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Abstract

In this thesis, we consider a first order partial differential equation with coefficient
that contains a jump in the space and time variables. The equation is deeply in-
spired by the one-dimensional model of pedestrian flow introduced by Hughes,
commonly referred to as the Hughes’ model [57]. To be precise, our equation con-
sists in a scalar conservation law whose flux coefficient is a time dependent func-
tion that switches sign according to the location of the ’turning curve’, ξ(t), given
a priori in the space domain. The equation writes

∂tρ + ∂x
(

sign(x− ξ(t)) f (ρ)
)
= 0.

The main object of this thesis is to analyse the well-posedness of the above equa-
tion via entropy solutions taken in an appropriate sense. In this text, the basic no-
tions of scalar conservation law with continuous and discontinuous flux functions
are revisited with a detailed discussion and comparison of existing results regard-
ing entropy admissibility criteria for both classes of equations. Furthermore, the
theory of L1-dissipative germ introduced by Andreianov, Karlsen and Risebro [14]
is reviewed and is then extended to our equation with the goal of analysing the en-
tropy solutions for the case of non-classical flux interface coupling at the turning
curve.

In a series of steps leading to the existence of solutions to the above equation,
we properly define the entropy solutions and construct the exact solution of the
Riemann problem that arises at the turning curve. Using the Riemann solver at
ξ(t), the total variation in the solution as the slope of ξ changes in time and as ξ
interactions with classical waves (i.e. shock and rarefaction) are studied.

Finally, a numerical scheme with a moving mesh adaptation and a modified nu-
merical flux near the turning curve x = ξ(t) is also proposed. In order to be able
to prove that the scheme converges to the weak entropy solution, we first establish
that it is well-balanced and stable in L∞ space. The approximate solution is further
analysed in the sense of entropy process solutions. We also present some explicit
examples and their approximate solutions to numerically check convergence of
the approximate solution provided by the scheme to the weak entropy solutions.
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Introduction

The main object of this thesis is to analyze the solution of a scalar conservation law
with a flux function that has a jump in the space and time variables. Conservation
of mass is a naturally occurring phenomenon that has been studied for decades in
the physical sciences and continues to enrich an active area of research until the
present from both theoretical and application points of view. Typical examples of
application problems of mass conservation are macroscopic motion of pedestrian
flows [57, 28], flooding models [77], and macroscopic models of traffic flow [74,
69, 78, 66] among others. Nevertheless, the birth of these models have roots deep
within some ideas of continuum physics, where fundamental balance equations
for mass, momentum, and total energy of fluids are formulated by neglecting the
effects of small-scale induced mechanisms. Mostly, such models are proposed by
engineers and/or physicists, and then their analytical properties are subsequently
studied by mathematicians with the aim of proposing solutions that may serve as
the basis for computer simulations and analysis.

The Hughes’ model for pedestrian flow [57] is a typical example. It was originally
developed by an engineer but used by mathematicians and simulation experts
to predict the motion of large crowds as it serves as one of the model equations
adapted to run computer simulations of pedestrian flows [19, 79, 40, 48]. Since dif-
ferent application problems lead to different conservation laws, specific assump-
tions are made when studying the solutions to a conservation law from a theo-
retical point of view. For instance, macroscopic models of traffic flow on a single
lane were first proposed as conservation laws with simple single flux functions
resulting from the assumption of a non-increasing speed function [69]. However,
incorporating additional conditions on the single road results in further extensions
of the simple model (see [74] for the case of traffic flow models), that in turn leads
to the derivation of different classes of conservation laws for the single problem.

A class of conservation laws commonly arising in this direction is scalar conser-
vation laws with discontinuous flux functions, herein referred to as discontinuous
flux problems, which is also the main subject of the work presented in this thesis.
In this introductory chapter, we review selected practical problems that motivate
this class of equations and then recall basic notions of entropy solutions adapted
for them in the chapter that follows.



0.1. Traffic flow models 2

0.1 Traffic flow models

Traffic flow models given by partial differential equations (PDEs) are based on
the well-known continuum formulation initially proposed by Lighthill-Whitham-
Richards (LWR) [69, 78]. The models are used to describe the evolution of large
volumes of traffic density on an unbounded highway, mostly with a common flux
function. That is, they are also based on large scale values of traffic density and
flow speed. For this reason, they’re commonly referred to as macroscopic models of
traffic flow.

Consider a one-directional highway parameterized by an interval I ⊆ R, possibly
unbounded. The LWR model writes

∂tρ + ∂x[ρv(ρ)] = 0, (t, x) ∈ [0, ∞)× I, (1)

where the unknown function ρ = ρ(t, x) ∈ [0, ρmax], is the mean traffic density at
time and position (t, x), ρmax > 0 is the maximum density, and the function v :
[0, ρmax] → [0, vmax] is the mean traffic velocity given as a non-increasing function
with vmax > 0, being the maximum mean velocity. Setting f (ρ) := ρv(ρ) to be the
flux-density relation, the LWR models stipulates that f satisfies the following:

(H1) f (0) = f (ρmax) = 0,

(H2) f : [0, ρmax] 7→ [0,+∞) is a C2 function.

Equation (1) is a first-order order macroscopic model that is closed by a speed-
density relation v = v(ρ). Furthermore, it is possible to consider the model on
roads with entrances and/or exits by adding a source term to (1) as in [17]; gener-
alization to multi-class traffic population which comprises of fast and slow mov-
ing vehicles [20] and traffic models on complex networks [44]. In the theory of
traffic flow models, it is mostly convenient to also consider the graph of the speed-
density relation as well as of the flux function, called the fundamental diagram.
The fundamental diagram corresponding to (2) is shown in figure 1. For a single
lane with uniform road conditions, a common choice of the flux function writes

f (ρ) = vmaxρ

(
1− ρ

ρmax

)
. (2)

On a highway stretch, it is common for different segments to have varying speed
limits mostly owing to speed control mechanisms such as ramp metering. In mod-
ern transportation networks, these meters are equipped with sensors that can be
controlled in real time to optimize the free flow of traffic. For these modeling
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ρmax0ρmax0

f

vmax

v

FIGURE 1: The fundamental diagram of the simple LWR traffic flow
model.

situations, the LWR model is adjusted to define realistic solutions. This moti-
vates a class of traffic flow model which are scalar conservation laws with time
dependent discontinuous flux functions with the velocity function of the form
v(t) ∈ [vmin, vmax]. See [47, 33, 70, 74]. Toward this direction, a common exam-
ple flux function used are summarized below:

Greenshields [51] : f (t, ρ) = v(t)ρ
(

1− ρ
ρmax

)
,

Newel-Daganzo type [30] : f (t, ρ) =

{
ρv(t), if 0 ≤ ρ ≤ ρc,

v(t)ρc
ρmax−ρc

(ρmax − ρ) if 0 ≤ ρ ≤ ρc,
where ρc ∈ (0, ρmax)

0.2 Pedestrian flow models

Mathematical aspects of pedestrian flow models have received lots of attention in
the mathematical modeling research community over the past decade and it has
helped to provide deep insights into physical models of pedestrian flow dynam-
ics usually obtained with tools of physics, engineering and social sciences [81].
A basic example is the Hughes’ continuum model of pedestrian flow [57] whose
original governing equations are born out of fluid dynamic principles with appli-
cations derived from the general behavior of the Lighthill and Whitham [69, 78]
models of traffic motion. The model is well suited for motions of large crowds in
narrow corridors with a common target. However, in [56], it was applied to a two-
dimensional walking facility in which a pedestrian chooses a route to minimize
the instantaneous travel cost to the destination. In another instance, [89], within a
less general setting, powerful resources for computer games and animated movies
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was utilized efficiently to provide a real-time simulation of large groups consid-
ered as a continuum with common targets. These models provide useful tools for
the planning and design of walking facilities as well as aids in the visualization
of the movement trajectories of pedestrians and their interactions within such a
facility. The motivation to study the qualitative behaviour of pedestrians from an
analytical viewpoint is not arbitrary. First, field experiments with human subjects
are obviously too expensive and difficult to conduct, and hence analytical studies
come only at the cost of computer power [89]. They help architectures and engi-
neers to better plan and design structures such that there will be minimal casualties
in case of fire or natural disasters [53]. However, the overarching importance of
crowd models are but not limited to estimating migratory flows, traffic forecasting,
and urban planning [91].

Mathematical models of crowd motion and dynamics come in two main forms
namely, microscopic and macroscopic. The microscopic models are based on the
idea that the behavior and interactions of the individual entities (as people are
treated as rigid discs) can be determined by physical and social laws subject to con-
straints imposed by their immediate surroundings. The mathematical equations
of these models are generally stated in terms of systems of ordinary differential
equations. Some examples of microscopic models include the so-called floor field
models, [82, 42] and contact model [72]. For an extensive review on different mi-
croscopic approaches we refer to [19, 52]. With respect to macroscopic models, the
whole crowd is treated as a single entity but movements of single individuals are
ignored. Since they seek to predict the advection of large crowds, the model equa-
tions are largely hyperbolic conservation laws with a closure relation expressed as
a speed-density function. Included in the list of examples of macroscopic models
are those based on optimal transport theory [71], on scalar conservation laws with
non-convex flux as in [29] and recently with inspirations from mean field games
[22].

The Hughes’ model

The Hughes’ model of pedestrian flow in the multidimensional setting writes:

∂tρ− div
(
ρv2(ρ)∇φ

)
= 0, x ∈ Πx, (3a)

∣∣∇φ
∣∣ = 1

v(ρ)
, x ∈ Πx, (3b)

where x ∈ Πx is the space variable, Πx ⊂ Rd, a bounded domain for d ≥ 1, ρ(t, x)
represents the crowd density in x at time t ≥ 0. The density dependent function
v plays the role of the speed adapted by the crowd and is usually expressed as a
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decreasing function such that over the interval [0, ρmax), where ρmax is the maxi-
mum density, the situation in which v(ρmax) = 0, represents congestion where as
there’s free flow if v(0) = vmax, with vmax > 0. The potential function φ(t, x) in the
Eikonal equation (3b) models the common sense strategy adapted by the pedes-
trians to reach their target (or exit). In most cases it is interpreted as a weighted
distance to the exit and so pedestrians take the path down the minimum gradient.
That is they avoid congested zones so as to optimize the travel time to the exits.

In the one-dimensional setting, the model writes

∂tρ− ∂x

(
ρv(ρ)

ϕx

|ϕx|

)
= 0, (4a)

|ϕx| = c(ρ), (4b)

in the spatial domain Πx =] − 1, 1[, coupled with a Dirichlet’s boundary condi-
tions:

ρ(1, t) = ρ(−1, t) = 0, t > 0, (4c)
ϕ(1, t) = ϕ(−1, t) = 0, t > 0, (4d)

and initial data

ρ(x, 0) = ρ0(x), (4e)

where ρ(t, x) ∈ [0, 1] is the unknown crowd density (normalized); c(ρ) = 1/v(ρ),
is the running cost; v(ρ) = 1− ρ is the mean velocity. A unique viscous solution
to the Eikonal equation (4b) with boundary condition (4d) gives rise to a unique
turning point ξ(t) ∈ Πx that satisfies the implicit relation:∫ ξ(t)

−1
c(ρ(t, x))dx =

∫ 1

ξ(t)
c(ρ(t, x))dx, ∀t ≥ 0. (5)

The 1D model (4) can be re-written as a scalar conservation law with space-time
discontinuous flux:

∂tρ + ∂x
(
sign(x− ξ(t)) f (ρ)

)
= 0, (6)

where, ρ 7→ f (ρ) is defined by f (ρ) = ρv(ρ) and t 7→ ξ(t) satisfies the implicit
relation (5) for each (t, x) ∈ [0, ∞)×Πx.
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0.3 Organisation of the thesis

After reviewing the fundamental theoretical tools used to analyse the solution of
hyperbolic partial differential equation (PDE), we present the main contribution
of the work in two parts beginning from chapters 3 to 4. The thesis is organised as
follows:

In Chapter 1, we discuss known results for scalar conservation law with continu-
ous flux and discontinuous flux. Particular emphasis is given to the selection of an
appropriate notion of entropy admissible conditions, the new tool of admissibility
germ.

In Chapter 2, we then discuss the numerical schemes employed to approximate
weak solutions of the equation studied in this work. The first section of this chap-
ter is focused on the standard methods, the so-called Godunov scheme and a brief
discussion of its failure to the discontinuous flux problems. We then conclude
with an overview of the steps involved to obtain a convergence result for prob-
lems without a spatial bound in the total variation.

Chapter 3 begins with the main contribution of the thesis. Here we present our
equation and analyse the Riemann solver of the Cauchy problem. We also attempt
to lay bare the new tool of admissibility germs and show how it could be useful to
prove existence of solutions. Particular emphasis is given to the fact that we do not
yet have a bound in the spacial total variation on the solution to the problem, lead-
ing to studying the solutions in the framework of the entropy process solutions.

In Chapter 4, we propose a new finite volume scheme with a ’localised’ adapt-ed
mesh or moving mesh near to the space time flux discontinuity. After analysing
some key properties of the scheme, we attempt to prove the convergence of the
scheme with an L∞ stability estimate on the approximation solutions. In the final
section, we present some numerical experiments for specific problems and com-
pute the order of convergence of the method.

Finally, in Chapter 5, we draw conclusions and lay a foundation for future works.
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Chapter 1

Scalar Conservation laws with
discontinuous coefficients

1.1 Introduction

In this chapter, we review the basic theory of scalar conservation laws with dis-
continuous coefficients. Before discussing the theoretical tools used to study well-
posedness, we dedicate the first part of this chapter to scalar conservation laws
with continuous flux and then in the second part, present the theoretical tools ex-
tended to the discontinuous flux problems.

A scalar conservation law is partial differential equation (PDE) which describes
the evolution of a conserved quantity, such as mass, density of cars or concentra-
tion of a specie in one dimension in space. The general expression of this PDE
appears in the form

∂tρ + ∂x f (t, x, ρ) = 0, (1.1)

where ρ represents the conserved quantity and f is a function representing the rate
of flux of this quantity through the boundary of the domain and hence referred to
as the flux function. The work of this thesis is based on scalar conservation laws in
which f contains a discontinuity in the space and time variables.

In one dimensional space setting, it can be derived from the basic principle of mass
conservation as recalled below. Let (t, x) 7→ ρ(t, x) ≥ 0 be a function that repre-
sents a conserved quantity (e.g. density, momentum, energy etc.), and

∫
I ρ(t, x)dx,

the total amount of ρ in the interval I = [xl, xr] at time t. Suppose that the total
mass is finite at the time t = 0:

∫
R

ρ(0, x) dx ∈ R, then the conservation principle
simply stipulates that:

d
dt

∫
R

ρ(t, x)dx = 0. (1.2)
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More specifically, assume that the initial mass is finite over the interval I and using
the function f : R+ ×R 7→ R represent the flux per unit area, then mass conser-
vation principle implies that

d
dt

∫ xr

xl

ρ(t, x)dx = f (t, xl, ρ(t, xl))− f (t, xr, ρ(t, xl)). (1.3)

In the context of fluid dynamics, ρ is considered to be a fluid density flowing with
velocity of v(t, x) and hence the flux function is defined by

f (t, x, ρ(t, x)) = v(t, x)ρ(t, x). (1.4)

Integrating (1.3) further in time over a finite time interval IT = [t1, t2] and rear-
ranging gives ∫ t2

t1

∫ xr

xl

∂tρ(t, x) + ∂x f (t, x, ρ)dxdt = 0.

