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ABSTRACT. In this paper we study a 2 X 2 semilinear hyperbolic system of partial differential
equations, which is related to a semilinear wave equation with nonlinear, time-dependent damping
in one space dimension. For this problem, we prove a well-posedness result in L>° in the space-
time domain (0,1) X [0,400). Then we address the problem of the time-asymptotic stability of
the zero solution and show that, under appropriate conditions, the solution decays to zero at an
exponential rate in the space L°°. The proofs are based on the analysis of the invariant domain of
the unknowns, for which we show a contractive property. These results can yield a decay property
in W12 for the corresponding solution to the semilinear wave equation.

1. Introduction. In this paper we study the initial-boundary value problem for the 2 x 2 system
in one space dimension

Op+ 0 J =0, (1.1)

Oy + Opp = —2k(z)a(t)g(J),
where z € I = [0,1], t > 0 and

(P J)(+0) = (po, Jo)(-) J(0,) = J(1,£) =0 (1.2)
for (po, Jo) € L°°(I). About the terms k, o and ¢ in (1.1), let
keL'(I), k>0ae, geC'(R), g(0)=0, ¢'(J)>0
and
a € BV, N L™([0,00);[0,1]), a(t) > 0.

The problem (1.1)—(1.2) is related to the one-dimensional damped semilinear wave equation on a
bounded interval: if (p, J)(z,t) is a solution to (1.1), (1.2), then

u(x, t)=— /Om p(y,t) dy
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2 AMADORI AND AQEL

formally satisfies
Uy = —P, u=J, Opt — Oz + 2k(z)a(t)g(Opu) = 0. (1.3)

In the time-independent case, a(t) = const., the large time behavior of solutions to (1.1)—(1.2) is
governed by the stationary solution

J(x) =0, p(x) = const. = /Ipo.

After possibly changing the variable p with p— [} po, it is not restrictive to assume that [, po(z) dz =
0.

The coefficient «(¢) in (1.1), with values in [0, 1], plays the role of a time localization of the damping
term. A specific time dependent case is the intermittent damping [13, 11], in which for some 0 <
T, < T one has

)1 te0,Ty), B
at) = {0 e TLTy) alt+Ty) =at) VE>0. (1.4)

The damped wave equation and its time-asymptotic stability properties have been studied in several
papers, see for instance [14] and references therein, in terms of the decay of energy (L? norm of the
derivatives of u). The LP framework, with p € [2, c0] was considered in [10, 1, 6].

In this paper we continue the project, that was started in [1], in two directions:

- first, we prove a well-posedness result, global in time, for the initial-boundary value problem
(1.1)=(1.2) together with L initial data; in turn, this result provides a well-posedness result in
Wb for the equation (1.3). See Theorem 1.1;

- second, we address the time-asymptotic stability of the solution p = 0 = J; by following the
approach introduced in [1], we obtain a result on the exponential decay of the L°°—norm of the
solution to (1.1), under the assumption that the damping term is linear and time-independent; see
Theorem 1.2. In this specific context, this result extends the main result obtained in [1], where BV
(Bounded Variation) initial data were assumed; since the constant values in the time-asymptotic
estimate were depending on the total variation of the solution, a density argument was not sufficient
to extend the result to the class of L initial data.

1.1. Main results. We introduce the main results of this paper. The first one (Theorem 1.1)
concerns the existence and stability of weak solutions to (1.1) with time-dependent source, while the
second one (Theorem 1.2) concerns the asymptotic-time decay in L* of the solution under more
specific assumptions.

We use the standard notation Ry = [0, +00).

Definition 1.1. Let I = [0,1] and (po, Jo) € L>®(I). A weak solution of the problem (1.1)—(1.2) is
a function

(p,J): I x Ry — R?
that satisfies the following properties:

(a) the map Ry >t — (p, J)(-,t) € L=(I) C L*(I) is continuous with respect to the L'-norm,
and it satisfies

(p, J)(-,0) = (po, Jo);

(b) the equation (1.1); is satisfied in the distributional sense in [0,1] x (0,00), while the equation
(1.1)2 in the distributional sense in (0,1) x (0, 00) .
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The boundary condition in (1.2) is taken into account by means of the first part of (b), that is, by
requiring that for all functions ¢ € C*([0,1] x (0, +00)), with compact support in [0,1] x (0, +00),

one has

1 oo
/ / {posp + JOz ¢} dadt = 0.
0o Jo

Now we state the following well-posedness result.
Theorem 1.1. Assume that
ke LM(I), k>0ae, g€C'R), g(0)=0, ¢'(J)>0

and that

a € BV, N L*>([0,00);[0,1]), a(t) >0.
Let (po, Jo) € L>(I) with [, po = 0. Then there exists a unique function

(p,J): I xRy —R?
which is a weak solution of (1.1)—(1.2) in the sense of Definition 1.1. One has that
e Conservation of mass:

/,0(3371&)(1:10:0 Vt>0.
I

e Invariant domain: define the diagonal variables

+:p+J __p—J
I T
and
M:esssupfoi7 m:esslinffgi,
I
D:[m,M]X[m,M], DJ:[f(Mim)vam]

Then D, Dy are invariant domains for (p,J) and for J, respectively, in the sense that

m < fE(z,t) <M, |J(z,t)| <M —m  ae..

(1.5)

(1.6)

(1.8)

(1.9)

(1.10)

Next, we consider the case of linear damping, that is for k(x) and «(t) constant, g(J) linear. In the
next theorem we establish a contractive property of the invariant domain when passing from ¢ = 0

tot=1.

Theorem 1.2. For d > 0, consider the system

8tp—|—3x<]: O,

(1.11)

where © € I, t > 0, together with initial and boundary conditions (1.2), (po,Jo) € L>*(I), and

Jrpo=0.
Then there exists d* > 0 and a constant C(d) depending on d that satisfies

0<Cd)<1, d e (0,d),
such that the following holds:

esssup f*(z,t) — esinnf fE(x,t) < C(d) (ess sup fif — esinnf foi> Vi>1.
I I

(1.12)

(1.13)
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In other words, the estimate (1.13) indicates that the solution trajectory t +— f*(-,¢), whose
values belong to the invariant domain D = [m, M]? for ¢t > 0 as in Theorem 1.1, is contained in a
smaller domain after time 7 = 1. The new invariant domain is defined by Dy = [my, M;]?, where

M, = esssup f*(z,1), my = esslinf =z, 1), (1.14)
I

and the following properties hold:
m<m; <0< M <M, My —my <C(d) (M —m)<M-—m 0<d<d".
For the definition of C(d) see (5.40).

As an application of Theorem 1.2, we show two decay estimates for the linear system

0 + Dup = —2da(t)J . '

Theorem 1.3. For d € (0,d*), consider the system (1.15) where xz € I, t > 0, together with initial
and boundary conditions (1.2), (po,Jo) € L*(I), and [; po = 0.

(a) If a(t) = 1, there exist constant values C; > 0, j = 1,2,3, that depend only on the equation
and on the initial data, such that

17C 1)l < Cre™"
lp(, 1) Lo < Coe™s! (1.16)
with
C3 = |In(C(d))].
(b) For a(t) of type "on-off” as in (1.4), with Ty > 1, one has (1.16) with
R E)

2

where [T1] > 1 denotes the integer part of T;.

In addition to the previous statement, if (pg,JJo) € BV(I), then the approximate solutions
(pA%, JA%)(2,t) of (1.11), (1.2) as defined in Section 3.1 satisfies the L error estimate (5.31)
established in Theorem 5.2.

Remark 1.1. Some final remarks are in order.

(a) In terms of the damped wave equation (1.3), Theorem 1.3 can yield a result on the decay in
W2 of the solution u towards zero. Indeed the function

u(z, t) i/o p(z’,t)dx’, z € (0,1)

is Lipschitz continuous in x, satisfies u(0,t) = u(1,t) = 0 because of (1.7) and
[[u( Dlloo < MloCs oo -
Hence if p(-,t) converges to 0 in L™, then u(-,t) converges to 0 in W12,

For a rigourous proof of a decay estimate for the semilinear wave equation, one should prove that
such u € C° (Ry; Hy(I)) x C* (Ry; L2(I)) and that it is a solution of (1.3) together with boundary
conditions u(0,t) = u(1,t) = 0 and initial conditions

u(z,0) = uo(x) = /09«’ po(x') dz’ Oyu(z,0) = Jo(x).
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(b) The result in Theorem 1.3, case (a) extends readily to the case of non-zero, constant boundary
conditions for J. Indeed consider the system (1.1) together with initial data (po,Jo) € L*°(I) and
boundary conditions

J(0,t) = J(1,t) = B € R. (1.17)
Let’s define
pa(e) = ~29(8) [ kly)dy+C
0

where the constant C is identified uniquely by the property of conservation of mass:

/01 pp(x) d = /01 po(x) dx .

