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Computational electromagnetic problems require evaluating the electric and magnetic fields of the
physical object under investigation, divided into elementary cells with a mesh. The partial element
equivalent circuit (PEEC) method has recently received attention from academic and industry com-
munities because it provides a circuit representation of the electromagnetic problem. The surface
formulation, known as S-PEEC, requires computing quadruple integrals for each mesh patch. Several
techniques have been developed to simplify the computational complexity of quadruple integrals but
limited to triangular meshes as used in well-known methods such as the Method of Moments (MoM).
However, in the S-PEEC method, the mesh can be rectangular and orthogonal, and new approaches
must be investigated to simplify the quadruple integrals. This work proposes a numerical approach
that treats the singularity and reduces the computational complexity of one of the two quadruple inte-
grals used in the S-PEEC method. The accuracy and computational time are tested for representative

parallel and orthogonal meshes.

1. Introduction

Computational electromagnetics (CEM) problems require
meshing geometrical objects by discretizing the physical ge-
ometry into elementary cells or patches. Galerkin bound-
ary element methods (BEM), such as the Method of Mo-
ment (MoM) [1] and the Partial Element Equivalent Circuit
(PEEC) method [2] require the discretization of the object
and not of the surrounding medium because they are based
on the integral formulation of Maxwell’s equations adopting
the volume or surface equivalence principles and the concept
of Green’s function [3]. The currents and charges are dis-
cretized by using suitable basis functions defined on spatial
supports which can be either triangle cells, as in MoM [1],
or parallelepipeds and rectangular cells, commonly used in
the PEEC method based on the volume equivalence principle
[2]. The PEEC method, based on the volume principle, re-
sults in many unknowns requiring both memory and compu-
tational power. Techniques such as the fast multipole method
and multi-function techniques [4, 5], or the waveform relax-
ation method [6] aim to accelerate the solution of the integral
equations involved. Other approaches base on model order
reduction (MOR) techniques [7, 8] to reduce the complexity
of the equivalent circuits and, hence, speed up the simula-
tion. Reduced-order macro and micro modeling techniques
of PEEC models have been proposed in [9, 10, 11, 12, 13].
The surface equivalence principle represents an alterna-
tive to the techniques mentioned above because it allows re-
ducing the number of unknowns by discretizing merely the

*This document is the results of the research project funded by the
Swedish Research Council, grant no. 2018-05252.
ORCID(S): 0000-0003-0015-0431 (M. De Lauretis)

object surface, divided into elementary cells of zero thick-
ness, that we call patches in the following. Among different
types of surface formulations [14], the PEEC formulation
based on the surface equivalence principle is referred to as
S-PEEC [15, 16]. As in other Galerkin boundary element
methods, the surface integral equations (SIEs) require the
evaluation of double surface integrals, called quadruple or
4D integrals that involve the Green’s function of the prob-
lem. The accuracy of the solution depends on the quality of
the mesh and the accuracy in the computation of the inte-
grals. In this work, we are interested in the second aspect
only. The computational complexity of the integrals solved
for the patches may cause a bottleneck in the solution due to
the large computational time and memory required - the so-
called "curse of dimensionality" [17, 18]. In fact, each single
integral requires a certain amount of quadrature points, de-
pending on the desired accuracy, with a rapid escalation of
time and memory resources.

Moreover, the accuracy depends on the numerical evalu-
ation of singular integrals. The kernel of the integrals is de-
fined with Green’s function, which becomes singular when
the observation point and the source point coincide. This
condition happens for coincident or close patches surfaces,
challenging the numerical evaluation of the integrals. In this
paper, we only consider integrals that show a weak singular-
ity. The work in [19] provides a general overview of integral
equations and accuracy of numerical evaluation of singular
integrals in the context of the MoM. Typical techniques used
for singular integrals are the singularity subtraction tech-
nique (SST), singularity cancellation methods, direct eval-
uation method, polar-coordinate transformation, or Duffy’s
transformation methods. Each method must be tailored to
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Computational acceleration of 4D integrals in rectangular meshes.

the basis function and geometry under investigation.

Additionally, the decoupling of the charge and currents,
as done in the MoM, causes singularity of the system ma-
trix and an unstable solution at low frequency. A typical
remedial technique for this problem is the loop-star decom-
position [20], which allows the decomposition of the sur-
face current into a solenoidal part and a nonsolenoidal re-
mainder. In [21] both currents and charges are used along
with both the electric and magnetic field integral equations
(EFIE and MFIE, respectively) and formulate a frequency-
stable integral for conductive and dielectric objects analyzed
through MoM. The PEEC method inherits the beneficial ef-
fect of considering both currents and charges when it is for-
mulated in the modified nodal analysis (MNA) form [22], as
clearly shown in [23]. More recently, a rigorous DC solution
of PEEC models has been presented in [24].

Several approaches in literature aim to manipulate the in-
tegrals so that their computation is faster and their solution is
still accurate. In [25], the authors solve the surface integrals
by resorting to the surface divergence theorem, together with
a reordering of the integration order. However, the results
are tailored for triangular surfaces, as further investigated
in [18], where the authors propose a similar approach for
general-case surfaces but limiting the analysis to the electro-
static case. In [26], the quadruple integrals in flat triangular
patches are rewritten as the sum of regular integrals by intro-
ducing relative coordinates, followed by a generalized Duffy
transform that removes the weak singularity. For triangles
sharing the same face, the method admits an analytic solu-
tion. The work in [27] proposes an extension of [26], with a
full numerical quadrature scheme that is not specialized for
a particular integral kernel. The problem of evaluating the
Green’s function integrals in triangular patches is also ad-
dressed in [28], where the authors exploit a polar-coordinate
transformation and a mixed analytic and numerical quadra-
ture that mitigates the singularity and increases the accu-
racy of the integral computation. For the S-PEEC method
with rectangular mesh, some first attempts in this direction
have been made in [29, 30]. In [29], the Taylor expansion of
the exponential term in the Green’s function allows a com-
plete analytic formulation of both the self-interaction and
the mutual-interaction integrals. However, the accuracy de-
pends on the Taylor expansion order, and the method suffers
when used for lossy materials in the low-frequency range.
The paper [30] proposes a novel semi-analytical approach for
the self-interaction integrals over rectangles. The technique
is based on the mathematical manipulation of the integral
that is firstly converted into a two-dimensional (2D) integral,
then into a one-dimensional integral by transformation into
polar coordinates. This transformation not only reduces the
computational complexity of the original integral, but has
the advantage of handling the singularities, resulting into a
stable and efficient integration.

In this work, we follow a similar approach as in [30] but
extending it to the mutual-interaction integrals used in the S-
PEEC method. In fact, in [30] only the local behavior of the
integrals has been considered, i.e., all calculations were done

for the 2D case. In the present paper, we generalize these
results to the 3D case and consider different spatial configu-
rations and aspect ratios. We provide the decomposition of
the 4D integral into single or double integrals, for a rectangu-
lar and orthogonal mesh, by resorting to suitable change of
variables and transformation into polar or cylindrical coordi-
nates. We divided the analysis into two geometrical cases for
rectangular patches in an orthogonal mesh: rectangles par-
allel and orthogonal to each other. For the parallel case, we
show how to decouple the quadruple integrals into single in-
tegrals by conversion to relative coordinates, a suitable inter-
change of the order of integration, and a transformation into
polar coordinates. For the orthogonal case, similar reason-
ing is used to decompose the quadruple integral into the sum
of single and double integrals. The resulting integrals are
solved by using the Gauss-Kronrod quadrature formula, with
a transformation of weaken endpoint singularities [31, 32].

Table of notation

Bold quantities represent either field quantities or vectors.

