STABILITY OF GEOMETRIC FLOWS OF CLOSED FORMS

LUCIO BEDULLI AND LUIGI VEZZONI

ABSTRACT. We prove a general result about the stability of geometric flows of “closed” sections
of vector bundles on compact manifolds. Our theorem allows us to prove a stability result for the
modified Laplacian coflow in Ga-geometry introduced by Grigorian in [9] and for the balanced
flow introduced by the authors in [2].

1. INTRODUCTION

In [4] Bryant introduced a new flow in Gg-geometry which evolves an initial closed Go-
structure along its Laplacian. Bryant’s Laplacian flow is a flow of closed 3-forms and its well-
posedness is not standard since the evolution equation is weakly parabolic only in the direction
of closed forms. The short-time existence of the flow on compact manifolds was proved by
Bryant and Xu in [5] introducing a gauge fixing of the flow called Laplacian-DeTurck flow and
then applying Nash-Moser theorem.

In [16] Lotay and Wei proved that in the compact case torsion-free Go-structures are stable
under the Laplacian flow. This means that if the initial datum is “close enough” to a torsion
free Go-structure, the Laplacian flow is defined for any positive time ¢t and converges as t — oo
in C'*°-topology to a torsion-free Ga-structure.

Following Bryant and Xu ideas, other similar flows have been introduced in Go-geometry. For
instance Karigiannis, McKay and Tsui defined in [13] the Laplacian coflow which is the “dual
flow” to the Laplacian flow since it evolves a closed Go 4-form along its Laplacian. Although the
Laplacian flow and coflow are similar from the geometric point of view, it turns out that their
defining equations are quite different from the analytic point of view and the well-posedness of
the Laplacian coflow is still an open problem. To overcome this technical difficulty, Grigorian
modified in [9] the Laplacian coflow by introducing two extra terms, one of which depends on
a parameter A. In the compact case, this modification is always well-posed for any choice of
A € R [9], but it has been shown that the behaviour of the flow may significantly depend on the
choice of A (see [1]).

In [2] the authors showed that the proof of Bryant and Xu about the well-posedness of the
Laplacian-DeTurck flow can be generalized to a quite large family of flows proving a general
result which allows us to treat short-time behaviour of Grigorian’s modified Lapalcian coflow
and of a new flow of balanced metrics in Hermitian geometry.

In the same spirit in the present paper we prove a general result about the stability of a
significant class of flows around linearly stable static solutions. Our theorem can be used to re-
obtain the Lotay-Wei stability of the Laplacian-DeTurck flow around torsion-free Ga-structures
(which is a significant part of the main theorem in [16]). As a main application of our theorem
we prove the stability of the modified Laplacian coflow when the parameter A is zero. Note that
in [9] it is suggested to consider only the case A > 0 and big enough, in order to ensure at least
initially that the volume increases. However the term involving the parameter A does not affect
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the well-posedness of the flow and our result suggests to consider the case A = 0 as the best
choice for the parameter.

Finally the main result of the present paper applies to the geometric flow of balanced metrics
introduced by the authors in [2] and yields the stability of the flow around Ricci-flat Kahler
metrics.

The paper is organized as follows. In section 2 we give the statement of the main result and
we declare some notation we will use in the sequel. Section 3.4 is devoted to the proof of the
stability of the modified Laplacian coflow around torsion-free Go-structures when the parameter
A is zero. The proof is obtained by mixing the use of our main theorem with some techniques
used in [16] to prove the stability of the Laplacian flow. In section 4 we prove a stability result
involving the balanced flow around Calabi-Yau metrics. In the last section we give the proof of
the main theorem.

Acknowledgements. The authors would like to thank Jason Lotay and Gao Chen for useful
discussions. The authors are also grateful to the anonymous referee for raising important points
and helping to considerably improve the presentation of the paper.

2. STATEMENT OF THE MAIN RESULT

In this section we describe our setting and give the precise statement of our result.
Following the terminology introduced in [2] a Hodge system on a compact Riemannian manifold
(M, g) consists of a quadruplet (E_, E,D,Ap), where E_ and E are vector bundles over M
with an assigned metric along their fibers, D: C>*°(M,E_) — C*(M,E) and Ap: C*°(M,E) —
C*°(M, E) are differential operators such that

(2.1) ¢ = DGD*)

for every ¢ € Im D, where G is the Green operator of Ap and D* is the formal adjoint of D.
The foremost example of Hodge system over M is defined by E_ = AP, E = AP*1. D =4
and Ap = dd* + d*d is the standard Laplace operator, on a compact Riemannian manifold.
Condition (2.1) in this case is a consequence of the standard Hodge theory. Another interesting
example of Hodge system occurs in the study of balanced metrics in complex geometry and it is
defined by setting D = 00 and as Ap the Aeppli Laplacian (see the discussion in section 4).

Given a compact manifold M with a Hodge system (FE_, E, D, Ap), we consider an open fiber
subbundle £ of E' and a partial differential operator of order 2m

Q: C®(M,E) — C>®(M,E),
and a linear partial differential operator

D+Z COO(M, E) — COO(M, E+)

such that
ImD Cker Dy,
where E is a vector bundle over M. Let ® = ker D1 NC*°(M,E). We assume
1. Q(®) C Im D;

2. there exists a smooth family of strongly elliptic linear partial differential operators
Ly,: C®(M,E) = C>*(M,E), p € C°(M,E), such that

Quip(¥) = Ly(¥)
for every ¢ € ® and ¢ € Im D;
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3. there exists a smooth family of strongly elliptic linear partial differential operators
lg: C®°(M,E_) - C®(M,E_), ¢ € C>*(M,E), such that
Q.p(DO) = Dl (0)
for every p € ® and 0 € C*°(M, E_).
In [2] the authors proved that for every ¢ € ® the evolution problem

(2.2) ot = Qpt),  Pu=0=¢o0, ¢t€U,

is always well-posed, where
U={po+Dy : y€C®(M,E_)} NC®(M,E).
The main result of the present paper is the following

Theorem 2.1. In the situation described above, let p € ® be such that

L. Q(p) = 0;
2. the restriction to DC* (M, E_) of Lg is symmetric and negative definite with respect to
the L? inner product induced by g.

Then for every e > 0 there exist 6 > 0 and C' > 0 such that if

o — @Plloe <6

then (2.2) has a unique long-time solution {¢;}ic(0,00) Such that

loe = @l < e, and  [|Q(wr)llc= < CllQ(po)l L2 e

for every t € [0,00), where A is half the first positive eigenvalue of —Lg. Moreover, ¢, converges
exponentially fast in C™ topology to a v € U such that Q(peo) =0 as t — 0.