The above integral is zero for every choice of [t1, t2]× [xl, xr] if the integrand satis-
fies

∂tρ(t, x) + ∂x f (t, x, ρ) = 0, (1.5)

commonly referred to as the differential form of a scalar conservation law. It is
common to study solutions of a scalar conservation law using its differential form.
As this work concerns the existence of solution to scalar conservation law, we shall
also adapt to the differential form of the equation. For most problems studied
with a scalar conservation law, the velocity relation is a function of the density.
Therefore, in such situation, it is convenient to write v = v(ρ), the flux function
also becomes a density function given by f (ρ) = ρv(ρ). The differential form of
the conservation law now writes

∂tρ + ∂x f (ρ) = 0. (1.6)

For the purpose of our discussion, we shall use the differential form in (1.6) when
referring to conservation laws with continuous flux in the next section.

1.1.1 The Cauchy problem and the classical solution

We begin with the Cauchy problem for the PDE (1.6) with a given initial condition

{
∂tρ + ∂xF(ρ) = 0, (t, x) ∈ R+

0 ×R, (1.7a)
ρ(0, x) = ρ0(x), x ∈ R. (1.7b)
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As the equation (1.7a) involves first order derivatives in space and time, it makes
sense to look for solutions that are continuously differentiable both in space and
time.

To illustrate, we parameterize the x− t plane by the characteristic curve starting at
the point y ∈ R as t 7→ X(t; y) and denote by R(t; y) the value of ρ along X, then

Ṙ = ∂tρ(t, X(t)) + Ẋ · ∂xρ(t, X(t))
= ∂tρ(t, X(t)) + F′(ρ(t, X(t))) · ∂xρ(t, X(t))
= 0.

This implies that the solution is constant along characteristic lines and solving the
Cauchy problem (1.7) reduces to finding the characteristic line that also satisfies
the ODE {

Ẋ = F′(R(t)), t > 0,
X(0) = y, y ∈ R,

whose solution is given by X(t; y) = y + tF′(R(0)). Thus given any point (t, x),
one only needs to determine the characteristic curve originating from y and that
passes through the point x. If X(t; ·) is invertible, at least for small t > 0, the exact
solution to (1.7) can be traced from the initial solution given at y and is implicitly
given as:

ρ(t, x) = ρ0
(
x− tF′(ρ(t, x))

)
.

Such solutions are referred to as classical solutions defined below.

Definition 1.1. Let F ∈ C1(R; R) and ρ0 ∈ C1(R; R). Let T > 0. A classical
solution of a Cauchy problem (1.7) is a function ρ ∈ C1([0, T)×R, R) that satisfies
(1.7).

Notice that every characteristic curve (t, X(t)) travel with speed, F′(ρ) that is also
dependent on the solution itself. This may introduce severe irregularities in the
global in time solution and the smoothness property of ρ in general breaks down,
even if the initial data is smooth. This severity is a real issue in the study of solu-
tions to hyperbolic conservation laws. For this reason, the concept of weak solu-
tion is introduced in order to define global in time solutions of (1.7) where classical
solutions do not exist.

1.1.2 Weak solutions

The assertions laid in the previous section merits different notions of solutions
when dealing with conservation laws. In this subsection, we describe the notion
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of weak or distribution solutions. Indeed, since the PDE (1.7a) is in divergence
form, multiplication by a continuous function ϕ and a formal integration by parts
lead to the following definition of solution:

Definition 1.2. (Weak solutions) Let Ω = R+
0 × R, ρ0 ∈ L∞(R; R) and F ∈

C1(R; R). A function ρ ∈ L∞ (Ω; R) is a weak solution of the scalar conservation
law (1.7) if it satisfies the integral identity∫

R+

∫
R

ρϕt + F(ρ)ϕxdxdt +
∫

R
ρ0ϕ(0, x)dx = 0 (1.8)

for all test function with compact support ϕ ∈ C1
c (Ω; R).

This definition of solution allows ρ to be discontinuous since the partial deriva-
tives on ρ shift to ϕ. It can be proved that every classical solution also satisfies the
integral condition (1.8) for all ϕ and hence a weak solution. An important class of
functions usually considered in literature is the piecewise smooth functions con-
taining jump discontinuities. The next lemma gives a necessary and sufficient con-
dition to be imposed on such functions in order to be admitted as a weak solution.

Lemma 1.1. (Rankine-Hugoniot jump condition) Let Ω be separated into two regions
Ω− and Ω+ by a Lipschitz curve S parameterized by S = (t, σ(t)) where σ : R+

0 7→ R.
Furthermore, assume that ρ is smooth over Ω− and Ω+ occurring in the form

ρ(t, x) =

{
ρ−(t, x), if x < σ(t),
ρ+(t, x), if x > σ(t),

(1.9)

where ρ± : Ω± 7→ R are C1 functions and assume that the limits ρ(t, σ(t)±) =
lim

x→σ(t)±
ρ(t, x) exist for a.e t. Then, ρ is a weak solution of (1.7) if and only if the fol-

lowing two conditions hold:

i) ρ is a classical solution over Ω− and Ω+.

ii) ρ satisfies the jump condition:

σ′(t) =
F(ρ+(t, x))− F(ρ−(t, x))

ρ+(t, x)− ρ−(t, x)
for a.e. t. (1.10)

If ρ is piecewise constant, (1.9) reduces to

ρ(t, x) =

{
ρ−, if x < st,
ρ+, if x > st,

(1.11)
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where ρ± are constants and σ is linear with slope s ∈ R and the Rankine-Hugoniot
relation reads:

− s(ρ− − ρ+) + F(ρ−)− F(ρ+) = 0. (1.12)

If ρ− 6= ρ+ then by lemma 1.1, any weak solution to (1.7) represented by the pair
(ρ−, ρ+) of the form (1.11) is referred to as the a shock wave connecting ρ− to ρ+

and travels with speed s, if additional entropy conditions are prescribed to select
admissible weak solutions.

1.1.3 Entropy inequalities

In general, the weak solutions in the sense of Definition 1.2 are not uniquely de-
termined by the initial data, ρ0. Indeed, one can prescribe an entire family of weak
solutions to the same Cauchy problem for a given class of initial data. This prob-
lem is resolved by the so-called vanishing viscosity regularization.

Roughly speaking, a term Rε is introduced in the PDE (1.7) where ε is a small
parameter that approaches 0, and when it does the solution of the Cauchy problem
(1.7) is realized as the limit of the regularized (or viscous) equation:

∂tρ
ε + ∂xF(ρε) = Rε, (t, x) ∈ Ω. (1.13)

Meaning, ρε is a sequence of solutions of equation (1.13) regularized by Rε. We
may assume that Rε has a regularizing effect, so that ρε is smooth depend on
ρε, ερε

x, ε2ρε
xx . . . that vanishes as ε → 0. Convergence of ρε to the singular limit

ρ holds everywhere in R if ρε is uniformly bounded in an appropriate sense and
the bound is independent of ε. The major drawback in this criteria is that it is very
difficult to obtain a priori estimates for (1.13) which would allow one to prove the
convergence to a weak solution to (1.7) as ε→ 0. This may be overcome by deduc-
ing other viscous conditions that can be easily verified according to the physical
considerations of the problem. The regularization mechanism applied with Rε is
very crucial as it determines the kind of admissibility condition that allows one
to select the unique solution. The most-well known mechanism is the entropy-
entropy flux.

Definition 1.3. A pair of functions η, Φ with η convex is called entropy-entropy flux
pair for (1.7) if

Φ′(ρ) = η′(ρ)F′(ρ), (1.14)

is satisfied at every ρ where η, Φ, and F are differentiable.

Remark 1.1. If ρ = ρ(t, x) is a classical solution of (1.7) in the sense of Definition
1.1, then the consequence of (1.14) implies that ρ must also satisfy η(ρ)t + Φ(ρ)x =
0.
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The following definitions are needed in order to discuss weak entropy solutions.

Definition 1.4. Let ρε be the smooth solutions of (1.13) such that ρ = limε→0 ρε is a
weak solution of (1.7). Then the regularisation term Rε is said to be a conservative
regularization in the limit as ε→ 0 if

lim
ε→0

∫∫
Rε · ϕdxdt = 0, ∀ϕ ∈ C∞

c (Ω; R+). (1.15)

In addition, it is said to be entropy dissipative regularization for the entropy η(ρ) if

lim
ε→0

∫∫
η′(ρε) · Rε · ϕdxdt ≤ 0, ∀ϕ ∈ C∞

c (Ω; R+). (1.16)

If (1.7) is endowed with a convex entropy function, and appropriate limit condi-
tions on the weak solution ρ are derived, then the limit solution is a unique weak
solution. The following theorem summarizes the natural conditions on Rε needed
to deduce a unique limit of the weak solution:

Theorem 1.1. Let ρε be a family of approximate solutions of (1.13) that is bounded in
the L∞ norm as ε → 0 and converges a.e to the limit ρ which is a weak solution of (1.7).
Suppose also that Rε is conservative and entropy dissipative for some entropy-entropy flux
pair (η, Φ). Then ρ is a weak solution of (1.7) and satisfies the inequality∫ ∫

(η(ρ)∂t ϕ + Φ(ρ)∂x ϕ) dtdx ≥ 0, ∀ϕ ∈ C∞
c (Ω; R+). (1.17)

For proof of Theorem 1.1, we refer the reader to [65]. In the distributional sense,
the inequality (1.17) rewrites as

∂tη(ρ) + ∂xΦ(ρ) ≤ 0 in D′(Ω). (1.18)

This inequality is called the entropy inequality for all entropy-entropy flux pair
(η, Φ) and any weak solution satisfying (1.18) is an entropy admissible solution. A
particular class of useful entropy-entropy flux pair is the so-called Kruzkhov en-
tropy pair [63] given by

ηk(ρ) = |ρ− k|, Φk(ρ) = sign(ρ− k) (F(ρ)− F(k)) (1.19)

for every fixed k ∈ R.

Definition 1.5. Let ρ0 ∈ L∞(R). A function ρ ∈ L∞(]0, T[×R; R
)

with T > 0 is a
weak entropy solution of (1.7a) if and only if for every k ∈ R the following integral
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inequality∫ T

0

∫
R

[
ηk(ρ)ϕt(t, x) + Φk(ρ)ϕx(t, x)

]
dxdt +

∫
R
|ρ0 − k|ϕ(0, x)dx ≥ 0 (1.20)

holds for all test functions ϕ ∈ C1
c
(
R+

0 ×R; R+
0
)
.

Remark 1.2. Notice that ηk and Φk are convex and Lipschitz continuous functions
that satisfy the equality (1.14) at every ρ 6= k.

By Remark 1.1, one can conclude that classical solutions are also entropy admis-
sible. However, it is not immediately clear whether or not a given weak solution
of the form (1.11) is entropy admissible. On this premise, the following definition
gives a simple criterion when a weak solution of the form (1.11) is given.

Proposition 1.1. A weak solution, (1.11), of (1.7) denoted by the pair (ρ−, ρ+) with
speed λ satisfying (1.12) and ρ− 6= ρ+, satisfies the entropy inequality (1.18) if and only
if Oleinik entropy inequalities

F(ρ∗)− F(ρ−)
ρ∗ − ρ−

≥ F(ρ+)− F(ρ∗)
ρ+ − ρ∗

, ∀ρ∗ ∈ [ρ−, ρ+] or ρ∗ ∈ [ρ+, ρ−]. (1.21)

Moreover, the condition (1.21) implies the so-called Lax shock inequalities

F′(ρ−) ≥ λ ≥ F′(ρ+), (1.22)

if F is a strictly concave or convex function.

The inequality (1.21) gives a geometric interpretation of admissible weak solution
for a general F, which is the graph of F must be below the secants connecting ρ−

to ρ+ if ρ+ < ρ−. On the other hand, if ρ+ > ρ− the graph of F must remain
above the secants connecting ρ− to ρ+. In addition, Lax inequality imply that only
solutions in which waves on the left of the characteristic travel faster than waves
on the right and impinges on each other to form a discontinuity are admissible.

Proposition 1.2. A function ρ(t, x) ∈ L∞(Ω; R) as in (1.11) is a weak entropy solution
of (1.7) in the sense of Definition 1.5 if and only if (1.21) holds.

The next proposition establishes the uniqueness of the weak entropy solutions.

Proposition 1.3. (L1-contraction principle): Suppose that ρ1, ρ2 ∈ L∞ (]0, T[×R; R),
with T > 0 are two weak entropy solutions of (1.7) with F ∈ Lip(R) and initial data
ρ1

0, ρ1
0 ∈ L∞(R), then the following L1-contraction property holds:∥∥∥ρ1(t, ·)− ρ2(t, ·)

∥∥∥
L1
≤
∥∥∥ρ1

0 − ρ2
0

∥∥∥
L1

, (1.23)
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implying the uniqueness of weak entropy solutions.

This proposition can be proved by following the classical idea of the ’doubling
of variable’ technique introduced by Kruzkhov [63]. Using this technique, one
relies on the entropy inequalities of (1.18) with the Kruzkhov entropy-entropy flux
pair (1.19) satisfying the integral inequality (1.20) of Definition 1.5. Integrating
(1.20) first in (t, x) with the constant k = ρ1(s, y), if ρ2(t, x) and then in (s, y) with
k = ρ2(s, y), if ρ1(t, x), using an appropriate test (or cut off) function, one recovers
the Kato inequality

∂t|ρ1 − ρ2|+ ∂x

(
sign(ρ1 − ρ2)F(ρ1)− F(ρ2)

)
≤ 0, in D′(Ω). (1.24)

With M being the Lipschitz constant of F and any P > 0, this inequality is then
integrated along the trapezoid, Λ =

{
(t, x) ∈ R+

0 ×R : |x| ≤ P + M(T − t), t ∈
[0, T]

}
, to obtain the inequality (1.23). This directly implies that if ρ1,2 have the

same initial conditions, then clearly ρ1 = ρ2.

1.1.4 The Riemann solvers

From the foregoing, it is clear that shock wave solutions, (1.11) form a special class
of weak solutions of (1.7) that merit attention. The most basic form of initial data
that gives these forms of solution is the so-called Riemann data.

Definition 1.6. A Riemann’s problem is a Cauchy problem with initial datum of
the form

ρ0(x) =

{
ρL, if x < 0,
ρR, if x > 0,

(1.25)

where ρL, ρR ∈ [0, R]. Any function that provides a weak entropy solution to the
Riemann problem is referred to as the the Riemann solver.

The Riemann problem serves as a building block for developing admissible weak
solutions and numerical approximations to the general Cauchy problem. The Rie-
mann solvers allows one to track the solution across a jump discontinuity such that
the entropy conditions are satisfied. An important property of Riemann solvers is
that they are self-similar. Meaning, if ρ(t, x) is a solution to (1.25), then ρ(λt, λx)
is also a solution for any scalar λ > 0 and therefore is invariant under the trans-
formation x 7→ λx, and t 7→ λt. For this reason, the Riemann solver is written
as a function of x/t: w(x/t) = ρ(t, x). Here we describe the basic types of waves
assuming that the flux function is convex, F′′ > 0.
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1. Centered Rarefaction: Set z = x/t, then insert w(x/t) into (1.7a), and observing
that w′(x/t) 6= 0, we obtain

z = F′(w). (1.26)

With convex F implies that F′ is strictly monotone, and so w = (F′)−1(z).
More precisely, if ρL < ρR, and F′ is strictly increasing for z ∈ [F′(ρL), F′(ρR)].
Then we can define a continuous function of the form

ρ(t, x) =


ρL, if x < F′(ρL)t,
(F′)−1(x/t), if x ∈ [F′(ρL)t, F′(ρR)t] ,
ρR, if x > F′(ρR)t.

(1.27)

Solution of this form is referred to as centered rarefaction wave.

