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Abstract

This thesis is aim to explore three dierent aspects of Compact Stars,
the densest and the smallest stars known. Compact Stars are a very interesting subject of study because of their extreme conditions, making them a
laboratory to test our knowledge on the properties of dense matter.
The rst aspect is the possible Gravitational wave echoes emission from
the merging of Compact Stars. In this thesis we examine the possibility
that the ultracompact object produced in the GW170817 event is a Strange
Star, and we evaluate the frequency of the corresponding Gravitational wave
echoes. GW170817 event is the rst merging observation compatible with
the coalescence of a binary Compact Stars system and the nature of its nal
product is still unclear. It has recently been claimed that in the GW170817
event a gravitational wave echoes at a frequency of about 72 Hz have been
produced with a 4.2 σ signicance level. The merging of Compact Stars can
lead to the emission of gravitational wave echoes if the postmerger object features a photon sphere capable of partially trapping the gravitational waves.
Our study can in principle give us some fundamental information on Compact stars' equation of state. Indeed, if the postmerger object was a strange
stars it would be proved the hypothesis of Bodmer and Witten that collapsed
nuclei are the true fundamental state of matter. However, the frequency obtained even considering a nal object described by an ultrasti strange star
is about two order of magnitude bigger than the experimental measurement.
This could be a signature that the remnant of GW170817 is a Black Hole.
The second aspect is the possible presence of Mirror matter into a Neutron Star. Mirror matter is a non conventional dark matter candidate, rstly
suggested by Lee and Yang in 1956 which proposed the existence of a hidden
sector of particles and interactions to restore the parity symmetry. Mirror
matter communicates with our world only through gravity. In this thesis we
assume that neutrons could oscillate into Mirror neutrons inside a Neutron
Star. This phenomenon has interesting implications. Whether the measurements of radii will improve in the following years, this kind of phenomenon
could lead to the detection of stars with equal masses but dierent radii
corresponding to stars composed of dierent fraction of Mirror matter. Furthermore, whether the oscillation of neutron is possible, a large number of
stars could produce Mirror matter and eventually collapse in a Black Hole
without any violent explosion.
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The last aspect is the radial oscillation of Compact Stars. In this thesis we
develop a numerical algorithm for the solution of the Sturm-Liouville dierential equation governing the stationary radial oscillations of Compact Stars.
Our method is based on the Numerov Method that turns the Sturm-Liouville
dierential equation in an eigenvalue problem. In our model we provide a
strategy to deal with the star boundaries. Assuming that the uctuations
obey the same equation of state of the background, we analyze dierent stellar models using several equation of state. With our model it is possible
to test the paradigm that the last stable conguration corresponds to the
null eigenfrequency. We obtain this result using continuous equation of state
providing a stability test of our method. In addition, in order to correctly
treat equations of state with discontinuous speed of sound, we develop an
innovative numerical method that can be used to analyze the stability of
Compact Stars.

Chapter 1
Overview

Compact Stars (CSs) are one of the possible nal stages of stellar evolution.
Unlike luminous stars, CSs do not burn nuclear fuel but they are supported
against gravitational collapse mainly by the degeneracy pressure of neutrons.
These features, together with the extreme internal condition, make CSs a very
intriguing subject of study.
We know from observation that CSs rotate as fast as a few hundred
rounds per second. Due to the very fast rotation, the huge centrifugal force
must be balanced by gravity, otherwise the matter will be ripped apart [1].
The balance between gravity and centrifugal force gives us the lower limit
on the stellar density: with CSs 1014 times denser than Earth [1]. Thus the
typical central density of CSs can be up to 5−10 times the nuclear saturation
density ρs , i.e. the typical density of heavy nuclei. Furthermore, sometimes
it is possible to measure with good accuracy the CSs mass. The typical mass
of CSs is about 1.4M , where M = 1.989 × 1033 g indicates the solar mass.
Thus, considering that the mean density is ofpthe order of ρ̄ ∼ 1015 g/cm3 ,
we can infer that the typical radius (R ∝ 3 M/ρ) is of the order of 10
kilometers. By all means CSs are the smallest and the densest stars known.
These extreme conditions are irreproducible in terrestrial laboratory, so CSs
can be viewed as a laboratory for studying the properties of nuclear and
exotic matter at supranuclear densities [14].
To build an accurate model of CSs we need to nd a relation between a
macroscopic object and the fundamental interactions of matter. Remembering that the Gravitational Potential at the surface of a star is Φ = GM/R,
a CS has a Gravitational Potential ve order bigger than a luminous star.
Thus, for an accurate description of CSs we should use the theory of General Relativity. For a detailed treatment of General Relativity see for instance [510].The link between microscopic physics and General Relativity is
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given by the Einstein equation:

Gµν = 8πT µν ,

(1.1)

where Gµν is the Einstein's tensor and T µν is the stress energy tensor. The
Einstein tensor is dened as:

1
Gµν = Rµν − Rgµν ,
2

(1.2)

where Rµν is the Ricci's tensor, R is the Ricci's scalar and gµν is the metric
tensor of the spacetime. In our studies we focus on static and spherical CSs,
thus the appropriate metric tensor is the well known Schwarzschild metric.
The Ricci's tensor and the Ricci's scalar are combination of derivatives of the
metric tensor, for a complete discussion see for instance [57]. Instead the
form of the stress energy tensor strongly depends on the Equation of State
(EoS) of matter, that is a relation between the thermodynamic quantities.
The EoS for densities smaller than the nuclear saturation density are well
known. They are based on experimental data of neutron scattering and on
theories of Coulomb system [2]. Furthermore, using many-body theories, it is
possible to narrowly calculate the EoS up to 2 ρs . Anyway, the determination
of EoS at density up to 10 − 15 ρs remains an open problem. Our main goal
is to nd a link between the internal structure of CSs and some astrophysical
observables. In this way, some important information on microphysics and
on the strong interaction could be extracted. The electromagnetic signals
give us some important information, but these signals are supposed to be
related to the atmospheric properties of CSs.
Rapidly rotating CSs lose axial symmetry (e.g., due to r-mode instability)
and emit gravitational waves. Compact binaries containing CSs are even
much more ecient sources of gravitational radiation (especially at the nal
inspiral stage). Gravitational radiation of double neutron star binaries and
neutron star-white dwarf binaries has already been observed indirectly, by
detecting relativistic decay of pulsar orbits [2]. Furthermore the 17th of
August 2017 a rst direct detection of Gravitational radiation from binary
neutron stars was made. From this observation, for instance, parameters
like tidal deformability can be calculated and this can give us important
constraints on the EoS of the matter.

1.1

History

The history of Neutron Star (NS), the widely studied CS class, began in
1930s. Despite Sir James Chadwick announced the experimental discovery
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of the neutron in 1932 [11], few months earlier, Landau had already speculated on the possible existence of stars more compact than White Dwarfs,
containing matter at nuclear density [12]. However, the NS rst prediction
was made by Baade and Zwicky in 1934. We report few passages of their
inspired papers. In their rst work they suggested that: supernovae represent the transition from ordinary stars to neutron stars, which in their nal
stages consist of extremely closely packed neutrons [13]. In their following
publication they also stated that NSs: may possess a very small radius and
an extremely high density. As neutrons can be packed much more closely
than ordinary nuclei and electrons, the gravitational packing energy in a cold
neutron star may become very large, and, under certain circumstances, may
far exceed the ordinary nuclear packing fractions [14].
A milestone in the development of NS models was achieved in 1939 by Tolman, Oppenheimer and Volko. Tolman and Oppenheimer, together with
Oppenheimer's student Volko, independently derived the equation of the
hydrostatic equilibrium in the framework of General Relativity [15, 16]. Furthermore, Oppheneimer and Volko numerically solved this equation considering the simplest composition possible: an ideal Fermi gas of neutrons at
very high density [15]. For this particular model they obtained a maximum
gravitational mass of 0.7 M . This result was in disagreement with Chandrasekhar limit on the mass of a white dwarf, i.e. 1.4 M . Thus, Opphenheimer and Volko interpreted their result as the impossibility to generate
NSs from supernovae explosion.
Another important issue at that time was the understanding of the stellar pressure source. In 1937, Gamow [17] and Landau [18] independently
suggested that any (normal) star could contain a NS in its own core. This
would have initiated a slow "accretion" of stellar matter within the normal
star onto its neutron star core, so that the stellar energy could have been supplied by the gravitational energy release in the course of that accretion [2].
However, soon after, Bethe and Critcheld claried the connection between
stellar pressure and thermonuclear reactions [19]. When the idea of Gamow
and Landau faded, NSs were ignored by the scientic community for about
thirty years [3]. Nonetheless, before the discovery of the rst NS some important theoretical aspects were explored.
The widest studied theoretical problem in the fties was the construction
of the EoS of dense stellar matter. The rst realistic attempt was due to
Wheeler and his collaborators [20]. They used the semiempirical mass formula together with the EoS of degenerate electrons for the external layers
and they assumed a core composed by a mixture of neutrons, protons and
electrons in beta equilibrium. In 1959, Cameron constructed a NS model
using the Skyrme EoS for high-density matter obtaining that nuclear forces
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Figure 1.1: Periodic radio pulses observed by J. Bell. In the gure it is possible to see
the pulses spaced 1.3s from each other (the horizontal axis represent the time). Figure
taken by http://www.cv.nrao.edu
considerably stien the EoS [21]. Using his model he calculated a NS's maximum mass of M ' 2 M . This result showed that NSs could be formed as
proposed by Baade and Zwicky. Moreover, few years later the experimental
discovery of the rst NS, the hypothesis of the presence of exotic particles as
hyperons [2123] or free quarks [24, 25] in the core of a CS was proposed.
Before keep going on the history of NSs, let us answer to a question:
Why are NSs the only stars which existence and origin have been successfully
predicted much before their discovery? The answer is their typical thermal
emission. The rst cooling calculation, performed by Chiu and Salpeter [26],
had already shown that the surface temperature of a NS should be of the
order of T ∼ 106 K. Thus, assuming a blackbody radiation emission, for
the Wien law the emission of NSs has a maximum wavelength of λ = 29
Å: NSs emit mainly in X-ray. However X-ray cannot penetrate the Earth's
atmosphere so we do not expect to reveal the NSs presence on the Earth.
Several important results were obtained during the era of X-ray astronomy, the 1960s [2]. In the beginning of this decade the rst X-ray detectors
were launched on rockets and balloons. In 1962, Giacconi et al [27], discovered the rst cosmic, nonsolar X-ray Source. This detection generated a great
interest in NSs and dozens of theorists speculated that the X-ray telescope
was observing a young, warm NS. However, another important milestone for
the detection of NSs was the discovery of a weak variable radio source, made

1.2 The Birth of Neutron Star

5

by Hewish and his student Bell in 1967. The source had been observed for
months and it was found to be extremely regular, see Figure 1.1. They measured with good accuracy the period: 1.3373012 s. This is the discovery of
the rst Pulsar (now known as PSR B1919+21) and it was announced by
Hewish et al. in 1968 [28]. Soon after the announcement, Gold speculated
on the possibility that pulsars could be rotating NSs [29], and his idea is
generally accepted today.
Between 1968 and 1969, two famous pulsars were detected: the Vela and
the Crab Pulsars. Vela and Crab Pulsars are located in supernova remnants,
providing evidence for the hypothesis of Baade and Zwicky: NSs are the remnant of supernova explosions. Furthermore, optical and X-rays observation
of binary X-ray sources allow us to estimate the mass and the radius of NSs
and this, as we shall see later, is a test for the various proposed EoS of matter. So far about 2000 NSs have been identied. In the following sections,
after a brief discussion on NS birth, we shall talk about some properties we
can infer and calculate from X-ray and radio emission of NSs.

1.2

The Birth of Neutron Star

Luminous Stars remain stable from ten to thousand million of years. During this period stars balance the gravitational pull melting light element in
heavier nuclei, producing in this way a radiation pressure. The dierent fate
of the stars depends on the mass of the progenitor, and massive stars can
evolve in compact object. Stars with mass between 8 and 20 M seem to be
able to fuse elements up to iron, the endpoint of exothermic reaction [41],
see Figure 1.2.
When iron is produced, the core of the star reaches the thermal equilibrium. In this phase the star is sustained by the degeneracy pressure of electrons. Elements cannot be fused in the core, so massive stars start to burn
elements in the outer shells yielding a growing of the core. When the core
mass reaches the Chandrasekhar limit, electrons become relativistic reducing
their pressure contribution. The nuclear fusion processes and the electron degeneracy pressure are not sucient to balance the gravitational pull and the
core begins to contract. This contraction of matter inside the core squeezes
neutrons and protons outside the nuclei releasing a huge amount of energy.
Protons are now capable to capture electrons by inverse β -decay process:

p+ + e− → n + νe ,

(1.3)

producing a large number of neutrons and electron neutrinos. This large
number of neutrons generates a short-range nuclear repulsion that balances
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Figure 1.2: Binding energy per nucleon in MeV for dierent types of Nuclei. 56 F e is
the endpoint of exothermic reaction and it has the biggest binding energy per nucleon, i.e.
about 8 MeV per nucleon. [40]
the gravitational pull. For this reason, the core bounces back the in-falling
outer layer of the star resulting in a shock wave that propagates in the stellar
medium. This mechanism is roughly the explosion mechanism of a Type-II
Supernova. In the following we focus on the evolution of the core, for more
details on the fate of the external layers see for instance [13].
In the center of a Type-II Supernova it is believed that a hot, lepton rich,
compact object, called proto-neutron star, remains. The temperature of a
proto-neutron star is of the order of tens of MeV and the lepton fraction,
i.e. the number of leptons per baryons, can be as large as Ye ∼ 0.4. The
formation of this kind of object takes a very short time, about few tens of
milliseconds. These features qualitatively change the matter inside a protoneutron star, making the EoS stier. In the subsequent evolution, the protoneutron star deleptonizes and cools down mainly through the inverse beta
decay. During its formation, because of the high temperature, proto-neutron
star is opaque to neutrinos. So, neutrinos are trapped in a very high density
region (n ∼ 6×10− 3 fm−3 ) [42], called the neutrino sphere, and it takes about
10 s to diuse. 10 − 30 seconds after the core bounce, the star deleptonizes
and very rapidly cools down through neutrinos emission. After few minutes,
when the temperature of the core is less than 1 M eV , a cold NS is formed.
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Figure 1.3: Slow variation of Vela Pulsar's rotational frequency with time: Ṗ = 1.2503×
10−13 s/s. The arrows indicates the observed glitches [1].

1.3

Observed properties of Compact Stars

The widely observed astrophysical object associated to CSs are Pulsars. Pulsars are highly magnetized rotating CSs that emit magneto dipole radiation [29, 30]. This radiation is typically in the radio frequency band (Radio
Pulsars) and rarely in the X-ray (X-ray Pulsars) or γ -ray band (γ -ray Pulsars). The radiation is emitted along the magnetic axis with a spread of
about 10 degrees [1]. In general the magnetic eld dipole axis is not aligned
with the rotation axis. The rotation of the magnetic axis around the rotation
axis implies that we can observe the emitted radiation only if we lie on the
cone of the radiation swept out by the star, and if the source is not too far
from the Earth [2]. Using the Radio telescopes, several hundred pulsars from
our galaxy and from the nearby Magellanic Cloud have been detected, for
instance [3138]. Many of them show a very stable period. As a consequence
we can measure with good precision the rotational period of a Pulsar P , i.e.
the time interval between two subsequent pulses. Furthermore, we can also
measure with good accuracy the time derivative Ṗ , and sometimes the second time derivative P̈ [2]. The emission of electromagnetic radiation is made
at the expenses of the rotational energy, thus isolated Pulsars show a regular
spin down. For instance, rotational frequency of Vela Pulsar in function of
time is shown in Figure 1.3.
It is very interesting to note that the period of several Pulsars shows
some sudden jumps. These events are called Glitches. After one glitch the
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frequency of a NS can vary from [1]:

∆ν
= 10−8 − 10−6 .
ν

(1.4)

The mechanism responsible for glitches is not yet completely known. However, the mainly accepted idea is that glitches are associated with a sudden
unpinning of vortices of nuclear superuid in the NS crust [4346]. When
a superuid rotates, it generates vortices. Vortices are regions of space in
which the uid is in normal phase and around them superuid rotates with
non vanishing speed. It is possible to demonstrate that the angular momentum of a rotating superuid is in direct proportion with the number of
vortices [4]. If a vortex line annihilate on the NS crust, it yields angular
momentum to it and we could observe a sudden spin up of the star.
From observation of Pulsar's period and remembering the typical radii
of CSs, we can estimate some important properties. For instance we can
estimate the pulsar rotational energy, which is dened by:

Erot =

IΩ2
,
2

(1.5)

where I is the moment of Inertia and Ω = 2π/P is the Pulsar frequency. Using
the Crab Pulsar observed values of P = 33.08 ms and assuming the typical
value for I = 1045 g cm2 (I ∝ M R2 , with M ∼ 1033 g and R ∼ 106 cm),
we obtain that typical rotation energy is about Erot ∼ 2 × 1049 erg [2]. From
the measure of Ṗ we can infer the rotational energy release as Ėrot = IΩΩ̇.
From the measured values of P and Ṗ we can estimate the Pulsar magnetic eld and the Pulsar characteristic age. Assuming that the star's magnetic eld is dipolar, and that the magnetic dipole energy loss rate is equal
to the rotational energy release Ėrot , we obtain:
2
6
2Ω3 Bef
fR
,
I Ω̇ = N , where N = −
3c3

(1.6)

is the torque acting on the pulsar due to the magnetic dipole radiation,
Bef f = Beq sin α, Beq is the magnetic eld at the equator and α is the angle
between the magnetic and rotational axes. From Eq.(1.6), we obtain:


