.10)

Tit1
< Llol~Liig] [ B [ @~ zdrar <
0 T;
Finally, by combining (4.8), (4.9) and (4.10), we obtain (4.4) and, recalling also (4.3), (4.2). O

We are now in the position to prove that the large particle limit p that we obtained in the
previous section is an entropy solution for the PDE.

Lemma 4.4. Let p be the limit of pV up to a subsequence. For every non negative @ €
C([0,+0) x R) and ¢ > 0, one has

o< [ lp-cpto.0)zt [ [ |P—C\<Pt—Sign(P—C)[(f(P)—f(C))K'*/sz—f(C)K”*pcp](dxdt).
4.11

Proof. Let T > 0 be such that supp(p) C [0,T). Roughly speaking, the statement holds provided
we can show that it is possible to pass to the limit as N — oo in the inequality (4.2). More
precisely, we need to prove the following

tim [ 16%(0,2) = el(0, 2)dz = [ p= elil0, 2)d
R R

N—oo

T T
lim / 1PN — ¢| ¢ dadt :/ / lp — c| oy dadt,
N—=ooJo JR 0 JR

T
tim [ [ sign(p™ = )(£(6™) = Fe)K" * 5 . dud

N—=o00.Jo
T
= [ [ signto—s(p) = F@DK" ¢ pepe dat,

A}im/ /f e)sign(p” — )K" « pN p dzdt = //f c)sign(p — ¢)K" x p o dxdt.
— 00

The first two limits are immediate in view of the strong L'-convergence of p™¥(0,z) to p and of
the convergence of p"¥ to p almost everywhere in L!([0,T] x R) respectively. Notice now that
the continuity of f ensures the continuity of the function h(p) := sign(u — ¢)(f () — f(c)). We
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have

T
/0 [ lsign(o™ = )(F(6™) = )K"+ 5 = sign(p = e)(/(p) = F(e)K' + pl o ot

T T
= [ [ho) = mo" DK et + [ [ npMIE (0= V) dad,
0 R 0 R

then the regularity of h and K’ required in the assumptions (Av) and (AK), the convergence
of pVV to p almost everywhere in [0, 7] x R and the strong L'-convergence of K’ x p%¥ to K’ x p
established in Remark 4.2 imply that

T
L L I0o) = DK s p (K 5 (p = ¥ pal dadt 0 (412

as N tends to +o00. Concerning the fourth limit, instead, we can see that
T
/ /f(c) [sign(p™ — ¢)K" % pY — sign(p — ¢)K" * p| p dzdt
0 JR
T
= / / f(e)sign(p" — )K" (" — p) p dudt
0 JR

+ /()T/Rf(CXSign(pN - C) — Sign(p — c))K” % p o dadt.

The first of the two terms can be handled as above. By using Remark 4.2 and Lemma 4.1, we
get

(4.13)

/T/ F@sign(o™ — K"+ (5 — p) pdajdt < CE I lloer0)
0 R N

On the other hand, passing to the limit in the terms including the difference sign(p” — ¢) —
sign(p — ¢) is less straightforward because of the discontinuity of the sign function. Let us then

N

focus on the proof of

T
lim / / f(c)(sign(p™ — ¢) —sign(p — ¢)) K" « ppdedt =0.
o Jr

N—o0

In order to get rid of the discontinuity, we need to introduce two smooth approximations of the
sign function, we call them néi, so that

sign(z) —n(2) >0 and sign(z) —n; (2) < 0.

Let us recall that the regularity of K ensures the existence of a constant L > 0 such that
|K"(2)| < L for every z € [—2meas(supp(p?)), 2meas(supp(p”))] and every N. Then we can
estimate

/T/ f(e)sign(p™ — )K" % pp

0 R
z/OT/Rf(C)Sign(pN—0)(K”—L)*p90+/0T/Rf(C)Sign(pN—C)L*pso
§/OT/Rf(C)n?(pN—C)(K”—L)*p90+/0T/Rf(C)775(pN—C)L*psO-

where the inequality holds because

(sign(p™ —¢) =i (p" = ) (K" = L) % p <0,
(sign(p™ = ¢) =5 (o™ =€) L p <0.
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Now, observe that
T N
tim fe) [ [ 6 (0 =) = (0= N (K" = L) % pio
< im 1@ [ [0~ o) - o N~ 1)