2. Shocks: In the case where ρL > ρR, the weak solution is called a shock wave
and it is given by:

ρ(t, x) =

{
ρL, if x < λt,
ρR, if x > λt,

(1.28)

where λ ∈ R is the speed of the wave provided by

λ =
F(ρL)− F(ρR)

ρL − ρR
.

Shocks waves are admissible if (1.21) holds.

Remark 1.3. In the case of concave flux (i.e. when F′′ < 0), the Lax admissible
condition (1.22) implies that shocks are admissible if ρL < ρR whereas for convex
flux admissible shocks are due to ρL > ρR.

The concept of entropy solution of scalar conservation laws presented in this sec-
tion concerns continuous flux problems (i.e., conservation laws in which the flux
function depends only on ρ). However, as outlined in the introduction section of
this thesis, there are many application problems in which the flux is also a func-
tion of the space and, or time variables and is also possibly discontinuous. We
refer to such problems as the discontinuous flux problems. The main equation
considered in this work is an example of this class of problems. The concepts of
entropy solutions presented in this section cannot be extended to characterise a
well-defined solution framework for these so-called discontinuous flux problems
and hence would require a new set of tools to develop a well-posedness theory.
These tools are introduced in the next section.
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1.2 The Discontinuous flux problem

In this section, we focus on a specific form of equation (1.1), which is a scalar
conservation law with discontinuous flux function written as{

∂tρ + ∂xF(k(t, x), ρ) = 0, on Ω, (1.29a)
ρ(0, x) = ρ0(x), x ∈ R, (1.29b)

where ρ : Ω 7→ R as usual is the unknown conserved variable, F : R×R 7→ R

is the flux function, and k : Ω 7→ R is a real valued function mostly referred
to as the flux coefficient. The standard theoretical tools and numerical methods
applied to (1.7), some of which are discussed in this work, readily applies to (1.29)
as long as k differentiable. However, physical problems modelled by the equation
(1.29a) requires that k to belong to certain classes of discontinuous functions, e.g.
L∞(Ω; R) ∩ BV(Ω; R) [73].

Example 1.1. (variable speed limit problem) Consider the flow of traffic on a single
lane with speed control mechanism that the maximum speed varies across the road
and must be evaluated at discrete points in time. The resulting scalar conservation
law has a flux function f with time-dependence discontinuity

F(k(t), ρ) = k(t)ρ(1− ρ) (1.30)

where k : [0, T] → [vmin, vmax], representing the maximal (mean) traffic velocity
limit belongs to BV([0, T]; [vmin, vmax]).

See other examples in [73, 25, 21, 85, 44] and references therein. The study of these
equations require the use of novel theoretical tools and design of new numerical
methods. In this section, we recall the theoretical tools used to study existence of
solutions to equations of the form (1.29a).

1.2.1 The problem

To illustrate the difficulty in studying (1.29a) we suppose that k is constant in time,
then the equation can be written as a 2× 2 system:

∂tρ + ∂xF(k(x), ρ) = 0, (1.31)
∂tk = 0,
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where (ρ, k)T is a vector of the conserved variables and in the matrix representation
form, written as

∂t

[
ρ
k

]
+

[
∂F
∂ρ

∂F
∂k

0 0

]
∂x

[
ρ
k

]
=

[
0
0

]
.

The Jacobian matrix has eigenvalues λ1 = 0 and λ2 = ∂F
∂ρ . Therefore, if ∂F

∂ρ = 0
for some (k, ρ), the system (1.31) fails to be strictly hyperbolic. Indeed the lack
of strict hyperbolicity is largely due to the existence of k which presents a major
difficulty toward analysis of solutions, since the standard well-posedness theory
strictly hyperbolic systems of conservation laws which is well understood, doesn’t
readily apply to (1.29a). Also, a key ingredient to establish existence of solutions
to the general scalar conservation law is to prove that the solution operator is total
variation diminishing (TVD). That is, the total variation of the solution does not
increase in time. However, for conservation laws with discontinuous flux the total
variation in the solution is usually greater than the total variation in the initial
data. Moreover, where dF

dρ vanishes then the two eigenvalues coincide and the
system becomes resonant. This problem is even worse in the situation where k
also has time dependent variable.

Another delicate issue is the lack of uniqueness for solutions. The framework of
entropy solutions proposed for the discontinuous flux problems are based on ap-
plying a standard admissibility criterion (such as the Kruzkhov and Lax-Oleinik
entropy conditions) over the space domain away from the flux interface and then
applying a Rankine-Hugoniot jump relation at each interface. This entropy ad-
missibility condition may not always be enough to select the physically relevant
solutions, since for a single problem, it is possible to obtain at least one solution
in which both conditions are satisfied. See [3, 10, 73] and references therein. We
illustrate this in the following example

Example 1.2. Consider a simple case example of the model of (1.29) with

F(k(x), ρ) = k(x)ρ(1− ρ),

k(x) =

{
1, for x < 0,
2, for x > 0,

ρ0(x) = ρ̄ ∈ [0, 1].
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The using the notation that f l(ρ) = ρ(1 − ρ) and f r(ρ) = 2ρ(1 − ρ), the Lax-
Oleinik admissible criterion dictates that the function

ρ(t, x) =


ρ̄, if x < 0,
θ, if 0 < x < σrt,
ρ̄, if x ≥ σrt,

where θ ∈ [0, ρ̄] such that f r(θ) = f l(ρ̄) with σr =
(

f r(θ) − f r(ρ̄)
)
/(θ − ρ̄) is a

weak entropy solution. However, using the so-called AB type solution introduced
in [3], yields yet another weak entropy solution is

ρ(t, x) =


ρ̄, if x < σlt,
A, if σlt < x < 0,
B, if 0 < x < σrt,
ρ̄, if x > σrt,

where A, B ∈ [0, 1] are chosen such that f l(A) = f r(B) with A ∈ [1/2, 1] and
B ∈ [0, 1/2]. The AB type solution also satisfies the Lax-Oleinik conditions as well.

Clearly there’s lack of uniqueness and increase in the total variation in the solu-
tion. Therefore, there’s the need for additional criteria in order to obtain physically
relevant solutions.

1.2.2 Entropy weak solutions

As discussed in Section 1.1, classical solutions to scalar conservation laws gener-
ally exist up to a finite time even if the initial data is smooth and the flux function is
smooth. A considerable amount of work has been done in this direction by several
authors some of which are discussed below.

In [46, 45], Gimse and Risebro derived the ’minimal jump condition’ for shocks
at the interface to supplement the Rankine-Hugoniot jump condition (1.33). This
condition consists in requiring that there exist a unique pair (A, B) satisfying (1.33)
such that the jump |A − B| across the interface ( x = 0 in the original paper) is
minimum. This minimum jump condition was used in [62] to define unique and
stable weak solutions for problems with convex flux k(x) f (ρ), k(x) 6= 0, under
an additional wave entropy condition. The wave entropy condition has the addi-
tional advantage of not requiring that the solution satisfy further regularity condi-
tions. Compare [61, 80]. Later in [35, 36], Diehl coined the Γ−condition which is
a slight modification of the minimum jump condition. In [87], Towers also proved
a Kruzkhov-type entropy inequality and for uniqueness, a geometric condition at
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the interface using the hypothesis of the minimal jump condition. The geometric
condition is a consequence of the standard admissible shock condition (see Section
1.1 and Definition 1.1) which requires that the characteristics on at least one side of
the flux discontinuity extends toward the x−axis if traced backwards in time. With
exception of [87], sign changes in k was ruled out due to some technical difficulties
that it introduces in the analysis.

Karlsen, Risebro and Towers in [58] still proposed a modified version of the Kruz-
khov-type entropy condition (1.34) for a degenerate equation with flux functions
discontinuous in space. These solutions are shown to be L1 stable and hence
unique if traces of the solution at the flux interface satisfy a geometric condition
termed "crossing condition". Moreover, Audusse and Perthame proved unique-
ness of a Kruzkhov-type entropy solutions to a class of conservation law with
spatial flux discontinuity by using the so-called ’adapted entropies’ without re-
lying on traces, interface conditions and BV assumptions [16]. The flux crossing
condition introduced in [58] was later extended to the case of time dependent coef-
ficients in [59]. Nevertheless, entropy solutions to equations with time-dependent
flux discontinuity was also dealt with in [75] by Ostrov, by solving a Hamilton-
Jacobi equation associated to the scalar conservation law, with Lipschitz initial
data. More recently, Bressan, Guerra and Shen in [21] introduced the concept of
regulated functions to prove uniqueness of solutions by a vanishing viscosity ar-
gument. They obtained comparison estimates for the Hamilton-Jacobi equations
corresponding to a parabolic equation and proved that for a family of flux func-
tions whose time-dependent discontinuity is regulated, there exist unique weak
limit which is also a solution to the related scalar conservation law.

Since the problem studied in this work satisfies the crossing condition, we largely
rely on the entropy framework established in [58] for our analysis. The definition
of entropy weak solutions for scalar conservation law with discontinuous flux is
recalled in this section.

Definition 1.7. A function ρ ∈ L1
loc(Ω; R), such that (t, x) 7→ F(k(t, x), ρ(t, x)) ∈

L1
loc(Ω; R) is a weak solution of (1.29) if∫ ∞

−∞

∫ ∞

0
(ρ∂t ϕ + F(k(t, x), ρ)∂x ϕ) dtdx +

∫ ∞

−∞
ϕ(0, x)ρ0(x)dx = 0 (1.32)

for each ϕ ∈ C∞
c (Ω; R).

Given that the flux function contains a discontinuity, the traces in the solution at
the discontinuity need to be well-defined.

Assumption 1.1. Suppose that k is piecewise smooth and has a finite set of dis-
continuities along the non-overlapping curves ω1, ω2, . . . , ωM parameterized by
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x = ξν(t) for t ∈ R+
0 and 1 ≤ ν ≤ M, then the right and left traces along each

ων are denoted kl,r
ν (t) = k

(
t, ξ l,r

ν (t)
)

respectively. Furthermore, if the traces in

the solution at each (t, ξν(t)) exist for almost every t ∈ R0, we denote them by
γlρν(t) = limx→ξν(t)− ρ(t, x) and γrρν(t) = limx→ξν(t)+ ρ(t, x).

Lemma 1.2. Let ρ be a weak solution to the Cauchy problem (1.29) as in Definition (1.7).
If the trace values kl,r

ν (t) and γl,rρν(t), exist they must satisfy the following Rankine-
Hugoniot relation

F(kr
ν(t), γrρν(t))− F(kl

ν(t)γ
lρν(t)) = ξ̇ν(t)

[
γlρν(t)− γrρν(t)

]
, 1 ≤ ν ≤ M

(1.33)
for a.e. t ∈ R+.

In the following, we will refer to the case M = 1, that is a single discontinuous
curve. As was shown in the case of continuous flux problems, weak solutions are
generally not the unique solution satisfying the identities (1.32) and (1.33) only.
Consequently a notion of entropy solutions is needed to select a physical solution
of the problem. We shall adapt to the following notion of entropy weak solution:

Definition 1.8. A function ρ ∈ L∞ (Ω; R) with traces γl,rρν(t) is a weak entropy
solution to the Cauchy problem (1.29), if it is a weak solution to (1.29) and for any
c ∈ R, and test function ϕ ∈ C∞

c
(
Ω; R+

)
, the following Kruzkhov-type entropy

inequality holds:∫∫
Ω
(|ρ− c|∂t ϕ + sign(ρ− c)(F(k(t, x), ρ)− F(k(t, x), c))∂x ϕ) dxdt

+
∫

R
|ρ0(x)− c|ϕ(0, x)dx−

∫ ∫
Ω\{ω1(t)}

sign(ρ− c)F(k(t, x), c)x ϕdxdt

+
∫ +∞

0
|F(kr

ν(t), c)− F(kl
ν(t), c)|ϕ(t, ξν(t))dt ≥ 0. (1.34)

The above integral is a Kruzkhov-type condition presented in [59] and adapted in
[58] for a nonlinear degenerate parabolic with spatial discontinuous flux function
if Assumption 1.1 holds on k. The adaptation to scalar conservation law is made
by ignoring the diffusion terms and assuming that the k is assumed to be piecewise
smooth, which is stronger condition. Moreover, integral (1.34) also agrees with the
natural requirement that jump discontinuities in the solution satisfy the standard
Lax-Oleinik entropy conditions (see section 1.1.3) away from the curves {ων}M

ν=1.

Remark 1.4. Weak solutions satisfying (1.34) also implies the standard Kruzkhov
entropy conditions discussed in Section 1.1 when x 6= ξν(t). In [73] and other
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works, this condition writes∫ ∫
R×R+

(|ρ− c|∂t ϕ + sign(ρ− c)(F(k(t, x), ρ)− F(k(t, x), c))∂x ϕ) dxdt

+
∫

R
|ρ0(x)− c|ϕ(0, x)dx ≥ 0, (1.35)

for all test functions ϕ ∈ C∞
c
(
Ω \ {ω1}; R+

0
)
, is also referred to as the interior

conditions.

It is worth pointing out that even with this notion, the entropy solutions of discon-
tinuous flux problems may not be unique. Even with Riemann’s data, the existence
of the jump in the flux create waves that may interact with the classical waves and
so to obtain entropy solutions, additional conditions at the flux interface and in
most cases inspired by the physics of the problem under consideration, must be
derived. Noteworthy to see that these entropy frameworks, with the exception of
[21, 75], share the common property that a Kruzkhov-type entropy condition is
satisfied away from the interface and an interface connection condition satisfying
the dissipativity regularization (1.16) is imposed at the jump in the flux function.
The following theorem gives the L1-contraction property of corresponding entropy
solution.

Theorem 1.2. Given ρ1
0, ρ2

0 ∈ L∞(R; R), weak entropy solutions ρ1, ρ2 ∈ L∞(Ω; R) to
(1.29) in the sense of Definition 1.8, satisfy the L1−contraction property (1.23).

Generalizing this framework, Andreianov, Karlsen and Risebro introduced a uni-
fied approach in [14] that is focused on the admissibility and dissipative behavior
in the solution at the interface called admissible germs. Compare [10, 11, 13, 15,
9, 12]. As these tools shall be used to prove existence of solutions, we recall this
notion in the next section.

1.2.3 Dissipative germs and entropy solutions

In this section, we review the theory of admissibility germs introduced for scalar
conservation law in which the flux function has a jump at x = 0 as originally de-
fined in [14]. The theory of germs provides a general framework for admissible
weak solutions in which one could easily deal with flux interfaces by simply char-
acterizing the dissipative behavior at the interface with a set of piecewise constant
pairs. In general, these sets are actually the stationary solutions of the problem at
hand. In order to maintain consistency with the literature and also ease the pre-
sentation, compare [11, 10], the review of germs in this section is done with the
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following equation in view{
∂tρ + ∂xF(k(x), ρ) = 0, on Ω,
ρ(0, x) = ρ0(x), x ∈ R,

(1.36)

with k(x) =

{
kl if x < 0,
kr if x > 0.

Definition 1.9. A subset G of pairs of R × R is called admissible germ (germ for
short) if for every (ρl, ρr) ∈ G, a Rankine-Hugoniot condition F(kl, ρl) = F(kr, ρr)
holds. It is also referred to as L1-dissipative (L1D) germ if

Φl(kl, ρl, ρ̂l)−Φr(kr, ρr, ρ̂r) ≥ 0, (1.37)

is additionally satisfied for all pairs (ρ̂l, ρ̂l) ∈ G. Here Φl,r : (k, ρ, c) ∈ R×R 7→
sign(ρ− c)(F(kl,r, ρ)− F(kl,r, c)).