If a(t) = 1, then the change of variables
v=p—pg, w=.J-p,
on the system (1.1) yields

0w + 0v = —2k(x)g(w; B) g(w; B) = g(B +w) —g(B) '
together with initial-boundary conditions
(va)('ao):(PO—PﬁaJO—ﬁ)(')a ’UJ(O,t):U)(l,t):O

where w — g(w; B) has the same properties of g in (1.5) with supg’ = supg’ on corresponding
bounded domains, and [, vodx = 0. Therefore a decay estimate for J(-,t) — B, p(-,t) — pg(-) holds
as in (1.16). On the other hand, in the on-off case (b) with boundary conditions (1.17) and § # 0,
the non-constant function pg(x) is no longer stationary and the long time behavior of (p,J)(-,t)
requires further investigation.

The paper is organized as follows. In Section 2 we recall some preliminaries on Riemann problems
for a hyperbolic system which is a 3 x 3 extended version of (1.1), and prove interaction estimates
that take into account of the time change of the damping term. In Section 3 we provide the proof of
Theorem 1.1 by following the approach considered in [1], which is readily adapted to the time-varying
source term of the system (1.1). In section 4, we study the representation of the approximate solution
which turns out to be a vector representation, see Lemma 4.1. In Section 5, we prove Theorem 1.2
and, finally, in Section 6 we prove Theorem 1.3.

2. Preliminaries. In terms of the diagonal variables f*, defined by
p=fr+fm.  T=f—f7 (2.1)
the system (1.1) rewrites as a discrete-velocity kinetic model

Of™ = 0uf™ =k(@)a(t) g(f" = 7),
ST+ 0 fT = —k(x)a(t) g(f* = f7).

2.1. The time-independent case: the Riemann problem. In the following we assume that
a(t) = 1. Then (1.1) and (2.2) can be rewritten, respectively, as
atp + 83:r] = O ’ T
O + 0zp+29(J)0za =0, a(z) = / k(y) dy (2.3)
8ta =0 s 0
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J_1 ) g1

Uy Ur

FIGURE 1. Structure of the solution to the Riemann problem.

and
atf__axf__g(f+_f_)8xa :0,
6tf++aacf++g(f+*fi)axa =0, (2.4)
Ora =0.

The characteristic speed of system (2.4) are F1,0. We call 0-wave curves those characteristic curves
corresponding to the speed 0; they are related to the stationary equations for f*, that is

Ouf* = —g(f* = f7)0sa. (2.5)
We denote either by (p¢, Jo, ae), (pr, Jr,ar) or by (f,, f;7ag), (f7, fF,a,) the left and right states
corresponding to Riemann data for (2.3), (2.4) respectively.
Proposition 2.1. [2] Assume that k(x) > 0, g(J)J > 0 and consider the initial states
Ue= (pe; Jesae),  Ur=(pr, Jr,ar)

with corresponding states (f;, f, ae), (f7, f;F ar) in the (f*,a) variables. Assume ay < a, and
set
0=a,—ap>0. (2.6)

Then the following holds.

(i) The solution to the Riemann problem for system (2.3) and initial data Up, U, is uniquely
determined by

Ue z/t < —1
Ulo,t) = Ui = (psp, Juyae) —1<z/t<0 @7)
Ui = (pary Jesar) 0<z/t <1
U, z/t>1
with
Jetg(J)o =15 = foy  per—pep=—29(J)8, (2.8)

see Figure 1.

(i) If m < M are given real numbers, the square [m, M|? is invariant for the solution to the
Riemann problem in the (f~, f1)-plane. That is, the solution U(z,t) given in (2.7) satisfies

fE(x,t) € [m, M] (2.9)
for any (f[,f;), (f=, fF) € [m, M)? and for any § > 0.
(iii) For every pair Uy, U, with (f;, f;7), (f7, f;F) € Im, M?, leto_1 = (Jo—J¢) and o1 = (J.— ).
Hence,
o = £ = fH] < Cod, llo—1l = 1f = f, 1| < Cod, (2.10)
where

Co = max{g(M —m),—g(m — M)}. (2.11)
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DECAY FOR THE DAMPED WAVE EQUATION 7

We stress that, in (2.10)—(2.11), the quantity Cj is independent of § > 0.

Here and in the following, we denote by A¢(z) the difference ¢(x+) — ¢(x—), where ¢ is a
real-valued function defined on a subset of R, and the limits ¢(x+) = limy_, 4+ ¢(y) exist.

We define the amplitude of +1-waves as follows:
o1 =AJ = +AfE = +Ap. (2.12)
In particular, with the notation of Figure 1, we have
J—Jp=01+0_1
pr—pe =01 —0_1—2g(Js)d.

2.2. The time-dependent case: interaction estimates. As time evolves, the wave-fronts that
stem from ¢ = 0 propagate and interact between each other; also the coefficient a(t) changes in time.
In order to get a-priori estimates on their total variation and L°°—mnorm, we study the interactions
of waves in the solutions to (2.4).

In [1, Proposition 3], the multiple interaction of two +1 waves with a single O—wave of size
0 = a, —ap > 0 is studied. The following proposition extends such a statement to the case in which
the time dependent coefficient a(t) has a jump at the time of the interaction. We clarify that the
values of ay and a,., respectively on the left and on the right of the 0—wave, do not change across the
interaction; this is related to the third equation in (2.4).

Proposition 2.2. (Multiple interactions, time-dependent case) Assume that at a time t > 0 an
interaction involving a (+1)-wave, a 0-wave and a (—1)-wave occurs, see Figure 2. Let 0 be as in
(2.6) and a* > 0 be given, so that a(t) = at for t >t and a(t) = a~ fort <t. Assume that

(supg’)da® < 1. (2.13)

Let 01, be the sizes (see (2.12)) of the incoming waves and oil be the sizes of the outgoing ones.
Let JEF be the intermediate values of J (which are constant across the 0-wave), before and after the
interaction as in Figure 2, and choose a value s € (min JF, max JF) such that

§(s) = 9(J5) —9(J)

s (2.14)

and similarly

g
(Z}) 1 +1v* (71— 71) (Zﬁ) +(at —a7)s lg f;) <:> : (2.15)
(

(D))
Moreover,

of +ot =0] +07, (2.17)

oDyl +1of | < JoZy] + loy [ +2Ced]a™ — a7 (2.18)

with Cp = max{g(M —m),—g(m — M)} as in (2.11), together with
TrL:min{flf'E,fj[}7 M:max{ff,ff}.

Remark 2.1. (a) If a(t) is as in (1.4), the time corresponds to = =1, a™ = 0 while

the time corresponds to o~ =0, at =1.
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FIGURE 2. Multiple interaction, time-dependent case.

(b) With the notation of Proposition 2.2, one has
t i em,M], |s|<M-m (2.19)

* 00 Jx,r
where f:z, fffr are the intermediate states after the interaction time.

Indeed, as a consequence of Proposition 2.1-(ii), the values f::@, [t belong to [m, M]. Using
the same argument of the proof of Proposition 2.1 in [2], one can conclude that the same property
holds also for the intermediate state before the interaction, that is, f;z, Jer € [m,M]. As a
consequence, both the intermediate values JE satisfy

[JE < M —m

and hence, by the intermediate value theorem used in (2.14), we obtain that |s| < M — m.

Proof of Proposition 2.2. Let J_, JI be the intermediate values of J before and after the interaction,
respectively. By (2.8) these values satisfy
JE 4 gINsat = [~ fr I —gUn)eaT = £ ;.
Since the quantity J,. — Jy remains constant across the interaction, we get
Jo—=Je= (T = J5) + (JF = Jo) = (Jr = J2) + (J7 = J).-
Then, by the definition (2.12) of the sizes (041 = AJ) we deduce the identity (2.17). Using again
(2.8) and (2.12), the same procedure applied to p, — p; and the fact that o113 = +Ap lead to the
following identity:
o — 0%y —2g(JF)dat = o — 07, — 29(J7 )60,
that can be rewritten as
of —of =07 =02, +2[g(JF) = g(J)] ba™ +2g(JF)é(a* —a7)

=0y —0_, +2¢'(s) [J — I ] ba™ +29(JF)6(at —a) (2.20)
for s as in (2.14). Notice that

Jr—J = - I+ (I —J) = —0f 407,
and, replacing J, with Jy, one has

JF—J =0t -0y .

Since both equations are true, then one can combine them and write

JE T =g (ot ot tomy —or)

By substitution into (2.20), we get

of —ot =07 —07 +4(s) (0F, —of +o7y —07)da” +29(J)d(at —a7),
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DECAY FOR THE DAMPED WAVE EQUATION 9

which, for v~ = ¢'(s)da~ leads to
(1+~7) (of = Ufl) =(1—=77") (o7 —02y) +29(JS)o(a" —a™).
In conclusion, recalling (2.17), we have the following 2 x 2 linear system

Uf—&—afl =0, +t0_4

1—v, - 2g(J5)d(a™ — a)
+_ 5t — _ *
0 =0 1+~- (‘71 0—1) + 1+~
whose solution is given by (2.15). The proof of (2.16) is completely similar. Finally, by taking the
absolute values in (2.15), we get (2.18). This concludes the proof of Proposition 2.2. O

3. Approximate solutions and well-posedness. This section is devoted to the construction of
a family of approximate solutions to the problem (1.1), (1.2). In Subsection 3.1 we will describe the
algorithm, that follows the approach in [1], while in Subsections 3.2-3.4 we provide a-priori estimates
on such approximations.