< i s@arleltivi] [ [ 10N -
<C(L 80,775) hm 1™ = pllz(orxR) =0

and in a similar way we get also

T
&ml/ /f@WE@N—@—nﬂp—@ﬂ*pwzm
—00 JQ R
thus implying that
limsup/ /f c)sign(p K”*p90</ /f (p—c) (K" =L)xp+ns(p—c)L*ple
N—o0

Once here, the dominated convergence Theorem ensures that we can pass to the limit as § | 0
to get

limsup f(c / /51gn K”*pgp</ /51gn )K" xpe.

N—o0
A symmetric argument provides the inverse inequality with the liminf replacing the lim sup,
hence we obtain

lim f(c / / (sign(p” — ¢) —sign(p —¢))K" x pp = 0. (4.14)

N—oo

The above argument, together with (4.12)-(4.14), implies estimate (4.11), and the proof is com-
plete. 0

We now tackle another crucial task for our result, namely the uniqueness of the entropy
solution for a fixed initial datum. To perform this task we rely on a stability result due to
Karlsen and Risebro [26], which we report here for the sake of completeness in an adapted
version.

Theorem 4.5. Let f, P, Q) be such that
f s locally Lipschitz, P,Q € WHY(R) NC(R), P, Q. € L7(R),
and let p,q € L>=([0,T]; BV(R)) be respectively entropy solutions to

{ pr = (f(p)P(x))z p(0,2) = po(x),
@ = (f(9Q(x))z q(0,z) = qo(w),

where the initial data (po,qo) are in L'(R) N L>®(R) N BV (R). Then for almost everyt € (0,T)
one has

Ip() — q(®)ller®) < llpo — qoll 1wy + H(CLIP = Qll o r) + C2/|P = Qll By (w)) (4.15)
where C1 = Lip[f] min{||P|| gy (), [|Ql v ®)} and Ca2 = || f]| L.

We are now ready to prove our main theorem.
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Proof (of Theorem 1.2). The results in Theorem 3.1 and Lemma 4.4 imply that there exists
a subsequence of p’V converging almost everywhere on [0, +00) x R and in LlloC to an entropy
solution p to (1.8) in the sense of Definition 1.1. Therefore, the proof of Theorem 1.2 is concluded
once we show that p is the unique entropy solution. We argue by contradiction. Assume that
there exist two different functions p and p satisfying Definition 1.1 with p(0,-) = 0(0,-) = p,
so that we can define two vector fields P(t,z) = K’ x p(t,z) and Q(t,x) = K’ x o(t,z). In
order to apply Theorem 4.5 to P and @, let us check that all assumptions therein are satisfied.
First of all, P and @ are locally Lipschitz w.r.t.  on R thanks to the assumption (AK), thus
P, Q. € L$S.(R). Then, we observe that

loc
| K@= oty — [ K- yett.p)dy
R R

< /]R K" (z = y)(p(t,y) — o(t,y)|dy < Lpllp — oll oo jo,1;01 (m))

|P(t,x) — Q(t, x)| =

and
/ |Py(s,2) — Qz(s,x)|dx = / |K" % p(t,z) — K" * o(t, r)|dx
R R

= [1K" % (= 0)(t.2)ldw < Lllo = ell 1 oiryr oy

where L; = max{||K'||p(1,), | K"||21(1,)}, and I; = [~2meas(supp(p)), 2meas(supp(p))]. As a
consequence

1P — QllLe(o11xr) < Lallp — oll oo jo,17;21 (R))

1P = Qoo (po,71:Bv(R)) < Lillp — oll L 0,101 (r))-

By applying Theorem 4.5 to p, ¢, P and ) we obtain

lp(t) — o)l Lrr) < C(K, p)tllp(t) — o)l L1(w)- (4.16)