Roughly speaking, G is the set of peicewise constant pairs encoding the conserva-
tion and the entropy dissipativity of the solution at the interface.

Remark 1.5. Admissible germs can also be defined for continuous flux problems.
In such cases, the dissipativity condition is recovered at the shockwave disconti-
nuities instead. See Section 1.1.3.

Remark 1.6. Due to the conservation property induced by the Rankine-Hugoniot
condition, G may also be referenced as a conservative germ. However, non- conser-
vative germs has also been used to obtain uniqueness of solution for some models
in which case the Rankine-Hugoniot jump condition F(kl, ρl) = F(kr, ρr) is either
omitted or takes the form (1.33). Compare [13, 15].

The dissipativity inequality (1.37) is induced by the Kruzkhov entropy flux ap-
plied to a centered test function as in Definition 1.8 which essentially derives a
Kato inequality and an L1 contraction principle. This inspires a new notion of
admissible solution for the model (1.36).

Definition 1.10. A function (t, x) 7→ ρ(t, x) ∈ L∞ (Ω; R) admitting strong traces
γl,rρ(t) at x = 0 is a weak entropy solution to the Cauchy problem (1.36), if and
only if :
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1. For any c ∈ R, and all test function ϕ ∈ C∞
c
(
Ω; R+

0
)
, with ϕ(t, 0) = 0 for all

t ≥ 0, the following Kruzkhov-type entropy inequality holds∫∫
Ω

(
|ρ− c|∂t ϕ(t, x) + Φ

(
k, ρ, c)∂x ϕ(t, x)

)
dxdt (1.38)

+
∫

R
|ρ0(x)− c|ϕ(0, x)dx ≥ 0,

where Φ
(
k, ρ, c) is as defined in Definition 1.9.

2. The traces of ρ satisfy

for a.e. t > 0,
(
γlρ(t), γrρ(t)

)
∈ G.

Consider a Riemann data for (1.36) with (ρl, ρr) ∈ R × R. If (ρl, ρr) ∈ G is an
elementary solution of the Riemann problem, then it can be shown that any other
elementary solution (ρ̂l, ρ̂r) of the same problem also satisfies the dissipative prop-
erty (1.37). Such pairs are called the dual germ of G denoted G∗. The following
properties of admissible germs derived from [14] that would be of interest to our
work:

• Let G1 and G2 be two L1D germs such that G1 ⊂ G2. Then we say that G2 is an
L1D extension of G1.

• An L1D germ called maximal, if it is not a strict subset of some other L1D
germ. This also means that it has no extension that still satisfy the property
(1.37).

• An L1D germ G is called definite, if there exists a unique maximal L1D germ
G̃ such that G is a subset of G̃.

• An L1D germ G is called complete, if for every Riemann data, there exists a
self-similar solution ρ(t, x) to the problem (1.36) such that ρ|Ωl

and ρ|Ωr
are

the Kruzkhov entropy solutions on domains Ωl and Ωr respectively, and in
addition admits the one-sided traces

(
γl(ρ), γr(ρ)

)
∈ G at the flux interface

{x = 0}.

The general approach which leads to a well-posedness result by the germ admis-
sibility notion is that, given a definite L1D germ one can define the G-entropy solu-
tions and infer their uniqueness. Given a complete L1D germ, one can establish the
well-posedness result and justify convergence of approximate solutions generated
by a Godunov finite volume scheme to the weak entropy solution. See [11, 13]. The
next definition, also introduced in [14], does not require the use of interface traces
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γl,rρ(t) but is based on the ’adapted Kruzkhov entropies’ [16] and a penalization
term.

Definition 1.11.
(
G-entropy solutions

)
:

Let G be L1D germ. A function ρ ∈ L∞(Ω; R) is a G-entropy solution of (1.36) if it
admits a Kružhov entropy solution in domains Ωl and Ωl it is a weak solution (i.e.
the Rankine-Hugoniot condition holds) over the whole domain Ω, and then for a
step function,

c(x) = cl1x<0(x) + cr1x>0(x), s.t. (cl, cr) ∈ G,

the following ’adapted’ entropy inequality holds∫∫
Ω

[
|ρ− c(x)|∂t ϕ(t, x) + Φ(k, ρ, c(x))∂x ϕ(t, x)

]
dxdt +

∫
R
|ρ0(x)− c(x)|ϕ(0, x)dx

+
∫ +∞

0
RG

(
dist(cl, cr),G

)
ϕ(t, 0)dt ≥ 0, (1.39)

where RG called a penalization remainder term and dist(·, ·) is the standard Eu-
clidean distance in R2.

The definition with (1.39) can be extended to measure-value (G-entropy process)
solutions if the solutions of (1.36) are generated by a finite volume approxima-
tion scheme possessing only L∞ bound and compatible entropy inequalities [14].
Indeed, the limit of the finite volume approximation is a G−entropy process so-
lution if an appropriate per cell discrete entropy inequality is obtained in such a
way that they ’mimic’ a global entropy inequality. However, for the existence of
such measure-valued solutions (i.e G-entropy process solution), we need to have
established the existence of solution in the framework of G-entropy solution with
the additional assumption that G = G∗.

1.2.4 Measure-valued solutions

As the name suggests, measure-valued solutions is a shift from defining weak
solutions as integrable functions to parameterized probability measures, or Young
measures. A Young measure solution is a function ν that assigns to every point y ∈
R+ ×R a probability measure νy in the probability space over R. When applied
to the scalar conservation law (1.7), the generalized problem is to find a Young
measure νy satisfying the following Cauchy problem:

∂t〈ν(x,t), ρ〉+ ∂x〈ν(x,t), F(ρ)〉 = 0, (t, x) ∈ R+ ×R, (1.40)

ν(0,x) = σ0(x), x ∈ R, (1.41)
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where 〈ν(x,t), g(λ)〉 =
∫

g(λ)dν(x,t)(λ) represents the expected value of ν against
a continuous function g, σ0 is a given Young measure on R and ρ is the unknown
density function. Note that we are dealing with weak solutions and so the measure
solution that solves (1.40) must be understood in the sense of distributions. We
proceed to define measure-valued solutions.

Definition 1.12. (Measure-valued solution) A Young measure is a measure-valued
solution to (1.40) if the following integral holds:∫

R+

∫
R

∂t ϕ(t, x)〈ν(x,t), ρ〉+ ∂x ϕ(t, x)〈ν(x,t), F(ρ)〉dxdt +
∫

R
ϕ(0, x)〈σ0, ρ〉dx = 0,

∀ϕ ∈ C1
c (R+ ×R).

As demonstrated for the case of weak solution, an entropy condition is needed in
order to select physically meaningful solutions. This leads to the so-called entropy
measure-valued solutions which is defined as follows.

Definition 1.13. (Entropy measure-valued solutions) A function µ ∈ L∞ is an entropy
measure-valued solution of the problem (1.29) if following integral is satisfied:∫∫

Ω

∫ 1

0

(
η(µ(x, t, λ))∂t ϕ(t, x) + Φ(µ(x, t, λ))∂x ϕ(t, x)

)
dλdxdt

+
∫

η(ρ0(x))ϕ(x, 0)dx ≥ 0, ∀ϕ ∈ C1(R+ ×R), (1.42)

where convex function η ∈ C1, and Φ ∈ C1 a function such that Φ′ = f ′η′.

The characterization of measure-valued solutions can be made as an adaptation
of Kruzkhov entropy solution by using the entropy regularization function η(·) =
λ
∣∣ · −k

∣∣, λ ∈ (0, 1) for all k ∈ R.

Remark 1.7. In [41], the entropy measure-valued solution is also referred to as
entropy process solutions.

Definition 1.14. (G-entropy process solution): Let G be an L1D germ. A function
µ ∈ L∞(R+ ×R× (0, 1); [0, R]

)
is called a G−entropy process solution of (1.36) if,

1. (weak process formulation):∫
R

∫ +∞

0

∫ 1

0

{
µ(t, x, λ)ϕt(t, x) + F(x,µ(x, t, λ))ϕx(t, x)

}
dλdtdx

+
∫

R
ρ0(x)ϕ(0, x)dx = 0. (1.43)

for all test function ϕ ∈ C1
c (R+ ×R).
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2. (penalized entropy process inequalities): For all pairs (cl, cr) ∈ [0, 1]2, and non-
negative test function ϕ ∈ D(Ω)∫∫

Ω

∫ 1

0

{
µ(t, x, λ)ϕt(t, x) + Φ(k, µ(x, t, λ), c(x))ϕx(t, x)

}
dλdtdx

+
∫

R
|ρ0(x)− c(x)|ϕ(0, x)dx +

∫ +∞

0
RG

(
(cl, cr)

)
ϕ(t, 0) ≥ 0, (1.44)

where c(x), RG (dist(a, b),G), and Φ are same as given in Definition 1.11.

In general, the convergence result we seek to obtain is based on the notion of non-
linear weak-? convergence defined [41] and is recapped next.

Definition 1.15. Let Ω be an open subset of R×R+. Given a sequence {ρn}n∈N ⊂
L∞(Ω), we say that {ρn} converges towards ρ ∈ L∞(Ω) in the "nonlinear weak-?
sense" as n→ ∞ if for every test function ϕ ∈ L1(Ω), all g ∈ C(R; R)∫

Ω
g(ρn(t, x))ϕ(t, x)dxdt −→

∫
Ω

∫ 1

0
g(ρ(t, x, λ))ϕ(t, x)dλdxdt. (1.45)

This definition allows for a useful interpretation of convergence of approximate
solutions toward a unique Young measure just by relying on the L∞ stability bound
on the approximate solution by a finite volume method.

Theorem 1.3. (Convergence of L∞ solution [43, Theorem 1.1]) Let Σ be an open subset of
R and {ρn}n∈N be a bounded sequence of L∞. Then there exists a subsequence of {ρn}n∈N

still denoted by {ρn}n∈N, and a function ρ ∈ L∞(Σ) such that the subsequence {ρn}n∈N

converges towards ρ in the nonlinear weak-? sense.

Instead of requiring a strong BV regularity estimate on the approximate solution
to establish compactness, a ’weak BV’ estimate is only required to prove the con-
vergence of approximate solution in the sense of Definition 1.15. However, it is
worth noting that this ’weak BV’ estimate does not yield any compactness prop-
erty for the approximate solution because it is not a necessary condition to have
convergence. Applying this method to prove convergence of a scheme, the nec-
essary and sufficient condition is the availability of L∞−stability bound on the
approximate solution together with the monotonicity of the numerical flux chosen
for the scheme.
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Chapter 2

Approximation methods for scalar
conservation laws

2.1 Introduction

We dedicate this chapter to selected approximation methods used to construct so-
lutions to scalar conservation laws of the Cauchy problem{

∂tρ + ∂xF(k(t, x), ρ) = 0, (t, x) ∈ R±0 ×R, (2.1a)
ρ(0, x) = ρ0(x), x ∈ R. (2.1b)

It is standard to approximate solutions to a partial differential equation since for al-
most all models exact analytical solution may be out of reach. There are numerous
approximation methods available to generate numerical solutions, namely, wave
front tracking methods, finite volume schemes, finite difference methods and fi-
nite element methods. The selection of one method over the other is motivated by
physical features of the particular model, the specific properties of solution to be
captured and the depth of analysis needed for the study.

For scalar conservation laws, finite volume schemes are highly favored and in
some situations wave front tracking methods over finite difference methods since
their setup allows one to obtain weak discontinuous solutions. However, each
mathematical model needs individual numerical treatment in order to recover
their respective physical and analytical features. In the next section, we recall the
Finite volume method first for the Cauchy problem with continuous flux function
and then in the next section, motivate the selection of an appropriate finite volume
method for the discontinuous flux problem of the form that we consider in this
work. In the last section, we shall also recall the ideas or tools to be used to prove
the convergence of the scheme to weak entropy solutions.
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2.2 Finite volume schemes

We begin with finite volume methods for the continuous flux problem{
∂tρ + ∂xF(ρ) = 0, (t, x) ∈ R±0 ×R, (2.2a)
ρ(0, x) = ρ0(x), x ∈ R. (2.2b)

To illustrate, the spacial domain is subdivided into smaller intervals or cells over
which the conserved quantity is approximated as an average value. Let us first
introduce the space step ∆x > 0, and a time step ∆t, usually assumed to be con-
stant. We define the mesh interface xj+1/2 = (j + 1/2)∆x for j ∈ Z and the times
tn = n∆t for n ∈ N and set ν = ∆t/∆x. Then the intervals or cells can be denoted
Cj =

[
xj−1/2, xj+1/2

)
with midpoints xj = j∆x for j ∈ Z. At each time tn, the goal

is to find an approximate solution ρn
j of (2.2a) and is written as

ρn
j =

1
∆x

∫ xj+1/2

xj−1/2

ρ(tn, x)dx, j ∈ Z, n ∈N. (2.3)

Indeed over each Cj, conservation of mass implies that

d
dt

∫
Cj

ρ(t, x)dx = F(ρ(t, xj−1/2))− F(ρ(t, xj+1/2)), for all t ≥ 0.

If this relation is integrated from tn to tn+1 and divided through by ∆x, we obtain
the difference formula:

ρn+1
j = ρn

j −
∆t
∆x

(
Fn

j+ 1
2
− Fn

j− 1
2
,
)

(2.4)

where

Fn
j±1/2 =

1
∆t

∫ tn+1

tn
F
(
ρ(t, xj±1/2)

)
dt, (2.5)

is the representation of the flux function and often (and herein) referred to as the
numerical flux at point xj±1/2 and time tn = n∆t. One can immediately observe
that the integrand of the numerical is also a function of the unknown function
ρ(t, x). This motivates some additional approximation strategies to determine the
numerical flux, leading to different Finite volume schemes. A common finite vol-
ume scheme known to approximate the weak entropy solutions is the Godunov
scheme [50]. We recall the Godunov scheme in the next sub section.
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2.2.1 The Godunov scheme

In this section, we recall the Godunov scheme for the Cauchy problem (2.2). One
reason why the Godunov scheme is popular is because the numerical flux is cho-
sen based on the exact solution of a local Riemann problem at each interface. It
is well-known that the Godunov’s scheme consists in two main steps namely: (1)
time evolution of a local Riemann problem at each interface at tn and (2) projection
of the piecewise constant solution on each cell at tn+1. We briefly present these be-
low:

Step 1:
For n ≥ 0, let ρn

j be defined by (2.3). At each xj+1/2, one solves the local Riemann
problem 

qt + F(q)x = 0, (t, x) ∈ Cj,

q(tn, x) =

{
ρn

j , if x < xj+1/2,

ρn
j+1, if x ≥ xj+1/2,

(2.6)

for small t > tn to obtain the self-similar solution written as

qj(t, x) = q
(x− xj+1/2

t− tn ; ρn
j , ρn

j+1

)
, for all (t, x) ∈ (tn, tn+1)× Cj.

Since the self-similar solutions are also elementary waves, ∆t needs to be chosen
so that waves from neighboring cells do not interact at each time step. This means
that ∆t must satisfy

max
j∈Z

∣∣∣F′(ρn
j )
∣∣∣ ∆t

∆x
≤ 1

2
. (2.7)

Step 2:
In this step, the new values ρn+1

j are computed from by the update formula:

ρn+1
j =

1
∆x

∫
Cj

q(tn+1, x)dx, j ∈ Z.