G | Green’s function

f | phase constant (scalar) rad/m
r | radius vector of observation point (x, y, z)

r’ | radius vector of source point (x’, ), z)

R | Euclidean distance defined as |r — r’| m
IT" | source domain (x/,)’,z") € Il

IT | observation domain (x, y, z) € I1

d, | 1I, IT'-distance, parallel case m

o | angular frequency rad/s
u | permeability H/m
€ | permittivity F/m
o | conductivity S/m
e | Relative error

2. Mathematics preliminary

The solution of an electromagnetic scattering problem com-
monly requires to compute vector and scalar potentials that
are described in terms of Green’s function. In a scattering
problem, the scatter, normally a conductor, is immersed into
a surrounding medium, typically free space or lossless di-
electric. Similar to other EM methods for scattering prob-
lems, in the S-PEEC method the surface of the object is dis-
cretized into rectangular patches. For each patch, the surface
electric and magnetic currents and charges are computed by
integrating the Green’s function of the problem and its curl
over the pertinent domain [29]. In particular, the S-PEEC
method requires the computation of the integral

I = / / G(r,r'dS'dS (1)
S Js
withre S,r € 8 and S, S’ c R?

used in the solution of the surface Electric Field Integral
Equation (s-EFIE) and Magnetic Field Integral Equation (s-
MFIE) [3]. For a given source located at point ' = (x’, )/, z/)
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Computational acceleration of 4D integrals in rectangular meshes.

on the elementary surface S’, the Green’s function G repre-
sents the spatial impulse response of the system (scatter plus
surrounding) at point r = (x, y, z), located on the elementary
surface S, and is defined as

e_jﬂlr_r’ e_jﬂR

G "= = 2
=S =g @

where R is the Euclidean distance defined as |r —r’|. The g
is the phase constant at an angular frequency w, given by

ﬁ = C()\/,Lloﬂr€0 <€r + j5€0> (3)

with py, 4, €9, €, the vacuum and relative permeability, and
vacuum and relative permittivity, respectively, and ¢ the con-
ductivity of the medium. The Green’s function has a weak
singularity because G(r,r') ~ O (1/|r —r'|). Integrals in
this form are often referred to as "interaction integrals" be-
cause they describe the interaction between two patch sur-
faces .S and S’. The two surfaces are immersed in R3, and
the integrals are quadruple integrals because they are eval-
uated on both surfaces. Integral (2) can be computed nu-
merically by resorting to numerical quadrature routines that
have, however, a demanding computational complexity, es-
pecially for electrically large geometries. In this work, we
describe how to manipulate the 4D integrals into a sum of
several elementary integrals, either single integrals or dou-
ble integrals. The quadruple integrals can be decomposed
into a sum of elementary integrals by conversion to relative
coordinates and a suitable interchange of the order of inte-
gration. In the following, we will work on the two possible
patch configurations, namely when two patch surfaces are
either parallel or orthogonal to each other.

3. Decomposition of the quadruple integral -
Parallel surfaces

Figure 1 shows two parallel rectangles in the 3D space:

MN={(x,32 €ER}| x; <x<xp, ¥y Sy<y, z2=72}

I = {(xl’yl’zl) € R’| x3 <X <xg y38Y Sy, 2= Zz}

The third component z on both surfaces is fixed, and the in-
tegral in (2) is written as

1 .
— L —jBR .y 5
Ip—/n . z° PRy dx'dy dx 4)

where the subscript "p
distance R is defined as

is for "parallel", and the Euclidean

R= /(= x + (= y)2 + a2 )

where d, = |z; — z,| is the fixed distance between the two
surfaces. An important property of (4) is that the integrand
merely depends on the absolute difference of the arguments,
and

1 _;
=& = FAx =X 1y =YD

(X35 Y2 22)
(x4, Ya, Z2)
(X3, )3 2
(x40 Y3 22)
v (X5 ¥2: 21)
(%2, ¥2.21)
(X1, Y10 21)
(X5 V1, 21)

Figure 1: Two generic parallel rectangles.

In the following, we explain how to exploit this property to
simplify the evaluation of the integral by changing the vari-
ables x’ - x—x’,y’ - y—)’, and by integrating explicitly
over x and y. To facilitate the understanding, we start by
considering the 1D-case, i.e. the integral of the form

IX=/2/4f(|x—x/|)dx’a’x. 6)

Change of variable As first step, we make a change of
variable X’ — X = x — x/. The integral in eq. (6) can be
written as:

Ixz/ 2/ _3f(55)d§c\dx. (7
X X=Xy

The integration limits for X depend on x, which is an unwel-
come result. However, the f(X) does not formally depend on
x; therefore, a proper change of order of integration solves
the problem, by allowing integrating first with respect to x,
and then with respect to X.

Change of the integration order We start by considering
the case |x, — x;| < |x4 — x3|. Note that the procedure be-
low does not depend on mutual arrangement of [Tand IT, i.e.
possible spacial intersections do not affect the analysis. The
understanding of the next steps is supported by the graphi-
cal representation of the integration region of integral (7) as
depicted in Fig. 2. The y axis shows the different values of
X at the intersection points with the lines x — X3 and x — X,.
Integral (7) can be evaluated as a sum of 3 integrals, for the
regions R, Ry, and R; as visualized in Fig. 2, where regions
R; and Rj; are triangles, and R, is a rectangle, as follows:

Xy—X, X+x
/ / f(x)dxdx—/2 / ' f® dx d%
)Cl—)C4 X1

/

R]
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L] L]
L] n
" "
Xp- X3 pmmmmmmnn N L L L L Plr===m ===y
L]
] X - X3
n
| ]
| ]
: Rs
X; - X3hassssmasmueannnsnnnnnnnnnnnaflonnnnnnnnsy
R,
Xp- Xppumnennaadecnnnnannnannannnnplacnannnnny
| ]
R "
1 n
| ]
| ]
X - X, '
X1 - Xyfpemmmmmmm LI L e m. .y
L] L]
| ] "
L] "
L] L]
n | ]
| ] | ]
L] L]
| I ]
X X.

[y
N

Figure 2: Integration region for the integral (7), |x, — x;| <
|x, — x5], where x is on the x-axis and X on the y-axis.

X1—X3 x2 X2—X3 x2
+ / / fR) dx dx+ / fR) dx dx .
xo—x4 Jx; x1—x3 JX+x3

- < o /
D' N~

R, R;

®)

By integrating with respect to x, the integral (8) can be writ-
ten as the sum of 3 single integrals:

Xy X—X3 Xy—Xy4
/ / fR)dX dx = / FRE + x4 — x;) dR
Xy X=Xy x

17X4

. ~- W}
R
X|—X3 Xp—X3
+(x—x)) F&) dR+ / FE) 5y = R xp) d5
X27X4 X|—X3
\ ~ J\a ~
Ry Ry

C))

Remark If |x, — x3] < |xy — x|, i.e. Il is larger than
IT, the integration domain has another form, as depicted in
Fig. 3. However, the integrand f depends only on the abso-
lute value of the difference x — x'; this allows x-swapping
Il < II'. Therefore, f(x — x') = f(x’ — x) and the case
[x4 —x3] < |xy—x| can be treated as |x, — x| < |x4—x3].

Carrying out the same reasoning for the y variable, the 4D

L} "
[ []
] ]
[ []
[ []
Xp = X3 fommmsm T L mEmmssmmma= mma.
[
[] Rl
Xo = Xgfrmmmm R L LR R IR R
[ ]
[ ]
[ X- x []
L] ] ]
. R2 []
[ ]
[ ]
[] []
n X=Xy ]
[ []
) ]
X; - X3 pmemmm o LR LR fr===
1 ]
- ]
X1 Xgpmmm e RS EE LR
[ ]
[ []
[ ]
[ [}
[l [l
X X.