Assume that there exists an open interval (t1,%2) C [0,7] such that p(¢,-) and p(t,-) differ
in LY(R) on t € (t1,t2). Then, due to the fact that (1.3) is invariant with respect to time-
translations, inequality (4.16) implies

lp(t-) = o(t, )| L1y < CU, p)(E = t)llp(t,-) — ot )lLrwy Vi€ (B, t2). (4.17)
Now, let t* € (t1,t2) be such that C(K, p)(t* —t1) < 1/2. Then, (4.17) implies that
lp(t,-) —o(t, )l 1wy =0 for all ¢ € [t1,t*],

which contradicts the assumption on the time interval (t1,t2). By arbitrariness of t1,ts, we get
p(t,-) = o(t,-) a.e. on [0,7] x R and the proof is complete. O

5. NON-UNIQUENESS OF WEAK SOLUTIONS AND STEADY STATES

The use of the notion of entropy solutions in the present context is not merely motivated by
the technical need of identifying a notion of solution (stronger than weak solutions) allowing to
prove uniqueness. Similarly to what happens for scalar conservation laws, we prove that there
are explicit examples of initial data in BV for which there exists two weak solutions to the
Cauchy problem (1.8).

For simplicity, we use
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Consider the initial condition
p(T) = X[=1,—1/2) + X[1/2,1]-

Clearly, the stationary function

ps(t,T) = X[=1,-1/2] + X[1/2,1]

is a weak solution to (1.8) with initial condition p. To see this, let ¢ € CL([0,+00) x R). We
have

“+o00
/0 /R[ps@ﬁpsv(ps)K’*ps%] dxdt+/Rﬁs0(0,w)de

“+oo
= / 4 (/ gpdm) dt +/ (0, z)dz = 0.
0o dt \J[-1,-1/2u[1/2,1] [—1,-1/2)U[1/2,1]

We now prove that ps is not an entropy solution, in that it does not satisfy the entropy
condition in Definition 1.1. Let ¢» € C2°(R) be a standard non-negative mollifier supported on
[—1/4,1/4]. Let T > 0 and consider the test function ¢(¢,z) = ¢(x)&(t) with

Y(x+1/2) if -3/4<zx<-1/4
d(x) =S p(x —1/2) if1/4<x<3/4

0 otherwise,

and £ € C*([0,4+00)) with £(t) =1 for ¢t < T, £(t) =0 for t > T+ 1 and £ non-increasing. Let
us set ¢ =1/2, I =[1/4,3/4], and compute

+oo
/ |ps — c|pdx +/ / [|,os — c|¢(x)§’(t) —sign(ps — e)(f(p) — f(c))K’ * ,Osqb'(as)f(t)
R 0 R
—f(e)K" % psd(2)E(t)] dadt

1 T+1
§2/<pdx+f/ E(t)dt {/ K’*pswmd:c—/ K' x pgprdx
I 4 Jo (—=I)N(—00,1/2] (—=DN[1/2,+0)
—/ K' x pgprdx +/ K' x pgprdx —/ K" psgpda:}
IN(—o00,1/2] IN[1/2,+00) (—nuI
1 rT+1
:2/g0d:c—f/ £(t)dt {/ K”*psgodx—/ K" % pspdx
I 4 Jo (=I)N(—o00,1/2] (=I)N[1/2,+00)

—/ K" % pypdx + K" % pypdx + / K" % psgodx} :
IN(—00,1/2] IN[1/2,400) (-nuI

Now, since K" and p, are even, the same holds for K" x ps. Therefore we get
T
[ s =clpde+ [ [ llpe = clior = sign(p. = ) (F(p) = FEDE" # pups = FK" # pug] ot

1 [T+1
<2 / pdx — 5/ E(t)dt // (K"(z —y)+ K"(z +y)) o(x)dydx. (5.1)
I 0 IxI
Let us now require for simplicity the following additional assumption:
K"(z) >0 for all z € R. (5.2)

Actually, such an assumption can be relaxed, see Remark 5.2 below. Then, the last integral in
(5.1) is clearly positive, and recalling that £(t) = 1 on t € [0,T], we can choose T large enough
so that the whole right-hand side of (5.1) is strictly negative, thus contradicting Definition 1.1.
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The above argument shows that ps is a weak solution but not an entropy solution. On
the other hand, the initial condition ps is L and BV, therefore it must generate an entropy
solution according to our main Theorem 1.2. Clearly, such solution cannot coincide with ps. We
have therefore proven the following theorem.