This choice of formula is consistent with the conservation of mass in the control
volume [tn, tn+1)× Cj as demonstrated below by applying the Green’s theorem:

0 =
∫ tn+1

tn

∫
Cj

qt + F(q)xdxdt

= ∆xρn+1
j − ∆xρn

j +
∫ tn+1

tn
F(q(0−; ρn

j , ρn
j+1))dt−

∫ tn+1

tn
F(q(0+; ρn

j , ρn
j+1))dt,
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where q(0±; ρn
j , ρn

j+1) represents the traces of the Riemann solutions at the inter-
face. This allows the numerical flux for the Godunov’s scheme to be written as:

Fn
j±1/2 = F(q(0±; ρn

j , ρn
j+1)), for all j ∈ Z, n ≥ 0. (2.8)

It will be convenient to denote the numerical flux by

hn
j±1/2(ρj, ρj+1) = F(q(0±; ρn

j , ρn
j+1)).

Since the arguments of the numerical flux are the exact solution of the Riemann
problem (2.6), it can be shown in a lengthy and case-by-case study that the numer-
ical flux (2.8) becomes:

h(a, b) =


min

q∈[a,b]
F(q), if a < b,

max
q∈[b,a]

F(q), if b ≤ a.
(2.9)

See [67, 54] for detailed presentation.

Remark 2.1. The numerical flux in (2.9) holds for both convex and concave flux.
In fact, it is valid for any Lipschitz continuous F.

Therefore with (2.9), the classical Godunov scheme can be expressed in conserva-
tive form as

ρn+1
j = ρn

j −
∆t
∆x

(
h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
)

. (2.10)

Remark 2.2. A key observation in the Godunov scheme is that at the projection
step, the traces of the local traces at 0− and 0+ obtained from the previous time
say tn, are projected unto the same interface xj+1/2 at tn+1 via the update formula
above. That is the xj+1/2 remains unchanged in time and the Rankine-Hugoniot
jump condition

f (q(0−; ρn
j , ρn

j+1)) = f (q(0+; ρn
j , ρn

j+1)), (2.11)

holds for all j ∈ Z and n ∈N which also ensure mass conservation.

2.3 Finite volume method for discontinuous flux

For a conservation law with smooth function, we have shown how to construct
a finite volume scheme to approximate the entropy weak solution. With inspira-
tion from the previous section, we recall the finite volume scheme for the equation
(2.1a) in this section. Recall that the Godunov flux uses the explicit solution of
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the Riemann problem at each cell interface. The major challenge in adapting a
straightforward approach for equations of the form (2.1a) is the presence of ad-
ditional jump in the flux. Away from the jump, the solution satisfy classical en-
tropy conditions and so the Godunov flux (2.9) holds but may fail to compute
the non-classical waves due to the flux interface. Consequentially, the numeri-
cal version of the Rankine-Hugoniot jump condition (2.11) at the flux interface
would be violated. For this reason, the Godunov numerical flux is modified to
accommodate the new Riemann problem arising at the flux interface. Compare
[2, 10, 11, 13, 73, 60, 24, 87].
Using the discretization notations of the previous section, the conservative form
of the numerical scheme for the equation (2.1a) is

ρn+1
j = ρn

j −
∆t
∆x

(
F(kn

j+1/2, ρn
j , ρn

j+1)− F(kn
j−1/2, ρn

j−1, ρn
j )
)

, (2.12)

where kn
j+1/2 is a discretization of the flux coefficient. Since the k is time depen-

dent, some of the cell interface points shall be non-vertical and so an intermediate
step are required in most cases before choosing a numerical flux. Finite volume
methods for equation (2.1a), how to approximate the flux coefficient is as impor-
tant as how the numerical flux itself is approximated. Along this line, two main
types of numerical schemes emerges from the literature depending on how the flux
coefficient is discretized in (2.12), namely: (1) aligned and (2) staggered schemes
[73].

2.3.1 Aligned schemes

The central idea in aligned schemes is that the discretization of the unknown, ρ
and discontinuous coefficient k in the prescription of the numerical flux are exactly
aligned. This alignment is done in the following sense:

F(kn
j+1/2, ρn

j , ρn
j+1) = F(kn

j , ρn
j , kn

j+1, ρn
j+1),

where F(k, ρ, k, ρ) = f (k, ρ) satisfy the consistency principle defined earlier and
the flux coefficient k is discretized over Cj =

[
xj−1/2, xj+1/2

)
kn

j =
1

∆x

∫ xj+1/2

xj−1/2

k(tn, x)dx.
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The numerical flux function F above is usually determined by solving the problem
(1.31) with local Riemann data

(ρ(0, x), k(0, x)) =

{
(ρl, kl), if x < xj+1/2,
(ρr, kr), if x > xj+1/2.

(2.13)

This leads to a Godunov type numerical scheme capable of handling the interface
flux conditions, the so-called AB-entropy condition [3, 2].

2.3.2 Staggered schemes

In these types of finite volume scheme, the discretization of the flux coefficient
writes

kn
j+1/2 =

1
∆x

∫ xj+1

xj

k(tn, x)dx. (2.14)

This implies that the boundaries of the centers of the control volume is actually the
boundary of the cell used to discretize the flux coefficient and hence the discretiza-
tion is staggered with respect to that of the ρn

j . That is the numerical flux with (2.14)
is determined by a local Riemann solver with associated data

ρ(0, x) =

{
ρn

j , if x < xj+1/2,

ρn
j+1, if x > xj+1/2.

The main advantage of the staggered schemes is the reduction in complexity as
compared to the aligned schemes and ease of implementation. An example of
finite volume schemes of this nature has been prescribed in [87, 86, 59].

2.3.3 Approximation of non classical shocks

Small-scale dependent shock waves are fundamental to conservation laws with
discontinuous flux. As discussed in section the previous chapter, the problem we
consider in this work admits non-classical shocks and therefore in deriving a nu-
merical scheme to approximate the solutions, the non classical behaviour needs
to be included. In this section, we briefly recall some of the methods applied to
capture classical shocks in the conservation laws.

A moving mesh algorithm

In [93], Zhong, Hou and LeFloch introduced a numerical method for conserva-
tion laws capable of computing the dynamic phase boundaries transition in an
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exact way. Their strategy leads to a front-tracking that tracks phase boundaries
and a shock capturing scheme to capture conventional shocks. They introduced
an intermediate step in the Godunov scheme in which exact position of the non
stationary phase boundary with speed Vn is computed exactly and then the grid
mesh is shifted according to the movement of the phase boundary. To implement
the ideas, they used the following algorithm:

1. Compute the speed of propagation of the phase boundary.

2. Shift grid points according to: xn+1
j+1/2 = xn

j+1/2 + Vn∆t, ∀j.

3. Compute ρn+1
j .

4. Repeat steps 1-4.

2.4 A finite volume approach to prove existence

For scalar conservation law, it can be recalled from Section 1.1.3 that the regular-
ization of entropy solutions are based on a the ’regularized’ scalar equation (1.13)
with a fixed parameter ε > 0, which are studied in the limit as ε → 0. In this
sense,

{
ρε
}

ε>0 is considered as a sequence of approximate solutions that can be
constructed an approximation scheme like vanishing viscosity method, wave front
tracking and finite difference/volume numerical methods. With the availability of
corresponding norm estimates, one can then show that these approximate solu-
tions converge to the weak entropy solution as ε→ 0. In most cases, this is equiv-
alent to establishing that the set

{
ρε
}

ε>0 is compact, guaranteeing the existence of a
subsequence denoted

{
ρεk
}∞

k=1 that converges to the weak entropy solution ρ(t, x)
as k→ ∞. This is referred to as the compactness argument that leads to global en-
tropy solutions and plays a very important role in the study of conservation laws.

However, since most scalar conservation laws with discontinuous flux functions
are resonant systems, such bounds on the solution are not readily available mak-
ing it impossible to establish a compactness arguments for this class of equations.
To subvert this problem, alternative methods are sought in order to prove that
approximate solutions converges to the entropy solutions so defined. In this sec-
tion, we describe the alternative approach dubbed entropy process solutions [41],
which are essentially measure-valued solutions, introduced by DiPerna in his sem-
inal paper [37].

In order to study the convergence of the scheme to the exact weak entropy so-
lution, it is convenient to introduce the generic form of the scheme, the so-called
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2k + 1 point one step (in time) form of the scheme where k ∈N∗, written as

ρn+1
j = H

(
ρn

j−k, . . . , ρn
j+k

)
, ∀n ≥ 0, j ∈ Z, (2.15)

where H : R2k+1 → R is a continuous function and ρn
j denotes the approximate so-

lution in the cell Cj = [xj−1/2, xj+1/2). The set of points {ρn
j−k, . . . , ρn

j+k} is referred
to as the stencil of the scheme and H the update function depending on 2k + 1 sten-
cils. The generic form of a numerical scheme makes it easy to deduce some essen-
tial features of the scheme that lead to convergence. Since we are studying scalar
conservation laws, its natural to deduce whether or not the scheme also satisfies
the conservation principle. The discrete version of conservation principle states

∑
j∈Z

ρn+1
j = ∑

j∈Z

ρn
j , ∀n ≥ 0, (2.16)

if boundary conditions are ignored. We can deduce that the scheme (2.15) is con-
servative thanks to the next lemma.

Lemma 2.1. Assume that H(0, . . . , 0) = 0. The numerical scheme (2.15) is conservative
if and only if there exist a function Fn

j+1/2 = h(ρn
j−k+1, . . . , ρn

j+k) such that (2.4) can be
written in the conservative form

ρn+1
j = ρn

j −
∆t
∆x

[
h(ρn

j−k+1, . . . , ρn
j+k)− h(ρn

j−k, . . . , ρn
j+k−1)

]
. (2.17)

The proof is classical and can be found for example in [67, 49]. Indeed if (2.15)
can be written as (2.4), then the conservation property (2.16) follows immediately
by using a telescoping sum and cancellation. The sufficiency comes from that
H(0, . . . , 0) = 0, implies that a continuous function

G(ρn
−k, . . . , ρn

k ) :=
∆x
∆t
(
ρn

0 − H(ρn
−k, . . . , ρn

k )
)

can be defined such that ∑j∈Z G
(

ρn
j−k, . . . , ρn

j+k

)
= 0 using the discrete conserva-

tion. There exist therefore Fn
j+1/2 = h(ρn

j−k+1, . . . , ρn
j+k) such that Fn

j+1/2 − Fn
j−1/2 =

G
(

ρn
j−k, . . . , ρn

j+k

)
.

For the problem considered in this work, it is enough to set k = 1. Another impor-
tant feature of the scheme is consistency,
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Definition 2.1. A finite volume scheme is consistent with a scalar conservation law
if

h(ρ, ρ) = f (ρ). (2.18)

Consistency is a natural requirement which ensures that the scheme approximates
the correct conservation law.

Remark 2.3. Note that the definition of conservation need to be modified when
considering boundary conditions of the problem under consideration.

Remark 2.4. For finite volumes used to approximate a conservation law with dis-
continuous flux the consistency requirement must be in accordance with the type
of scheme, whether staggered or aligned scheme.

Not all numerical schemes that are conservative and consistent schemes converge
to the weak entropy solution. For example, the so-called central schemes and Roe
schemes are consistent and conservative but do not converge. This motivates the
following definition of monotonicity:

Definition 2.2. A numerical scheme is monotone if H is non-decreasing in each of
its arguments.

For a 3-point scheme (k = 1), the sufficient condition is,

Lemma 2.2. (L∞−bound stability) Consider the conservative and consistent scheme
with a locally Lipschitz flux h(a, b). Then the scheme is monotone if and only if,

a 7→ h(a, b) is non-decreasing for any fixed b,
b 7→ h(a, b) is non-decreasing for any fixed a,

and satisfies the CFL-type condition∣∣∣∣∂h
∂a

(v, w)

∣∣∣∣+ ∣∣∣∣∂h
∂b

(u, v)
∣∣∣∣ ≤ ∆x

∆t
, ∀u, v, w. (2.19)

Combining these conditions leads to a class of finite volume schemes that satisfy
all these three important requirements. In [41], this class of schemes is referred to
as "Monotone flux schemes" which is collected in the next definition.

Definition 2.3. Under a CLF condition, a finite volume scheme is said to be a "
monotone flux scheme" if k = 1 and if the numerical flux satisfies,

• h : R2 → R is locally Lipschitz.

• consistency flux: h(ρ, ρ) = f (ρ) for all ρ ∈ [ρmin, ρmax].
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• (a, b) 7→ h(a, b) is non-decreasing w.r.t. a and non-increasing w.r.t. b.

The monotone flux schemes are useful to consider particularly for problems where
no strong BV estimates are readily available or difficult to obtain. Convergence
of such schemes follows only with the L∞−bound and discrete entropy inequal-
ities which are easy to obtain. Then passing to the limit as ∆t, ∆x → 0, can be
achieved using the so-called "weak BV" estimate. We derive this estimate for a
general monotone flux in the next lemma.

Lemma 2.3. (Weak BV estimate) Assume that ρn
j for all j ∈ Z, n ∈N is the approximate

solution of (3.1) defined by the scheme (2.10) with the CFL condition (2.7) and a flux
satisfying (2.3). Then, for all T > 0, there exists C > 0 such that

∑
n∈N,n∆t<T

∑
j∈Z

∣∣∣h(ρn
j , ρn

j+1)− h(ρn
j−1, ρn

j )
∣∣∣ ≤ C/

√
∆x. (2.20)

Proof. Multiply (2.10) by ∆tρn
j and sum over n, j to obtain A + B = 0, where

A =
N

∑
n=0

J1

∑
j=J0

∆xρn
j (ρ

n+1 − ρn
j )

and

B =
N

∑
n=0

∆t
J1

∑
j=J0

[
h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
]

ρn
j

The term A, by the same algebraic rearrangements from [41], re-writes as

A = −1
2

N

∑
n=0

J1

∑
j=J0

∆x(ρn+1 − ρn
j )

2 +
∆x
2

[
J1

∑
j=J0

(ρN+1
j )2 −

J1

∑
j=J0

(ρ0
j )

2

]

≥ −C1

2

N

∑
n=0

∆t
J1

∑
j=J0

[
h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
]2
−
∥∥ρ0
∥∥

∞
2

∫
I

ρ0dx,

where C1 is chosen to satisfy the CLF condition (4.14). For the B term, we have

B = B1 + B2 =
N

∑
n=0

∆t
J1

∑
j=J0

[
h(ρn

j , ρn
j+1)− h(ρn

j , ρn
j )
]

ρn
j

+
N

∑
n=0

∆t
J1

∑
j=J0

[
h(ρn

j , ρn
j )− h(ρn

j−1, ρn
j )
]

ρn
j .



2.4. A finite volume approach to prove existence 37

Let’s introduce a function φ(a) =
∫ a

0 s∂ah(s, b)ds, for any a ∈ R if b is fixed. Then
it can be deduced that

φ(b)− φ(a) = b [ f (b)− h(a, b)]− a [ f (a)− h(a, b)]−
∫ b

a
[ f (s)− h(a, b)] ds. (2.21)

An application of Lemma 18.5 of [41] to s 7→ h(s, b) + h(a, b) in the above equation
leads to ∫ b

a
[g(s, b)− g(a, b)] ≥ 1

2L1
h
(h(b, b) + h(a, b))2 , ∀(a, b),

where L1
h is the Lipschitz constant of h w.r.t. the first variable. If we set a =

ρn
j−1, b = ρn

j , the B2 term gives

B2 ≥
∆t

2L1
h

N

∑
n=0

J1

∑
j=J0

[
f (ρn

j )− h(ρn
j−1, ρn

j )
]2
− ∆t

N

∑
n=0

J1

∑
j=J0

[
φ(ρn

j )− ρn
j−1

]
=

∆t
2L1

h

N

∑
n=0

J1

∑
j=J0

[
f (ρn

j )− h(ρn
j−1, ρn

j )
]2
− ∆t

N

∑
n=0

[
φ(ρn

J1
)− φ(ρn

J0−1)
]

≥ ∆t
2L1

h

N

∑
n=0

J1

∑
j=J0

[
f (ρn

j )− h(ρn
j−1, ρn

j )
]2
− C2 · N, C2 > 0.