—
[N

Figure 3: Integration region for the integral (7), |x, — x;| >
[x, — x5|, where x is on the x-axis and X on the y-axis.

my rny
bow,= [ [ G+RG+QIGD . (1o
m n

forRij withi=1,3andj =1,3,

where the generic integration extremes m and n are the X
and the Y extremes, respectively, of the corresponding inte-
gral type in (10). The subscript R;; will be omitted unless
necessary.

3.1. Polar coordinates and radial behavior -
parallel surfaces

The integrand (4) has radial nature and a singularity of the

order 1/R. With this respect, the transformation into polar

coordinates simplifies the evaluation of (4) and also treats

- the singularity mentioned above. In the following, we study

the transformation of the 3 integrals 1, I, and I 3 into the
polar coordinate system.

3.1.1. Evaluation of I,
The integral 1,; in (11la) can be rewritten in polar coordi-

nates. By posing
y = psin(0) 12)

with p = v/x2 + 32 and 6 = arctan (%), we can write

my [rny
=" [“ranasas=[ [ sorpapae.
my n D, J Dy

X = pcos(9),

integral (4) can be finally written as the sum of 9 double (13)
integrals as in eq. (10), where the constants are defined in ) )
Table 1. The evaluation of integral (10) requires the solution where the transformed function f'(p) is
of the following 3 main types of double integrals: N
— fp) = ——= (14)
Ipl,R,-j =/ / f(x, 9 dydx (11a) 1/,)2+d§
my n
for R, withi = j =2 and D, and Dy are radial and angular domains to be speci-
lfnz . ' fied. The aim is to integrate first with respect to 6 and obtain:
Ik, = / / &+ K)fR.9) d9 d5. (11b) oo
e ‘ o Iy = / f(p)pdp -0 (15)
forRl-j withi=1,2,3andj =1,2i # j, D, 0,(»)
Maria De Lauretis et al.: Preprint submitted to Elsevier Page 4 of 20
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X, oY, X2 1
/ / Fy.xoy) dx' dy dx dy = / / FERDE+K)G+0) dF dR+0, / / FRPHE+K,) d dR
nJmw x, Jy x, I

Ry Rz
X2 Yy X3 rh X3 Y
w7 reaceke - agazik, [ [T ranG0) g asire, [ [T rcs agas
X, Jns X, Jy X, Jv,
o ~- v . -~ J/ . ~~ J/
Rz Ry Ry
X3 Y, Xy oY Xy Y3
vk, [ [raae-pasas [ [ G ok, -v0+ 0 dsasee, [ [T rca, - apaz
Xy J13 X3 J1 X3 J1
o ~ / . / o /
Ry3 R3) R3;
Xy Yy
+/ / FGEI(K; =3)(Q5 - ¥) dy dx (10)
X3 J13
R33
Table 1 that constitute the rectangle and allow §-independent choice
Constants used in eq. (10) for the parallel case. of Dp (correspondingradius p; fori = 1,2, 3 is showed in the
X,=x, %, [ Vi=y s T K =x.=x, | O =vs = figure with a dptted .lme). Tl?e integral (15) can be written
Xo=x,-x, || Yy =y,—», || K,=x,-x, || O, =y, -y, @sasum of 3 single integrals:
X3=x—x3 Y;=y -y K; =x,—x3 O3=y- I x I
X, =x,—X Y,=y,—-y _ 2 02
SR A E L S R £ I, = f)pdp-6| + f)pdp-06|
I
g ~ O : J
where the radial domain D, does not depend on 6 and is R Ry
fixed. In the following, we describe how to compute the in- \/m
. .. . . 172 0
tegral .and deﬁn§ correspon(?mg (p, 0)-11m1t's of 1ntegr.at10n + / () pdp- 6” 2 (16)
by mainly resorting to graphical representation. We will fo- I 03
cus on a basic case to extend the same reasoning to all pos- ~ ~ d
sible scenarios. The basic rectangular case has height /; and Rs

width [,, with /| < I,, as depicted in Fig. 4.

i
ymeema,
= -
-
~.
e, ~~~
LT &
Yo .
. .
.‘ LS
v *s
1 + >, 3
,1‘l-.... & A
. P30y .
L2 R2 ‘R3 LY
. [} [
Rl % Y .
v P2 ‘u ‘l
s . [
. W) '
) fi .
. [l .
P . f ]
: s}
0 L, X

Figure 4: The basic rectangular case with /; < I, and polar
coordinates.

Integration regions based on p The radial integration is
the outer integration; therefore, the p-limits in integral (15)
are expected to be fixed. In the basic rectangular case de-
picted in Fig. 4 we can identify 3 domains R, R, and Rj

The radius p and angle @ for the three regions R; of the rect-
angle vary in intervals as as defined in Table 2. Note that
only integral I,; p admits a closed form solution as:

Iy )
=5 [
0 2 2
p*+d;

withu — /p? +d2, du — N
\/p? +d?
/\/l$+d§

z eibugy = E [ Lo-ipu
2 Ja, 2\ p

=j§ (cos(ﬁ 1f+dg>—jsin<ﬁ lf+d§>

cos (pd,) + j sin (ﬁdz)> .

dp

d

Z

Basic rectangular case for I, > 1, in I, Similarly as it
was done for the surfaces IT and II’ when IT was larger than
IT', this case can be easily handled as the basic rectangle with
I, < I, by exchanging the x and y coordinates.

Maria De Lauretis et al.: Preprint submitted to Elsevier

Page 5 of 20



Computational acceleration of 4D integrals in rectangular meshes.

Table 2
Radial distances d and angles 6 of the three regions R, for the
basic rectangular case in Fig. 4.

p(®) X€[0,1] 0 €[0,7/2]

— N
0 € [0,92] 502 = arctan(\/ﬂ)
22
1b,/ﬁ-+@] 0 € WPHA,63=2uman< ’ 2>
)

p(%) X €l 1]

(X)) X €

3.1.2. Generalization of the integral 1,, in cylindrical
coordinates

The integral (16) is valid for a rectangle with the lower left
corner in (0, 0), lying in the first quadrant, and /; < /,. In
this section, we show how to generalize it for all possible
configurations, under the assumption that /; < /,, because
the case of /; > [, can be handled how explained in the
previous section.

Rectangle placed in the first quadrant We recall that our
goal is to write the general integral (11a), hereby reported for
convenience

my ny
I, =/ / fR.9) dPdx
m; n;

in polar coordinates, by using the formula (16). We con-
sider a rectangular surface I placed in the first quadrant and
whose lower-left corner is in the generic point (m, n;), and
whose higher-right corner is in the generic point (mj, n,).
The surface lies in the first quadrant, therefore:

A7)

m >0, my>0, n; >0, n,>0. (18)
As mentioned, we can focus on rectangles whose height is
less the width (/; > I, in the previous section), therefore we
can safely assume that n, —n; < m, —m,. The main surface
IT is depicted in Fig. 5. We can observe that the first quad-
rant is subdivided into 4 rectangles with lower left corner in
(0, 0). Therefore, the integral on IT can be computed as the
sum of four integrals for each of the rectangles that have the
lower-left corner at point (0, 0) and the higher-right corner
respectively at (my, ny), (my, ny), (m,, ny), and (m, n;). For-
mula (16) can be used to each of these rectangles. In fact,
by indicating with [m;, n;] the aforementioned rectangles, for
i = 1,2, the integral I, of S’ can be written in polar coordi-
nates as:

I I L L (L
pl pl pl pl

19)
where the integrals I[ET"’V”'] are computed as in (16) by using
the position /; = m; and [, = n; for the integration extremes.
Note that the equation (16) is valid only if n, —n; < my—m,,
which requires that the 4 rectangles identified in Fig. 5 are
such as:

nl < ml, (20)

ny <m2, n2<m1, andn2<m2.