Theorem 5.1. Assume (Av), (AK), and (5.2) are satisfied. Then, there exists an initial condi-
tion p € L>®(R) N BV(R) such that the Cauchy problem (1.8) has more than one distributional
weak solution.

Remark 5.2. The assumption (5.2) can be relaxed to include also Gaussian kernels K(z) =
— Ae=B%* with A, B > 0. Indeed, in order to fulfil

//IX] (K”(iv —y)+ K" (x + y)) (x)dydz > 0

one has to choose the size of the interval I small enough. We omit the details.

Remark 5.3. The fact that the initial condition red p will not give rise to a stationary entropy
solution can also be seen intuitively by using the result in Theorem 1.2. Let us approximate p
with 2(N + 1) particles with mass 1/(2(/N + 1)), with NV integer, and with the particles located
at T;, 1 =1,...,2(N + 1), with

1

Ti=—14+——— =0,...,N
a’:l + 2(N + 1) ) ? ? )
i— N
T; =1/2  =N+1,....,2N + 1.
T /+2<N+1), i +1,...,2N +
Let us now make the particles’ positions evolve with the usual ODE system
. v(R; v(R;_
i = 0§y ) - ) Sy
J>i i<t

It can be easily proven (we omit the details) that the solution to the particle system preserves
the even symmetry of the initial condition. Moreover, the particle xy - i.e. the leading particle
of the left bump of the initial condition - has a positive initial speed which can be controlled from
below by a constant provided that, for example, K’ is supported on R and is strictly monotone
on (0,4+00). Indeed, as all particles x; with i < N are posed at minimal distance at t = 0 and
the initial distance xny4+1 — zx = 1, we have

1 N +1
N (0) = U(I/N)N Z K'(x(0) — zn(0)) > v(l/N)T+K'(2) > v(1/2)K'(2) > 0.
j>N
Similarly, one can show that all particles ¢ = 0,...,N — 1 ‘move’ from their initial position,

although their initial speed is zero. A numerical simulation performed in Section 6 actually
show that for large N the discrete density tends to form a unique bump for large times. Hence,
since Theorem 1.2 shows that the particle solution is arbitrarily close in Llloc to the entropy
solution, this argument supports the evidence that the entropy solution is not stationary.

Apart from producing an explicit example of non-uniqueness of weak solutions, the above
example shows that there are stationary weak solutions that are not entropy solutions, and
therefore cannot be considered as stationary solutions to our problem according to Definition
1.1. This raises the following natural question: what are the steady states of (1.3) in the entropy
sense? Before asking this question, it will be useful to tackle another task: as the approximating
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particle system converges to the entropy solutions, detecting the steady states of (1.6) will give
us a useful insight about the steady states at the continuum level.

Let us restrict, for simplicity, to the case of an even initial condition p, such that ||p||;1 =1
and N € N fixed. We assume here that K’ is supported on the whole R. Consider the following
particle configuration,

B =3+ 4
Tip1 =31+ 4, i=1,..,N—-2 (5.3)
i‘NZij—i-ngl :%—ﬁ.
With this choice we get
1
Ri=—————=1 v(R;)=0 Vi=1,..,N -1,
! N(xi_;,_l —l’i) ( z>

and it is easy to show that this configuration is a stationary solution for system (1.6). Actually,
up to space translations, this is the only possible stationary solution. In order to prove that,
assume that we have a particle configuration as in (5.3) but with only one particle labelled I
such that

I-1

Tr=T1+——, Ty41=T>T;+ —.
I 1 N 0 T Ity

For such a configuration

R; = m

N(Zr41 — 1)
and the I particles evolves according to

: v(Rr) A - v(R1) (1 ,
a:I:—NIJZ:IK(x[—:L‘j):— NI JEIK (N(I_J)) >0,

<1, v(Rr)>0, and wv(R;))=0 Vi#I,

and then Z; moves with positive velocity.