Bef f =

3Ic3
P Ṗ
8π 2 R6

1/2
∼ 3.2 ×

1/2
I45 p
P Ṗ G,
R63

(1.7)

where I45 is the momentum of inertia in units of 1045 g cm2 and R6 = R/106
cm. Assuming I45 = 1 and R6 = 1 and using the measured values of P and
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Ṗ we can obtain the value of Bef f , that could be treated as the characteristic
pulsar magnetic eld (of the order of 1012 G [47]).
From Eq.(1.6) we can also estimate the pulsar age. In general, we can
dene the spin down torque as N = −AΩn , where n is the braking index.
Assuming a constant n, from Eq.(1.6) we obtain: P n−1 Ṗ = const [2]. Integrating from a time t = 0 (associated to stellar birth), to the current age t,
one obtains:

n−1 

P (0)
P (t)
1−
.
(1.8)
t=
P (t)
(n − 1)Ṗ (t)
Considering that newly born Pulsar rotated much faster than now (P (t) <<
P (0)), we can consider for old Pulsars, t = P/((n − 1)Ṗ [2]. For magnetic
dipole model, braking index is n = 3 and so the last expression reduces to:

tc =

P
,
2Ṗ

(1.9)

where tc is called characteristic pulsar age. For instance, the characteristic
age of Crab pulsar is tc = 1240 years in qualitative agreement with its true
age (∼ 970 years).
Using the observed data and the inferred magnetic eld we can study the
time evolution of Pulsars. In Figure 1.4 some observed pulsars are shown. It
is possible to note that stronger magnetic eld, (on the order of 1012 −1013 G)
induces a faster spin down. During the evolution in time, Pulsars located on
the top of the gure are moving toward right (because they are loosing rotational energy), and toward down (because of magnetic eld decay). Owing to
loosing of rotational energy, stars induce weaker electric eld and could not
have enough energy to produce a sensible outow of charged particle from
their surface. In this case they cease to be observable as Pulsars and they
enter in the right bottom corner of the Figure 1.4. In Figure 1.4 the silent
region is divided from radiative part by the Pulsar death line (dashed blue
line). However, some Pulsars with P of the order of milliseconds have been
observed. These stars are called Millisecond Pulsars and they are believed to
be spun-up by accretion of matter. Falling matter onto a CS could produce
a X-ray burst and, from conservation of angular momentum, the star should
spin-up. These stars are observed with a low magnetic eld, B ∼ 108 G and
with low time derivative of the period. That presumably means that these
are old stars and probably they have crossed back the pulsar death line. After
accretion of matter, the spin is big enough to sustain magnetosphere activity,
and stars can be seen as pulsars [49].
An accurate measurements concerning CSs are mass determination [50].
About the 90 % of pulsars are isolated and we cannot measure their masses;
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Figure 1.4: Period and its time derivative for Pulsars. Line of constant Magnetic eld
strength and characteristic time are indicated in the plot (dashed red and dashed green
lines respectively). Pulsars located in the highest part of the Figure are younger and
they are spinning down. Due to the spin-down they could cross the death line (dashed
blue line). Death line divide the radiative behavior, i.e. active Pulsar, from the silent
region where stars have not enough rotational energy to emit radiation. However, due to
accretion, stars located in the silent region, should cross back the death line and start to
emit again. [48]
precise calculation can be performed for those CSs in binary system. Up to
now, around 33 relatively precise mass measurement have been performed.
The mass is dened measuring some parameters of the system such as the
binary period P , the projection of pulsar's semimajor axis on the line of
sight ap sin i (with i the orbit's inclination angle), the eccentricity e, etc.
The observed parameters yield the so called mass function:


fp =

2π
P

2

(ap sin i)3
(Mc sin i)3
=
,
G
M2

(1.10)

where M = Mc + Mp is the total mass; Mp and Mc are the mass of the pulsar
and of the companion respectively. Binary systems are compact system and
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General Relativity eect can often be observed [50]. Using Post-keplerian approximation we can infer some parameters like the advance of periastron, the
gravitational redshift, the Shapiro delay time, etc. Utilizing one of these parameters together with the mass function it is possible to uniquely determine
the masses of both stars in a binary system, see Figure 1.5.
In Figure 1.5 masses are divided in four dierent groups. The groups
diers from the companion type: X-ray/optical binaries, double neutron stars
binaries, white dwarf-neutron star binary, and main sequence-neutron star
binary. It is interesting to note that the mean mass of all these groups is
about 1.4 M but their distribution are quite dierent. For instance, the
distribution of double neutron stars is peaked over 1.4 M and do not show
a broad dispersion. This could be a signature of a common evolution of the
binary system [50]. This condition is relaxed in the other class of binaries.
For instance, in the compact star-white dwarf binary (in Figure 1.5 the grey
region) some stars with mass higher than 1.4 M have been observed.
The existence of CSs with masses of the order of 2 M could be a key
to test the EoS of matter. The largest CS mass can rule out the EoS that
fall below this value [51]. The most massive and well-measured CS mass is
2.01 ± 0.04M for PSR J0751+1807 [52]. Furthermore there is a particular
class of millisecond pulsar, the black widows, that seems to have a very large
mass [53]. However, the large errors in black widows mass measurements
need caution.
Presently no high-accuracy measurement of NS radii has been done.
There are several astrophysical observation that could be used for the extraction of radius, for instance: the thermal X-ray and optical uxes from
isolated and quiescent neutron stars [54], gravitational radiation from tidal
disruption of merging neutron stars [55, 56] , etc.. For example, the study
of thermal X-ray in low mass X-ray binaries gives us the so-called radiation
radius:
R
,
(1.11)
R∞ = p
1 − 2GM/(Rc2 )
by measurement of the star luminosity and the use of the Stefan-Boltzmann
law. This kind of estimate gives radii of the order of 10 km. Unfortunately
this measure is complicated because the X-ray emission depends on the composition of the atmosphere of the star and on the strength and distribution of
the magnetic eld. Any measurement of this sort eectively gives R/d, where
d is the distance of NS, and the determination of distance of the star is very
dicult. We do not focus on this work on the techniques of radii estimation,
for a detailed description of this method and of the other methods see for
instance [13, 50, 51, 5761].
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Figure 1.5: Observed neutron star masses, gure taken from [50]. In the region with
green background are shown the measured mass for X-ray/optical binaries: the errorbars
show large uncertainties on these measurement. In orange the most precise measurement
of NS mass: the double neutron star binaries. In grey and blue are shown respectively the
white dwarf-neutron star binaries and the main sequence-neutron star binaries.

Chapter 2
Spherical Compact Stars

In this Chapter we focus on the stable solution of a non-rotating, nonmagnetic CS. We derive the equation of hydrostatic equilibrium in general
relativity and we focus on some EoSs useful for the following chapters. This
chapter is organized as follows: in the rst section we analyze the structure
of the most widely studied CS class: Neutron Stars. Then we derive the
TOV equation and some basic EoSs for the nuclear matter. In the last two
sections we analyze the possible presence of quark matter in CS, deriving the
possible EoSs and discussing the models of hybrid and strange star.

2.1

Neutron Stars

According to current theories, it is possible to subdivide a NS in dierent
regions characterized by typical values of the energy density. As shown in
Figure 2.1, NS can be divided in an Atmosphere and four internal regions:
the outer crust, the inner crust, the outer core, and the inner core.
The Atmosphere, is the most external part. It is mainly composed of
Hydrogen, Helium and non degenerate electrons. It extents from 10 cm for
hot NSs (NSs with external temperature of 106 K ) to few mm for cold stars.
The density in this region is smaller than ρ ∼ 7. × 106 g/cm3 . Despite
the limited thickness, the Atmosphere properties are fundamental for the
determination of some NS observables like the mass and the radius. The NS
atmosphere properties have been studied by many authors [6266] but the
developed models seem far from being complete.
The outer crust extends from the atmosphere bottom to the layer whose
density is the neutron drip density ρ = ρN D ∼ 4.3 × 1011 g/cm3 . The outer
crust typical temperature is of the order of tens of KeV and it is believed to be
mainly composed of ions and electrons. This region, considering the very high
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Figure 2.1: Schematic structure of a neutron star [2]. The outer envelopes are formed by
the Atmosphere and the outer crust, regions rich of electrons and ions. The inner crust is
a thin layer of few kilometers thick, formed by neutron rich nuclei, neutrons and electrons.
The outer core and the inner core form the biggest part of the star. The outer core is
composed of neutrons, protons, electron and muons, while the composition of the inner
core is uncertain. In this gure ρ0 indicates the nuclear saturation density.
temperature and the low density, should be liquid. However, in deeper layers
density grows. Ions should form a strongly coupled Coulomb solid immersed
in a strongly degenerate and ultrarelativistic electrons gas [6769]. As the
matter compression increases, it becomes more favorable to have proton poor
ions. Indeed the electron Fermi energy grows with increasing density favoring
the electron capture process [70,71]. When the density reaches ρN D , neutrons
start to drip out from nuclei producing a free neutron gas [2].
The inner crust occupies the density range ρN D < ρ < 0.5ρs ,where
ρs ' 2.5 × 1014 g/cm3 is saturation nuclear matter density. It may be about
one kilometer thick and it is formed mainly of electrons, free neutrons, and
neutron-rich atomic nuclei. As the density grows the number of protons
drop down and very exotic nuclei, like zirconium with 1500 nucleons, can
be present [67]. Moreover, in this region various Pasta phases could be realized [7274]. In this phases nuclei form sheets immersed in liquid nuclear
matter. With increasing densities dierent type of pasta, characterized by
dierent space modulation, are energetically favored. The most important
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feature of these pasta phases is that nucleons form a crystal while free neutrons might be in a superuid state [75, 76].
Going inward in the star, with density in the range 0.5 ρs < ρ < 2 ρs ,
we suppose the existence of a region called outer core. This layer is several
kilometer thick and its matter consists mainly of neutrons with a few percent
of protons p, electrons, and possibly muons µ (the so called npeµ composition) [2]. Neutrons, Protons, Electrons and Muons inside the core are in
statistical equilibrium, meaning that the beta decay and its inverse process
are in equilibrium. In this region the npeµ plasma is strongly degenerate
and electrons and muons form an almost ideal Fermi gas [2]. Neutrons and
protons could be in superuid and superconductive, state respectively. They
form a Fermi liquid and their interactions are due to nuclear forces.

Figure 2.2: Compact Stars model zoo [77]. The models dier from each other by the
internal composition: star with core made of pion (kaon) condesate, hyperons or quark
matter are shown. In the bottom left the hypotetical strange star model is depicted.
The central part of the star is called the inner core. It can have a radius of
several kilometers and its density is ρ > 2 ρs . This is the most interesting part
of a NS. Since the energy density is higher than the central density of heavy
nuclei, several models have been put forward, see Figure 2.2. The models
developed concerned the possible presence of Hyperons [2123], condensates
of pions [78, 79] or kaons [80, 81]. Moreover some models take into account
the possible presence of deconned quarks in Compact stars [8284].
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Hydrostatic Equilibrium

The equilibrium conguration of stars is determinated by the equilibrium between gravitational pull and hydrostatic counteraction. An important mathematical result in the theory of stellar compact object is the derivation of
the Tolman Oppenheimer Volko (TOV) equation, a dierential equation
that generalizes the hydrostatic equilibrium in General Relativity. The TOV
equation allows us, for a given EoS to determine the equilibrium stellar conguration.
To derive the TOV equation we have to start from Eq. (1.1), adding
two main ingredients. First of all let us derive the stress energy tensor T µν ,
considering the source as a perfect uid [15,16]. That means that the pressure
is a function only of the energy density, so the stress energy tensor can be
dened as:
T µν = −p(r)g µν + (p(r) + ρ(r))uµ uν ,
(2.1)
where we are indicating with p(r) the pressure, with ρ(r) the energy density,
with g µν the metric tensor and with uµ the velocity four-vector. To dene
the Einstein tensor (Eq. (1.1)) we consider the most general static spherical
symmetric metric:

ds2 = e2Φ dt2 − e2λ dr2 − r2 dΩ2 ,

(2.2)

with dΩ2 = dθ2 + r2 dφ2 , φ = φ(r) and λ = λ(r). The functions φ and λ
depend on the radial distribution of matter. Following these hypotheses we
can dene the metric tensor as:

gµν = diag(−e2φ , e2λ , r2 , r2 sin2 ϑ),

(2.3)

thus the stress energy tensor becomes:

Tµν = diag(−ρe2φ , pe2λ , pr2 , pr2 sin2 ϑ).

(2.4)

From the energy momentum conservation, using Bianchi identity, we obtain the equation of hydrostatic equilibrium in General relativity:

dφ
1 dp
=− .
p + ρ dr
dr

(2.5)

Furthermore, let us derive the time and radial components of the Einstein
Equation (1.1):


e2φ
−2φ
0
1
−
e
(1
−
2rλ
)
,
r2

e2λ
= 2 −1 + e−2λ (1 + 2rφ0 ) ,
r

G00 =
G11

(2.6)
(2.7)
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for details on the derivation, see for instance [58]. Dening m(r) as the
stellar gravitational mass inside a radius r, from Eq.(2.7) we obtain:

m(r)
,
r

(2.8)

dm
= 4πρr2 .
dr

(2.9)

e−2λ = 1 − 2

Using the equation of hydrostatic equilibrium in the radial component of
the Einstein equation, we obtain the TOV equation:




ρm
p
4πP r3
2Gm
dp
=− 2 1+
1+
1−
,
(2.10)
dr
r
ρ
m
r
which is a relation between energy density and pressure in the stellar interior.
For a given EoS, p(ρ) it is possible to solve the closed system formed by
Eq. (2.9) and Eq. (2.10). From Eq. (2.9) it is possible to obtain the total
mass of the star integrating it up to the stellar radius, i.e. the radius at which
pressure vanishes. It is important to note that TOV equation have been
derived for a static, spherical symmetric metric. Assuming the total mass of
the star M , Eq.(2.9) must match at the surface of the star the Schwarzschild
solution, i.e. the spherical symmetric solution of Einstein equation.
To solve the system formed by Eq. (2.9) and Eq. (2.10) we must impose
two boundary conditions. Both boundary conditions are given at the center
of the star. We dene the central density of the star, generally of the order
of ρc ∼ 1015 g/cm3 and we impose a zero gravitational mass, M (r)r=0 = 0.
Solving this system we nd a family of solutions depending on the central
density. This family gives us a unique relation between radius and mass of
the star and this relation could be used for comparison with astrophysical
observations and to obtain some constraint on the properties of hadronic
matter. See for more details [13, 50, 51].

2.3

The EoS of Nuclear Matter

NSs are supposed to be "cold", that is the temperature of the system is
much less than the chemical potential. Infact, in NSs the chemical potential
of nucleons is much bigger than the nucleon mass µn , µp >> mN ( where
mN ∼ 1GeV ), while NS typical temperature is some orders of magnitude
smaller (T ∼ 1 − 100 keV ). In general, the equilibrium conguration will
depend on the matter content and is mainly produced by highly degenerate
fermions. This implies that we have to provide a functional relation of the
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type p = f (ρ, T ) where f (ρ, T ) is the EoS. However, due to the negligible
temperature, we can assume that T = 0 obtaining a barotropic EoS:

p = f (ρ).

(2.11)

This relation implies that irrespective of any eect of gravity, the pressure
and the matter density are functionally related.
The EoS of the NS crust is based on reliable experimental data on atomic
nuclei, on nucleon scattering and on the well elaborated theory of strongly
coupled Coulomb systems [2, 70]. By contrast, for ρ > ρS the EoS should
be extrapolated from available empirical information because matter at such
high density is neutron rich and cannot be reproduced in laboratory. To
describe the high density range various approaches have been developed: for
instance the Brueckner-Bethe-Goldstone perturbative expansion of strong interaction [8591] and the Green's functional theories [90,9294]. For detailed
review on nuclear EoS calculation see [95]. However, no exact calculation
have been performed yet and the reliability of these theoretical models decreases with growing ρ.
In general, the EoSs can be subdivided into soft, moderate and sti. The
rigidity of an EoS depends on the adiabatic compressibility of matter:
 
∂p
,
(2.12)
k=ρ
∂ρ s
where the sux s indicates that the partial derivative is made at constant
entropy. The range of maximum masses varies from Mmax ∼ 1.4 M for
softest EOSs to Mmax ∼ 2.5M for the stiest EoS. The stiness of an EoS
is related to the increase of pressure for a given density. The stiest is the EoS
the biggest is the pressure and thus, the more is the support against gravity,
meaning that the stiest is the EoS the bigger is the maximum mass.
Very sti EoS can possibly be attributed only to nucleon matter [2]. At
very high density, fermions in nuclear matter ll their Fermi spheres and the
degeneracy pressure could produce a sti EoS. However, whether dierent
particles could start to being produced the degeneracy pressure drop down.
The presence of Hyperons or bosons considerably softens the EoS. Indeed
populating NS core with Hyperons, leads to the hyperon puzzle: pressure
contribution falls down and typically the maximum mass is less than 2 M .
Despite populate the NS cores with hyperons seems natural, the resulting
EoS contradicts the observation of very massive NSs.
A review of the most important EoS can be found in [96, 97]. In Figure 2.3 we show the results obtained comparing dierent EoSs. One EoS
widely used in this thesis is the SLy EoS [98] a moderately sti EoS constructed by Douchin and Haensel. This EoS is based on the Skyrme eective
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Figure 2.3: MR diagram for dierent EoSs. In Figure we show the solution of SLy
EoS [98] (solid red line), the BBB EoS [99] (dashed blue line), the MS1 EoS [100] (dot
dashed black line) and the pcl1 EoS [101] (dotted brown line). The pcl1 EoS is constructed
assuming the presence of quarks and Hyperons in the core
nucleon-nucleon interaction and it has two important properties: it is a reliable EoS from ρ ∼ 108 g/cm3 down to the center, i.e. it is a unied crust-core
EoS and it has a maximum mass of 2.05 M in accordance with the recent
observations.
Another possible approach to dene an EoS of Nuclear Matter is to use
polytropes. A polytrope is a simple law that relates the pressure and the
energy density via the adiabatic index:

p = KρΓ ,

(2.13)

where K is a constant and Γ is the adiabatic index. The adiabatic index
strongly depends on the system, see Table 2.1.

Γ
5/3
4/3
1
2
→∞

Described System

Non relativistic Fermi gas
Relativistic Fermi gas
Ultra Relativistic Fermi gas
Neutron Star central region
Homogeneous star

Table 2.1: Typical values of adiabatic index for dierent system.
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In principle it is possible to describe any complicated EoS joining several
polytropes. For instance we show in Figure 2.4 the results obtained joining
two polytropes, the rst describing the central part of the star and the second
the external crust. Choosing Γ1 = 3 for the central part (i.e. a sti EoS) and
Γ2 = 4/3 for the external part, we join the polytropes at:
(2.14)

ρt = ρs /t,

where ρt is the transition density and t is a parameter. To determine the
constants we use that pressure and saturation density are known. We set the
constant K1 as:
ps
K1 = 3 ,
(2.15)
ρs
while imposing the continuity of pressure and density we obtain:

K2 = K1 ρΓt 1 −Γ2 .

(2.16)
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Figure 2.4: Mass-radius diagram for star described by two polytropes with Γ = 3 for the
inner part and Γ = 4/3 for the crust. The curves are obtained joining the polytropes at
dierent transition pressure. Polytropes are joined at pt = ps (solid black line), pt = ps /2
(dashed blue line), pt = ps /4, (dotdashed red line).

2.4

Quark Stars

Two main aspects of neutron matter represent a challenge to our understanding of the strong interaction. The rst aspect is that nuclei in terrestrial elements are almost isospin symmetric meaning that the majority of nuclei have
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(almost) the same number of protons and neutrons. Conversely, neutrons are
the dominant component of nuclear matter inside a NS. The second is that
densities in the core are of the order of tens ρS . These two aspects imply
that the extrapolated models for nuclear interaction, as already said, are far
to be reliable. Furthermore, remembering that the baryon density nb at ρs
is nb ' 0.16 baryons/fm3 , at tens of ρs the volume per particles is less than
1 fm3 and the nucleons could overlap. However overlapping of nuclei is not
energetically favored because of the Pauli exclusion principle and the short
range strongly repulsive nuclear potential. One of the possible solutions of
this puzzle is the presence in a Compact Object of deconned quarks.
We do not know whether at the densities reachable in a CS the quark
content of nucleons can be liberated [102]. We have some information from
accelerators experiment in which the quarks form the so called Quark Gluon
Plasma [103105]. Quark Gluon Plasma is a state of hot matter in which
the quarks are deconned. However, this state of matter is produced in
relativistic heavy ion collision and the data cannot be used because of the
lower typical temperature of CSs. In accelerators the typical energy scale is
the strong interaction scale, ΛQCD ∼ 200M eV , that is at least three order
of magnitude bigger than the typical temperature of compact objects. Furthermore, we mention that the numerical simulation of QCD in lattice QCD
simulation have not been developed at such large baryonic density [106,107].

2.4.1 Overview on Quantum Chromodynamics
The eld theory of the strong interaction is the Quantum Chromodynamics
(QCD). The gauge group of QCD is SU (3)c , where the sux c stands for
color, and it is a non-Abelian quantum eld theory [108110]. The only particles that have non vanishing color charge are quarks and gluons. However,
gluons are the mediators of strong interaction meaning that due to the non
vanishing color charge they are self-interacting.
Quark Flavour
u
d
s

Electric Charge
2/3
−1/3
−1/3

Mass (MeV)
∼2
∼5
∼ 100

Table 2.2: Light quarks' electric charge and masses.
What we know from observation of nature is that no color charged particles can be observed. All the particles that contains quarks and gluons, i.e.
mesons and baryons, are in a color singlet state. This phenomenon called
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Figure 2.5: Cartoon of the MIT bag model. Inside the bag the quarks are almost free
particles. However when one tries to separate the color charges, the pair production is
favored and two mesons are nally created.

connement is not well explained in standard model. However it is possible
to describe the connement through a phenomenological model: the MIT
bag model [111, 112]. The bag, following this model, is a colorless zone in
which quarks are almost free to move. The bag exerts a surface tension that
acts as a negative pressure on the system. As one tries to separate two color
charges, one stretches the bag that contains the quarks, which then breaks
at least in two hadrons see Figure 2.5.
The other important characteristic of QCD can be explained making an
analogy with electromagnetism. It is well known that the electromagnetic
potential between two point charges in a dielectric medium is:

VQED (r) =

e2
,
4πεr

(2.17)

where ε > 1 is the polarizability of the medium. The medium, in the case of
electromagnetic eld, screen the potential owing a reduction of the eective
interaction. Making an analogy with QCD properties, let assume that we
can dene a potential:
q2
VQCD =
,
(2.18)
4πεs r
where where q is a charge associated with the strong interaction and εs is
the analogue of the polarizability for strong interaction. In this case, the
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behavior is the opposite respect to electromagnetism: deep inside an hadron
the quarks behave like free particles meaning that εs = 1, i.e. the theory
is asymptotically free, meanwhile at large distance the interactions becomes
extremely strong, i.e. εs → 0.