Whenever we write || f||ce < €, we mean that || f||-x < € for every k € N. In the statement
above the C*-norms and the L?-norm are with respect to the background metric g. Conditions
1. and 2. in theorem 2.1 say that @ is a linearly stable fixed point of the flow. Hence roughly
speaking the theorem says that linearly stable fixed points of the class of flows we are considering
are indeed dynamically stable.

3. FROM THEOREM 2.1 TO THE STABILITY OF THE MODIFIED LAPLACIAN COFLOW

Let (M, ¢p) be a compact manifold with a fixed Gg-structure. The Laplacian flow is defined
as

(3.1) Ovpr =Ny pr, dpy =0, ¢ € CO(M,AY), @0 =0,

where A3 is the fiber bundle whose sections are Go-forms on M and for any ¢ € C*°(M, A3) the
Laplacian operator induced by ¢ is denoted by A,. The well-posedness of the flow was proved
by Bryant and Xu in [5] applying Nash-Moser inverse function theorem to the gauge fixing of
the flow given by the following proposition.

Proposition 3.1 (Bryant-Xu). There exists a smooth map V: C*°(M,A})—C> (M, TM) such
that the operator

Q: C=(M,AY) = (M), Q) = App + Ly ()
satisfies

Qup(0) = —Apo + d¥(o)

for every closed Go-structure ¢ and o € dQ*(M), where L is the Lie derivative and ¥ is an
algebraic linear operator on o with coefficients depending on the torsion of ¢ in a universal way.
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We briefly recall the definition of the map V since we need it for studying the modified
Laplacian coflow. Let V° be a fixed background torsion-free connection on M. For any ¢ €
C>(M, Ai) let V¥ be the Levi-Civita connection of the metric induced by ¢. Let

¢ =v¥ -V
We can locally write T% = %T]Zkﬁmz ® dx? o dz®. Then V is locally defined as
(3.2) Vip) =c1 g”qT;'q +co g’“Tjk

where ¢; and co are universal constants.
The “modified” Laplacian flow

(3-3) Ot = Dot + Ly(o)pr, dor =0, o€ C®(M,AY),  @u—o =0,
is often called the Laplacian-DeTurck flow.
In [16] Lotay and Wei proved the following stability result about Laplacian flow

Theorem 3.2 (Lotay-Wei [16]). Let ¢ be a torsion-free Go-structure on a compact T-manifold
M. There exists 6 > 0 such that for any closed Go-structure pg cohomologous to @ and satisfying
llpo — @llce < 8, the Laplacian flow (3.1) with initial value o exists for all t € [0,00) and
converges in C™-topology to ¢ss € Diff’ - ¢ as t — co.

In the statement above the C*-norms are meant with respect to the metric induced by @. The
proof of Lotay-Wei theorem in [16] can be subdivided in two steps: in the first step it is proved
the stability of the Laplacian-DeTurck flow and in the second step it is recovered the stability
of the Laplacian flow. The stability of the Laplacian-DeTurck flow can be deduced from our
theorem 2.1 taking into account lemma 4.2 in [16]. Indeed, according to our setting we put

E_=AN’M, E=ANM, Ei=A'M =A%

D=d: 0*(M) = Q3(M), Di=d:QM)— QM)
and we take Ap: Q3(M) — Q3(M) to be the Laplacian induced by a fixed background Rie-
mannian metric. Furthermore @ is the space of closed Ga-forms on M and for ¢ € ® we take

L,=—-A,+d¥, on 3-forms;
lo=—-A,+ ¥, on 2-forms,

where U is defined in proposition 3.1. If ¢ is a torsion free Go-structure, then Q(@) = 0 and the
restriction of Ly to dQ?(M) is —Ag. Therefore theorem 2.1 implies that for every e > 0 there
exists 0 > 0 such that if ¢ is a closed Ga-structure cohomologous to ¢ satisfying ||po—@|lc~ < 6,
then flow (3.3) with initial value g has a long-time solution @; defined for ¢ € [0, 00) such that
|pt — @llcee < € and @; converges in C*°-topology to some torsion-free Ga-structure P in
[¢] € H3(M,R). Now lemma 4.2 of [16] implies that ¢, = @ if € is taken small enough. Indeed
lemma 4.2 of [16] implies that for € small enough the L?-norm of @; — @ decays exponentially
and consequently ¢~ = @. The long-time existence of the Laplacian flow easily follows. Indeed,
let ¢4 be the curve of diffeomorphisms solving

Odr = =V(&t)p, o =1dn,

then ¢ := @7 (P¢), t € [0,00), is a long-time solution of the Laplacian flow with initial condition
¢jt=0 = wo. The convergence of the flow in theorem 3.2 is proved in [16] by using the Shi-type
estimates for the Laplacian flow proved in [15].

Next we focus on the Laplacian coflow. The Laplacian coflow is the analogue of the Laplacian
flow where the initial Go-structure is assumed to be coclosed instead of closed. Indeed a Go-
structure ¢ on a smooth manifold M can be alternatively given by the 4-form v = *,¢ and the
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fixed orientation. In [13] it is defined the Laplacian coflow
Ohr = Ay,  dipy =0, Py € C(M,AL),  Yy—g = to,

where here A} is the fiber bundle whose sections are Gg-4-forms and Ay, is the Laplacian
operator induced by ;. Unlike the Laplacian flow, there is no known gauge fixing that makes the
Laplacian coflow parabolic, for this reason in [9] Grigorian proposed the following modification

(3-4) Ohr = Ayythy + 2d((A — tr Ty, ) *p, ¥u), dipy =0, W € C®(M,AY), Y=o = Yo,

where 4 is a constant and for a Gy 4-form ¢ € C°(M, A%) the function tr T is the trace with
respect to the metric g induced by 1 of the torsion tensor

1
ﬂg(vx o U, Ly )

for X,Y in C*°(M,TM), where V is the Levi-Civita connection of g. It is not difficult to see
that

Tw(X, Y) =

1
trily, = Z*d) (d*w@b/\*w’(ﬂ).

Under this modification the flow is still not parabolic, but it can be further modified by using
a DeTurck trick.

In this section we revise Grigorian’s proof of the well-posedness of the Laplacian coflow in
order to show how the flow fits in our setting in the case A = 0.