We observe that, as N — oo, the piecewise constant density reconstructed by configuration
(5.3) converges in L' to the step function

pPs = X[-1.1):

The above discussion suggests that all initial data with multiple bumps only attaining the values
0 and 1 are (weak solutions but) not entropy solutions except pg. Actually, this statement can be
proven exactly in the same way as we proved Theorem 5.1, as it is clear that the position of the
decreasing discontinuity at = —1/2 and of the increasing discontinuity at x = 1/2 do not play
an essential role. By choosing the test function ¢ suitably, one can easily show that the entropy
condition can be contradicted by suitably centring ¢ around the non-admissible discontinuities.
We omit the details. As a consequence, we can assert that pg is the only stationary solution to
(1.3) in the sense of Definition 1.1.

6. NUMERICAL SIMULATIONS

The last section of the paper is devoted to present some numerical experiments based on the
particle methods presented in the paper, supporting the results in the previous sections. The
qualitative property that emerges more clearly in the simulations below is that solutions tend
to aggregate and narrow their support. However, the maximal density constraint avoids the
blow-up, and the density profile tends for large times towards the non-trivial stationary pattern
presented at the end of the previous section. We compare our particle method with a classical
Godunov method for (1.2).
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Particle simulations. We first test the particle method introduced in Section 2. We proceed as
follows: we set the number of particles as N and we reconstruct the initial distribution according
to (1.5) (for step functions we simply set the particles initially at distance % from each other
where / is the length of the support). Once we have defined the initial distribution, we solve the
system (1.6) with a MATLAB solver and we reconstruct the discrete density as

- 2N (i1 (t) — zi—1(t))’

The choice of central differences does not effect the particle evolution, since in solving
system (1.6) we define R; with forward differences. The choice in (6.1) is only motivated by the

Ri(t) i=2,.,N—1. (6.1)

symmetry of the patterns we expect to achieve for large times.

Remark 6.1. In the construction of the discrete densities we get the problem of giving density
to the first and the last particles (or only to the last one if we use forward differences). Among
all the possible choices we set at zero these two densities, namely

Ri(t) = Ry(t) = 0.

This is a natural choice if we are dealing with step functions but it is not suitable with more
general initial conditions, see Figure 3.

In all the simulations we set

C 2
v(ip)=1—p, K(x)=——e 2 and N = 300.
(p) p, K(z) NG
In the particles evolution we do not fix any time step that is automatically determined by the
solver.

The first example we provide is the case of a single step function with symmetric support,
p(x) =03 xe[-1,1]. (6.2)

For this initial condition m = 0.6, so the final configuration will be a step function of value p = 1
supported in [—0.3,0.3]. In Figure 1 we plot initial (left) and final (right) configurations, while
in Figure 2 evolution in time is plotted.

Next we show the evolution corresponding to the following initial condition,

A(z) = %(1 — ), zel-1,1]. (6.3)

Even in this case the function is symmetric with respect to the origin so it will converge to the
unitary step function supported in [—0.5,0.5] since p has normalized mass. As in the previous
example initial and final configurations and time evolution of the solution are plotted in Figure 3.

We conclude with step functions with disconnected support. We first study the case

() = {0.2 ze[-0.5,0],

T 6.4
P 0.6 z€[0.51], 64

showing that the two bumps merge into a single step. Since symmetry is lost, it is not straight-
forward to determine where this final configuration will stabilize, but in Figure 4 we can see
that they still aggregate in a step of unitary density and support of length m.
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0.8

0.6

0.4

0.2

This initial condition is a weak stationary solution to (1.3).

time=0 time=1
T T T T T T T T T T T T T T T T T T T
Discretized 12 Discretized density
o Particles ’ o Particles
1k 4
08| e
06 e
04} E
02} 4
ol ) ) ) ) ) ) )
0.8 06 0.4 02 0 0.2 0.4 06 08 1 08 06 04 02 0 0.2 0.4 06 08 1

FIGURE 1. On the left: initial condition as in (6.2); on the right: the final
stationary configuration. We plot the discrete density in (red)-continuous line

and the particles positions in (blue)-circles on the bottom of the picture.

Time-evolution for the discrtized density
T

t=0
t=0.05
ir t=0.1
t=0.2
t=0.3
= e t=0.55
t=1
0.8
0.6
04+ ]
// \\
02f
0 1 1 1 1 1 1 1 1 1
-1 0.8 -0.6 0.4 0.2 0 0.2 0.4 0.6 0.8

FIGURE 2. Evolution of the discrete density for the initial configuration (6.2).