More generally, the approximation scheme follows the well-balanced approach introduced in [8,
7] and employed in [2, 3, 4] for the Cauchy problem. Also, the approximate solutions that are
constructed here, are wave-front tracking solutions (see [5]) of the system (2.3) or, equivalently,
(2.4).

Finally, in Subsection 3.5, we prove the convergence of the approximate solutions in the BV
setting and use the stability in L', together with a density argument, to show the existence and

stability for L*° initial data (pg, Jo), thus completing the proof of Theorem 1.1.

3.1. Approximate solutions. In this subsection, following [1], we construct a family of approxi-
mate solutions for the initial-boundary value problem associated to system (2.3) and initial, bound-
ary conditions (1.2) with (po, Jo) € BV(I) and

/po(x) dx=0. (3.1)
I

Let NV € 2N and set
1

ASU:At:N, z; =jAz (j=0,...,N), t" =nAt (n >0).
The size of the 0-wave at a point 0 < z; < 1 is given by
zj
6j:/ k(x)dx, j=1,...,N—1. (3.2)
Tj—1
Assume Az = 1/N small enough so that
supg'(J)||elloo - 65 < 1. (3.3)
The functions ) )
f&zi(Po—J0)7 fo+:§(/)0+<]o)

clearly belong to BV (I). In terms of the system (2.4), we approximate the initial data fgt and a(x)
as follows:

(fa) (@) = fo (z+),  a®*(z) = a(zy) = /Oxj ky we(zj,zin). (3.4)

Recalling that [ podz =0 and that p = f* + f~, we easily deduce the following inequality:

/ ()5 + (f7)5%] de

I

< AzTV pg . (3.5)
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10 AMADORI AND AQEL

Finally we approximate «(t) in a natural way as follows:
an(t) = @, = a(t"+) for t € [tn,tny1), n>0. (3.6)

Beyond the adaptation to the time-dependence of the source term in (1.1), the construction is
completely similar to the one in [1, Section 3], leading to the definition of an approximate solution
(f5)A%(z,t) and hence of pA%, JA. In the rest of this section, as far as there is no ambiguity in
the notation, we will drop the Az and will refer to (f*)(z,¢) as an approximate solution with fixed
parameter Ax > 0.

3.2. Invariant domains. Recalling Proposition 2.1-(ii), the set
D = [m, M] x [m, M], M = esssup fgc , m= esslinf f&c (3.7)
I

is an invariant domain for the solution to the Riemann problem in the (f~, f1)-variables. Let
Jmax =M — m, DJ - [*Jmaxa Jmax] . (38)
Here D denotes the closed interval which is the projection of D on the J-axis.

It is easy to verify that D is invariant also under the solution to the Riemann problem at the
boundary. Indeed, assume that there is a (—1)-wave impinging on the boundary x = 0 at a certain

(
time ¢ with a +1 reflected wave. Let (f~, fT) € D be the state on the right of the impinging/reflected
wave. Hence
e the state between z = 0 and the impinging wave, for t < £, is (fT, f1),

e the state between z = 0 and the reflected wave, for t > #, is (f~, f7),

and both these states belong to D. Finally we claim that m < 0 < M. Indeed, since fl po = 0, then
essinf pg < 0 < esssup pg .

Using the elementary inequalities max{x + y,x — y} > > min{z + y,x — y}, and recalling that
f* = (p+ J)/2, we deduce that

2 ess inf fOi < essinf pg < 0 < esssup pg < 2esssup foi
and hence the claim.

All these properties are summarized in the following proposition.

Proposition 3.1. Under the assumptions of Theorem 1.1, one has that

m<0< M. (3.9)
Moreover for every t > 0 the following holds:
m < fE(x,t) <M (3.10)
and hence, by means of (2.1),
2m < p(x,t) <2M, |J(x,t)]| < M —m (3.11)

with m, M given in (3.7).

As a consequence of the properties above, the solution satisfies J(x,t) € D; outside discontinu-
ities.
Remark 3.1. We remark that, given m < M, the bounds (3.10), (3.11) hold

e for every choice of source term coefficients k(x), g(J), a(t) as in (1.5), (1.6);

e for every (approximate) solution such that the initial data satisfies (3.4) and the bounds

m < esinnf fif <esssup fif <M.
I
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o1 g2 02N

At

2N

y; (1)
FIGURE 3. Illustration of the polygonals y;(t) and of the wave strengths o;(¢)

We also remark that, in case of no source term (for instance if k(x) = 0), by the analysis of the
Riemann problems one finds that the invariant domain is smaller than the square D, being the
rectangle [m™, M ™| x [m*, M)
m* < fFH(x,t) < MF,
where
mjtiirllffg:7 Miisupfoi.
I

3.3. Conservation of mass. In this subsection we prove that the total mass of p~% is conserved
in time.

Proposition 3.2. In the previous assumptions, one has
d

Az
— t)dx =0 3.12
G [ =o. (312)
and
/pr(x,t) dx| < Az -TV pg. (3.13)
I
Proof. Let
yi(t) <ya(t) <...<wyan(t)  VE>0, t A", t#t"H/2 (3.14)

be the location of the +1 waves at time ¢, that is, the location of all the possible discontinuities (see
Figure 3).

By the Rankine-Hugoniot condition of the first equation in (1.1), which is satisfied ezactly in the
approximate solution, we have

05 = AJ(; (1) = Dply; ()i, G=1,...,2N. (3.15)
Now observe that the function
t— /pAI(x,t) dx;
I
is continuous and piecewise linear on R, and that its derivative is given by

d 2N
@l po (x, 1) do = — ;Ap(yj)i/j
2N
== AJ(y;(t) = —J(1—,t) + J(0+,t) = 0 (3.16)

for every t # t", t"*t1/2 where we used (3.15) and the boundary conditions J(1—,t) = J(0+,t) = 0,
which are satisfied exactly for every ¢ # ¢t"™. Hence (3.12) is proved.
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Finally, the inequality (3.13) follows from (3.12), (3.5) and recalling that p = f* + f~. The proof
is complete. O

3.4. Uniform bounds on the Total Variation. We define

Le(t)= > |AfF], (3.17)
(£1)—waves

Lo<t>;< > |Af++|Af|> (3.18)
O—waves

that by (2.12) are related to p and J as
Li(t) =TV J( 1), Li(t) + Lo(t) = TV p(-, 1)

As in the case of the Cauchy problem [2] and as in [1], the functional L (¢) may change only at the
times ¢, due to the interactions with the (1) — waves with the 0 — waves. Let evaluate the total
possible increase of Ly. At each time ¢", by using the inequality (2.18), we get

N-1
Li(t"+) < Ly(t"—) +2Co |an — an_1| ¥ _ 6; < Ly (t"—) +2Co |an — an_1| k]| z1 -
j=1
Summing up the previous inequality, one gets
Li(t"+) < Li(0+)+2CTV {a; [0, t,] % L1 - (3.19)
Hence for every T > 0 the function [0,7] 3 ¢ — L4 (¢) is uniformly bounded in ¢ and Az. Moreover
one has

Li(04) <TV fF(-,0) + TV f7(-,0) + [Jo(0+)] + [Jo(1-)[ + 2Coa(0+) [k 1 (3.20)
Lo(t) <|[lefloo Z l9(Ju ()| Aa(z;) < CollefloollEll L -

In conclusion,

TV fT(-,t) + TV f~(-,t)

Ly (t)+ 2Lo(t)

IN

TV (.00 + TV F(,0) + [Jo(0H)] + [Jo(1-)]
+ 4G (|allee + TV {a; [0, T1}) (K| L1

and hence the total variation of ¢ — (p2%, J2%)(-,t) is uniformly bounded on all finite time intervals
[0,T], with T > 0, uniformly in Ax.

3.5. Strong convergence as Az — 0 and proof of Theorem 1.1. In this Subsection we prove
Theorem 1.1, and we start by proving it for (po, Jo) € BV (I).

In this case, for every T' > 0, a standard application of Helly’s theorem implies that there exists a
subsequence (Az); — 0 such that fi(Am)j — f¥in L}, (0,1)x(0,00) and that f* : (0,1) x (0, 00) —

loc

R are a weak solution to (2.2). In terms of p2%, JA% the identity

1 [e%s)
/ / {p2%0 + JA"0,¢} dadt =0 (3.21)
0 0

holds for every ¢ € C'([0,1] x (0,T)) (that is, up to the boundaries of I) since JA%(0+4,t) = 0 =
JAT(1—,t) for every t # t™. Hence the identity (3.21) is satisfied by the strong limit (p, J). Moreover,
by passing to the limit as (Axz); — 0 in (3.13) one obtains that (1.7) holds, that is

/p(x,t)dsz Vt>0.
I



10
11

12
13

14
15
16
17

18

19
20

21
22

DECAY FOR THE DAMPED WAVE EQUATION 13

To obtain the stability in L' with respect to the initial data, one can observe that the coupling in
system (2.2) is quasimonotone, in the sense that the equations

Of* £ 05 =FG,  Glat, [F) = k(z)a(t) g(f* = [7) (3.22)
satisfy, thanks to the assumptions (1.6) and (1.5),
0G 0G
_ < <.
ofr =0 g =Y

By adaptation of the arguments in [9] (see , which rely on Kruzkov techniques, one can prove the
following stability estimate. For any pair of initial data (f; , f;") and (ﬁ;, ﬁf) € L>=(I), let f*,
fi in (0,1) x (0,T) be solutions of the problems with the corresponding initial data, according to
Definition 1.1. Then the following inequality holds

I DG = I < I 1) = (o FD ey - (3.23)

Therefore the weak solution to (1.1)—(1.2) is unique on (0,1) x (0,7") and can be prolonged for all
times, t € RY.

