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Summary
Low dimensionality plays a central role both in condensed matter physics and
technological advancement. Many of the outstanding physical properties of
low-dimensional materials are the manifestation of their unique electronic
structure, whose understanding represents a key challenge for the scientific
community. My doctoral thesis consists in the study of certain classes of
novel low dimensional systems, including graphene intercalation compounds,
transition metal dichalcogenides and the interplay between topology and dimensionality in the topological insulator mercury telluride. I discuss the central ideas behind the observed physics, describing a wide class of electronic
phenomena including superconductivity, topologically non trivial phases and
charge-density wave phases by means of state of the art first principles techniques.

Introduction
Many unconventional properties of the matter originate from quantum mechanical effects, which by their own nature become most evident in small
sized systems. As such, the investigation and manipulation of matter at the
nanoscale is at the center of modern science. We refer to this research field
as nanotechnology. The discipline is focused on the study of systems having
at least one spatial dimension in the range 1-100 nm, where the experimental evidences deviate substantially from the description of reality given by
classical physics. The founding ideas of nanotechnology were first discussed
by Nobel prize physicist Richard Feynman in the seminal lecture “There’s
Plenty of Room at the Bottom” in 1959 at Caltech[1], where he considered
the possibility to manipulate the matter with nanometric precision for the
first time. The ideas discussed in the lecture have been of great inspiration
for the physics community and tremendous progress has been made in all the
aspects of this field in the last sixty years. The transistor, the fundamental
constituent of the electronic devices ubiquitous in our daily life, is a notable
example: the MOSFET (metal-oxide-semiconductor field-effect transistor)
was invented by Mohamed Atalla and Dawon Kahng at Bell Labs in 1959.
Following its invention, the mass production and progressive miniaturization
of electronic components started, best summarized by the famous Moore’s
law in 1965[2], i.e. the observation that the number of transistors in a dense
integrated circuit doubles every two years. Many breakthroughs in the field
of nanotechnology took place in the last 60 years, including Nobel prize worth
inventions such as the laser, a dispositive based on the concept of stimulated
emission for which the 1964 Nobel prize in physics was awarded to Townes,
Prokhorov and Basov, the invention of scanning tunnel microscope (STM)
in 1981 by Gerd Binnig and Heinrich Rohrer[3, 4], a microscope based on
the concept of quantum tunneling, the discovery of fullerenes in 1985 by
Harry Kroto, Richard Smalley and Robert Curl[5], the invention of the blue
light-emitting diode (LED) by Akasaki,Amano and Nakamura, whom were
awarded with the Nobel prize in 2014, and the groundbreaking isolation of
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graphene, an individual layer of sp2 ibridized carbon atoms (graphite)[6] by
Andrej Konstantinovič Gejm and Konstantin Sergeevič Novosëlov in 2004,
which was awarded the Nobel prize in physics in 2010. Graphene isolation opened a whole new field of investigation in condensed matter physics,
namely the study of low dimensional materials, which is the context where
the present thesis is developed. Physicists have been trying to produce thin
flakes from layered materials since the 1960’s[7, 8], but failed to do so until
the synthesis of graphene. The reason why atom-thick materials remained
unknown for such a long time is that nature obstacles the growth of two
dimensional (2D) crystals. The high temperature required to grow crystals
is associated with big thermal fluctuations, detrimental to the stability of
macroscopic 2D crystals[9]. There are two principal routes to overcome this
limit: the first is to mechanically separate layered materials such as graphite
using the so called scotch-tape technique[10],that is the same method originally used by Novosëlov and Gejm. The alternative route is to grow graphite
epitaxially on top of another crystal, a process commonly known as heteroepitaxy. The epitaxial layers are bound to the substrate during the 3D
growth. After the structure is cooled down, the substrate can be removed
by chemical etching and the obtained thin film can be transferred to an
arbitrary substrate for characterization[9, 11, 12, 13].
Graphene has attracted an enormous research interest due to a unique
combination of physical properties[14, 15, 16]: to name a few, record breaking strength of ' 40 N/m, thermal conductivity of 5000 W/mK, electron
mobility at room temperature of 250000 cm2 /(V s), large surface area of
2630 m2 /g, high modulus of elasticity of ' 1 TPa and good electrical conductivity, which make graphene a potential candidate for a vast number of
applications, including high-end composite materials, field effect transistors,
electromechanical systems, strain sensors, electronics, supercapacitors, hydrogen storage, solar cells and many more. Behind the properties of graphene
lies an extremely rich fundamental physics which has attracted a lot of investigation itself. The most unique feature of graphene is the electronic spectrum. Eletrons propagate through graphene with zero effective mass, meaning that graphene electron gas is described in terms of a Dirac-like equation,
as opposed to the Schrödinger equation. This makes graphene a condensed
matter analogue of quantum electrodynamical massless fermionic systems
except for the speed of particles, which is 300 times smaller than the speed
of light in graphene[17]; as such, many electrodynamical phenomena have
been predicted to take place in graphene[9]. For example, Dirac fermions
behave very differently in presence of disorder because of their insensitivity
to external electrostatic potentials. This enables electrons in graphene to
2

propagate for distances of the order of the micrometer[6]. Another striking
differences between Dirac and Schrödinger electrons is their behavior under applied magnetic fields, which is made evident in the anomalous integer
quantum Hall effect (IQHE). In this scenario, the system behaves as a collection of non-interacting harmonic oscillators. Each oscillator is characterized
by the same frequency ωc , the cyclotron frequency, which depends on the
inverse of the electron effective mass[18]. The system eigenvalues are thus
m = ~ωc (m + 1/2), and each eigenvalue is N times degenerate, where N is
the number of the electrons in the system. Due to the null effective mass and
the exceptional electron quality resulting from the very low scattering rate,
graphene offers the unique possibility to observe quantum phenomena such
as the anomalous IQHE even at room temperature[9, 17]. The anomalous
IQHE measured in graphene[15, 19] is qualitatively different from the one
measured in parabolic dispersing electrons in polar III-V semiconductors,
where IQHE cannot be observed for temperatures higher than 30 K even
for the ones with lower electron effective masses[20]. Moreover, graphene’s
elecronic excitation close to the charge neutrality point have well defined chirality (not in relation to the spin of the electron, but to a pseudospin variable
associated with the two components of the wave function[17]) and because
of its flexibility, graphene, can be tailored chemically or structurally in many
ways: deposition of metal atoms on top[21, 22], intercalation, as in graphite
intercalated compounds[23, 24], and many others[17]. In particular, electron
doping graphene by alkaline metal adatoms has been demonstrated to be a
viable route to induce superconductivity in graphene first theoretically[25]
and then experimentally.[26, 27]
Not surprisingly, research has not been limited to monolayer graphene.
Multilayer graphene systems such as bilayer graphene ( two coupled graphene
layers) and trilayer graphene ( three coupled graphene layers ) have also
attracted a lot of interest. Bilayer graphene minimizes its energy in the
so called Bernal (or AB) stacking[28, 29]. While retaining many of the
properties of monolayer graphene[30], the electronic band structure of bilayer graphene is qualitatively different from the one of monolayer graphene,
hosting massive chiral quasiparticles near charge neutrality and thus yet a
different unconventional IQHE.[31] Recently bilayer graphene has known a
tremendous interest after Cao and coworkers demonstrated the suprising
physics originating from the application of a twist angle between the two
layers[32, 33]. At a special magic angle of ' 1.1◦ intrinsic unconventional
superconductivity is observed together with a temperature-carrier density
phase diagram in analogy with the one of cuprates and the strongest electron
pairing ever measured. Another “hot” graphene based system is rhombohe3

Figure 1: Electronic dispersion for a first neighbor model of graphene from
Ref.[17]. The zoomed area is the energy region close to one of the Dirac
points.
drally (ABC)-stacked trilayer graphene, which exhibits an antiferromagnetic
ground state[34, 35, 36]. The formation of these highly correlated states
in bilayer and trilayer graphene is strongly related to their electronic structure, namely to the formation of the called “flat band” dispersion, whose
understanding is one of the main themes of this thesis.
The discovery and characterization of graphene has given unprecedented
relevance to the investigation of 2D materials and to the role played by dimensionality in the physical properties of materials. There are many layered
compounds besides graphite where strong in-plane hybridization and weak
van der Waals out-of-plane interaction coexist and all of them are plausible candidates for the isolation of a monolayer: as a consequence, many
monolayer materials have been synthesized and many more of them have
been theoretically predicted to be stable[37]. An especially rich class of layered compounds is the family of transition metal dichalcogenides (TMDs).
Dickinson and Pauling were the first to determine their structure almost a
century ago[38] and more recently, in 1986, monolayer suspensions were reported for the first time[39]. They present the general formula MX2 where
M, the trasition metal atom, is sandwiched between two calchogen layers
(X = S,Se,Te)[40]. While one of graphene’s limitation in practical applica-
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tions is the absence of a semiconducting gap, the structural and chemical
versatility of TMDs allow a wide variability of electronic properties, including insulating, semiconducting, superconducting behavior and charge-density
waves (CDWs), making them particularly desirable for applications in nanoelectronics as well as an important platform for fundamental physics. In
this regard, many studies focused on the properties arising from their strong
spin-orbit interactions and valley-dependent Berry curvature effects, manifesting in both single particle excitations[41, 42, 43] and collective quantum
phenomena[44, 45]. Following the realization of the first MoS2 transistor[46],
the discovery of strong photoluminescence in MoS2 monolayers[47, 48] (implying a drastical change of electronic properties with respect to bulk MoS2 )
and a general improving of sample preparation and manipulation techniques
of 2D materials, the interest for TMDs has strongly increased in the last few
years[49, 50]. Another limitation of graphene is that it is chemically intert
and can only be made active by functionalization. In contrast monolayer
TMDs’ versatile chemistry offers opportunities for fundamental and technological research in a variety of fields including catalysis, energy storage and
sensing[51]. Recently, a major reseach direction in 2D material science has
been van der Waals heteroepitaxy[52], that is the growth of dissimilar 2D
materials on top of each other. Graphene has turned out to be an excellent substrate for van der Waals heteroepitaxy and the growth of transition
metal dichalcogenides such as MoS2 , MoSe2 , or TaS2 has been achieved on
epitaxial monolayer graphene[53, 54, 55].
From all of the above facts it follows that understanding and manipulating
low dimensional materials is a fundamental aim of contermporary research
in condensed matter physics. Yet, dimensionality has also been pivotal in
another major research trend of modern condensed matter physics, i.e. the
study of the topological properties of matter. The classification of distinctive
phases of matter is traditionally dealt with the Landau’s approach, where the
states are characterized by the spontaneous symmetry breaking of some underlying symmetry. A different paradigm emerged after the discovery of the
quantum Hall effect[57]. The system where quantum Hall effect manifests
does not undergo any symmetry breaking, nevertheless topological phases
can be defined in the sense that certain fundamental properties are insensitive to smooth changes in material parameters and cannot change unless
the system passes through a quantum phase transition[58, 59, 60]. The interest in the topological properties has seen a rapid increase after Kane and
Mele showed that spin-orbit interaction can lead to topological insulating
electronic phases in 2D models[61, 62]; the results were then extended to 3D
models[63]. Curiously, the effect was first demonstrated by extending the
5

Figure 2: Model of a 2D TI with spin-locked edge states from Ref.[56].
work by the Nobel prize Duncan Haldane in a model of graphene, or “2D
graphite” borrowing his words[64]. Topological insulators (TIs) behave like
any insulator in that they present a bulk energy gap separating the highest
occupied electronic band from the lowest empty band. What separates them
from ordinary insulators is that the surfaces (or edges) of a TI are always
conducting. The conducting states cannot be gapped as long as time-reversal
symmetry is not broken. This and other properties, which will be further
discussed in Chapter 5, make the surface states very robust against disorder,
making them appealing for practical applicaitons like spintronics and quantum computation[60]. Mathematically, 2D (3D) trivial and TIs can be distinguished by the value taken by an integer parameter (a set of integer parameters) which can take two distinct values, ofter refferred as the Z2 invariant(s).
The quantum spin Hall phase, another name for the TI phase, was observed
for the first time in 2007 in mercury telluride-cadium telluride (HgTe/CdTe)
semiconductor quantum wells.[65, 56] After the discovery of TIs topological concepts have then been employed in the description of many different
condensed matter systems, such as semimetals[66] and superconductors[67].
Moreover, a systematic topological description of physical systems, heavily
involving dimensionality, has been given and relations between topological
invariants and physical quantities have been identified[68].
6

Brief description of the research work
The present original scientific investigation deals with the application of theoretical ab-initio and model techniques as tools for the quantitative analysis
of novel physical phenomena in low dimensional materials. The central instrument of this thesis is density functional theory (DFT), a well established
self-consistent computational technique allowing the theoretical investigation of many properties of solid materials. It is based on the formalism
introduced by Hohenberg, Kohn and Sham in 1964-1965[69, 70]. The power
of this method lies in the attribute ab-initio, i.e. once the constituents are
specified no external ad-hoc parameters are needed to obtain the ground
state electronic configuration of the system. Thus, in principle, one can reproduce the experimental results with virtually no informations besides the
chemical composition of the system, recurring to the minimization of the
appropriate thermodynamic potential. However in practice there are many
delicate aspects which need to be considered when performing DFT calculations, both regarding the technical details and the approximations made.
A large part of the research work contained in the disseration has been realized in collaboration with other experimental and theoretical groups, which I
acknowledge at the end of the thesis. Along with theoretical analyses, experimental results will be presented in the dissertation. While the theoretical
aspects of the work will be discussed in depth, the reader will be redirected
to the relevant literature for the technical details of the experimental results
and for a complete description of the experimental techniques. The dissertation is organized in three parts, according to the three distinct classes of
physical system treated in the course of the doctoral research.
• Part I deals with graphene based systems and the effect of alkali doping, exploring various levels of doping and new possibilities involving
peculiar electronic and structural effects. The systems in question are
investigated by means of various kinds of state of the art theoretical
and experimental techniques.
• Part II is devoted to the TMDs, presenting the study of peculiar electronic effects and phase transitions, such as CDWs,topological phases
and superconductivity, by means of theoretical ab-initio techniques.
• Part III is devoted to the TI mercury telluride (HgTe). I discuss how
HgTe, a native semimetal, can become a TI and what is the best theoretical approach to describe its electronic properties, including the
topological surface states characterization.
7

Part I

Graphene intercalation
compounds

8

Introduction to Part I
The ability to engineer layered compounds in order to induce new physical
phenomena has been a major research trend of the last years. A key role
has been played by graphene based compounds: for example, the deposition
of metal atoms on top of graphene allows to tune its Fermi level, opening to
new practical applications and fundamental investigations. A particularly
appealing feature of graphene band structure is represented by saddle points
located far from the Fermi level[71], causing a Van Hove singularity (VHS)
in its density of states (DOS). By shifting the Fermi level of graphene in
correspondence to the VHS it would be possible to observe many interesting
phenomena since systems hosting a VHS are prone to various kind of instabilities. In this context, the intercalation of alkali metal atoms in graphene
represents a way to realize n-type doped graphene[72] and at the same time
to enhance its superconducting properties[73]. Part I of the thesis deals with
the investigation of graphene systems in high doping conditions, realized by
the deposition of large quantities of cesium (Cs) adatoms on top of graphene,
with varying coverage. In the first Chapter we present a method to reach
the VHS and to realize a “flat band system” in monolayer graphene by depositing a large quantity of Cs. The physics of the flat band is explained
by a combination of experimental, model and ab-initio techniques. In the
second Chapter we continue the study of low dimensional graphene based
compounds, presenting the realization of a Cs/graphene heterostructure, resulting from excess Cs deposition of a very large quantity of Cs atoms over
bilayer graphene. We observe the growth of thin Cs films on top of Cs intercalated bilayer graphene. State of the art theoretical techniques are combined
with structural characterization by low energy electron diffraction (LEED)
and spectroscopical characterization by angle-resolved photoemission spectroscopy (ARPES). The present research is part of a joint theoretical and
experimental research project involving the experimental group led by Prof.
Alexander Grüneis of University of Cologne and other researchers.

9

Chapter 1

Origin of the Flat Band in
Heavily Cs-doped Graphene
1.1
1.1.1

Presentation of the scientific investigation
What is a flat band?

Some lattice Hamiltonians possess a peculiar single particle energy spectrum,
where one or more bands do not disperse in the k-space, thus hosting energy
eigenvalues E(k) not depending on the momentum k. Such a dispersionless
band is called a flat band. The wave transport is suppressed in a flat band as
a consequence of the vanishing kinetic energy and electron velocity (∇E(k)
= 0)[74]. A perfect flat band, that is an energy dispersion independent of
the momentum in all the Brillouin Zone (BZ) is unstable against any kind
of perturbation: for this reason, a broader and more practical definition is
often considered also including partially flat bands, i.e. systems presenting
“flatness” only for a (relevant) portion of the BZ. Materials hosting flat bands
of this kind are present in nature and are called “flat band materials”[34,
74] even though the dispersion is usually not perfectly flat. When the flat
electronic dispersion is placed near EF , the singularity in the electronic DOS
due to the presence of the flat band causes the material to be unstable
against the opening of an energy gap, possibly driving a phase transition
of the system e.g. into a superconductor, a charge-density wave phase, or
magnetic ordering.
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1.1.2

Flat band in graphene

Flat bands have been reported to occur in various models: notable examples
are the dice lattice[75], the Kagome lattice[76, 77, 78], the Lieb lattice[79] and
the Tasaki lattice[80]. A flat band has been recently observed reproducing
the Lieb lattice model in a chlorine monolayer on a Cu(100) surface[81, 82].
Graphene related systems provide ample opportunity for engineering flat
bands. Theoretically, a carbon (C) Kagome lattice has been predicted[83],
and recently, flat bands have been found in bilayer graphene[84] at ' 0.25
eV below the EF as well as in boron-doped graphene nanoribbons [85] at
'1.5 eV below the EF . However, since these flat bands are not located at
the EF , application of a gate voltage or chemical doping is needed to make
the flat band relevant for the emergent ground state. For this reason the
possibility to induce the flat band near the EF is still a hot research topic.
In this regard, important results have been achieved in multilayer graphene
systems by engineering the stacking order[35, 86] or the twist angle[32, 33].
Rhombohedrally-stacked trilayer graphene exhibits a flat band and, as a consequence, an antiferromagnetic ground state appears[35, 36], as mentioned
in the Introduction. Bilayer graphene where the two layers are twisted with
respect to each other by a magic angle of ' 1.1 ◦ also exhibits a flat band
close to the EF [32, 33], where recently both Mott insulating and unconventional superconducting phases have been observed[33]. One drawback of
both rhombohedrally-stacked and the twisted bilayer systems is that they
are fabricated from exfoliated flakes and hence can not be prepared deterministically and in large areas. Furthermore, the crystal structure of the
twisted bilayer graphene is unstable against a rotation of the two layers,
that brings the system back to the Bernal (AB) stacking order, the global
energy minimum configuration for the bilayer graphene system. It follows
that the ability to fabricate and characterize large area systems having flat
bands at EF remains an important problem in condensed matter physics and
materials science. In this regard, an alternative route to obtain a flat band
is the extreme doping of monolayer graphene, which hosts a VHS with a
quasi-flat band dispersion in a small region near the M point of the BZ. This
feature can be observed in Fig.1.1, where we report the electronic dispersion
of graphene resulting from the nearest-neighbor tight-binding (TB) model.
A major problem is that the VHS is placed far from the charge neutrality
point: a way to overcome this obstacle is the chemical doping of graphene, as
demonstrated by McChesney et al. in Ref.[71], where they managed to obtain
an highly doped graphene with a combination of calcium intercalation and
calcium-potassium adsorption on top of the graphene. More recently, a sim11
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Figure 1.1: Band structure of graphene obtained in the TB model with the
hopping parameter t = −2 eV.
ilar result was reported in Ref.[87], employing a combination of ytterbium
intercalation and potassium adsorption. In both cases, strong electronic
structure renormalization effects have been considered at the origin of the
observed flat band.
The idea of the present work is to study the possibility to reach the VHS
in graphene by means of Cs deposition, according to the following rationale:
Cs is an alkali metal, as such it will donate a considerable amount of charge
when put in contact with graphene, consequently shifting the Fermi level
far from the charge neutrality point. Being able to engineer such a system
would be interesting for the possibility to induce an electron-phonon mediated superconducting transition in graphene. In fact, the large DOS at the
EF (N(0)) due to the VHS (see the DOS panel in Fig.1.1) is positively correlated to a large EPC constant. Furthermore, it has been demonstrated that
alkali-metal doped graphene can host conventional superconductivity thanks
to the enhancement of the electron phonon coupling (EPC) due to the presence of the alkali metals[72, 88, 89]. In this regard, it is fundamental to have
alkali metal bands located near the EF . We believe that this could be the
case in the present system: if a large amount of Cs is deposited, only part of
the Cs charge would be transferred to the graphene, resulting in a partially
occupied alkali metal band, going by the name of “interlayer” state[25, 90].
All previous works failed to engineer and characterize high-quality systems
that allow for simultaneous observation of a flat band and the interlayer
12

state. For example, Ref.[71] reports a flat band but no interlayer state and
Refs.[91] and [92] find the interlayer state in bilayer graphene but their doping level is considerably lower than what is needed to occupy the flat band.
Incidentally, the high value of N(0) is also directly linked to the emergence of
the ferromagnetic instability. For example, in the mean-field approximation
of the Hubbard model the ferromagnetic phase sets in if the Stoner criterion
N (0)U > 1 is fulfilled, U being the on-site Coulomb repulsion (for graphene,
U = 9.3 eV has been proposed[93]). It is thus clear that a large value of N(0)
is pivotal to the emergence of ferromagnetism, making flat band materials
natural candidates for the observation of a ferromagnetic state.

1.1.3

Zone-folding effects as a route to the observation of the
flat band

We will show in the following that the interaction between Cs and C atoms
can considerably modify the graphene band structure, causing the emergence
of a flat band in correspondence of the monolayer graphene’s VHS. We believe that three distinct physical effects are fundamental in the formation of
the flat band:
1) The aforementioned heavy electron doping by excess Cs / C stoichiometry.
2) Zone-folding.
3) Covalent C-Cs bonding happening as a consequence of the zone-folding.
Zone-folding consists in the folding of a system’s eigenvalues into a smaller
BZ occurring due to the presence of an external periodic potential whose
spatial symmetry is lower than the one of the original system. When this
happens, the electronic structure of the system is best described in the reduced BZ picture, corresponding to the lower periodicity induced by the
external periodic potential, treating the effect of the potential itself in perturbation theory. The most common example of this approach is the case of
simple metals, where the free-electron dispersion relation E(k) = ~|k|2 /2m
is folded into the BZ of the crystal and the effect of the periodic potential is
then treated in perturbation theory[23, 94]. In the present system, we expect
graphene energy bands to fold due to the external potential induced by the
Cs atoms. The zone-folding effects have already been widely treated in the
context of graphite intercalation compounds[24], alkali-metal doped bilayer
13

graphene[92] and oxygen intercalation under graphene[95]. From previous
literature, we know that Cs intercalation of graphene results in
√ two√possible◦
Cs reconstructions depending
on
coverage,
namely
2
×
2
and
(
3× 3)R30
√
√
(we will refer to it as 3 × 3). The external potential induced by the 2 × 2
reconstruction is fundamental for the observation of the flat band: because
of zone-folding, the bands of doped graphene close to the EF fold back to
the central region of the BZ (the Γ-point and the M-point of the BZ become
equivalent in the 2 × 2 folded BZ). Since the Cs band is also located around
the BZ center for energies close to the EF , hybridization between graphene
and the Cs bands (i.e. a covalent coupling between C and Cs orbitals) is possible. Without zone-folding there would be no possibility of hybridization
close to the EF because the bands of graphene and Cs do not cross. Adding a
coupling term between C and Cs atoms causes an anti-crossing of the energy
bands, meaning that the two energy bands disperse away from the hypothetical crossing point of the non-coupled system originating two hybridized
bands. Here we demonstrate that this precise fact plays a fundamental role
in the formation of the flat band by recurring to a TB model.