My bimimimimimim ;i (my, ny) (my, ny)
11
n (my, ny) (my, ny)
1 [ —— i — - ——
]
i
(0.0) :
ny ’;12

Figure 5: Surface IT in the first quadrant, n, —n, < m, — m,.

If this condition does not hold and one of the rectangles is
taller than wider, we have to switch the x and y coordinates
as mentioned in the previous section. Summarizing, equa-
tion (19) holds true when the following 3 conditions are met:

1. m1>0,m2>0,n1>0,n2>0;
2. np —ny <my—my;and
3. ny <m1,n1 <m2,n2 < my, anan < my .

Although equation (19) may seem unnecessarily complicated,
on the contrary, it allows unifying the formula for all possi-
ble configurations. With a switch of coordinates when nec-
essary and adopting proper sign management, we can bypass
all the three conditions mentioned above, as clarified in the
next section.

1, and sign management Equation (19) can be applied
to all possible configurations by taking care of the signs of
the integration extremes, as:

_ [my.n,] [my.n;]
I = smlsnllpl smzsnllpl
[my,nq] [my,nq]
smls,ull71 + sm2sn21pl 21

where s, and s, for i = 1,2 are defined as sgn(m;) and
sgn(n;) respectively, and the sgn function defined as:

Lifx >0
)= pifx <0

The central value of this formula is that it allows comput-
ing the integral I, for all possible plane configurations. In
the following, we clarify the formula with the aid of 3 main
scenarios, depicted in Fig. 6, being all others easily implied
from them.

Case 0 In"Case0", the plane is located in the first quadrant.
Equation (21) reads as (19).

Case 1 In "Case 1", the plane is located between the first
and the fourth quadrant. The partial rectangle that has the
upright corner at point (m,, n;) must be summed, and the
one that has the upright corner at point (m,, n;) must be sub-
tracted. Equation (21) correctly applies by taking into ac-
count the negative sign of n;.
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Quadrant |
ny
Case 0
1y
n
1
Case 1
0
”2
ny
Case 2
”2
Quadrant IV
0 my my

Figure 6: Three scenarios that are used to clarify the sign
management used in eq. (21)

Case 2 In "Case 2", equation (21) would account for the
negative sign of n; and n,, and it reads as:

e e e e 22)

p pl 1 p pl

This equation is the same as found for "Case 0", but with a
negative sign. However, the original integral

ny ny
I, = / / FR9)dPdR
my ni

has a negative sign as well, because n; > n,, therefore its
inner extremes are switched and the sign changed, as

my ny
== [ rcpasaz.
my ny

Therefore, by taking into accout the negative sign in eq. (24),
the eq. (22) will read as for "Case 0" as expected. All other
cases are similarly treated. Algorithm 1 describes the steps
for the computation of I, as pseudo-code.

(23)

(24)

3.1.3. Evaluation of I,
I, is hereby rewritten for convenience:

my ny
1= / / @+ K fR.5) d5d3. 25)
m n

The polar transformation in (12) allows writing 1, in polar
coordinates as

Ip2=/ (pcos@+ K)f(p)pdpdo. (26)
D, J D,
We can first integrate with respect to 8 and obtain

62(p) 62(p)
I,= Ko + psinf d 27
2 /D,,< o TP ‘Hl(p)>f(p)p p 27

Algorithm 1: Evaluation of I, as per eq. (21)

Data: Integration extremes m, my, ny, n,
Result: 1,

1Sy, = sgn(my);

2 8y, = sgn(my);
3 5, =sgn(n);
4 5, =sgn(ny);
5 fori < 1to2do
6 for j < 1to2do
7 if m; < n; then
8 if |m;] < O then 115’1""’"/] —0
9 else
10 Exchange x and y coordinates,
n; <—m;;
. [m,w”j]
11 Compute the sub-integrals Ip1 as
per eq. (16);
12 end
13 else
14 if |m;| < 0 then I;l""’n/] «—0;
15 else Compute the sub-integrals I;Ti’nj ]
as per eq. (16);
16 end
17 end
18 end
— [my.my] [mymp]
1, = Sml[s"l[}]zl sz[ "11;]71
my,ny my,nil,
SmySn, Ip1 + S, Sn, Ip1 ;

20 return /,;;

where D, #* DP(H) does not depend on € and is fixed. As
similarly done for I,,; to get the equation (106), it is possible
to show that

h z z
Ipzz/o <K902+psin902>f(p)pdp
R,
b ) . 19
+/ K0| +psm9| f(p) pdp
I 0 0
R,
Vi+; 9, 6,
+/ K9| +psm9| f(p)pdp (28)
I b3 03
e

with the same definitions for the integration extremes as given
in Table 2. This result is valid if /; < [,. For I, the case
for | > I, requires further attention.

Basic rectangular case for I} > 1, in 1,, As similarly
done for I, also for I ,, we can interchange the coordinates.
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However, this means that
X = psin(@), and y = pcos().

Therefore, the integral is written as

Ip2=/
Dﬂ
[7)

=/ (K9| ’
D, 6,

In the following, the above integral I, for /; > [, will be
called as "I - type 2"; consequently, the integral I, for
I} < I, will be called as "I ;- type 1". For "I - type 2",
the equation (28) becomes:

(psin® + K)f(p) pdp do

0,(p)
; (p))f (P pdp (29)

I z z
1,,2=/0 (KO|? = peos| )/ (p) pdp

. J/
g

R,

I 0, 9,
+/ (K6”0 —pcose‘o ) (p)pdp
h

R,
i+ 0, 0,
+ / (K|~ pcosd| )/ (o) pdp (30)
I b3 03
R

with the same definitions for the integration extremes as given
in Table 2

I, and sign management By taking care of the signs of
the coordinate swapping and the integration extremes, the
integral I, is rewritten as:

I,=s,1 (mp,my] I[ml,nz] _ I[”’z»”l]

I[ml ]
p n o p2 n o p2 n=p2 :

”2 p2
(€29)

Note that, due to the use of the cosines for /; > /,, we do not
need to account for the sign of m;. Algorithm 2 describes
the steps for the computation of I, as pseudo-code.

3.1.4. Evaluation of I
1,3 is hereby rewritten for convenience:

Iy= / / R+ K)G+0)f(R,y) dFd5. (32)

The polar transformation in (12) allows writing 1,3 in polar
coordinates as

Is= / (pcos® + K)(psin® + Q) f(p) p dp db.
D, JD,
(33)

We can first integrate with respect to 8 and obtain

( 0,00
1p3=/ <KQ9| ' Kpeoso|
D, ()

0,(p) 0,(p

Algorithm 2: Evaluation of I, as per eq. (31)

Data: Integration extremes m, m,, ny, n, and
constant K as defined in Table 1
Result: 1,

18, =sgn(m);

2 8y, = sgn(my);
3 5, =sgn(ny);
4.5, = sgn(n,);
5 fori < 1to2do
6 for j « 1to2do
7 if m; < n; then
8 Exchange x and y coordinates,
nj «—mg;
9 if |m,] < 0 then 1[’"' "
10 else Compute the sub-integral 1 o}
p2
as per eq. (30) ;
11 else
12 if |m;| < 0 then I;’;"n/] «—0;
13 else Compute the sub-integrals I[E;ni’nj ]
as per eq. (28);
14 end
15 end
16 end
17 I =
[ma.ny] [my.ny] [mg.ny] [m ”1
S”l Ip2 o Ip2 I ”2 Ip2
18 return / 25
+ 0psing]™? = L 2 cos? ’ f(p)pd (34)
pe 0i(p 2 01(p) prpar

where D, # D, (6) does not depend on 6 and is fixed. As
similarly done for I,; and I, it is possible to show that

262

263

0 z I 9
I3 = / g <p,0|g> f0)p dp+/ g (p,0|02> f0)pdp
0 N

/

R, R
+/ g p,9|9 fp)pdp (35)
12 3
7,
where
g(p,0) = (KQ9 — Kpcos@+ Qpsind — %pz C0S92) ,
(36)

and with the same definitions for the integration extremes as
given in Table 2. This result is valid if /| < [,.