We first recall how the space of smooth forms on a Gs-manifold splits into a direct sum of
irreducible modules (we refer to [4] for details). Given a Go-manifold (M, ¢) the space of 2-forms
and 3-forms split in irreducible Gao-modules as

(M) =04 (M) @ Q3(M),  QP(M) = Q3 (M) ® B(M) & Q}(M)

where
(M) = {xp(a A xpp) = a€ (M)},

Q7(M) = {
QL (M) ={ac Q*(M) : ahp=—x,a}
and
Q3. (M) ={aec QM) : aNp=aAxp=0},
DB(M)  ={xp(ang) : a€Q (M)},
QM) ={fp: feC(M)}.
The space of symmetric 2-tensors S?(M) on M is isomorphic to Q3 (M) @ Q3-(M) via the map
ip: S2(M) — Q3(M) & Q3,(M) locally defined as
i(h) = hlpigeda” A da A da®

for every h = h,sda” o dz®, where (), are the components of ¢ in the coordinates {z',...,z"}.
Although the following lemma arises from [9], we prefer to give a proof of it in order to frame the
Laplacian coflow in our setting and point out that the vector field needed to apply the DeTurck
trick is the same used in the Laplacian flow.

Lemma 3.3. Let Q: C*®°(M,A%) — QY(M) be defined as
Q) = Ayth + 2d((A — tr Ty) %y V) + Ly sy ¥ s
where V (1) is defined in (3.2). Let {wt}te(fe,e) be a smooth curve in C*°(M, Ai) and
or=*p 0, U =0pu—ott, ¢=Oh—opr.

Then . '
Mjt=0Q(Yt) = —Ayytp + 24dp + d¥ (1))
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where W is an algebraic linear operator on ) with coefficients depending on the torsion of g in
a universal way.

Proof. In this proof we use the same notation as in [4, 5] denoting by d? the projection of d onto
Q2 (M). We also set ¢ = 1) and ¢ = o to simplify notation.
From [12] it follows that ¢ and 1 are related as follows

=3 T (f N+ [P b =4+ [P A =5 f?
where f9 is a smooth function, f! € QY(M) and f2 € Q3.(M). A direct computation via the
formulas in [5] yields

Orjmo Dyt = dp(¥)) ;gm0 Loy (xyuyth = dq(¥))
where .
p(1h) = 35y d(fO N @) + #pdf® + xpd +y, (fF A @) + Lot
q(1) = 5%, (Af° A ) + %, (d27 2 A o) + Lot.,
and by “l.o.t.” we mean “lower order terms”.

Moreover if we denote by 77(dy)) the component of dip in ,Q2(M) = {a At : a € QY (M)}
we have

. 1 2
w7 (dep) = 4dfO Ao + §d$7f3 A+ gd;fl A+ Lo.t.
and from d¢ = 0 we deduce
d2T 3 = —12df° — 240 f! + lo.t.

which implies '
q(p) = =T x, (dfO A @) — 2%, (dEfE A @) + Lot

Therefore
P() + q(h) + *pd kb = 255 dxy (fL A @) — 2 5, (dEf1 A ) + Lout.
Now A .
xpd x5 (f1 A @) = ;dIfISD+§ xp (dTfY N @) + dir f!
and so

() 4+ q() + *pd xp b = 25, dxy (LA Q) — 25, (dEfE A @) + Lot

3
= il o (d7f N p) + 205 f! =25, (d7f A ) + Lot

8
= ?dzflgo — x,(d2f1 A @) + 2d5; f1 + Lot

From
Alrg (F A ) = =210 — 3w (A A o) + !
we deduce
P() + a()) + xpd #g = 2d(x,(F1 A ) +2d] f1p + Loot.
Finally

TrTy = i o (do N ) = dTft +lo.t.
and consequently
p() + q(¥) + 2(A — Tr Typ)p + *pd %4 ) = 2d(xo(f* A9)) + 240 + Lo.t.
Therefore
Njr=0Q(Vr) = dp@) + dq(d?) +2d(A-TrTy) = _A¢¢ +2Ady +lo.t.

and the claim follows. O
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Now we note that torsion-free Go-structures are critical points of the functional ) regardless
of the value of A. We concentrate on the case A = 0.
The main result of this section is the following

Theorem 3.4. Let ¢ € C*(M, Ai) be a torsion-free Go-structure on a compact 7-manifold M.
There exists § > 0 such that if g € C°(M,A}) is closed and satisfies

o = Pllcee <&, [1ho] = [¥],

then the evolution equation
(3.5) Onbe = Ayythr — 2d((tr Ty) *¢, ), V=0 = %0,

has a unique long-time solution {wt}te[o,oo) which converges in C®-topology to Vs € Diff® - 4
ast — 0o.

In the statement above and in the following proof the C’k—ngrms and the L?-norm, where not
specified, are meant with respect to the metric g induced by .

Proof. Our approach mixes the use of theorem 2.1 with some techniques used in [16] to prove
the stability of the Laplacian flow. We first apply theorem 2.1 to show the stability of the gauge
fixing of the flow and then use Shi-type estimates in [6] to recover the stability of the original
flow. The proof is subdivided in the following three steps:

1. We prove that for 6 small enough a gauge fixing to (3.5) has a long-time solution @Et which
converges in C* topology to a torsion-free Ga-structure 9o € [¢b] and stays C'*°-close

to .
2. We show that for a suitable choice of 4, 1/;15 converges in L%-norm to 1, which implies
that ¢ = ¢;

3. We recover the stability of the original flow.
The proof of steps 2 and 3 are close to the case of the Laplacian flow.

Step 1. If we choose as background metric the metric g induced by the torsion free Ga-structure
1, then lemma 3.3 together with theorem 2.1 implies that for every € > 0 there exists 6 > 0 and
k> 0 such that if 9y € C°°(M, A}) is closed and satisfies

[0 = Yllee <3, [vo] = [¥],

then the evolution problem
(3.6) Oty = A@;ﬁ[}t — 2d((tr Ty) *, i) + ﬁv(@ztﬂ/}t ;Y=o = Yo
has a long-time solution {J%}te[o,oo) such that
b — llow <€, for every t € [0, +00)
and
(3.7) 1A, 8 = 2d((tr T3) %, 0) + Ly gy Gellow < re™

for every t € [0, 00), where A is half the first positive eigenvalue of Ay. Furthermore, 1y converges

exponentially fast to a torsion-free Go-structure ¢, € [)].