2.4.2 Quark Matter EoS
Due to their fermion nature, inside the Bag quarks are forced to occupy different energy levels, lling their Fermi spheres. In CSs the chemical potential
of the light quarks (u and d) are much greater then the masses, but for the s
quark the chemical potential and the mass are of the same order. That means
that imposing the charge neutrality of the whole system, a large number of
electrons are present in the star's interiors.
Let us consider a simplied model of quark matter assuming quarks as
non interacting particles. The chemical equilibrium is guaranteed by the
week processes:

u + e → d + νe ,
d → u + e + ν¯e ,
s → u + e + νe ,
u + e → s + νe ,
s + u ↔ d + u.
Since the neutrino chemical potential is zero (neutrino are not trapped),
from the above processes we obtain the quark's chemical potential:

1
1
2
µu = µ − µe , µd = µ + µe , µs = µ + µe ,
3
3
3

(2.19)

where µ is the mean quark chemical potential. Using the non vanishing mass
of s quark, the Fermi momenta of the quarks are:
p
(2.20)
pF,u = µu , pF,d = µd , pF,s = µ2s − m2s .
From the last relations follows that the energy density ρ and the pressure p
can be dened as [113]:
Z pF,s
X
p
3
3
4
4
4
ρi = 2 (µu + µd + µe ) + 2
dp p2 p2 − µ2s ,
(2.21)
4π
π 0
i=u,d,s,e

1
3
Pi =
(3µ4u + 3µ4d + µ4e ) + 2
2
12π
π
i=u,d,s,e
X

Z
0

pF,s

dp p2 (µs −

p
p2 − µ2s ). (2.22)
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The electric charge neutrality of the system implies that:
∂ X
1
1
2
0=
Pi = − nu + nd + ns + ne ,
∂µe
3
3
3

(2.23)

i=u,d,s,e

and expanding to the rst order in the strange quark mass, we obtain:

m2s
,
4µ
m2
pF,u ' µ − s ,
6µ
m2
pF,d ' µ + s ,
12µ
5m2s
pF,s ' µ −
.
12µ
µe '

Using the previous relation in the Eqs.(2.21) e (2.22) we obtain the EoS:

3 4 3m2s 2
µ −
µ − B.
(2.24)
4π 2
4π 2
where B is called the Bag constant. This equation of state have been derived
neglecting the interactions. Including the interaction between quarks, it is
possible to dene an EoS for the strange quark matter [114]:
P '

3a4 4 3a2 2
µ − 2 µ − Bef f .
(2.25)
4π 2
4π
The terms a4 and a2 in the Eq.(2.25) are two coecients that do not depend
on the quark chemical potential, and Bef f is a modied bag constant. The
idea is that it is possible to describe with these three parameters the interaction between quarks. Perturbative calculations gives typical values for the
parameters: a4 ' 0.7 and a2 ' m2s −4∆ where ∆ is the energy gap associated
to Cooper pairs of quarks. Quark matter at densities typical of CS is supposed to be in color superconducting phase. Several color superconducting
phase have been proposed, see for instance [116121].
Using this EoS it is possible to study the solution of TOV equation for
stars with or made of deconned quarks. Two theoretical model have been
proposed: Hybrid stars and Strange Stars.
P '

2.5

Hybrid Stars

Hybrid stars are CSs with a core formed of deconned quark matter, see
Figure 2.2. It is assumed that when the central density of a CS reaches
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ρ ' 2 − 3 ρs there is a transition from standard nuclear matter to deconned
quark matter. The onion structure of Hybrid stars is similar to those of NS:
the external layers are the same, then there is a coexistence phase and lastly
a phase made of quarks and electrons.

Figure 2.6: Maximum mass for a hybrid star model. The model is built assuming the
APR nuclear EoS [115] and quark matter described by the EoS in Eq. (2.25). Figure
taken from [114]
In general the presence of a quark phase softens the EoS of matter, so
the observed maximum mass of a CS could be not reachable. However as
shown in [114] the maximum mass for an Hybrid stars depends strongly
on the parameters of the EoS. Using the Eq.(2.25) it is possible to study
the eects of the parameters on maximum mass. Choosing Bef f in way to
obtain a continuous transition between quark matter and nuclear matter for
ρt = 2ρs (solid lines in Figure 2.6) and for ρt = 3ρs (dashed lines in Figure
√
2.6) we obtain the maximum mass as a function of the values of a2 and a4 .
As can be seen from Figure 2.6, it is possible to obtain congurations with
mass higher than 2M reproducing the experimental observations with an
accurate choice of parameters.
There are two main scenarios for the formation of hybrid stars. The rst
scenario is that the conversion between nuclear matter and quark matter is an
adiabatic phenomenon. This hypothesis implies that at certain densities the
nuclear matter is so squeezed that the neutrons lost their identity and quarks
degrees of freedom are liberated. The second possibility is that NS and hybrid
stars are in dierent branches, i.e. NSs can be metastable stars. NSs could
eventually turn into hybrid stars by an abrupt rst order phase transition.
The transition from one type of star to the other should be accompanied
by a shrinking of the star and thus by the liberation of a huge amount
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of energy eventually released by photons and neutrinos. This phenomenon
could be associated to some astrophysical observations but, at present, no
astrophysical evidence has been found.

2.6

Strange Stars

The existence of Strange Stars (SSs) is based on the hypothesis of Bodmer [122] and Witten [123] that standard nuclei are in a metastable state.
According to this hypothesis, the real ground state of hadronic matter is
a conguration that corresponds to an hypothetical short range free-energy
minimum of the strong interaction. This conguration is a collapsed state of
matter and thus we can imagine a strange star as a huge collapsed hadron.
In the collapsed phase u, d, and s quarks are deconned and a small fraction
of electrons is present to guarantee the charge neutrality [124127].
The interaction that binds the star is the strong interaction, i.e. SS is
a self bound object. Gravity plays a role only for very massive stars. A
characteristic of Self-Bound object is that SS mass can be arbitrarily small.
More in detail with increasing baryon number A the size of the star grows as
R ∼ A1/3 . Looking at Figure 2.7, it is possible to see the dierent behavior
of SSs (green dashed curve) from hybrid and NS.

Figure 2.7: MR relations for dierent EoSs. Figure taken from [128]. In violet it is
shown an Hybrid Star model with a the phenomenological EoS for quark matter joined
with the APR EoS for the external layers. In blue and red two Hybrid Stars model with
dierent EoSs both for quark matter and for Nuclear Matter. In black a NS with the EoS
obtained using the Dirac-Brueckner-Hartree-Fock theory. In green a Strange star with
EoS calculated utilizing a perturbative model of QCD. For more information on these
EoSs see [128]
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Figure 2.8: Typical density proles for bare strange stars. Despite the sharp boundary,
it is possible to note that density varies slowly inside the star. Even in the more massive
case, solid black line, density varies less then one magnitude order inside a star with radius
of about 10 km.
Another intriguing aspect of SSs is the surface behavior. To better understand the features of the surface let us dene a simple EoS:

P = c2s (ρ − 4B)

(2.26)

where cs is the speed of sound. This EoS corresponds to the simplest version
of the MIT bag model [129]. Remembering that the surface of a star has a
vanishing pressure, the energy density at the surface is: ρsurf = 4B . The non
vanishing surface density implies that the energy density abruptly changes
on the typical distance of the strong interaction, i.e. 1 fm. In Figure 2.8
some typical energy density proles of bare strange stars are shown.
From Figure 2.8 it is possible to note that in the inner layers of a SS the
energy density varies less than one order of magnitude. This feature is typical
of SSs. The region of the star in which quarks are conned by the Bag is
called the Quark Sphere. Electrons are not bounded by the strong interaction
so they can escape from the Quark Sphere. However, to guarantee the total
charge neutrality of the star, electrons are distribuited outside the Quark
Sphere in a layer of few hundreds of Fermi [124, 130]. This region is called
Electrosphere. As a result, the quark sphere has a positive net charge. In fact
into the Quark sphere, the number of strange quark is less than the other
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avors due to the non vanishing strange mass. The distribution of electrons
and the positive charge of Quark Sphere generates a dipolar potential that
has been estimated as V ∼ 5 × 1017 V /cm [130].
Remarkably a SS could have a thin crust made of nuclear matter [131]. It
should be suspended on the top of the Electrosphere by the dipole potential:
the ions when approaches this potential are repelled. Furthermore the crust
has the maximum density equal to neutron drip, because neutrons do not
interact with the dipole eld and so they could fall into the quark sphere and
eventually being transformed. This could give upper limit on the nuclear
crust. It is possible to demonstrate that for stars with M > 1.7M the ionic
crust has a thickness of about 300 m and a mass of about 1.7 × 10−5 M [2].

Chapter 3
Gravitational Wave Echoes from
Compact Stars

The rst prediction of the existence of gravitational radiation was made by
Einstein, when he saw that the linearized weak-eld equations admit solutions in form of waves traveling at the speed of light [132]. Several indirect
detections of Gravitational Waves (GWs) were made studying their eect
on the timing of pulsars in binary systems [132136]. In 2015, one century
after the publication of Einstein eld equation [137], the rst GW signal was
directly observed by the LIGO-VIRGO Collaborations [138140]. The Event
was denoted as GW150914 and it was due to the coalescence of a Black Holes
(BH) binary system. The waveform observed in GW150914 matches the one
predicted from General Relativity [141143], providing an important proof
on the validity of the theory. Three further observation of BHs binary system
coalescence have been done in the following years [144146]. At the time of
writing the present thesis about 10 BH binary system have been observed,
see GWTC-1 catalog.
In 17th of August 2017 the LIGO-VIRGO Collaboration announced the
detection of GW signal, denoted as GW170817 [147]. This signal, originated
at a luminosity distance of 40+8
−14 Mpc, has a chirp mass:

M = (m1 m2 )3/5 /M 1/5 = 1.188+0.004
−0.002 M ,

(3.1)

where m1 and m2 are the masses of the binary merging objects and M is
the total mass of the system. The chirp mass is a parameter that determines
the orbital evolution of the system. It is related to the energy loss from the
emission of GWs during the inspiral phase and it determines the frequency
of the emitted GWs. From the Eq. (3.1) it is possible to extract the total
estimated mass. The total mass is in the range M = (2.73 − 3.29)M and
the lowest value M = 2.73M corresponds to equal-mass components case:
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m1 = m2 = 1.365M . The GW170817 is consistent, for the rst time, with
a merging of NSs.
As expected from theoretical models [148152], the GW170817 event has
been associated with a short gamma ray burst (sGRB) observed on the
Fermi satellite [153, 154]. Moreover after few hours an optical -infraredultraviolet astrophysical transient, associated to a "kilonova", have been observed [155158]. Even though the electromagnetic counterparts are very
interesting and GW170817 is a breakthrough in Multimessanger Astronomy,
in this Chapter we focus on the GW signal, in particular on the possibility
and on the consequence of the presence of GW echo. For more details on
Electromagnetic counterpart see for instance [153158].
The possibility that the merging of compact stars can lead to the emission of GW echoes have been investigated by several authors [188, 194, 195],
but it remains a controversial topic, see for instance [159, 160]. The mechanism of the GW echoes relies on the existence of a very massive post-merger
object leading to partial GWs trapping [161, 162]. However, the emission of
GW echoes from BHs require a second reection surface to avoid the GWs'
absorption. This surface is related to to quantum eects close to the BH
horizon, see for instance [165]. As discussed in [166], GW echoes can also be
produced by ultracompact stars and there is no need of an internal reection
surface because, unlike BHs, an ultracompact star is not capable of absorbing
a sizable fraction of GWs. In the following section we will discuss how the
trapping of GWs is possible.

3.1

Theoretical aspects on GW Echoes

The perturbation of the metric tensor produce small uctuation of both
metric function and uid variables. It is possible to study the dynamics of
this uctuations coupling Einstein's equation with hydrodynamical equation
and conservation of baryon number. Expanding the perturbed equation in
spherical harmonics two dierent modes are recognizable: polar and axial
modes (modes with even and odd parity, respectively). However, BHs and
CSs presents dierent features in these perturbations. For BHs polar and
axial perturbation are isospectral while for non rotating CSs polar modes
describe hydrodynamical perturbations and axial modes spacetime perturbations [170,177179]. In this context we focus on the spacetime perturbations
of CSs, so we shall focus on axial modes. The rst approach to spacetime
modes, studied in GR is due to Kokkotas and Schutz in [175]. They developed a very simple toy model [175] founding that the spacetime modes are
fastly damping [174]. This new family of modes, denoted as w-mode [176],
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was found to have high frequencies (on the order of tens KHz) and fast damping time. This damping time decrease both with the order of the mode and
with the compactness:
M
(3.2)
C=
R
of the star [174].
A very interesting feature of w-modes is their possibility of be trapped
[174]. Trapping modes are present when the compactness of the star is higher
than 1/3. Objects that have a compactness C ≥ 1/3 feature a Photon sphere,
i.e. a region of the space in which circular orbit of photons and GWs are
possible. The bound of Photon Sphere is located at R = 3M , where M is
in unit of Scharzschild's radius. Thus, Photon Sphere is featured both by
BHs [3] and by ultracompact stars [163, 164]. For instance, BHs (the most
compact objects known) have a compactness C = 1/2 and the BH's Photon
Sphere is responsible of the BH's shadow, the luminous region in Figure (3.1).

Figure 3.1: First photography of a BH captureb by Event Horizons Collaborations.
Figure taken by https://eventhorizontelescope.org
Dierent kind of objects present a Photon Sphere, for example stars with
compactness between 1/3 ≤ C ≤ 4/9. The limit C = 4/9 is the fundamental
Buchdal's Limit [180]. To understand the importance of Buchdal's Limit, let
us to derive an analytical solution of the TOV equation at constant energy
density. In this case integrating the Eq. (2.9), we obtain:

m(R) = 4/3πρR3 ,
and integrating the Eq. (2.10) we obtain [5]:
p
p
1 − 2M r2 /R3 − 1 − 2M/R
p
p=ρ p
.
3 1 − 2M/R − 1 − 2M r2 /R3

(3.3)

(3.4)
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Taking r = 0 it is easy to show the relation between central pressure and
energy density:
p
1 − 1 − 2M/R
pc
= p
.
(3.5)
ρ
3 1 − 2M/R − 1
A star that reaches the Buchdal limit is a star whose central pressure diverges.
Moreover, at the Buchdahl's limit, also the gravitational potential is not
well dened, indeed for M/R > 4/9 the potential becomes imaginary at
small values of r. This signals that the system is becoming unstable before
reaching the Schwarzschild radius R = M/2. So Buchdahl's limit gives us the
maximum compact conguration for an ultracompact star. However, there
are more exotic objects with compactness 1/2 < C < 4/9, the so called BHmimick. The BH-mimick include object like gravstars [181, 182], Lorentzian
wormholes [183], matter-bumpy BHs [184, 185], Kerr-like wormoholes [186]
and Fuzzballs [187]. All this objects present a Photon-sphere, and trapped wmode can be observed as GW echoes. Anyway the existence of these compact
objects remains controversial.
The trapping of w-modes inside a star with compactness C > 1/3 is due
to an angular potential barrier. For axial modes it is possible to dene an
eective potential [169, 170]:


6m(r)
ν(r) l(l + 1)
−
− 4π(P − ρ) ,
(3.6)
Vef f (r) = e
r2
r3
that, as discussed for instance in [5, 169, 170], in the case of s = l = 1 corresponding to the case of massless photons, has a maximum at r ' 3M . The
Photosphere represent the unstable circular null geodesic and has actually
the same position for BHs and for CSs . However the potentials for BHs and
for ultracompact stars diers signicantly, see Figure 3.2 [169], where the
eective radial potential in Eq. (3.6) is shown as a function of the tortoise
coordinate:


r
−1 .
(3.7)
z = r + 2M log
2M
The BH eective potential vanishes at the horizons that corresponds to
z → −∞ while the potential of a ultracompact star diverges at r = 0 because of the centrifugal term l(l + 1)/r2 [169, 170]. That means that eective
potential of ultracompact stars behave like a potential well and gravitational
and electromagnetic waves can be trapped. Following [169,170], it is possible
to describe the null geodesic as a Schröedinger-like equation [169, 170]:

d2 ψ
+ (ω 2 − Vef f )ψ = 0.
2
dz

(3.8)
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Figure 3.2: Eective potential for spacetime perturbations in function of tortoise coordinate (see Eq. 3.7) over the total mass. On the top we show the eective potential for
a Schwarzschild BH. The w-modes propagates outgoing (z → ∞) and ingoing (z → ∞).
For the generation of GW echo from BHs, a second reective surface is needed close to
horizons. On the bottom we show the eective potential for an ultracompact object. At
the center of the star the centrifugal term of the the eective potential diverges. Thus,
a ultracompact star support the quasi-trapped, long-lived modes, because the eective
potential behaves like a potential well. Figure taken from [169].
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where ψ is the wavefunction associated to the null geodesic motion. This
equation must be solved by imposing the right boundary condition. It is
simple to show that imposing M = l = 0, Eq. (3.8) is the wave equation
governing a string [169]. Imposing Dirichlet boundary condition one nds
that ω = nπ/L, where L is the thick of the cavity, i.e. in the case of ultracompact star is the stellar radius. This is actually the frequency of the
w-mode standing wave as dened in [174]. In the case of BHs or BHs mimick
the situations is slightly dierent. Infact, as it is possible to see from Figure
3.2 the partial trapping of GW and photons is possible if a second reective surface located near the BH's horizon and related to quantum eects, is
present (see for instance [165]).
One may indeed conceive the photon sphere as a trap for GWs, with
characteristic frequencies on the order of the inverse of the length scale of
the trap. Thus, the smaller the trap, i.e., the closer the stellar solution to
the photon-sphere line, the larger the GW echo frequency. The typical echo
time can be evaluated as the light time from the center of the star to the
photon sphere, see [209], corresponding to:

Z
τecho =
0

3M

dr
q
e2φ (1 −

.
2m(r)
)
r

(3.9)

From the calculation of the typical echo time, GW echo frequency can be
approximated by ωecho = π/τecho . The argument underlying this approximation is that the echo frequency corresponds to that of standing waves
inside the photon sphere, see for example the discussion in [174, 213]. Thus,
it is assumed that during the merger of the NSs these modes are excited
and partially trapped inside the photon sphere. After some time, they leak
outside with approximately the same frequency of the standing waves. The
frequency of the GW echo is therefore determined by the eigenmodes of the
photon-sphere trap, and is not related to the frequency of the GW emission
during the inspiral.

3.2

GW Echo observation

Several tentative evidence of repeating GW echoes have been found in
LIGO/VIRGO observation of BH merger [188190]. However, the signicance of these observation is low, and the origin of this signal remains controversial [190, 191, 194, 195]. With the rst observation of a Binary neutron
star coalescence new tentative observations of GW echoes have been reported
by Abedi in [195]. One particular aspect of this event is that the nature of
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nal object is unclear. Indeed, as told in [195], the nal object of GW170817
event has a mass in the 2 − 3 M range, so it could be a BH [192], an Hypermassive NS that in . 1 sec collapses into a BH [192], supramassive NS that
collapses into a BH on timescale of 10 − 104 seconds [192] or a stable NS (or
SS) [147].
Abedi at al. developed a model-agnostic search of GW echo correlating the
two detectors (Stanford and Livingstone), for more details see [195]. They
estimate the time retardation of the GW echo as twice the tortoise coordinate
distance between the photosphere and the BH membrane [195]:

∆techo = 8M logM.