1.1.4

A tight binding model for (2×2)Cs/graphene

We illustrate the effects of zone-folding and hybridization between the Cs derived and graphene bands by means of orthogonal next-neighbor TB model.
The TB model takes into account one Cs atom per 2 × 2 graphene cell,
which is a common reconstruction for alkali deposition on top of graphene.
To simulate the Cs (2×2) graphene structure a unit cell of 8 C atoms and 1
Cs atom is considered. The basis set is thus made up of 8 pz orbitals (one
at each C site) and one s-orbital at the Cs site yielding a 9×9 Hamiltonian
matrix. Electronic spin is not included in the model. The Hamiltonian is:



HT B = 


HCs−Cs HCs−C 
†
HCs−C
HC−C



(1.1)

that can be decomposed into an 8×8 Hamiltonian matrix HC−C describing the C-C intralayer hopping in the (2×2) unit cell, a 1×8 matrix HC−Cs
describing the C-Cs interlayer interaction and a scalar function HCs−Cs describing the Cs-Cs intralayer hopping. Once defined the distance between
C atoms as aC−C , the
√ distance between nearest neighbors in the Cs layer is
given by dCs−Cs = 2 3aC−C . The six nearest neighbor Cs atoms placed at
δjCs originating the following expression for the Cs-Cs hopping term:
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HCs−Cs = Cs + tCs−Cs

6
X
j=1

exp(ik · δjCs )

=  + tCs−Cs · hCs−Cs (k)

(1.2)
(1.3)

where tCs−Cs is the hopping integral, Cs the on-site potential of the Cslattice, and
√
√
hCs−Cs = (4 cos(3kx aC−C ) cos( 3ky aC−C ) + 2 cos(2 3ky aC−C ))

(1.4)

For the C-C and Cs-C hoppings, it is useful to define the hopping directions

and then the functions

δ1 = aC−C (1, 0)T
√
δ2 = aC−C (−1/2, 3/2)T
√
δ3 = aC−C (−1/2, − 3/2)T

(1.5)

fj± (k) = exp(±k · δj )

(1.6)

The (2×2) Graphene Hamiltonian can then be written as


0
0 tf2+
0 tf3+
C 0 tf1+


+
+
+


tf
0
tf
0
0
tf
C
2 
3
1



−


0
0
0
0

tf
C
2




+
+

C
0
0 tf1 tf3 

HC−C = 


0
0 
C tf2−




+
+

C tf3 tf1 





C
0 


C

(1.7)

with t = tC−C the hopping integral and C the on-site potential of the C
lattice. The lower triangle can be constructed from the upper triangle by
using the Hermitian condition. The C-Cs interlayer hopping is described by
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HC−Cs

0





tC−Cs f − 
2 



tC−Cs f + 
1 



tC−Cs f − 
3 

=

tC−Cs f + 
3 



tC−Cs f − 
1 



tC−Cs f + 
2



(1.8)

0
where tC−Cs is the hopping integral for nearest neighbor C-Cs hopping.
The band structure can then be obtained by solving the secular equation
H(k)cn (k) = cn (k)En (k)

(1.9)

where cn (k) and En (k) are the nth eigenvector and eigenvalue at the k
point of BZ, respectively. The parameters needed in the TB calculation are
the two on-site energies for Cs and C orbitals (labeled Cs and C ) and
the C-C, C-Cs and Cs-Cs hopping parameters indicated as tC−C , tC−Cs and
tCs−Cs , respectively. Starting from a non-interacting monolayer graphene
plus a Cs atom, the 2 × 2 potential is switched on first and then the CsC hybridization (i.e. the value of tC−Cs ). The band structure of doped
graphene monolayer is shown in Fig.1.2(a). We impose that the on-site C
energy is such that the VHS is positioned exactly at the Fermi level. The
geometry of the unit cell of the TB calculation and the hopping parameters
tC−C and tC−Cs are shown in Figure 3b. The zone-folding of electron energy
bands is “encoded” in the choice of the unit cell. Due to the zone-folding,
the hybridization between the Cs bands and C band at the VHS becomes
possible, resulting in the formation of a flat band. It makes thus sense to
study the joint effect of zone-folding and the effect of Cs-C hybridization on
the electronic structure. Fig.1.2(c) depicts the bands calculated in a 2 ×
2 supercell but without Cs-C hybridization (indicated by a matrix element
tCs−C = 0). Due to zone-folding, the Cs band and the graphene derived
bands occupy the same region in the E(k) plot. Since tCs−C is set to 0
these bands do not interact with each other and they cross each other. The
effect of non-zero tCs−C can be seen the regions in the BZ around Γ and M
points. Figs.1.2 (d) and 1.2 (e) depict the calculated band structure of the
2 × 2 system with values tCs−C = 0.04 tC−C and tCs−C = 0.4 tC−C . It
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Figure 1.2: (a) TB calculation of the band structure of electrostatically
doped graphene in the original 1×1 cell without Cs. (b) Schematics of the 2
× 2 TB unit cell. (c) TB calculation of the electronic structure of 2× 2 Cs
on graphene without Cs-C hybridization, i.e. tCs−C = 0. (d,e) same as in
(c) but with non-zero values of tCs−C . (e) The C (Cs) character of the band
is indicated by black (purple) color.
can be seen that a hybridization gap opens in the electronic spectrum in the
crossing region between graphene and Cs derived bands. As a consequence of
the anti-crossing, two branches emerge from that region. The higher energy
branch forms an extended flat band at the EF . Importantly, the extent of
the flat region is a function of tCs−C as can be seen by comparing Figs.1.2
(d) and (e). With increasing hybridization tCs−C , the flat band becomes
more extended in the BZ. Fig.1.2(e) also shows the C and Cs character
of the bands, obtained from the eigenvector of the TB Hamiltonian. This
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calculation highlights that the flat band is derived from C states. Hence it
is concluded that it is inherited from the saddle point in the band structure
at the M point of the BZ of graphene.

1.1.5

A realistic model

The TB model demonstrates that Cs derived bands must lie near the Fermi
level in order to trigger the formation of the flat band. We now want to
understand how to reproduce this scenario in a realistic situation. To this
aim, we consider epitaxial graphene grown on top of an iridium substrate.
The iridium substrate adopts a face-centered cubic structure and is stacked
along the (111) crystallographic direction; we refer to it as Ir(111). Graphene
grown on top of Ir(111) is recognized for its structural quality, resulting in an
electronic structure resembling that of free-standing graphene[96]. Previous
investigations conducted on Cs deposited on graphene/Ir(111) showed that
up to a certain coverage Cs tends to√intercalate
in between graphene and
√
the Ir substrate, forming an ordered 3 × 3 layer[96, 97], which however
does not induce a zone folding, since its potential is screened by the Ir substrate. The Cs layer detaches the graphene from the substrate and dopes
graphene[96], but not quite enough to reach the singularity. By further Cs
deposition one enters an overdoped regime, where Cs deposits on top of the
graphene layer. Up to a certain overdoping, no ordered Cs phase forms on
top of graphene[97]. We hypothesize that if enough Cs is deposited another
ordered Cs phase may form, effectively encapsulating the graphene layer in
between two Cs layers[97]. A schematic model of this system is depicted in
Fig.1.3: one Cs layer is intercalated in between the substrate and graphene,
and acts as a charge reservoir by completely donating its charge to the substrate and the graphene. The other Cs layer is adsorbed on top of graphene
and should be only partially ionized due to the charge that graphene already
receives from the bottom layer. In any case, we expect very high doping levels to be reached and consequently the Fermi level to be positioned in close
proximity to the saddle points of the conduction band, possibly causing the
system to undergo a Lifshitz transition when EF surpasses the conduction
band at the M point[71, 97]. In particular, if the top Cs layer takes a 2 ×
2 order, we expect the low energy band structure to be similar to the one
that we discussed for the TB model. In the following section, we present
the realization of the proposed system. Before continuing, I briefly explain
the concept of Lifshitz transition, introduced by Lifshitz in 1959[98]. The
density of states of an electron system is characterized by some values of
the energy,  = L , corresponding to a change of topology of the constant
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Figure 1.3: Model system for the realization of a flat band in monolayer
graphene.
energy surfaces k = . Whenever there exists an external parameter, such
as electron doping or external pressure, whose variation causes the quantity
µ − L to pass through zero (µ is the chemical potential of the electrons),
we observe the Lifshitz transition, which leads to thermodynamic anomalies
and relevant changes for the Fermi surface of the system[98].

1.2
1.2.1

Discussion
System preparation and LEED

The experimental results presented in this Chapter have been obtained by
the research group led by prof. Alexander Grüneis. The setup discussed
in the previous section can be experimentally realized by first growing a
monolayer graphene on an Ir(111) substrate by chemical vapor deposition,
and subsequently depositing a large quantity of Cs on top of it. The details
of the preparation can be found in Refs.[97, 99]. The spatial periodicity
of the system is investigated using LEED[100, 101], which consists in the
bombardment of the sample with a collimated beam of low energy electrons.
The analysis of the LEED diffraction pattern and the spot positions allows
the identification of spatial symmetries of the surface structure. In this case,
LEED is important both for the observation of the hexagonal pattern due
to the graphene and the possible reconstructions of the deposited Cs atoms,
which have been observed multiple times in the case of alkali-intercalated
graphene compounds[96, 97]. The observed LEED pattern is reported in
Fig.1.4 and is indeed composed of three subpatterns: the hexagonal pattern
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√
Figure
1.4:
Characterization of Cs (2 × 2)/graphene/Cs ( 3 ×
√
3)/Ir(111): LEED pattern taken at an energy E=73 eV and a temperature T = 13 K.
√
√
due to monolayer graphene, a Cs 3 × 3 pattern and a Cs 2 × 2 pattern.
Since LEED is a very surface sensitive technique, the sharp diffraction spots
of graphene and Cs in the LEED pattern demonstrate that only negligible
extra Cs atoms stick to the surface
the trilayer structure. From previous
√ of √
literature it is known that the Cs 3× 3 phase occurs for the Cs in between
graphene and the metal substrate while we expect the 2 × 2 phase grows
above the graphene since it has been observed
√ that
√ Cs starts to be adsorbed
on top of graphene after the intercalated 3 × 3 phase occurs. Thus, the
LEED observations strongly
√ point
√ towards the fact that the graphene layer
is encapsulated by one Cs 3 × 3 layer and one Cs 2 × 2 layer.

1.2.2

Density functional theory description of the system

We employ density functional theory (DFT) in order to obtain a first principles quantitative description of the electronic structure of the experimental
system. As a first step, we make an attempt to describe its relevant physical
properties by proceeding in the same way we did for the TB calculation, i.e.
by considering only 1 Cs atom and a (2 × 2) graphene cell. We consider
monolayer graphene in a 2 × 2 cell with a single Cs atom on top. We em20

ploy a fixed-cell relaxation procedure in order to determine the position of
the atoms in the unit cell. We find that the most energetically favorable
position for the Cs atom is the hollow site of graphene.
In Fig.1.5 we report the DFT electronic band structure obtained employing the same unit cell used in the TB calculation (panel (a)), and compare it
to the TB band structure (panel (b)). There are two main differences with
respect to the TB model: first, the doping is considerably lower than the one
we imposed in the TB model. Second, we do not observe the formation of
a proper flat band within this setup; the obtained electronic band structure
is more resembling of the one in panel (d) of Fig.1.2, indicating that the
hybridization between Cs and C is not sufficiently high for the formation of
a flat band. We argue that both the intercalated Cs layer and the Ir substrate need to be included in the calculation for a proper description of the
experimental system. In the following, we demonstrate that this is indeed
the case. To this end, we first need to address several aspects of the DFT
calculation:
1) How to simulate the Ir(111) substrate.
2) How to deal with the incommensurate Ir and C lattice parameters.
3) How to simulate the two incommensurate 2 × 2 and
perstructures.

√

3×

√

3 Cs su-

Regarding the first point, some aspects regarding DFT simulations of
graphene on Ir(111) systems have already been discussed in past works,
demonstrating that four layers of Ir are sufficient to simulate the bulk conditions [102, 103]. We thus include the Ir substrate considering four Ir layers
in the f cc (111) stacking. Regarding point 2): the lattice
√ parameter for fcc
Ir is a = 3.84 Å, resulting in a Ir-Ir distance of 3.84/ 2 Å= 2.715 Å, while
the C-C distance is b = 2.47 Å, with a lattice mismatch of ' 10%. The mismatch can be approximately accounted for within the supercell approach,
i.e. a Gr(10 × 10)/Ir(9 × 9) supercell[104]. This framework would provide a
good description of the C-Ir interaction and of the modulated C-Ir interlayer
distance[104], reducing the spurious effect due to the incommensurability.
There are two problems with this approach: the first is that this simulation
is demanding in terms of computational cost. The second is that the electronic dispersion would be folded in the corresponding primitive BZ and the
ARPES measurements could not be directly compared to the results because
of folding effects[102]. An alternative approach is to apply a compression (≈
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Figure 1.5: DFT simulation (panel (a)) and TB model (panel (b)) performed in the geometry of Fig.1.2(b).
9%) to the Ir substrate, reducing its f cc lattice parameter to 3.5 Å, so that
Ir-Ir distance matches the C-C one (or vice-versa, enlarging the C-C lattice constant). In this way, we get a less accurate description of the C-Ir
distance but on the other hand the DFT simulation is less computationally
intensive. We believe that it makes sense to perform the less demanding
simulation first, and then decide if there is the necessity to resort to the better description given by the supercell approach, depending on the obtained
results. We thus start with the compressed Ir approach. We compress the
in-plane components of the Ir f cc structure, while we leave the out-of-plane
Ir-Ir interlayer distance fixed to the bulk value of 3.84 Å in order to avoid
spurious effects stemming from out-of-plane compression.
√
√
Regarding point 3), we observe that the 2 × 2 and 3 × 3 are never
commensurate, no matter how large the employed supercell is. However, we
believe that the essential physical properties of the system
√ √ can be reproduced
in a simpler model, by substituting the intercalated 3× 3 Cs layer by a 2 ×
2 Cs layer, obtaining a commensurate Cs (2×2)/graphene/Cs(2×2)/Ir(111)
configuration. We believe that this approximation is justified as long as the
intercalated Cs layer does not
√ induce
√ a band folding. Nevertheless, we note
that the substitution of the 3 × 3 Cs layer by the 2×2 Cs layer will cause
a different charge transfer to the graphene (less Cs is intercalated). We
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Figure 1.6: Comparison of DFT calculation (a) without spin-orbit interaction and (b) with spin-orbit interaction. The color and the size of the dots
indicate the atomic character of the corresponding projected eigenfunction of
the Kohn-Sham eigenvalues (red for Cs, black for C and grey for Ir-derived
bands).
believe that this effect can be described to a first approximation by a Fermi
level shift, provided that the intercalated Cs layer is completely ionized and
thus only acts as a charge reservoir, not influencing the electronic structure
near the Fermi level. This assumption seems reasonable since we expect
the intercalated Cs layer to transfer all its charge to the substrate and the
graphene, however it has to be experimentally verified.
We now discuss the electronic structure obtained within these approximations. In Fig.1.6, we report the Kohn-Sham eigenvalues with and without
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the inclusion of spin-orbit coupling (SOC) (panel (a) and (b), respectively).
Looking at panel (a), we observe that the obtained C and Cs band structure
is qualitatively similar to the one in Fig.1.5. However, there are important
differences: first of all, the graphene is much more doped, and the Fermi
level lies in close proximity to the VHS, at ' -0.07 eV. We note that the
formation of an extended flat band is hindered by the hybridization of the
graphene states with the Ir states lying near the Fermi level. The strong
hybridization between Cs and C derived states already observed in the TB
model is observed also here. In Fig.1.6 b) we consider the effect of SOC on
the band structure. Both the position and the dispersion of the flat band
are affected by SOC induced by the Ir substrate, as can be seen in Fig.1.6.
Although SOC in graphene is negligible, the presence of the Ir substrate
induces a relevant reconstruction of the band structure around the Γ-point.
The strong hybridization observed between the Ir-derived hole-pocket at the
Γ-point and the graphene π bands is not present when SOC is included.
Indeed, we get a significant change for the Ir states when we switch on the
spin-orbit interaction in the calculation. In particular, at the M point, SOC
induces a gap-opening: the Ir bands become lower in energy by strongly
reducing the hybridization with graphene bands. Thus the Ir band becomes
fully occupied with a band maximum at 175 meV below the EF . The Ir band
just below the Fermi level shows a Rashba-type splitting of 2∆kk = 0.079
Å−1 which is calculated following the indications of Ref.[105] and results in
good agreement with the value reported in Ref.[106].
Computational details
The DFT calculations were performed using the pseudopotentials approximation for the electron-ion interaction and a plane-wave expansion of the
Kohn-Sham wavefunctions as implemented in the VASP package[107, 108,
109]. Generalized gradient approximation (GGA) in the Perdew, Burke and
Ernzerhof (PBE) formulation has been adopted for the exchange-correlation
potential. A 400 eV cutoff for the plane waves basis set and 142 Γ-centered
k-point grid with a gaussian smearing of 0.1 eV have been employed. We
included long range van der Waals interactions in the calculation for a better
descritpion of the graphene-substrate interactions, by the Grimme’s semiempirical correction (DFT-D2) to the functional[110]. Due to the presence of
Ir, we also studied the effect of the spin-orbit coupling (SOC) term, by
self-consistently taking it into account. Since the DFT Hamiltonian is diagonalized in periodic boundary conditions, 25 Å of vacuum have been used in
order to avoid interactions between the system and its periodic image along
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the growth axis, further adding dipole correction to account for the long
range interactions stemming from the inequivalent top and bottom surfaces
of the slab.
In the final calculation, the substrate has been simulated with four Ir
layers. We treated Cs doping adding one Cs atom per unit cell below the
graphene layer as intercalant to detach graphene from the substrate and
additional Cs atoms on-top of the graphene layer, relaxing their position in
the unit cell. The positions of the C and Cs atoms have been relaxed until
the forces on the atoms are less than 0.01 eV/Å−1 , while the Ir atoms were
fixed to their bulk sites. We find that the lowest energy configuration for the
adsorbed Cs atoms (above and below graphene) is the one with Cs atoms
occupying the center of the two inequivalent hexagons of the 2×2 unit cell.
We further find that the preferential position of the intercalated Cs relative
to the Ir substrate is the hollow site. The two Cs layers are relatively shifted
within in-plane direction by a1 + a2 , where a1 and a2 are the unit cell
vectors of graphene. After Cs intercalation and subsequent adsorption we
find that the graphene-Ir(111) perpendicular distance is 6.17 Å , indicating a
complete detaching of graphene from the substate. The deposited Cs atoms
are at distances of 2.97 Å (for top Cs) and 3.01 Å (for the bottom Cs) from
the graphene layer.

1.2.3

Angle-resolved photoemission spectroscopy

One of the main tools for the experimental investigation of electronic structure is angle-resolved photoemission spectroscopy (ARPES), which has been
employed to investigate the band structure of the trilayer. ARPES consists in
studying the photoemission of electron from a sample after illumination with
soft X-rays, allowing to observe the electronic excitations resolved in the reciprocal space. Further experimental details and in depth descritpion of the
physical principles behind this technique can be found in Refs.[111] and [112].
Fig.1.7(a) depicts the energy band structure of this sample as is measured
by ARPES along the high symmetry lines of the two-dimensional BZ. The
observed zone-folding of the electronic bands for the 2 × 2 superstructure is
a clear indication of both a highly ordered Cs lattice and√a sufficiently
strong
√
scattering potential. It is important to note that the Cs 3× 3 order below
the graphene does not induce zone-folding, justifying the DFT approximations and
the interpretation given to the LEED results, i.e. that
√ confirming
√
the Cs 3 × 3 is in between the graphene and the substrate. On the other
hand, for the Cs atoms on top of graphene, the potential is sufficiently large
to form the superstructure. The 2×2 superlattice causes the folded BZ to be
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one quarter of the original one. The high symmetry points of the original BZ
which are relevant for the ARPES are Γ,K, K∗ , and M points. The relevant
high symmetry points of the folded BZ are indicated by primed symbols as
Γ0 ,K’ , K∗0 and M0 (see Fig.1.7(a) and Fig.1.7(d). Due to the zone-folding,
the K0∗ and K0 points of the zone-folded BZ appear at the centers of Γ-K and
Γ-K∗ of the original BZ. From the ARPES, two Dirac cones are visible: one
at K which corresponds to a wave vector k ' 1.7 Å−1 and the other one at
K∗0 at k ' 0.8 Å−1 . The π conduction bands are located above each of the
two Dirac points in the ARPES spectra. In the present case, the conduction
bands are partially occupied because of the heavy Cs doping. Each of the
two π conduction bands consists of two branches that disperse in opposite
direction to each other with positive and negative curvatures, which will be
referred as π ∗ electron and hole band, respectively. Around the Γ point,
there lies an electron band whose minimum is located at 0.7 eV below the
EF . This electron band appears only after the Cs doping is performed. As
demonstrated later by calculations, the electron band mainly consists of Cs
(6s) states. For this reason, it will be referred to as Cs electron band in the
following. The Cs electron band hybridizes with the π ∗ hole band whose
maximum is at ' 0.5 Å−1 as a result of the interaction between C atoms
and Cs atoms of the upper layer. Zone-folding of the graphene bands is
fundamental for the observed hybridization since the graphene bands cross
the EF in the original 1 × 1 BZ at wave vectors ' 1.5 Å−1 and ' 2.2 Å−1 ,
while the Cs electron band close to the EF lies in proximity of the Γ point.
An hybridization between graphene and Cs electrons becomes possible when
the zone-folded Dirac cone is considered, it can be seen immediately that
the Cs electron band and the zone-folded π ∗ hole band hybridize close to
the EF near ' 0.5 Å−1 . The hybridization results in an anti-crossing of two
branches. An extended flat band emerges as the higher energy branch of the
anti-crossing located around Γ/Γ0 and M points in the BZ. The fact that
part of the conduction band is below the EF , allows us to determine the
transition energy at Γ/Γ0 to be ≈4.15 eV from ARPES (see Fig.1.7(a)). Due
to zone-folding Γ and M points of the 1 × 1 BZ become equivalent and thus
the transition also appears at the M point.
Fig.1.7(b) depicts high resolution ARPES data in the region close to the
EF where the π ∗ hole band and the Cs electron band display the anti-crossing
behavior. The region appears at k = 2.2 Å−1 as discussed before but due
to zone-folding it is equivalent to the region around k = 0.5 Å−1 . From
Fig.1.7(b), evidence for a hybridization gap between the two branches near
the EF can be found . The ARPES scan in Fig.1.7(b) shows the flat band in
a range from k = 2.2 Å−1 to a k = 2.4 Å−1 . However, considering the full 2D
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BZ, the flat band covers a much larger area as it will be demonstrated later.
Fig.1.7(c) shows the energy distribution curves of the flat band with a band
width less than 10 meV. Notably, this band width is even smaller than the
one observed for rhombohedrally stacked graphene where a band width of
' 25 meV has been reported[86]. In Fig.1.7(d), the 2D map of the ARPES
intensity at the EF is plotted with highlighting the 2×2 zone-folding and the
C and Cs derived energy bands. Due to zone-folding, there are π ∗ bands from
the original 1 × 1 BZ and the folded 2 × 2 BZ that are indicated by green
and yellow color, respectively. The π ∗ derived Fermi surface contours and
the Cs derived Fermi surface contours can be approximated well by circles
(see the dashed circles in Fig.1.7(d)).
The fact that there are only segments with a strong ARPES intensity along
the Fermi surface contours is attributed to ARPES matrix element effects,
i.e. due the anisotropic light-matter interaction, depending both on the light
polarization and the electronic states under investigation. Because of zonefolding, the Γ0 K0 and the K-M directions are equivalent. This allows the
observation of the flat band segment shown in Fig.1.7(a) and 1.7(b) multiple
times along the Γ0 K0 directions of the zone-folded BZs. One such segment
is highlighted by a red rectangle in Fig.1.7(d). We characterize the observed
Fermi surface (and the flat band) by analyzing the charge carriers that occupy Cs and C derived bands. Using circles as approximations of the Fermi
surface contours, a total carrier concentration of n = 5.0× 1014 cm−2 is
obtained. This value of n can be compared to the theoretical carrier concentration obtained in the nearest- neighbor TB of graphene at 5/8 filling[113],
corresponding to an extra electron per (2 × 2) cell (per spin) with respect
to the charge-neutrality point. For this case, a large carrier concentration
of n = 9.0× 1014 cm−2 is evaluated. However, due to the trigonal warping
effect a much lower experimental value of n = 5.0× 1014 cm−2 is found[114]
(the equi-energy contour in the 1×1 BZ does not connect adjacent M points
by straight lines as in the nearest-neighbor model but rather by trigonally
warped curves, causing a reduction of n). Dividing the total carrier concentration into Cs and C states contributions, 0.54 Cs electrons remain in the
Cs band, corresponding to a carrier concentration in the Cs band alone of
n = 2.56× 1014 cm−2 . per 2×2 unit cell (note: for a full charge transfer, zero
electrons would remain in the Cs band and thus the Cs band would appear
above the EF ).
ARPES was performed at the BaDElPh beamline[115] of the Elettra synchrotron in Trieste (Italy) The reader is invited to look at Ref.[116] for details
on ARPES measurements.
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√
Figure
1.7:
ARPES
measurements
of
Cs
(2
×
2)/graphene/Cs
(
3×
√
3)/Ir(111). (a) ARPES scan (~ν = 31 eV and T = 17 K) along the Γ-K-M
directions. The region with the flat band is indicated by a red rectangle. The
transition energy at the van Hove singularity of 4.15 eV is indicated. The
high symmetry points of the original 1×1 and the zone-folded (2 × 2) BZ
are denoted in blue and black color, respectively. (b) Zoom-in to the region
indicated by a red rectangle in (b) showing the flat band at the EF . (c) Energy distribution curves (EDCs) for the flat band (stepsize 0.01 Å−1 ) taken
between 2.2 Å−1 (lower EDC) and 2.5 Å−1 (upper EDC). EDCs at every
0.05 Å−1 are colored red. (d) Map at the EF with the 1×1 and (2 × 2) BZs.
The map has been generated from a symmetrized azimuthal map taken in the
first BZ. The π ∗ bands of the original 1×1 and the (2 × 2) superstructure,
the Cs band and the π ∗ band from close to the Γ point (πΓ ) are indicated.
The red rectangle indicates a region along Γ0 -K0 containing the flat band.
Analysis of the electron-phonon coupling
As mentioned in the introduction, the investigation of this system is closely
related to superconductivity. The tendency to undergo a superconducting
transition is measured by the EPC constant λ, Informations on EPC can
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Figure 1.8: Analysis of the high resolution ARPES data in the region close
to the Fermi level along K∗0 M0 direction. ARPES was taken at ~ν = 31 eV
and at T = 10 K. ARPES scan in the vicinity of the Fermi wave vector and
Fermi energy. The red crosses denote the ARPES maxima and the black line
the bare band.
be found in the ARPES data since EPC causes a renormalized electronic
dispersion that manifests as a kink in the measured spectral function close
to the Fermi wave vectors along Γ-K. The self-energy analysis of the kink
is performed according to a previously established technique[117, 72, 88,
118], by extracting the self-energy from the momentum dispersion curves
according to the expressions
∆k
ν0 (ω)
2
where ∆k and km are the peak positions and widths at each ω. The
Eliashberg function α2 (F )(ω) is then obtained inverting the equation
ReΣ(ω) = (km − k)ν0 (ω), ImΣ(ω) =
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Figure 1.9: Real (a) and imaginary (b) part of the self-energy, respectively.
(c) The extracted Eliashberg function used for the calculation of the selfenergy real and imaginary part calculations shown in (a) and (b) as solid
lines, respectively.

