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ABSTRACT. Body weight control is gaining interest since its dysregulation even-
tually leads to obesity and metabolic disorders. An accurate mathematical de-
scription of the behavior of physiological variables in humans after food intake
may help in understanding regulation mechanisms and in finding treatments.
This work proposes a multi-compartment mathematical model of food intake
that accounts for glucose-insulin homeostasis and ghrelin dynamics. The model
involves both food volumes and glucose amounts in the two-compartment sys-
tem describing the gastro-intestinal tract. Food volumes control ghrelin dy-
namics, whilst glucose amounts clearly impact on the glucose-insulin system.
The qualitative behavior analysis shows that the model solutions are mathe-
matically coherent, since they stay positive and provide a unique asymptot-
ically stable equilibrium point. Ghrelin and insulin experimental data have
been exploited to fit the model on a daily horizon. The goodness of fit and
the physiologically meaningful time courses of all state variables validate the
efficacy of the model to capture the main features of the glucose-insulin-ghrelin
interplay.
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1. Introduction. The correct balance between food intake and energy consump-
tion in humans is known to be regulated by a wide set of hormones and, nowadays,
mathematical models of such a tangled network of molecular players are helping to
unravel the many mechanisms involved [2, 28].

In this note we propose a model that aims at connecting food intake, glucose-
insulin homeostasis and ghrelin dynamics. Motivation stems from the fact that
a correct understanding of the many hormones (besides insulin) and metabolites
contributing in plasma glucose regulation may lead to a deeper understanding of
dysregulation mechanisms, eventually leading to obesity and metabolic disorders,
and may help in designing a safe and efficient artificial pancreas, an issue recently
gaining an increasing interest in the control community.

Ghrelin is a peptide hormone produced in the stomach that, if present in a
sufficient concentration in humans, gives sensations of hunger and was initially
identified as a stimulus for the release of growth hormone [18]. After its discovery,
Nakazato et al. [17] were the first to conjecture a role for ghrelin in the regulation
of feeding. Several subsequent studies (e.g [3, 4]) suggested that the diurnal rhythm
of ghrelin is linked to meal initiation in humans. Indeed, the blood concentration
of ghrelin increases before each meal and rapidly decreases after eating. Studies
about plasma ghrelin levels after diet-induced weight loss or gastric bypass surgery
by Cummings et al. [5, 6] advocate that ghrelin may have also a role in long-term
regulation of food intake. Other findings support the concept that the endogenous
ghrelin system may have a paramount role in starvation, as a survival hormone that
maintains blood glucose and helps preventing loss of body weight [14].

Despite the cited findings about the role of ghrelin in the food-intake process, only
few models can be found in the literature that incorporate the hormone. Toghaw
et al. [29] in 2012 considered ghrelin in a mathematical model aiming at shedding
light into the type-2 diabetes improvement after bariatric surgery. Pires et al.
[23] proposed in 2017 a model focused on the short-term dynamics of ghrelin that
is grounded in the established physiology and that replicates in vivo data (see
also [24]). Uluseker et al. [30] presented in 2018 a multi-level model of glucose
homeostasis in which they also included a differential equation describing plasma
ghrelin dynamics. In these models, however, the secretion of ghrelin is considered to
be inhibited by glucose in the stomach or in the small intestine, whereas important
studies suggest that the inhibitory signal arises only from the first part of the small
intestine in response to food volume [31, 19].

With the aim of continuing investigations in this direction, a new model is here
proposed, which describes the daily dynamics of ghrelin and, at the same time,
includes glucose-insulin regulation, taking a step forward towards a complete math-
ematical description of food intake and metabolic regulation. We consider a multi-
compartment model, in which both the food volume and the glucose concentration
in the stomach and in the small intestine are taken into account. The presented
model provides a basis for more complete mathematical description of the long-term
regulation of body weight, which could be achieved considering the action of some
other hormones such as leptin, GLP1 and GIP.

2. Model setting. The model here presented aims at explaining what happens in
the human body after meals, with particular regard to the glucose-insulin system
and to the time evolution of ghrelin.
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Food transit in the gastrointestinal tract is modeled using two compartments:
the first represents stomach and duodenum, the second models the jejunum and
the ileum. For simplicity, we will refer to the first compartment as stomach and
to the second as jejunum. Below we provide an accurate description of the desired
qualitative behavior of the model, in order to support the proposed model structure.