(3.10)

That means that, since the nal mass of the binary merger is in the 2 − 3 M
range, the lowest frequency of the GW echo, dened as fecho = 1/∆techo
(∼ 80Hz ), is in the LIGO sensitivity and can be detected [195]. So they
developed a model-agnostic strategy to nd the lowest GW echoes harmonics
[147, 195]. Furthermore, they estimated that in the merging process about
the 5% of the energy is lost [193] constraining ∆techo to be within [195]:

0.0109 s < ∆techo < 0.0159 s,

(3.11)

that corresponds to echo frequency of

63Hz ≤ fecho ≤ 92Hz.

(3.12)

After dening the lowest harmonic expected frequency, they search for
a echo signal in the range t − tmerger ≤ 1 sec. Furthermore, they obtained
the amplitude spectral density, as discussed in [196], and they whitened the
data, see for more details [195]. After the cross correlation of the resulting
spectrograms (one from Livingston and the one from Hanford) they dene
the cross power spectrum X(t, f ), i.e. the Fourier transform of the cross
correlation function, in function of time and frequency, see for more details
[195].
The obtained results, in the postmerger spectrum, are shown in Figure
3.3 [195]. Abedi et al, claimed that a signal at t − tmerger ' 1.0 sec after the
merger and at fecho ' 72 Hz is present, green squares in Figure 3.3 [195].
They interpreted it as the evidence of the formation of an hypermassive NS
that after 1 s collapses in a BH. The estimated signicance is at 4.2 σ that
correspond to a false detection probability of 1.6 × 10−5 .

3.3

GW echo from Strange Stars

This section is based on our paper Gravitational wave echoes from strange
stars [197], in which we examine the possibility that the ultracompact object
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Figure 3.3: Time-frequency representation of X(t, f ) before and after the GW170817
event. In gure the possible peaks of echoes found are marked with green squares. Two
tentative peaks have been found. The rst one at fpeak = 72 ± 0.5 Hz, 1 second after the
merger. The second at the same frequency but 32.9 seconds after the merging [195]
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produced during the GW170817 event is a SS, and we evaluate the frequency
of GW echo. An interpretation of this echo signal from an ultracompact
star was rst proposed in [209]. This preliminar analysis, conducted by a
simplied incompressible EoS, has shown that to produce a signal at such
a low frequency, the stellar object formed in the coalescence of the NSs
should be very compact, close to the Buchdal's limit. Thus the radius of
this object shold be R ' 9/4M . However, as told before, this situation
is unphysical because no stellar object can be so compact. Moreover, an
incompressible EoS implies a diverging speed of sound. Since SSs are known
to be very compact [2, 124], we studied whether SSs may have a photon
sphere, approach the Buchdal's limit and eventually emit GW echo that
reproduce the experimental result found in [195].
In the development of our model, dierent simplifying hypotheses have
been done. First, we assume that the conversion of nuclear matter into quark
matter happens by compression during the NS merging. This is justied by
the analysis of GW170817 tidal deformability. Indeed both GW170817 tidal
deformability by GW signals [147,198200] and the electromagnetic counterpart observations [201] suggest that the EoS of the merging NSs cannot be too
sti (nor too soft),and from these analyses it follows that the merging stellar
object can be two standard NSs or a NS and a hybrid star [202, 203]. The
formation of a SS would certainly be accompained by a release of energy, as
discussed in the framework of supernova explosions, see for instace [204206],
possibly aecting the gamma and neutrino emissions associated with the
merging of NSs. The GW postmerger emission could also be dierent, but
we are not aware of any simulation of merging of NSs leading to the formation of a SS. In this thesis we limit our analysis to the postmerger GW echo
signal [197].
Furthermore we neglect both the eect of temperature and of stellar spinning, despite the SS is initially hot and presumably in a highly excited
state, rotating at high frequency. Thus we consider a static conguration
of cold quark matter, arguing that the eects of temperature and spin are
negligible in this context, see below. However, it may be of interest that
the excited SS could relax also emitting radio waves at kHz frequencies (or
smaller) [130, 131, 207]
In principle, our study could lead to interesting information on quark
matter EoS. For instance, whether the realization of the Bodmer and Witten
hypothesis [122] that standard nuclei are not the ground state of matter is
true. As argued before, the current astrophysical observation of masses and
radii of NSs can in principle constrain the EoS of matter at suprasaturation
densities. However, a strong constraint would only result from a simultaneous
mass and radius observations which are dicult, meaning that at present
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several dierent model of EoS can describe the known astrophysical data.
As told in the rst chapter, the observation of NSs with gravitational mass
M ' 2M [52, 208] has challenged nuclear EoSs excluding too soft ones. If a
compact star with an even larger mass, say of about 2.5M is the nal stellar
object resulting in the NSs merging associated with the GW170817 event,
although compatible with extreme nuclear matter EoSs, it would certainly
exclude a large number of models, possibly challenging the present understanding of core-collapse neutron star formation [50]. As we will see, requiring that this compact object emits GW echoes further constrains the model
EoSs, excluding the known nuclear EoSs, as already shown in [163, 209], and
constraining the quark matter EoS to be very sti.

3.3.1 The Model
Our model is based on the stiest EoS for quark matter, a simple bag model
EoS as dened in Chapter 2, see Eq. (2.26):

ρ = p + 4B

(3.13)

where we set the speed of sound equal to 1 and we recall that p and ρ are
the pressure and the energy density respectively. In Figure 3.4 we show the
obtained mass-radius relation for two dierent values of the bag constant:
B1 = (145MeV4 ) (a typical bag model value) and B2 = (185MeV4 ), corresponding to the curves SS1 and SS2, respectively. With this extreme EoS,
the M (R) curves cross the photon-sphere line M = R/3, but do not approach
the Buchdahl's limit line. The reason is that for small masses and radii, the
stellar mass is expected to grow as R3 , because strange quark matter is selfbound. Therefore, for small radii the M (R) curve of SSs stands below the
photon-sphere radius. It can only approach it when the M (R) curve bends,
which happens for suciently large masses. For large masses the gravitational pull helps to compress the structure, however it eventually leads to
an unstable branch, when a central density increase leads to a gravitational
mass reduction [3]. The last stable congurations, the ones with the largest
masses, correspond to the tips of the M (R) curves in the mass-radius diagram
of Figure 3.4. These are as well the most compact stable congurations.
For the considered values of the bag constant we obtain maximum masses
Mmax ≈ 2M , for SS2, and Mmax ≈ 3.3M for SS1. Intermediate maximum
masses can be obtained for values of the bag constant in the range B1 < B <
B2 , which can be easily inferred considering that the maximum mass scales
as [123]:
Mmax ∝ B −1/2 .
(3.14)
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Figure 3.4: Mass-radius relations for dierent CS models. The emission of GW echo
can only happen for those stellar models that cross the photon-sphere line. Standard NSs
do not seem to be possible candidates. SS with a maximally sti EoS are marginally
compatible with this requirement.
Thus, for values of the bag constant in the above range, one spans maximum
masses compatible with the 2M observations [52, 208] and the GW170817
estimated total mass of 2.7M [147]. To make clear how extreme these
cases are, consider that the central baryonic densities of these SSs are about
25 times the nuclear saturation density. Actually, such extreme values of
the baryonic densities are in agreement with the results obtained by simple
models of NS collapse [210] and by numerical simulations including rotation,
see for example [211,212]. In these works, polytropic EoSs are used to mimic
nuclear matter. Instead, in our approach we assume, maybe more reasonably,
that at such large densities quark matter is liberated [102] and thus the
collapse of two NSs leads to the formation of a SS. Whether the SS is the
nal stellar object or whether it collapses to a BH depends, in our very simple
model, on the value of the bag constant. Small values of the bag constant do
indeed allow us to have SSs with a large mass.
One may expect that a dierent quark matter EoS could provide a structure approaching the Buchdahl's limit line in Figure 3.4. A very general
parametrization of the quark matter EoS was dened in the previous chapter
in the Eq. (2.25), that we report here [114]:

P =

3
3
a4 µ 4 − 2 a2 µ 2 − B
2
4π
4π

Varying the various parameters we obtain last stable SSs that are less compact than those reported in Figure 3.4, basically because the EoS in Eq.
(3.3.1) is less sti than the simple parametrization Eq. (3.13). Regarding
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standard nuclear matter, as already noted in [163, 209], the M (R) curves
obtained by the nuclear EoSs approach the photon-sphere line from below,
but do not cross it. As representative examples we consider in Figure 3.4,
the BBB2 [99], the SLy4 [98] and the MS1 [100] EoSs, which at the largest
possible mass values have a speed of sound in the central region close to 1,
but nonetheless are not suciently compact to cross the photon-sphere line.
Using the considered models of SS, we estimate the τecho as dened in
Eq. (3.9) and considering the relation ωecho = π/τecho , as told before, we
obtain the lowest frequencies for our studied congurations. We obtain that
the lower frequencies are of the order of tens of kilohertz. In particular, for
the last stable massive stars, corresponding to the tips of the SS1 and SS2
curves in Figure (3.4), we obtain ω1,echo ' 17 kHz and ω2,echo ' 27 kHz,
respectively. Values of the bag constant in between B1 and B2 lead to intermediate values of the echo frequency. The basic reason for the discrepancy
between our results and those found in [209] is that strange quark matter is
self-bound, but is not incompressible. Incompressible matter is characterized
by a superluminal (actually innite) speed of sound. In our approach we
have instead assumed a speed of sound equal to the speed of light. In this
case it is still possible to cross the photon-sphere line, but the star cannot be
too compact because at that point gravitational eects are large, and then
further increasing the central density the star gravitationally collapses.
We have neglected the stellar rotation and possible temperature eects
on the EoS. Regarding the stellar rotation, although we have solved the
TOV equations assuming a static stellar model including rotation is expected
to slightly change the GW echo frequency, see for example the estimates
reported in [209]. Those estimates apply to the present model for the basic
reason that SSs are hardly deformable. Regarding the temperature eects,
one should compare the expected temperatures produced in the NSs merging
with the corresponding quark chemical potentials. Since in SSs the quark
chemical potential is on the order of hundreds of MeV, it seems unlikely that
such a high temperature scale is produced in the merging or in the postmerger
environment.
An interesting possibility is that the SS produced by the merging of NSs is
in the unstable branch. Since stars in the unstable branch are more compact
than stable stars, they may lead to GW echoes at lower frequencies. In this
case the star would quickly collapse to a BH, but it might have enough time
to produce a GW echo signal. The estimated time for NS collapse to BH is
on the order of a millisecond [210212] and it strongly depends on how far
from equilibrium the initial stellar conguration is. A delayed collapse, on
timescales of 10 − 100 ms, is obtained for dierentially rotating stars, see for
example [214], and for sti EoSs [215]. We are not aware of any simulation
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of merging NSs with the formation of an unstable SS, however, since the EoS
in Eq. (3.13) is extremely sti, it may have collapsing times of the order of
100 ms or more. In this case, the collapsing time could be longer than τecho
, thus allowing, at least in principle, the emission of GW echoes at lower
frequencies than those obtained in the present work. Note that for realistic
estimates of the echo timescale one should evaluate τecho considering that the
density and the pressure of the collapsing ultracompact star changes with
time.

Chapter 4
The Neutron-Mirror Neutron
mixing in Neutron Stars

4.1

Mirror World

In 1956 Lee and Yang proposed that the weak interactions of the fundamental
particles are not invariant under mirror reection of the coordinate system,
or equivalently they are not invariant under Parity transformation [216]. Experiments conrmed that the parity is violated by the weak interaction. This
interaction is left-chiral, i.e. it has the V-A form [217]. Nowadays, the fundamental interactions of particles are described by the Standard Model of
Particle Physics. The Standard Model is a gauge theory whose symmetry is
G = SU (3)c × SU (2) × U (1) [217, 218]. For a brief discussion on the representation of the SU (3) group, see Chapter 2. The left-handed fermions
transform as doublets of the electroweak SU (2) × U (1) subgroup, while the
the right-handed fermions as singlet:
 
 
uL
ν
(4.1)
qL =
, lL = L , uR , dR , eR ,
eL
dL
where we denote with q the quark, u and d are respectively the up and down
quark component of the doublet, l are the leptons, e is the electron and ν
the neutrino. We are omitting in this discussion the family index because
the representations are the same for all the three families. We can dene the
antiparticles elds by the transformation:

ψ̄L = Cγ0 ψR∗ ,

(4.2)

4.1 Mirror World

43

and applying this transformation to the particles representations, the representations of antiparticles are:
 
 
ν̄
ūR
(4.3)
q̄R = ¯ , ¯lL = L , ūR , d¯R , ēR .
dR
ēl
Moreover, we dene a global charge called the baryon number B , that is
equal to B = 1/3 for all the quark eld (and B = −1/3 for anti quark
eld ), and a global charge denoted with L, that is the lepton number. It
is equal to L = 1 for lL and eR and L = −1 for the respective antiparticles.
The antiparticles weak interactions are right-handed, i.e. are of the V+A
form. However, due to the baryon asymmetry of the Universe, particles are
dominant and we observe V-A weak interaction.
There is an old idea, suggested by Li and Yang [219221] that there can
exist a hidden sector of particles which is an exact replica of the observable
particle sector, however with right-handed interactions. This sector is the
sector of mirror particles and it could be a non conventional candidate for
Dark Matter. Then all the ordinary (O) particles, the electron e, the proton
p, the neutron n, the photon γ , the neutrinos ν have invisible twins: e0 , p0 , n0 ,
γ 0 , ν 0 . These twin particles are sterile to our standard interactions SU (3) ×
SU (2) × U (1) but have their own gauge interactions SU (3)0 × SU (2)0 × U (1)0
and are called Mirror (M) particles [236]. So the M sector has the eld
content [246]:
 0
 0
ν
uL
0
0
(4.4)
qL =
, lL = L0 , u0R , d0R , e0R ,
0
el
dl
and:

q̄R0

 0
 0
ν̄
ūR
0
¯
= ¯0 , lL = L0 , ū0R , d¯0R , ē0R .
dR
ēl

(4.5)

For deniteness, let us dene M fermion numbers: M baryon number B 0 is
equal to 1/3 for M quarks u0 and d0 (whatever the parity they have), and M
lepton number L0 is equal to 1 for left handed M leptons and for right handed
M electron. Similarly to what happens for O particles, M antiquarks have
B 0 = −1/3 and M antilepton have L0 = −1 [246]. For a hystorical overview
and references on the M world see [222].
If the M particles exist in nature, one could think that they are the partners of standard particles obtained by a "mirror" symmetry. This symmetry,
called M parity , is an exact symmetry and one could consider a theory based
on the product G×G0 of two identical gauge group with O particles belonging
to G and M particles to G0 , i.e. the parallel M sector. The total Lagrangian
of the system should be:

Ltot = L + L0 + Lmix ,

(4.6)
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with the L, L0 Lagrangians of O and M particles respectively. Lmix stands for
possible interactions between the particles of two sectors. The identical forms
of the Lagrangians L and L0 is ensured by a discrete Z2 symmetry G ↔ G0
when particles of G sector (fermions, Higgses and gauge elds) are exchanged
with their twins from G0 -sector (primed fermions, Higgses and gauge elds).
Moreover the M parity implies that not only all the particles have their own
M counterpart, but also all the coupling constant (gauge, Yukawa and Higgs)
have the same pattern. That means that the microphysics of the two parallel
sector are the same [236]. The case of spontaneously broken Z2 symmetry
when the weak scales in two sectors can be dierent was also discussed in
the literature [231].
M particles can exist without violating any known experiment, or conversely the known experiments do not demonstrate the existence of M particles nor that M symmetry is broken in nature: they have only shown that the
O particles are transparent to M interactions (whether M world exist) [223].
Assuming the existence of M particles, we need to understand the experimental implications and nd out whether the existence of a parallel sector could
be relevant for our Universe [223]. In the last years, several works have taken
into account the existence of the M world, being motivated by the problems of
avour and CP violation [224, 225], neutrino physics [227230], gravitational
microlensing [231233], ultra-high energy cosmic rays [234], etc..
M atoms, invisible in terms of ordinary photons but gravitationally coupled to our matter, can constitute some reasonable fraction of dark matter, or
could even represent its entire amount (for reviews, see e.g. Refs. [235, 236]).
M matter is an asymmetric type of dark matter, with an abundance related
to the mirror baryon asymmetry. Its collisional and dissipative character
can have specic implications for the cosmological evolution, formation and
structure of galaxies and stars, etc. [237240]. One could naively think that
the O and M particles, because of the M symmetry, should have the same
cosmological abundance and have the same cosmological evolution. However, this would be in contrast with the Big Bang nucleosynthesis bound on
eective number of extra light degrees of freedom [223, 241]. The way out
is that in the early universe the M world has a lower temperature then the
O universe, T 0 < T . In particular, the Big Bang nucleosynthesis bounds require T 0 /T < 0.5 or so whereas a stronger limit T 0 /T < 0.3 emerges from the
cosmological data on the large scale structure and cosmic microwave background [237239]. This can be realized if after ination O and M sectors are
(re)heated in non-symmetric way and then both systems evolve adiabatically,
without signicant entropy production, with T 0 /T remaining nearly constant
in all epochs until today [237239]. In addition, all possible particle interactions between two sectors included in Lmix should be out-of-equilibrium,
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otherwise they would equilibrate temperatures between two sectors and one
would have T 0 /T ≈ 1. Remarkably, the baryon asymmetries in both O and
M worlds can be co-generated in comparable amounts,

Ω0B /ΩB ≥ 1
via B−L violating interactions between the particles of two sectors [242246].
The same B and L violating interactions that can be at the origin of the cobaryogenesis between the O and M sectors, can induce the mixing phenomena
between O and M particles. In fact any neutral particle, elementary (as
e.g. neutrinos) or composite (as e.g. the neutron or hydrogen atom) can
have mixing with its mirror twin and thus can transform into the latter. In
particular, eective L-violating operators:

1
`φ`0 φ0 ,
M

(4.7)

where ` and `0 are the O and M lepton doublets and φ and φ0 O and M
Higgs doublets, induce active-sterile mixing between our neutrinos νe,µ,τ and
0
[227230]. On the other hand, they give rise to comirror neutrinos νe,µ,τ
leptogenesis mechanism which induces baryon asymmetries in both O and M
worlds [242246].

4.2

Mirror neutron-neutron mixing

We shall concentrate on the mixing between the neutron n and mirror neutron n0 [247, 248]. This phenomenon is similar to neutron-antineutron mixing [249, 250] (for a recent review, see [251]). However, dierently from the
latter, n − n0 mixing is not restricted by strong experimental bounds and
can be rather eective for free neutrons. Implications of n − n0 oscillation
for the propagation of ultra-high energy cosmic rays, for neutrons from solar ares and for the Big Bang nucleosynthesis were discussed respectively
in [252254] and [255]. Experimental sensitivities for searching n − n0 transition at dierent neutron facilities were discussed in [256]. Several dedicated
experiments for its search were already performed [257261] (some of them
show deviations from the null-hypothesis [263]), and new experiments are
also planned [264, 265].
The mass mixing term  nn0 + h.c., violates ordinary and mirror baryon
numbers by one unit, ∆B = 1 and ∆B 0 = −1, but it conserves the combination BT = B + B 0 . The mixing can be induced by eective operators:

1
¯ 0 d0 d0 ) + h.c.
(ūd¯d)(u
M5

(4.8)
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involving ordinary quarks u, d and mirror quarks u0 , d0 , where M is a cuto
scale. This operators in turn can be induced via a see-saw like mechanism
involving e.g. heavy color triplets and neutral Dirac fermions [229, 247, 248].
Then, modulo C = O(1) coecients in the determination of the matrix
element hn|udd|0i = CΛ3QCD , one has:

C 2 Λ6QCD
= 2.5 C 2
=
M5



10TeV
M

5

× 10−15 eV

(4.9)

where the Clebsch factor C depends on the Lorentz and isospin structure
of Eq. (4.8). Therefore, for the cuto scale M of few TeV, the underlying
physics can be testable also at the LHC and future accelerators.
For free neutrons n − n0 conversion is aected by the presence of matter
environment and magnetic elds [247,248]. The n − n0 transition is kinematically forbidden for the neutrons bound in nuclei, and no limits on  emerge
from the nuclear stability bound [247,248]. For a comparison, the nuclear stability limits for n − n̄ mixing are very stringent: nn̄ < 2.5 × 10−24 eV, in fact
about 3 times stronger than the direct experimental limit nn̄ < 7.7×10−24 eV
[251].
Altough the n − n0 transition is ineective in nuclei, it is possible in NSs
and we shall discuss this topic below. [247, 248].