Step 2. We show that if we choose € small enough in the previous step, then the L?-norm of
0, = vy — 1 decays exponentially. Let Q: C*°(M,A%) — Q*(M) be defined as

Q) = Aytp —2d((tr Tp) *y ¥) + Ly sy -

Since @ sends closed forms to exact forms we can write
(3.8) 016 = Q(vhr) = Qu5(00) + dF () = —Agihy + dF (6y) ,
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where we used also lemma 3.3. Next we consider ©(¢)) = %4 and write

O(th) = #50 + S1(6:) + S2(61)

where S1(0;) = ©,;(6). Arguing as in [12] we can observe that both dS(;) and dS>(6;) are
dominated by 6,V for [0¢l|ceo small, where V is the Levi-Civita connection of g. Note also
that dSi1(6;) is linear in V;.

Let Q*(t) := Ayt. Then

Q' (1) — Q' (¥) — Q*w(et) dxj, dxg, oy —d *5 dS1(0:)
=dxg, dxg, Yy — dxg dxg b+ drg dxg Gy — dxg dSi1(6;)
=d(xg, —#g)dxg, U+ doxg d g, by — d g dSi(6)
=d(xg, —wg)dxg P +dxg dSy(8;).
Thus we can write Ad;tlﬁt = in(et) + dF'(0;) with F1(6;) dominated by 6,V#;, for ||9tHCg°

small, since (x B *1;) is a 0""-order operator depending on 6; polynomially.
Now let q2(t) = (v (A A ) %y v and Q2() = dg2(4), then

Moreover

() — () — *|¢(9t) (x5, (d wt A)) g, Pr — (kg (x5dS1(0:) A D)) 5 O

= ((rg, = *a) (5, e N (e — ) (x5 *wb) ( (5 e A (e = ))) 5 9

(g, (5 e ND)) w0+ (v, — *@)(d’;twt A1) (x5 w5 0) + (g (5 e N ) (g, 0 — *590)

i —
+ (e (s e A (e — ) (g, 0 — #500) — (x5 (x5dS1(0) N )) %50,

and consequently we have that Q2(¢;) = (0;) + dF?(6;), with F2(0;) dominated by 6,V6;,

*\w
for [|0¢]|cee small.

Finally, if Q3(¢) = Ly (x4, then [16, formula (4.13)] (once regarded on 4-forms) yields

Q3 () = Q*W,(@t) + dF3(6y),

with F3(6;) again dominated by 6,V;, for [[0¢]|cge small. Therefore in (3.8) we can put F'(6;) =
F1(0;)— F*(6;)+ F3(6;) and we have that there exists a constant C’ > 0 such that the pointwise
estimate |F(6;)|5 < C'|6:|5/V6¢|5 holds for [0¢]| o small. Now

d d _ _
G100 =5 [ 0B Voly =2 [ 906,000 Vol =2 [ g6, -0+ dF(60) Vol
— 20+ 2 [ g, F6)) Vol < ~2a'0i 2 [ |a°05|F(6)]5 Vol
M M

<~ 20l + 20" [ (00510151984l Voly < 2|83+ 2C7e [ |a7015/V0ulg Vol
M M

< =2 d 012> + Ce(l|d0:] 72 + [ VOIZ2) -
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Weitzenbock formula yields that there exists a constant C” > 0 depending only on bounds of
the curvature of g such that

V0|72 < |d*0¢]72 + C” |67 -
Since
[ERA PN A

we get
d
072 <AN(C'e = D)0 T2 + C"CTel01][72 = (=40 + C"e)|0i][72 ,

with C" = C'(4\+ C"). Therefore for e small enough, Gronwall lemma implies that ||¢; — || 2
decays exponentially.

Step 3. We recover from 1), a long-time solution ; to (3.5) and we show that v, converges
exponentially fast to a torsion-free Gg-structure in C*°-topology. Let {¢;} be the family of
diffeomorphisms solving

Ot = =V (x5, 0t) g s Pp=o =1d,
and correspondingly let us set
b = ¢y .
From the convergence of 1 in C3° topology it follows that ¢; converges to a limit map ¢oo.

Arguing as in [16] we get that ¢ is in fact a diffeomorphism. Indeed, if X is a vector field on
M, we have

1 ~ -
3O (X)IG = (01 $1(X), 612(X)) = = 0160(X) 5 [¢1=(X) g = = |V (s, 81) | |fe (X)) -
Hence
Orlog [dr«(X)lg = — [V (xg,%1) o
and integrating we deduce
[61e(X)|y > 1 X[ge™ b IVEaPllor ds.
Since 1y converges exponentially to 1) in C™ topology, we have that ||V (* @tqﬂt)ﬂcq decays
exponentially so that
(3.9) ¢6(X)]g = C'|X]g,

where C' is a positive constant which does not depend on X and t. This last inequality holds
true for oo and it follows that ¢ is a local diffeomorphism homotopic to the identity and hence
a diffeomorphism. Since v stays close to 1) in C*°-topology, up to choosing a smaller €, (3.7)
yields

1A g, e —=2d((6 Ty) x5, 0)) + Loy gy delloze < 20185, Pe—2d((tr To)x g, o)) +Loy g, Pellege < 20
where g; is the metric induced by @t. By diffeomorphism invariance it follows that

(3.10) l0rllcge = 1A e — 2d((sr Ty g, ¥e)llcge < 206

where ¢; is the metric induced by ;.
Now if we write

aﬂ/}t = oy N\ *th +3 *apy iwt (ht)

we have in particular

lownlicg = lloe A syl + 113 5y, v, (he) g -
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Thus (3.10) implies ||h||%, < Cre ", where C' is a positive universal constant. Moreover
gt
by [9, Proposition 3.1]

1
Orgt = §(trgz ht) g¢ — 2hy

so that for a vector field X # 0 on M we have
919X, X)) < (3t hul + 2 el ) 90X, X) < Oy, 91(X, X)

for some constant C' > 0 and integrating % we deduce

_c c
e Ygo < gt <exgo

so that the metrics g; and gy are uniformly equivalent. It follows that g; is uniformly equivalent
to g and so H@t@thCg < Ce ™ for some constant C' > 0. Thus ¢, converges in C9-norm to some

4-form o. On the other hand, by (3.9) we have
o — 630ly < Jim ([t — vy + 4 — 6101y + 167 — 62 y)
< Jim (Jthoo = il + Clib — Wl + (6} — 62)l5) =0,

so that 1. = ¢% 1.