Finally, let (po,Jo) € L*(I). Then there exists a sequence {(po, Jo)n tnen C BV (I) such that
(po, Jo)n = (po,Jo) € L*(I). By the L! stability estimate (3.23), the limit in L' of f(-,t) is well
defined and hence also for (p, J)(-,t). Since the identity

1 s}
| [ oo+ 100} dwa =0 (3.21)
o Jo
holds for every ¢ € C*([0,1] x (0,00)) and for every n, then (3.24) is valid also for the strong limit

(p,J), as well as (1.7). This completes the proof of Theorem 1.1. O

Remark 3.2. We add more comments about the stability estimate (3.23). Due to the quasimono-
tonicity properties stated above, its proof is similar to the one of [9, Th. 4.1], that was stated for
the Cauchy problem of a related system. The presence of the boundary conditions does not provide
additional difficulty; let’s give a formal argument in support of that.

From (3.22) and
Ou(F%) £ 0.(F%) = Fh(@)at) g (F* = F7) .

one obtains formally that
;=T ol =Tl =k@a o (= 5) =g (Fr =T sen (17 - 7))
as well as

ot =T+ ou 1t = Tl = —k@at) [g (7t = 17) =g (F* = F7)] -sem (£ = ) .
The boundary condition J(0,t) = 0 translates into

FrOH =08 R = (L) (3:25)

and similarly for fi. Therefore, after integration in dx over (0,1), the boundary contributions at
r=0,z=1

O

A R T
vanish while the contribution of the damping term is < 0 because of the quasimonotonicity, which
relies on the elementary inequality (a — b)(sgn(a) —sgn(b)) > 0 for all a, b € R.

A similar approach was also employed in [4, Sect. 4.1] to provide L' error estimates for the
approximation of the Cauchy problem for (3.22), in the time-indepedent case.



o o A W N R

~

10
11

12
13

14

15

16

-
3

18
19

20
21

22

23
24
25

26

14 AMADORI AND AQEL

Remark 3.3. It is possible to introduce the concept of broad solutions for the problem (1.1)—(1.2),
by an adaptation of the definition for the Cauchy problem [5, Sect.3]. Indeed, the characteristics can
be prolonged for all times by reflection at the boundaries, together with boundary conditions (3.25).
The fact that g is only locally Lipschitz continuous in the state variables can be balanced by the
presence of the invariant domain, which yields an apriori bound on the solution and hence to the
global in time existence of a broad solution.

We expect that the two concepts of solutions coincide in the present setting, that is for L* initial
data, especially in view of the uniqueness condition stated in Theorem 1.1.

4. A finite-dimensional representation of the approximate solutions. In this section we will
study the evolution in time of the approximate solution, established in Subsection 3.1, by means of
a finite-dimensional evolution system of size 2N = 2Az ™",

We remind that the approximate solutions are constructed for the initial-boundary value problem
(2.3)-(1.2) with (po, Jo) € BV(I) and [, po(x)dx =0.

4.1. The transition matrix. Let’s introduce a vector representation of the approximate solution
that will be the basis of our subsequent analysis. Define

T={t>0: t=t"=nAtort=t""7 = (n—&—;)At, n=0,1,...}
the set of possible interaction times. At every time t € T, we introduce the vector of the sizes
o(t) = (o1,...,00n) (t) € R?N | N € 2N (4.1)
where, recalling (2.12) and the notation in Proposition 3.2, especially (3.14) and (3.15), one has
o5 = AJ(y;) = Bp(y;)y; - (4.2)
Let’s examine its evolution in the following steps.
(1) At time ¢t = 0+, o(0+) is given by the size of the waves that arise at z; = jAz, with

j=0,...,N. In particular, a (+1) wave arises at = = 0, two (£1) waves arise at each x; with
j=1,...,N —1 and finally a (-1) wave arises at = = 1.

(2) At every time t"t2, n >0, the vector o (t) evolves by exchanging positions of each pair o2;_1,

02j:
<02j71,02j> — (0’2j,0’2j,1) j: 1,...,N (43)
that results into
[0 1 0 0 O]
1 0 O 0 0
o(tt)=Bio(t-), Bi=| =~ (4.4)
o0 o0 --- 01
00 0 - 1 0

(3) At each time t" = nAt, n > 1, the interactions with the Dirac masses at each x; of the source
term occur, and we have to take into account the relations introduced in Proposition 2.2. We
will rely on the identity (2.16).

For each j =1,..., N — 1, define the transition coefficients ;" as follows:

7?:9/(5?)51'6%7 j=1....N-1, n>1, (4'5)
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where §; is given in (3.2), that is
z;j
5j:/ k(z)dz, j=1...,N—1,
x

j—1

an in (3.6) and s} satisfies a relation as in (2.14); more precisely

g/(ST-L) _ g(‘](m>tn+)) -9 (J(x,t"—))

J(xz, t"+) — J(z,t"—)
Moreover introduce the terms

5.
in=g(J(x; t"— _, =1,...,N—-1, n>1 4.6
Pin =g (J(2;;t"=)) 7 J (4.6)
Then, the local interaction is described as follows:
02j 1 Y} 02 + 02j41 L -1
— n + (Qp, — Oy in . 4.7
<<72j+1) L4~ (Uzj + 5 025+1 ( DPin | 41 (4.7)

To recast it in a global matrix form, we define

v = ("7, ) € RN (4.8)

and set

N 1 V|
By(y™) = - AT = g 4.
(") | A= (1.9)

0 An

1

The matrix Ba(7y) is tridiagonal with diagonal components as follows,
( git gik vz YN —2 YN-1 YN-1 1> c R2N
B T Y S R P I R R IR

and subdiagonals

1 1 1
<0, —.0, n,o,...,n,())eR?Nl.
1+7 1+ 1""71\[_1

Hence o (t) evolves according to

o(t"+) = Bo(v")o(t"—) + (Gn — @n-1) G,

with
Gn = (07 —Pi,n, +p1,na cevy "PN—-1,n, +pN71,n7 O)t . (410)
We summarize the previous identities to get the following statement.

Proposition 4.1. At time t = t"™ let By, Ba(vy"), Gy, be defined by (4.4), (4.9), (4.10) respectively.
Define

B(y") := B2(¥")B . (4.11)
Then the following relation holds,

(o(t"+) = BOy")o ("' +) + (n — Gn1) Gn |, 021 (4.12)
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Remark 4.1. We give a couple of remarks about the use of the local interaction estimates (2.15),

(2.16).

(a) If, in place of (2.16), the relation (2.15) is used, the quantities (4.5) and (4.6) are defined by
9

I

V=981, D= g (I (@ t" )

(b) Notice that, in (4.7), we consider the space order instead of the family order, that was used in
(2.15). That is,

(o07,07,) before the interaction

(02j,02511) =
(oF,,01)  after the interaction.

4.2. Properties of the transition matrix. As observed in [1], the matrix B in (4.11) is doubly
stochastic (that is, it is non-negative and the sum of all the elements by row is 1, as well as by
column) for every vector ~; we will call it transition matriz. Notice that it is non-negative provided
that all the 77 (see (4.5)) are non-negative, which relies on the assumption that g’ > 0. Let’s
summarize some properties:

(i) its eigenvalues \; satisfy [A;| < 1forall j=1,...,2N;
(ii) if v; - vj41 > 0 for some j, then the eigenvalues with maximum modulus are exactly two
(A = £1) and they are simple.
(iii) The values A = +1 are eigenvalues with corresponding (left and right) eigenvectors

Ao=-1, w=(1,-1,-1,1,...,1,-1,-1,1),
Ap=1, e=(1,1,...,1,1).
Moreover B(0) is a normal matrix, since it is a permutation and hence B(0)!B(0) = B(0)B(0)! =

I . This property does not hold if v # 0.

Remark 4.2. The properties established in Subsections 3.2-3.4 can be rewritten in terms of the
vectorial representation of the solution (4.1), as follows.