Similarly, defining the function φ(a) = −
∫ a

0 s∂bh(b, s)ds, and proceeding as earlier
leads to

B1 ≥
∆t

2L2
h

N

∑
n=0

J1

∑
j=J0

[
f (ρn

j )− h(ρn
j , ρn

j+1)
]2
− ∆t ∑

n

[
φ(ρn

J1+1 − ρn
J0

]
≥ ∆t

2L2
h

N

∑
n=0

J1

∑
j=J0

[
f (ρn

j )− h(ρn
j , ρn

j+1)
]2
− C3 · N, C3 > 0.

This implies that there exists C4, C5 > 0 independent of n, j, ∆t, ∆x, such that

B1 + B2 ≥ C4∆t
N

∑
n=0

J1

∑
j=J0

[
h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
]2

+O(T).
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Now,

0 = A + B ≥
(

C4 −
C2

2

)
∆t

N

∑
n=0

J1

∑
j=J0

[
h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
]2

−
∥∥ρ0
∥∥

∞
2

∫
I

ρ0dx +O(T).

This also implies that if C̃ = C4 − C2
2 , then

C̃∆t
N

∑
n=0

J1

∑
j=J0

[
h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
]2
≤
∥∥ρ0
∥∥

∞
2

∫
I

ρ0dx,

which gives the existence of a constant C̃1 > 0, only depending on ρ0, ∆t, T, and
the flux h such that

N

∑
n=0

J1

∑
j=J0

∆t
[

h(ρn
j , ρn

j+1)− h(ρn
j−1, ρn

j )
]2
≤ C̃1.

Now, applying the Cauchy-Schwartz inequality further we have

N

∑
n=0

J1

∑
j=J0

∆t
∣∣∣h(ρn

j , ρn
j+1)− h(ρn

j−1, ρn
j )
∣∣∣ ≤

√√√√C̃1

J1

∑
j=J0

N

∑
n=0

∆t (2.22)

from which (2.20) can be deduced by noting that T = ∑N
n=0 ∆t, and ∑J1

j=J0
j ≤ 4R

ν∆x ,
where R > 0 and ν ∈ (0, 1) completing the proof.
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Chapter 3

An existence result for conservation
law with discontinuous flux

3.1 Introduction

In this and the following chapters, we present the main results of this thesis which
concerns a scalar conservation law with discontinuous coefficients consisting of
a sign (switch) function in both space and time variables. Though the equation
we consider here has some inspirations from the Hughes’ model [57] of pedes-
trian flow, it is not exactly similar to it. The Hughes’ model is a conservation law
strongly coupled to an eikonal equation whose viscous solution leads to the ap-
pearance of the so-called turning curve function, which is interpreted as the point
at which pedestrians are bound to alter their speed so as to reach the boundary (or
exit) as fast as possible. See the introduction sections of this thesis for more details.
The existence of solutions together with numerical approximations of the Hughes’
model has been studied by several authors. See [5, 48, 40, 7, 34]. Granted that the
time-dependent flux discontinuity in our equation is also referred to as the turning
curve and is also assumed to be Lipschitz continuous, ours has the simplification
that the curve is given a priori. Put simply, the turning curve does not need to
satisfy the non-local integral identity.

Scalar conservation law with discontinuous flux has received lots of attention by
several authors due its extensive applications. See the following partial list and
references therein [2, 14, 21, 3, 73, 45, 24, 22, 59, 58, 60, 75, 86, 87, 88] for well-
posedness results of these equations. However, almost all these studies are fo-
cused on space dependent discontinuous coefficient problems out of which only a
selected few even allows for a change in sign of the coefficients for simplicity. See
[75, 21, 59, 27, 88] for time dependent problems with [59] using the hypothesis that
the coefficients may change sign even in time.
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The classical approach to a well-posedness result is to approximate the solution
and prove convergence of the approximate scheme using a compactness argu-
ment. The shortage of well-posedness results for space-time dependent problems
can be attributed to lack of a straightforward compactness argument needed to
prove convergence of approximate solution to the weak entropy solution. In [59]
and [88] the authors used the compensated compactness and one-sided Lipschitz
continuity methods respectively both of which did not require a bound on total
variation to prove convergence with L∞ data. The problem we consider in this
work also suffers from a similar severity. We begin this chapter by studying the
weak entropy solution of the Cauchy problem in this section, construct entropy
solutions for the Riemann problem at the interface ξ in Section 3.1.3, analyse the
changes in time of total variation when the slope of the interface function changes
and when it is likely to interact with classical waves in 3.2. In order to prove
the convergence of a Godunov-type scheme, we explore the tool of admissibility
germs [14] and derive some of their useful properties in Section 3.4. In the final
part of this chapter, we state the uniqueness and stability result for our problem.

3.1.1 The Cauchy problem

Consider the initial value problem of the form:

∂tρ + ∂xF(t, x, ρ) = 0, (t, x) ∈ Ω = (0,+∞)× (−∞,+∞), (3.1a)
ρ(0, x) = ρ0(x), x ∈ R, (3.1b)

where,

• t ∈ R+ and x ∈ R are the usual time and space variable, (t, x) 7→ ρ(t, x) is
the unknown density function, ρ ∈ L∞(Ω; [0, R]);

• the flux function is

(t, x, ρ) 7→ F(t, x, ρ) := sign(x− ξ(t)) f (ρ)

where

– ρ 7→ f (ρ) is a bell-shaped (uni-modal) function, f ∈ Lip([0, R]; R+).
Here we will consider the special case f (ρ) = ρv(ρ), where v(ρ) is a
non-increasing function, but in general f could be any function satisfy-
ing the following condition:{

f ∈ Lip([0, R]; R+), with ‖ f ′‖∞ ≤ L , f (0) = 0 = f (R);
∃ ρ̄ ∈ ]0, R[ such that f ′(ρ) (ρ̄− ρ) > 0 for a.e. ρ ∈ [0, R];

(3.2)
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– ξ is here referred to as the turning curve such that

ξ : R+ → Ω is Lipschitz continuous, ξ(t)→ 0 as t→ ∞. (3.3)

Recall from the discussions of Chapter 1 that classical (or smooth) solutions of
scalar conservation laws breaks down even with smooth initial data and/or flux
function for which reason weak solutions are sought. Without additional entropy
conditions, these weak solutions are not unique. If the flux contains a discontinu-
ity, like the equation considered in this work, there are additional issues like the
loss of strict hyperbolicity. This severity becomes complicated if the discontinu-
ity in the flux is also time-dependent. Worse yet if the discontinuous coefficient
changes sign as is the case of the problem considered in this work.

To simplify the presentation, if (3.1a) is written as hyperbolic partial differential
equation with discontinuous space-time discontinuous flux function{

∂tρ + ∂x(k(t, x) f (ρ)) = 0,
k(t, x) = sign(x− ξ(t)),

(3.4)

it is immediately clear that k has the effect of changing the shape of the continuous
flux function, f at every t ∈ R+. This is also due to the presence of the turning
curve that divides Ω into two sub domains Ωl := {(t, x) : x < ξ(t)} and Ωr :=
{(t, x) : x > ξ(t)} each with its corresponding conservation equation

∂tρ− ∂x f (ρ) = 0, (t, x) ∈ Ωl,
∂tρ + ∂x f (ρ) = 0, (t, x) ∈ Ωr.

The following assumptions are made on t 7→ ξ(t):

S1: Piecewise Lipschitz continuous on [0,+∞) with constant Lξ defined:

Lξ = sup
0≤t1<t2

∣∣∣∣ξ(t1)− ξ(t2)

t1 − t2

∣∣∣∣ < ∞

for any t1, t2 ∈ [0, ∞).

3.1.2 The entropy weak solution

In this section, we characterize the solution of the Cauchy problem (3.1) with an
L∞−data. Following the general entropy inequality of [59], the entropy weak so-
lution of the Cauchy problem (3.1) should be understood in the following sense
also used in [7]:
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Definition 3.1. A weak solution (t, x) 7→ ρ(t, x) is an entropy solution to the
Cauchy problem (3.1), if ρ is in L∞ ([0,+∞[; L1 (Ω; [0, R])

)
and for any c ∈ [0, R],

and any test function ϕ ∈ C∞
c
(
R2; [0,+∞[

)
, the following Kružkov-type entropy

inequality holds:∫ ∫
Ω
(|ρ− c|∂t ϕ + F(t, x, ρ, c)∂x ϕ) dxdt−

∫ ∫
Ω\ξ

sign(ρ− c)F(t, x, c)x ϕdxdt

+
∫

R
|ρ0(x)− c|ϕ(0, x)dx + 2

∫ +∞

0
f (c)ϕ(t, ξ(t))dt ≥ 0, (3.5)

where F(t, x, ρ, c) = sign(ρ− c) [F(t, x, ρ)− F(t, x, c)].

The first line and the first terms of the second line are the Kružkov definition of
entropy weak solution of a Cauchy problem, [63] whereas the second term of the
second line are due to the contribution of the non stationary jump at x = ξ(t). As
will be shown in section 3.3, this condition satisfy the interior condition and the
Rankine-Hugoniot jump condition of lemma (3.1).

Remark 3.1. By choosing c = 0 and c = R, in (3.5), we recover the integral formu-
lation of the weak solution∫∫

Ω
(ρ∂t ϕ + F(k(t, x), ρ)∂x ϕ) dtdx +

∫ ∞

−∞
ϕ(0, x)ρ0(x)dx = 0.

Remark 3.2. This integral can also be interpreted that ρ admits the Kružkov en-
tropy conditions away from the discontinuity, ξ and an additional interface flux
condition in order to ’connect’ the left and right states or traces, the so-called inte-
rior conditions [73].

Remark 3.3. By the assumption (S1), there exist traces of ρ, denoted γlρ(t), γrρ(t).
Since the flux function f is non-linearly degeneracy these traces are indeed strong
traces, thanks to the result of Panov [76] and Vasseur [90].

The next lemma yields the condition across ξ(t) that need to be satisfied for the
entropy solution defined above.

Lemma 3.1. Assume (S1). Let ρ be a weak solution of the Cauchy problem (3.1) con-
taining a jump at x = ξ(t) and admits the left and right traces γlρ(t), γrρ(t), then the
following jump condition holds a.e t > 0

f (γrρ(t)) + f (γlρ(t)) = α
[
γrρ(t)− γlρ(t)

]
, (3.6)

where α is the slope of ξ(t).
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3.1.3 The Riemann problem

We devote this section, for the Riemann problem, which is the Cauchy problem
(3.1) coupled with the initial data

ρ0(x) =

{
ρL, if x < 0,
ρR, if x > 0.

(3.7)

The interior condition, see remark 3.2 implies that the solution shall admit the
Lax admissible criterion, where downward jumps are admissible shocks on Ωl
whereas on Ωr admissible shocks are upward jumps to select the unique entropy
solution. Furthermore, the presence of ξ(t) shall introduces non-classical waves
which need to be explicitly defined. The following notations are used to represent
the Riemann solvers:

• Rα(ρL, ρR)(t, x), for the non standard Riemann solver at the turning point;

• R±(ρL, ρR)(t, x), for the classical Standard Riemann solver (SRS) by Lax with
± f depending on which side of the discontinuity the solution is provided.

We will define Riemann solvers which are self-similar, and hence we shall write
Rα(ρL, ρR)(x/t), R±(ρL, ρR)(x/t) instead of Rα(ρL, ρR)(t, x), R±(ρL, ρR)(t, x) re-
spectively. Our construction of the Riemann solvers can be distinguished into two
main cases of α = 0 or α 6= 0.

Case α = 0: Here ξ(t) = 0, ∀t ≥ 0, and so the Riemann problem is standard. That
is for any couple (ρL, ρR) ∈ [0, R]2 in (3.7), the solution takes the form

Rα(ρL, ρR)(x/t) =

{
R−(ρL, 0)(x/t), for x/t < 0,
R+(0, ρR)(x/t), for x/t > 0.

(3.8)

If (ρL, ρR) ∈ [0, R), the solution actually experiences a non-classical undercom-
pressive shock at x = 0 joining vacuum states. This means that the solution is
continuous but characteristics emanate from the vertical line ξ(t) = 0 from both
sides and γl(ρ) = γr(ρ) = 0. Furthermore, if ρL or ρR = R, then the solution has
the same structure, but the discontinuity at x(t) = 0 is only a one-side undercom-
pressive wave. In the special case ρL = ρR = R the solution is continuous and
characteristics lines run into the line x = 0 from both sides. The geometry of the
flux function allows us to say that the solution can be rewritten as

Rα(ρL, ρR)(x/t) =


ρL, if x/t < −v(ρL),
0, if − v(ρL) ≤ x/t ≤ v(ρR),
ρR, if x/t > v(ρR),

(3.9)
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because the waves joining ρL to γl(ρ) = 0 and γr(ρ) = 0 to ρR are necessarily
shock discontinuities.

f (ρ)

ρ

ρL

ρR

ρM

α
>

v(
ρ R

)

v(ρ R)
f (ρ)

ρρRρM

ρL

α
<
−

v(ρ
L )

−v(ρL )

FIGURE 3.1: Non classical Riemann solvers at turning curve with α >
v(ρR) (left) and α < −v(ρL) (right) given a priori and data (3.7) where

ρL, ρR ∈ (0, R)2.

Case α 6= 0: This case can be discussed under two subcases, namely α > 0 and
α < 0.

1. Suppose α > 0, then if α ∈ [0, v(ρR)] the Riemann solver will be composed of
double sided shocks given by the pairs (0, ρR) with speed v(ρR) and (ρL, 0)
also with speed−v(ρL) emanating from ξ(t) = αt. This description is exactly
the same as the Riemann solver defined in (3.9).

2. If α > v(ρR), two shocks emanates from x = 0 as in the previous cases. But
since α > v(ρR) > 0, the discontinuity ξ impinges on the right side shock
and so to satisfy the Rankine Hugoniot relation (3.6), an intermediate state in
[0, ρR) needs to be added. See figure 3.1. The Riemann solver writes:

Rα(ρL, ρR)(x/t) =

{
R−(ρL, ρM)(x/t), for x/t < α,
ρR, for x/t > α,

(3.10)

where ρM is the intermediate value in [0, ρR) such that the jump condition
across ξ(t) = αt,

α =
f (ρR) + f (ρM)

ρR − ρM
, (3.11)
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is satisfied with γl(ρ) = ρM and γr(ρ) = ρR. Therefore the Riemann solver
is composed of a classical shock (ρL, ρM) in ΩL and a non-classical shock
(ρM, ρR) at x = ξ.

On the other hand, if α < 0, we have:

3. If α ∈ [−v(ρL), 0), the Riemann solver is same as in case α = 0 above.

4. If α < −v(ρL), the Riemann solver is similarly written

Rα(ρL, ρR)(x/t) =

{
ρL, for x/t < α,
R+(ρM, ρR)(x/t), for x/t > α,

(3.12)

where the intermediate state value, ρM ∈ [0, ρL) satisfies

α =
f (ρM) + f (ρL)

ρM − ρL
. (3.13)

See the figure 3.1 above. The following lemma proved in [6] shows that the
intermediate state value is unique.

Lemma 3.2. Let f be a concave function. Then for any given ρR ∈ (0, R) and α > v(ρR)
there exists a unique ρM ∈ (0, ρR) which satisfies (3.11).