4.3

Mirror neutron-neutron mixing in Neutron
Stars

In general, evolution may play an important role in NSs, leading to a 0.2 −
0.3M mass increase [51] due to matter fallback after the supernova explosion or accretion in recycled NSs. These mechanisms always imply a mass
increase, thus it is generally believed that the mass of NS after their birth
can only increase. As a consequence, those NSs in double NS binaries, which
are thought to have received little or no accretion, should reect the stellar
mass at birth with a direct link to the supernova mechanism. The observed
double NSs masses can be nicely tted with a gaussian distribution with a
mean value at µ ' 1.32M and rather small dispersion, σ ' 0.1M see for
example [51]. It is not clear why a general supernova explosion should lead
to such a mass, and to a so peaked mass distribution.
Our goal is to challenge this paradigm, scrutinizing whether the double
NSs might have followed a dierent evolution, with a larger initial mass followed by a gravitational mass decrease. In the proposed mechanism part of
the standard hadronic content has been transformed in M matter, with a
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gravitational mass (and radius) reduction during the stellar evolution. The
transformation of O matter into M matter does indeed lead to a larger binding
energy and is therefore energetically allowed. As discussed above, this cannot happen in standard nuclei, because a transition neutron-mirror neutron
would lead to a decrease of the nuclear binding energy. The proposed mechanism also allows for more degenerate solutions: the EoS of standard nuclear
matter allows NSs with similar radius but dierent gravitational masses. Including M matter, CSs with the same mass but dierent radii can exist: they
correspond to stars with a dierent fraction of M matter. Recent analysis
of NS masses in double NS systems suggest a bimodal distribution [267]. A
possible interpretation is that the two distributions correspond to dierent
type of stars with the low mass one corresponding to hybrid CS. i.e. with
a deconned quark matter core. Within the present approach, if the radii
of some NS is found to be smaller than those of other NS with the same
or smaller mass, they could correspond to stars with a large fraction of M
matter inside.

4.3.1 Two uid description
In order to calculate the equilibrium conguration, we assume that M matter
and O nuclear matter can be described by the same EoS. Since the astrophysical observation of very massive NSs requires a sti EoS, we consider the SLy
EoS, which can indeed account for a mass M ' 2M and a radius R ≈ 10
km. The result of our analysis is that double NSs that have small masses
could be old NSs in which a large fraction of O matter has been converted
in M matter. As a second example we consider a polytropic EoS obtained,
as described in Chapter 2, joining two polytropes p = Kργ , with γ = 3 for
the inner part of the NS and γ = 4/3 for its outer part, with the transition
density chosen at ρtr = 1.33 × 1014 g/cm3 . It allows larger maximal mass,
max
= 2.57 M . For typical masses of the NS M ' 1.4 M both of these
MNS
EoS imply a radius of about 12 km.
A newborn NS formed after the gravitational collapse of the progenitor
star consists only of O nuclear matter. However, n → n0 transition starts
to create in its interior M nuclear matter and hence the original NS should
be gradually transformed into a mixed star (MS) partially consisting of O
neutron matter and partially of M neutron matter, with the fraction of the
latter increasing in time. We consider that the transformation process is
adiabatic, with a conversion time much larger the the star cooling time, and
described by Boltzmann equations:

dN1
= −ΓN1 + Γ0 N2 ,
dt

dN2
= ΓN1 − Γ0 N2 ,
dt

(4.10)
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where N1 (t) and N2 (t) are respectively the number of O and M baryons at
the time t, Γ is n → n0 transformation rate in the star which will be estimated
in next section, and Γ0 is the inverse n0 → n transformation rate (which in
fact is negligible, Γ0  Γ).
Hence, an initial NS consisting exclusively of O neutron matter (i.e. at
t = 0 N1 = N0 and N2 = 0), evolves into a MS with N1 (t) decreasing and
N2 (t) increasing in time. However, the overall number of O and M baryons in
the star is conserved, N1 (t) + N2 (t) = N0 . Therefore, Eqs. (4.10), neglecting
the inverse reaction rate Γ0 , reduce to:

dx2
= Γ (1 − x2 ),
dt

(4.11)

where x2 = N2 (t)/N0 is the fraction of M baryons at the time t. Asymptotically in time a MS may approach a nal equilibrium conguration, x2 =
x1 = 1/2. In the following we coin such a maximally MS as twin star (TS).
As far as the evolution is adiabatic, at any moment of time a MS can be
described as a static concentric conguration of the O neutron matter and M
neutron matter spheres respectively with the radii R1 and R2 . Therefore, we
consider a spherically symmetric system with the well known metric tensor
gµν = diag(−gtt , grr , r2 , r2 sin2 θ), which is determined by the total energymomentum tensor:

Tµν = diag(ρe2φ , pe2λ , pr2 , pr2 sin2 θ) .

(4.12)

2
1
, where
+ Tµν
Note that we can write Tµν = Tµν

Tα,µν = diag(ρα e2φ , pα e2λ , pα r2 , pα r2 sin2 θ)

where

α = 1, 2,

(4.13)

and where ρα , pα are the energy density and the pressure of the two component respectively, but the functions φ and λ depend on the energy densities
of both uids. Hence, we can use a two-uid description in which each
component contributes separately to the energy density and pressure, i.e.
ρ = ρ1 + ρ2 and p = p1 + p2 .
We use the standard notations, dened in the previous chapters, gtt = e2φ
and grr = (1 − 2m/r)−1 , m(r) being the gravitational mass within the radius
r. Retrieving the TOV equations, see Eq. (2.5,2.9,2.10) [15, 16] :

m0 = 4πρr2 ,
p0 + (ρ + p)φ0 = 0 ,
m + 4πpr3
p0
+ 2
= 0.
ρ+p
r − 2mr

(4.14)
(4.15)
(4.16)
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where the superscript 0 stands for the radial gradients, i.e. for instance m0 =
dm/dr. We now denote with 1 the O matter component and with 2 the M
matter the component respectively. The rst equation is linear so we can
split it between two components, m(r) = m1 (r) + m2 (r):

m01 = 4πρ1 r2 ,
m02 = 4πρ2 r2 ,
(4.17)
Rr
i.e. we have mα (r) = 4π 0 ρα (r)r2 dr (α = 1, 2). The gravitational mass
RR
of the mixed star is M = M1 + M2 where Mα = mα (Rα ) = 4π 0 α ρα r2 dr
(similarly to the one uid description).
Once both components in the star are in hydrostatic equilibrium, ρ̇α , ṗα =
µ(α)
0, considering ∇µ Tν
= 0 for each of them separately give
φ0 =

p01
p02
=
.
ρ 1 + p1
ρ 2 + p2

(4.18)

As for the TOV equation, it in fact couples the pressures and energy
densities of two uids. Using Eqs. (4.17) and (4.18), it gives the coupled
dierential equations for the O neutron matter and M neutron matter components:
p02
m1 +m2 + 4π(p1 +p2 )r3
p01
=
=
.
(4.19)
ρ1 +p1
ρ2 +p2
2(m1 +m2 )r − r2
In summary, the system of equations to be used for determining the structure
of a MS is the following:

dm1
dr
dm2
dr
dp1
dr
dp2
dr

= 4πρ1 r2
= 4πρ2 r2

for

r ≤ R2

m1 + m2 + 4π(p1 + p2 )r3
2(m1 + m2 )r − r2
ρ2 + p2 dp1
=
for
r ≤ R2 ,
ρ1 + p1 dr
= (ρ1 + p1 )

(4.20)

where have assumed that R1 > R2 .
Similarly to the case of one uid description, we can solve the TOV
equations once both central density, ρ1c and ρ2c are given. From this we can
dene the central masses and the central pressure of both the components
and then one integrates towards the surface the dierential equations (4.20).
During the gradual conversion of the initial NS into the MS the O neutron
matter component remains larger than the M neutron matter one, N1 > N2 ,
so that at any position and any time ρ2 (r) < ρ1 (r). Thus we should always
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Figure 4.1: Mass-radius diagrams obtained with two dierent EoS: Sly (top panel) and
joined Polytropic (bottom panel). Black solid curves correspond to initial congurations
(χ = 0) whereas blue, red, brown and green dashed curves correspond to mixed congurations respectively with χ = 0.5, 0.6, 0.75 and 1. In√the TS conguration mass and radius
are rescaled from NS conguration by a factor 1/ 2.
have R2 < R1 and M2 < M1 . At r = R2 , the mass of the mirror component
saturates, m2 (r > R2 ) = M2 , and one has to stop the integration for the
M neutron matter component at the radius R2 while continuing it for the
O neutron matter component to the radius R1 . Therefore, the radius of the
mixed star is R = R1 . However, in the asymptotic TS conguration with
ρ1 (r) = ρ2 (r), the density proles of two components should be identical by
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symmetry, ρ2 (r) = ρ1 (r), and thus for the radius and mass of the TS we
should have R = R1 = R2 , M = 2M1 = 2M2 .
In Figure 4.1 we show the mass-radius diagrams for mixed stars obtained for our choices of the EoS. We introduce the ratio of central densities
χ = ρ2c /ρ1c as a relevant parameter that depends on the age of a star. In
particular, for a newborn NS we have χ = 0. But once it evolves as MS
this parameter increases and for a TS conguration it can asymptotically
approach the value χ = 1.
For two identical compact stars we can set ρc1 = ρc2 , which for symmetry
gives R1 = R2 , p = 2p2 , m = 2m2 etc. So we can focus on one of the two
components. The corresponding TOV's equations become

dm2
= 4πρ2 r2 ,
dr
m2 + 4πp2 r3
dp2
= (ρ2 + p2 )
,
dr
2m2 r − r2 /2

(4.21)
(4.22)

where the rst equation is the standard one but the second dierential equation diers from the standard one for a factor of 1/2 in one of the terms of the
denominator. However, one can rewrite the above equations as a standard
TOV's equations by the rescaling
√
√
m2 → m2 /2 2
(4.23)
r → r/ 2
p2 → p2
ρ2 → ρ2 ,
(4.24)
which indeed leads to

dm2
= 4πρ2 r2 ,
dr
m2 + 4πp2 r3
dp2
= (ρ2 + p2 )
,
dr
2m2 r − r2

(4.25)
(4.26)

√
meaning that the stellar radius and the total mass are rescaled by a 1/ 2
factor with respect to the standard NS case; note that the compactness M/R
is invariant. In Table 4.1 we report the maximum mass and associated radius
for dierent χ. The masses and the radius obtained for a TS follows the scale
law expected.

4.3.2 Total Baryon Density Curves
As told in the previous section, in our model we suppose that the total baryon
number, i.e. the sum of O baryons and M baryons, is constant. In order to

4.3 Mirror neutron-neutron mixing in Neutron Stars

χ
Mmax /M
0
2.05
0.5
1.78
0.6
1.66
0.75
1.52
1
1.45

R[km]
10.00
9.64
9.11
8.22
7.06

χ
Mmax /M
0
2.57
0.5
2.42
0.6
2.30
0.75
2.05
1
1.81
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R[km]
10.56
10.22
9.84
9.08
7.46

Table 4.1: Maximum Mass and the associated radius in function of χ for SLy EoS (left)
and for Joined Polytropic EoS (right).
calculate the curves at constant baryon number we have to dene the density
number in function of the energy density. The problem has a very simple solution for the considered EoSs. Indeed in tables used for the denition of the
EoS (for instance see http://www.ioe.ru/astro/NSG/NSEOS/sly4.html) usually it is possible to nd the values of baryon number density, and interpolating data it is possible to dene the function n(ρ), that is the number density
of baryons as a function of the energy density.
For a polytropic EoS it is possible to nd an analytical form of n(ρ). In
fact, considering the well known relation [3]:

n

dρ
= ρ + p,
dn

(4.27)

and substituting a polytrope p = Kργ in (Eq. 4.27), we simply obtain:

dn
dρ
=
.
γ
ρ + Kρ
n

(4.28)

Integrating the last equation from nuclear saturation density, where ρs '
2.8 × 101 4g/cm3 and ns ' 0.16baryons/fm3 , we obtain:
Z ρ
dx
= ln(n/ns ),
γ
ρs x + Kx
Z ρ
Z ρ
dx
Kxγ−2
−
dx = ln(n/ns ),
γ−1
ρs x
ρs 1 + Kx
 
 


n
ρ
1
1 + Kργ−1
ln
= ln
−
ln
ns
ρs
γ−1
1 + Kργ−1
s
 1
 
 

γ−1 γ−1
n
ρ
1 + Kρs
ln
= ln
+ ln
ns
ρs
1 + Kργ−1


⇒ n = ns

ρ
ρs



1 + Kργ−1
s
γ−1
1 + Kρ

1
 γ−1

(4.29)
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Using the dependence of energy density obtained by TOV solutions, we
have that the baryon density is actually a function of the radius, i.e. nb (ρ(r)).
So we can numerically integrate it:
Z Rα
(1 − 2m/r)−1/2 nα r2 dr,
(4.30)
Nα = 4π
0

where n1 (r) and n2 (r) are the O and M baryon number densities at the
radius r and we dene NT = N1 + N2 , the total number of baryons. In
Figure (4.2) we show the dependence of total baryon number with the total
energy density, i.e ρ(r) = ρ1 (r) + ρ2 (r).

2.5 ´ 10 57

NB

2.0 ´ 10 57
1.5 ´ 10 57
1.0 ´ 10 57
5.0 ´ 10 56

0
0

1 ´ 10 15

2 ´ 10 15

3 ´ 10 15

4 ´ 10 15

5 ´ 10 15

6 ´ 10 15

5 ´ 10 15

6 ´ 10 15

Ρ c @ g  cm 3 D

4 ´ 10 57

number of baryons

3 ´ 10 57

2 ´ 10 57

1 ´ 10 57

0
0

1 ´ 10 15

2 ´ 10 15

3 ´ 10 15

4 ´ 10 15

Ρc @ g  cm D
3

Figure 4.2: Total number of baryons (O+M) versus central energy density diagrams
obtained with two dierent EoS: Sly (top panel) and joined polytrope (bottom panel).
The colors follow the same "rule" of Figure (4.1). The horizontal black dashed lines
in connect the congurations with dierent χ having the same overall baryon number
N1 + N2 = N0 . In table 4.2 we show corresponding values of total baryonic number.
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Figure 4.3: Solution of the TOV equation obtained and lines at constant total baryonic
number. The dashed black line indicate the evolution of a given NS. The four higher curves
have the same value shown in Table 4.2. All the curves with NB fewer that the baryon
number maximum for χ = 1, are stable meaning that the asymptotic TS regime could be
reached after some time. The stable black curve shown in the graph have NB = 1.88×1057 ,
NB = 1.43 × 1057 for SLy EoS (top panel) and NB = 2.51 × 1057 , NB = 1.93 × 1057 and
NB = 1.12 × 1057 for Polytropic EoS (bottom panel).
The horizontal black dashed lines in Figure 4.3 connect the congurations
with dierent χ having the same overall baryon number N1 +N2 = N0 , Hence,
they describe the evolution of a NS of a given initial mass entirely composed
of O neutron matter (χ = 0, i.e. N1 = N0 , N2 = 0, black curves), to a nal
TS (χ = 1, i.e. N1 = N2 = N0 /2, green dashed curves), passing intermediate
stages with dierent χ. Concluding this section, a young NS with a mass
MN S (ρ1c ) exclusively composed by O nuclear matter with an initial central
density ρ1c and zero initial density of M neutron matter ρ2c , due to n → n0
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χ
0.5
0.6
0.75
1

NBmax
2.52 × 1057
2.35 × 1057
2.16 × 1057
2.06 × 1057
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χ
NBmax
0.5 3.71 × 1057 2
0.6 3.52 × 1057
0.75 3.14 × 1057
1
2.77 × 1057

Table 4.2: Maximum total baryonic number as a function of χ for SLy EoS (left) and
for Joined Polytropic EoS (right).
conversion should slowly evolve to a MS, with ρ2c (t) and χ(t) = ρ2c (t)/ρ1c (t)
adiabatically increasing in time. In the conversion process the total baryonic
number NT is conserved. In this way the star would continuously convert
gravitational energy in heat which will be emitted in presumably in terms of
O and M neutrinos and photons. We assumed that the conversion process is
slow, with the conversion time much exceeding the cooling time, and so at
any stage the MS is in a equilibrium conguration.
The fate of a star depends on its initial mass. During the conversion the
star becomes more compact, and in addition, its gravitational mass becomes
somewhat smaller because of gain in the gravitational binding energy. Focusing on the constant baryon number trajectories, see Figure 4.3, the mass
dierence in between the initial and nal states does not exceed 0.1 M for
both the considered EoS. This means that for the case of Sly, an NS with the
initial mass MNS < 1.5 M and the radius of 12 km or so, can evolve into an
asymptotic nal conguration of a TS (χ = 1) with a slightly smaller mass
(M < 1.45 M ) but considerably more compact, with the radius of about
8.5 km or so. Therefore, whether any observations will nd that two NSs
with the typical mass of 1.4 M having dierent radii, could be interpreted
as observations of two objects with dierent values of χ, i.e. with "mixture"
of the O neutron matter and M neutron matter components. In addition,
the more compact star should be older.
Maybe an interesting aspect is that NS with larger initial mass, e.g.
MNS > 1.5 M in the case of Sly EoS, cannot reach the nal TS conguration. For example a NS with initial mass M = 1.8 M (or 1.6 M ) will
become unstable and collapse to a BH as soon as χ reaches the value of 0.5
(0.75) or so. So, it is important to understand how fast the NS transformation
process is.