The last part consists in showing that ¢ converges to 1 in C'*°-topology. We just describe
the procedure and refer to [16] for details. First we have exponential estimates for the g-norm of
the curvature Rt of g; and the first covariant derivatives of the torsion Tt of @;t. Then for t large
enough we deduce corresponding estimates with respect to the gi-norms (since g; is uniformly
equivalent to g) and finally by diffeomorphism invariance we have uniform bounds for the g;-
norm of the curvature R; of ¢g; and the covariant derivative of the torsion 7} of ;. This allows
us to use the a-priori Shi-type estimates for the Laplacian co-flow [6, Theorem 2.1] (Note that
the flow (3.5) is a reasonable flow of Ga-structures in the sense of [6]). Now the lower bound
on the injectivity radius of g; (again by uniform equivalence) and the compactness theorem for
Go-structures [15, Theorem 7.1] gives us the convergence of ¥ to 1o in C*°-topology. O

3.1. Examples and Remarks. It is known that in the case A > 0, the modified Laplacian
coflow may have some stationary points which are not torsion-free. Here we observe that such
stationary points are not stable in general. A class of examples is provided by nearly parallel
Ga-structures which are characterized by the equations

(3.11) dip =0 and d(xy0) =107,

where 79 is a constant. For instance the standard Ge-structure on the 7-sphere Spin(7)/Gy is
nearly parallel. Let us study the evolution of a nearly parallel Go-structure 1) by equation (3.4)
with A > 0. For 1 nearly parallel one has

Ayth + 2d((A — tr Ty) #y ¥) = 70 (24 — 379) ¢

It is immediate to note that if the torsion form 7y is 2A then 1 is stationary for (3.4) (see also
[14]). In general the modified Laplacian coflow starting from a nearly parallel Go-structure vy
acts by rescaling ¥ = ¢, where ¢; solves the ODE

(3.12) %ct = 05/47'0 <2A — 30;1/47()) )

where 7y is the torsion form of g defined by (3.11). Now consider A > 0 fixed and take ) nearly
parallel and stationary. Take 1) = ut) with p a real constant. Now if 4 > 1 we have that ¢; is
increasing, while if i < 1 we have that ¢; is decreasing. In both cases the flow steps away from
the stationary solution and 1) is unstable.

We can use the same computation to illustrate another phenomenon. Grigorian noted in [9] that
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the volume is increasing along the modified Laplacian coflow (3.4) if and only if the following
inequality is satisfied for every ¢
T3> 4 tr Ty (4A — 3tr T}) > 0.

In the case A = 0, the volume may decrease. Indeed in the situation above we have

i.e.
= (1-35751)?.
Since

Voly, = CZ / 4\7011/,0
the volume decreases.

Next we focus on examples of static solutions to the modified Laplacian coflow which are not
torsion free. To construct such examples we consider nilpotent Lie groups and we work in their
Lie algebras in an algebraic fashion.

Example 3.5. Let M = T*xH?/T, where T* is the 4-dimensional torus, H® is the 3-dimensional

Heisenberg Lie group
3 lzz
H>=<|01y||z,y,2,€R
001

and I is the co-compact lattice of matrices in H? with integral entries. Notice that M can be
regarded as the product of the Kodaira-Thurston manifold with the 3-dimensional torus and it
is a 2-step nilmanifold admitting a global coframe {e,...,e"} which satisfies

d@i:()a 7:2172737475’7 de6:el/\e7‘

Let

5= 128 | M5 4 Q16T | (246 25T (34T 356
be the “standard” Ga-structure with respect to the co-frame we have fixed. (As usual we denote
by ¥k the form e’ A e/ AeF A...). An easy computation implies that @ is co-closed and that

1/) - x 64567 4 62367 + 62345 + e1357 . 61346 o 61256 o e1247

1'%
is a static solution to (3.5). More generally it can be noticed that every left-invariant Go-structure
M of the form

o= Cle123 + 626145 167 46 57 347 356

+ 6462 — 6562 — Ccgé — cre

gives a static solution to (3.5) and that every left-invariant co-closed Go-structure on M is static.

+ c3e

Example 3.6. Let g be the nilpotent Lie algebra admitting a coframe {e!,...,e"} satisfying
de! =0, i=1,3,57, de®=—e3, de*=¢e', def=¢'"

and let G be the simply-connected Lie group having g as Lie algebra. Then G has a co-compact
lattice I' and we set M = G/T". A direct computation gives that the standard Ga-structure

o= 123 4 U5 4 Q16T | 26 _ 257 _ 34T _ ;356

is coclosed and static with respect to the modified Laplacian coflow with A = 0. However,
in contrast with the previous example, we have that on M there are left-invariant coclosed
Go-structures which are not static. For instance if we consider

o= 6%6123 + 656145 + 036167 + 626246 _ 036257 _ C§e347 . 036356

for ¢; constant, then ¢ is coclosed and the corresponding 1 satisfies

Adﬂ/} — 2d(tr Ty %y 2

)= 2(cacqc7 + cacsee — c3c4C6) 1357
p— 2 °
cicscser
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Remark 3.7. Note that the Ga-structures in Example 3.5 and Example 3.6 cannot be torsion-
free since a (compact) nilmanifold M cannot admit a left-invariant Ge-structure unless it is a
torus.

4. FROM THEOREM 2.1 TO THE STABILITY OF THE BALANCED FLOW

We recall that given a Kéahler manifold (M, wy) the Calabi-flow starting from wy is the geo-
metric flow of Kéahler forms governed by the equation
(4.1) Oywi = 1005, , Wig=0 = Wo
where s, is the Riemannian scalar curvature of w;. Many properties of the flow were proved in

[7]. Here we recall the theorem by Chen and He about the stability of the Calabi-flow.

Theorem 4.1 (Chen-He). Let (M,w) be a compact Kdilher manifold with constant scalar cur-
vature. Then there exists 6 > 0 such that if wg is a Kdhler metric satisfying

lwo — @l|cee < 6,
then the Calabi-flow starting from wqg is immortal and converges in C* topology to a constant
scalar curvature Kdhler metric in [©)].