Basic rectangular case for I} > 1, in 1,3 As similarly
done for I, we can swap the coordinates. However, for 1,3
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Table 3
Sign and type management for integral I3, for i = 1,2.
Sub-integral type-1 type-2
r K=5,K.0=50|K=s5,00=s,K

the formula reads the same, except that the K and Q are ex-
changed, namely K = Q and Q = K. In the following, the
above integral 3 for /; > I, will be called as "I 3- type 2";
consequently, the integral I3 for /; < [, will be called as

" p3_ type 1H.

I and sign management For I 3, the sign management
involves only the g(p, #) function (36). In fact, the formula
reads as

my,nq]

[mz,nl]
1 : s

_ [mz,nz] _ [ml,nz] _
I3 = Ip3 Ip3 p3

[
,, +1, (37)
where the 4 sub-integrals account for the variable change
and the sign management as summarized in Table 3. Al-
gorithm 3 describes the steps for the computation of 1,3 as

pseudo-code.

3.2. Summary of the quadruple integral
computation for parallel surfaces

Summarizing, in the parallel case, the quadruple integral can

be expressed as a sum of 9 double integrals as in eq. (10). By

following the notation given, we can write the integral as

IH,P = IP3,R11 +0, IPZ»Rlz - IP3,R13 + KZIPZ»Rzl
+ Ky00 1)1 Ry, = Kol jp gy, = 131y,

~Oylpr, + 1k, - (38)

Each integral can be expressed as a sum of 12 single inte-
grals, by using formula (21) for the generic I,;, formula (31)
for the generic 1, and formula (37) for the generic /3. To
conclude, the quadruple integral has been decomposed into
the sum of 12 X 9 = 108 single integrals. Algorithm 4 sum-
marizes all the steps as pseudo-code.

4. Decomposition of the quadruple integral 7,
- orthogonal surfaces

Figure 7 shows 2 orthogonal rectangles in the 3D space:

M= {(xy.2) €R|x; <x<xp ¥y <y<y, 2=12},

I’ = {(x’,y’,z/) S [R{3| x3 < x' < X4, y = 3, 23 < 7 < 14}.

In the orthogonal case, the 3rd component z is fixed in the
IT domain as z = z;, and the 2nd component y is fixed in
the IT" domain as y = y;. The 4D integral (2) to be solved is
written as

]H0=// le_jﬂRa’z/dx/a’ydx (39)
’ I H’R

Algorithm 3: Evaluation of I 3 as per eq. (31)

Data: Integration extremes m, m,, ny, n, and
constants K, Q as defined in Table 1
Result: 1,3

18, =sgn(m);

2 8y, = sgn(my);

38, = sgn(ny);

4.5, = sgn(n,);

5 fori < 1to2do

6 for j « 1to2do

7 if m; < n; then

8 Exchange x and y coordinates,

nj «—mg;

9 if [m;] <0 then 115’3""’"/'] —0:

10 else

11 Exchange K and Q such as
K «—s,0and Q < s, K (see
Table 3, type-2);

. [m,w”j]

12 Compute the sub-integral Ip3 as
per eq. (35);

13 end

14 else

15 if |m;| < 0 then I;’:"n/] «—0;

16 else

17 K «—s, Kand Q «— s, O (see
Table 3, type-1);

18 Compute the sub-integrals I;;ni’nj Vas
per eq. (28);

19 end

20 end

21 end

22 end

_ qlmanad _ lmpmp]  plmyony] [my.n],
23 Ip3 = Ip3 Ip3 Il73 + Ip3 ;

24 return [ 3;

where the subscript "0" is for "orthogonal”, and R is equal
to

R= /(e =x)2 + (= 332 + (2 — 22

In the parallel case, the 4D integral was written as a sum of
9 double integrals. In the orthogonal case, the 4D integral
can be written as a sum of 3 triple integrals, and the steps
that follow closely resemble the ones for the parallel case.
Following the same reasoning as for the parallel case, we
can perform a change of variable for the x component, such
as X = x — x’, and the integral in the x-variable is as in (7).
The integral in the X and x variables is written as in (9) for
the case |x3 —x4| > |x, —x;|. To avoid different geometries
in (X, x)-domain (see Fig. 2-3), the case |x; — x4 < |x, —
x| is solved by swapping x < x’" and so by reducing to
the previous one. To simplify and unify the notation, we

(40)
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Algorithm 4: Evaluation of I, as per eq. (38)

Data: X, X,, X3, X,,Y,,Y,,Y3,Y,, K|, K;, K5,
0,,0,, 05 as per Table 1
Result: 7,
1 I3 g, <— as per Alg. 3, with input data
X1, X2, Y1, Y5, Ky, 0y
2 I g, < as per Alg. 2, with input data
X1, X2, Y5, Y3, Ky
3 I3, < as per Alg. 3, with input data
X1, X5, Y3, Y, Ky, —03;
4 I g, «— asperAlg. 2, with input data

2,
Y.Y,, X5, X5, 043

5 I, r,, < asper Alg. I, with input data
X5, X3, 15, Y33

6 I g,, < asper Alg. 2, with input data
Y3, Y, X5, X3, -03;

7 I3 g, < asper Alg. 3, with input data
X3, X4, Y1, Y5, —K;5,0y;

8 Ipp g, < asper Alg. 2, with input data
X3, X4,Y,,Y;,—Kj5;

9 I3 g,, < asper Alg. 3, with input data
X3, X4, Y3, Yy, = K3, =03;

10 Evaluate I, = I3 g +Oslppr, — I3 r, +
KZIPZ»Rzl + KZQZIPLRzz - K; IPZ,R23 - IP3»R31 -
OrIp Ry, + Ip3Ryy

11 return Ip;

introduce the shifted y, z-variables as follows:
y=y-y.2=2-72".

The corresponding 2D integrals read as

Y2 Z4 , ,
/ / fO=y.2z1—2)dz dy=
Y1 z3
/Y2—Y3 Z1—23
y1—=y3

f(3.2)dydz. (41)
Finally, the integral in the orthogonal case can be written as

Z1—2Z4

(x=x",y—y3,2, —2)dZ dx' dy dx =
3> 21

Xz Y,
/ / f(f,j/\,’z\)(&\+ K,)dzZdy dx
x, Jv, Jz

X3
+1<2/ /
X,

J/

g

f(x $.2)dzZdy dx

/

Ry

X, Y,
/ / f(x 9, 2) (K3 —X) dZ dy dX 42)
Xz Y
R

(X3, Y3, 34)

( X4, Y3, Z4)

(X3, Y3, Z3)
= (X4 ¥3:23)

(X1, ¥2,21)

(X3, Y2, 21)

(X1.91,71)

(X3, Y1, Z1)

X

Figure 7: Two generic orthogonal surfaces.

Table 4
Constants used in eq. (42) for the orthogonal case

Xi=xi=x, | i=yi=-» || Z1=2-2 || Ki=x-x
Xy =% — x4 Y,=0-y» Zy=2z—23 K, =x; — x,

X3 =X, — X,
Xy =X, — X3

K; =x; — x5

where the integration extremes and the constants are defined
in Table 4 as similarly done for the parallel case. The eval-
uation of integral (42) requires the solution of the following
two main types of triple integrals:

my ny wy
= [ [ [ r&snazaias.
m ny w

(43a)

my rny  puw,
IozR:/ / / R+ K)f 5.9 d2d9dR, i=1.3
o my n w

(43b)

where the generic integration extremes m, n, and w are the
X, Y and Z extremes, respectively, of the corresponding
integral type in (42). The subscript R; will be omitted unless
necessary.