Z
ImΣ(, k, T ) = π

α2 F (ω, , k)(1 − f ( − ω) + f ( + ω) + 2n(ω))dω

where T is the temperature and f is the Fermi-Dirac distribution. The
Eliashberg function is directly related to the value of the EPC constant λ
through the relation
Z 2
α (F )(ω)
λ=2
ω
In Fig.1.8, high resolution ARPES data taken in the vicinity of the EPC
induced “kink” feature are shown. Figs.1.9 (a) and 1.9 (b) depict the real and
imaginary part of the self energy, respectively. The corresponding Eliashberg
function extracted from the experimental data is shown in Fig.1.9(c) and
has peaks at '200 meV and '150 meV for intravalley and intervalley EPC,
respectively. The value of λ in the Γ-K direction of the present sample
30

Figure 1.10: (a) DFT calculations of the band structure projected on Ir
(grey), C (black), intercalated Cs (blue) and Cs adatoms (red). The orange
lines are calculations of electrostatically doped (i.e. without Cs) free-standing
graphene in a 2 × 2 supercell. (b) Corresponding partial density of states of
C, intercalated Cs and top Cs.
with a flat band can be compared to alkali metal doped samples with a
smaller carrier concentration. In the present sample with the flat band, λ =
0.26 along Γ-K is measured. Previous works of doped graphene have have
significantly lower λ in the same direction, e.g. λ = 0.17 (Ref.[72]) and λ
= 0.16 (Ref.[119] ). The larger electron phonon coupling constant observed
here is therefore related to the presence of the flat band. This result makes
the present system promising for electron-phonon coupling induced phase
transitions such as superconductivity and charge-density wave order.

1.2.4

Comparison between theory and experiment

We now compare the DFT results with the ARPES measurements. Looking
at the ARPES data, we notice that only the 2×2 periodic Cs layer, which
we established to be the top adsorbate layer, plays a role in the band folding
of graphene. We conclude that in a first approximation the structure can be
simulated with 2 × 2 Cs adsorbate layers on either√side √
and taking into account the different charge transfer between the real 3× 3 Cs layer and the
simulated 2×2 Cs layer by means of a rigid Fermi level shift, thus justifying
the way we proceeded in Sec.1.2.2. The calculated band structure of the Cs
(2×2)/graphene/Cs(2×2)/Ir(111) system is plotted again in Fig.1.10(a), in
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the unfolded 1×1 graphene BZ (with SOC). In the same plot we also include
the band structure of electrostatically doped graphene in the zone-folded BZ
(orange lines), in order to clarify the effect of the interaction with Cs atoms
and the Ir substrate on the graphene band structure. The electrostatic doping was chosen so that the the energy of the Dirac cones matches the energy
of the Dirac cones of the Cs doped system. The band structure of electrostatically doped graphene shows no such gap opening. We observe that the
anti-crossing results in an electron-like branch with Cs character centered at
the M point. The other branch of the band with avoided crossing disperses
along the EF with a very narrow band width. We obtain a flat band that extends for one half of the K-M distance and quantitatively explains the origin
of the flat band observed in the ARPES spectra. The flat dispersion gives
rise to a van Hove singularity in the DOS; the corresponding peak is seen in
Fig.1.10(b). We now analyze the DOS by projecting it over the atomic orbitals. The intercalated Cs layer underneath graphene is almost completely
ionized and acts as a charge transfer layer while the adsorbed Cs layer above
graphene is only partially ionized and forms part of the Fermi surface. The
DOS calculation corroborates full and partial ionization of the Cs layers below and above graphene, respectively. This can be seen in Fig.1.10(b) where
the partial DOS of the upper Cs layer’s 6s orbital crosses the EF (red color
area of the DOS of Fig.1.10(b)) whereas the partial DOS of the lower layer is
localized mostly above the EF . Fig.1.11(a) depicts a plot of the DFT calculations overlaid to the ARPES data. The calculated bands have been shifted
down by 0.13 eV in order to match the experimental Fermi level. Looking
at the comparison between the theory and the experiment, we infer that the
DFT model satisfyingly describes the experimental system, √
provided
√ that
the higher charge transfer associated with the presence of the 3 × 3 layer
is accounted for with a Fermi level shift. This is a reasonable result if the
intercalated Cs layer √
is assumed
to act as a charge reservoir, thus donating
√
more electrons in the 3 × 3 with respect to the 2 × 2 reconstruction. The
comparison of the calculated results with the experimental ARPES spectrum
reveals an impressive agreement between the theoretical and experimental
bands. The effect of Cs on the band structure is crucial: apart from the
obvious doping effect, the Cs (6s) orbital couples to the C (2pz ) orbitals.
Along the K-M direction, we observe a clear anti-crossing and the opening
of a local hybridization gap of '200 meV. In the region of the gap opening,
the orbital character of the band changes from C to Cs (see Figs.1.10(a) and
1.11(a)). This change in band character is in good agreement to the TBcalculated change in band character shown in the previous section. Density
functional theory, contrary to the nearest-neighbor TB model (see Fig.3(f)
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of[116]), gives also a quantitatively adequate description of the Fermi surface. Fig.1.11(b) and (c) depict the Fermi surface as calculated by DFT
overlaid to the experimental Fermi surface that was measured by ARPES
(see Fig.1(e)). The Fermi surface is composed by three sheets. Two of them
have conduction character: the first consists in a small circle around the Γ
(M) point of the BZ, where one of the two branches of the saddle point of
graphene’s band structure crosses the Fermi level. The second is composed
by three elongated structures around the Γ-point representing the points of
the BZ where the flat band crosses the Fermi level. The third disjoint sheet
has mixed Cs and C character and is composed by electron pockets encircling
the M’ point of the 2 × 2 BZ. The DFT Fermi surface is in good agreement
with the experimentally observed Fermi surface.
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Figure 1.11: (a) DFT calculations (a shift of -130 meV was applied to
match the experimental Fermi level) of (2×2)Cs/graphene/(2×2) Cs along
the Γ-K-M directions (high symmetry points of the original 1×1 BZ) overlaid
on the experimental ARPES intensity. The color and the size of the dots
indicate the atomic character of the corresponding projected eigenfunction of
the Kohn-Sham eigenvalues (white for C and cyan for Cs-derived bands). (b)
DFT calculated Fermi surface corresponding to the calculation shown in (a)
overlaid to the experimental Fermi surface measured by ARPES. Red and
black segments denote the Cs and C character, respectively. (c) Calculated
Fermi surface extended to the whole 1 × 1 graphene BZ.

34

Chapter 2

Coexistence of massive and
massless charge carriers in an
epitaxially strained alkali metal
quantum well on bilayer
graphene
In the previous Chapter we demonstrated that the deposition of Cs over
graphene is a reliable method to reach high levels of doping and to access unexplored zones of the graphene’s band structure. We observed the formation
of a few layer compound constituted by two ordered Cs layers encapsulating
the graphene monolayer. Motivated by these interesting results, we believe
that it is worth to further investigate Cs/graphene based systems, aiming at
the observation of other intriguing physical phenomena.
The work presented in this Chapter can be framed in a very active research trend for current 2D materials science, i.e the epitaxial growth of
dissimilar 2D materials on top of each other. A prominent example is van
der Waals heteroepitaxy[52], that is the specialization of the previous concept to layered van der Waals materials such as graphene and transition
metal dichalcogenides. This technique allows both the realization of innovative devices with unprecedented mechanical and electronic properties[120]
and the observation of clean physical effects on 2D materials. For example,
superconductivity has been recently observed in a newly fabricated van der
Waals heterostructure, where NbS2 monolayers are separated by Ba3 NbS5
spacers, which also protect the NbS2 layers from external perturbations, thus
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reaching a clean superconducting regime[121].
Graphene has turned out to be an excellent substrate for van der Waals heteroepitaxy and the growth of transition metal dichalcogenides such as MoS2 ,
MoSe2 or TaS2 has been achieved on epitaxial monolayer graphene[53, 122,
54]. However, the epitaxial growth of thin films of conventional materials
such as simple metals on van der Waals substrates is complicated by the
notoriously low wetability of van der Waals materials[123, 124, 125]. Improving the wetability of graphene for adsorbed water has been achieved by
doping graphene[126] and changing the layer under graphene[123] . Yet, the
growth techniques and the characterization of hybrid structures consisting
of van der Waals materials and metals remain unexplored.
In this Chapter we present the fabrication of a thin multilayer compound
obtained by Cs deposition on top of graphene. In particular, we consider
bilayer graphene, which is characterized by a variety of electronic properties
depending on the stacking oreder and offers ample opportunities for intercalation. The fabricated system shows close resemblance to the so called
misfit layer compounds, i.e. layered compounds constituted by two types
of slabs, which alternate according to a AB or ABB sequence, having a
strong intra-slab bonding and a weaker interaction between them. One of
them is typically a layered transition metal dichalcogenide and the other
a monochalcogenide[127]. Similarly to the case of misfit layer compounds,
we realize a layered structure with alternating graphene and Cs layers. At
variance with the previously discussed examples, the interactions between
graphene and Cs are not negligible. The study of Cs deposition on top
of epitaxial bilayer graphene has revealed that, at low Cs coverages, the
energetically favorable position of Cs is below the bilayer[128]. However,
the structure and the electronic properties of the large Cs coverages on
bilayer graphene are completely unexplored. Its development can have a
large impact on electronic structure engineering of 2D matter and extend
growth techniques that use van der Waals materials as substrates. Here
an epitaxial growth method for the synthesis of crystalline and strained
alkali-metal films on top of bilayer graphene is introduced. We study the
interaction of epitaxial bilayer graphene with high Cs coverages by performing longer Cs evaporation onto the graphene bilayer than the previous
reports[96, 128, 97]. In these conditions, Cs intercalates under and in between the graphene bilayer and even grows on top of bilayer as a crystalline,
thin Cs film. Intercalation between the graphene layers has been reported
in the literature[91, 24, 129, 130].
The Chapter is organized as follows: first we present the experimental
characterization of the system, in Sec.2.1. Then, in Sec.2.2, we perform a
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Figure 2.1: Characterization of bilayer graphene/Ir(111). (a) LEED pattern (E = 98 eV and T = 20 K) and (b) upper panel: STM topograph taken at
300 K over monolayer (left) and bilayer (right) graphene on Ir(111). Lower
panel: height profile along blue line in STM topograph.
theoretical analysis in order to determine the structure of the the experimentally observed Cs-graphene multilayer. Finally, in Sec.2.2.4 we discuss
the electronic band structure by introducing a minimal TB model.

2.1
2.1.1

Experimental characterization
Characterization of epitaxial bilayer graphene

The experimental results presented in this Chapter have been obtained by
the research group led by prof. Alexander Grüneis. We start by presenting
the experimental characterization of the graphene before Cs deposition. We
refer to the “Methods” section of Ref.[131] for the synthesis process. The low
energy electron diffraction (LEED) pattern of epitaxial bilayer graphene on
Ir(111) is shown in Fig.2.1(a). Six diffraction spots can be identified with
a very weak moiré pattern. The six diffraction spots that correspond to bilayer graphene are sharp and hence indicate negligible azimuthal disorder.
The weak moiré pattern in LEED is an interesting feature, at variance with
monolayer graphene/Ir(111), where a pronounced moiré pattern in LEED
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is present[99]. In the upper panel of Fig.2.1 (b), a scanning tunneling microscopy (STM) topograph of a region with monolayer and bilayer domains
visible is reported. The lower panel of Fig.2.1(b), depicts a line profile of
the height (z) variation of a scan across the domain boundary. The scan of
the z profile in the bilayer domain reveals that the corrugation in the bilayer
domain is at least a factor 3 larger compared with the monolayer domain
which is the reason for the weak moiré pattern observed in LEED. Note
that for ARPES, the synthesized sample had a complete bilayer coverage
while for the STM measurements shown in Fig.2.1(b), the bilayer coverage
was chosen about 50%. See Ref.[131] for further details on the experimental
characterization.

2.1.2

Cesium-derived quantum well states

Fig.2.2 depicts the LEED pattern of bilayer graphene/Ir(111) after evaporation of Cs. It can be seen that new spots appear in addition to the diffraction
spots of bilayer graphene after the Cs deposition (cf. Fig.2.1(a)); we attribute
them to the formation of an ordered Cs layer. Cs grows in a 2 × 2 superstructure with respect to the graphene lattice. The corrugation of bilayer
graphene discussed in Fig.2.1(a),(b) is significantly reduced by Cs intercalation. This is evident from previous works which measured Fourier transform
scanning tunneling spectroscopy on Cs-intercalated bilayer graphene[128].
Fig.2.3(a) depicts an ARPES scan along the Γ-K-M direction of the original
Brillouin zone (BZ). The interesting features that can be observed from the
ARPES scan are (1) a large downshift of the Dirac points corresponding to
an electron doping, (2) a single π band at the K point which is broadened
in the Γ0 -K0∗ (K-M) direction, (3) a 2 × 2 zone-folding of the band structure
yielding a new Dirac cone at the K0∗ point, and (4) a series of Cs-derived
quantum well states located at the BZ center that cross the Fermi level (EF
). The observations (1)-(4) will now be discussed in more detail. First, the
Cs doping causes a partial charge transfer of the Cs(6s) electron to graphene
and thus a downshift in energy of the full graphene band structure. Second,
an important difference to the ARPES spectrum before Cs doping is that in
the present case a single π band is observed while before doping two π bands
(see Fig.2.1(b)) are present. The disappearance of one π band means that the
out-of-plane coupling between the two graphene layers ceases. This can be
explained by Cs intercalation in between the bilayer which is consistent with
the observed Cs 2 × 2 order which is also observed in graphite intercalation
compounds[24]. Third, the zone-folding of the band structure is caused by
the Coulomb potential of the Cs 2 × 2 superstructure. The zone-folding
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Figure 2.2: LEED pattern (E = 98 eV and T = 20 K) of bilayer
graphene/Ir(111) after evaporation of Cs.
of the electronic structure of graphene is similar to what discussed in the
previous Chapter for intercalated monolayer graphene and in Ref.[116] for
Cs-functionalized monolayer graphene/Ir(111) and what has been reported
for oxygen intercalated graphene[95]. Zone-folding causes the appearance
of a new BZ with new high-symmetry points that are labeled by Γ0 , K0 ,
K0∗ and M0 that are indicated in Fig.2.3(a) (see Fig.1.7(d) for a sketch of the
zone-folded BZ). The broadening of the π conduction band of graphene along
the Γ0 -K0∗ (K-M) direction is a result of covalent bonding of C to Cs and
also present in the calculations shown in the rest of the Chapter. Fourth, a
series of four quantum well states with parabolic dispersion can be observed
around the Γ point. Regarding the linearity of graphene related bands in
Fig.2.3(a), the dispersion of one π branch is nonlinear in the regions of k
= 1.7 - 2.0 Å−1 and k = 0.5 - 0.86 Å−1 . However, a linear dispersion is
observed in the other branch, that is for the regions of k = 1.5 - 1.7 Å−1 and
k = 0.86 - 1.0 Å−1 . Irrespective of the existence of one nonlinear branch,
Dirac Fermion behavior is retained for important physical properties such
as the optical properties. These are determined by the electronic states far
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Figure 2.3: Panel (a): ARPES scan (~ν = 31 eV and T = 17 K) of bilayer
graphene/Ir(111) with Cs evaporated onto it. The quantum well states are
labeled by 1-4. Panel (b): zoom-in into the region around Γ that shows four
parabolic Cs quantum well states (1-4). (c) Schematic depiction of 2 × 2
(light blue) and 1 × 1 (red) BZs The black line indicates the path considered
for the ARPES scan in panel (a).
away from the K point, i.e., by states far from the nonlinear bands. In the
visible spectral range, graphene absorbs about 2.3% of light, independent of
the photon energy up to '3 eV[132] . From Fig.2.3(a), it is clear that the
Dirac crossing point appears at roughly 1.5 eV binding energy. This means
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that an optical transition induced by light of 3 eV energy involves states in
the nonlinear segment of the band structure and yet results in an optical
absorption governed by Dirac fermions. Fig.2.3(b) shows the cut through Γ
at improved contrast and with the quantum well states labeled by 1-4. We
perform a parabolic fit of the quantum well state dispersion measured by
ARPES in order to extract the electron effective mass. From the fits it is
found that, starting from high binding energy, the masses of the sub bands
1-4 are equal to m1 = 1.0m0 , m2 = 1.0m0 , m3 = 0.8m0 , and m4 = 0.6m0
. Here m0 is the free electron mass. Since the bottom of the parabolic band
of the quantum well state 1 has a very low ARPES intensity, a parabolic
fit of this band is too unreliable to draw conclusions regarding Fermi gas
behavior from it. Instead, the self-energy of this band can be evaluated to
confirm a Fermi gas behavior. We present this analysis in Ref.[131]. The
origin of the deviations from the free electron mass of quantum well states 3
and 4 could be related to zone-folding of the bulk Cs band structure or the
fact the Cs orbitals that make up quantum well states 3 and 4 are adjacent
to graphene. Quantum well state 3 comes from Cs orbitals that belong to
the first layer of Cs atoms grown on top of the bilayer and quantum well
state 4 is from Cs orbitals of intercalated Cs atoms. The proximity of C
and Cs orbitals can cause hybridization between them[133] which is clearly
visible from Fig.2.3(a). The hybridization of the C-derived π bands and
the Cs quantum well states is clearly visible along the Γ0 -K0∗ direction of
the π band. Importantly, structures with more Cs bands than observed in
Fig.2.3(b) could not be synthesized.
ARPES measurements were carried out at the ANTARES beamline[134]
of the SOLEIL synchrotron in St. Aubin (France) and at the BaDElPh
beamline[115] of the Elettra synchrotron in Trieste (Italy).

2.2
2.2.1

Structural characterization
General considerations

We now want to determine the experimentally observed structure by recurring to DFT calculations in the light of the informations obtained from
the LEED and ARPES measurements. The experimental results strongly
suggest that Cs deposition induces a 2 × 2 order on the graphene band
structure, similarly to what we discussed in the previous Chapter for the
monolayer graphene. We have deposited about five atomic layers of Cs onto
bilayer graphene. The appearance of four Cs bands in the ARPES after Cs
deposition leads us to the conclusion that all (or almost all) the deposited Cs
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Figure 2.4: Schematic depiction of one of the plausible structures, lmn =
113.
assumes an ordered atomic disposition. However, there are many possible
configurations for the deposited Cs. In the following, we try to determine the
most likely structure based on the experimental informations at our disposal
and DFT calculations. In Fig.2.4, we present one of the considered structures: one Cs layer (purple) is intercalated in between the bilayer graphene
and the substrate, one in between the two graphene sheets and the other
three form a thin Cs film on top of the intercalated graphene bilayer.
Before performing the DFT calculations for the determination of the ground
state, we make some additional considerations. The observed 2 × 2 reconstruction fixes the Cs-Cs in-plane distance to 4.94 Å(two times the assumed
graphene unit cell parameter of 2.47 Å). We now consider the out-of-plane
stacking of consecutive Cs layers. The 2 × 2 Cs imposes an hexagaonal
in-plane symmetry for the Cs layer, which is compatible with three possible
out-of-plane stacking configurations: f cc (111) stacking, hexagonal closepacked (hcp) stacking or body centered cubic (bcc) (111) stacking. We can
confidently exclude the possibility of a bcc (111) stacking: indeed, the inplane Cs-Cs distance
√ of 4.94 Å is not compatible with the bcc (111) in-plane
distance of a0 = 2abcc ' 8.71 Å obtained for bulk bcc Cs in DFT (see
Computational details), unless an unrealistic in-plane compression of ' 45%
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of its value is assumed. Instead, both f cc and hcp stacking are compatible
with the experimental distance of 4.94 Å by assuming a ' 11% in-plane
compressive strained Cs, which is a high but not unrealistic value. Since f cc
and hcp stackings show very similar electronic structure, we will consider the
f cc stacking in the following.
Thus, we conclude that the Cs film adopts a highly in-plane compressed ('
11%) f cc (or hcp) structure, corresponding to an effective in-plane stress of
11 kbar, while the Cs-Cs out-of-plane distance is compatible with the equilibrium bulk fcc phase in the out-of-plane direction. This observation is reminiscent of the phase transition of many alkali metals to an f cc structure under
pressure[135, 136, 137, 138, 139] which has been observed for lithium[140],
potassium[141] and rubidium[142]. Bulk Cs has been reported to maintain
the bcc structure (this phase is termed Cs-I) down to 4 K[143, 144] , and a bcc
to f cc (Cs-II) structural transition has been observed at a pressure of 23.7
kbar[138] . The additional Cs phases termed Cs-III, Cs-IV, and Cs-V appear
upon further compression[145, 146, 147] . However ab-initio methods predict
that the Cs-I and Cs-II structures are degenerate within few meV and there
is no consensus which is the structure of the ground state[148, 149, 150]. It
has been pointed out that electronic and dynamical effects are also important for the bcc to f cc structural transition[150, 151] . In the present case
the f cc (hcp) stacking is favored by the presence of the graphene.