4.3.3 Transformation rate time
In a generic medium the evolution of a n − n̄0 system, including two spin
states for each of n and n0 , is described by the Schrödinger equation with the
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eective Hamiltonian :


m + V − iW + µBσ

H=
,

m0 + V 0 − iW 0 + µ0 B0 σ

56

(4.31)

where V , V 0 and W , W 0 stand respectively for the coherent scattering and
absorption of n and n0 in ordinary and mirror matter, B and B0 are ordinary
and mirror magnetic elds, σ = (σx , σy , σz ) are the Pauli matrices, µ =
6 × 10−18 MeV/G is the neutron magnetic moment and µ0 is that for mirror
neutron.
In the NS medium we take the optical potential as proportional to the
chemical potential of the neutron component, modulo some order 1 coecient.1 Let us assume that the n − n0 conversion time is much larger than the
NS cooling time, and consider an enough old and cold NS, with the temperature much less than the chemical potential, T  µ. Thus we take µ simply
as the Fermi energy which, in the approximation of ideal non-relativistic
Fermi gas is, EF ' ξ 2/3 × 60 MeV, where ξ = n1 /ns is the ordinary baryon
number density in units of nuclear saturation density. The M Fermi energy
EF0 has the same dependence on the M baryon number density ξ 0 = n2 /ns .
The eect of the magnetic eld is negligible, because |µB|  1 MeV even for
magnetars with a magnetic eld B reaching 1016 G. Furthermore, the small
mass dierence m0 − m, if any, can be also neglected.
The n − n0 oscillation results from the process nn → nn0 with an average
oscillation probability between the two neutron states:2

2

1 2
Pnn0 = sin 2θnn0 ' 2
2
EF − EF0

2

6 × 10−46
'
(4.32)

 ,
10−15 eV ξ 4/3 1 − (E 0 /EF ) 2
F

hence, in any nn collision n can be produced with a mean probability Pnn0 η .
η is the Pauli blocking factor which takes into account that the nal state n
cannot have a momentum below the Fermi momentum pF = (2mEF )1/2 '
ξ 1/3 ×340 MeV while the momentum of produced n0 should be above p0F . This
also tells that the inverse reaction rate Γ0 in Eq. (4.10) is in fact suppressed.
The shape of η as a function of EF0 /EF is given in Figure 4.4. It has a
maximum η(0) ≈ 0.18 at EF0 = 0, then it quickly decreases with increasing
EF0 /EF and asymptotically vanishes for a twin star state when EF0 = EF .
0

1 In

NSs the O neutron matter component consists dominantly of neutrons. It contains
also some subdominant fraction of protons (and electrons) but for simplicity we neglect
their eects.
2 Obvioulsy, this expression is valid if   E −E 0 which condition is practically always
F
F
satised in real situations as far as  is very small.
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Figure 4.4: Pauli blocking factor η as a function of EF0 /EF . Growing the Fermi energy
of the M particles the conversion time abruptly grows.
Therefore, the rate of mirror neutron production inside a star is not constant in time and it depends on its actual composition, i.e. on the ratio
N2 /N1 , at the time t. For an initial NS at t = 0 with N2 = 0 and so EF0 = 0,
it can be estimated as
 a 2
Γ0 = hσvi n1 η(0)Pnn0 (0) '
× 10−15 yr−1 ,
(4.33)
−15
10 eV
where we take σ = 4a2 × 10−25 cm2 , a being the eective nn scattering
−1/3
length in the medium in units of ns
= 1.8 fm, and pF /m ' 0.35 ξ 1/3 the
average relative velocity.
So, we can dene the characteristic transformation time of the NS as
inverse of Eq. (4.33), i.e.

τ0 =

Γ−1
0


∼

10−15 eV


2

× 1013 yr,

(4.34)

where we have taken a scattering length for free neutrons a ' 18 fm, though
in conditions of dense nuclear matter the scattering length can be considerably smaller. In particular, for the values  < 10−15 eV or in other terms
τnn0 = −1 > 1 s (which is of experimental interest for search of n − n0
oscillation) in the case of exactly mass degeneration it is many orders of
magnitude larger than the Universe lifetime, conrming the claim of original
paper [247, 248]. (For latest update of the experimental limits on τnn0 = −1
see Ref. [261].)
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Figure 4.5: The time evolution of the M fraction N2 /N0 in the NS composition, in units
of characteristic transformation time τ0 = Γ−1
0 . The black points on the upper panel show
the maximal possible mass of the mixed NS of the given age t in the case of the Sly EoS.
The blue points on the bottom panel show the same for the polytropic EoS.
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However, for larger values of  and in particular for  > 10−11 eV, in which
the n − n0 conversion (with mass splitting ∆m > 103 ) can be of interest for
the so-called neutron lifetime puzzle [262], we get τ < 107 yr or so. For more
mature NSs, with fraction N2 /N0 = x2 of M baryons becoming comparable
to the O baryon fraction N1 /N0 = x1 = 1 − x2 , the transformation rate
slows down. From Eq. (4.32) we get Γ(x2 ) = Γ0 F(x2 ) where F(x2 ) =

2
1 − (EF0 /EF ) × η(0)/η(EF0 /EF ). Then integrating Eq. (4.11) we get the
time during which the M baryon fraction in the star reaches a given value
x2 = N2 /N0 :
Z x2
Z x2
F(x)
dx
dx
= τ0
(4.35)
t(x2 ) =
1−x
0
0 Γ(x)(1 − x)
Since in the evolution of a MS the mirror x2 increases, an O NS should be
gradually transformed into a TS with x2 = x1 = 1/2. We show in Figure 4.5
the time evolution of the M fraction.

4.3.4 TOY model for Mass distribution of Mixed Stars
An interesting aspect of the rst example (Sly EoS) is that a pure NS can
max
have a mass at most MNS
≈ 2.05M while maximal allowed mass of a
max
TS is MNS ' 1.45M . Hence, in our picture the heaviest observed pulsars
PSR J0348+0432 and J1614-2230, with masses respectively 2.01 M [52] and
1.97(4) M [208] should be considered as young NS almost exclusively composed of O nuclear matter, with M matter constituting no more than 5 ÷ 10
per cent of its mass. In their further evolution, accumulating more M matter
inside, at some moment they should collapse and transform into BHs.
In this section we show a simple toy model for the evolution of NS, assuming our hypotheses of n − n0 conversion. Our goal is to nd a correlation
between the presence of M matter inside a star and the observed mass distribution of NS. In this section we consider only double NS because, as discussed
in the introduction of this section, we assume that double NS can not capture matter by accretion. In Figure 4.6 the histogram of the observed mass
of known double NS are shown. The data are taken from [50] and are tted
with a gaussian distribution with µ = 1.32M and σ = 0.1M . Although
the distribution is not gaussian, tting with gaussian distribution gives us
an estimation of the behavior of experimental masses and could be useful to
compare the obtained results.
In order to develop a toy model of the mass distribution, we have to
assume an initial NS distribution, hence we study the evolution of NS masses
distribution in function of time. For this case we restrict our analysis to the
SLy EoS, assuming that very massive stars are young and are evolving toward
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Figure 4.6: Histogram with the observed double NS masses. The histogram is tted
with a gaussian with mean value µ = 1.32M and a σ = 0.1M .
the TS conguration.
As told before, for the SLy EoS, NS with MNS > 1.5 M do not reach the
asymptotic conguration. Thus, we calculate the maximum mass for several
values of χ, and interpolating the data we derive the maximum fraction of M
energy density sustainable by stars. Assuming that the relation between χ
and time can be approximated as a quadratic function of some typical stellar
time, we dene the time laws of evolution. For a star that can reach the
asymptotic conguration TS, the time law is:
(
m0 + (m1 − m0)(χ)2 for χ < 1
m(t) =
(4.36)
m1
otherwise
where we dene as m0 and m1 the mass of NS and TS congurations. A star
with a initial mass exceeding 1.5M , after some time decays in a BH. Thus,
the mass temporal dependence can be schematized as:
(
m0 + (mc − m0)(χ/χc )2 for χ < χc
m(t) =
(4.37)
0
otherwise
where mc and χc are the mass and the maximum fraction before the conversion of the star in a BH.
We assume a NS mass distribution peaked around M ∼ 1.5M and slowly
decreasing. The reasons are that we imagine that most of the NS born with
a mass near the Chandrasekhar limit. However, the mass of NS have an
experimental bound of M ' 1.17M [270] and we have the experimental
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upper limit of 2.05M [52]. For this reason we decide to cut the tails of our
distribution, assuming that NS could born with mass in the range 1 − 2M ,
see Figure 4.7.
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Figure 4.7: Histogram with the hypothesized mass of newly born NS. The distribution
is a gaussian but with cutted tails. However it can be tted with a gaussian with mean
value µ = 1.5M and a σ = 0.2M .
Using the assumed temporal evolution of mass, we randomly generate
stars at xed rate time. For instance we show in Figure 4.8 the distribution
after 5tp and 10tp , where tp is the time that a star last to reach the TS
conguration, when the rate of generation of stars is of 10 stars per tp . The
column centered in zero shows the number of stars that after some times
decays in BHs.
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Figure 4.8: Distribution of Mass for stars randomly generated in time after tp = 5(left)
and tp = 10 (right). The columns centered around zero shows the stars that have decayed
in BH. It is possible to note that massive stars are present
With the rate time one order of magnitude bigger than the evolution time
we are approximating what told in the previous section, i.e. the transition
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time is slower than the cooling time of a NS, so the process of transformation
could be considered as adiabatic, as theorized. It is very interesting to note
that NS big masses state are populating when the process of generating NS is
not nished. This is in agreement with our assumption that the observed NS
with big masses observed in the present day, if it is no subject to accretion
of matter, could be a young star and might decay during its evolution in a
BH.
It is very interesting to note the distribution of star when we wait for
a long time after the process of generations ends. We show our results in
Figure 4.9. For asymptotically large times, only TS with mass smaller than
0.4
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Figure 4.9: Asymptotic mass distribution for stars randomly generated in time (in red)
and observed double NS masses (in blue). We have tted the Asymptotic mass distribution
with a gaussian(solid black line). The parameters of this gaussian are: µ = 1.30M and
σ = 0.11M in a good agreement with the parameters of gaussian distribution of observed
double NS mass (dashed black line).

√
max
(1/ 2)M
√ NS will survive. Let us stress, that radii of such stars should of
about 2 times smaller than the radii of ordinary NS, as told before. Hence,
for the sly EoS, the NSs with masses of about 2M should be still rather
young but by the time they should collapse to BHs and only NS with mass
less than 1.45 M can survive, full n − n̄0 conversion forming more compact objects, with radii reduced from initial 12 km to nal 8.5 km. The
compactness of these objects can have interesting implications for merger of
NS binaries, in particular on the features of the GW signal induced by this
merger which is also known as a main source of production of heavy elements
(heavier than iron, and gold in particular) in the Universe. Moreover this
mechanism produces BH with a mass of about 1.5M without any violent
explosion.
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In Figure 4.9, we tted the asymptotic mass distribution obtained with
a gaussian. The parameters of the gaussian found are µ = 1.30M and
σ = 0.11M . This is in qualitative agreement with the observed double
NS mass distribution (whose values are as told before, µ = 1.32M and
σ = 0.1M ). However some discrepancies can be noted in Figure 4.9.
The source of these discrepancies can be dierent. First of all for this
toy model the assumption that massive NS are young while double NS are
old could be over simplistic. An estimation of the age of pulsars can be
found on Pulsar Database [269] in which all the parameters known of several
pulsars are reported. The estimation of Pulsar's age is the characteristic
time, dened in the rst Chapter in Eq. (1.9):

tc =

P
.
2Ṗ

(4.38)

Despite this estimation seems to be in qualitative agreement with Crab pulsar
age, we cannot trust it for the other pulsars, due to the lack of information
on the pulsar's history. Typical pulsar age are in between 109 − 1014 years
but it seems that no correlation between type of NS, masses and age is
present. Moreover, the estimate of the characteristic age has been obtained
in the magnetic dipolar eld limit. This is another possible source of error,
because of the lack of information on the nature of the NS magnetic eld. For
all these reasons, it is very challenging to estimate with good accuracy the
age of NS, so we can speculate that our assumption is reasonable. Another
possible source of error in our model is the low statistic. Our distribution is
obtained for a very long time and with the generation of thousand of stars.
Dierently, the known masses of double NS are only 20. Of course more
statistic is needed to prove our results. Lastly, we have no information on
the distribution of mass after supernovae explosion, so our assumption on
newly born NS mass distribution can induce errors in the distribution of the
temporal evolved masses.

Chapter 5
Radial Oscillations of Compact
Stars

The radial oscillations of relativistic stars is an old problem. The equation governing the dynamical stability of the radial mode oscillations were
derived by Chandrasekar [271, 272] by a linear response expansion. After
this pioneristic study, radial modes of CS have been investigated by several
authors [273, 276, 279, 281283]. The relevance of radial oscillations is due
to their stability implication: a star is stable if the fundamental eigenfrequency associated to radial oscillations, i.e. oscillations of pressure, is real.
Indeed, the equations associated to radial oscillations form a Sturm-Liouville
problem. One characteristic of Sturm-Liouville problem is the hierarchy of
the eigenfrequencies. Indeed, the eigenfrequencies are real, following that
ω0 < ω1 < · · · < ωn . However, solutions in GR must be found numerically. Despite radial oscillations are not coupled with gravitational waves
(see, Birko theorem [5]) we believe that they are responsible of energy transmission in supernovae explosion, so they could have a fundamental relevance
in the matter expulsion from compact object [273]. Furthermore, as told
in [274], the study of the instability through radial oscillation is of fundamental relevance in the constructions of quasar model.
Regarding the stability of CSs, a null eigenfrequency mode should be
obtained at maximum of the mass-radius diagram, that is at the last stable
conguration [3]. Our goal is to test a new numerical method to obtain the
eigenfrequencies and the eigenfunctions of the radial oscillations and to test
the paradigm that the last stable conguration corresponds to the maximum
of the mass-radius diagram. In this chapter we briey report some relevant
literature results and than we enter into details of our method.
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Radial oscillation in Newtonian Limit

A long discussion of radial oscillation in the Newtonian limit has been done
in [3] and here we report the main passages. The hydrostatic equilibrium of
a uid is described by the equations:

∂ρ
+ ∇ · (ρv) = 0,
∂t
dv
1
= − ∇p − ∇φ,
dt
ρ

(5.1)
(5.2)

i.e. the continuity equation and the Euler's Equation. The gravitational
potential in the Newtonian theory is the solution of the Poisson's equation:

∇2 φ = 4πGρ.

(5.3)

In order to study the perturbation of a uid two possible descriptions are
possible: the Eulerian and the Lagrangian ones. In the Eulerian description
one studies the changes on the uid variables in a particular point of space
while Lagrangian description follows one element of uid in its evolution.
Following [3], if we dene as Q(x, t) a generic attribute of the perturbed ow
and Q0 (x, t) the relative function of unperturbed background, we can dene
the Eulerian perturbation as:

δQ ≡ Q(x, t) − Q0 (x, t).

(5.4)

While, dening a generic Lagrangian displacement ξ(x, t) which connects
uid element in the unperturbed state to the corresponding in the perturbed
state, we can dene the Lagrangian perturbation as [3]:

∆Q ≡ Q[x + ξ(x, t), t] − Q0 (x, t).

(5.5)

So, it is possible to relate the Lagrangian and the Eulerian perturbation as:

∆ = δ + ξ · ∇.

(5.6)

The dynamics of the perturbation is governed by the perturbed Euler's
Equation [3]:

 i
1
dv
+ ∇i p + ∇i φ = 0,
(5.7)
∆
dt
ρ
where i indicates the directional component. Using:

∆v =

d
dx
dξ
(x + ξ) −
= ,
dt
dt
dt

(5.8)
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and known relations between derivatives, see for details [3], we can obtain
the perturbed Euler's Equation:


1
d2 ξ 0 ∆ρ
1
j
∇j p + ∇j φ = 0.
(5.9)
− 2 ∇i p + ∇i ∆p + ∇i ∆φ − ∇i ξ
dt2
ρ
ρ
ρ
This equation can be simplied multiplying it for ρ and considering v i
the only non vanishing component of velocity [3]:

ρ

d2 ξ 0 ∆ρ
∇i p + ∇i ∆p + ρ∇t ∆φ = 0.
−
dt2
ρ

(5.10)

The Eq. (5.10) is the dynamical equation of motion for the perturbations [3]. Supposing that we can factorize the time dependence of the perturbations:
ξi = eiωt Xi (x),
(5.11)
we can rewrite the Eq. (5.10), as [3]

−ω 2 ρξ i (x) = Lij ξ j (x),

(5.12)

where:

Lij ξ j = ∇i (Γp∇j ξ j ) − (∇j ξ j )∇i p + (∇i ξ j )∇j p −
−ρξ j ∇j ∇i φ − ρ∇i δφ,
and Γ is the adiabatic index:

Γ=

∂ lnp
.
∂ lnρ

(5.13)

For a static spherical symmetric star this equation can be written as:


d
1 d 2 
4 dp
Γp 2
r ξ −
ξ + ω 2 ρξ = 0 .
(5.14)
dr
r dr
r dr
which is a homogeneous second order dierential equation with variable coecient. The boundary condition for the radial perturbations are [3]:

ξ = 0 at r = 0,
∆p = 0 at r = R,

(5.15)
(5.16)

with R the radius of the star. While the rst equation of Eq. (5.16) is quite
obvious in spherical symmetry, the second tells us that an element lying at

5.1 Radial oscillation in Newtonian Limit

67

the unperturbed surface is displaced of a non vanishing quantities. Since the
variation of the pressure is [3]:

∆p = −Γp

1 d 2
(r ξ),
r2 dr

(5.17)

the condition that ∆p vanishes at r = R, implies that:

ξ nite at r ∼ R.

(5.18)

The Eq. (5.14), with the dened boundary condition is a Sturm-Liouville
eigenvalue equation for ω 2 [3].
It is possible to nd an analytic solution if we consider a spherical star
with constant density, i.e. with an adiabatic index Γ = ∞ (incompressible
gas). That means that we can dene the total mass as:

4
m(r) = πρr3 ,
3

(5.19)

and the pressure is:

2πGρ2 2
(R − r2 ).
(5.20)
3
Using the last expression in the Eq.(5.14) and the prime for the derivative
respect to x = r/R we obtain [3]:




 00
8α + ω 2 ρ − 2Γ1 α
2
2
0
2
− 4x ξ +
− 2 ξ = 0,
(5.21)
1−x ξ +
x
Γ1 α
x
p(r) =

where Γ1 is the adiabatic index governing the perturbation [3]. In general
Γ1 is not equal to Γ, where the latter is the adiabatic index governing the
background pressure-density relation.
The solution to this equation is obtainable expanding the displacement
as power series:
∞
X
ξ=
(n + s)an xn+s with a0 6= 0.
(5.22)
n=0

Calculating the rst and second derivative and substituting them into Eq.
(5.21) we obtain the recursive relation for the coecients of the series:

n2 + 5n + 4 − A
an+2
=
,
an
n2 + 7n + 10

(5.23)

valid for even n, while a1 = a3 = a5 = ... = 0 for odd n. The series is
divergent, so in order to obtain solution we have to chose a suitable A:

A = n2 + 5n + 4, n = 0, 2, 4, ...

(5.24)
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that implies:




2π
Gρ Γ n2 + 5n + 6 − 8
(5.25)
3
As discussed in [3], the star is unstable if Γ < 4/3. Furthermore in [3] is been
demonstrated that the turning point, i.e. the point in which:
ω2 =

dm
= 0,
dρc

(5.26)

where ρc is the central density of the star, correspond to the last stable conguration. This result was obtained using a polytropic EoS but, as discussed
before, any nuclear EoS can be described by properly joining polytropes. For
that reason this result is generally accepted for all EoS of matter.
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Figure 5.1: Normalized radial displacement ξ(r)/ξ(R) in function of x = r/R for the
rst four oscillations modes in the Newtonian limit using a constant density EoS. The
mode with n = 0 is a straight line and do not have any nodes.

5.2

Radial oscillation in General Relativity

Let us now derive the equation that govern the radial perturbations in General relativity perturbing both the uid and the metric variables. However,
following the same approach used in [271,275] we assume that the radial oscillations are innitesimal adiabatic perturbations. We are in the limit of linear
response theory that means that metric and uid functions are linearized.
We consider spherical symmetric and static stars described by the well
known Schwarzschild Metric Eq.(2.2):

ds2 = −e2φ0 dt2 + e2λ0 dr2 + r2 dθ2 + sin2 θdφ2 ,
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where the subscript 0 specify the unperturbed quantities. Let us recall that
for the Schwarschild solution we have:

λ00 =


1
1 − e2λ0 + 4πrρ0 e2λ0 ,
2r

(5.27)

and:


1
(5.28)
1 − e2λ0 + 4πrp0 e2λ0 .
2r
From the TOV's equation we can relate the prime derivative of the pressure
with the prime derivative of the gravitational potential as:
φ00 = −

p00 = − (ρ0 + p0 ) φ00 .