More interesting is the case of the following initial condition:

1 ze[-05,0,
1 ze€]0.5,1].

(6.5)

However, the particle scheme

converges to another solution, actually the unique entropy solution to (1.8). The picture shows

how the two ‘internal’ discontinuities are not admissible in the entropy sense, and they are

therefore ‘smoothed’ immediately after ¢ = 0. In Figure 5 we plot the time evolution of this

initial configuration.
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time=0 time=1
T T T T T T T T T T T T T T T T T T T T T
12 Discretized 12 Discretized density
’ o Particles ’ o Particles
1t 1k i
08| 08| e
06| 06| e
04} 04} i
02} 0.2} i
o ) ) )
1 0.8 Iy 0.6 0.8 1

Time-evolution for the discrtized density
T T T T T T T

t=0
t=0.05
t=0.1
S+ ————— t=0.2
t=0.3
t=0.55
t=1

0 1 1 1 1 1 1 1 1 1

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

FIGURE 3. For the initial condition (6.3) the initial particle configuration is ob-
tained thanks to (1.5). The discrete density behaves suitably around all the
particles except the first and the last one. See Remark 6.1.

Comparison with classical Godunov method. In order to validate the previous simulations
we compare the results with a classical Godunov method. The main issue in this case is to deal
with the two directions in the transport term. More precisely, since the kernel K is an even
function, we can rephrase (1.2) as

Ap = 0u(pv(p)) K (x) + 92 (pv(p)) K, () + po(p) K" % p, (6.6)
where
K, (z) = - K'(x —y)p(y)dy > 0,
K, ()= [ K'(z—y)p(y)dy <0
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time=0 time=1
T T T T T T T T T T T T T T T
—— Discretized d —— Discretized density
12 ; 12 ; E
o Particles o Particles
1t 1k i
0.8} 0.8} i
0.6 |- —_— 0.6 |- E
0.4} 0.4} i
0.2} 0.2} i
o . . . . . . . . . . .
0.6 0.4 - 0.8 1
Time-evolution for the discrtized density
T T T T T T T T
t=0
12} t=0.05 i
t=0.1
t=0.2
t=0.3
t=0.55
1 t=1 i
0.8 g
0.6 g
04h F\\\ i
02} | \M 4
0 ’ 1 ’ 1 \ 1 1 1
-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

FIGURE 4. Evolution of a the two steps initial condition (6.4). The pattern on
the left is the one with less density and moves faster attracted by the one on the
right and they merge in a single step of unitary density.

The evolution of p is driven by two transport fields: K; pushing the density from left to right
and K, pushing the density from right to left. The third term on the r.h.s. in (6.6) plays the
role of a source term. Following the standard finite volume approximation procedure on NN cells
[:U JEREE T }, the discrete equation reads as

F+
d J+3
P = K () —2

_ Ft
jf
Ax

J+3 J—=
Az

N|=

1
+ K, (z5) + pjv(py)dK;

where thr , and FJ; ; are the Godunov approximations of the fluxes and d K is an approximation
2 2
of the convolution in the reaction term obtained via a quadrature formula. We integrate in time

with a time step satisfying the CFL condition of the method. In Figure 6 we compare the
solutions obtained with the two methods in all the examples illustrated above.
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time=0 time=0.05
T T T T T T T T T T T T T T T
Discretized d Discretized density
12+ . 12 . B
o Particles o Particles

1+ 1+ .
08 08 -
0.6 0.6 B
04 04 -
0.2 0.2 B

n n l

time=0.2 time=1
T T T T T T T T T T T T T T T

121 Discretized d 121 Discretized density | |

' o Particles ' o Particles

1t 1t e
06 06 e
04 0.4} -
02 02 i

o ) o ) ) )

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

FIGURE 5. Solution to (1.8) with initial condition (6.5). The initial condition
is a weak stationary solution to (1.3). However, the particle scheme converges
to another solution, actually the unique entropy solution to (1.8). The picture
shows how the two ‘internal’ discontinuities are not admissible in the entropy
sense, and they are therefore ‘smoothed’ immediately after ¢t = 0.
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