2.2.2

Ground state identification

With these premises, we now employ DFT to identify the structure of the
Cs/bilayer graphene system. The experimentally observed structure needs
to fulfill two criteria. First, its energy must be reasonably close to the calculated global energy minimum so that its stabilization in the experiment is
plausible (the energy scale is given by ' kB T, where kB is the Boltzmann
constant and T = 300 K). Second, the obtained band structure must be
in reasonable agreement with the experimental ARPES spectra. Some constraints can be esatblished regarding the candidate structures, considering
the amount of deposited Cs and the Cs structure observed. Since we deposit
about 5 Cs layers on top of the graphene, we will consider structures with
four, five and six Cs layers to take into account eventual Cs loss during the
intercalation or inaccuracies of the quartz microbalance. We observed a 2
× 2 Cs order with respect to graphene which enforces an in-plane Cs-Cs
distance of 4.94 Å . Since we observed four Cs-derived bands, it is clear that
we have at least four Cs layers. More layers are possible if their Cs atoms
are fully ionized and hence their bands are above EF . Indeed, we observed
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this occurrence in the previous Chapter and in Ref.[116], where Cs layer
intercalated in between graphene and the Ir(111) substrate is fully ionized
and the electronic band formed by these Cs orbitals is located above EF and
hence cannot be measured using ARPES. However, intercalation of a second Cs layer under graphene has not been reported and for Cs-intercalated
monolayer graphene, excess Cs forms a layer on top of graphene rather than
a second intercalant layer. For the discussion of possible structures, it is
convenient to adopt the following notation for the structure that consists of
bilayer graphene and Cs layers which can be intercalated or adsorbed. In
our notation, an lmn system represents l Cs layers intercalated in between
Ir(111) and the bottom graphene layer, m Cs layers intercalated in between
the two graphene layers, and n Cs layers grown on top of bilayer graphene.
All Cs layers have a 2 × 2 Cs order with respect to graphene. We have
analyzed, using DFT, all possible lmn structures that fulfill the above mentioned constraints. In particular, we cast the above mentioned constraints
as l + m + n = 4, ..., 6, l = 0, 1, m = 0, ..., 3, and n = 0, ..., 6. Applying
these constraints results in the following 24 possible lmn structures: lmn =
004, 005, 006, 013, 014, 015, 022, 023, 024, 031, 032, 033, 103, 104, 105,
112, 113, 114, 121, 122, 123, 130, 131, and 132. We observe that after the
Cs intercalation, graphene preferential stacking changes from AB (Bernal)
to AA stacking for all the investigated structures. This is consistent with
previous findings on Li-intercalated graphene[152].The formation energy difference between any given lmn phase and the reference 113 configuration is
defined as
Cs
Cs
∆EX (µCs ) = EX − E113 − (NX
− N113
)µCs ,

(2.1)

where µCs is the chemical potential of the Cs atom. The number of Cs
Cs and in the ground state by N Cs . We
atoms in the X-phase is given by NX
GS
have systematically investigated the stability and the electronic properties
of these lmn structures, finding that most of them can be excluded from
being candidates that can describe the experimental results on the basis of
having a too high total energy or a misfit of the electronic structure with
the experiment. Varying µCs between ECs−Bulk and ECs−atom (energy of
an isolated Cs atom) in order to mimic Cs-rich and Cs-poor experimental
conditions, we find that the 113 phase is favored for (µCs - ECs−Bulk ) < 6
meV, in the vicinity of the Cs-rich experimental conditions, while 114 phase
becomes favored for (µCs - ECs−Bulk ) > 6 meV (see Fig.2.5). Figs.2.6(a),(b)
depict sketches of the 113 structure. In Figs.2.6(c),(d), we show a comparison
of the experimental ARPES spectra to calculations of the 113 electronic
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Figure 2.5: Phase diagram for the Cs-graphene system as a function of the
chemical potential.
structure which reveals reasonable agreement to the ARPES measurements.
Interestingly, the 114 band structure is in better agreement with the ARPES
experiment (Figs.2.6(e)-(h) depict the structure and electronic structure of
the 114 phase, respectively). Fig.2.7 contains comparisons between the DFT
calculations and ARPES of several lmn structures. The improved agreement
to the experiment is particularly true for the Cs-derived quantum well states.
Since the 114 phase has five incompletely ionized Cs layers, we obtain five
calculated Cs bands. This seems to be inconsistent to the experiment at
first sight since the ARPES band structure shows only four Cs quantum well
states. Nevertheless, a close look to the comparison of ARPES with the
calculated band structures in Fig.2.6(g),(h) reveals that only four Cs bands
cross EF and that two Cs band merge with each other below EF . Since the
photoemission intensity of the lowest energy Cs state is practically equal to
zero around the Γ point, we cannot exclude the presence of a fifth Cs band
in its proximity. Given the better agreement of the 114 band structure with
the ARPES and the unknown experimental µCs value, we conclude that the
experimental structure is likely the 114 phase.
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Thus, the layer-by-layer intercalation of bilayer graphene with Cs can be
summarized as follows. With increasing Cs amount, the Cs will first intercalate between the bilayer graphene and the metal followed by intercalation in
between the bilayer. Finally, adsorption on top of bilayer graphene will occur. From an energetic perspective, such a hierarchy of intercalation events
is reasonable because intercalated Cs has a higher binding energy than adsorbed Cs. Energetically preferred intercalation of Cs was reported also for
graphene monolayer/Ir[96] and the long-standing literature of intercalated
few-layer graphene[91, 129] and graphite intercalation compounds[24] have
made a case that the intercalation of Cs in between the bilayer is not surprising. What is rather surprising in the present work is the fact that high-quality
Cs quantum wells can be grown on top of such intercalated samples.

2.2.3

Physics of the Cs growth on graphene

We now discuss the reason why Cs metal grows in 2D films on bilayer
graphene and does not form clusters like most other metals do. Because
of their low cohesive energy, alkali metals generally possess a relatively high
ratio between adhesive energy on graphene and cohesive energy (Ea /Ec
)[153, 154]. This ratio is generally very low for non-alkali metals (the only
notable exceptions are Nd and Sm). The low value of Ea / Ec is ultimately
the reason why most of the transition metals, noble metals, and rare earth
metals favor a 3D growth mode when deposited on graphene as highlighted in
refs.[153, 154] . For Cs however, this ratio is relatively higher than for other
metals and also higher than for other alkali metals. In particular, the Ea of
Cs on graphene is comparably high with respect to other alkali metals[155]
and its surface energy is among the lowest in the periodic table[156] (nonalkali metals can have up to 10-50 times higher surface energy). For example,
the bcc (110) Cs surface energy has been experimentally measured[157] to be
'0.095 Jm−2 . Following the technique illustrated in ref.[158], we calculated
the surface energy of the (111) surface of fcc Cs Γf cc (111) = 0.06 J m−2 .
This is the same value reported for the hexagonal (0001) surface in Ref.[158],
which is not surprising given the similarity between the two stackings.
In conclusion of the structural analysis, we want to investigate thicknessdependent stability of the Cs film grown on intercalated bilayer graphene. We
schematize the energetics of the film formation as follows: two energies contribute to the total energy of the Cs film. One is the adsorption energy which
is negative and the other one is the compression energy which is positive.
We first consider the binding energy for one Cs atom on the Cs-intercalated
graphene in the 2 × 2 unit cell, defined as ∆E1 = ECs−adsorbed − ECs−bulk .
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Here, ECs−adsorbed is the total energy of the Cs atom on the graphene and
ECs−bulk is the total energy per atom of Cs in its equilibrium bulk form. The
result ∆E1 = −0.092 eV means that the adsorption of Cs onto the bilayer is
energetically favored. The same quantity can also be calculated increasing
the number of adsorbed Cs layers. In particular, for the trilayer, the formation energy is equal to ∆E3 = (Etrilayer − 3ECs−bulk )/3 = −0.04 eV. This
demonstrates that the trilayer is still favored with respect to the formation
of the unstrained bulk Cs. The same calculation for the case of four Cs layers
(following the same fcc stacking) on top of the intercalated graphene bilayer
results in a small positive value of ∆E4 = 0.005 eV. This would suggest that
n = 3 is the limit for the Cs film thickness. Nevertheless, the analysis from
the DFT section suggests that the 114 phase with n = 4 is a possibility.
The value of ∆E4 is small compared with the energy corresponding to room
temperature and the experimental µCs value may be higher than E Cs-bulk
. Moreover, the calculation does not include external effects such as the
film morphology which might alter the value of the computed energies. It is
therefore likely that systems up to n = 4 Cs layers can be stabilized.
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Figure 2.6: Comparison of band structure calculations to ARPES experiment. Panels (a),(b): lmn = 113 structural model viewed from top and from
the side. The unit cell is indicated by an orange rhombus in (a). Panel (c):
ARPES data overlaid by the DFT calculations of the 113 structure shown
in (a),(b). Panel (d): region of the quantum well states overlaid with the
calculation with a modified color scale to (c). Panels (e),(f ): lmn = 114
structural model viewed from top and from the side. Panels: (g),(h): same
as (c),(d) but for lmn = 114.
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Figure 2.7: Comparison between ARPES spectra of Cs quantum wells grown
on intercalated graphene and theoretical calculations of various other lmn
structures.
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2.2.4

A tight binding model for the Cs/bilayer graphene system

The relevant physical parameters determining the energy separation between
Cs quantum wells can be captured by an effective orthogonal TB model,
analogous to the one presented for Cs/monolayer graphene system. This
TB model is built to describe the 113 ground state structure but can be
easily modified to describe each one of the other relevant structures. The
cesium trilayer and the intercalated graphene bilayer are taken into account,
discarding the Ir substrate and the cesium layer adjacent to the Ir substrate,
whose energy levels are far from the Fermi level as highlighted by firstprinciples calculations. Thus, the unit cell consists of 16 C atoms (forming
a 2 × 2 bilayer graphene supercell) and 4 Cs atoms. The basis set is made
up of 16 pz -orbitals (one at each C site) and one s-orbital at each Cs site,
yielding a 20×20 Hamilton matrix of the form:



HT B = 


HCs−Cs HCs−C 
†
HCs−C
HC−C



(2.2)

where HCs−Cs is a 4×4 matrix, HC−C is a 16×16 matrix, and HCs−C
†
is a 16×4 matrix, with HCs−C
being its 4×16 Hermitian conjugate. Both
in-plane and out-of-plane Cs-Cs interactions in the trilayer are included in
HCs−Cs , while only the in-plane interactions in the intercalated Cs layer are
included, thus omitting interactions between the trilayer and the intercalated
Cs layer. In order to include all the relevant interactions, we need to consider terms up to the next-nearest-neighbors in HCs−Cs (due to the strain
induced by the lattice mismatch, in-plane and out-of-plane Cs distances have
different values). On the other hand, the HCs−C and HC−C interactions are
sufficiently well described by the nearest-neighbor terms.
In Tab.2.1, we report the relevant parameters, which produce a good qualii −Csi
tative description of the experimental band structure; tCs
is the in-plane
in
Cs−Cs
th
Cs-Cs hopping in the i layer and tout
the out-of-plane Cs-Cs hopping.
The TB band structure obtained with parameters in Tab.2.1 is reported in
Fig.2.8. We label the four quantum well bands using the same convention of
Fig.2.3(a). According to the TB model, band 4 is derived by the Cs layer intercalated in between the graphene bilayer (Cs4 ), in agreement with the DFT
calculation (the atomic character of the Kohn-Sham eigenvalues of band 4 is
mainly Cs4 -derived, not shown). As a consequence, its energy is the highest,
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hoppings (eV)
on-site energies (eV)
tC−C = −2

E4Cs = 2

tCs−C = −0.2

E3Cs = 1.2

tCs−Cs
= −0.25
out

E2Cs = 0.2

4 −Cs4
tCs
= −0.35
in

E1Cs = 0.2

3 −Cs3
tCs
= −0.3
in

C = −1.6
Eup

2 −Cs2
tCs
= −0.25
in

C
Edown
= −1.6

1 −Cs1
tCs
= −0.25
in

Table 2.1: On-site energies (left) and hoppings (right) used in the TB
model.

Figure 2.8: TB band structure obtained with parameters in Tab.2.1. Red
dashed line highlights the graphene-derived bands.

due to the higher charge transfer because of its position in between the two
graphene layers. The other three quantum well states are derived by the Cesium trilayer on top of the graphene. The experimentally measured effective
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Figure 2.9: TB band structure obtained with tCs−Cs
= tCs−C = 0 eV
out
Cs1 −Cs1
Cs2 −Cs2
Cs3 −Cs3
and tin
= tin
= tin
= -0.25 eV (Panel (a)), with the outCs−Cs
of-plane interaction tout
= −0.1 eV (Panel (b)), multiplying all the inplane hoppings tCs−Cs
by
1.2
(Panel (c)) and finally turning on the Cs-C
in
Cs−C
interaction t
= −0.1 eV (Panel (d)).
masses (m1 = 1.0 m0 , m2 = 1.0 m0 , m3 = 0.8 m0 and m4 = 0.6 m0 ) are
ultimately determined by the reduced screening of the Cs atomic potential
in layers 3 and 4, caused by the charge transfer to the graphene, which determines an higher value of tCs−Cs
and tCs−Cs
with respect to tCs−Cs
in3
in4
in1,2 . On
the other hand, the energy separation between the trilayer derived energy
bands is mainly determined by the combination of three factors:
(i) the difference in the on-site parameter for Cs in each of the three layers,
ECs
i , i = 1, 3.
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(ii) the strength of the out-of-plane interaction between successive Cs layers, tCs−Cs
, and
out
(iii) the different bandwidth of the wells, related to the in-plane Cs-Cs
hopping integral, tCs−Cs
, i = 1, 3.
ini
For example, to highlight the role played by the out-of-plane Cs-Cs we
can consider the expression of the eigenvalues at the Γ-point considering a
constant on-site parameters (EiCs = E0 , i = 1, 3) and same in-plane hopping
(tCs−Cs
= tCs−Cs
= tCs−Cs
) for the different Cs layers
in1
in2
in3
EΓ1 = E0 , EΓ+,− = E0 ±

√

2 · tCs−Cs
out

Within this approximation, the energy splitting is linear in tCs−Cs
paramout
eter. The overall effect in the band structure is clearly shown comparing
Fig.2.9(a) (tCs−Cs
= 0) and Fig.2.9(b) (tCs−Cs
= −0.1 eV). The bandout
out
width of the four wells is determined by the in-plane Cs-Cs hopping integral, tCs−Cs
, as evident comparing Fig.2.9(b) with Fig.2.9(c) in which we
in
increased them by 20%. Finally, the role played by the C-Cs hopping term,
tCs−C , is to hybridize the bands in correspondence of the crossing between
C(pz )-like and Cs(s)-like bands (Fig.2.9(d)).

2.2.5

Methods

We perform DFT calculations with the projector augmented-wave pseudopotential method[159] , adopting PBE (GGA) exchange and correlation
functional[160]. In the present system, the Cs-graphene interaction is strong
enough to neglect the van der Waals contributions. Nevertheless we verified
that the inclusion of the van der Waals contributions (using the Grimme’s
semiempirical correction (DFT-D2) to the functional[110]) does not make a
relevant difference in the description of Cs-C interaction (the predicted Cs-C
bonding distances differ by less than 5% with GGA calculation). An energy
cutoff of 400 eV for the plane wave basis and 14 × 14 × 1 Monkhorst-Pack
grid[161] for BZ sampling were used in order to ensure a total energy convergence of 1 meV. In our calculations of the Cs layer, we obtain a bulk bcc
equilibrium lattice constant of abcc = 6.16 Å , ∼2% larger than the experimental one[143] . Our results are in line with those in ref.[150], predicting
that Cs-II (fcc) is the ground state (only 1 meV difference with respect to
Cs-I). As pointed out in ref.[151], also the hcp structure, which is very similar
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to the fcc structure, should emerge as a competing phase at low temperature.
Indeed, we find that hcp and f cc phases are energetically degenerate up to
less than 1 meV.

Part I: Conclusions and outlook
I come to the conclusions of the first part of this thesis, which was devoted
to the study of two graphene-based systems. The presented systems are the
realization of various physical concepts and call for a wide range of future
experimental and theoretical investigations. In Chapter 1, we discussed the
realization of a flat band in a Cs/graphene/Cs trilayer and its observation
by means of ARPES measurements. A combination of TB and DFT calculations have revealed the mechanism at play in the flat band formation.
Two effects were found to be crucial: 1) zone-folding of the graphene bands
in a 2 × 2 supercell and 2) hybridization of the zone-folded graphene bands
with the Cs metal 6s bands at the EF . Condition 2) also implies a partially occupied Cs band, i.e. an incomplete charge transfer of the upper Cs
layer. The relevance to superconductivity is clear from the large electronphonon coupling that has been measured as “kink” feature in ARPES (and as
a phonon frequency renormalization in Raman spectroscopy, see Ref.[116]).
The presented system is relevant to both chiral and conventional superconductivity because it hosts both, a flat band and a partially filled Cs band
and has strong electron-phonon interaction. Concerning chiral superconductivity, it could be interesting to determine if the chiral superconducting
phase is still favored if the three inequivalent M -points of the original BZ
are made equivalent due to zone-folding like in the present system. It is
at this point not clear, if the system thus enters into a superconducting or
a ferromagnetic phase in its ground state. The determination of the more
energetically favorable is beyond the scope of this work but it is undoubtedly
an interesting topic for future theoretical and experimental works. An interesting future experiment on this system would be to measure the magnetic
properties of graphene doped to the flat band phase using e.g. magnetic
scanning tunneling spectroscopy or tip-on-SQUID measurements. Our TB
calculations also reveal that the “flatness”, i.e. the extension of the flat band
in the 2D BZ can directly be controlled by the wavefunction overlap of the
alkali metal s orbital and the C (2pz ) orbital. The wavefunction overlap is
given by the parameter tCs−C in the TB calculations. This parameter is
expected to change its value according to the type of alkali or earth alkali
metal deposited and thus offers a wide tunability. Cs is expected to have a
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comparably large hybridization amongst the alkali metals because its outer
electron occupies the 6s orbital with large spatial extent. It therefore has
a large overlap with the adjacent C (2pz ) wavefunctions. The flat band is
thus predicted to be less extended in the 2D BZ for other MC8 structures
(M being lithium, sodium, potassium or rubidium). From the variation of
the parameter tCs−C (Figure 2) it can be seen that the flatness increases for
increasing |tCs−C |. In principle, the presented strategy to induce flat bands
could be applied to any 2D material where the alkali metal order implies
zone-folding of the electronic structure of the host. It would be interesting
to induce flat bands in the transition metal dichalcogenides (TMDs) family.
TMDs are known to also host ordered alkali metal intercalant and adsorbate
phases. For example, Cs evaporated onto TiS2 forms a Cs 2 × 2 superstructure at certain Cs densities[162]. Another TMD where the presented
approach might work is the semiconductor MoS2 . The conduction band
of MoS2 has several flat segments at Q and K points and in the segment
between Γ and M in the 2D BZ. These points give rise to maxima in the
tunneling current in scanning tunneling experiments[163]. Moreover, alkali
metal evaporation onto the surface of MoS2 results in a charge transfer to
MoS2 and the shift of the EF into the conduction band[164]. A sufficiently
large charge transfer and an ordered alkali metal adsorbate layer could cause
hybridization of the MoS2 conduction band with the alkali metal band and
hence bring the flat segments of the conduction band down to the EF .
In Chapter 2, Cs-intercalated epitaxial bilayer graphene has been prepared
and used it as a substrate for the growth of epitaxially strained Cs quantum
wells. This material system is a realization of a vertical heterostructure
between a layered material and a metal quantum well. The well-ordered
growth of Cs is understood from the improved flatness of bilayer graphene
after Cs intercalation and the energy balance of the Cs surface free energy
and the adhesion energy to intercalated bilayer graphene. A Cs layer forms
on the intercalated bilayer graphene if the surface free energy of Cs metal
is smaller than the adhesion energy to the intercalated bilayer substrate. In
this case, the Cs metal can wet the intercalated bilayer graphene and an
ordered thin film can grow. The surface energy of the fcc Cs(111) surface is
found to have a very low value compared with other metals. Furthermore,
alkali metals are very soft materials, and in particular Cs has a very low
bulk modulus[148, 150, 165] (B0 ' 2 GPa). This allows Cs to match the
graphene lattice parameter with an 11% in-plane compressive strain. While
it is explained by these arguments why alkali metals can wet the substrate,
one would expect that a Cs layer forms equally well on monolayer graphene.
Nevertheless, an ordered Cs thin film on monolayer graphene could not be
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grown under the same conditions. We thus speculate this could be related
to the adhesion energy which might be lower
√ for√the monolayer. This could
be due to the fact that Cs intercalates in a 3 × 3 pattern under graphene
which does not form a commensurate superstructure with the observed Cs 2
× 2 film that grows on top of graphene. Performing ARPES, we investigated
the electronic structure and found quantum well states with a parabolic
electron energy dispersion coming from the Cs (6s) electrons as well as a
Dirac like dispersion of the π electrons of graphene. The electronic structure
of this heterostructure thus hosts both, Schrödinger and Dirac like charge
carriers.
By analyzing the ARPES data the linewidth of the Cs bands is found to
be extremely narrow and IΣ(E) is constant as a function of binding energy E
until the value of E which corresponds to the crossing point of the quantum
well state and the Dirac cone. At the crossing point, the lifetime of the
carriers decreases (revealed by an increase of IΣ) because of hybridization
between the Cs and C bands. The sharpness of the quantum well state bands
is a result of the low electron density and the constant value of IΣ(E) points
towards a small contribution of the electron-electron scattering suggesting
that this system is a realization of a 2D Fermi gas.
Regarding further photoemission experiments, this system should be suitable for laser ARPES measurements employing the commonly used hν =
6.05 eV. The Cs quantum well state 4 (see Fig.2.3(c)) has a Fermi wave
vector '0.2 Å−1 , similarly to the Cu(111) surface state that was probed
using this laser source. Thus, part of the observed ARPES spectra could
also be measured by laser ARPES. Such a laser ARPES experiment would
benefit from better spatial, energy and momentum resolution as compared
with the synchrotron light source used here. This experiment could therefore be useful for the investigation of fine details in the quantum well states
such as electron-phonon coupling and spin-orbit interactions. The Cs/bilayer
graphene heterostructure synthesized here could serve as a substrate to grow
quantum wells made of conventional metals and semiconductors on top. The
role of Cs would be crucial in such an experiment since it could provide the
large adhesion energy needed so that the conventional metal or semiconductor wets the surface. The large adhesion energy could come from deposited
metals that form alloys with Cs. For example, Cs forms a well-studied alloy
with Au[166] and an interesting future experiment could therefore be to grow
Au on top of the Cs/bilayer graphene heterostructure. Another interesting
future experiment is the study of the plasmon dispersion relation of the thin
Cs film/bilayer graphene heterostructure. The plasmon dispersion can be
studied using high-resolution electron energy loss spectroscopy and could
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reveal the presence of two distinct plasmon dispersion relations that correspond to 2D massive and massless particles. A knowledge of the plasmon
dispersion relations would also allow to assess the usefulness of this material
for nanoplasmonics. Finally, it would be interesting to vary the alkali-metal
type and hence the electron density in the hybrid structure.
The results presented in the first part have been published in Refs.[116]
and [131].
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Part II