(5.29)

In order to perturb the metric functions, let us dene the perturbed quantities
φ(r) and λ(r), thus we can write the metric function as:

ds2 = −e2φ dt2 + e2λ dr2 + r2 dθ2 + sin2 θdφ2 .
(5.30)
Similarly to the Newtonian case, we can write the perturbations of the uid
and metric function as Eulerian perturbation:

φ(t, r) = φ0 (r) + δφ(t, r)
λ(t, r) = λ0 (r) + δλ(t, r)
p(t, r) = p0 (r) + δp(t, r)
ρ(t, r) = ρ0 (r) + δρ(t, r)
n(t, r) = n0 (r) + δn(t, r) ,
or lagrangian perturbations:

∆p(t, r) = p[t, r + X(t, r)] − p0 (r) ≈ δp + p00 X
∆ρ(t, r) = ρ[t, r + X(t, r)] − ρ0 (r) ≈ δρ + ρ00 X
∆n(t, r) = n[t, r + X(t, r)] − n0 (r) ≈ δn + n00 X ,
with X(r) displacement function.
Through the conservation of the baryon number, ∇ · (nu), where u is the
four-vector associated to the velocity of perturbation, following [5], we can
obtain:
dn
= −n(∇ · u),
(5.31)
dτ
where this derivative is made along the uid world line. In term of Lagrangian
perturbation we obtain:
d∆n
= −n(∇ · u).
(5.32)
dτ
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Supposing that the only non vanishing component are the temporal and
the radial component of the four-velocity we can obtain:
  

ur
dr
∂X
dr/dτ
=
=
≡ Ẋ
(5.33)
=
t
u
dt/dτ
dt
∂t
Using this relation in the metric function, and dividing for dτ 2 , we obtain:
2
ut e2φ − (ur )2 e2λ = 1.
(5.34)
Let us now get the result to the rst order of X :

ut = e−φ = e−φ0 (1 − δφ)

ur = Ẋe−φ0

(5.35)

Using the explicit form of the components of four-velocity and simple relations of the metric, see [5] for more details, we obtain the perturbation of the
baryon number:



−2 −λ0 d
2 λ0
∆n = −n0 r e
r e X + δλ
.
(5.36)
dr
Using the adiabatic limit, i.e. considering that negligible heat are transferred during the radial vibrations, it is possible to relate the Lagrangian
perturbation of number density with the Lagrangian perturbation of pressure:


n ∆p
∂ ln p
≡Γ=
,
(5.37)
∂ ln n s
p ∆n
where Γ is GR analogous of the Newtonian adiabatic index. Combining this
equation with Eq. (5.36), one obtains the Eulerian perturbation of pressure
[5]:
h
i
0
2 λ0
δp = −Γp r−2 e−λ0 (r e X ) + δλ − Xp0 .
(5.38)
0

0

In order to calculate the perturbation of energy density, as shown in [5],
we can use the energy conservation: u · (∇ · T) = 0. From this relation
follows that:
dρ
ρ + p dn
=
.
(5.39)
dτ
n dτ
This equation can be rewrite in terms of Lagrangian perturbation:

d∆ρ
ρ + p d∆n
=
,
(5.40)
dτ
n dτ
and can be integrating in time, assuming an expansion to the rst order of
all the perturbed variables:
∆ρ =

ρ 0 + p0
∆n,
n0

(5.41)
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where we are using that the constant of integration is zero because when
∆n = 0, ∆ρ = 0 as well. From the last equation, using Eq. (5.38) and
writing the Eulerian perturbation of energy density δρ in function of its
Lagrangian perturbation, we obtain [5]:
i
h
0
2 λ0
−2 −λ0
(5.42)
r e X + δλ − Xρ00 .
δρ = − (ρ0 + p0 ) r e
Let us now linearize the Einstein eld equation, in particular the component Gr̂r̂ and Gt̂r̂ . The Einstein eld equations in a orthonormal frame,
(see [5] for more details on the calculation), can be write as:

Gr̂t̂ = 2(λ̇/r)e−(λ+φ) ' 2r−1 e−(λ0 +φ0 ) δ λ̇

Gr̂r̂ = 2 (φ0 /r) e−2λ + r−2 e−2λ − 1
−1 −2λ0

' (Gr̂r̂ )0 + 2r e

0

−2λ0

δφ − 2e

,
2r−1 φ00

+r

−2



(5.43)

δλ

where the dot indicates the time derivative, and prime indicates the radial
derivative as usual. Remembering that the stress-energy tensor is:

Tα̂β̂ = (p + ρ)uα̂ uβ̂ + pηαβ ,

(5.44)

with the component of the four velocities obtained, using the Eqs. (5.38)
and (5.42), we obtain [5]:

Tr̂t̂ = −(ρ0 + p0 )eλ0 −φ0 Ẋ

Tr̂r̂ = p0 + δp.

(5.45)

So, integrating the Einstein equation with respect to time and choice the
constant of integration so δλ = 0 when X = 0 we obtain:

δλ = −4π (ρ0 + p0 ) re2λ0 X = − (λ00 + φ00 ) X

(5.46)

and:

0
δφ0 = −4πΓp0 r−1 e2λ0 +φ0 r2 e−φ0 X + [4πp00 r − 4π (ρ0 + p0 )] e2λ0 X

.
(5.47)
The dynamic evolution of the uid displacement X(t, r) is governed by
the Euler equation [5]:
(ρ + p)a = − [∇p + (∇u p) u]

(5.48)

where a is the four-acceleration, that as shown in [5]:

ar = φ00 + δφ0 + e2(λ0 −φ0 ) Ẍ.

(5.49)
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This equation, combined with pressure and energy density expanded at the
rst order gives the Euler equation gives:

(ρ0 + p0 ) e2(Λ0 −φ0 ) Ẍ = −δp0 − (δρ + δp)φ00 − (ρ0 + p0 ) δφ0

.

(5.50)

Consider the harmonic dependence on time of X , i.e. considering as for
Newtonian perturbation that:

X(r, t) = eiωt X(r),

(5.51)

we obtain the dynamic equation describing the radial oscillations of a star
[5, 275]:
−ω 2 W ξ¨ = (P ξ 0 )0 + Qξ,
(5.52)
with:

ξ = r2 e−φ X(r)

(5.53)

W r2 = (ρ + p) e3λ+φ

(5.54)

2

λ+3φ

P r = γpe


4φ0
2
λ+3φ
0 2
2λ
Qr = e
(ρ + p) (φ ) +
− 8πe p
r

(5.55)
(5.56)

so ξ is a renormalized displacement and the functions P, Q, W are determined
by the equilibrium structure of the star. The function γ = (p + ρ)/p dp/dρ
is the adiabatic index. In the last equation, and as for the following of this
chapter, we omit the subscript 0 because of all the quantities used refer to
the equilibrium conguration.
The Eq. (5.60) denes a Sturm-Liouville problem as in the Newtonian
case. Our goal is to nd a simple way to nd eigenvalues and eigenvectors
for dierent EoS of the nuclear matter. For any Sturmian system that the
eigenvalues ωn2 are ordered:
2
ωn2 < ωn+1
(5.57)
meaning that the fundamental 0th mode has the lowest frequency. From
this follows that whether ω02 > 0 the frequency of the lowest mode is real
and the solution is purely oscillatory. While, if ω02 < 0 the frequency of
the lowest mode have a non vanishing imaginary part, and this situation
correspond to an exponentially growing solution leading to a instability [275].
It is believed that the fundamental mode ω0 becomes imaginary when the
central density becomes larger then the critical value for which the mass of
the star is maximal and the star should collapse into a BH. When the central
density is equal to the critical value (that depends on EoS of the matter),
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the lowest frequency might be zero. Using these properties for known EoS is
an aordable and strong test of validity of our method.
In order to solve the radial oscillation problem two boundary condition
are required. The boundary condition at the center of the star is:
(5.58)

ξ(r) = 0,

that means obviously that the radial perturbation must vanish at r = 0.
Moreover, similarly to the Newtonian case at the surface the Lagrangian
variation of the pressure must vanish:

∆p = 0,

meaning that

γ p ξ 0 = 0.

(5.59)

As in the Newtonian case, from the last boundary conditions follows that a
uid element lying at the surface is displaced of a non vanishing quantities.
Eq. (5.52)can be written in another way [275]:

0
c2s ξ 00 + (c2s ) − Z + 4πrγpe2λ − φ0 ξ 0
(5.60)


2m 2λ
0 2
0
2λ
2 2λ−2φ
+ 2 (φ ) + r3 e − Z − 4π(ρ + p)Zre + ω e
ξ=0
where the square of the speed of sound cs is calclulated from the unperturbed
background for a specic EoS [275]:

c2s =
and:

Z(r) =

c2s

dp
dρ



2
0
φ −
.
r

(5.61)

(5.62)

Eq. (5.60) shows that the Sturmian problem is dependent on the behavior
of speed of sound. In the following chapter we describe our general method
to solve the eigenvalue problem, while in the last chapter we focus on star
models constructed with non continuous speed of sound in order to scrutinize
whether a discontinuity could lead to new stability condition.

5.3

Numerical Method

Several numerical methods have been developed for solving the dierential
Eq. (5.52). [276,277]. We based our model on the method proposed by Glass
and Harpaz (also used by Kokkotas [275]), referred as Numerov Method. It is
based on the discretization of the radial coordinate in N steps, transforming
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the Sturm-Liouville dierential equation in an eigenvalue problem. A correct
implementation of the boundary conditions is extremely important, as the
frequencies are quantized and therefore strongly depend on the behavior of
the radial displacement at r = 0 and r = R. Thus we require that the left
boundary condition correctly reproduces the known behavior close to the
stellar center. Regarding the right boundary condition, we do not impose it,
but we renormalize the obtained eigenfunction to 1
More in details, the equations Eq. (5.52) (or equivalently Eq. (5.60)) can
be written as:
A1 ξ(r)00 + A2 ξ(r)0 + A3 ξ(r) = ω 2 ξ(r),
(5.63)
where of course we dene from Eq. (5.52):

A1 (r) =

P (r)
,
W (r)

A2 (r) =

P 0 (r)
W (r)

A3 (r) =

Q(r)
.
W (r)

(5.64)

We discretize the radial coordinate as:

rn = nα

(5.65)

with α = R/N and N the total number of steps. Using nite dierence
schemes for derivatives of the displacement, as done in [276], we obtain the
discretized derivatives of the displacement:

ξ 0 (rn ) =
00

ξ (rn ) =

ξ(rn+1 )−ξ(rn−1 )
+ O(h2 ),
2h
ξ(rn−1 )+ξ(rn+1 )−2ξ(rn )
+ O(h2 ),
h2

(5.66)
(5.67)

where we assume h = rn+1 − rn the discretization step. Then the Eq. (5.63)
turns to:




A1 (rn ) A2 (ri )
A1 (rn ) A2 (rn )
+
−
+ ξ(rn−1 )
+
ξ(rn+1 )
h2  2h
h2
2h

(5.68)
2A1 (ri )
2
+ξ(ri ) A3 (ri ) −
=
ω
ξ(r
)
,
i
h2
or in more compact form:

ξ(rn+1 )fi + ξ(rn−1 )gi + ξ(rn )hi = ω 2 ξ(rn ) .

(5.69)

From the last relations it is possible to construct a tridiagonal matrix A, with
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dimension N × N :

h0
f0
 g1
h
1

0
g
2


A =  ...

 0
0

 0
0
0
0
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0
f1
h2
0
0
0

0
0
f2
···
···
···

···
···
···
..
.

0
0
0

0
0
0

gN −2 hN −2 fN −2
0
gN −1 hN −1
0
0
gN

0
0
0
..
.








.

0 

fN −1 
hN

(5.70)

From the matrix A we nd the associated eigenvalues solving the characteristic equation:
(A − ωn2 I)ξ = 0,
(5.71)

where ξ T = ξ(r0 ) ξ(r1 ) ξ(r2 ) · · · ξ(rN −2 ) ξ(rN −1 ) ξ(rN ) .
It is interesting to note that the matrix A is nearly symmetric. In fact
two generic matrix element Ann+1 and An+1n are:


A1 (rn ) A2 (rn )
+
,
(5.72)
An,n+1 = f (rn ) =
h2
2h


A1 (rn+1 ) A2 (rn+1 )
An+1,n = g(rn+1 ) =
−
.
(5.73)
h2
2h
Even taking a very large number of steps so rn ≈ rn+1 , the dierent signs
in the denition of the functions f and g yields a non symmetric matrix.
Despite is not symmetric, it is possible to show that the eigenvalues of this
matrix are reals if the product of the terms An+1,n An,n+1 > 0 [278].
We tested this method studying the eigenfrequencies of stars with a polytropic EoS. Despite the very fast computational speed, the eigenvalues was
strongly dependent on the number N of discretization steps. Furthermore
we have compared our results with the Kokkotas' [275] results obtaining relevant discrepancies even taking an high number of steps (N = 1000 or even
more). For instance, for central density of about 1. × 1015 g/cm3 and using
a polytrope EoS with γ = 2, we obtained discrepancies of the order of 10%.
Increasing central density the dierence between the results is bigger. Moreover, dierently from what we expect, we do not obtain that null eigenvalues
correspond to the maximum stellar mass. Thus, this model give us some
errors. The source of our errors come from the fact that using the method of
Glass we are not correctly imposing the boundary condition of the problem.
Since the thermodynamic quantities are not dened for r < 0 and for
r > R we have to dene the numerical derivatives close to the border. To
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give the right behavior at surface of the star, we decided to change the last
row of the matrix A using a backward nite dierence scheme:

ξ 0 (rN ) =

ξ(rN − 2h) − 4ξ(rN − h) + 3ξ(rN )
2h

(5.74)

ξ(rN − 2h) − 2ξ(rN − h) + ξ(rN )
(5.75)
2h
For the left boundary condition we have a similar problem. However, in this
case we decided to use the known behavior of the solution close to the stellar
center [275]:
ξ(r) = ξ0 r3 e−φ + O(r5 ).
(5.76)
ξ 00 (rN ) =

To implement this condition we use a simple trick. In agreement with Eq.
(5.76), close to the stellar center the rst two discretized values of any eigenmode should be:
3
ξ1 = C1 rmin

and

ξ2 = C1 (rmin + )3 .

(5.77)

where rmin is the minimum value considered in the numerical integration of
the TOV equation. We set to 0 the terms A1,1 and A2,2 , meaning that the
only non vanishing terms of the rst two rows of A are the terms A1,2 and
A2,1 , that we denoted with a12 and a21 . Thus, the matrix A has a 2 × 2
block:


0 a12
.
(5.78)
a21 0
From this assumption it follows that:

ω 2 ξ1 = a12 ξ2 ,
ω 2 ξ2 = a21 ξ1 ,

(5.79)

which is the simplest way to link the rst two values of the displacement
close to the stellar center. Obviously, we do not know ω , therefore it seems
that we cannot x the values of a12 and a21 . However, from the previous
equations we obtain that a12 a21 = ω 4 , and
6

rmin
a12
=
,
(5.80)
a21
rmin + 
which determines the ratio between these two matrix elements. Fixing the
eigenmode for simplicity to ω 4 = 1, we obtain that:

3
1
rmin
a12 =
=
,
(5.81)
a21
rmin + 
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ρcent
(10 g/cm3 )
3.500
3.450
3.400
3.200
3.000
2.600
2.200
1.800
1.400
1.000
15

RK
(km)
8.604
8.629
8.655
8.763
8.881
9.140
9.419
9.672
9.784
9.491
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R
MK
(km) (M )
8.602 2.120
8.632 2.120
8.653 2.120
8.761 2.118
8.879 2.111
9.138 2.075
9.417 1.988
9.670 1.809
9.782 1.484
9.489 0.977

M
(M )
2.120
2.121
2.121
1.126
2.112
2.076
1.989
1.810
1.484
0.978

νKR
(kHz )
0.32*
0.244
0.620
1.140
1.519
2.151
2.716
3.235
3.665
3.870

ν0
(kHz )
0.63i
0.40i
0.134
0.963
1.385
2.052
2.636
3.166
3.601
3.813

Table 5.1: Comparison of the frequency of fundamental mode between the results of
Kokkotas [275] and our result for a polytropic EoS with Γ = 3. Our results are of the
order of the 5% lower than our result and as a consequence we nd that the instability
modes is reached for lower central densities.
and thus these matrix elements are now xed. This will result in two spurious
eigenvalues ω 2 = ±1 in the spectrum. In the end, since we know the values
of these two spurious eigenvalues, we can easily identify and remove them as
well as the corresponding eigenvectors.
Using this trick we obtained very precise results. For instance, we show
in Table 5.1 the frequencies of the rst mode obtained using a polytropic EoS
with Γ = 3 and N = 500. We compare our result with the ones obtained
by Kokkotas in [275]. It is possible to note discrepancies of the order of
few percent in the obtained results. The source of this error seems to be in
the solution of TOV equation. Indeed, it seems that xing a central energy
density we obtain slightly dierent masses and radii.
We have developed several checks for state the reliability of our method.
First of all we note that the results obtained are nearly independent from
the number N of discretization step. For instance, in Table 5.2 we show
the results obtained varying N with the same EoS used in Tab. 5.1. It
is clear from Table 5.2 that using N = 500 is a good compromise between
convergence speed and accuracy. Furthermore, we study the dependence of
the lowest mode in function of the mass and on the central energy density.
In Figure 5.2 we show this dependence choosing N = 500. As we expected
the null mode coincides with the maximum mass. The same analysis have
been done with several EoS, see Appendix A, obtaining similar result.
Regarding the radial eigenfunctionwe checked that the interpolated eigenvectors and the corresponding eigenfrequencies are solutions of the dieren-
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ρcent
(10 g/cm3 )
1.000
1.000
1.000
1.000
1.000
15

ν0
N
(kHz )
3.816
300
3.817
400
3.813
500
3.813 1000
3.813 2000

Table 5.2: Dependence of fundamental eigenfrequency from the number of steps N . In
table we show the results obtained with a polytropic EoS and adiabatic index Γ = 3.
2.1206
0.4
2.1205

⊙

2.1204
0.0

2.1203

-0.2

2.1202

-0.4
3.30

M/M

ω2 (kHz2 )

0.2

2.1201
3.35

3.40

3.45

3.50

ρC (1015 g/cm3 )

Figure 5.2: Fundamental frequency (dashed blue line) and mass (red solid line) dependence on the central energy density for a polytropic EoS with Γ = 3.
tial equation governing the radial uctuations with an error of the order of
few percent. An important nontrivial check is that the numerically obtained
radial displacements have the correct behavior at the stellar center. Suciently close to the stellar center the radial displacement of any mode should
behave as
Xn (r) = r−2 ξn (r)eφ ∝ r ,
(5.82)
which follows from Eq. (5.76). Since in the numerical procedure we impose
this dependence, this is a test that we correctly implemented this condition; in
other words, that adding the block matrix to the top-left corner of the matrix
A does provide the correct behavior close to the stellar center. In Figure 5.3
we show the rst four modes normalized with the respective value at the
surface. All the shown eigenvectors follows the behavior desired providing
reliability to our method.
So far, we solved the problem for relatively simple EoS (polytropic, interpolated and EoS for SSs). As already dissussed, from the Eq. (5.60) we
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X(r)/X(R)
1.0
0.8
0.6
0.4
0.2
r/R
0.2

0.4

0.6

0.8

1.0

- 0.2
- 0.4

Figure 5.3: First four modes of normalized radial displacement as a function of the
radial coordinate obtained for a polytropic EoS with Γ = 3 for ρc = 1.1015 g/cm3 . The
normalization have been done dividing the radial displacement for its value at the surface
of the star
immediately see that the problem is dependent on the speed of sound inside
the star, thus the next step is the study of radial oscillation for stars with
discontinuous speed of sound.

5.4

Radial Oscillation with a Phase transition

Looking at Eq. (5.60) a discontinuity of the c2s function means that the
coecient of the second derivative of the displacement function is discontinuous. Moreover, in the A2 term it is present the spatial derivative of c2s that
is a delta function. So assuming that the derivation of Eq. (5.60) is valid
also for discontinuous coecients, we could approximate the behavior of the
discontinuity imposing an extra boundary condition.
For a static star one imposes that the pressure is a continuous function.
Thus for the same reason we assume that p = p0 + ∆p must be a continuous
functions, meaning that ∆p is continuous. Looking at the behavior of ∆p,
we have a boundary condition at the interface between two dierent phases:

c2s (r̄− )ξ(r̄− ) = c2s (r̄+ )ξ(r̄+ )

(5.83)

where we have dened r̄ the radius at which transition happens, r̄− and r̄+
two points near the interface with r̄− < r̄ < r̄+ .
In the neighborhood of r̄ is not possible to dene a Taylor expansion.
However, we can use this trick: we expand backward the function ξ(r̄− ) and
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forward the function ξ(r̄+ ) meaning that:

ξ(r̄− − ε) = ξ(r̄− ) − εξ 0 (r̄− ),
ξ(r̄+ + ε) = ξ(r̄+ ) − εξ 0 (r̄+ )

(5.84)
(5.85)

Let us now multiply the rst for c2s (r̄− ) and the second for c2s (r̄− ) obtaining:

c2s (r̄− )ξ(r̄− − ε) = c2s (r̄− )ξ(r̄− ) − εc2s (r̄− )ξ 0 (r̄− ),
c2s (r̄+ )ξ(r̄+ + ε) = c2s (r̄+ )ξ(r̄+ ) + εc2s (r̄+ )ξ 0 (r̄+ ).