4.1. Cylindrical coordinates and radial behavior -
orthogonal surfaces

As similarly done for the parallel case, in the following sec-

tion we provide the representation in cylindrical coordinates

of the two integrals in (43a).
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4.1.1. Evaluation of 1,

In this section, the integral I, in (43a) is rewritten in cylin-
drical coordinates. By taking the x and y coordinate as in
(12), we can write

my n wr
=/ [ [ r&spazaa
my Jn Jw

wy
=/ / f(p,2) pdpdf dzZ (44)
wy Dp Dy
where the transformed function f(p, Z) is
VR
f(p,2) = 45)

ViA+ 2

Following similar steps as for I, it is possible to prove that
the integral in (44) can be expressed as a sum of 3 integrals,
as:

wy N z
= [ [ r0ppazo);
wq 0

- /
N

’o]l

wy
+/ f(p.2) pd?- 9|

wi
wy I +12
/ / f(p.Z
I

with the same definition of the integration extremes provided
in Table 2. In this case, we provide the 1D expression only
for the first integral in (46), called I,,;;, and the other two in-
tegrals are left as double integral. In fact, the corresponding
single integrals would involve several terms with logarithms,
inverse tangent and tangent that may cause numerical and
convergence problems. Note that the integral I,,; refers to
the generic rectangle [0, n;].

(46)

Decomposition of 1
niently rewritten as:

011 The integral I,;; can be conve-

P wy ll N R
I = 5/ f(p.2) pdpdzZ. (47)
wy 0

By using the following cylindrical coordinate transformation

p =tcos(¢), and Z = tsin (¢)

witht = v/p? + 22, ¢ = arctan <§

was done for Ip1 in (15) as

z / / cos (p)e 't dt dg
2 Jp, D,

(1)
=£/ t 1n(¢)| e
2 Jp, b1(0)

The integral (48) closely resembles the integral 1,; in (15),
and it can be computed as the sum of two rectangles as the

), we can write I, as it

I, =

—ibtgt (48)

one depicted in Fig. (4). For first rectangle, /; is equal to wy,
and for the second rectangle, [, is equal to w,, such as

1011 = _Ioll(wl) + Io”(w2) . (49)

In the same way as done for I, it is possible to prove that

Wi . z
% [/0 te=IPt dt - sin (¢)’g

h : [0
+ / te=/P" dt - sin (¢>)‘
w,- 0

I, wn =

wr+12

i . b
+ / te™IP" dt - sin (¢)| ?
&3

1y

(50)

where the integration extremes are defined as per Table 2 by
substituting p with ¢ and 6 with ¢. The same reasoning for
Iy} > I, in I},; can be applied in this case as well, and the
general expression for the integral 1,1 is

D

1011 = _SI,U] Ioll(wl) + Swzloll(w2)

with Sw, defined as the sgn(w;), for i = 1,2. Algorithm 5
describes the steps for the computation of 1,;; as pseudo-
code.

Algorithm 5: Evaluation of 1,,;; as per eq. (51)

Data: Integration extremes /|, wy, w,
Result: 1,
15, = sgn(wy);
2 5, = sgn(w,);
3 fori <~ 1to2do
4 if (w; <!, and w; > 0) or (w;
then

>l and[; >0)

5 | Evaluate I ;) as per eq. (50) ;
6 else | ) <— 0;

7 end

8 Lo = =Su Ly 0 + S, 11w

9 return I ;

Sign management for 1,; Following the same reasoning
as for I, the final expression of I, is

[ms,n5] [my,n;]

Iy = Smy ”11012 Y- SmyS ”lIoll ’

_ [my.ny] ’"17”1]
SmySmy A1 F SmySny Ay (52

where the generic I(Erln" il g computed as per eq. (46). Al-
gorithm 6 describes the steps for the computation of I,,; as
pseudo-code.

4.2. Evaluation of I,
The integral I, can be written in cylindrical coordinates as

my prny,  puwp
o= [ [ [Trcsnazaes
m

1 ny wy
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wy
=/ / (pcosO+k)f(p,2) pdpdf dz  (53)
wy Dp Dy

w I8
. .. .. 102=/ f(p,2) | psind
with the same definition of the original and transformed func- w, Jo

tions as for I,,;. We can integrate with respect to 6 and obtain

wy 6,(p) 0,(p) N
102=/ / f(p,z)<psin9|”+k9|”>pdpdz.
w, Jp 61(p) 61(p)
P
(54)

Following similar steps as for I, it is possible to prove that
the integral in (44) can be expressed as a sum of 3 integrals,

Algorithm 6: Evaluation of I, as per eq. (52)

Data: Integration extremes my, my, ny, hy, Wy, Wy
Result: 1,

1Sy, = sgn(my);

2 8y, = sgn(myp);

3 5, =sgn(n);

4 5,, =sgn(ny);

5 fori < 1to2do

6 for j « 1to2do

7 if m; <n; then

8 if |m;| <0 then 1" — 0;

else

10 Exchange x and y coordinates,
n; «<—m;

11 The term 1,,;; in eq. (50) is
computed as by using Alg. 5 with
input parameters m;, Wy, W,;

12 Compute the 2 double integrals in
eq. (46);

13 Compute the sub-integral I, as the
sum of 1,;; and the 2 double
integrals ;

14 end

15 else

16 if |m;| < 0 then I(Erlni’nj] «—0;

17 else

18 The term 1,,;; in eq. (50) is
computed as by using Alg. 5 with
input parameters m;, Wy, W,

19 Compute the 2 double integrals in
eq. (46);

20 Compute the sub-integral I, as the
sum of 1,;; and the 2 double
integrals ;

21 end

22 end

23 end

24 end

25 Compute I, = s,, 5, I(E'lﬂz’"z] = Sy S, I(ET""Z] -

sml sn21£,1n2’nl] + sm2s”2I(E,1nl,nl];

26 return [;;

as:

z
2

2 4 k6
0

0>pdpa’z

. J/
g

I

wy rh ~ 0> ) ~
+/ f(p,2) <psin6’ +k0‘ > pdpdz
w i, 0 0

wy )+ 0
+/ / (0.2 <psin9| + kO
w 2 )

1 2

) dod?
o, ) PP dZ
(55)

with the same definition of the integration extremes provided
in Table 2. It is possible to further simplify the integral 1,
as follows. Similarly as for the I,;, we provide the 1D ex-
pression only for the first integral in (55), called I, and
the other two integrals are left as double integral. In fact, the
corresponding single integrals would involve several terms
with logarithms, inverse tangent and tangent that may cause
numerical and convergence problems.

Decomposition of 1,, The integral I ,; can be conve-
niently rewritten as:

wy ll T R R
ta= [ [ (5 +0) 020 apaz.
w 0

By using the polar transformation, we can write the integral
as:

(56)

h
Ty :/ / (k%+tcos(¢)) cos (¢) e /Pt dt dgp
0 Db,

hr (1) )
te Pty

_ h t T . t .
_/0 <¢>§+k§sm(¢>)+zsm(2¢)> »

(57)

Similarly to the integral for I,;;, the integral (57) closely
resembles the integral 1, in (15), and it can be computed as
the sum of two rectangles as the one depicted in Fig. (4). For
first rectangle, /; is equal to w, and for the second rectangle,
1, is equal to w,, such as:

1021 = _Iozl(wl) + 1021(“'2) . (58)
As done for I, it is possible to prove that
w; z h b
5 2
) =/ h(t, @) o dt+/ h(t, @) 0 dt
0 wi
\/w.2+l% &
! 2
+/ h(t,@)| ~dt (59)
I 3

where h(, §) = (¢§ +kZsing + L sin 2¢) te=iP"_ and the
integration extremes are defined as per Table 2 by substitut-
ing p with t and @ with ¢. The same reasoning for /| > [,
in I),; can be applied in this case as well, and the general
expression for the integral 1,,;; is

Iy = = Ly + 81, Ly (60)
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with s, defined as the sgn(w;), fori = 1,2.
Algorithm 7 describes the steps for the computation of
I 5, as pseudo-code.