Transition metal
dichalcogenides
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In the second part of the thesis we present our research on transition metal
dichalcogenides (TMDs). TMDs are a class of layered compounds presenting the general formula MX2 where M, the transition metal atom, is sandwiched in between two chalcogen layers (X = S,Se,Te)[40] and held together
by van der Waals interactions. As already discussed in the Introduction,
the versatility of TMDs make them of special interest for applications in
nanoelectronics (i.e., they show insulating, semiconducting, superconducting behavior, magnetism and CDWs), as well as a considerable interest for
fundamental phenomena, especially regarding topological phases and the relation between CDWs and superconductivity, which can be both observed
as a function of the external pressure in some TMDs. The electronic and
dynamical properties of TMDs crucially depend on the number of layers of
the sample under analysis: metal-insulator transitions[167] or the insurgence
of a superconducting transition[168] can be observed as the number of layers
is decreased, and even more complicated scenarios exist where there is no
consensus on the ground state in the monolayer limit[169, 170]. A fundamental step in order to understand the complicated scenarios observed in
the monolayer limit is to have a clear understanding of their bulk properties.
Here, we specifically focus on the bulk limit of two compounds belonging
to the TMDs family, namely NiTe2 and VSe2 . Our purpose is to give a
first principles perspective on the intricate experimental scenario. In particular we consider the superconducting transition under pressure in bulk
NiTe2 and the exotic 3D CDW transition in VSe2 . In the course of part II,
we will explore the rich physical properties characterizing these compounds
with a variety of different techniques. In particular, in the third Chapter we
present our investigation on the electronic properties of NiTe2 , considering
the possibility to induce superconductivity under pressure in its type-II Dirac
semimetal phase. In the second part we focus on the exotic CDW in VSe2 ,
presenting a detailed investigation on the origin of the CDW instability by
means of accurate first principles calculations.
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Chapter 3

Study of NiTe2 electronic and
superconducting under
pressure
3.1

Introduction

In the recent past, several experimental and theoretical investigations have
been conducted in regard to the topological properties of TMDs, leading to
the identification of type-II Weyl semimetals in WTe2 [171] and MoTe2 [172]
and type-II Dirac semimetals in PdTe2 [173],PtTe2 [174] and PtSe2 [175]. The
linear dispersing tilted Dirac (or Weyl) cones characterizing type-II Dirac
(Weyl) semimetals, arising due to the violation of Lorentz symmetry, typically result in an ultrahigh carrier mobility and large magnetoresistance,
making these materials highly appealing for new applications both in electronics and spintronics[176, 177].
Recently, a new topologically non trivial TMD has been identified in NiTe2 .
Various evidences of type-II Dirac semimetal behavior in NiTe2 have been
collected, first through quantum oscillation measurements[178] and then by
spin- and angle-resolved photoemission spectroscopy[179]. A unique feature
of NiTe2 is that its Dirac points are located in proximity of the Fermi level
(' 0.02 eV above), much more closely than the other compounds belonging
to the same topological family (PdTe2 at 0.5 eV, PtTe2 at 0.8 eV and PtSe2
at 1.2 eV above the Fermi level). Furthermore, according to ab-initio calculations, monolayer NiTe2 is superconducting with a critical temperature of
5.7 K[168], making this compound a potential candidate for topological superconductivity. Contrarily, there have been no reports of superconductivity
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for pristine bulk NiTe2 at ambient pressure up to now. Nevertheless, superconductivity with a critical temperature of ' 4 K in bulk NiTe2 has been
induced by the intercalation of Ti atoms[180]. The picture becomes even
more intricate when the application of external pressure is considered: on
one hand, superconductivity has been reported to emerge in polycrystalline
NiTe2 with a critical pressure of 12 GPa and critical temperature of 3.5 K,
reaching 7.5 K at 52.8 GPa[181]. On the other hand, no evidences for superconductivity has been documented in single crystal NiTe2 down to 1.8 K,
and up to an applied pressure of 71.2 GPa[182]. In the same work, a Lifshitz
transition has been reported to occur at a pressure of ' 16 GPa through
the observation of pressure coefficient and Raman mode Eg anomalies, and
further confirmed by the sign change of the Hall coefficient[182].
Another controversial point is the pressure phase diagram of NiTe2 . There
is no consensus regarding the structural evolution of NiTe2 under pressure.
NiTe2 in its bulk form crystallizes in the layered CdI2 -type structure (space
group P3̄m1, No. 164) at ambient pressure. In Ref.[183], NiTe2 in the pyritetype phase (space group Pa3̄, No. 205) has been synthesized at 6.5 GPa from
reaction of Ni and Te in the Ni/2Te atom ratio at 1000-1200◦ C followed by
a slow cool down to 400◦ C and a subsequent quench. In Ref.[182], NiTe2
maintained the layered CdI2 -type structure up to 71.2 GPa where pressure
was gradually increased at room temperature. To the best of our knowledge,
an ab-initio perspective on the behavior of NiTe2 under pressure lacks in
literature. In this Chapter we present an investigation of the electronic and
structural properties of NiTe2 , with the aim of clarifying the following points:
i) Define the DFT enthalpy-pressure (H(P)) phase diagram of NiTe2 .
ii) Confirm the presence of a Lifshitz transition in NiTe2 under applied
pressure.
iii) The origin of the observed superconductivity in polycrystalline NiTe2 .

3.2

Methods

First-principles calculations have been performed within the DFT. We used
ultrasoft pseudopotentials to describe the electron-ion interaction and planewave expansion of the Kohn-Sham wavefunctions as implemented in the
Quantum Espresso package [184, 185]. The generalized gradient approxi61

mation (GGA) in the Perdew, Burke and Ernzerhof (PBE) formulation has
been adopted for the exchange-correlation potential[186]. The kinetic energy
cutoff for plane-wave expansion has been set to 60 Ry (400 Ry for the charge
density). Different Monkhorst-Pack[187] wave vector grids were adopted,
depending on the crystalline phase, ensuring a total energy convergence of 1
meV/atom for the considered phases. The Monkhorst-Pack mesh was set to
12×12×9 for the CdI2 -type phase and 8×8×8 for the pyrite-type phase.
Phonon frequencies and electron-phonon coupling matrix elements were
determined within the Density Functional Perturbation Theory (DFPT)[188].
A 4×4×3 phonon wave vector grid was used for CdI2 -type phase. The Eliashberg function, α2 F (ω), and the electron-phonon coupling (EPC) parameter,
λ, were evaluated as:
α2 F (ω) =

XX
X qν,mn
1
δ(ω − ωqν )
|gk+q,k |2 ×
N (EF ) qν mn

(3.1)

k

n
δ(m
k+q − EF )δ(k − EF )

and

Z
λ = 2

α2 F (ω)
dω
ω

(3.2)

qν,mn 2
through integration of the squared electron-phonon matrix element |gk+q,k
|
over a 12×12×9 electronic k-grid. The EPC parameter λ was first evaluated in the “double delta function” approximation of the phonon self energy,
assuming a gaussian approximation of the delta function with a smearing
of σ = 0.015 Ry, and then in the formalism of the open-source software
EPW[189], by interpolating the electron-phonon matrix elements on denser
q 12×12×9 and k 36×36×27 grids by means of a Wannier representation
based technique.
We estimated the SC critical temperature with the Allen-Dynes modified
McMillan formula

Tc =

f1 f2 ωln
−1.04(1 + λ)
exp(
)
1.20
λ − µ∗ (1 + 0.62λ)

(3.3)

where µ∗ is the renormalized Coulomb pseudopotential (see below), ωln the
logarithmic average phonon frequency and f1 ,f2 are correction factors introduced in Ref.[190]. We assumed µ∗ = 0.12.
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Figure 3.1: Sketch of the CdI2 -type (panel (a)) and pyrite-type (panel (b))
crystal structures of NiTe2 .

3.3

Enthalpy-pressure phase diagram of NiTe2

The structural phase diagram was constructed calculating the enthalpy H(P ) =
E[V (P )] + P V (P ) as a function of the pressure, by performing a variablecell relaxation procedure (relaxing both the structural parameters and the
internal degrees of freedom of the unit cell) for selected values of the external
pressure ( P = 0, 5, 10, 20, 50 GPa ). SOC has not been taken into account in
the structural phase diagram. According to the experimental observations,
two competing crystal structures were considered: i) hexagonal CdI2 -type
structure, and ii) cubic pyrite-type phase. The two considered structures are
sketched in Fig.3.1.
In Fig.3.2, we report the H(P ) phase diagram of NiTe2 , as obtained
within the DFT-GGA. The predicted equilibrium structural parameters are
in remarkable agreement with the experimental measurements, with a slight
overestimation of the volume for both phases (' 2%, 6.422 Å (DFT) vs
6.37 Å (exp., Ref.[183]) for the cubic lattice parameter of the pyrite-type
phase, 3.899 Å (DFT) vs 3.877 Å (exp., Ref.[182]) and 5.328 Å (DFT) vs
5.265 (exp., Ref.[182]) for the in-plane and out-of-plane parameters of the
hexagonal CdI2 -type structure respectively ). We attribute the slight volume
overestimation to the known tendency of the PBE functional to underbind
solids[191]. DFT predicts that the hexagonal CdI2 -type phase is the ground
state structure at 0 GPa by a wide energy margin. However, when pressure
is increased, the enthalpy difference between the cubic pyrite-type structure
and the CdI2 type structures reduces (see Fig.3.2), and the pyrite-type struc63
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Figure 3.2: Enthalpy-pressure phase diagram for the type-II Weyl
semimetal NiTe2
ture becomes the ground state just before the external pressure reaches 10
GPa. This result justifies the formation of a pyrite-type NiTe2 at 6.5 GPa
observed in Ref.[183], especially considering that the GGA functional tends
to overestimate the volume of the unit cell with respect to the experiment.
At the same time, it is not clear why no structural phase transition has been
detected in the XRD measurements of Ref.[182]. A plausible explanation
could be that the hexagonal CdI2 -type phase remains metastable in all the
pressure range, and the room temperature is not sufficient for the system to
escape the local minimum by surpassing the energy barrier separating the
metastable CdI2 phase and the global minimum represented by the cubic
pyrite-type phase.
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Figure 3.3: Electronic band structure of NiTe2 at 0 GPa. In red, the band
responsible for the Lifshitz transition under applied external pressure.

3.4

Lifshitz transition in NiTe2 under high pressure

We now consider the electronic properties of NiTe2 in the CdI2 -type phase,
as a first step to understand the discussed experimental observations. In
particular, we are interested in the pressure evolution of the band structure.
SOC has been taken into account in the calculation of the band structure.
The calculated Kohn-Sham eigenvalues at 0 GPa along the high symmetry
directions of the hexagonal Brillouin Zone (BZ) are reported in Fig.3.3. The
results show a nice agreement with previous band structure calculations for
NiTe2 in literature[179, 178]. In particular, we note the presence of the typeII Dirac point in the Γ-A direction, which GGA predicts to be 0.1 eV above
the Fermi level, in reasonable agreement with the experimental evidences.
In Fig.3.4, we report the DFT electronic band structure at 20 GPa. The
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Figure 3.4: Electronic band structure of NiTe2 at 20 GPa. In red, the band
responsible for the Lifshitz transition under applied external pressure.
effect of the pressure is to enhance the bandwidth both for the conduction
and valence bands. In particular, differently for what we observe at 0 GPa,
the conduction band crosses the Fermi level in the A-L direction of the
reciprocal space, giving origin to a new portion of the Fermi Surface. These
results confirm that band structure changes are at the origin of the observed
transport anomalies at 16 GPa[182]. In particular, we speculate that the
new Fermi surface portion originating from the crossing of the Fermi level
by the conduction band is likely to be responsible for the observed change in
the Hall coefficient sign. We further comment on the evolution of the Dirac
point under applied pressure. The Dirac point shifts towards the Γ point and
is shifted up in energy (0.5 eV). Furthermore, the tilting of the Dirac point
is much reduced with respect to what is observed at 0 GPa, transforming
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Figure 3.5: Eliashberg function of NiTe2 in the CdI2 -type phase at 0 GPa.
from a type-II Dirac point to a quasi type-I Dirac point.

3.5

Superconductivity in bulk NiTe2

The possibility of superconducting transition in NiTe2 is a hotly debated
matter, and is especially important considering the topological properties of
this compound and thus the possibility to observe topological superconductivity. As already mentioned, a recent first principles study demonstrated
how low dimensionality and Li intercalation can in principle enhance the superconducting critical tempertaure in NiTe2 [168]. Moreover, superconductivity was observed in polycristalline NiTe2 after 12 GPa, while no superconducting transition was observed in single crystal NiTe2 up to 71.2 GPa.
In order to clarify the origin of these observations, we investigated electron67
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Figure 3.6: Eliashberg function of NiTe2 in the CdI2 -type phase at 20GPa.
phonon coupling mediated superconductivity in bulk NiTe2 at 0 and 20 GPa.
The results are reported in Figs.3.5 and 3.6. We observe a qualitative
good agreement between the Eliashberg function obtained in the “double
delta function” approximation of the phonon self energy (black lines) and
the interpolated Eliashberg function obtained with the EPW code (light
blue lines). The Eliashberg function α2 F (ω) is characterized by two main
areas, separated by an energy gap of ' 10 meV at 0 GPa, which reduces to
' 5 meV at 20 GPa. The results we obtain for the Eliashberg function at
ambient pressure are in very good agreement with the ones already published
in the Supplemental Information of Ref.[168].
We observe a distinct detrimental effect of the pressure over the Eliashberg
function and the EPC parameter. We obtain Tc ' 0.8 K at 0 GPa and Tc
≤ 0.1 K at 20 GPa. These results exclude the possibility to have a pressure
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Figure 3.7: Comparison between the DOS of NiTe2 and NiTe1.5 at 20GPa.
enhanced superconducting transition in layered NiTe2 . Provided that an
unconventional pairing mechanism may be responsible of the observed superconducting transition, we consider two scenarios in order to explain the
experimental observation of superconductivity in bulk NiTe2 in the framework of convetional superconductivity:
1) The role of Te-defects. It is pointed out in Ref.[181], that the analyzed
sample is highly Te-defective, with a measured molar ratio Ni/Te of 38/62.
Thus, it is interesting to study the defective compound NiTe1.5 and possible
changes in the electronic structure which may be at the origin of substantial differences in the superconducting transition. NiTe1.5 in the CdI2 -type
phase has been already studied at 0GPa in Ref.[180], reporting an anomalous
resistivity behavior around 56 K. A possible origin for this anomaly is the
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transition towards a magnetic phase or a CDW/spin-density wave phase.
We investigate a possible magnetic ground state by means of first principles magnetic calculations. We do not report the emergence of a magnetic
ground state neither starting from a ferromagnetic nor from antiferromagnetic configuration, neither in the collinear approach nor in the non-collinear
approach.
We then address the changes in the electronic structure provoked by the
Te defect. In order to do this, we compare the density of states of NiTe2
and NiTe1.5 at 0 GPa. The results are shown in Fig.3.7. The defective
compound presents a peak in the electronic DOS near the Fermi level, which
can in principle be responsible for the observed superconducting transition.
We do not speculate on the (conventional or unconventional) origin of the
transition, which will be studied in a future work.
2) The superconducting transition is observed in the Pa3̄ phase and not
in the layered CdI2 -type phase. This hypothesis is plausible since no XRD
measurements under applied external pressure have been performed together
with the resistivity measurements in Ref.[181] and thus a structural phase
transition from the CdI2 -type to the pyrite-type phase cannot be excluded
in principle. However, in order to study this possibility, one needs to estimate the electron-phonon coupling in the pyrite-type phase, requiring rather
involved calculations which are beyond the scope of this work. Thus, this
scenario will be considered in a future work.
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Chapter 4

Characterization of the charge
density wave in 1T-VSe2
4.1

Introduction to the charge density wave order

In 1930’s, Peierls discovered that a one-dimensional equally spaced chain
with one electron per ion is unstable. The instability arises from the coupling
between the metal and its sublattice and manifests itself as a dimerization
of the atom chain, i.e. the equally spaced atoms undergo a lattice distortion,
causing the transition from an equally spaced crystal to a different one where
the spacing between atoms alternates, resulting in the formation of atom
pairs. Such a coupled electron-phonon system presents a gap in the singleparticle excitation spectrum and hosts a collective mode formed by electronhole pairs at finite wave vector q = 2kF , kF being the Fermi wave vector.
The rearrangement of the atoms due to the Peierls distortion produces a
modulation of the electron charge density ρ(r) due to the collective mode of
the electrons, which is described by
ρ(r) = ρ0 + ρ1 cos(2kF · r + φ)

where ρ0 is the unperturbed electron density of the metal.
The condensate is commonly referred as charge-density wave (CDW)[192].
The CDW phase resembles the superconducting phase in the fact that its
order parameter is complex and that time and spatial derivatives of the
order parameter’s phase determine the electric current and the condensate
density[192]. The notion of Peierls distortion remained out of the spotlight
until highly anisotropic crystals became experimentally accessible. In 1964
it was proposed that some organic compounds composed by polymer chains
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could exhibit superconductivity with high critical temperature, based on the
idea that a mechanism involving the conducting electrons in one chain and
nonconducting electrons in side chains could be at play, with light side-chain
electrons playing the role played by the heavy ions in the standard BCS
theory, leading to much higher energy scales and an enhanced Tc . Organic
materials of this kind, such as TTF-TCNQ, were experimentally measured
and theoretically studied (see Refs.[193, 194]). It was found that they would
undergo a metal-insulator transition which prevented the observation of superconductivity. It is now well accepted that this was the first experimental
observation of the Peierls transition.
Nowadays, CDWs ground states have been observed in a wide variety
of low-dimensional (layered) compounds, including cuprate superconductors
(e.g. YBCO[195]), TMDs[196] and other transition metal compounds[197].
CDWs in TMDs in particular have been investigated many times in the last
fourty years, ever since the anomalous properties of TaS2 were attributed
to CDW order in 1974[198]. McMillan developed a phenomenological theory based on the Landau free-energy expansion in order to describe the
CDW phase transition in TMDs. Thanks to McMillan theory and its extensions, many aspects of the CDW transition in TMDs have been successfully
understood[197]. Nevertheless, there are still many open questions, especially regarding the relationship between CDW and other low temperature
phases such as superconductivity and magnetic orders (see e.g. Ref.[199]
for the relation between the CDW phase and the pseudogap and superconducting phases in cuprates, Ref.[200] for the coexistence of CDW and
ferromagnetism in Ni2 MnGa).
A detailed explanation of the Peierls transition and CDWs can be found
elsewhere in literature. In the following, we will present the fundamental
concepts for the description of the CDW phase, along the lines of Ref.[192].
Peierls transition can be described by the mean-field treatment of the 1D
electron-phonon Hamiltonian
He−ph =

X

(k)c+
kσ ckσ +

k,σ

+

X

X

~ωq b+
q bq

k,σ

+
g(k)c+
k ck,σ (bq + b−q )

k,q,σ

c+
k

where
and b+
q are the electron and phonon creation operators with
momenta k and q respectively, σ is the spin index, k and ωq are the electron
and phonon energies and g(k) is the EPC constant. The CDW complex order
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parameter is defined as
∆eiφ = g(2kF )hb2kF + b+
−2kF i,

The electronic part of the electron-phonon Hamiltonian can be diagonalized in mean field theory by replacing b2kF with hb2kF i and using a linear
dispersion relation to describe the electron band near the Fermi level:
(k) = vF (|k| − kF ),

where vF is the Fermi velocity. Similarly to what happens for the superconducting phase, the gap can then be expressed in terms of the electron-phonon
coupling constant, which is defined as λ0 = g 2 (2kF )(ω2kF F )−1 , as:
∆(T = 0) = 2Dexp(−1/λ0 ),
where D is the one-dimensional bandwidth. The temperature dependence
of ∆ is also BCS-like and vanishes at the critical temperature TP = ∆(T =
0)/1.76kB . The presence of a gap in the single particle spectrum and of
collective modes described by a complex order parameter are features of both
the superconducting system and the CDW system. However, the collective
mode of a CDW state involves electron-hole pairs located at the opposite
side of the Fermi surface and connected by a wave vector equal to 2 kF . The
fact that a non-interacting 1D system’s ground state with one electron per
lattice site is always the CDW, no matter how small the EPC is, is related
to the logarithmically divergent bare density response function

χ0 (q, ω) =

X
k

f (k) − f (k + q)
1 2kF |1 + q/2kF |
'−
ln
(k) − (k + q) − ω
πvF q
|1 − q/2kF |

(4.1)

with f the Fermi-Dirac distribution, corresponding to an electronic energy
gain depending on amplitude of the lattice distortion u as u2 log u, which is
always bigger than the quadratic elastic energy increase of the lattice. Such
an ideal picture deviates from real systems, where, according to DFT, the
change in energy due to a lattice distortion can be expressed in terms of the
change in the potential of the nuclei, δVext , as
δEtot = −(1/2)δVext χδVext

(4.2)

in implicit matrix notation[201]. Here, the density response function is
dressed by the electron interactions according to
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χ = χ0 / = χ0 /(1 − vi χ0 )

(4.3)

4|g(q)|2
1
− (2Ūq − V̄q ) ≥
~ω(q)
χ0 (q)

(4.4)

where  is the dielectric function of the metal and vi is the total DFT
interaction. The total electronic susceptibility χ is screened by the DFT
interaction and does not diverge. This means that in interacting systems
(i.e. real materials) the Peierls picture is not exact anymore, i.e. a divergent
non-interacting susceptibility is not enough to provoke an instability. Adding
to that, other effects are at play in real systems: a small deviation from a
perfect nesting of the Fermi surface (which is always present) can critically
reduce the electronic susceptibility divergence observed in the Peierls model:
furthermore, if a relaxation rate due to some mechanism is assumed, the
enhancement of the electronic susceptibility at kF is further reduced.[201]
Indeed, this can be immediately understood in the linear response picture:
an half-filled electronic system is stable against an infinitesimal perturbation;
a distortion can only become stable if it is finite and if EPC is larger than
a critical values[201]. All these considerations imply that the description of
CDWs in real materials needs to go beyond the Peierls model in order to
give quantitative predictions. To this aim, Chan et al. developed a formalism where periodic lattice distortions and spin density waves (a related low
energy phenomenon) are treated simultaneously[202], giving the following
condition for the insurgence of a CDW accompanied by a lattice instability:

where |g(q)| is the electron-phonon coupling constant, ωq is the phonon
frequency of the unstable lattice mode, Ūq and V̄q are the direct and exchange
Coulomb interactions. From Eq.4.4 it is clear that a finite EPC is needed
for the formation of an instability, since χ0 is always positive and 2Ūq > V̄q .
Having introduced the physical quantities at play in the formation of the
CDW state, we now discuss the application of these concepts for the characterization of the CDW in a real material, namely VSe2 .