The Calabi-flow was generalized to the context of balanced geometry by the authors in [2]
(see also [3] for a generalizations in a different direction). A Hermitian metric on a complex
manifold is called balanced if its fundamental form is co-closed (instead of closed as in the Kéhler
case). Given a compact balanced manifold (M, wy) of complex dimension n the balanced flow
consists in evolving wg as

O x¢ wy = 100 *¢ (pr Awy) + (n — 1)AtBC *p Wy
(4.2) dwy™t =0
Wjt=0 = Wo ,
where *;, p; and AtBC are the Hodge star operator, the Chern-Ricci form and the modified

Bott-Chern Laplacian of wy, respectively (see [2] for details). Also this flow fits in the class of
flows of theorem 2.1 when we consider the following Hodge system:

Qn72,n72 D=idd Qn— 1,n—1

lAD:AA

Qn—2n—2 L‘ Qn—1n-1
where A4 is the modified Aeppli Laplacian
Ap=099"90 + 000 0" + 90 90" + 90" 90" + 90" + 00 .
Theorem 4.2. Let (M,w) be a compact Ricci-flat Kdhler manifold of complex dimension n.
Then there exists 0 > 0 such that if wy is a balanced metric on M satisfying ||wo — @||cee < 0,

then flow (4.2) with initial datum wy—o = wo ewists for all t € [0,00) and ast — oo it converges
in C topology to a balanced form we satisfying

100 %4 (Pune N Woo) + (1 — )AL %y woo = 0.

Proof. A Hermitian form w on a complex manifold M is determined by an (n — 1,n — 1)-form
o which is positive in the sense that

(4.3) o(Z1,. ooy Zn1, 20y Zy1) >0

for every {Z1,...,Zp—1} linearly independent vector fields of type (1,0) on M (here n is the
complex dimension of M). Indeed, once such a form ¢ is given, there exists a unique Hermitian
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form w such that *,w = ¢. We denote by £ C A]?%_l’n_l the bundle whose sections are real
(n—1,n—1)—forms satisfying (4.3). Flow (4.2) can be alternatively written in terms of ¢ as

Dot = 100 % (py N *ppr) + (0 — 1) Al
(4.4) dp, = 0

Plt=0 = 0
and we denote by Q: C*>°(M, &) — Q%_l’n_l the operator

Q) = 10D x4 (py A o) + (n = 1)AZ .

In order to apply theorem 2.1 we show that for a Ricci-flat Kéhler form w on M the corresponding
¢ = *gw is such that

L Q(p) =0;
2. the restriction to D Q=272 of Ly is symmetric and negative definite with respect to
the L? inner product induced by @ .

Item 1 is trivial and item 2 can be deduced from [2, Section 5], but we prove it for the sake of
completeness.

Let {wi}te(—ee)s be a smooth curve of balanced forms which is @ at ¢ = 0 and such that the
corresponding (n—1,n—1)-forms ¢; are in the Bott-Chern cohomology class of ¢, and let

X = 8t\t:o *t Wi -
Then we can write
X = hi¢ + *5ho
for a smooth function h; and a (1, 1)-form hg such that hg A w™ ! = 0. In this way

hi _
Ohlp=owt = ——w — ho
n—1

see [2, Lemma 2.5]. Since p = 0 we have
8t|t:0i85 ¢ (py A wy) = 100 ¢ (p A @)
where we have set p = 9yy—opr . In view of [2, lemma 5.1] p = —inddh; and so
Dyjt=0i00 *¢ (pr N wi) = ndO x5 (001 A w) .

On the other hand it is clear that for a curve of Bott-Chern-cohomologous (n—1,n—1)-forms ¢,
starting at @ we have

Do AL ot = — 00 2 00 = — 00 % 00 <nh_11w - h0> .

And then we obtain
Ly(y) = 8t|t:0i65? st (pr Awe) + (n = 1)0y—0 A% cpr = (n — 1)00 5 00 (h1@ — hy)
Moreover since w is Kéahler we have
Lo() = =00 x5 00 %5 b = —00 x5 00 *5 (h1@ + *zho)
= —00 %5 00(h1@) + 00 x5 00hg = —00 %5 00(h1 A& — ho)
and so
L) = —(n — 1)ABc(¥)

which implies the statement. ]
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Remark 4.3. It is quite natural wondering if theorem 4.2 can be improved by showing that the
limit balanced metric is actually Calabi-Yau, or by proving the stability around more general
static solutions of the flow, such as constant scalar curvature Kéahler metrics or even balanced
metrics w satisfying

(4.5) i00 * (p Aw) + (n — 1)Apc *w = 0.

These improvements cannot be easily deduced from our theorem 2.1 and will be the subject
of some future studies. On the other hand, theorem 2.1 suggests to consider balanced metrics
satisfying (4.5) as natural generalizations of extremal Kahler metrics to the context of balanced
geometry (for a generalization in another direction see [8]) and the problem of the existence and
uniqueness of such metrics in a fixed Bott-Chern cohomology class arises. More general it could
be interesting to compare the geometry of extremal Kéhler metrics to the geometry of balanced
metrics satisfying (4.5).

5. PROOF OF THEOREM 2.1

In this last section we prove theorem 2.1. The scheme of the proof resembles the one of the
main theorem of [19] and of [3].

First we need to recall some basic facts about the category of tame Fréchet spaces and tame
maps (see [10] for the relevant details). A tame Fréchet space is a vector space V endowed
with a topology given by an increasing countable family of seminorms {| - |,,}. Thus a sequence
{zn} CV will be convergent if it converges with respect to each seminorm. A continuous map
F: (V| |n) = OV, |-|)) between two tame Fréchet spaces is called tame if for every z € V there
are a neighborhood U, of x, a natural number r and positive numbers b, C,, such that

]F(y)\;l < Cu(1+ |Ylnar)

for every y € U, and n > b. A differentiable map between tame Fréchet spaces is called smooth
tame if all its derivatives are tame maps. The main relevant result is the celebrated Nash-Moser
theorem.

Theorem 5.1 (Nash-Moser). Let V, W be tame Fréchet spaces and let U be an open subset of
V. Let F: U — W be a smooth map. If the differential of F', Fy,: V — W, is an isomorphism

for every x € U and the map (z,y) — F;l;y is smooth tame, then F' is locally invertible with
smooth tame local inverses.

Let m: E — M be a vector bundle over a compact oriented Riemannian manifold (M, g) with
a metric h along its fibres. Once a connection V on E preserving h is fixed, the space C*°(M, E)
of global smooth sections of E has a natural structure of tame Fréchet space given by the
Sobolev norms ||.||g» induced by h, V and the volume form of g. Fix now a closed interval [a, b]
and consider the space of time-dependent partial differential operators P: C*°(M X [a,b], E) —
C*°(M x [a, b, E) having degree at most . This space is tame Fréchet with respect to the family
of seminorms

[[P]|n = Z [3,{P]n,jr
jr<n

where [P],, is the supremum of the norm of P and its space covariant derivatives up to degree
n.