Algorithm 7: Evaluation of I, as per eq. (60)

Data: Integration extremes /1, w;, w,
Result: 1,
18, = sgn(w);

2 5y, = sgn(w,);

3 fori < 1to2do

4 if (w; <!lyand w; >0)or(w; >1,and/; >0)
then

5 | Evaluate 1, ) as per eq. 59);

6 else I ,,w) «—0;

7 end

8 Topy = =8y Ly + 54, 1 pjay);

9 return [ ;

Basic rectangular case for 1, > 1, in I, Similarly as
for the integral 15, if /; > [,, we can swap the coordinates.
The integral I, can be written as

wy
102=/ //(psin9+k)f(p,fz\)pdpd9d2
wq P 0

2 02(p) 0>(p) .
=/ / f(P»Z)<k9|2p—pcost9|2p> pdpdZ.
D 61(p) 01(p)
w) »
(61)

The integral in (55) can be rewritten accordingly. For 1 ,,
the function A(z, ¢) in (59) reads as

h(t, ¢) = ((,2'7% - k% cos ¢ — % cos 2¢) te=iPt

Sign management for 1, Following the same reasoning
as for 15, the final expression for the integral I, is

_ [my.my] [my.ny] _ [my.ni] [my.n]
102 - S”IIO2 S”IIO2 S”2102 + S”z 102 ’
(62)
where the generic I(E;"" g computed as
[m,wn,'] _
1021 =5y, I, w) — Sw, Iy - (63)

In the following, the above integral Iy, for I; > I, will be
called as "I ,- type 2"; consequently, the integral I , for [ <
I, will be called as "I ,- type 1". Algorithm 8 describes the
steps for the computation of I, as pseudo-code.

4.3. Summary for orthogonal surfaces
Summarizing, in the orthogonal case the quadruple integral
can be expressed as a sum of 3 integrals as

Io = IoZ,Rl + KZIol,R2 - IoZ,R3 . (64)

Each integral I,; and I, is expressed each as a sum of 24

single integrals and 8 double integrals. For I,;, we use the

Algorithm 8: Evaluation of I, as per eq. (62)

Data: Integration extremes my, my, ny, ny, Wy, Wy, k
Result: 1,
18, =sgn(m);

2 Sy, = sgn(m,);

3 5, =sgn(n);

4 5,, =sgn(ny);

5 fori < 1to2do

6 for j < 1to2do

7 if m; <n; then

. [m;.n;]
8 if [m;| <Othen I """ «—0;
9 else

10 Exchange x and y coordinates,
nj <—m;;

11 The term 1 ,; in eq. (59) is
computed as by using Alg. 7 with
input parameters m;, Wy, Wy;

12 Compute the 2 double integrals in
eq. (55);

13 Compute the sub-integral I, as the
sum of I ,; and the 2 double
integrals ;

14 end

15 else

16 if |m;| <0 then I — o;

17 else

18 The term 1, in eq. (59) is
computed as by using Alg. 7 with
input parameters m;, Wy, Wy;

19 Compute the 2 double integrals in
eq. (55);

20 Compute the sub-integral I, as the
sum of 1, and the 2 double
integrals ;

21 end

22 end

23 end

24 end

25 Compute I, =
[my.no] [my.np] [mg.n1] [my.m],
Sny 102 Sny 102 Sny 102 + Sny 102 ’

26 return [,;;

formula in (52), and for the generic I, we use formula (62).
It follows that the quadruple integral in (39) has been de-
composed into the sum of 72 single integrals and 24 double
integrals. Algorithm 9 summarizes all the steps as pseudo-
code.

S. Numerical examples

The proposed formulas are tested for rectangles IT and IT/
that are parallel and orthogonal to each other. For the par-
allel case, we compare the original quadruple integral (4)
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Algorithm 9: Evaluation of I, as per eq. (38)

Data: Xl’ Xz, Yl’ Yz, Zl’ Zz, Kl’ Kz, K3 as per
Table 4
Result: I,
1 Iy g, <— as per Alg. 8, with input data
Xl’ Xz, Yl,Yz, Zl’ Zz, Kl;
2 1,y g, < as per Alg. 6, with input data
Xz’ X3’ Yl’ Yz, Zl’ Zz;
3 I g, < asper Alg. 8, with input data
X3, X4, Yl’ Yz, Zl’ Zz, —K3;
4 Evaluate I, = Iy g + Kyl gy = 1o R,

0.
5 return [ ;

with the proposed decoupled integral in equation (38). For
the orthogonal case, we compare the original quadruple in-
tegral (39) with the proposed decoupled integral in equation
(64). The integrals computed with the proposed decoupling
formulation (equation (38) in the parallel case, and equation
(64) in the orthogonal case) are named I,,.. The original
quadruple integrals (equation (4) in the parallel case, and
equation (39) in the orthogonal case) are used as a refer-
ence value and named I, £ The software used is Matlab®,
version R2020a, running on a machine with OS Windows®
10, with 4 cores and 8 logical processors. The single and
double integrals used in the proposed formulation are com-
puted with the Matlab® functions integral and integral2, re-
spectively. The quadruple integrals are computed with the
Matlab® function integralN [33], which uses integral2 and
integral3 functions iteratively to perform integrals of or-
der 4, 5, and 6. We provide the speedup of /,,, compared
with 1,,.. Note that the absolute running time is not rele-
vant because the code is not optimized, and the focus is to
support the validation of the proposed decoupling approach.
The proposed derivation does not involve any approxima-
tion. Therefore, strictly mathematically speaking, the quadru-
ple integral is equal to the decoupled integral. However,
from a numerical point of view, small differences will arise
due to the numerical accuracy reached for each decoupled in-
tegral. When computing numerical integrals, a critical role
is played by the relative and absolute tolerances used. They
determine both the accuracy and the computational speed
because requesting a high accuracy will slow down the com-
putation, and a fast computation will penalize the accuracy
of the solution. The examples consider realistic patch sizes
as they occur in typical EM modeling geometries, and the
related integrals have a small absolute value; therefore, the
absolute error is the critical value for the accuracy. We use
an absolute error tolerance' of 1072 and leave the default
value of 107 for relative error tolerance. We adopted the
same absolute error for all the decoupled integrals. In the
simulation results, we take into account the numerical dif-
ferences between the I, and I, by defining the normwise

Thttps://se.mathworks.com/help/matlab/ref/integral htm]

%10

25

0.5

0 1 2 3 4 5 6

x[m] x10°®
Figure 8: Mesh used to test several combinations in the parallel
case, for d, = 0.

relative error between 1, and 1,

_ |Iref - Idec |

. for|I,,,| #0. (65)

|Iref|

Noticeably, the computation of the quadruple integral was is-
suing warnings for close-to-singular kernels (near patches),
whereas the decoupled integrals did not.

5.1. Parallel rectangles

In this section, we show the acceleration provided with the
proposed formula in (38) against the standard 4D formula
(4), for the parallel case, and provide the normwise errors.
We consider a subset of possible scenarios, with rectangle
IT that is fixed in the xy-plane. In the examples, II is in
dark blue. We build a rectangular mesh made of elementary
patches. The interaction integrals are evaluated between I1
and the possible IT’ resulting from the mesh, given by the
patches plus their combinations that result in a rectangle.
Given a generic grid with N, patches on the x-direction,
and N, patches on the y-direction, the total number of com-
binations P that result in a rectangle or in a square can be
computed as:

Ny_l Nx

P= Y Y(N,—c+1)-(N,—k).

k=0 c=1

(66)

The distance between IT and the mesh is either d, = 0 or
d, # 0, as depicted in Figures 8 and 9, for a particular case
with 32 and 36 patches, respectively.