To ensure that the Riemann solver in (3.10) is well defined, a necessary condition
is that for any couple (ρL, ρR) and α > v(ρR) the speed of waves in R−(ρL, ρM)
is lower than α. This condition is easily verified, thanks to the convexity of − f .
From the foregoing, the Riemann solver R can be summarized in the following
proposition.

Definition 3.2. The Riemann solver R : [0, R]2 → L∞(Ω; [0, R]) of the associated
Cauchy problem of (3.1a) with the Riemann data (3.7), is defined as follows:

1. If α ∈
[
− v(ρL), v(ρR)

]
, then

R[ρL, ρR](x/t) :=

{
R−[ρL, 0](x/t), if x/t < 0,
R+[0, ρR](x/t), if x/t > 0.

2. If α > v(ρR), then

R[ρL, ρR](x/t) :=

{
R−[ρL, ρM](x/t), if x/t < α,
Rα[ρM, ρR](x/t), if x/t ≥ α.

where ρM ∈ [0, ρR) s.t α = f (ρR)+ f (ρM)
ρR−ρM

.



3.2. Analysis of the total variation 46

3. If α < −v(ρL), then

R[ρL, ρR](x/t) :=

{
Rα[ρL, ρM](x/t), if x/t ≤ α,
R+[ρM, ρR](x/t), if x/t > α.

where ρM ∈ [0, ρL) s.t. α = f (ρL)+ f (ρM)
ρM−ρL

.

3.2 Analysis of the total variation

In this section, we analyze the spatial total variation in the solution, which is de-
noted TVρ(t, ·). Estimating the bounds on the TVρ(t, ·), which implies that the
solution has a bounded variation, is a crucial step to prove the compactness of
approximate solutions of a scalar conservation laws. See [32, 68]. In our case, it
turns out that the total variation in the solution is higher than the total variation
in the initial data if the turning curve changes slope or interacts with a shock or
rarefaction wave. These situations make it difficult to prove that the solution has a
bounded variation. We illustrate this difficulty with the following set of examples
using the Riemann solvers constructed in Section 3.1.3.

3.2.1 Changes in slope of turning curve

Fix T > 0 and let ξ : [0, T]→ R be a polygonal line with

ξ ′(t) =

{
α, if 0 ≤ t < τ,
β, if τ ≥ t < T.

We take ρL < ρR and also assume that there are interactions between shocks
and/or rarefaction waves in the domains Ωl,r. Since the Lax admissible conditions
are satisfied in Ωl,r this assumption allows us to focus the analysis x = ξ(t).

Consider case studies in which α ∈ [−v(ρL), v(ρR)] and β ∈ R. If β ∈ [−v(ρL), v(ρR)] ,
then TVρ(t, ·) = TVρ(0, ·), ∀t ∈ (0, T). On the other hand, if β ∈ (v(ρR),+∞) (or
β ∈ (−∞,−v(ρL))), then TVρ(t, ·) = TVρ(0, ·), ∀t ∈ (0, τ∗), where τ∗ ∈ [τ, T) is
the time at which ξ interacts with the one-sided shock (0, ρR) (or (ρL, 0)). There-
fore since ξ is surrounded by vacuum, a change its slope does not lead to a change
in the total variation of the solution until the turning curve interacts with an in-
coming shock or a rarefaction wave. At t = τ∗, a new Riemann problem needs
solved. See the next section. We next discuss two cases studies in which TVρ(t, ·)
increases as a result of changes in the slope of the turning curve.
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± f (ρ)

ρ
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ρM
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ξ(t)
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t = 0

α

β

FIGURE 3.2: Left: Geometric representation of the how to Riemann
solver after the change of ξ ′(t) corresponding to Case: α > v(ρR) and
β < −v(ρL). Right: characteristic solution in the x− t plane for Case:

α > v(ρR) and β < −v(ρL).

Case: α > v(ρR) and β < −v(ρL). Using points 2 and 3 of Definition 3.2, there
exist a unique ρM ∈ (0, ρR) and ρ∗M ∈ (0, ρM) respectively such that

α =
f (ρR) + f (ρM)

ρR − ρM
and β =

f (ρ∗M) + f (ρM)

ρ∗M − ρM
.

Note that the wave (ρL, ρM) is a rarefaction wave if ρL < ρM but a shock wave
otherwise and the wave (ρ∗M, ρR) is a shock wave since ρ∗M < ρR and− f is convex.
See the Figure 3.2. Denoting by ∆TVρ(τ, ·) the change in total variation at t = τ,
we have

∆TVρ(τ, ·) = TVρ(τ+, ·)− TVρ(τ−, ·),
= |ρL − ρM|+ |ρM − ρ∗M|+ |ρR − ρ∗M| − |ρL − ρM| − |ρR − ρM| ,
= 2 (ρM − ρ∗M) .

Clearly, there is an increase in total variation in the solution as a consequence of
the change in the slope of the turning curve.
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3.2.2 Analysis of interactions

In this section, we consider selected case studies of interactions between waves
(shock or rarefaction wave) and the turning curve that also results in a change in
TVρ(t, ·). Without loss of generality, we assume that any incoming wave approach
the turning curve from the right if ξ ′(t) > 0. On the other hand, if ξ ′(t) < 0,
then any incoming wave approaches ξ from the left. Since the solution structure
is symmetric, we simplify the presentation by considering only interaction cases
with ξ ′ ≥ 0.

ξ(t)

ρ∗L ρ∗R

ρR

ρ∗M

τ

σo

σi

FIGURE 3.3: Illustrating a generic interaction (or collision) of incom-
ing wave σ±i (ρ∗R, ρR) with the turning curve ξ(t) at time t = τ in the

x− t plane.

For notation convenience, we let σ±i (ρ∗R, ρR) represent an incoming wave connect-
ing ρ∗R to ρR with a speed, σ̇±i , and σ±o (ρ∗R, ρR), the outgoing wave after the inter-
action connecting ρ∗R to ρR with a speed of σ̇±o . The superscripts ± allows for easy
identification of the flux function ± f . See Figure 3.3. Clearly, an interaction be-
tween the turning curve and a wave σ±i (ρ∗R, ρR) occurs only if ξ ′(t) > σ̇±o . By the
geometry of the flux function, the Lax admissibility condition requires that if an
incoming wave is a shock wave, then the corresponding outgoing wave will be a
rarefaction and vice versa after the interaction.

We assume further that the slope of ξ remains constant before and after an inter-
action. The following are the main types of interactions between the turning curve
and waves. The first set of cases concerns incoming shock, thus ρ∗R < ρR.

(I1) Case ρ∗L = 0. The incoming shock wave σ+
i (ρ∗R, ρR) has a Rankine-Hugoniot

speed σ̇+
i = ( f (ρR)− f (ρ∗R)) /(ρR − ρ∗R). Moreover, ρ∗L = 0 implies that

ξ ′(t) = v(ρ∗R) for t < τ. After the interaction, a new Riemann problem needs
to be resolved at (τ, ξ(τ)). Since v(ρ∗R) > v(ρR), the Riemann problem is
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resolved by introducing a unique intermediate state ρM ∈ [0, ρR] such that
the slope of the turning curve is kept constant and satisfies

ξ ′(t) = ( f (ρR) + f (ρM)) /(ρR − ρM) (3.14)

for t ≥ τ. See the Figure 3.4. The outgoing wave σ−o (0, ρM) is a rarefaction.

± f (ρ)

ρρR

ρM

ρR
∗

FIGURE 3.4: Geometric interpretation of resolving the new Riemann
problem in Case I1.

The change in the total variation is

∆TVρ(τ, ·) = TVρ(τ+, ·)− TVρ(τ−, ·)
= |ρR − ρ∗R| − |ρR − ρM|
= ρM − ρ∗R.

Therefore the total variation decreases after the interaction t = τ since ρM <
ρ∗R.

(I2) Case ρ∗L ∈ (0, ρR). This case implies that ξ ′(t) > v(ρ∗R) for t < τ. Note also
that v(ρR∗) > v(ρR). The new Riemann solver at t = τ requires a unique
intermediate state ρ∗M ∈ [ρ∗L, ρR) such that ξ ′(t) remains constant for t ≥ τ
and satisfies the same condition as in (3.14). In this case there is no net change
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in the total variation after the interaction as

∆TVρ(τ, ·) = TVρ(τ+, ·)− TVρ(τ−, ·)
= |ρM − ρ∗L|+ |ρR − ρM| − (|ρ∗R − ρ∗L|+ |ρR − ρ∗R|)
= 0.

We now consider the cases ρR < ρ∗R which is equivalent to an incoming rarefaction
wave. Here, we reckon that the interaction of the rarefaction wave σ+

o (ρR, ρ∗R) with
the turning curve not instantaneous. As such, let t = τ1 and t = τN, be the initial
and final times at which the first and last characteristics in the rarefaction wave
collide with the turning curve where N is a positive integer. The total variation for
t < τ1 is given by

TVρ(τ−, ·) = |ρ∗R − ρ∗L|+ |ρR − ρ∗R|
= 2ρ∗R − (ρL + ρR).

± f (ρ)

ρρ∗R
ρR

0

ρ∗R

ξ(t)

0

ρR

σ+
o

σ+
i

σ+
o

σ+
i

FIGURE 3.5: Interaction between ξ and incoming rarefaction waves
(ρ∗R, ρR) from the right corresponding to case (I3).

(I3) Case ρ∗L = 0. Here ρ∗L = 0 implies ξ ′(t) = v(ρ∗R) for t < τ1. Since v(ρR) >
v(ρ∗R), the new Riemann problem at t = τ1 can only be solved with ρM = 0
and an outgoing shock wave σ+

o (0, ρR) that travels with a speed of v(ρR).
See Figure 3.5. The change in the total variation in the solution after the
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interaction at t = τN is given by

∆TVρ(τ, ·) = ρR − [ρ∗R + (ρ∗R − ρR)]

= 2(ρR − ρ∗R),

which is clearly negative indicating that the total variation after the interac-
tion decreases after the interaction.

± f (ρ)

ρ
ρM(τN)

ρ∗R

ρ∗L
ρR

σ+
i

σ−o
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o

ρ∗R

ρR

0

ρ∗L

0

ξ(t)
σ+

o

σ−o

t∗
τN
τ1

FIGURE 3.6: Interaction between ξ and incoming rarefaction waves
(ρ∗R, ρR) from the right corresponding to case (I4).

(I4) Case ρ∗L 6= 0. Here the new Riemann problem for τ1 ≤ t < τN is resolved by a
set of unique time-dependent intermediate densities {ρM(τ1), ρM(τ2), . . . , ρM(τN)}
where ρM(τ1) < ρM(τ2) < . . . < ρM(τN), such that each small wave
σ∗o (ρM(τi−1), ρM(τi)) for 2 ≤ i ≤ N is a shock wave having a Rankine-
Hugoniot speed

σ̇∗o =
f (ρM(τi))− f (ρM(τi−1))

ρM(τi)− ρM(τi−1)
.

As illustrated in Figure 3.6 (left), these small shocks focus at time t = t∗ > τN
to form a large shock σ−o that travels with a speed of σ̇−o = v(ρ∗L). Then at
t = τN, an outgoing shock wave σ+

o (0, ρR) detaches from the turning curve
and moves with a speed of σ̇+

o = v(ρR).
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In this case the total variation in the solution for τ1 ≤ t < τN becomes:

TVρ(t, ·) = |ρ∗L − ρM(τ1)|+
N

∑
i=2
|ρM(τi−1)− ρM(τi)|+ |ρ∗R − ρR|

= ρ∗L − ρM(τ1) + ρM(τ1)− ρM(τN) + ρ∗R − ρR

= ρ∗L − ρM(τN) + ρ∗R − ρR,

and if t ≥ τN, the total variation becomes

TVρ(t, ·) = ρ∗L + ρR.

Therefore the change in total variation after the interaction is

∆TV(τ, ·) = [ρ∗L + ρR]− [(ρ∗R − ρ∗L) + (ρ∗R − ρR)]

= 2(ρ∗R − ρ∗R) + 2ρR.

Granted that the above presentation demonstrates the increase in the total varia-
tion both on the changes in the slope of the flux interface and on interactions with
classical waves it would be desirable to estimate this increment with the aim of
controlling it. In [32, 68] and other works, the authors defined for BV solutions, a
type of Glimm functional and show that it is non-increasing in time. This gives an
estimate on the bound of the total variation as expected. Other authors achieve the
same goal by the singular mapping approach for spatial discontinuous problems.
Compare [86, 87]. We know of no result where compactness was established with
a bound on the TV for the space-time discontinuous problems and at the moment
have not obtained a BV bound on the solution for (3.1). For this reason, we yet
consider an alternate approach to prove a well-posedness result.

3.3 Stability and uniqueness of entropy solution

In this section, we study the uniqueness and derive some stability properties of
the solution to the Cauchy (3.1). We begin with the next theorem which estimates
the L1 distance of two solutions to the Riemann problems

∂tρ + ∂x (sign(x− ξ1(t)) f (ρ)) = 0

ρ(0, x) =

{
ρL for x < 0,
ρR for x > 0,


∂tρ + ∂x (sign(x− ξ2(t)) f (ρ)) = 0,

ρ(0, x) =

{
ρL for x < 0,
ρR for x > 0,

(3.15)



3.3. Stability and uniqueness of entropy solution 53

where ρ1(t, x) and ρ2(t, x) are solutions to the appropriate Riemann’s problem
(3.15) when ξ1 and ξ2 are given respectively. We consider two constants α and
β in the interval (− f ′(0), f ′(0)). To fix our notations we assume α < β and we call
ξ1(t) = αt and ξ2(t) = βt the corresponding turning point curves. We recall that
f (ρ) = ρv(ρ), for some smooth function v representing the velocity of the density
ρ.

Theorem 3.1. Let ρ1(t, x) and ρ2(t, x) be the two solutions to Riemann problems re-
spectively in (3.15) when ξ1(t) = αt and ξ2(t) = βt are given, with α < β and
ρL, ρR ∈ [0, 1]2 then we have that∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx ≤ 2t ·max{ρL, ρR} ·

(
[β− v(ρR)]+ + [−α− v(ρL)]+

)
,

(3.16)
where [x]± stands for the positive/negative part of the real number x.

Proof. First, we observe that −v(ρL) < v(ρR) if ρL 6= ρR. In this case, α and β are
chosen in one of the following ways:

1. −v(ρL) ≤ α ≤ β < v(ρR);

2. −v(ρL) ≤ α < v(ρR) ≤ β;

3. −v(ρL) < v(ρR) ≤ α < β;

4. α ≤ −v(ρL) < v(ρR) ≤ β;

5. α ≤ −v(ρL) < β ≤ v(ρR);

6. α < β ≤ −v(ρL) < v(ρR).

Case (1) is trivial. Cases (2) and (5) are analogous in the same way as cases (3) and
(6). Therefore to avoid duplication of results, we only provide detailed computa-
tions for cases (2), (3) and (4) to prove the theorem.

Case (2): With −v(ρL) ≤ α < v(ρR) ≤ β, the solutions to (3.15) are constructed
using the Riemann’s solver introduced in Section 3.1.3 and applying lemma 3.2,
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ρ1(t, x) is given as in (3.9) and ρ2 given by (3.10). Then for every t > 0∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)|dx

=
∫ st

−∞
|ρL − ρL|dx +

∫ st

−v(ρL)t
|0− ρL|dx +

∫ ξ1

st
|0− ρM|dx

+
∫ v(ρR)t

ξ1

|0− ρM|dx +
∫ ξ2

v(ρR)t
|ρR − ρM|dx +

∫ +∞

v(ρR)t
|ρR − ρR|dx

= t {ρL(s + v(ρL)) + ρM(v(ρR)− s) + (β− v(ρR)(ρR − ρM))} ,

where s = −
(

f (ρL)− f (ρM)
)
/(ρL− ρM) is the speed of the shock in R−(ρL, ρM) of

ρ2. If we expand and re-arrange the first two terms in the previous line to obtain:
s(ρL − ρM) + ρLv(ρL) + ρMv(ρR), and then apply lemma 3.2 again, we have∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx = t { f (ρM) + ρMv(ρR) + (β− v(ρR))(ρR − ρM)} .