Now we can focus on the setting described in the introduction considering a Hodge system
(E_,E,D,Ap) on M, £, Dy,Q as in section 2 and studying flow (2.2) under the assumptions
1, 2, 3. Let us fix a connection V on E and define the spaces

Fla,b] = DC*®(M x [a,b],E_), Gla,b] = Fla,b] x DC*®(M,E_).
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Both the above spaces have a structure of tame Fréchet spaces given by the gradings

b .
HBH]—""[a,b]: Z / ||3§,3t||anzrj dt

2rj<n v @
and
18, 0)llgniap) = 1Bl Fnjap) + o 2
respectively. If we fix 7 € ® = ker Dy N C*°(M, ), then we can set
U={B e Fla,b] : n+ p, €U for every t € [a,b]},

where, accordingly to section 2, U = {fj+ D~y : v € C®(M,E_)} NC*>(M,E). Note that U is
open in Fla, b].

The following theorem is proved in [11] for second order operators and then extended in [2]
to operators of arbitrary degree.

Theorem 5.2. Let

F:U — Gla,b], F(B)=(B—-Q(n+pB),Pa) -
Then

1. F is smooth tame;
2. Fy 3 is an isomorphism for every B € U;

3. the map U x Gla,b] = F, (B,v¢) — F*_‘gw, is smooth tame.

The starting point of the proof of theorem 2.1 is the following weak stability result that is a
consequence of theorem 5.2.

Proposition 5.3. Let ¢ € Q~1(0). For every T > 0 and € > 0, there exists § > 0 such that if
wo € © and satisfies

SOO*SEEDCOO(M’E*% ||900*95HC°° <9,
then there exists a smooth solution {¢i}epo1] to (2.2) such that

¢ — @llFrjo,m < €, for everyn € N.

Proof. We use theorem 5.2 with 7 = ¢. Since F(0) = (0,0), theorem 5.2 together with Nash-
Moser theorem 5.1 implies that there exist an open neighborhood U’ of 0 in ¢/ and an open
neighborhood V' of (0,0) in G such that F': U’ — V' is invertible with smooth tame inverse. By
choosing ¢ small enough we may assume that (0,09 — @) € V'. So we can take 3; € U’ such that
F(B:) = (0,00 — ¢). Hence ¢ = @ + [ satisfies

oot = Q(pt) s Pli=0 = %o -

Since F~! is continuous, if we fix € > 0 and we choose ¢ small enough, we have || —@|| Frior) <€
for every n € N and the claim follows.

The next step is the following

Lemma 5.4 (Interior Estimate). For every n,T > 0 and € € (0,T'), there exists 6,C > 0 and
and | = I(n) € N, with C depending on T, e and an upper bound on § such that if {¢i}eepo ) i
a smooth curve in U with
lp = @l o <6
and o € F[0,T] satisfies
0io0 = Lyo,
then

(5.1) lo || z2nritg ey < Cllol zojto, 17 5
for every to € [0,T — €.
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Proof. We prove the statement by induction on n. For n = 0 the claim is trivial and we assume
the statement true up to N. From [2, lemma 4.6] there exist J,C' € RT, with C depending on
T and an upper bound on §, such that for ¢t € [0,T) and o € F[0,T] we have

lollpsarn < C (100 = Lo(@)llzviom + ool
+CLelIn (1000 = Lo(o) 70021 + ool 7v)
1+ OLelln (100 = Lo(@)| 7oz + looll ) -

If [ — @l ;o) < 0 for I big enough then [[Ly]|n <1+ [[Lp]|n, so we have

IN

(5:2)  llolpvsepr < 0+ O +1L)I) (100 = Lo(@) | 7507, + ool e )
for every o € F[0,T]. Now take o € F[0, 7] solution of the linear equation d;o = L,o and fix
€ (0,T). Choose a smooth function x: R — [0, 1] such that
x(t)=0 fort<to+e/2, x(t)=1 fort>ty+e.
Set & = xo. Then 0;,6 = xo + x0;c and
05 — Ly(5) = o
Hence using (5.2) we find C’ > 0 depending only on e such that

loll zoravinpgrer) < NG F2rav i grepam < (1 + CYL+ [ La]In)IXOl 72rv 12,77
< C'(1+C) A+ [Lelln) ol F2rntgepam
and the induction assumption implies the statement. O

Now we need a general lemma for families of symmetric operators on Hilbert spaces. Here we
will say that, given a Hilbert space H; continuously embedded in a Hilbert space Ho, an operator
L :Hy — Hg is symmetric if (Lz1, 29)3, = (21, Lza)y, for every 21,29 € H;. Analogously we
will say that L is negative semidefinite if (Lz, z)3, < 0 for every z € H;.

Lemma 5.5. Let (X, Z) be a pointed metric space and let Hy and Ha be two Hilbert spaces with
Hi continuously embedded in Ho. Let {Ly}rex be a continuous family of bounded symmetric
operators Ly : H1 — Ha. Assume that Lz is negative semidefinite and that there exists C > 0
such that

(5.3) lz0ll2y < Cll2ollny, for every zp € ker Lz,

and

(5.4) lz1ll3, < CllLzz1ll#,, for every z1 € (ker L)t .

Then for every € > 0 there exists § > 0 such that if x € X satisfies d(x,T) < 9,

(5.5) (Lyz, 2)3, < (1= €)(Lzz, 2)p, + €||2]|3, for every z € Hy.

Proof. Fix ¢ > 0. Let T := —eLz and V,, := Lz — L, for every x € X. Now T is symmetric

and positive semidefinite. Let us write z = zg + 21 according to the decomposition H; =
ker Lz @ (ker Lz)*. Thus for b > 0 arbitrarily small, using also (5.4) we can find § > 0 such that
if d(z,z) < §, we have

IVazillpe < 0eC™ 21 |l4y < Bl T2l

for every z € H;. Consequently using (5.3), up to shrinking 6 we have

IVazlla, < 1 Lazollw, + [[Vazilla, < allzllw, + bl T2,

with a > 0 arbitrarily small. Taking a = § and b = % and using [18, Theorem 9.1] we have that

(T + Va)z, 2y, > —¢l|2||3,, for every z € H; and the claim follows. O
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Now we apply the previous lemma to the family of operators L, in the following situation:
H1 = H? (M, E), i.e. the space of sections of E whose local components have square integrable
derivatives up to order 2r, Hy = L?*(M, E), (X, %) = (®, ) where on ® we consider the distance

induced by H"(M, E), where n = w + 2r + 1. The choice of n ensures via the Sobolev

embedding theorem that {L,},ca is a continuous family of bounded operators. Since inequality
(5.4) comes from Fredholm alternative and inequality (5.3) holds due to elliptic regularity of Lg
we get the following corollary.