4.2

Introduction to VSe2

Layered TMDs constitute one of the most actively researched family of materials in regard to structural phase transitions associated with a CDW. The occurrence of such phenomena in TMDs is favored by their anisotropic layered
structure prone to FS nesting and the relatively high values for the electronphonon coupling[203]. One of the most studied compounds in this regard
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(a)

(b)

Figure 4.1: Side view of 1T-VSe2 crystal structure (panel (a)) in the normal
state. Top view of 1T-VSe2 crystal structure in the normal state and after
the CDW distortion (panel(b)).
is VSe2 . Bulk VSe2 crystallizes in the distorted octahedral 1T-polytype
(P3̄m1 Space Group, No. 164). This compound is known to undergo two
CDW phase transitions at T ' 110K and T ' 80K[204, 205]. The CDW
phases present uncommon characteristics: they possess three dimensional
character, with a commensurate in-plane CDW wave vector qin
CDW = 0.250
a∗ (primitive translation of the reciprocal lattice) and an incommensurate
∗
out-of-plane component qout
CDW ' 0.3 c [205, 197]. The second CDW transition has not been found by X-ray measurements nor by magnetic susceptibility measurements below 100 K[206] by Di Salvo and Waszczak, while
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it has been observed by X-ray diffraction by Tsutsumi[204] and by electron
diffraction by Eaglesham et. al.[207]. From the observation of the satellite
reflections, Tsutsumi determined the out-of-plane component of the CDW
to be 0.314 ± 0.003 c∗ above 85 K and 0.307 ± 0.003 c∗ below 85 K (c∗
being the out-of-plane reciprocal lattice vector). Early experiments reported
other inconsistencies, such as the existence of one or multiple commensurate phases below 70K[197]. It has been observed that such inconsistencies
may be the consequence of the nonstoichiometry of some of the investigated
samples[206]: indeed, nominal VSe2 samples are prone to host some excess
Vanadium, taking the form V1+δ Se2 . Interestingly, the application of external pressure enhances the CDW transition temperature TP up to ' 290
K at 15 GPa, where the CDW phase abruptly disappears in favor of a superconducting ground state[208]. More recently, CDW transition in VSe2
has been investigated via ARPES by Terashima et.al.[209] and soft x-ray
ARPES by Strocov et. al.[210], focusing on the exotic 3D character of the
CDW. The 3D character of the CDW is surprising in the sense that CDWs
are typically regarded as a low dimensional phenomenon, whose formation is
related to the favorable nesting conditions reached in layered materials due
to their marked anisotropy. However, FS nesting is not the only factor in
the formation of a CDW state in real materials, as discussed in the previous
section. In particular, the role of EPC is equally important in TMDs, as
observed by Castro Neto[203].
Interestingly, there is no consensus regarding the ground state of monolayer VSe2 : in the work by Chen et al. the free-standing
single
layer VSe2
√
√
has been reported to host a completely different 7 × 3 CDW order
with TP = 220K and no ferromagnetic exchange splitting[211]. Two other
groups concluded that ferromagnetism is not present due to the insurgence
of the CDW[169, 212]. On the other hand, Wong et al.[213] and Chua
et al. attribute the ferromagnetic phase to extrinsic factors, e.g. defects,
while Bonilla et al.[170] and other groups[214, 215] showed experimental
evidences for intrinsic magnetism in monolayer VSe2 . First principles calculations predict an enhancement of the ferromagnetic instability in the
2D limit[216, 217]. Very recently, the possibility to obtain a flat band in
VSe2 /Bi2 Se3 heterostructures has been reported[218].
DFT in an important tool in the study of the CDW phase, allowing to
address both the electronic structure and the dynamical and coupling properties of materials. A recent ab-initio study showed that both FS nesting
and electron-phonon are relevant in the description of the CDW order in bulk
VSe2 [219]. In the rest of the Chapter, we present our theoretical investigation of the CDW phase transition in VSe2 by means of ab-initio techniques.
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First, we will present the electronic structure of VSe2 in the undistorted
phase. Then, we will investigate the formation of the CDW by analyzing the
dynamical properties of the material and the bare electronic susceptibility
of VSe2 . The effect of the CDW on the electronic band structure is finally
simulated using the band unfolding technique[220].

4.3

Methods

First-principles calculations have been performed within the DFT. We used
ultrasoft pseudopotentials to describe the electron-ion interaction and planewave expansion of the Kohn-Sham wavefunctions as implemented in the
Quantum Espresso package [184, 185]. The generalized gradient approximation (GGA) in the Perdew, Burke and Ernzerhof (PBE) formulation has
been adopted for the exchange-correlation potential[186]. The kinetic energy
cutoff for plane-wave expansion has been set to 70 Ry (700 Ry for the charge
density). Different Monkhorst-Pack[187] wave vector grids were adopted,
depending on the crystalline phase, ensuring a total energy convergence of 1
meV/atom for the considered phases. The simulation is performed using the
experimental structural parameters for the octahedral 1T-polytype phase of

Figure 4.2: Depiction of the hexagonal BZ. High symmetry points are indicated. Adapted from Ref.[221].
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Figure 4.3: DFT band structure of 1T-polytype VSe2 along the BZ high
symmetry paths Γ-M-K-Γ and A-L-H-A and DOS projected onto V(d) orbitals (blue surface) and Se(p) orbitals (orange surface).
a = 3.355 Å (in-plane parameter) and c = 6.16 Å (out-of-plane parameter) .
The Monkhorst-Pack mesh was set to 16×16×10 for the 1T-polytype VSe2 .
Phonon frequencies were determined within the Density Functional Perturbation Theory (DFPT)[188]. A 4×4×3 phonon wave vector grid was used
in the phonon calculation.

4.4

Electronic structure of VSe2

We start the analysis of the electronic properties of VSe2 by presenting the
normal state electronic band structure of the 1T-polytype VSe2 . In Fig.4.3,
the calculated Kohn-Sham eigenvalues in the normal state along high symmetry directions of the hexagonal lattice Γ-M-K-Γ-A-L-H-A are reported
(see the BZ in Fig.4.2). The obtained band structure can be compared to
the DFT predictions and ARPES spectra already present in literature. In
particular, we report a good agreement with the DFT band structure reported in Ref.[210]. As already discussed in Ref.[210], the main features of
the ARPES spectrum are well described by the DFT calculation, except for
the observed Se (4pz ) - Se (4pxy ) hybridization gap near the Γ-point, which
is severely underestimated by DFT.
The electronic band structure around the Fermi level is mainly constituted
by V(d) derived eigenstates and some S(p) derived eigenstates. A Fermi
level crossing can be observed along the M-K direction in the kz = 0 plane
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Figure 4.4: Fermi surface for 1T-polytype VSe2 .
of the BZ, while two Fermi level crossings are present in the high symmetry
directions of the kz = 0.5 plane, one along the A-L direction and a second one
along the L-H direction of the BZ. Indeed, despite being a layered material,
VSe2 shows an important anisotropy along the kz direction of the BZ, which
crucially affects the CDW formation. A further Fermi level crossing can be
also observed in the Γ-A direction.
The FS calculated in DFT is reported in Fig.4.4. Many properties of
the VSe2 FS were already pointed out in earlier works, employing the layer
method[222], the APW method[223] and the self-consistent LCAO method[224].
The FS of VSe2 is derived from Se(4p) states and is constituted by six structures with elliptical section encircling the M-L segments of the BZ. These
structures tightly encircle the M-L axes in the plane perpendicular to M-L
and larger when moving away from M towards L in the out-of-plane direction. Despite being a layered material, VSe2 manifests an important
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Figure 4.5: Inequivalent band structure along the high symmetry A0 -L0 -H0 A0 and A0 -L"-H0 -A0 paths of the BZ.
out-of-plane anisotropy in the Fermi surface, mainly due to a portion of the
FS encircling the Γ point and then connecting to the previously analyzed
structures.
As already pointed out[197], an interesting feature of VSe2 electronic structure is the absence of mirror symmetry with respect to the plane passing
through the Γ-point and perpendicular to the out-of-plane Γ-A direction.
As a consequence, a generic plane perpendicular to c∗ hosts two inequivalent A0 -L0 /A0 -L" directions (A0 = (0,0,c1 ), L0 = (0.5,0,c1 ), L" = (0,0.5,c1 )
in terms of reciprocal lattice vectors, c1 6= 0, 0.5) as it is demonstrated in
Fig.4.5, where a comparison between Kohn-Sham eigenvalues along A0 -L0
and A0 -L" directions for c1 = 0.3 is reported.
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4.5

Bare electronic susceptibility and nesting function

As mentioned earlier, the electronic susceptibility is of fundamental importance in order to shed light on the physical mechanism of the CDW transition. In DFT the k-resolved noninteracting electronic susceptibility can be
obtained from the knowledge of the Kohn-Sham eigenvalues in the normal
phase:

χ0 (q, ω) =

X
k,m,n

f ((k, n)) − f ((k + q, m))
× | hm, k| eiqr |n, k + qi |2
(k, n) − (k + q, m) − ω − iδ

(4.5)
where δ is a vanishing quantity. Assuming that the matrix elements
| hm, k| eiqr |n, k + qi |2 do not have particularly structured features, we can
set them to unity[225]. In this case, the real part of the noninteracting electronic susceptibility reads :

χ00 (q, ω) =

X f ((k, n)) − f ((k + q, m))
(k, n) − (k + q, m) − ω

(4.6)

k,m,n

The divergence of this quantity is related to the insurgence of an instability
in the electron gas and the transition to a CDW phase[201]. Moreover, we
can extract information on the topology of the FS from the imaginary part
of χ0 , by calculating the so called nesting function[201]:
limω→0 χ000 (q, ω)/ω =

X
k

δ(k − F )δ(k+q − F )

(4.7)

This function measures the geometric correlation of the FS for a generic
coupling wave vector q, thus its peaks indicate the FS nesting q-vectors.
Despite it was shown in Ref.[201] that nesting does not necessarily cause
to an instability in real systems since a certain value of electron-phonon
coupling is needed, they are definitely correlated. For the calculation of
both the real and the imaginary part of the electronic susceptibility, we do
not consider the effects of the temperature, i.e. we put T = 0 K and thus
f () = θ(), where θ is the Heaviside function.
In order to investigate the role played by the out-of-plane anisotropy of
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the electronic structure, we report in Fig.4.6 the real part of the electronic
susceptibility and the nesting function for three values of qz : qz = 0 R3
(first row), qz ' R3 /3 (second row) and qz = 0.5 R3 (third row), where
R3 is the out-of-plane reciprocal lattice vector. Due to the lack of inversion
symmetry, the hexagonal symmetry is lost for qz ' R3 /3. We recover it in
by averaging qz ± R3 /3 values. For all the considered qz values, both the
real part of the electronic susceptibility and the nesting function show peaks
in correspondence to the parallel component of qCDW , indicating that the
electronic system is prone to a CDW instability characterized by the in plane
vector qCDW
= (0.25, 0) and the symmetry related wave-vectors related to
k
it. The nesting function has an evident dependence on qz , and its main peaks
are present at qz = R3 /3, indicating that the FS is especially nested in the
BZ sector near qCDW . The qz dependence of the electronic susceptibility is
especially evident in the nesting function. Apart from the trivial peak at the
Γ point, strong nesting peak are observed for R3 /3. These peaks are much
less pronounced for other values of qz , as it is visible in Fig.4.6, indicating
that the CDW develops in correspondence to a qCDW corresponding to a
strong FS nesting.
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Figure 4.6: Real part of the electronic susceptibility and nesting function
for qz = 0 R3 (first row), qz ' R3 /3 (second row) and qz = 0.5 R3 (third
row).
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4.6

Dynamical properties of bulk VSe2 in the undistorted phase

After analyzing the electronic structure of VSe2 , we now consider the dynamical properties of the undistorted phase, as a first important step to
demonstrate the dynamical instability and to justify the possible formation
of a CDW. The phonon band structure along the high symmetry directions
of the hexagonal lattice is reported in Fig.4.7, as calculated in DFPT. Many
softenings can be observed in the phonon dispersions, in agreement with previous results[226, 219]. In Fig.4.8, we report the lowest phonon frequency
behavior along the L-M-L and L0 -M0 -L0 BZ paths. A broad softening range
is present. Here, we observe once more the discussed lack of mirror symmetry, which is reflected in the phonon spectrum properties. Two softening
minima are present, corresponding to the phonon wave vectors (0.25,0,0.287)
and (0,0.25,-0.287), and they are close to the experimental CDW wave vec84
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Figure 4.8: Phonon frequencies along L-M-L and L0 -M0 -L0 directions.
tor of qCDW =(0.25,0,0.307) at low temperature. The broad plateau observed around the minimum frequency value is compatible with the multiple
CDW transitions observed experimentally[204]. Other smaller instabilities
are present in the phonon spectrum, e.g. in the A-H direction of the reciprocal lattice,√which can potentially give rise to other kinds of CDW orders,
e.g. the 4a× 3 a order observed in Ref.[226] after the application of tensile
strain.
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4.7

Characterization of the CDW in bulk VSe2

Energetics of CDW phase in bulk VSe2
Up to now, we described the electronic and dynamical properties of VSe2 in
the normal state. We concluded that hints of a CDW instability can be found
in both the electronic band structure and phonon spectrum. Motivated by
this finding, we further investigate the CDW formation by directly reproducing the lattice distortion in DFT, performing a supercell calculation. We
now briefly explain how we can simulate commensurate CDW distortions
within this approach. A generic phonon mode having frequency ωλ,k causes
the following atomic displacement for the atom τ :
uτ,R (t) = √

1
eλ (k)eik·R Aλ (k) cos(ωλ,k t + φλ,k )
N mτ τ

(4.8)

where R is the equilibrium position of the atom τ , mτ its mass, eλτ represents the dynamical matrix eigenvector associated to the eigenvalue ωλ,k ,
Aλ (k) and φλ,k are determined by the initial conditions, N is the number
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of atoms in the unit cell. A generic phonon distortion can be simulated
in a supercell where the k-point characterizing the distortion folds back to
the Γ-point. In the case under examination, we consider a distortion of the
VSe2 periodic structure along the wave vector qCDW 0 =(1/4,0,1/3), which is
close to the observed qCDW =(0.25,0,0.307) and can be simulated in a relatively small 4×1×3 supercell. We follow the soft crystal distortion along
qCDW 0 =(1/4,0,1/3), finding a new energy minimum. The energy profile
along the soft phonon mode is reported in Fig.4.9. It results that the CDW
is energetically favored with respect to the normal state by 2.1 meV/formula
unit.
Electronic reconstruction and band unfolding
We demonstrated that a structural distortion towards the CDW phase in the
4×1×3 supercell is energetically favorable, so it is reasonable to also study
the modification occurring in the electronic band structure. To this aim, we
want to compare the band structure of the undistorted phase to the one of
the CDW phase. In order to recover the primitive cell picture for the distorted CDW structure, we apply the band unfolding technique[227, 228, 229]
using the BandUP software[220], which we briefly introduce in the following
paragraph. The idea is to obtain an effective primitive cell picture of the
electronic band structure starting from the band structure in a supercell,
thanks to the mathematical relations between the eigenstates and eigenvalues of the Hamiltonian in the supercell and primitive cell representations.
This approach can be applied to the study of a lattice distortion, since no
volume change takes place and the distorted system lives in a supercell commensurate to the original unit cell. Folding relations are determined by the
geometrical relations existing between the supercell and the primitive cell,
and thus between the corresponding BZs. A wave vector of the primitive cell
BZ k is said to fold into a wave vector K in the supercell BZ if a reciprocal
lattice vector of the primitive cell G such that
K=k−G

(4.9)

ki = K + Gi

(4.10)

exists. Conversely, a wave vector K of the supercell BZ is said to unfold
into ki belonging to the primitive cell BZ if is verified the relation

The index i in Eq. 4.10 denotes the fact that a given wave vector K can
be obtained from a given number of different (ki , Gi ) pairs[229].
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The folding and unfolding geometric relations lead to the property that any
supercell eigenvector |K, mi can be formally expressed in terms of primitive
cell eigenvectors |ki , ni
XX
|K, mi =
F (ki , n; K, m) |ki , ni
(4.11)
i

n

It follows that, once the eigenvalues and eigenvectors on the appropriate
K-points have been calculated within the supercell calculation, an unfolding
procedure can be built to obtain the projection of the supercell eigenstates
onto the primitive cell eigenstates, hK, m|ki , ni, making it possible to calculate the spectral weight
PKm (ki ) =

X
n

| hK, m|ki , ni |2 =

X
G

|CK,m (G + k − K)|2

(4.12)

where the G sum is extended to the primitive cell reciprocal lattice and the
coefficients Cm,K represent the coefficients of the plane waves spanning the
supercell eigenstate |K, mi. From the second equality, it can be explicitly
seen that the spectral weight P can be obtained entirely from the knowledge of the coefficients Cm,K , without the need to know the primitive cell
eigenstates[220]. From P , it is possible to derive the spectral function of E:
A(ki , E) =

X
m

PKm (ki )δ(Em − E)

(4.13)

which can be interpreted as an effective primitive cell representation of the
original and often complicated E(K).
In the specific case of VSe2 , our idea is to study the effects that CDW
has on the band structure, with a special focus on the states near the Fermi
level, by comparing the obtained spectral function A(ki , E) with the undistorted band structure in selected segments of the A-L-H-A plane of the BZ
(see Fig.4.10). The obtained results are shown in Fig.4.11. We analyze
various scenarios, namely: the undistorted band structure (first row), the
spectral function corresponding to the lattice distortion along the wave vector qCDW 0 = (1/4, 0, 1/3) and the spectral function corresponding to the
lattice distortion along the wave vector qdist = (1/4, 0, 0), where the kz component has been put to 0 in order to understand what is the role played by
the out-of-plane CDW component. In both the distorted cases we observe
the formation of gaps in the electronic band structure, as one would expect
to happen in the nested parts of the Fermi surface. We observe that when
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Figure 4.10: ARPES spectrum of the A-L-H-A of the BZ (unpublished
experimental data by the group of Prof. Alexander Grüneis). Unfolded band
structure has been calculated along the red cuts.
the out-of-plane component of the distortion is not included, a very different
reconstruction is observed: in particular, most of the gap openings are not
found in correspondence of the Fermi level. On the contrary, when the kz
component is included, we observe partial gap openings along various cuts
in correspondence of the Fermi level, with a maximum gap of 2∆ ' 45 meV
in correspondence to the 6th cut. This value is in line with values found in
the experiments, which however show a wide variability: Terashima et al.
reported a partial gap opening on the M(L) centered Fermi surface of 2∆ =
80-100 meV[209]; Sato et al. report a gap of 2∆ = 40-60 meV[230], Strocov
et al. don’t report a gap opening[210], Wang et al. reported a gap of 2∆ = 80
meV at 4.2 K[231], Ekvall et al. found 2∆ = 160 meV at 60 K[232], Jolie et
al. reported a pseudogap opening of 24 meV[205] while Páztor et al. did not
find any gap related features at 78 K[233]. Experimentally, STM measurements demonstrate the formation of a 4×4 in-plane superstructure[205]. We
believe that the observed experimental 4×4×3 super-periodicity is due to
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Figure 4.11: Unfolded electronic band structure of VSe2 along the red cuts
shown in Fig.4.10. First row: undistorted band structure. Second row: unfolded band structure along the soft phonon mode at qCDW 0 = (1/4, 0, 1/3).
Third row: unfolded band structure along the soft phonon mode at qdist =
(1/4, 0, 0).
the combined effect of the two soft phonon modes at qCDW = (1/4,0,0.307)
and at its symmetry related partner qCDW = (0,1/4,-0.307). For this reason, while a 4×1×3 super-periodicity is sufficient to simulate the distortion
caused by the experimental qCDW = (1/4,0,0.307), the full distortion and its
effects on the band structure can only be observed in the 4×4×3 supercell,
which we will address in a future investigation.
The CDW can be also identified by comparing the DOS in the normal
state with the one in the CDW state. The comparison between the normal
state DOS and the one in the case of qCDW 0 = (1/4, 0, 1/3) is reported in
Fig.4.12. In the normal state (blue line), two DOS peaks can be identified
near the Fermi level, one is found at ' 0.15 eV below and one at ' 0.1
eV above the Fermi level. When the CDW sets in (red line), the electronic
structure of the system is reorganized due to the structural distortion. As a
consequence, a clear loss of states around the Fermi level can be observed.
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Figure 4.12: Comparison between the DOS in the normal state (blue line)
and in the CDW state with qCDW 0 = (1/4, 0, 1/3) (red line).

Part II: Conclusions and outlook
In the second part of this thesis we presented our work on two compounds
belonging to the TMDs family. In the third Chapter, we discussed our results
on NiTe2 . We have studied the effects of pressure over the electronic and superconducting properties of the compound NiTe2 by means of first principles
techniques. First of all, we determined the 0 K H(P) phase diagram of NiTe2 .
We find that the layered CdI2 -type topological phase is stable up to ' 10
GPa, where a phase transition of the first order towards the pyrite-type phase
is predicted to occur. The applied pressure causes important changes in the
electronic band structure, especially for what concerns the conduction bands,
which cross the Fermi energy in the A-L direction of the reciprocal space,
causing a qualitative change in the transport properties of the compound.
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Furthermore, we establish that pressure has a detrimental effect over the
value of the electron-phonon coupling in the CdI2 -type NiTe2 . For this reason, we exclude that the observed superconductivity in polycristalline NiTe2
can be simply attributed to electron-phonon pairing mechanism in CdI2 -type
NiTe2 . We propose three possible scenarios to explain the observed superconducting transition: the first is that the superconducting properties of NiTe2
under pressure are crucially affected by the Te defects. In this regard, we
showed that the DOS of the defective compound is characterized by a peak
near the Fermi level, which could in principle be at the origin of the observed
superconducting transition. A second scenario is that the superconducting
transition takes place in the pyrite-type phase, which we here show to be
the 0 K ground state after 10 GPa. The third scenario is that of an unconventional pairing mechanism. Further experiments and theoretical analyses
are due to confirm or deny each of the proposed hypotheses. In the fourth
Chapter we presented our theoretical analysis of the CDW in 1T-VSe2 . First
principles calculations demonstrate the presence of a structural instability in
the 4×4×3 supercell, in agreement with the experimental findings. Signals
of the instability can be already found in the normal state, both in the electronic susceptibility, which presents maxima in close correspondence to the
experimental CDW wave vector, qCDW , and in the phonon spectrum, which
presents multiple soft phonons, signaling an unstable structure. The study of
the CDW phase in the 4×1×3 supercell revealed that a stable distortion exists. We investigate this instability by distorting the crystal structure along
the soft phonon mode close to the experimental CDW wave vector, obtaining
an energy gain of 2 meV/formula unit with respect to the normal state. We
studied the effects of the distortion on the electronic band structure, finding
a maximum gap opening of ' 45 meV in the A-L-H-A plane of the BZ. While
many effects, such as gap openings in specific regions of the the A-L-H-A
plane, are observed in the 4×1×3 supercell simulation, a quantitative description of the CDW effects on the electronic sturcture needs to take into
account the full 4×4×3 structural distortion, which we will investigate in a
subsequent work. In this regard, a joint theoretical-experimental work on
the CDW in VSe2 realized in collaboration with the research group led by
prof. Alexander Grüneis is in preparation. Further theoretical investigations
regarding VSe2 will be performed, with special attention on the behavior
under pressure, trying to explain the disappearance of the CDW and the appearance of superconductivity after 15 GPa[208]. In conclusion, we believe
that the present results will be helpful in order to unravel the complicated
experimental scenarios for both monolayer and bulk NiTe2 and VSe2 .
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Part III

Topology in condensed matter
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Chapter 5

Electronic properties of the
strong topological insulator
mercury telluride
In part III of the thesis we investigate a different kind of low dimensional
electron system existing at the edge of a bulk material, namely the topologically protected states localized at the edge of the topological insulator
mercury telluride (HgTe). HgTe holds a very special place in the field of
topological condensed matter, being the material where the topological insulator (TI) phase has been observed for the first time in 2007[65, 56]. It
is thus of great importance to be able to describe its electronic and topological properties by means of ab-initio methods. However there are several
difficulties to face in order to obtain adequate results, as we will show in
the course of this Part. In Sec.5.1 we give a general overview of the fundamental concepts of topology, in particular to the ones related to the TI
state. Then, in Sec.5.2, we present our results on the electronic properties of
HgTe, including experimental measurements with unprecedented resolution
and state-of-the-art theoretical calculations. We determine the best framework to describe the electronic properties of HgTe from first principles by
analyzing the results of various DFT functionals, illustrating how to obtain
a correct description of the electronic and topological properties of HgTe by
means of ab-initio methods. The present research is part of a joint theoretical and experimental research project with the experimental group led by
Prof. Laurens W. Molenkamp of University of Würzburg and Giorgio Sangiovanni and Domenico Di Sante from the theoretical group of University of
Würzburg.
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5.1
5.1.1

Introduction to topology and topological insulators
The integer quantum Hall effect

The notion of topological order has introduced a new paradigm in the classification of distinctive phases of matter[58]: indeed, some phases of the matter
cannot be classified according to the symmetry breaking mechanism. Instead, these "topological" phases can be characterized by a quantized value
of some inherent property. Historically, the topological classification was
first introduced after the discovery of integer quantum Hall effect (IQHE)
in 1980[57]. The effect occurs when electrons confined to two spatial dimensions are placed in a strong magnetic field. In this scenario, the system
behaves as a collection of non-interacting harmonic oscillators. Each oscillator is characterized by the same frequency ωc , the cyclotron frequency. The
system eigenvalues are thus m = ~ωc (m + 1/2), and each eigenvalue is N
times degenerate, where N is the number of the electrons in the system[18].
If N Landau levels are completely filled while the rest are empty, the system
is an electric insulator, since an energy gap separates the last filled electronic level from the first empty level[60]. However, this system is inherently
different from an ordinary insulator: indeed, the introduction of an electric
field causes a drift of the cyclotron orbits, leading to a finite transverse Hall
conductivity according to the equation
σxy = N e2 /h,

(5.1)

whose quantized value is proportional to the number of filled Landau levels
(h is the Planck constant, e the electron charge).