(a) (Boundary conditions) From equation (3.16) it follows that

o(t)-e=0 (4.14)
for every t & T. Indeed,
2N
a'(t)-e—ZUJ ZAJyJ =J(1—,t)— J(0+,t) =0.
j=1
(b) (Total variation) The quantity L4 (t) coincides with ||o(t)|le,. In particular, from (3.19)—(3.20)
we obtain
lo(0+)le, < TV fT(0)+ TV (- 0) + [Jo(0+)] + [Jo(1-)] + 2Coa(0+)[| k]| 1 , (4.15)

lo@lle < llo(0H)lle +2CTV {3 [0,ta]} Ikl ¢ <t <t
(c) The following property holds,
lo(t) - v_| <|o(0+) -v_| < TV {Jp;[0,1]}  VtgT (4.16)
where v_ is the eigenvector corresponding to A = —1, see (4.13), and

To() = {Jo(x) z€(0,1)

0 xelorl.
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Indeed, the second inequality in (4.16) follows from [1, (77)]. To prove the first inequality in
(4.16), we first consider t € (t™,t"T1/2) and use the iteration formula (4.12) to obtain

o(t)-v_=a(t") -v_ =BHR")e(t" ' +)-v_ + G, - v_.
By recalling the definition of (4.10), we immediately deduce that
G, -v_=0 Vn,
and therefore that
o(t)-v_ =a(t" '4)  B(y")v_

= —o(t" ') - v

= (=" (04) v,
from which (4.16) follows fort € (t™,t"T1/2). Secondly, for t € (t"+1/2 1"*1), by using (4.4) we
have that

ot) = o(t"/?4) = Bio(t"tV/2—) = Bio(t"+),  te (t"TV/2
and hence
o(t) v =o(t"+)  Biv_ = —o(t"+) - v_
from which it follows again (4.16) .
(d) The undamped equation: k(x) = 0.
In this case, each vector Gy, vanishes and 4™ = 0. Therefore from (4.12) and (4.3) we obtain
) = {B(O)"U(O—i—) tn <t <ty
C\BiB(0)o(0+) t7FE <t < vt

Since every wave-front issued at t = 0 reflects on the two boundaries and gets back to the initial
position after a time T =2 = 2N At, it is clear that

B(0)*N = Ix (4.17)
that is, B(0)2N coincides with the identity matriz in May. As a consequence, the powers of
B(0) are periodic with period 2N :

B0)""?N = B(O)", ncZ.

With a similar argument one can prove that

1 if i+j=2N+1

] (4.18)
0 otherwise,

(B(O)™);; = {
that is, B(0)N is the matriz with component 1 on the antidiagonal positions (i,2N + 1 —1i) and
0 otherwise. It is clear that (B(0))? = B(0)?Y = Ly.

4.3. A representation formula for p and J. In this subsection we provide a pointwise represen-
tation of p(x,t), J(x,t) by means of the vectorial quantity o (t). It is based on the key properties
(4.2) and (2.8)2, that we recall here for convenience: for y; given in (3.14),

{aj = AJ(y;) = Aply;)is z=y;(t),

Ap(z;) = ~2a()g(J(x));, AJ(z;) =0 z—n;—jAa T

....,2N (4.19)
Therefore we can reconstruct the functions x — p(z,t) and x — J(x,t) as stated in the following
Proposition. We define

vo = O, ve=(1,---,1,0,--- ,00 e R*®N ¢=1,... 2N (4.20)

——
£
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and
H={v,eR™ (=0,---,2N}.
Lemma 4.1. (Representation formula for p, J, f*)
For every (z,t) with x # y;(t) and t € (t",¢" 1), the following holds.
1. There exists v =v(z) € H such that
J(z,t) =o(t) - v(z).
In particular
v(z;) = vy, j=0,...,N.
2. If moreover x # x;, then the following holds:
pla,t) =& (t) - v(@) + p(0+,1) = 2 Y g(J(x;,1))d;,
i xj<a
where &, is defined in (3.6),

. o te (tn tnt1/2)
o(t) =xllo(t) = {Ha’(t) te (tn+1/2,tn+1)

and
IT = diag(1,—-1,1,-1,...,1,—1) € May .

8. Finally, for j=0,..., N — 1 one has that

fE(zj+,t) = a(t) ~'v2ij + %p(O-i—,t) — Qy Z g(J (e, t))0y

0<e<j
where
1
vy = 5 I+ Ioy) w25 = (1,0,...,1,0,0,0,....,0,0)
25
_ 1
v2j = 5(1_[7[21\[)'02]‘ :7(0,1,...,0,1,0,0,...,O,O).
2j

Proof. (1) About (4.22), it is enough to observe that
J(x,t) = JO0+, 1)+ > AJye) =Y ou(t).
=0 ye(t) <=z ye<z
Hence
J(z,t) =o(t) - vg
with £ € {0,1,...,2N — 1} such that
Yr < T < Ygy1-
In particular, if z; = jAz, then

2j
J(zj,t)=J AJ( ou(t) =o(t) - vy .
Z (ye) ; 4 2

-0 ye(t)<z;

Hence (4.23) is proved.

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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(2) To prove (4.24), let’s write p(x,t) for x # x; and x # y, as follows:
p(x,t) = p(0+,0) + Y Ap(ye, t)+ Y Ap(x,t) -

Ye<x x;<x

(a) (b)

Indeed, differently from J, the component p varies also along the 0-waves. About (a), by recalling

the first relation in (4.19), we get
> Ap(yet) =D oue.
Ye<x Ye<x

Now, notice that (see Figure 3)
. 1 j odd At
i(t) = te [t" "+ —
55 (%) {—1 j even ( 2 )
as well as
—1 7 odd At
g, (t) = )0 te (t"+,t"+1> .
1 jeven 2

Therefore (a) is of the form

> Ap(ye,t) =5 (t) - vz

Yo <z
Concerning (b), since Ap(z;) = —2¢(J(z;))d; we immediately get
S Aplag,t) = 260 S g(J(5,1))5;
T <z x;<x
Therefore the proof of (4.24) is complete.
(83) Finally, about (4.27), we use the relation f* = piTJ to get

fE(zj+,t) = M ~v(z5) + 1p(O—&-,t) — Qn Z g(J (g, 1)) .

2 4
0<e<j

We rewrite the first term as follows,

E@é;ﬂQ-M%J:%(HiI%ﬂ”u»”@ﬂ
:g@y%(HiJm@v%
I ra—

where we used (4.23) and the fact that the matrices IT + Iy,

1
5 (4 Loy) = diag(1,0,1,0,...,1,0),

1
5 (1= Iox) = —diag(0,1,0,1,...,0,1)
are symmetric. The proof of (4.27) is complete. O

Remark 4.3. Here is a list of remarks about the representation formulas in Lemma 4.1.

(a) The value of p(0+,t) in (4.24) is determined by the conservation of mass identity:

/pA””(amt) dx:/pA”J(x,O) dx .
I I



10

11

12

13
14
15

16
17

20 AMADORI AND AQEL

(b) By the definitions (4.28), (4.4) of U2+j and B, respectively, it is immediate to find that
Byvy; = —v3; . (4.30)

(c) The last term in (4.27), which is related to the variation of f* across the point sources x;, can
be also conveniently expressed as a scalar product with 'UQij. Indeed, if we define

pi(t) = g(J(;,t))d;

G(t) = (0,~p1,p1, ..., ~Pn-1,Pn-1,0)"
then it is immediate to verify the following identity holds:
Z 9(J (ze,))00 = G(1) - Uy = G( ) 1’2]4-2 (4.31)
0<e<y

Notice the similarity between é, for time t = t"—, and the vector source term G,, defined at
(4.10). In general, the map t — G(t) is nonlinear with respect to o (t) because of the nonlinearity of
J = g(J). In the following section, we will analyze in detail the case of g being linear.

5. The linear case: the telegrapher’s equation. In this section we assume that, for some d > 0,
k(z)=d, Jg(J)=1, alt)=1

which corresponds to the case of the standard telegrapher’s equation:

Let’s summarize the results of Section 4 in the present context.
e The vector 4, defined at (4.8), has all equal components:
d
=dAr = —,
K N (5.2)
v =1, 1),
Hence the iteration formula (4.12) leads to
o(t"+) = B(v)"(0+). (5.3)

For d = 0 and hence v = 0, it is clear that the sequence in (5.3) corresponds to the undamped linear
system
see (d) in Remark 4.2.

e The representation formula (4.27) for z = xjj: here, reads as:

1
+ _ L
fFzj+,t) =0o(t) - 'v2]+2p0+t 0<ZZ< J(xg,t), j=0,...,N—1
<j
X . (5.4)
FH(w=t) = a(t) - vy + 5p(0+,1) - Z J(xet),  j=1,...,N
O<l<j

where z; = jAz = % and vétj are defined at (4.28).

The plan of this section is the following. First we set the ground to study the long time behavior
of (5.3), through the expansion formula established in Theorem 5.1, Subsection 5.1. Then we prove
two contractivity properties for (5.3):

- in Subsection 5.2 we analyze the matrix norm induced the ¢;—norm and improve a statement
already given in [1];
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- while in Subsection 5.3 we address the contractivity of the invariant domain [m, M| for the state
variables f+, stated in Theorem 5.2.

We remark that the contractivity property established in Subsection 5.3 would yield a decay
property for the BV norm of the solution, as obtained in [1]; however this would not be sufficient to
reach an analogous property for the L>° norm. This is our main motivation in pursuing the result
of Theorem 5.2.

5.1. An expansion formula. In this subsection we provide an expansion formula for (5.3) for the
power n = N, that corresponds to the time ¢ = 1. The expansion is made in terms of the parameter
7:%,Withd>0andN—>oo.

With v asin (5.2), the matrix B(vy) can be decomposed as the convex combination of two matrices,
see also [1, p. 185, Proposition 5]:

B(v)=——(B(0)++vB) . 5.5
") 1+7(()71) (5.5)

Thanks to this decomposition, we can analyze the powers of B(y). For a generic n € N one has
B(y)"=(1+7v)"[B0)+~B]", n>1. (5.6)

The factor (1 + «)~™ provides an exponentially decreasing term with respect to time. Indeed let
T > 0 and recalling that At = N~!, we have

N

Let us focus on the second factor in (5.6), that is [B(0) +~B1]". In [1, Theorem 10] an expansion
formula is provided in terms of d and N for the power n = 2N. The following theorem states a
similar expansion for the power n = N, which turns out to be a more convenient choice.