We denote by S and J the food volume (ml) in the first and second compart-
ments, respectively. After the ingestion, the first part of the gastrointestinal tract
starts to fill up and to gradually empty out towards the jejunum and the ileum
without significant nutrient absorption, so corresponding to a decrease of S we
have an identical increase of J. Then the food leaves the second compartment and
reaches the large intestine (not modeled, since it does not play an active role in the
regulation of the other model variables). We assume that some gastric and pan-
creatic/intestinal secretion always occurs (as a first approximation, at a constant
rate), i.e. the two compartments never empty completely.

The differential equations describing the gastrointestinal variables .S and J are
constructed with the aim of modeling the feedback mechanism that slows down the
gastric emptying. Indeed, some hormones (e.g. GLP-1, CCK, peptide Y, oxynto-
modulin) produced in the jejunum/ileum in response to food transit control the
gastrointestinal motility [15, 27, 13]. In particular, we propose a model in which
the emptying of the stomach compartment (1) is inhibited by the food volume in
the jejunum compartment (2), by means of and emptying rate (3) that depends on
J(t):

S(t) = —nK ;5(t)S(t) + ks + F(t) (1)
J(t) = n(Kys(t)S(t) = kxsJ(t) + ks (2)
Kys(t) = kygme s/ (3)

where F(t), [ml/min], is the food ingestion rate, k7¢*, [min~!], is the maximum
rate transfer from stomach to jejunum, A ;g, [ml~1], is the rate of decay of stomach-
jejunal transfer with jejunum filling, kx 7, [min~1], is the rate of jejunal emptying,
ks, kj, [ml/min], are the gastric and jejunal secretions flow rates. n is a dimen-
sionless coefficient in (0, 1] included to take into account the fact that the food
transit time in the gastrointestinal tract is also influenced by the type of ingested
food [9, 16]. Thus, n should depend on the composition of the meal. In this work,
without loss of generality we assume 1 = 1.

Making the simplifying assumption that the food ingestion rate is constant and
the same during the three meals (breakfast, lunch, and dinner), F(¢) takes the form

(4)

F(t) = v, € [ty by + o] Ut + 7] U [ta, ta + 7]
0, otherwise

in which t, t; and t4 are the starting times and 7, 7; and 7,4 are the meal durations.
The aforementioned model for food volumes is inherited from [23]: besides a different
shape for the feedback on gastric emptying, the main difference is the presence of a
constant basal secretion that prevents the complete emptying of both compartments.

The glucose absorption after a meal is described using a two-compartment model
parallel to the the one used for the food transit. Let Gs and G, both in (mmol),
denote the glucose amounts in the two compartments. The filling of first compart-
ment depends on the glucose content of the meal. Then glucose reaches the second
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compartment where it is either absorbed or moved to the large intestine. We as-
sume that the glucose transit rates between the two compartments are the same as
for the food volumes.

The process that brings ingested glucose to be available in blood consists of sev-
eral phases and it is still under investigation. It starts in the gastrointestinal tract
with carbohydrates digestion by salivary and pancreatic amylases, then glucose is
absorbed by the intestinal enterocytes through secondary active transport, thanks
to the action of the sodium-glucose cotransporter (SGLT1) and it exits across the
basolateral membrane of the enterocytes using the facilitated glucose transporter
GLUT?2 [32, 33]. Other mechanisms have also been taken into account to explain
the intestinal absorption of glucose [33]; in particular some studies [11, 12] claim
that a facilitated diffusive component exists and is mediated by the glucose-induced
recruitment of GLUT2 to the brush-border membrane, but this hypothesis is con-
tradicted by some other findings [25]. We consider glucose to be absorbed into
blood from the second compartment, depending on the sugar in its lumen, and that
such transfer is driven by luminal glucose concentration rather than mass [8].