5.1.2

Berry phase and Chern-Gauss-Bonnet theorem

The previous argument gives an intuitive idea of the difference between an
ordinary insulator and the quantum Hall state. From a formal point of view,
the two phases belong to topologically different classes. 2D Bloch Hamiltonians can be classified by introducing equivalence classes, containing Hamiltonians smoothly deformable into one another, i.e. without closing the energy
gap. Each class is distinguished by an integer invariant n ∈ Z called Chern
number[58]. The fundamental mathematical object behind this construction
is the Berry phase[234]. Consider a system whose Hamiltonian H depends
parametrically on a vector R (as in the case of the Bloch Hamiltonian) and
imagine that R depends on time t. Provided that the eigenvalue m (R)
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remains non-degenerate along the evolution path of R and the evolution is
adiabatic, a system initially in the eigenstate |m(R(0)i will instantaneously
find itself in the eigenstate |m(R(t))i, up to a phase, according to the relation:
i

|Ψm (t)i = eiγm (t) e− ~

Rt
0

dt0 m (R(t0 ))

|m(R(t))i ,

(5.2)

where |Ψm (t)i is the state of the system at time t. The second exponential is this the dynamical phase factor coming from the usual Schrödinger
time evolution. The first exponential is a geometric term coming from the
time dependence of the parameter. By imposing that |Ψm (t)i satisfies the
Schrödinger equation, we define the Berry phase γm as
Z

Rf

γm (t) = i
Ri

dR hm(R)| ∇R |m(R)i .

(5.3)

A case of particular interest is when the space of parameters R coincides
with the reciprocal space k and the generic eigenstate is the Bloch wave function |um (k)i. By considering a closed path in the reciprocal space C where
no accidental eigenvalue degeneracy happens, the wave function acquires a
well defined Berry phase given by the line integral of the Berry connection
Am :
I
γm = Am · dl, Am = i hum | ∇k |um i
(5.4)
C

The line integral can be re-written using the Stokes theorem as the flux of
the Berry curvature Fm = ∇ × Am extended to the area subtended by the
considered path. The Chern invariant (or TKNN invariant, from the authors
of Ref.[58]) is then defined as the integral:
Z
1
nm =
d2 kFm ∈ Z
(5.5)
2π BZ
The quantization value of this integral is demonstrated by the ChernGauss-Bonnet theorem[235]. This fundamental theorem connects topology
and Riemannian geometry according to the following relation:
Z
χE (M ) =
e(Ω)
(5.6)
M

We define the quantities involved in Eq.5.6:
i) M is a compact orientable 2n-dimensional Riemann manifold without
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boundary.
ii) Ω is the associated curvature form of any metric connection on a vector
bundle over M (a vector bundle is a family of vector spaces parametrized by
another space, in this case M ).
iii) χE is an integer number called the Euler characteristic of a surface,
χE = V − E + F ∈ Z, where V, E, F are the vertices, edges, faces of the
surface. The Euler characteristic of a general surface can be calculated by
finding a polygonalization of the surface itself.
k

−1
iv) The Euler class is defined as e(Ω) = (2π)
k Pf(Ω), where Pf(Ω) is the
Pfaffian and k the dimension of the manifold M .

In the case of the TKNN invariant, nm corresponds to the Euler characteristic, while the manifold M is the 2D BZ and Ω is the Berry curvature
associated to the Berry connection on the Bloch eigenspace vector bundle,
F.
P
Summing over all the occupied bands n = N
m=1 nm one obtains the total
Chern number, whose value is not influenced by the presence of eigenvalue
degeneracies in the occupied bands. TKNN showed that the number of full
Landau levels N (Eq.5.1) is equal to the total Chern number n [60, 58]. The
fact that the topological index is directly related to the Hall conductivity
(Eq.5.1) explains why its value is independent from (weak) disorder and
interactions, i.e. as long as the topological classification stands.

5.1.3

Z2 topological insulators

The quantized conductivity observed in the IQHE explicitly breaks timereversal symmetry (T ). Hence, a nontrivial state, in the sense of the TKNN
invariant can only exist when T is broken; conversely, T invariant systems
will always be topologically trivial from a TKNN point of view. A different
topological classification for T invariant 2D systems can be found. It is
characterized by an integer number m ∈ Z2 , which can take only two distinct
values and was first studied by Kane and Mele in 2005[62]. Some premises
are due in order to understand the Kane-Mele model and the topological
classification of T invariant systems.
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Premise 1: Kramers’ theorem
In the case of T invariant systems with half-integer total spin, the Kramers’
theorem ensures that every eigenstate is at least doubly degenerate. Furthermore, the two states are related by |ΨT i = T |Ψi and are orthogonal. A
demonstration can be found in Ref.[236].
Premise 2: Haldane Model
As we discussed in Sec.5.1.1, IQHE is typically associated with the presence
of an external magnetic field. Haldane showed that this condition can be
in principle lifted, provided that time-reversal symmetry is broken by the
system. Haldane showed that a magnetic ordered 2D system without a net
magnetic flux through the unit cell can present a IQHE.
In the IQHE, the energy gap is provoked by the external magnetic field.
Haldane considered a different scenario involving graphene, i.e. a 2D semimetal
whose contact points between conduction and valence bands are protected by
the presence of both inversion symmetry and time-reversal invariance[64]. In
this case, a gap opening resulting from an inversion-symmetry (I) breaking
results in a normal semiconductor, while a gap opening due to a T breaking
causes the system to enter a n = ±1 quantum Hall state.
Haldane started from the spinless nearest-neighbor graphene model investigated by Semenoff [237], having a real hopping matrix element t1 and a
I breaking on-site energy ±M on the A/B sublattices. Then, he added a
t2 hopping term between next-nearest neighbor sites (nearest-neighbor of
the same sublattice), eliminating the particle-hole symmetry of the model.
Finally, in order to break the T symmetry, he added a local normal magnetic field B(r), which can be taken
into account by the Peierls substitution,
R
i(e/~)
A·dr
adding the phase factor e
along the hopping path, where A(R) is
the periodic vector potential due to the magnetic field. The first-neighbor
hopping matrix elements t1 are unaffected by the phase factors, since closed
paths enclose complete unit cells and hence no net flux. The t2 matrix elements acquire a geometric phase φ depending on the magnetic field. Defining
ai as the set of three nearest neighbors displacements and bi as the set of
six next-nearest neighbor sites, the Hamiltonian of the Haldane model is[64]
!
H(k) = 2t2 cos φ

X
i

!

cos(k · bi ) 1+t1
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X
i

[cos(k · ai )σx + sin(k · ai )σy ]

Figure 5.1: Phase diagram of the spinless electron model with |t2/t1| < 1/3
(adapted from the original Haldane paper, Ref.[64].
"
+ M − 2t2 sin φ

"

!#
X
i

sin(k · bi )

σz ,

(5.7)

where σ matrices are Pauli matrices acting on the two sublattices. As
long as |t2/t1| < 1/3, the energy bands of this model can only touch in
correspondence
of the K, K 0 points of the hexagonal BZ, if the condition
√
M = 3 3αt2 sin φ (α = ±1 for K, K 0 ) is satisfied. From the evaluation of
transverse conductivity σ xy = ∂σ/∂B0 |µ,T at B0 =0 in linear response, one
gets the phase diagram in Fig.5.1, with two trivial domains n = 0 and two
nontrivial domains with n = ±1, separated by critical lines having a low
energy massless spectrum.
Kane-Mele model
In the Haldane model, the spin degree of freedom is not taken into account.
The spinful case can be as two noninteracting copies of the Haldane model
as long as the perpendicular component of the spin Sz is conserved. Correspondingly, two TKNN invariants can be defined, n↑ and n↓ . Imposing
T symmetry, one has the condition that n↑ + n↓ = 0 and thus no net conductivity, however the difference n↑ − n↓ can be nonzero and give rise to a
quantized spin Hall conductivity[61]. The Kane-Mele model is the general99

ization of such a model with the inclusion of spin and T -invariant spin-orbit
interactions. It is described in second quantization by the Hamiltonian
H=t

X
<ij>

c†i cj +iλSO

X

νij c†i sz cj +iλR

<<ij>>

X

c†i (s× d̂ij )z cj +λν

<ij>

X

ζi c†i ci

i

(5.8)
Here, the first term is the nearest neighbor hopping term on the honeycomb lattice, the second term is the spin-orbit interaction,
involving spin
√
dependent second neighbor hopping, with νij = (2/ 3)(d̂1 × d̂2 )z = ±1,
where d̂1 and d̂2 are unit vectors along the two hopping going from j to i.
The third term is the Rashba term, arising due to a perpendicular electric
field or due the interaction with the substrate; it explicitly violates the Sz
conservation. The fourth term is a staggered sublattice potential (ζi = ±1).
The phase diagram of the model is reported in Fig.5.2. As long as a finite
λSO is present, there exists a region of parameters which is topologically
dis√
tinct from the trivial insulator. In particular, a finite λR < 2 3λSO breaks
Sz conservation but does not induce a topological phase transition since the
band gap does not close.
Similarly to what happens in the case of the TKNN classification, the Z2
classification of T -invariant systems emerges naturally from the study of the
Bloch wave functions, which form vector bundles behaving in well-defined
ways under the application of the time-reversal operator. The Z2 invariant
is constructed by evaluating the zeros of the quantity
P (k) = Pf[hui (k)| T |uj (k)i],

(5.9)

The presence of a pair of zeros for P (k), whose existence is guaranteed by
the T symmetry, distinguishes the non trivial phase, also called the quantum
spin-Hall (QSH) phase, from the trivial phase. The number of pairs of zeros
is the Z2 topological invariant, whose detailed construction can be found
in Ref.[62]. The two topological classes can be equivalently understood by
recurring to the bulk-boundary correspondence. The idea is that whenever
an interface between two topologically distinct states exists, the energy gap
has to vanish somewhere at the interface because otherwise the topological
invariant could not change. As a consequence, one always expects some kind
of conducting states to live at the interface between a topological phase and
a trivial insulator. In the case of the QSH state, there is a pair of eigenstates
for every value of energy in the bulk gap at each edge. The corresponding
eigenstates form a Kramers pair of counter propagating helical modes having
100

Figure 5.2: Band structure for the QSH phase (a) and for the trivial insulating phase (b), solved in a "zigzag" strip geometry. The inset shows the
phase diagram of the Kane-Mele model. Figure taken from Ref.[62].
opposite spin. They cannot mix due to T symmetry, in fact the relation
hΨ|ΨT i = 0 holds for any Kramers’ doublet, implying that no backscattering
between the two states exist as long as T -symmetry is mantained. Thus the
edge states are robust against small perturbations[62]. Generally speaking,
when an even number of pairs of helical states is present at each edge (e.g. 2),
scattering channels in between the edge states can open a gap: the system
is in the trivial insulator phase. When an odd number of pairs is present
however, at least one Kramers’ pair is bound to remain ungapped and the
system is in the QSH phase. No such protection exists without Kramers
theorem, e.g. in the case of integer spin models.
HgTe/CdTe quantum wells and the Bernevig-Hughes-Zhang model
The Kane-Mele model captures all the essential features of the QSH state.
However, the QSH state has never been observed in graphene due to the
very low SOC value, with a gap-opening of the order of 10−3 meV[238],
which is too small to be experimentally accessible. A decisive advance in
the experimental observation of the QSH effect was due to the BernevigHughes-Zhang (BHZ), who first proposed that QSH state could be realized
in type-III semiconductor quantum wells[65]. The idea is to exploit the
inverted band progression of some semiconductors, such as HgTe (see e.g.
[239]), in order to tailor a system where the QSH state can be observed.
The normal band progression sees the two-dimensional Γ6 band(using the
double group notation[239]), originating from Hg s-type orbitals, above the
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four-dimensional Te p-type Γ8 . Conversely, in HgTe the Γ6 band lies below
the Γ8 band. BHZ investigated the properties of a CdTe/HgTe/CdTe heterostructure as a function of the thickness dQW of HgTe. They predicted
the system to be a trivial insulator for dQW < dc and a transition towards
the QSH state for dQW > dc , where dc is a critical HgTe thickness. Their
six-band model takes into account the already mentioned six bands, which
in the experimental geometry combine as a result of the spatial symmetry
breaking to form six quantum well subbands: E1↑,↓ ,H1↑,↓ ,L1↑,↓ . Neglecting
the L1 subband, which is energetically separated from the other two, an
effective four-band model is obtained, which is described by the following
Hamiltonian in the basis of E1/H1 states:


H(k)
0
, H(k) = (k) + di (k)σi
(5.10)
Heff (kx , ky ) =
0
H ∗ (−k)
where σi are the Pauli matrices and the form of di (k) functions are constrained by symmetry arguments as follows:
d1 + id2 = A(kx + iky ), d3 = M − B(kx2 + ky2 ), (k) = C − D(kx2 + ky2 )
A,B,C,D depend on the heterostructure and M is the gap parameter,
i.e. the energy difference between E1 and H1. E1 and H1 bands cross
as a function of dQW , giving rise to a sign change in the mass M , which
xy
in turn causes a well-defined change in the Hall conductance ∆σ↑,↓
= ±1
in the two blocks of the effective Hamiltonian, such that the charge-Hall
conductance does not vary ∆σ↑xy +∆σ↓xy = 0, while the spin-Hall conductance
∆σ↑xy − ∆σ↓xy = 2 in units of e2 /h, signaling that the pairs of edge states
between the two phases differ by 1 and thus a topological phase transition
is taking place[65]. The first experimental observation of the QSH state
came from Molenkamp group at Würzburg university, in the HgTe/CdTe
system proposed by BHZ[56]. They observed that the insulating regime
of the material showed a residual conductance close to 2e2 /h for a thick
HgTe well (dQW > dc = 6.3nm), independent of the sample width, and thus
unequivocally due to some edge state. The topological nature of the edge
states was further confirmed by applying a small magnetic perpendicularly
to the well, breaking the T symmetry and consequently gapping the edge
states, destroying the conducting channels.
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5.1.4

3D Topological Insulators

Up to now, we only considered 2D systems, following the historical development of the field. However, one may extend the topological classification
to higher dimensional systems. Hamiltonians in a d-dimensional space can
be topologically classified according to how they behave under the application of the two fundamental antiunitary symmetries of time-reversal T and
charge-conjugation C and their product S = T · C. The classification is
due to Zirnbauer and Atland[240, 241], who first recognized the one-to-one
correspondence between single particle Hamiltonians and the set of symmetric spaces classified by the mathematician Cartan in 1926. Ten symmetry
classes per dimension exist and for this reason is often referred as the "Tenfold Way". Furthermore, hierarchical relations exist between topological
phases in different dimensions[242, 243].
Here we focus on Z2 TIs and their extension to the 3D case. A convenient
way to evaluate the Z2 invariant in 2D TIs can be given in terms of the
already mentioned overlap matrix wij = hui (k)| T |uj (k)i, by considering
the four T -invariant time reversal momenta (TRIM). By defining
δi =

p
Det[w(Γi )]/Pf[w(Γi )] = ±1, i = 1, 4

(5.11)

the Z2 invariant is defined by the relation
(−1)ν2D =

Y

(5.12)

δi

i=1,4

In 3D systems, there are 8 distinct TRIM, defined by Γi=(n1 ,n2 ,n3 ) =
(n1 b1 + n2 b2 + n3 b3 )/2 with nj = 0, 1. There are 16 distinct gauge invariant configurations of the δi , which can be indexed by 4 Z2 invariants
ν0 ; (ν1 , ν2, ν3), defined by[63]
(−1)ν0 =

Y

δn1 n2 n3 , (−1)νi=1,2,3 =

nj =0,1

Y

δn1 n2 n3

(5.13)

nj6=i =0,1;ni =1

When ν0 = 0, each face has either 0 or 2 Dirac points enclosed by the
Fermi arc. This face can host topological surface states, however they are
sensitive to changes in the lattice (e.g., cell doubling) and disorder, and will
generically be localized in the Anderson sense. For this reason, the ν0 = 0
topological phases are often called weak TI.Wen ν0 = 1, the surface Fermi
arc encloses 1 or 3 Dirac points on all faces. While the weak topological phase
can be thought as a stack of 2D TIs, the strong TI is intrinsically different,
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since the fermion doubling theorem would not allow the presence of a single
Dirac cone in 2D as long as T is preserved. In a (2+1)D system, however,
this is possible because Dirac point partners can live on opposite surfaces.
In this sense, if the Fermi energy is placed exactly at the Dirac point, the
strong TI is the realization the 2+1 dimensional parity anomaly[63].

5.2
5.2.1

Study of the electronic properties of mercury
telluride
Introduction

The discovery of the QSH phase in CdTe/HgTe quantum wells sparked further research on the inverted band structure of HgTe and its potential as
a topological material. It is now understood that HgTe hosts many topological non trivial phenomena, like 3D strong TI phase[244], Weyl physics,
Kane fermions as well as the possibility of introducing magnetism into the
system[56, 245, 246, 247, 248]. As of today, HgTe remains one of the most
studied topological compounds and a textbook example of TI. As such, the
correct theoretical description of its electronic band structure is of considerable importance. In the past, good results have been obtained with semiempirical methods like k · p; however, this method is not accurate in all
the BZ and relies on experimental inputs. On the other hand, a satisfying
first principles description of HgTe electronic properties is notably difficult
to achieve: some critical points are the correct band ordering, the energy
position of the Hg(d)-orbitals and a realistic dependence on the wave vector
k of the bands near the Fermi level. Despite a lot of work has been performed in this sense (see Refs.[249, 250, 251, 252], to name a few) it is still
not completely clear what is the best framework for the description of the
HgTe electronic structure in DFT due to various reasons: the presence of a
gap[253], the important role played by relativistic effects[254], the presence
of sizable exchange and correlation effects and, in part, also the lack of clear
experimental data. In this work, we give a comprehensive overview of the
electronic properties of HgTe by combining theoretical calculations and experimental techniques, with the aim of establishing once and for all the best
framework for the description of HgTe electronic structure. The work is organized as follows: we start by discussing the electronic properties of HgTe in
its bulk form and the physical mechanism responsible for the band inversion.
Then, in Sec.5.2.3, we illustrate why the application of an in-plane tensile
strain is needed in order to observe the TI phase. In Sec.5.2.5, we present
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and discuss the DFT calculations, explaining how we determined the best
method to describe HgTe electronic structure in DFT. Then, in Sec.5.2.6
we present the experimental measurements, discuss them in the light of the
theoretical results. Finally, we will draw our conclusions.

5.2.2

Mercury telluride: a zero gap semiconductor

Mercury telluride is a binary compound, formed by group II metal Hg and
group VI chalcogen Te. Like many other II-VI and III-V compounds, bulk
HgTe crystallizes in the cubic zincblende crystal structure (F 4̄3m, space
group No. 216), consisting in two interpenetrating f cc lattices displaced
along the (111) direction by 1/4 of the diagonal of the cube. In this structural configuration, each Hg(Te) atom has four Te(Hg) nearest neighbors,
and four sp3 states are formed, resulting from the two Hg(6s) valence electrons and the six Te(2 5s + 4 5p) valence electrons. The electronic band
structure of HgTe was first studied with the application of the Groves-Paul
model, originally constructed for α-Tin[255] and then applied to mercury
chalcogenides[256], which allowed to establish some general features of HgTe
band structure. More recently, k · p method has been often used to describe the HgTe band structure because it allows an accurate description of
the electronic eigenstates in the vicinity of the Γ-point, which is where the
band inversion takes place in HgTe (see e.g. the 16×16 relativistic model by
Cardona et al. in Ref.[257]). The main drawback of k · p method is the
limited range of reliability in the BZ (see Ref.[239] for a general perspective on the method). A realistic description of HgTe band structure cannot
neglect neither the spin degree of freedom nor the relativistic correction to
the Hamiltonian. The former is a fundamental aspect of a TI; the latter because the relativistic term is the physical origin of the band inversion. The
relativistic part of the Hamiltonian can be written:
Hrel = HD + Hkin + HSOC

(5.14)

where HD is the Darwin correction, representing the extra energy coming
from the interaction of s electrons with the nucleus, Hkin is the correction
to the kinetic operator due to increase of the relativistic effective mass with
velocity and HSOC is the spin-orbit interaction. The first two terms can
only shift energy levels in energy while SOC can also split them, due to
the angular momentum dependence. In the case of II-VI compounds, the
Γ6 -type states are derived from the p electrons of the chalcogen while the
Γ8 -type from the s-type states of the metal. Both the Darwin and the kinetic
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Figure 5.3: Schematics of the band formation in CdTe (panel (a)) and
HgTe(panel (b)) around the Γ point. Here, ED represents the Darwin correcs,p
tion, Em
.i. the kinetic correction due to Hkin and ∆ the spin-orbit splitting.
Figure taken from Ref.[254]
correction mostly influence s states. Their value depends on the atomic
number of the atom (kinetic corrections scale with the fourth power of the
atomic number[258]). As such, Hg(s) orbitals are particularly affected by
the correction due to HD + Hkin , as exemplified in Fig.5.3 where the band
formation is compared between CdTe (panel (a)) and HgTe (panel (b)) in
the reciprocal space region near the Γ-point. The two compounds present
a very similar crystal structure, and their lattice parameters differ of ' 0.3
%. However, since Hg is heavier, the Γ6 band position is more affected by
Hkin and HD , resulting in a sensible energy downshift. This, combined with
the effect of Hkin and HSOC over the Γ8 band, causes the band inversion.
Conversely, the kinetic correction in CdTe is too small to alter the band
ordering.

5.2.3

Opening the gap in HgTe

One of the consequences of the band inversion is that the Fermi level is pinned
in the middle of the Γ8 fourfold degenerate band (see Fig.5.3). Thus, HgTe
is not an insulator nor a gapped semiconductor; rather it has semimetallic
properties, with the Fermi level lying in a zone with vanishing DOS. The
four Γ8 bands are degenerate at the Γ point. Moving away from the Γ
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Figure 5.4: Schematization of the experimental setup.
point, valence and conduction slightly overlap, with a maximum value (of
the order of the meV) along the (111) reciprocal direction[254]. From the
above discussion it results that HgTe, as it is, is not a topological insulator,in
fact it is not an insulator in the first place. It follows that we need to
induce a gap in the band structure to observe the TI phase in HgTe. In
this regard, it is known since a long time that one way to do this is by
lowering the symmetry of the crystal, e.g. by applying an anisotropic strain,
such as a tensile strain along the (0,0,1) crystal direction[259] or in-plane
tensile strain[245]: a well established procedure is to epitaxially grow HgTe
on CdTe substrates. CdTe has a lattice constant that is 0.3% larger than
that of HgTe; consequently, slabs under a critical thickness of 200 nm grow
with the same in-plane lattice constant of the CdTe substrate, inducing an
in-plane tensile strain. The resulting system was studied with an 8×8 k · p
model, where an energy gap of ' 22 meV has been calculated for a 0.3%
lattice mismatch model, i.e. the experimental lattice mismatch[245]. In this
setup, the quantum Hall effect due to the topological surface states of HgTe
has been measured, proving that strained HgTe is a 3D TI[245].