PN
<1 + ) —»e T N . (5.7)

Theorem 5.1. Let N € 2N and d > 0. Then the following identity holds

d 1" ~
{B(O) + NBl] = B(0O)N +dP + Ry(d) (5.8)
where
~ 1
P=—(ele+ovtv_ .
2N(ee—|—v_v ), (5.9)
N—-1 . N-1 )
Ry(d) =Y GNBIBO)N 2714+ " n; yB(0)Y N (5.10)
§=0 j=1

The coefficients (5 v and n; y depend on d and satisfy the following estimate:

N N K
0§ZO<j7N+Zlnj,N§edfdf1+N (5.11)
J= J=

where K = K(d) > 0 is independent on N, and K(d) — 0 as d — 0.
The proof is deferred to Appendix A. For the definition of K = K(d) see (A.12).

In the following, the analysis will be based on the equation (5.3) for n = N. Notice that ¢V =
NAt = 1. By recalling (5.6) and the expansion formula (5.8), we get

otV +) = B(v)VNo(0+)
(5.12)

-N
— (1 + d) (B(O)N +dP + RN(d)) o(0+).
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Recalling (4.25), one obtains a similar expression for
a(tN4+) =TB()Na(0+). (5.13)

We remind that o is used in the representation formula for J, while & is used in the one for p.

In the formula (5.12), an expansion in powers of d is obtained, since Ry (d) can be expressed in
terms of powers d’ with £ > 2. A key point is the identification of the first order term P, that will
lead us to a cancellation property stated in the following proposition.

Proposition 5.1. The following identity holds,

Po(04) = %(0’(04—) v )u_ . (5.14)

Proof. By recalling the definition of P in (5.9), one has that

~ 1
Pw:ﬁ((w-e)e—k(w-v_)v_) Vw e RV, (5.15)
By setting w = o(0+), from (4.14) we immediately get (5.14). O

5.2. Contractivity of the ”sum” norm. Next, for a fixed T > 0, we seek an estimate on B(7y)"
asn = [NT]and N — oco. In [1, Proposition 11 and (88)], it is proved that the matrix norm induced
by || - |le, (also called sum norm, [12]) is contractive for B(y)™ on the subspace

E_= <ewv_ >+ (5.16)

which is the linear space generated by all the eigenvectors of those eigenvalues A such that |A| < 1.
Here we provide an extension of this property, that leads to an estimate for the time 7" = 1.

Proposition 5.2. Let N € 2N and d > 0. There exists a constant Cn(d) (see (5.19) below) such
that

Cn(d) = (1—de ) =C(d) <1, N — o0 (5.17)
and that, for all w € R?V,
a\~N
1B V]|, < Cx@)]wl],, +d<1+N) (w-e| + w-v_]) . (5.18)

In particular, for N large enough such that Cn(d) < 1, the £1—norm is contractive on the subspace
E_ defined at (5.16).

Proof. Let w € R?YN. By means of the formula (5.6) and the expansion formula (5.8), we obtain

B(y)Nw = (1 + Jf,) R {B(O) + ;\lfBl} ) w

-N
= <1+J(\if) {B(O)NuH—;]lv((w-e)e+(w~v_)v_)+RN(d)w
where we used (5.15).

Let || - || be a vector norm that is invariant under components permutation of the vectors. Since
B(0)" is permutation matrix and Ry(d) is a linear combination of permutation matrices, we use
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(5.11) to get that
N K
1B(v)Nwl| < <1+N> ]| (Hed_d_”N)
d\ " d
+<1+N> o (el - [lell + fw v | [lo-]])

In particular, the above estimate holds for

1= 11 e -

1 Since |le]le, = ||v—|le, = 2N, if we set
ov@=(1+9) [eroa + Lrw (5.19)
N = N ¢ N '
2 then the estimate (5.18) follows. The proof of Proposition 5.2 is complete. O

The formula (5.18) indicates that, as N — oo,
1B wl, < Cy(@llwll,  weE-, (5.20)
lim Cn(d)=C(d) < 1.
N—o00

This implies that the matrix norm induced by the ¢;—norm is asymptotically contractive for the
power B(v)" on the subspace E_, the norm being defined by

B (Il = | max [|BOv)¥aw]l, -
pd

Il
Of course, for v = d/N and N fixed, the sequence of matrices B(y)" will converge to zero
as n — oo on the subspace E_ (that is, every vector B(vy)"w with w € E_ converges to zero

componentwise). Hence, every matrix norm will become contractive after a sufficiently large number
n of iterations.

o o ~ W

~

However, what we state here above is that the contraction property holds for n = N, uniformly
g for large N, and for the specific norm induced by || - ||¢, -

9 In conclusion, thanks to (5.20), we obtain a contractivity estimate for n = N — oo, that is for
10 T = 1. By iteration, as in the proof of [1, Theorem 1, p.204], one can deduce an exponentially
11 decaying estimate, sketched as follows:

e for every integer h > 1 and every t € [h, h + 1), one has

1 _
17Ctoo < 55TV Jo + || B N,

12 where w is the projection of o(0+) on F_ and

_ _ {Jo(x) 0<z<l

Jo:[0,1] = R, J = 5.21
0:[0:1] o(@) 0 r=0orz=1. ( )

e Therefore, by means of (5.20), one obtains
1 = _
1T( too < o IV o+ Cn(d)" ||,

1 7 ~1,-Ct || =
< 5y TV Jo+COn(d) e Hawll,,
13 for N large enough so that 0 < Cn(d) < 1, and C = |In{Cn(d)}|.

14 We remark that the norm ||'¢11He1 depends on the total variation of the initial data (see [1, p.205]);
15 therefore the estimate above is not suitable to the extension to L* initial data.
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5.3. Contractivity of the invariant domain. Next, under the assumptions (5.2), we prove a
contractivity property of the invariant domain [m, M]? for the approximate solutions.

Proposition 5.3. Given w € R?YN such that w - voy = 0, and given d > 0, let

d a\ !
w(d) =W + — <1+ N) o(w)
where
O(w) = (- Van, —W - Vg, W Vg, ..., —W - VIN_2, W VN2, —W - Vay) , w RN (5.22)

forvay, £=0,... N defined as in (4.20). Then one has

w0 = w(d) — - B(w(d) (5.23)
and
B(0)Nw = B(0)Nw(d) — %(I’(B(O)Nw(d)) : (5.24)
Moreover, let m <0 < M be such that
m<w-vi <M (=0,...,N. (5.25)
Then one has, for every d; >0, d >0 and j, k:
B(dy)w - (v3; —vy,) < M —m, (5.26)
w(d) - (v3; —v3;,) < (L+d)(M —m), (5.27)
B(dy)w(d) - (v3; —vy,) < (1+d)(M —m). (5.28)

Proof. To prove (5.23), by the definition of w(d), we need to prove that

d\ !
O(w(d)) = (1 + N) O(w). (5.29)
Thanks to the definition of vy,
vy =0, '0252(1,"',1,0,---,0) 621,...,N,
——
20

we easily find that
20
(I)(’UJ)"U%:Z(I)(’UJ)]‘:—U)-U%, 521,...,]\7.
j=1

Then we claim that the map @ satisfies the following property:
(P(w)) = —P(w).

Indeed
<I>(<I>('w)) = O7 —(D(w) * Vo, (I)(UJ) V2, ..., —CI:’('lU) *Va2N—-2, <I>(w) *Va2N—2, 0
—_——— | S —
=w-v2 =W-V2N -2
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Since ® is linear, one has

) ee@)
—o(w)

1—]‘5,(1+;\l[)_1] = (Hfé)_l@(fv)-

This proves (5.29) and hence (5.23). To prove (5.24), it is sufficient to prove that
®(B(0)Nw(d)) = B(0)N®(w(d)). (5.30)
Indeed, if (5.30) holds, from (5.23) we find immediately that

B(0)"w = B(0)Vw(d) - B0)@(w(d) = BO0) w(d) ~ & B(B(0)Vw(d)).

hence (5.24) holds.
To prove (5.30), let w any vector in R2Y such that w - voy = 0. We recall (4.18) to find that
BO)YNw - vy = w - B(O)N’UQ(

=w - (Voy — VaN-2¢) =W VaN — W Van-—2¢
= —W- -VaN-2

and hence

CID(B(O)N'w) = (0,w - vaN_2,—W - VaN_2,..., W+ Vg, —W - V2,0) = B(O)NCIJ(w) .
Since w(d) - vany = 0 for every d > 0, the previous identity applies and (5.30) holds.