With regards to plasma insulin and glucose, we know that the increase of insulin
concentration follows the increase of glycaemia, with some delay [20]. In essence,
the plasma glucose prompts the secretion of the granular insulin ready for release
at the f[-cell membrane rather than causing a direct increase of plasma insulin.
Granular insulin R (pmol) is released with a rate that depends on the glucose
concentration in plasma, inducing an increase of the concentration of plasma insulin
I (pM). Plasma glucose G (mM) is reduced due to the insulin-mediated absorption
by tissues, depending on insulin sensitivity, whereas it increases due to hepatic
glucose production, which we assume constant, and to the glucose G; absorbed
from the intestine. The above qualitative description is mathematically represented
by the following equations:

Gs(t) = —nKss(t)Gs(t) + pan F (1) (5)

Gy (t) = (K ss(t)Gs(t) — kxGa(t)) - kcfff“)) (6)
G(t) = 12 = kxarI(O6(0) + har 0L )
I(t) = —kx1I(t) + krra (i{?)mc %}”L) (8)
R(t) = kraG(t) — krra (iﬁ?)mc R(t) (9)

where pgar, [mmol/ml], is the glucose density of food, kq.7, [ml/min], is the glucose
clearance rate from jejunum to bloodstream, k¢, [mmol/min], is the hepatic glucose
output, Vg, [l], is the glucose distribution volume, kxgr, [pM ~tmin=1], is the
insulin sensitivity, krrg, [min~1], is the rate of insulin release from granules with
increasing glycaemia, Gy, [mM], is the basal glycemia, yrra, [—], is the exponent of
the supralinear increase of insulin release from granules with increasing glycaemia,
Vi, [1], is the insulin distribution volume, kxr, [min~1], is the insulin elimination
rate, kra, [pmol/(min-mM)], is the rate of increase of the granular insulin available
for secretion with increasing glycaemia.

Ghrelin, denoted as H (pg/ml) in the model, is secreted in the stomach but the
signals that inhibit its production arise in response to food in the portion of the small
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FIGURE 1. Graphical scheme of the model. Continuous lines rep-
resent transfer of mass, dashed lines represent signals.

intestine between the duodenum and the jejunum [31, 19]. This negative feedback
is modelled by a decreasing exponential function depending on the content of the
second gastrointestinal compartment, J(¢). Furthermore, a first order elimination
rate of the hormone is also taken into account:

. e—AHJJ(t)
H(t) = —kxpH(t) + kn(t)——— (10)
Vi
where kg (t), [pg/min], is the maximum rate of ghrelin secretion achieved when the
jejunum is empty (J(t) = 0), Ay, [ml~], is the rate of decay of ghrelin secretion
with jejunal filling, Vg, [ml], is the ghrelin distribution volume, kxz, [min~!],
is the first order elimination rate for ghrelin. kg (t) is supposed to be vary with
a 24h period, thus accounting for circadian variability. This fact is suggested by
experimental evidence according to which ghrelin unexpectedly decreases in the
hours before dawn without any meal assumption [3]. In the following we adopt a
simple switching model for k (t), from a maximum value k7** to a minimum value
Emin with the switch occurring at time ty. Fig. 1 reports a block-diagram of the

complete model.
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3. Qualitative analysis of the model. In order to show the mathematical co-
herence of the model, main features of the qualitative analysis of the solutions are
reported.

3.1. Positivity of solutions. In order to have physiological relevant results it is
important that the model ensures non-negative solutions for the ODEs system, since
the state variables describe the evolution of masses and concentrations. To prove
it, we assume that the initial conditions are non-negative and that F'(¢) > 0, both
physiologically meaningful assumptions.

Lemma 3.1. The ODEs system (1)-(10) has non-negative solutions for any non-
negative initial conditions and input.