5.2.4

Presentation of the experimental setup

We investigate the electronic and topological properties of strained HgTe in
collaboration with the experimental group of the University of Würzburg,
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Figure 5.5: Top view (panel (a)) and side view (panel (b)) of HgTe crystal
structure. Solid black lines mark the fcc unit cell, dashed lines the tetragonal
unit cell.
led by prof. Laurens Molenkamp. The experimental results presented here
are still unpublished and belong to the experimental research group of the
University of Würzburg. The full list of collaborators can be found at the
end of the thesis. The samples are grown by means of molecular beam
epitaxy on top of a CdTe substrate, in the setup schematically shown in
Fig.5.4. By depositing a 80 nm Te layer subsequent to the growth, we ensure
a contaminant free surface. The capping layer was removed under ultrahigh vacuum conditions in the ARPES chamber enabling investigation with
pristine surface quality, similar to the procedure used for Bi2 Te3 -derived
materials[260]. We apply vacuum ultraviolet angle resolved photoemission
to investigate the bulk and surface electronic structure. The experiments
were conducted at the µ ARPES end station of the beamline of the ALS
(USA). Further measurements were realized with the He Iα -line (21.2 eV) of
a monochromatized He-discharge source which enables, due to higher surface
sensitivity, a more detailed look at the topological surface state (TSS).

5.2.5

DFT description of bulk HgTe

As we already mentioned, electronic structure calculations for HgTe are particularly delicate in DFT. For this reason, we compare the performances of
different DFT exchange and correlation (XC) functionals in order to determine the most suited for the description of the HgTe electronic structure
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by comparing the results to the ARPES spectrum. Further details of the
DFT calculation can be found in the computational details at the end of the
section. In Fig.5.6, we compare the band structure obtained with different
XC functionals in the vicinity of the Γ-point, along the two in-plane high
symmetry directions.
We first discuss the results obtained with the bare local density approximation (LDA)[261] (grey lines in Fig.5.6). The LDA functional predicts the
following band ordering at the Γ-point: Γ8 > Γ7 > Γ6 . This is at variance with the accepted Γ8 > Γ6 > Γ7 band ordering, as already observed in
previous literature (see e.g. Ref.[262]). This fact makes LDA not suited for
a good description of HgTe electronic properties. We thus explore various
“beyond” LDA methods to obtain a better description of the band structure.
As a first attempt, we consider on-site correlation effects by introducing the
Hubbard U on-site energy, in the rotationally invariant LDA+U formalism
described by Dudarev et al. in Ref.[263]. This approach has been already
used in the past literature with good results, and reproduces the experimentally observed band ordering at the Γ point of the BZ[249]. However
it relies on a tunable parameter (the value of the on-site energy U ), which
makes the description not fully ab-initio. The resulting band structure is
shown in Fig.5.6 (dashed green lines). We consider a value U − J = 10
eV in order to obtain direct band gaps at the Γ-point in agreement with
the experimental measurements. Alternatively to the LDA+U , we considered the Modified Becke-Johnson (MBJ) potential correction to the LDA
XC functional[264, 265]. The MBJ correction is a local approximation to
an atomic exact-exchange potential and significantly improves the results
of the bare LDA exchange functional for the prediction of the band-gap of
most semiconductors, while leaving the calculation relatively cheap (dashed
red lines in Fig.5.6). The best agreement with the experimental data was
obtained using the hybrid HSE06 functional[266], which explicitly includes
the atomic exact-exchange term in the functional. While the LDA results
are qualitatively different, all the other three functionals give qualitatively
similar results regarding the band structure near the Fermi level.
The obtained direct band gaps at Γ are reported in Tab.5.1. Although
the LDA+U and the LDA-MBJ predict the correct band ordering at Γ,
the resulting band structure is still not adequate when compared to the
experimental results: both methods fail to reproduce the Fermi velocity of
the bands of interest and also the energy position of the deep Hg(5d) states is
quite off with respect to the experimentally measured position (see Fig.5.7).
This is because these two features are related, since the interaction with
the d states contributes to determine the energy-momentum dispersion of
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Figure 5.6: Comparison among the electronic band structures obtained employing different XC functionals.
the valence bands[257]. In Fig.5.7 we see that the LDA-MBJ functional
puts the two Hg(5d) peaks at a substantially lower binding energy with
respect to the experiments, while they are found at higher binding energies
in the LDA+U approach. Since the shift of the Hg(5d) states towards higher
binding energies is caused by the value of the U , it could be argued that a
lower value of U − J may fix this occurrence; anyway, by doing so (e.g.
by reducing the value of U − J to 7.5 eV), we obtain Γ6 ,Γ7 and Γ8 bands
in poor agreement with the ARPES measurements. On the contrary, both
these feature are well captured by the HSE06 functional. which shows a far
better agreement with the experimental energy position of the Hg(5d) states.
Furthermore, the low energy band structure is in remarkable agreement with
the ARPES data, as we will show in the following.

5.2.6

Experimental results and discussion

As already mentioned, HgTe crystallizes in the zincblende cubic structure
(F 4̄3m), space group No. 216, Fig.5.5). The corresponding Brillouin zone,
schematically shown in Fig.5.8(a), takes the shape of a truncated octahedron.
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Figure 5.7: Density of states plot in the region of the Hg(5d) levels. Black
thick lines mark the position of the experimental peaks.
XC Functional
LDA
LDA+U
LDA-MBJ
HSE06
Exp.

∆E(Γ8 − Γ6 ) (eV)
1.12
0.3
0.23
0.37
0.29

∆E(Γ8 − Γ7 ) (eV)
0.77
0.91
0.74
0.87
0.91

Table 5.1: Direct band gaps at Γ for the different considered functionals
compared to the experimental values[267].
We are especially interested in the electronic properties in the region of the
BZ near the Γ-point, where the band inversion takes place.
In Fig.5.8(b) we report the ARPES intensity in proximity of the Γ point
along the Γ-K direction, compared to the bulk DFT-HSE06 eigenstates obtained with the HSE06 method. The agreement between theory and experiment is impressive: it is possible to unequivocally assign the spectral features
to the corresponding DFT Γ8 -,Γ6 - and Γ7 -bands. We observe the inverted
Γ8 >Γ6 >Γ7 band ordering both in theory and in the experiment. An additional feature is present in the ARPES spectrum, which is not reproduced by
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Figure 5.8: Panel (a): bulk Brillouin zone showing the relevant high symmetry points as well as the path in k-space of the electronic structure. Panel
(b): ARPES spectrum along the Γ-K point overlayed by calculated bulk band
dispersion. The theoretical band structure shows various bulk bands as well
as the TSS as the feature not reproduced by the calculation.
the bulk DFT calculation, i.e. a band with a linear dispersion connecting the
top of the Γ8 band at EF with the second valence band at finite kx . This additional Dirac-type state has been already observed in previous less resolved
ARPES measurements and its Dirac-like behavior was confirmed by means
of magnetotransport experiments[245]. In the following we demonstrate that
this state is the topologically protected surface state characterizing the TI
phase of HgTe, emerging as a consequence of the inverted band ordering.
As a first step, we address this problem by means of a ab-initio calculation
of the surface band structure. Surface calculations have been performed using the tetragonal cell (Fig.5.5, black dashed lines), breaking the periodicity
of the bulk system along the (001) direction with a Te-terminated supercell,
while leaving the other two directions periodic, and considering an HgTe slab
with a thickness d ' 15.5 nm. A vacuum of 25 Å was included in the calculation in order to avoid spurious interactions between the periodic images
of the system. Due to the large system in consideration, the calculation has
been performed using the LDA + U approach instead of the heavier HSE06
hybrid functional. Although the LDA + U approach does not guarantee the
same quantitative precision of the HSE06 functional, we believe that all the
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Figure 5.9: Surface band structure calculation for a 15.5 nm thick Teterminated HgTe slab. Red and blue dots are proportional to the surface
character of the corresponding eigenstate.
qualitative aspects can be captured by the LDA+U calculation which, as we
discussed, is able to reproduce the right experimental band ordering. The
eigenvalues obtained in the surface calculation are reported in Fig.5.9.
We observe the formation of surface states on both the inequivalent Teterminated surfaces. However, they disperse far away from Γ and do not
show a behavior compatible with the one observed in the ARPES spectrum
of Fig.5.8(b). Thus, the surface states resulting from this calculation do not
correspond to the topologically protected surface states. The difference observed between the ARPES spectrum and the calculation is surprising and
not easy to explain. However, this discrepancy has already been pointed out
in previous literature: in Ref.[268] an Hg-terminated slab ab-initio calcula-
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tion was performed, including the effect of the c(2×2) surface reconstruction experimentally observed[269] and no linear dispersing surface state was
observed near Γ. Furthermore, in Ref.[251], Wu et al. report that both
slab calculations with Te or Hg terminations yield several trivial dangling
bond states without Dirac-type states. They attributed the discrepancy
with the experimental observations to the roughness of the cleaved surface
in ARPES, arguing that the ordered surface configuration of the ab-initio
calculation cannot reproduce adequately the surface bands of this system.
They further suggested that the optimal method to simulate this system is
employing a Wannier basis function. They analyzed the case of a large 3%
strain, demonstrating the formation of a Dirac cone at the Γ-point, localized at the Te-terminated surface. Thus, we believe that the failure of the
ab-initio calculation regarding the Dirac state could be attributed to the
presence of a disordered surface. However, other reasons could lie behind
this discrepancy, e.g. the presence of an uncompensated charge or some degree of polarity. Here, we extended the results by Wu et al. passing to the
localized Wannier basis through the interpolation of the HSE06 bands.
I briefly present the main ideas behind the maximally localized Wannier
function theory, which we employ for the description of our Hamiltonian in
the real space. While it is often convenient to describe a spatially periodic
electron system in the crystal momentum space, where the Hamiltonian is
diagonal, it is still possible to represent the Bloch Hamiltonian in an arbitrary space operating a basis change in the Hilbert space. A very useful
alternative description is represented by the Wannier functions (WFs) basis,
having the property to be localized in real space.[270] In the following, we
consider the case of an isolated band, for the sake of mantaining a simple
theoretical formalism. The WF corresponding to the band n localized in the
cell described by the lattice vector R in real space can be written as
Z
V
wn (R) =
dk e−i k·R |ψn,k i
(5.15)
(2π)3 BZ
From Eq.5.15, it can be seen that WFs are related to the Bloch functions by
a Fourier transofm. Since this transformation is unitary, both the Bloch and
the Wannier descriptions represent two equivalent ways to describe the electron system under investigation. Some complications stem from the strong
non-unicity of the WFs, due to the presence of a gauge freedom in the choice
of the Bloch eigenfunctions:
ψnk → eiφn (k) ψnk
114

X<—Γ—>K

1.5
1

Wannier
DFT

E - EF (eV)

0.5
0
−0.5
−1
−1.5
−2

−0.4

−0.2

0
k(Å−1 )

0.2

0.4

Figure 5.10: Comparison between the Kohn-Sham electron bands obtained
with the HSE06 functional and the band structure obtained with the Wannier
Hamiltonian.
One way to overcome this difficulty due to Marzari and Vanderbilt[271]
consists in imposing an additional condition, i.e. the maximal possible localization of the WF, by the minimization of a functional representing the WF
spread hr2 in −hri2n . Once that the technical difficulties of the Wannierization
procedure are addressed, the resulting Hamiltonian in the Wannier basis is
very useful for calculations involving many atoms, due to its local character,
as we demonstrate in the following. We extracted the maximally localized
Wannier functions from the ab-initio calculation using the wannier90 package [272]. We project the DFT Hamiltonian over the basis of the spin-orbited
atomic Hg(6s) and Te(5p) states, obtaining a 16×16 real space Hamiltonian
in the tetragonal cell description. In Fig.5.10, we compare the band structure resulting from the Wannier Hamiltonian to the DFT calculation. The
excellent agreement between the two confirms the completeness of the basis
functions.
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Figure 5.11: Panel (a): schematic representation of a 5×5×7 Teterminated HgTe slab. In the calculation, the periodicity is only broken in the
(001) direction. Panel (b): Wannier surface band structure calculation for a
24 nm thick Te-terminated HgTe slab, projected over the two spin components
(orange and blue dots). Black lines represent the bulk band structure.
The short ranged Wannier Hamiltonian allows us to perform large slab
calculations with an affordable computational cost. However, contrary to the
full ab-initio calculation, in the Wannier calculation the surface charge is not
allowed to self consistently screen the discontinuity induced by the surface
and the surface only affects the coordination number of the surface atoms.
From the Wannier Hamiltonian, we build a Te-terminated 24 nm thick slab
in order to describe the surface states of HgTe. A schematic representation of
the slab is depcted in Fig.5.11(a). The resulting band structure is reported in
Fig.5.11(b), where the eigenstates are projected over the two spin component
of the four outermost layers of one Te-terminated surface (blue and orange,
respectively). Here, the formation of a linear electronic dispersion near Γ
is evident. We observe that the spin character of the linear surface state
depends on the considered k-direction, confirming the topological nature of
the surface state with the spin-momentum locking, a characteristic feature
of TI’s surface states[60].
In order to properly compare the calculated bands with the experimental
ARPES spectrum, we consider a semi-infinite slab whose spectrum whose
spectrum can be obtained applying the iterative Green’s function method
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Figure 5.12: Panel (a): sum of ARPES intensities for p- and spolarized light. Panel (b): semi-infinite surface spectrum considering a Tetermination. Panel (c): surface projected bulk bands.
in the Wannier basis in the scheme developed in Ref.[273], using the same
Wannier Hamiltonian as before.In Fig.5.12(a) the ARPES spectrum along an
high-symmetry closed loop in the BZ, indicated by the red lines in Fig.5.8(a)
and Figs.5.12(b),(c) show the corresponding electronic theoretical band structure resulting from the semi-infinite approach obtained taking into consideration the surface projected bulk bands (b) and Te-surface related features
(c). Comparing the ARPES spectrum with the calculated one, we find a
surface state located around the X-point of the BZ. The agreement between
theory and experiment is impressive; both energy on-sets as well as band
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Figure 5.13: Panel (a): experimental constant energy contour maps overlayed by the boundaries of the bulk BZ. Panel (b): electronic structure along
the K-Γ-K-direction. Both measurements were taken with p-polarized light.
Panels (c) and (d): experimental constant energy contour and band structure
along the K-Γ K-direction measured with s-polarized light. All spectra were
taken with hν = 123 eV.
dispersion get reproduced over a broad energy and momentum range, for
the bulk and the surface states, including the TSS at Γ.
Additionally, we want to investigate the orbital contributions to the electronic structure. This can be done by utilizing the transition matrix element
in the form of dipole selection rules. The transition probability and thus
the photo emission-current in a photo-excitation process is dependent on the
product of the irreproducible representations of the initial state, the final
state and the perturbation operator. However, this complex problem can be
greatly simplified in the dipole approximation, omitting non-relevant processes like two photon excitations. This results in a proportionality of the
photo-current to one-electron dipole matrix element J ∝ | hφf | |A · p |φi i |2
of the electromagnetic vector potential A, the momentum operator p as well
as the one-electron initial and final states φi and φf , respectively[274].
The experimental geometry is schematically shown in Fig.5.13(d). Refer118

Figure 5.14: Panel (a) and (b): calculated surface spectrum from the Γ- to
the K-point projected onto Te pz -and px -orbitals, shown in the left an right
panel, respectively. Panel (c): calculated surface spectrum projected onto Te
py -orbitals. Panel (d): schematic of the experimental geometry showing the
crystal structure, the plane of incidence as well as the orientation of p- and
s-polarization (pol.). All spectra were taken with hν = 123 eV.
ring to the laboratory frame of reference, the plane of incidence (POI, the
plane where both the incident light and the emitted photoelectron lie) as well
as the detector slit lie within the plane Pxz defined by kx and kz . The crystal
is oriented in such a way that Pxz coincides with one of its 110-planes. These
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Figure 5.15: Calculated energy cut at -1.0 eV, projected over py orbitals.
define the mirror planes of the system and correspond to the ΓK-direction.
When both the POI as well as the detector slit are oriented along a mirror
plane of the crystal system, there are only two irreducible representations
possible, even or odd with respect to the mirror plane. The complete product
has to be of even parity in order for the overlap integral to give a non-zero
contribution. Furthermore, the final state can only be even since having a
node in the mirror plane would make it undetectable by the analyzer. These
conditions leave two possible combinations for a finite transition probability:
A and φi have to be either both even or odd. The present geometry allows
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for excitations since it satisfies the transitions rules that we discussed above,
from the mirror-even (odd) states px and pz (py ) by p-pol.(s-pol.) light.
Fig.5.13(a) shows a constant energy cut (CEC) taken with p-pol. light at
E - EF = 1 eV. The borders of the BZ are indicated by white lines. The
dotted line marks the K-Γ-K-direction, whose corresponding cut is shown
in Fig.5.13(b). Taken with in-plane polarized light, this measurement enables excitation from px -and pz -derived states within the POI. We compare
the p-pol. ARPES spectrum to the orbital separated surface calculations
in the semi-infinite approach, reported in Figs.5.14(a) and (b) for the Γ-K
direction. We can identify the pz -orbitals as the main contributor to the
electronic structure. The TSS as well as the outer parts of the Γ6 - and
inner part of the Γ8 -bands are derived from pz -orbitals, whereas the overall px -character is comparatively faint. An equivalent evaluation can be
made for experiments performed with s-pol and the odd py -states which are
depicted in Figs.5.13(c),(d) and Fig5.14(c), respectively. Virtually all measured intensity in the s-pol. spectrum stems from the Γ8 -band with only
minor contributions from parts of the Γ6 -band at small but finite kx . The
orbital projection of py -states in Fig.5.14(c) mirrors this spectral weight distribution. We further reproduce the CEC in Fig.5.13(c) realizing a constant
energy calculation at -1 eV and projecting it over the py orbital. The result,
shown in Fig.5.15, shows a precise correspondence between the experimental
observation and the calculated spectral weight, confirming that the primary
contribution to the spectral weight originates from the outer band along ΓK, having mainly py character. The relative intensity of different bands is
slightly different in the experiment with respect to the theoretical calculation: we attribute this effect to the already discussed photo-current matrix
element.
In addition to the low energy valence band regime the DFT calculation
accurately reproduces higher energy states like the outermost Hg 5(d) core
levels, as can be seen in Fig.5.7. The spin-orbit√coupling induced splitting of the Γ8 -band can be written as ED = (1 ± 3/4 C)kx for the [110]
direction[275]. The splitting parameter C can be traced back to the interaction between the valence band state Γ8 and the cation d-levels and according
∆d,c
to Cardona et al. can be expressed by C = −A E(Γ8 )−E
where E(Γ8 ) is the
d,c
band position of the Γ8 -state, ∆d,c is the spin-orbit splitting and Ed,c the energy of the outermost cation d-levels[276, 257]. The positive constant A can
be estimated to be 350 meV Å for II-VI compounds[276]. Using these parameters obtained from our experimental and theoretical approach we find
Ck = -80.4 meV Å and Ck = -87.5 meV Å, which are in agreement with
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Figure 5.16: ARPES intensity near the Γ-point. (a) Photoemission intensity taken with hν = 123 eV and p-polarized light. The inset depicts the
electronic structure measured with He I α-line, demonstrating the high sensitivity for the topological surface state at this photon energy. (b) Surface
electronic structure measured with hν = 21.2 eV at T = 40 K and 300 K.
previous estimations[276, 257]. Further insights on the surface bands can
be obtained from ARPES spectrum obtained with surface sensitive photons
from He-I discharge lamps (hν = 21.2 eV) as a function of the temperature.
Fig.5.16(a) shows an ARPES spectrum taken at hν= 123 eV overlaid by the
surface electronic structure measured at 21.2 eV. The lower photon energy
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yields a higher cross section for the TSS. The merging of Γ6 -band and TSS
appears more continuously compared to measurement at hν= 123 eV. Overall, the TSS exhibits a virtually ideal linear dispersion. Fig.5.16(b),(c) show
ARPES spectra taken at T = 40K and 300K, respectively. A pronounced
shift in energy can be seen with a more electron doped behavior for the room
temperature measurement. We gave a theoretical interpretation of this puzzling experimental result considering two effects: thermal expansion and
Fermi distribution broadening. From 50K to 300K the lattice constant expands by ' 0.1%[277]. We calculated the bands with the lattice constant at
300 K and included the Fermi broadening in the calculation of the chemical
potential. The value of the chemical potential µ can be obtained imposing
the conservation of the total number of electrons ne− in the integral equation
Z µ
ne− =
N ()f ( − µ)d
(5.16)
−∞

, which we iteratively solved for µ. Here, f is the Fermi-Dirac distribution
and N () is the density of states. While the lattice expansion does not change
the electronic structure in a meaningful way, we find that the effect of the
temperature on the chemical potential is large: the effect of the broadening
and the conseuqent repopulation of electronic states are due to the very
asymmetric density of states of HgTe, causing a large shift of ∆E= 55 meV,
which is in excellent agreement with the value measured in the experiment.

5.2.7

Computational details

We perform DFT calculations with the projector augmented-wave pseudopotential method[159, 109] as implemented in the Vienna Ab-initio Simulation
Package (VASP)[278, 279, 108, 107]. An energy cutoff of 350 eV for the
plane wave basis and 8×8×8 Monkhorst-Pack grid for Brillouin zone (BZ)
sampling were used, ensuring a convergence of 1 meV on the electronic eigenvalues. Spin-orbit coupling was included in the calculation. The conventional
zincblende unit cell is shown in Fig.5.5 (black solid lines). We considered
the experimental HgTe lattice parameter a = 6.46 Å and applied a 0.3%
in-plane strain to the HgTe lattice parameter in order to match the CdTe
experimental lattice parameter (0.3% tensile biaxial strain, a0 = 6.481 Å).
The corresponding out of plane lattice parameter can be calculated from the
stiffness coefficients of HgTe[280, 281], obtaining c = 6.435 Å. The surface
calculations have been performed with the open-source software Wannier
Tools[282].
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Part III: Conclusions and outlook
The focus of the third part of the thesis has been the description of the
properties of bulk HgTe. Its electronic properties were characterized by a
combination of experimental and theoretical techniques. From the experimental point of view, we present ARPES measurements with unprecedented
accuracy, with clear evidence both of the band inversion and the surface
states. From the theoretical point of view, we determined that the inclusion
of the non local exchange term via the HSE06 functional is of fundamental
importance in order to obtain a coherent description, both for the low energy
band structure and the deep Hg(5d) states. Subsequently, we first attempted
the description of the surface structure by means of a full ab-initio calculation, however the results are not compatible with the ARPES spectrum.
We believe that the roughness of the experimental surface, as well as other
effects such as the presence of an uncompensated charge or same degree of
polarity may be at the origin of the discrepancy. This aspect, however, deserves further investigation. Successively, we calculated the surface electronic
structure using a wannierization procedure, observing the appearance of the
spin-resolved TSS state. In order to obtain the best possible comparison
with he ARPES spectrum, the electronic structure has been also calculated
by means of the Green’s function method, finding an impressive agreement
with the experimental ARPES data and allowing the identification of all the
experimentally observed features in a wide energy and momentum range,
signaling that the relevant physical aspects have been captured by the DFT
calculation. We further explained the significant Fermi level shift with increasing temperature (' 55 meV) by the peculiar form of the DOS. With
this work we provide a solid framework for the first principles description of
HgTe properties, offering a reliable comparison for further experimental and
ab-initio investigations on the material. Having demonstrated that the electronic properties of HgTe can be described by first-principles theory, we can
extend the calculations in the Wannier basis to interesting systems based on
HgTe and its superlattices CdTe/HgTe to investigate new topological phases,
including the possible formation of corner staes and hinge states[283, 284].
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