To prove (5.26), recall (5.5), then we have

_ 1 _ _
B(dy)w - (vy; — v3;) = T4, B(0)w - (v; — vy,) +di Biw - (v3; — v3;)

(1) (In)
Estimate of (I),
(I) = w - B(0)"(v3; — v3),
and one can check that the following holds true
B(O)t(vérj - v2+k> = ’U;jf2 - ”;rkfz
B(O)t(vgj —Vy,) = 'U;_j+2 - "’;lc+2 :
Therefore, by (5.25), we get
(I) — w - (v2_j72 - v2_k72)
w - ('U;j-s-2 - ”31;-4—2)

Estimate of (IT), one has the following

the last inequality holds by (5.25). Hence,

Bld)yw - (vE — vE) < %dl((M—m)—&—dl(M—m)) — M—m.
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The proof of (5.26) is complete. To prove (5.27), one has that

] d A\
w(d)-vzij:w-vgtj—i—N(l—i—N) <I>('w)-v§tj7

where the map ® satisfies

By (5.25) we find that

and hence we have

<(M-m)(1+d)
from which (5.27) follows, in the case of the v~ vectors. The estimate for w(d) - (v;j —vj;) is
completely similar and we omit it.
The proof of (5.28) is a consequence of (5.27) and is similar to the proof of (5.26). O

Theorem 5.2. Let f* be the approzimate solution corresponding to the linear problem (5.1). Let

N € 2N and let m <0 < M be the constant values defined at (3.7).
Then there exist constants Cy(d) and C > 0, such that

sup fE(-, tN) —inf fE(,tN) < Cn(d)(M —m) + (5.31)

2\Q>

Proof. The proof employs the representation formula (5.4) for f* and the expansion formula (5.12).

e We start from the representation formula (5.4). First we notice that

d
|f* (4, t) = [ (=, 1) < sup | J (-, t) < (M —m)x (5.32)
that vanishes as N — oo.

Since the f* are possibly discontinuous only at = x; and along (&1)— waves, then their image
is given by the values at * = 04+, x = 1— and z = ;£ with j = 1,..., N — 1. For this reason in the
following we will focus only the values of f* at x = x;+, that is

i+t =a(t)- v2j+ p0+t Z J(xe,t), j=0,...,N—1 (5.33)
0<e<j

and then we will use (5.32) to conclude.

e Let’s rewrite the last sum in (5.33). The identities (4.22)—(4.23) yield
J(xg,t) = o () - v
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By the definition of ® at (5.22),

‘I’(O’) = (O7 —0 V92,0 "Vg,...,—0 "UVaN_2,0 - UVaN_2, O)
1 and therefore
> Jwet) = 0(o(t) - vy = B(a(t) 5. (5.34)
0<e<j

o Letj, ke{0,...,N—1}, j > k. We combine (5.33) and (5.34) to get
d
(@ 1 Gt = a0 = (o0 - 52(0(0) - (o3, ~v3)

0) b t) = (i 0) = 0(0) - (v — v5) — B0 (0) - (0342~ viys)

2 We claim that the following inequalities hold:
d 2d
@+, t) — fF(opt,t) < (U(t) - N<I>(0'(t))> . ('vgtJ —v3) + N(M —m). (5.35)

Indeed, from the identity (a) above we immediately get (5.35) for the ” —”. On the other hand, to
prove (5.35) for the ” 4+ 7 sign, it is enough to check that

’@(O’(t)) . ('vgrj_|r2 — v;rj — v;‘k_ﬂ + v;kﬂ <2(M —m),
which is true since
[®(a(t) - (v3;,9 —v3;) | = lo(t) - o] = |J(zj,t)| < M —m.
3 Therefore the claim is proved.

Next, we proceed with the analysis of the term
d
(o) = 2o - (0 - 0h) =

4 that appears in (5.35).

5 By applying the identity (5.12), the expression above can be written as a sum of three terms,
s corresponding to B(0)Y, P and Ry (d) respectively:
a\ N

() = (1 + N) [A1 + Ay + A3 (5.36)

where

A= [BOYa(04) - 10 (50)70(04)] - (05 %)

~ d /-~
Ay =d |:P0’(0+) - N(I) (PU(O—F))] . ('UQiJ —v3)
As = |Rn(d _4 - (vE — v
3= |Bn(d)o(0+) — 5@ (Bn(d)o(0+))| - (va; — v3;).-
e Estimate for A4,. We claim that
d
|As| < N'U((H_) co_|.
To prove this claim, it is sufficient to prove that

(i)  Po(0+)- (vy; —v3,) € {£1,0},
(i) @ (Po(0+)) - (v - vE) =0.
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To prove (i), we use (5.14) to write that

Po(0+) i, = % (o(04) - v-) (v vi) ;

where v_ is the eigenvector in (4.13):

vo=(1,-1,-1,1,...,1,—-1,-1,1).

From (4.28), it is immediate to check that
v_ v, =(1,-1,-1,1,...,1,-1,-1,1) - (1,0,--- , 1,0,0,--- ,0) € {0,1},
——
2¢

and similarly

v_ vy, =—(1,-1,-1,1,...,1,-1,-1,1) - (0,1,--- ,0,1,0,--- ,0) € {0, 1}.
=
~———
2¢

More precisely,

et o1 it
T2 T 260 if £ even.

Therefore, it is immediate to conclude that (z) holds.

To prove (ii), we use the identity
J
Zw-vgngb(w)-vgj, i>1
=1
that follows from the definition of ® at (5.22), to find that

}30'(0+) )

M-

) (ﬁa(0+)) vy =

o~
Il

1

1 J
N (o(04) -v_) Zv, Vo

{=1

=0
=0.

Here above we used the fact that v_ - vop = v_ - (v;} — '02_4) = 0. The proof for

j—1

) (f’a’(O—i—)) Svg; = ;ﬁa(O—&-) - Vo

is totally analogous. The claim is proved.

e Towards an estimate for A; and Ajz. Consider the initial-boundary value problem with
the same initial data and boundary condition as the one corresponding to o (t), but for k(z) = 0.
Hence the problem is linear and undamped.

The corresponding evolution vector, that we denote with & (t), is defined inductively by

o(t"+) = B(0)"a(0+),
gl R (5.37)
o(t"Ti4) = Bio(t"+),

About ¢ (0+4) we claim that

5(0+) = o(0+) — %@(a(o+)) (5.38)
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where
O(o(0+)) = (0,—0(0+) - v2,0(0+) - va,...,—0(04) - vVay_2,0(0+) - Van_2,0)
= (0, —J(J?l, 0—|—), —|—J(3:1,0—|—), ey —J(l‘N_l,O—f—), —I—J(J?N_l, 0+),0)t .

2 To prove the claim,
3 - we observe that 01 = 01 and oo = o2, it is obvious since @1 (0 (0+)) = 0 and oy (a(0+)) = 0.
- at every z;, j = 1,..., N — 1 we compare (0g;,02;+1) With (02,02;41). In the notation of
Proposition 2.2, let .J, the middle value for J in the solution to the Riemann problem with d =k > 0
and J,,, = fe+ — f,~ the middle value for J when k = 0. Using (2.8), we have the following identity:
d
from which we deduce
~ d d
025 = I — Jo = (J* — J[) + NJ* = 025 + NJ(SCJ,O-F) .
=0,

Similarly one has

d
—J(xj,0+) .

~ d
02541 = ‘]’I‘ - Jm - (JT - J*) - *J* = 02j+1 — N

N

=02j+1

4 Therefore (5.38) holds. The claim is proved.

It is easy to check that (5.38) can be inverted as follows:

o(0+) = o(0+) + % (1 + ]C\Zf) ) @(a(0+)),

5 see Proposition 5.3.

e Estimate for A;. We apply (5.24) to find that
A=B0)"e(0+) - (vy; —vy) < M —m.

e Estimate for A3;. By using (5.10) we get

Ry (d)o(0+) — S (Ry(d)o(04)

— N—-25—1 d N—2i—1
ZCJ’N {BlB J a(0+)—ﬁq>(313(0) J a(o+))}

+ i NN {B(O)2ﬂ‘Na(0+) - %@ (B(O)QjNo'(O-l-))} )

By (5.28) for d; = 0, we have

B(0)"o(0+) — i(b (B(0)"o(04+)) < (1 4+ d)(M —m) +d(1 +d)(M —m)

N
=(1+d)?*M —m)
The same hold for the term containing B;. Therefore, by (5.11),

As < (14d)? (e —d—1+§)(M—m)
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Finally, by recalling (5.36) and collecting the bounds on the terms A;, Az and As, and using (4.16),
we get

-N
(x) <Cn(d) (M—m)-ﬁ-i (l-l-;ff) TV Jo

N
where
Cn(d)= 1+4 - 1+ (14 d)? ol _g-14 8 (5.39)

N(a)= N N . .
In conclusion, combining the estimate above with (5.32) and (5.35), we conclude that

0 < sup (. 4Y) — inf F=(Y) < Ca(d)(M —m) +
for C that can be chosen to be independent on N as follows:

C=d[TVJy+3(M —m)] .

The proof of Theorem 5.2 is now complete. O

Now we are ready to complete the proof of Theorem 1.2.

Proof. The proof of Theorem 1.2 is a consequence of (5.31) in Theorem 5.2.