(5.86)
(5.87)

Using the continuity of the function ∆p we can dene:

c2s (r̄− )ξ(r̄− ) = c2s (r̄+ )ξ(r̄+ ) = c2s (r̄)ξ(r̄)

(5.88)

for r̄− ≈ r̄+ . Thus, subtracting the rst equation to the second, we obtain:


 2

1 2
0
2
ξ (r)cs (r) =
c (r̄+ ) ξ(r̄+ +ε)−ξ(r̄) −cs (r̄− ) ξ(r̄− −ε)−ξ(r̄− ) , (5.89)
2ε s
thus:





1 c2s (r̄+ )
ξ (r̄− ) =
ξ(r̄+ + ε) − ξ(r̄) − ξ(r̄− − ε) − ξ(r̄− ) ,
2ε c2s (r̄− )


 c2s (r̄− )

1
0
ξ(r̄+ + ε) − ξ(r̄) − 2
ξ(r̄− − ε) − ξ(r̄− )
ξ (r̄+ ) =
2ε
cs (r̄+ )
0

(5.90)
(5.91)

For the second derivative we use again the Taylor expansion up to the second
order:

ε2 00
ξ (r̄− ),
2
ε2
ξ(r̄+ + ε) = ξ(r̄+ ) + εξ 0 (r̄+ ) + ξ 00 (r̄+ ).
2

ξ(r̄− − ε) = ξ(r̄− ) − εξ 0 (r̄− ) +

(5.92)
(5.93)

Similarly for the rst derivative, we multiply the rst equation for c2s (r̄− ) and
the second for c2s ((r̄+ ), obtaining:

ε2 2
c (r̄− )ξ 00 (r̄− ),
2 s
ε2
c2s (r̄+ )ξ(r̄+ + ε) = c2s (r̄+ )ξ(r̄+ ) + εc2s (r̄+ )ξ 0 (r̄+ ) + c2s (r̄+ )ξ 00 (r̄+ ).
2

c2s (r̄− )ξ(r̄− − ε) = c2s (r̄− )ξ(r̄− ) − εc2s (r̄− )ξ 0 (r̄− ) +

(5.94)
(5.95)
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Thus applying the relation for the rst derivative to the last equations we
obtain:

ξ 00 (r̄− ) =

ξ 00 (r̄+ ) =

1



ε2 c2s (r̄− )
1
ε2 c2s (r̄+ )




c2s (r̄+ )(ξ(r̄+ + ε) − ξ(r̄+ ) − c2s (r̄− )(ξ(r̄− ) − ξ(r̄− − ε)
(5.96)

c2s (r̄+ )(ξ(r̄+ + ε) − ξ(r̄+ ) − c2s (r̄− )(ξ(r̄− ) − ξ(r̄− − ε)
(5.97)

We show the results of our method applying it to a star with a core made
of deconned quark joined with a polytrope for the external part. This kind
of EoS can schematize an Hybrid star. For the description of the quark matter
we use the EoS developed in [114], i.e. a parametrization of the pressure in
function of the chemical potential:

p=

3a4 4 3a2 2
µ − 2 µ − Bef f ,
4π 2
4π

for the external part we use a polytropic EoS with Γ = 3. We chose the
parameters in order to have

pi (r̄) = pe (r̄),
ρi (r̄) = ρe (r̄),

(5.98)
(5.99)

where pi , pe , ρi , ρe are the pressure and energy density of the internal and external part respectively. The used parameters are a4 = 0.7, a2 = (200M eV )2
and Bef f = (165M eV )4 . We obtain a transition when the density is ρtr =
3.52961 × 1014 . In Figure 5.4 we show the dependence of the fundamental
eigenfrequency and of the mass on the central density of the star. It is very
interesting to note that the maximum of the mass corresponds to the null
fundamental eigenfrequency as in the previous cases.
Another test of reliability has been done looking at the Lagrangian perturbation of the pressure. In Figure 5.5 is shown the dependence of the
Lagrangian perturbation of the pressure in function of the normalized radius of the star for a particular solution of the TOV obtained with ρc =
1. × 1015 g/cm3 . This function, as expected, is a continuous function so the
total pressure, i.e. p = p0 + ∆p is continuous, preserving the hydrostatic
equilibrium. This condition have been imposed, so our method is working as
desired. Despite this EoS is quite not reasonable (a2 is too small and Γ = 3
is not a good approximation for the external part of an Hybrid star), it is an
instructive good test of reliability of our method.
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3.40
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Figure 5.4: Fundamental eigenfrequency (dashed blue line) and mass (red solid line)
dependence on the central energy density for a star with discontinuous speed of sound.
The EoS is obtained joining a parametrized EoS for quark matter at the center and a
polytrope with Γ = 3 for the external part

5. × 10-7

ΔP
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3. × 10-7
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0
0.0
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0.6

0.8
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r/R

Figure 5.5: Lagrangian perturbation of the pressure for star with discontinuous speed
of sound in function of the normalized radius As expected the function is a continuous
function, meaning that no jumps of the pressure are present in the star, so the hydrostatic
equilibrium is preserved.
We verify that when ∆p is not a continuous function, for instance when
we do not impose the continuity of the function ξ(r)c2s (r), the null eigenfrequency appears at central matter density exceeding the central density of the
maximum star. This could lead to a new mechanism of instability that needs
further investigation.

Chapter 6
Conclusions

In this thesis we have examined three dierent aspects on Compact Stars
stability.
The rst aspect is the possible emission of Gravitational Wave Echoes
from Strange Stars. Event GW170817 is a Gravitational Waves detection
event occurred the 17th of August 2017 [147] with a total estimated mass
M = 2.73M meaning that in the equal component mass limit the masses of
the components are m1 = m2 = 1.365M . Thus, the GW170817 is the rst
Gravitational Waves detection consistent with a merging of Neutron Stars.
However, the total mass do not allow us to determine the nature of the nal
object: it could be either a Black Hole or an ultracompact Star. Moreover,
it has been recently claimed by Abedi et al. [195] that a Gravitational Wave
Echo signal at a frequency of 72 Hz and with a signicance level of 4.2σ is
present in the postmerger spectrum of the event GW170817.
An object with a compactness factor C = M/R greater than 1/3 can emit
Gravitational Wave Echoes [188, 194, 195]. The phenomenon responsible of
the emission of Gravitational Waves Echoes is the partial trapping of Gravitational Waves due to an angular potential barrier. Pani and Ferrari [209]
showed that an ultracompact star approaching the Buchdal's limit can emit
Gravitational Waves Echoes at a frequency compatible with the tentative
experimental observation. They obtained this result considering a simplied
incompressible Equation of State. However, due to the divergent speed of
sound, this case is unphysical and any realistic Neutron Star model is not
enough compact to trap Gravitational Waves.
Since Strange Stars are more compact than ordinary Neutron Star, we
have analyzed the possible emission of Gravitational Wave Echoes from a
Strange Star described by the stiest Equation of State possible: a simple
Bag model p = c2s (ρ − 4B) with speed of sound equal to 1 . We have found
that even using this Equation of State the maximum stable conguration of
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a Strange Star has a compactness slightly greater then 1/3 meaning that it
does not approach the Buchdal's limit. As a consequence, the obtained Gravitational Waves Echo frequencies are of the order of tens of kilohertz. Thus,
Strange Stars can emit Gravitational Waves Echoes but with frequencies at
least two order of magnitude bigger than the experimental observation. This
could be a signature that the remnant object is a Black Hole.
The second aspect is the possible mixing of Neutrons and Mirror neutrons
in a Neutron Star. Mirror matter is a non conventional Dark matter candidate formed by particles that are identical copies of standard model particles
but with right-handed interactions [219221]. It has been supposed that
Mirror particles have the same content, the same interactions, and the same
coupling constants of ordinary particles. Thus, Mirror symmetry allow us
to consider that Mirror particles and ordinary particles have also the same
thermodynamic behavior. For this reason we have considered that Mirror
matter is described by the same Equation of State of the ordinary matter.
Knowing that Mirror content and ordinary particles interact only through
gravity, we have used a two uid description. We have split the TOV equations into four coupled dierential equations. In order to solve this system
we have dened boundary conditions for ordinary and Mirror content and
we have dened the parameter χ, that is the ratio between Mirror matter
energy density and ordinary matter energy density. We have assumed that
the transition between Mirror and ordinary matter is an adiabatic process
with time scale much bigger than the Neutron Star cooling. For this reason
we have decided to use standard Equation of State, in particular SLy and
polytropic Equation of State. We have assumed that the mixing neutronMirror neutron is more ecient in the center of the star due to the larger
baryon density. Hence we have considered a two concentric stars model with
the one made of ordinary matter having larger mass, larger energy density
and larger radius.
Stars acquire binding energy transforming ordinary matter into Mirror
matter, thus this phenomenon should be energetically favored. In principle
the fraction of Mirror matter could grow until it reaches the fraction of ordinary neutron matter. We have denoted this asymptotic conguration as Twin
Stars. In a Twin Star all the quantities like radius, mass, pressure and energy
density of the two content are equal. We have showed with simple arguments
that
√ using the same Equation of State the maximum mass of a Twin Star
is 2 times smaller than the Neutron Star one. In addition, the respective
radii are rescaled by the same factor meaning that the compactness factor
of the maximum conguration is conserved. Whether radius determination
become more precise it would be possible to observe stars with equal masses
but dierent radii. This could be a signature of the presence of Mirror matter
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in Neutron Stars and could have some implication on Gravitational Waves
emission.
We have supposed that χ is dependent on time and we have assumed
that the fraction of energy density due to the mirror matter is monotonically
increasing. This assumption is justied because of the negligible transition
rate mirror-ordinary matter. Thus, we have speculated that very massive
Neutron Stars could be young stars exclusively composed of ordinary matter.
We have assumed that the conversion occurs at constant baryon number
meaning that not all Neutron Stars could reach the Twin Star conguration.
Indeed, there exist a critical central density and any Neutron Star born with
higher central energy density at some point decades into a Black Hole. This
phenomenon should occur without any violent explosion. Since we have never
observed it before, if any observation will be possible it could be a signature of
the presence of Mirror matter in Neutron Stars. Assuming that a star could
reach the Twin Star conguration, we have estimated the transformation
rate obtaining a characteristic transformation time some order of magnitude
bigger than the Universe lifetime. As a consequence this results could justify
the observation of very massive Neutron Stars.
The mean value of the observed mass of double Neutron Star in binary
system is 1.32M . This value is not so far from the maximum mass of a Twin
Star described by SLy equation, i.e. 1.45M . For this reason we have developed a toy model to reproduce the observed Neutron Star masses distribution
assuming that stars are described by SLy Equation of State. Furthermore,
we have supposed that Neutron Star are generated with a gaussian mass
distribution with mean value of 1.5M and σ = 0.2M . In this picture stars
born with mass greater than 1.5M have a total number of baryons too high
to reach a stable conguration and after some times collapse in a Black Hole.
After some evolution time we have obtained a distribution in qualitative
agreement with the observed double Neutron Star mass distribution.
The last aspect is the radial oscillation of stars. This problem was rst
analyzed by Chandrasekar [271, 272] by linear response theory. It turns that
the equation governing the radial oscillation of stars is a Sturm-Liouville
problem and our goal has been to solve it for spherical static stars. In this
analysis the typical assumption is that the radial oscillations are innitesimal
adiabatic perturbations of the stellar conguration and can be described with
the same Equation of State of the background.
Our numerical method is an extension of the Numerov's method that
takes into account the boundary conditions properly. Numerov method consists in discretizing the stellar radius coordinate in N steps transforming the
Sturm-Liouville problem in an eigenvalue problem [276]. We have developed
an algorithm to quickly determine the eigenfrequency and the eigenmodes of
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the stellar radial oscillation imposing the correct behavior of the eigenmodes
at the stellar center. We have tested the extended Numerov's method for
many dierent stellar model conrming the paradigm that the last stable
conguration, corresponding to the null mode, coincide with the maximum
mass. Several further tests have been proposed and all of them conrm the
reliability of our novel numerical method.
An important aspect is that in any considered case we have found that the
algorithm is very fast and the results are extremely stable even for N = 500
discretized points. Doubling the number of discretized points we have not
found any appreciable change in the eigenfrequencies or in the eigenmodes
meaning that we are able to drastically reduce the computational times without reducing accuracy.
An important role in the radial oscillation problem is played by interface
discontinuity. In this thesis we have focused on the radial oscillation of stars
described by an Equation of State with discontinuous speed of sound. In order to deal with this problem we have treated the interface discontinuity as
an additional boundary condition and we have imposed that the total pressure, i.e. the background pressure plus its perturbation, must be continuous
to preserve hydrostatic equilibrium. Even in this case, we have found that
the fundamental mode is associated to the maximum mass unless we consider
discontinuous pressure perturbation. Whether this condition is possible, the
null eigenfrequency appears at central matter density exceeding the central
density of the maximum star. This could lead to new instability condition
that could be explored in future studies. Moreover, having a reliable numerical method for the radial oscillation of Compact Stars it is possible to explore
some other aspect like density discontinuity and test new Equation of State.
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Appendix A
Numerical results

Table A.1: Data for a MIT bag model EoS p = c2s (ρ − 4B) with c2s = 1/3,
Bef f = (145M eV )4

ρc
(1015 g/cm3 )
2.000
1.980
1.950
1.900
1.700
1.500
1.000

R
(km)
10.90
10.91
10.93
10.96
11.08
11.20
11.37

M
(M )
2.001
2.001
2.001
2.001
1.994
1.975
1.792

ω0
(kHz )
0.20*
0.178
0.349
0.535
1.012
1.395
2.525

Table A.2: Data for parametrized EoS for quark matter p = 3a4 /(4π 2 )µ4 −
3a2 /(4π 2 )µ2 − Bef f with a4 = 0.7, a2 = 200M eV and Bef f = (165M eV )4

ρc
M
3
(10 g/cm ) (M )
4.800
1.268
4.650
1.268
4.500
1.268
4.300
1.267
4.000
1.263
3.000
1.223
2.000
1.053
15

R
(km)
7.101
7.126
7.151
7.186
7.239
7.405
7.404

ω0
(kHz )
0.65*
0.157
0.694
1.063
2.862
2.695
4.400
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Table A.3: Data for a polytropic EoS with Γ = 2 and K = 1012 G

ρc
(10 g/cm3 )
1.000
1.200
1.400
1.500
1.700
2.000
2.200
2.400
2.500
2.700
3.000
3.200
3.500
3.700
4.000
4.400
4.500
4.700
5.000
5.100
5.200
5.300
5.400
5.500
5.600
5.650
5.700
5.800
5.900
15

M
(M )
0.802
0.891
0.965
0.998
1.056
1.126
1.164
1.196
1.211
1.236
1.267
1.283
1.303
1.314
1.327
1.339
1.341
1.345
1.349
1.349
1.35
1.351
1.351
1.351
1.352
1.352
1.352
1.352
1.351

R
(km)
10.812
10.548
10.305
10.189
9.971
9.672
9.488
9.316
9.235
9.078
8.861
8.726
8.537
8.42
8.255
8.054
8.006
7.915
7.786
7.745
7.704
7.665
7.627
7.589
7.552
7.534
7.516
7.481
7.446

ω0
(kHz )
2.147
2.229
2.281
2.299
2.319
2.32
2.303
2.276
2.258
2.216
2.138
2.075
1.968
1.887
1.751
1.539
1.479
1.35
1.125
1.038
0.942
0.836
0.712
0.562
0.353
0.169
0.26i
0.51i
0.673i
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Table A.4: Data for the EoS BBB2 [99]

ρc
(10 g/cm3 )
1.000
1.100
1.200
1.300
1.400
1.500
1.600
1.700
1.800
1.900
2.000
2.100
2.200
2.300
2.400
2.500
2.600
2.700
2.800
2.900
3.000
3.100
3.150
3.165
3.200
3.300
15

M
(M )
1.241
1.338
1.437
1.514
1.587
1.646
1.697
1.742
1.777
1.808
1.834
1.854
1.871
1.885
1.896
1.904
1.911
1.916
1.92
1.923
1.924
1.925
1.925
1.925
1.925
1.925

R
(km)
10.677
10.68
10.652
10.609
10.546
10.478
10.403
10.321
10.245
10.162
10.084
10.008
9.933
9.862
9.793
9.726
9.664
9.604
9.545
9.49
9.437
9.385
9.360
9.352
9.337
9.289

ω0
(kHz )
2.971
2.899
2.83
2.748
2.674
2.601
2.513
2.436
2.346
2.246
2.139
2.034
1.912
1.81
1.681
1.559
1.412
1.266
1.121
0.926
0.724
0.435
0.180
0.052
0.34i
0.68i
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Table A.5: Data for the EoS SLy [98]

ρc
(10 g/cm3 )
0.800
1.000
1.100
1.200
1.300
1.400
1.500
1.600
1.700
1.800
1.900
2.000
2.100
2.200
2.300
2.400
2.500
2.600
2.700
2.750
2.800
2.840
2.900
3.000
15

M
(M )
1.124
1.423
1.54
1.638
1.719
1.786
1.841
1.886
1.923
1.953
1.977
1.996
2.011
2.023
2.033
2.039
2.044
2.048
2.05
2.051
2.051
2.051
2.051
2.051

R
(km)
10.997
11.115
11.102
11.062
11.002
10.929
10.85
10.766
10.679
10.591
10.506
10.422
10.339
10.259
10.183
10.107
10.036
9.967
9.901
9.868
9.837
9.360
9.777
9.718

ω0
(kHz )
3.094
2.974
2.873
2.77
2.66
2.545
2.418
2.298
2.182
2.051
1.923
1.807
1.68
1.528
1.404
1.251
1.083
0.901
0.681
0.570
0.386
0.078
0.417i
0.69i
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Table A.6: Data for the EoS MS1 [100]

ρc
(10 g/cm3 )
0.6
0.650
0.700
0.750
0.800
0.850
0.900
0.950
1.000
1.050
1.100
1.150
1.200
1.250
1.300
1.350
1.400
1.450
1.500
1.550
1.600
1.650
15

M
(M )
1.95
2.111
2.245
2.352
2.442
2.512
2.57
2.616
2.653
2.682
2.706
2.724
2.739
2.75
2.759
2.765
2.769
2.772
2.774
2.774
2.773
2.772

R
(km)
14.263
14.292
14.283
14.248
14.195
14.131
14.059
13.985
13.907
13.829
13.752
13.675
13.6
13.526
13.455
13.386
13.319
13.254
13.191
13.13
13.071
13.014

ω0
(kHz )
2.421
2.398
2.312
2.206
2.109
2.004
1.906
1.778
1.673
1.561
1.448
1.334
1.252
1.115
0.98
0.866
0.741
0.558
0.362
0.18i
0.43i
0.57i

Notations, conventions and units

Acronyms

CS - Compact Star
EoS - Equation of State
GW - Gravitational Wave
M - Mirror
MS - Mixed Star
NS - Neutron Star
O - Ordinary
QCD - Quantum Chromodynamics
SS - Strange Star
TOV - Toleman Oppenheimer Volko
TS - Twin Star
Units and Conventions

In this thesis we use geometrical units in which G = c = 1, and we often use
some fundamental astrophysical quantities:

M = 1.989 × 1033 g,
ρs = 2.66 × 1014 g/cm3