Corollary 5.6. For every a > 0 there exists 6 > 0 such that if p € C°(M,E) satisfies ||¢ —
@llgn < 6, then
(5.6) (Lo(2), 212 < (1= a)(Le(2), 2) 2 + all2] 72
for every z € H* (M, E).
Next we deduce the following trace-type theorem in C*°(M x [0,T], E_):

Proposition 5.7. For every n € N and ¢ € Ry there exists positive constants C' and m € N
such that

1Bl < CIBllFmr
for every B € C°(M x I,E_), and t € I, where I C R is a closed interval of length €.

Proof. Arguing exactly as in [17, proposition 4.1] for every s € N we get the following inequality
IV*Blicoguxr,e_y < ClIBllFmr

for m > max{%, 5~} and C independent of 3. (Here V* denotes spatial derivatives

only). O

Corollary 5.8. For every T > 0, n € N and ¢ > 0 there exist C > 0 and m € N such that
every B € C®(M x [0,T + €], E_) satisfies

1Bellan < Cll Bl Fme, 1
for every t € [0,T).
Proof. Tt is enough to apply proposition 5.7 with I = [t,t + €/]. In this way

1Bellzrn < ClIBl Fmittrey < CUBIFmier+e
with C' independent of # and ¢ and the claim follows. O

Lemma 5.9 (exponential decay). Let € > 0 and T > €. There exists 6 > 0 such that if oo € @
satisfies

(5.7) po—p € DCP(M,E_), |lgo—olloe <9,

then the solution ¢, to (2.2) is defined in M x [0,T] and satisfies

1Qee)ll < CllQ(po)llz2 e, for every t € [e,T],

where X is half the first positive eigenvalue of —Lg and C' is a constant depending on n, €, T
and an upper bound on 6.

Proof. Fix a small time ¢ > 0 arbitrary. Proposition 5.3 implies that there exists § > 0 such
that if ¢o satisfies (5.7), then problem (2.2) has a solution ¢ € C*(M x [0,T + 2¢'|, E) with
| — @l 710, 7+2¢) bounded for every I. Now

33901: = 0:Q(¢t)
implies

XQ(pt) = Ly, Q1)
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and
Q)72 = 2(8:Q( 1), Qepr)) 12 = 2(Lp, Q21), Q(01)) 12

for every t € [0, T + 2€]. In view of corollary 5.8 and corollary 5.6 we can choose the initial § so
small that for every t € [0,T + €] we have

(Lo Q1) Q1)) 2 < (1 = a)(LpQ(epr), @
Taking into account that (LsQ(¢¢), Q1)

(00)) 12 + all Q1) 172
2 < 2)\HQ(<pt)||L2 , we have

(L, Q(pr), Q) 12 < —MLaQ(01), Q1)) 12

with ¢ = 2/\+1

So
QeI 72 < —2M1Q(pe)172
and by Gronwall’s lemma we get
Qe Iz < e™*Y(1Q(w0) 72
for every t € [0,T + €]. We have
T+¢ —2Xt

T+¢€
_ e
68) 10N merse = [ IQUlEads < 1QUIE: [ s < QeI 55
By corollary 5.8 we find m such that for every ¢ € [0, 7]

1Q(pe)llzm < ClQUP)|Fmit e -
Now by lemma 5.4 we can take [ big enough such that if [|¢ — @|| 7o 742¢) < 0 we have

1Q)| Fmptr+e) < ClQA Fo—e T+ 5
for every t € [e, T + €] . Finally putting these together with (5.8) we have

Qe e < ClQ(w0)llz2e™
for t € [e,T] as required. O

Now we are ready to prove the main theorem.

Proof of theorem 2.1. Let T'> 0 and € € (0, %) be fixed. Using theorem 5.9, there exists ' > 0
such that if |9 — @||cee < &, then the solution ¢; to the geometric flow (2.2) exists in [0, 7]
and for every n € N

(5.9) 1Q(ee) I < CllQ(p0)l| 26~ for every t € [, T],
for some C' > 0 depending on n, €, T' and an upper bound on ¢'.
Now we choose § < ¢’ such that if ||pg — @||cee < § then
_>\ oo

(5.10) CllQ(0) 22 Ze 79 + e = @llan < '

We show that ¢ can be extended to M x [0,00) and converges to an element of U lying in the
0 level set of @ as t — co. We have

dT‘*‘SDe_ ‘

ot — llan = / 1Q(en) | rn dr + Il — @l 1an

e—)\e
< C1Q0)l =

and condition (5.10) implies ||pr_—@||g» < ¢’ and therefore ¢ can be extended in M x [0, 2T —e|.
Moreover,

+ HSOe - ‘:EHH" , te [Ea T]

Q) [l < CllQ(wo)ll 2 e, for every t € [T,2T — .
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Now

t t
Hsot—soumzH/T Q(w)der—@H s/T|rQ<soT>\|Hndr+rw—so|an
HTL

e—)\T
< Qo= + ller - el
e—)\T e—)\e
<l (S + 5 ) +llee -l <8 teln2r -4

therefore the flow can be extended in M x [0, 3T — 2¢] with exponential decay in [2T — ¢, 3T — 2¢].
Analogously

t
< / 1Q(en) 1 dr + lpar—c — @l e
2

t
ot — lln = H/ Qler) dr + por—e — 30‘
2T —e

Hn T —e
ef)\(QTfe)
< OlQeo)ls S + llpar—c — @l
e—>\(2T—e) e AT e e ,
< CllQ(eo)ll 2 T | e el <8

for t € [2T —€,3T — 2¢] and the flow can be extended in M x [0,47T — 3¢| with exponential decay
in [3T — 2¢,4T — 3¢]. In this way for any ¢t € [NT — (N — 1)¢, (N + 1)T — N¢| we have

xe N
€ N\ (T— _
2 eV e — pllan <&
=0

lpt = @l < CllQ(po)ll 2

and the solution ¢ is defined in M x [0,00). Now let poo := @0 + [;° Q(ps)ds € C®(M, E);
since

lim ||¢or — poollze < lim C||Q(w0)|2e * =0, for n large enough
t—r00 t—r00

¢ converges to o in C'°-topology. We clearly have Dypo = 0, since Dy = 0 for every
t € [0,00) and by construction

lor — @llco < C'Y, for every t € [0,00),
where C’ does not depend on 4. So up to take ¢’ smaller we have ¢, € C°(M,E). Finally
Q(poo) = lim Q(pr) =0
—0

and the claim follows. O
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