Indeed, given (f*)2%, the convergence of a subsequence towards f* holds in L'(I) for all ¢ > 0
and hence, possibly up to a subsequence, almost everywhere. Hence we can pass to the limit in
(5.31) and get that

esssup fE(-,1) —essinf f£(-,1) < C(d)(M —m)
where
Cn(d) — e *(1+1+ad)?(e?—d—1))=C(d), N — o0. (5.40)
Since C(0) = 1, C'(0) = —1 and C(d) — 400 as d — 400, then there exists a value d* > 0 such that
C(d*) =1 and
0<C(d)<1, 0<d<d. (5.41)
This completes the proof of (1.13) for initial data (pg, Jo) € BV (I).
On the other hand, if (po, Jo) € L°°(I), then there exists a sequence (pg n,Jo,n) € BV (I) that

converges to (po, Jo) in L*(I), and hence the limit solution satisfies the same L® bounds. Therefore
(1.13) holds. The proof of Theorem 1.2 is complete. O

6. Proof of Theorem 1.3. In this section we prove Theorem 1.3, by employing the contracting
estimate established in Theorem 1.2. For the system

Op + 0 J =0,
{@J + 0zp = —2da(t)J,
we consider the following two situations:
(a) a(t) =1
(b) a(t) asin (1.4) with T3 > 1.

Let’s examine each one in detail.

(a) In this case, we start by observing that the invariant domain property in Theorem 1.1 holds
also for every ¢ > 0: if

M (t) = esssup f=(-,1), m(t) = esslinffi(-,t_) , t>0
I
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then

m(t) < fF(z,t) < M() for a.e.x, t>t,
and the functions —m(f), M () are monotone non-increasing.
Let’s define My = M, mg = m and, for h € N,
My, = essIsupfi(~,h), mp = esinnffi(-,h) h>1.

By the monotonicity property above, the two sequences satisfy
mo<mi<...<0<..<M <M. (6.1)
We claim that the two sequences converge both to 0. Indeed, by applying (1.13) iteratively, we
obtain
My, —myp, <C(d) (Mp—1 —mp_1) , h>1
and therefore
My —my <C(" (M —m), h>1. (6.2)
Hence, by means of (6.1) and recalling that C(d) < 1, we conclude that M}, and mj, — 0 as h — c©.
Therefore we obtain the bound
my < fE(x,t) < My, for a.e.x, te€[h,h+1),
Recalling the relation (2.1) between p, J and f*, we find that
@, t)] = 1FH @) — £ (@) < My — ma,
(e, )] = |FF(@,8) + £~ (@, 0)] < 2max{ My, [mal} < 2(M, — mp)
fort e [h,h+1).
Now we observe that one has, for h <t < h + 1:

C(d) < c(d)'=! = ﬁefcﬁ
where
Cs = [In(C(d))|.

Therefore, if we define

Ci="a =2 (6.3)

and use (6.2), we obtain
17C )z < Cre ",
190+ 8)l < Cae=Ct
which is (1.16) . Hence the proof of part (a) is complete.

(b) In this case, recalling (1.4), for 0 < T} < T one has
1 t€]0,T

Oé(t) _ € [ ) 1)3

0 te [T17T2)

and «(t) is Thr-periodic. Therefore the damping term is "active” in every time interval of the form
[WTo, hT5 + Ty) with h € N.

Here we are assuming that 77 > 1. For h € N, define
My, = esssup f5(-, hTy), mp = ess{inffi(~,hT2) h>1.
I
As in (a), by applying (1.13) iteratively, we obtain for h > 1
Mh — mp § C(d)[Tl] (Mh—l - mh_l) .
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Therefore
My, —my, <C(A)MI (M —m),  h>1. (6.4)
If hTh <t < (h + 1)T2, then
BT _ o (gy(h DT~ (T1] oyt - L —ow
C(d)"™ = ¢(d) <c(d)Me@) ™t = e
with
T
¢y =T ey,
2

Proceeding as in (@) we obtain
1TC,8)llzee < Cre™",
oG, t)l|zoe < Cpe™ 2

with
M —m
c)ml’

The proof of part (b) is complete, and hence the proof of Theorem 1.3.

C = Cy =2C) .

Appendix A. Proof of Theorem 5.1. In this Appendix we prove Theorem 5.1. The expansion
of the following power gives

B(0) + 1B, = 3" 4S,(B(0). By). (A1)
k=0

where each term Sy (B(0), By) is the sum of all products of n matrices which are either By or B(0),
and in which B; appears exactly k times, that is

Sk(B(0),B1)= Y B(0)"-By-B(0)-By---B(0)" - By - B(0)"*+

(L1yeesliy1)

k+1 (A.2)
ngjgn—k, Zéj:n—k.

j=1

The terms Sy can be handled, as in [1], by means of the following identity:
B(0)*'B, = BiB(0)T* V/ecN. (A.3)

By means of (A.3) and using that B? = Iy, the generic term Sy in (A.2) can be conveniently
rewritten: for k =1,3,...,n — 1 odd we have

n—kEL
sso.m) = 3 () (") poP s (A4)
. k—1 2 2
JI="=
and for k = 2,4,...,n even we have
n—% il a
Sk(B(0), By) = ({) (” L > B(0)%—" (A.5)
ok N2 2

In (A.4), it is convenient to rewrite the term B(0)?/~"By(0) as follows. Recalling that B(0) is given
by B(0) = B2(0)B;, we obtain

By(0) = B2(0)B? = B(0)B,
and hence, by means of (A.3),
B(0)%7"B,(0) = B(0)2 "B, = B, B(0)"" %!,
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Therefore, we can write (A.1) for any n as the following

[B(0) +4B1]" = BO)" + 7> BiB(0)" %! (A.6)

n—1 n—1
+ 3 GnB1IBO)" Y 4N B0
=0 j=1

where v = % and

min{j,n—j—1} ] n _] 1
Cj,n == Z 72€+1 (f) < E ) ) (A?)

£=1
N T
i=1

In the expansion above, the term with the ;, accounts for the odd powers, > 3, of v while the term
with the 7;,, accounts for the even powers > 2 of ~.

From now on, we assume that n = N. We recall the identity [1, (100)],

N— 1 R
Z N(ee+vv):P, (A.9)
=0

and some immediate identities,
PBy(0)=P, B(0)>P=PB(0)>=P.
Therefore

—1 N-1
Y BiBO)Y ¥ =B Y BN ¥ !'=NP,

and the identity (A.6) rewrites as
[B(0) +vB1]" = B(0)" +dP + Rx(d)
N

1 N-1
Ry(d) =Y GaBiBO)N 271+ 3y yB(0)Y N
j=0 j=1

To complete the proof, we need to estimate the sums of (; n, 7;,nv. We claim that

N
0<> ¢ <sinh(d) —d+ % fo(d) (A.10)
0
JN 1
g njn < cosh(d) —1 + < fi(d) (A.11)

where

o0 20 52041
w =3 (3) e —dl@ -1
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and
St 1.2m+a

I,(2z) = Z:o il (m+ )

a=0,1

is a modified Bessel function of the first type. It is clear that, once that the claim above is proved,
then it follows that (5.11) holds with

K(d) = fo(d) + fi(d) . (A.12)

We start with ¢; v defined in (A.7). Using the inequality

k
n n
(k)gkl’ 0<k<n

and the definition v = d/N, we find that

C.N<l 0 (d)22+1i(N_j_1)Z
INZN T NN

(A.13)

Then we introduce the change of variable
j=0,...,N—1. (A.14)
Thanks to the inequality (A.13) we get
©© 2e+1 1\?¢
¢
<R U ()

(£)
(d) 20+1

= Ngil (Z') xﬁ(l—xj)z.

As a consequence, we deduce an estimate for the sum of the ¢; n:

Using the definition (A.14), we observe that

-1

=

1
N

1

x?(l—xj)f — / xﬁ(l—xj)ldx as N — oo, >1;
0

J

I\
=)

more precisely the following estimate holds,

N-1 (N/2)—1

20
xf»(l—xj)Z:% Z Z il —a)" + ;,(;)

§=0 =(N/2)+

1 ’ 1 1 20
< L1 —a; (=) . 1
_/0 zi(1— ;) do + I <2> (A.15)

It is easy to check the following identities

==

1 2
/0 xﬁ(l—xj)‘dxz(l(f%V (>1. (A.16)
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By plugging the previous estimates into the sum of the (;,, we get

N-1 d22+1 (012 2¢ dze+1
0= 3 6= Gar o © v (3) o
3=0 (=1

=fo(d)

d2€+1 1

2 iy T wh@

=1

=sinh(d) —d + %fg(d) .

1 Therefore (A.10) follows.

Similarly to the estimate (A.13) for ; x and using the change of variables (A.14), for n; n defined
n (A.8) we find that

) <1id72ixi 1_$._i o
N =N L - ITN
N i1
SN;i!(i—l)!xj(l_zj) '

The sum of the 7; y can be estimated as follows,

oo

Z%N—Z ST
_]:1

i=1

while by (A.15) with £ =4 — 1 and by (A.16) we find that

1 N-1 1 1 1 2i—1
7 i—1 7 i—1
N jz:;xj (1—33‘]') S /0 J)j (1—.Tj) dx + N (2)
_ =i 1 N
o (20)! N \2 ’

S G-DIE) 1SR\ g
nj’NSZi!(i—l)!( (22'))!() - N“(2> i —1)!

Therefore

=f1(d)

=cosh(d) -1 + %fl (d),

> that leads to (A.11). This completes the proof of Theorem 5.1.
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