5.1.1. Parallel mesh. Conductor interior problem

In this section, we consider the conductor interior problem,
with e, = 1 and 6 = 5.8 x 107 [S/m] (copper). The stan-
dard integral and the decoupled integral are solved for 10 fre-
quency points, for the meshes depicted in Fig. 8 and 9. The
interaction integrals are computed between the main rectan-
gle and the patches plus all possible combinations of them
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0 x[m]

y[m]

Figure 9: Mesh used to test several combinations in the parallel
case, for d, = 20 pm.

Table 5

Computational time for different parallel meshes (conductor
case), for 10 logarithmic-spaced frequency points in the inter-
val .

Numb. of configurations 631 2115 9031
Computational time 1,,, || 30min 2h 6h
Computational time I,,. || 1.5min || 6min || 30 min
Acceleration x 20 x 15 X 12
10 ?
‘.
) ‘. ‘. * 3 ¢ .
-8 L ) J
: 10 L] [ J (] [ ] (} L4
2
) [
[}
=
g
& 107 = min " E
® mean
¢ max n
: ] [
10"y . . L] ; ]
10° 10? 10* 10° 108

Frequency [Hz]

Figure 10: Parallel example in sec. 5.1, for the conductor
case. Max, min and mean error values at different frequencies,
among the different configurations tested with the adopted
mesh.

which result in a rectangle. Table 5 summarizes the total
computational time for an increasing numbers of rectangles
and, therefore, possible combinations of the patches in the
meshes, highlighting the acceleration provided by the pro-
posed approach. Figure 10 shows the max, min and mean
error values for 10 frequencies, logarithmic spaced between
the 0 and 100 MHz. For the case d, # 0, the total number of
patches obtained by using formula (66) is equal to 441. For
the case d, =, we considered 2 meshes: the first given by the

%1076

2.5

Real(l)

05 ‘ ‘ ‘ ‘
10° 102 10* 10
Frequency [Hz]
Figure 11: Real part of the integrals for the parallel mesh with
681 combinations, conductor case.

patches below II (dark blue rectangle), of size (4 X 6), which
gives a total number of possible combinations equal to 210;
the second given by the patches on the left of IT (dark blue
rectangle), of size (2X4), which gives a total number of pos-
sible combinations equal to 30. The total number of combi-
nation considered is therefore equal to 441+210+30 = 681.
Note that the relative error is undefined when |/, ;| = 0, and
this condition occurs in the megahertz frequency range for
conductors, where the error € is not provided, as depicted in
Fig. 11 for the real part of the integral. The minimum errors
occur for rectangles that do not touch. The largest errors oc-
cur for the configurations depicted in Fig. 12 for d, = 0, and
different aspect ratio. As expected, the largest errors occur
when the kernel of the quadruple integral becomes nearly
singular.

5.1.2. Parallel mesh. Dielectric interior problem

In this section, we show the results for the dielectric inte-
rior problem. For ideal dielectrics, the phase constant can
be considered real and equal to f = w/pou.£0€,. It is as-
sumed ¢, = 4.1. The computational times are similar to the
conductor case. Fig. 13 shows the error for the mesh com-
puted as before, with 681 different combinations, and a total
of 10 frequency points that are unequally spaced between 0O
and 1 GHz. The real part of the 1,,. and [, integrals is
depicted in Fig. 14.

5.2. Orthogonal rectangles

In this section, we show the acceleration provided with the
proposed formula in eq. (64) for the orthogonal case com-
pared with the standard double-integral formulation in eq.
(39). We investigate the relative error for different relevant
configurations and aspect ratio, similarly as it was done for
the parallel case. We consider a main fixed surface, in the xz-
plane, and a mesh in the xy-plane, as depicted in Fig. 16 and
17, and computing the interaction integrals of the main fixed
surface (dark blue) with all combinations of the patches in
the selected mesh obtained as described for the parallel case.
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Figure 12: Critical configurations (largest error) in the parallel case, based on the proposed mesh with 681 combinations.

Table 6
Computational time for different orthogonal meshes (conduc-
tor case), for 10 logarithmic-spaced frequency points in the
interval .

Numb. of configurations 1470 5904 14850

Computational time 1., || 60 min 35h 10h

Computational time I, 4 min 15.5min || 40 min
Acceleration X 15 x 13.5 x 15

5.2.1. Orthogonal mesh. Conductor interior problem

The standard integral and the decoupled integral are solved
for 10 frequency points, for the meshes depicted in Fig. 16
and 17. The interaction integrals are computed between the
main rectangle and the patches plus all possible combina-
tions of them which result in a rectangle. Table 6 summa-
rizes the total computational time for the meshes with an in-
creasing numbers of rectangles and, therefore, possible com-
binations, highlighting the acceleration provided by the pro-
posed approach. Figure 18 shows the max, min and mean
error values for 10 frequencies, logarithmic spaced between

the 0 and 1 MHz. The real part of the integral is depicted in
Fig. 15. The largest errors occur for the configurations de-
picted in Fig. 19, between rectangles with a different aspect
ratio.

5.2.2. Orthogonal mesh. Dielectric interior problem
As before, it is assumed g, = 4.1. The computational times
are similar to the conductor case. Fig. 20 shows the error
for the mesh with different combinations, and a total of 10
points that are unequally spaced between 0 and 1 GHz. The
real part of the integrals is depicted in Fig. 21.
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Figure 13: Parallel example in sec. 5.1, dielectric case. Max, thogonal case for potentially touching rectangles.
min and mean error values at different frequencies, among the
different configurations tested with the adopted mesh.
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Figure 14: Real part of the integrals for the parallel mesh with
681 combinations, dielectric case.
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Figure 21: Real part of the integrals for the orthogonal mesh
) with 1470 combinations, dielectric case.
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Figure 20: Orthogonal example in sec. 5.1, for the mesh with
1470 combinations, dielectric case. Max, min and mean error

values at different frequencies, among the different configura-
tions tested with the adopted mesh.
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6. Conclusions

A common strategy to treat the singularities and reduce the
computational time of quadruple integrals in CEM problems
is to decouple them into low-order integrals. The case of
triangular meshes is well-studied in literature because tri-
angular meshes are used in well-known techniques, such as
the Method of Moments. However, the most recent S-PEEC
method usually adopts a rectangular and orthogonal mesh,
which calls for a different type of analysis. Only recently,
the work in [30] showed how to decouple a double-surface
integral used in the S-PEEC method but only in the 2D sce-
nario, namely for the self-interaction integrals. In this work,
we extend and generalize the work to 3D, namely for mutual-
interaction integrals. We propose a numerical approach that
treats the singularity and, at the same time, reduces the com-
putation complexity of one of the two quadruple integrals
used in the S-PEEC method. With the aid of graphical rep-
resentation, in the parallel case, we show how to decouple
the 4D integral into single integrals, and in the orthogonal
case, we show how to decouple the 4D integral into single
and double integrals. Among the integrals, we provided a
closed-form solution only for one; the others are computed
numerically. We investigated the computational time and the
accuracy of the proposed solution using the available func-
tions in Matlab®. The numerical examples show a remark-
able acceleration of the proposed decoupled integral com-
pared to the standard 4D integral while retaining a compara-
ble degree of accuracy. Future work will extend the approach
to the integral that involves the curl of Green’s function and
will investigate the proposed strategy in real-case CEM mod-
eling structures.
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