Proof. Consider the S dynamics and assume that 3 ¢ such that S(#) = 0 and
S(t) < 0. This is a contradiction, since

S(t) = —nK;s(B)S(E) + ks + F(t) = ks + F(£) > 0

therefore S(t) > 0V ¢t > 0. Analogously, it can be proven that also G(t),
Then consider the J dynamics and assume that 3 ¢ such that J(f)
J(t) < 0. This is a contradiction, since

J() = n(Ks(D)S(E) = kxsJ (1) + ks = nKs(H)S(E) + k.

with K 5(f) > 0 because of its exponential fashion and S(¢#) > 0 as previously
proven. Then, also J(t) > 0. Analogously, it can be proven that also G;(t) > 0.
The positivity of J and G straightforwardly proves that G(t) > 0; this last finding
proves that R(t) > 0 and, finally, that I(¢) > 0. O

H(t) > 0.
= 0 and

3.2. Equilibrium point and stability analysis. To discuss existence and stabil-
ity of the equilibrium points, a constant input F'(t) = F is considered. It is possible
to choice either F' = 0 (fasting situation) or a constant positive input, which could
be the case of an experiment with gastric constant infusion of nutrients. Analo-
gously, in this analysis, we consider a constant value for the switching parameter
kx (namely kz), which may be thought of as the maximum /minimum value.
Lemma 3.2. The ODEs system (1)-(10) has a unique equilibrium point for F(t) =
F.

Proof. Denote with the suffix e all stationary variables, as well as K js. = kTS‘”“e’” e,
Then, the steady state equations are:

_nKJSBSe+kS+F:0
(K jseSe —kxyJe) +k; =0

— 1K jseGse + pauF =0
GJe

n(KJSeGSe_kXJGJe)—k‘GJ 7 =0 14
kG G]e
=k I.G. + kgj—= = 1
Vo et Ge + STV, 0 (15)
Ge YIRG Re
—kxrl. +k —_= R 1
x1le + Krra <Gb> v, 0 (16)

Ge YIRG
kraGe — kirc <Gb> R.=0 (17)
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_ e AHJJe
—kxgHe +kg—— =0 (18)
Vi
From these equations the following unique positive solution is achieved:
ks +k;+F
J, = Fs t R+ 1 K s (19)
nkx.g
F+k F
. + ks G = PGM (20)
Nk jse nKyse
F kxiVil,
Gjo = pc;# G, = XIT%e (21)
kxy+ % krac
K, k e k
I — <G . csGy ) RG (22)
Ve J Ve ) kxarkxiVi
ks 1V Ie G YIRG E —Aggde
R, = FxiVile (b) g, = ke (23)
krra  \Ge kxa Vu
O

In the case F(t) = 0, i.e. fasting condition, the equilibrium values for the vari-
ables are their basal values in fasting conditions (with the trivial values Gg. = 0,
G je = 0). In the following we analyze the stability of the equilibrium point: com-
putations are carried out for the fasting condition, but results can be readily gen-
eralized for any value of F'. Dealing with basal conditions, the equilibrium suffix is
changed from e into b. Looking for stability conditions, we study the eigenvalues of
the Jacobian matrix, associated with the ODEs system (1)—(10), evaluated at the
basal equilibrium point. From computations, non trivial entries of Jacobian matrix
J are the following:

Jin = —nKysp Jiz2 =nAjsKyspSe  Jor = —Jn

Jao = —J12 —kxs  Jzz=Ju Juz = —Ju1

Jaa = —nkxy — "L Jsu = 85 Jos = —kxairly
Js6 = —kxc1Gh Jos = 7k1R%ZI‘/I§GRb Joo = —kx1
Jor = tna J7s = kra — JosVi - Jrr = —kira
Jgo = _4}%/\}”‘2)”& Jss = —kxH

Three of the eight eigenvalues can be easily deduced from the block-structure of the
Jacobian matrix:

A3 =J33 <0 A =Jys <0 As = Jgg <0 (24)
A1 and Ay are the eigenvalues of the following matrix:
—nK AisKrspS

4= 772(.12? _nAZS;?JSl;]g: —kaJ (25)

so that
det (A) = Mo =nK spkxy >0 (26)

whilst

tr(A) =AM+ A= —nKysp —nAssKyseSe — kxy <0 (27)

That means: A1, Ao < 0.
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A5, Ag and A7 are the eigenvalues of the following matrix:

—kxarly —kxcrGy 0
B=| lmgupel —kxp Mg (28)
kra — kIRG'CYYVIbRGRb 0 —kire
We rewrite it as:

—a -b 0
B=| = -d = (29)

n Vi Vi

kra—c 0 —e

for appropriate choices of a,b,c,d,e > 0. Then, the characteristic polynomial of
matrix (29) is:

b bek
)\3+(a+d+e))\2+(Vc—kad-i-ae-i-de))\—i— CRG | ade (30)
T i
For the sake of simplicity, we rewrite (30) as:
)\3+h1)\2+h2)\+h3, hi,ha,h3 >0 (31)

It is possible to study the sign of the real part of the roots of the characteristic
polynomial by means of the Routh-Hurwitz criterion. We use it in Lemma 3.3 in
order to find a sufficient condition for the eigenvalues of matrix (29) to have negative
real part.

Lemma 3.3. The eigenvalues of matriz (29) have negative real part.

Proof. Consider the Routh-Hurwitz table for the characteristic polynomial in (31):

3 1 ha
2 h1 hs
0 hs 0

The characteristic polynomial has all the roots with negative real part if and only
if there are no sign variations in the first line of the table. Since hq, ho > 0, to have
no sign variations hihs > hg must hold; thus:

abe + bed + bee + Viad? + Via®d + Viae? + Via®e+
+ Vide? + Vid?e + 2Viade > bekpa
It is worth to notice that
Viade = bekpa = kxarkxrkirayVr, (34)

so that (33) is always verified.
Since all the eigenvalues of the Jacobian matrix have negative real part, we can
conclude that the fasting equilibrium point is asymptotically stable. O

(33)

4. Model identification and numerical simulations. The identification task
has been carried out according to a set of experimental data coming from [3], re-
ferring to a 23-hour (6am-5am) experiment in which 10 healthy subjects were
administered 3 meals approximating the average American diet. Ghrelin and in-
sulin measurements were acquired at a sampling rate of 30min during daytime and
60min during nighttime. At each sampling instant the measurements taken on the
10 subjects are averaged. Thus, the only available data from [3] that can be used for
model identification are average values and standard deviations. As a consequence,
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the identified model is a sort of an average model of the system under investigation,
not calibrated on a single subject. Unfortunately, no further experimental data are
available for model validation.

Before to get into the details of the identification procedure, we briefly discuss
the constraints on the values of some parameters that can be gathered from the
available literature. Parameter pgps in (5) is assumed to vary for the three kinds
of meals according to the following expression

a-Ca-M 1
0.18 Vari

pPGMi = = b7 l,d, (35)
where Vi, = r - 7; is the meal volume (7; is the meal duration), different for the
three meals (see (4)), o = 0.9 is the glucose percentage in carbohydrates, Ca is the
percentage of carbohydrates in the meal mass M = 241.18¢ (each meal shares the
same mass but different volumes) and 0.18 is a conversion factor providing mmol of
glucose from g. Volumes Vi and V; are expressed in liters. In order to exploit data
from [22] where [I/kgBW] had been adopted, we exploited the mean body weight
BW, obtained from the BMI of the subjects in [3] and the average height of an
American person [7]. With respect to the food intake, according to the experimental
setting [3] (see also [23]) we set 7, = 39min, 7, = 24min, 74 = 24.6min, with
t, = 8am, t; = 12am, t; = 17 : 30pm.

Other parameters/initial conditions derived from the literature or constrained by
the steady state conditions (hence not straightforwardly involved in the identifica-
tion procedure) are reported in Table 1.

The identification procedure, exploiting the experimental data reported in [3],
has been divided into three steps.

In the first step the parameters k7'¢%, ks, kj, Ass, kxg, K5 K5, ta, N,
Hy in Egs. (1), (2), (10) have been estimated by minimizing the weighted mean
squared error (MSE) between simulated and experimental ghrelin data:

(Hp(tr) — H(tx))*
My = Z Hon(tr)? (36)
tL€ESH
where Sy is the set of sampling-times for ghrelin measurements H,,(tx). The so-
lution is achieved using the ga (genetic algorithm) and frincon (constrained mini-
mization) Matlab functions.
In the second step the procedure is repeated to estimate the parameters of the
glucose-insulin subsystem (kgs, Yira, Go, Ro) by minimizing the weighted MSE

M= Y (I (t5) — I(t;))* (37)

2 J
t; €81 L (t;)

where Sy is the set of sampling-times for insulin measurements I,,, (¢;). In this phase
the parameters computed in step 1 are kept constant. Again, the ga and fmincon
Matlab functions have been used.

In the final step, the parameters estimated in steps 1-2 are used as a starting
point for the Matlab fmincon function minimizing the overall MSE cost My + My,
thus considering the whole system and all the available measurements (ghrelin and
insulin) simultaneously.

The trick of resorting to steps 1 and 2 for finding a convenient initial guess to
initialize the algorithm that finds the minimum of the MSE My + M has avoided
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TABLE 1. Model parameters and initial conditions.
Parameter Units Value Reference
T ml/min 35 [23]
Ter min~! 0.0201 Identification
AJs min 1 9.1871 - 10~* | Identification
ks, ky mml/min 6.2568 Identification
kxJ min 1 0.0737 Identification
Ca - 0.5558 B
kas ml/min 50.1503 Identification
ka mmol /min 0.2066 Steady State
Ve I 10.483 22]
BW kg 68.97 [3, 7]
ka1 min~! 5.3-1075 [22]
krra min 1 0.0049 Steady state
YIRG — 3.0763 Identification
Vi=Vy l 17.2425 22
ker min ! 0.059 21
krc min 1 17.6948 Steady state
ki pmol/ml | 650407.4627 | Identification
ks pmol /ml 899990.4238 | Identification
ty pmol/ml 1195.2917 | Identification
g min~ 0.007 Identification
kxH ] 0.239 1]
So ml 363.3046 Steady state
Jo ml 169.8402 Steady state
Gso mmol 0 Steady state
G o mmol 0 Steady state
Go =Gy mM 4.6239 Identification
To pM 80.4264 B
Ry pmol 16581.6656 | Identification
Hy pg/ml 524.5618 | Identification

the convergence of the algorithm to local minima. Fig. 2 shows the quality of the
fit: the simulated curves reproduce with good accuracy the experimental data.

Unfortunately, the set of experimental data coming from [3] does not include
any further useful information (e.g. glucose behavior, or data from another inde-
pendent experiment). For this reason, the model can be validated only from a
qualitative behavior perspective, i.e. the ability to reproduce physiologically mean-
ingful behaviors. To this end, we report the plots of the gastrointestinal emptying
and the glucose dynamics in Figs. 3-4. It is worthwhile to notice that the first
gastrointestinal compartment empties almost completely in 4 hours, in agreement
with experimental evidence for stomach emptying [26] (less than 5% of total in-
gested food at breakfast is still in the stomach at noon). Furthermore, the glucose
behavior is physiologically consistent, oscillating above its basal value during the
day due to meal ingestions counteracted by fast insulin action.

In order to further underline the role of ghrelin in meal initiation, we simulated
the ghrelin dynamics in a day during which breakfast and dinner are as in [3], but
no lunch has been served. As shown in Fig. 5, ghrelin reaches a higher peak than
in the previous case, which may explain the sense of hunger following a prolonged
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fasting. High ghrelin levels may activate processes that lead to meal initiation, and
this explains the role of ghrelin as a survival hormone [3, 14].

5. Conclusions. This note presents a multi-compartment mathematical model of
food intake that accounts for glucose-insulin homeostasis and ghrelin dynamics. The
model is grounded in the established physiology and the qualitative behavior anal-
ysis shows that its solutions are mathematically consistent. The fitting to clinical
experimental data is good and provide physiologically meaningful time evolutions
for the all state variables.

The model paves the way to further long-term descriptions of metabolic regula-
tion and body weight dynamics, extending to human models the work [10] focusing
on rats.

A further improvement could be to consider the effect of insulin on ghrelin se-
cretion. There are conflicting experimental results on this topic in the literature;
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FIGURE 5. Ghrelin dynamics in a day with 3 and with 2 meals

some findings, indeed, suggest that insulin inhibits ghrelin production whilst others
come to the opposite conclusion, conjecturing that ghrelin is stimulated by insulin
[34]. By using mathematical modeling, both the hypotheses might be investigated,
shedding light on the problem.
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