Now add and subtract f (ρR), and using the fact that the condition (3.11) is satisfied
across ξ2 leads to∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx = 2t {(β− v(ρR))(ρR − ρM)}

≤ 2t ·max{ρR}[β− v(ρR)]+.

Analogously, by similar argument the following result can be obtained for case (5):
α ≤ −v(ρL) < β ≤ v(ρR), leading to∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx ≤ 2t ·max{0, ρL}[v(ρR) + α]−.

Next consider the case (3). For every t > 0, we have∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx =t

{
(s2 − s1)(ρ

′
M − ρL) + (α− s2)(ρ

′
M − ρ′′M)

+ (β− α)(ρR − ρ′′M)
}

,

where s1 and s2 are the speed of the shocks due to ρ1 and ρ2 respectively, and
ρ′M ∈ (0, ρL) and ρ′′M ∈ (0, ρL) are the corresponding intermediate states formed
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according to lemma 3.2 with ρ′′M − ρ′M > 0. Then the above equation can be sim-
plified as∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx = (β− α)(ρR − ρ′′M) + (β− α)(ρR − ρ′M)

≤ 2t ·max{0, ρR}[β− α]+.

Finally, case (4). It can be observed that this case is equivalent to α < −v(ρL) <
v(ρR) < β. By setting ρ̃(t, x) as solution to the trivial case (1), we have for every
t > 0 ∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx (3.17)

≤
∫ +∞

−∞
|ρ1(t, x)− ρ̃(t, x)| dx +

∫ +∞

−∞
|ρ̃(t, x)− ρ2(t, x)| dx

Again observe that the first term of the right hand side of (3.17) coincides with case
(5) whereas the second term corresponds to case (2). Hence∫ +∞

−∞
|ρ1(t, x)− ρ2(t, x)| dx ≤ 2t ·max{ρL, ρR} · ([β− v(ρR)]+ + [−α− v(ρL)]+) ,

(3.18)
completing the proof.

In the Lemma below, we derive an entropy jump condition at the interface.

Lemma 3.3. Let ρ be a weak solution of the Cauchy problem (3.1), then the following
entropy jump condition in the flux ± f at x = ξ(t) is satisfied

f (γrρ) + ξ ′(c− γrρ) ≤ f (c), if γlρ ≤ c ≤ γrρ, (3.19)

− f (γlρ) + ξ ′(c− γlρ) ≥ − f (c), if γrρ ≤ c ≤ γlρ, (3.20)

and

Φ(γrρ(t), c) + Φ(γlρ(t), c) ≤ ξ ′(t)
[
|γrρ(t)− c| − |γlρ(t)− c|

]
+ 2 f (c), (3.21)

holds for t ∈ R+, where Φ(ρ, c) = sign(ρ− c)( f (ρ)− f (c)).

Proof. The proof follows the one of [59, Lemma 6.3]. If ρ is weak solution then
the integral identity (1.32) is satisfied for every ψ ∈ D([0,+∞[×R). Choose a test
function

ψ(t, x) = θε(x− ξ(t))ϕ(t), (3.22)
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such that for ε > 0, θε is a Lipschitz compact function defined as

θε(x) =


1
ε (ε + x), x ∈ [−ε, 0]
1
ε (ε− x), x ∈ [0, ε]

0, |x| ≥ ε,

and ϕ(t) ∈ D([0, T]), T > 0 is an arbitrary test function. Noting that ψx = θ′ε(x−
ξ(t))ϕ(t) and ψt = θε(x − ξ(t))ϕ′(t) − ξ ′(t)θ′ε(x − ξ(t))ϕ(t), we see from (1.32)
that ∫ ∞

−∞

∫ ∞

0

[
ρ
(
θε(x− ξ(t))ϕ′(t)− θε(x− ξ(t))ξ ′(t)

)
(3.23)

+F(t, x, ρ)θ′ε(x− ξ(t))ϕ(t)
]

dtdx = 0 .

The first term in the integrand is∫ ∞

0

∫ ∞

−∞
ρ
[
θε(x− ξ(t))ϕ′(t)− θε(x− ξ(t))ξ ′(t)

]
dxdt

=
∫ ∞

0

∫ ∞

−∞
ρϕ′(t)θε(x− ξ(t))dxdt

− 1
ε

∫ ∞

0

∫ ξ(t)

ξ(t)−ε
ξ ′(t)ϕ(t)ρ(t, x)dxdt +

1
ε

∫ ∞

0

∫ ξ(t)+ε

ξ(t)
ξ ′(t)ϕ(t)ρ(t, x)dxdt,

where
∫ ∞

0

∫ ∞
−∞ ρϕ′(t)θε(x − ξ(t)) → 0 as ε → 0 in L1(R) and the sum of other

integral terms becomes ∫ +∞

0
(−γlρ(t) + γrρ(t))ξ ′(t)ϕ(t)dt (3.24)

as ε→ 0. Similarly, the next term in (3.23) gives∫ +∞

0

∫ +∞

−∞
F(t, x, ρ)θ′ε(x− ξ(t))ϕ(t)dtdx = −1

ε

∫ +∞

0

∫ ξ(t)

ξ(t)−ε
f (ρ)ϕ(t)dxdt

− 1
ε

∫ +∞

0

∫ ξ(t)+ε

ξ(t)
f (ρ)ϕ(t)dxdt
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Again letting ε→ 0, we have for a.e t ∈ R+

1
ε

∫ +∞

0

∫ ξ(t)

ξ(t)−ε
f (ρ)ϕ(t)dxdt→

∫ +∞

0
f (γlρ(t))ϕ(t)dt

1
ε

∫ +∞

0

∫ ξ(t)+ε

ξ(t)
f (ρ)ϕ(t)dxdt→

∫ +∞

0
f (γrρ(t))ϕ(t)dt

and so summation gives

−
∫ +∞

0
[ f (γrρ(t)) + f (γrρ(t))] ϕ(t)dt.

Combining this with (3.24) leads to∫ +∞

0

[
− f (γrρ(t))− f (γrρ(t)) + ξ ′(t)(γrρ(t)− γlρ(t))

]
ϕ(t)dt = 0 (3.25)

Since ϕ is not zero, then

− f (γrρ(t))− f (γrρ(t)) + ξ ′(t)(γrρ(t)− γlρ(t)) = 0

which is (3.6).
In a similar way, if ρ is entropy solution then the Kruzkhov-type entropy solution
(1.8) is satisfied for test function in (3.22) as earlier. With ψt and ψx given above,
the integral becomes∫ ∞

0

∫ ∞

−∞
|ρ− c|

(
ϕ′(t)θε(x− ξ(t))− ξ ′(t)θε(x− ξ(t))ϕ(t)

)︸ ︷︷ ︸
A1(t,x)

dxdt

+
∫ ∞

0

∫ ∞

−∞
F(t, x, ρ, c)θ′ε(x− ξ(t))ϕ(t)︸ ︷︷ ︸

A2(t,x)

dxdt (3.26)

−
∫ ∞

0

∫ ∞

−∞
sign(ρ− c)F(t, x, c)xθε(x− ξ(t))ϕ(t)dxdt + 2

∫ ∞

0
f (c)ψ(t, ξ(t))dt ≥ 0.
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By the definition of the test function, the first term in the second line goes to zero
as ε→ 0 in L1(R). Checking the other terms∫ ∞

0

∫ ∞

−∞
A1(t, x)dxdt

=
∫ ∞

0

∫ ∞

−∞
|ρ− c|θε(x− ξ(t))ϕ′(t)− 1

ε

∫ ∞

0

∫ ξ(t)

ξ(t)−ε
|ρ− c|ξ ′(t)ϕ(t)dxdt

+
1
ε

∫ ∞

0

∫ ξ(t)+ε

ξ(t)
|ρ− c|ξ ′(t)ϕ(t)dxdt

As done earlier, it can be observed that as ε→ 0, the first term goes to 0 and so∫ ∞

0

∫ ∞

−∞
A1(t, x)dxdt→

∫ +∞

0
ξ ′(t)

(
−|γlρ(t)− c|+ |γrρ(t)− c|

)
ϕ(t)dt (3.27)

as ε→ 0. Furthermore∫ ∞

0

∫ ∞

−∞
A2(t, x)dxdt

=
1
ε

∫ ∞

0

∫ ξ(t)+ε

ξ(t)
F(t, x, ρ, c)ϕ(t)dxdt− 1

ε

∫ ∞

0

∫ ξ(t)

ξ(t)−ε
F(t, x, ρ, c)ϕ(t)dxdt

which, as ε→ 0, converges to

−
∫ +∞

0

[
sign(γlρ(t)− c)( f (γlρ(t))− f (c)) (3.28)

+ sign(γlρ(t)− c)( f (γlρ(t))− f (c))
]

ϕ(t)dt .

Combining (3.27), (3.28) and the last term of (3.26) leads to

∫ +∞

0

[
ξ ′(t)(−|γlρ(t)− c|+ |γrρ(t)− c|)− sign(γlρ(t)− c)( f (γlρ(t))− f (c))

− sign(γrρ(t)− c)( f (γrρ(t))− f (c)) + 2 f (c)] ϕ(t)dt ≥ 0.

Since ϕ(t) is arbitrary, then

sign(γrρ(t)− c)( f (γrρ(t))− f (c)) + sign(γlρ(t)− c)( f (γlρ(t))− f (c))

− ξ ′(t)(|γrρ(t)− c| − |γlρ(t)− c|) ≤ 2 f (c)

which is (3.21).
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In passing, the uniqueness result shall depend on the so-called flux crossing condi-
tion.

Assumption 3.1. Given the discontinuous coefficient, k(t, x) = sign(x − ξ(t)),
with jump at ξ(t) and (ρL, ρR) be states in solution left and right of ξ(t) for ev-
ery t > 0, then the crossing condition must hold:

f (ρL) < 0 < f (ρR) =⇒ ρL < ρR. (3.29)

As mentioned in [59], the geometric interpretation of the crossing condition given
therein implies that the graphs of − f and f do not cross except if graph of − f lies
above f to the left of any crossing point. The geometry of our flux function implies
that it there is no point in ρ ∈ [0, R] that violates assumption 3.1 and therefore we
can conclude that the flux crossing condition holds for our flux function. With this
in mind, we state and prove the stability and uniqueness result for our problem.

Theorem 3.2. Let ρ and ρ̃ be two entropy solutions of the Cauchy problem associated with
(3.1) with the same turning curve ξ(t) such that k(t, x) is defined and initial conditions
ρ0, ρ̃0 ∈ L∞ (R) respectively. Assuming that the crossing condition of assumption 3.1,
and existence of traces then for a. e. t > 0, we have for r > 1 that

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|dx ≤

∫ r+‖∂ρF‖t

−r−‖∂ρF‖t
|ρ0(x)− ρ̃0(x)|dx, ∀x ∈ R. (3.30)

Proof. Let ρ(t, x) and ρ̃(t, x) be two entropy solutions according to the definition
3.1, the following contraction holds for a non-negative test function ψ ∈ D(Ω \ ξ)
and a constant C:

−
∫ +∞

0

∫ +∞

−∞

[
|ρ− ρ̃|ψt + F(t, x, ρ, ρ̃)ψx

]
dxdt ≤ C

∫ +∞

0

∫ +∞

−∞
|ρ− ρ̃|ψdxdt. (3.31)

The above integral is derived from [58] for scalar conservation laws with space
flux discontinuity by using the Kruzkhov’s doubling of variable technique with a
test function that vanishes on the discontinuity and has been extended to the case
of time dependent flux discontinuity in [59]. Following the proof of [58, Theorem
A.1], we observe that the inequality (3.31) leads to

−
∫ +∞

0

∫ +∞

−∞

[
|ρ− ρ̃|ψt + F(t, x, ρ, ρ̃)ψx

]
dxdt ≤ 0, (3.32)

since the time dependent coefficients, k(t, x) are constants and bounded away from
ξ without the diffusion term. To account for the flux discontinuity, let ϕ ∈ D(Ω)
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be an arbitrary test function that doesn’t vanish near ξ for all t > 0 and introduce

θh(x) :=


1
h (2h + x) if x ∈ [−2h,−h],
1 if x ∈ [−h, h]
1
h (2h− x) if x ∈ [h, 2h]
0, if |x| ≥ 2h

a Lipschitz function for a real number h > 0 such that θh(x) → 1 as h → 0. Set
Ψh(x − ξ(t)) = 1 − θh(x − ξ(t)) so that Ψh → 1 in L1 but vanishes near ξ(t).
Then for any test function ϕ, we have ψ = ϕΨh is an admissible test function.
This is implied by the fact that sending h → 0, we have ϕ − ϕθh → ϕ, in the
neighbourhood of ξ(t) and ψ → ϕ away from ξ(t). Inserting this into (3.32) with
the following derivatives

∂tΨh(x− ξ(t)) = θ′h(x− ξ(t))ξ ′(t),
∂tψ(t, x) = ϕtΨh(x− ξ(t)) + ϕθ′h(x− ξ(t))ξ ′(t),
∂xψ(t, x) = ϕxΨh(x− ξ(t))− ϕθ′h(x− ξ(t)),

leads to

−
∫ +∞

0

∫ +∞

−∞
(|ρ− ρ̃|ϕt + F(t, x, ρ, ρ̃)ϕx)Ψhdxdt

−
∫ +∞

0

∫ +∞

−∞

(
|ρ− ρ̃|ξ ′(t)θ′h(x− ξ(t))− F(t, x, ρ, ρ̃)θ′h

)
ϕdxdt︸ ︷︷ ︸

Ih(t,x)

≤ 0.

Expanding Ih(t, x) and performing a change of variables in the neigbhourhood of
ξ for h > 0 gives

Ih(t, x) = −
∫ +∞

0

∫ 2h

−2h

(
|ρ− ρ̃|ξ ′(t)− F(t, x, ρ, ρ̃)

)
ϕθ′h(x− ξ(t))dxdt

= −1
h

∫ +∞

0

∫ ξ(t)+2h

ξ(t)+h

(
|ρ− ρ̃|ξ ′(t)− F(t, x, ρ, ρ̃)

)
ϕdxdt

+
1
h

∫ +∞

0

∫ ξ(t)−h

ξ(t)−2h

(
|ρ− ρ̃|ξ ′(t)− F(t, x, ρ, ρ̃)

)
ϕdxdt.
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Sending h→ 0 leads to

lim
h↓0

Ih(t, x) =
∫ +∞

0

[
|ρ− ρ̃|ξ ′(t)− F(t, x, ρ, ρ̃)

]x=ξ−

x=ξ+
ϕ(t, ξ)dt

and so (3.32) becomes

−
∫ ∫

[|ρ− ρ̃|ϕt + F(t, x, ρ, ρ̃)ϕx] dxdt (3.33)

≤
∫ +∞

0

[
F(t, x, ρ, ρ̃)− ξ ′(t)|ρ− ρ̃|

]x=ξ+

x=ξ− ϕ(t, ξ)dt,

where the signs are used to indicate the left and right limits of x = ξ. The next
thing to do is to show that limh↓0 Ih(t, x) ≤ 0 by using the entropy conditions in
lemma 3.3 and the crossing condition of Assumption 3.1. From the contribution at
ξ(t) this is equivalent to showing that

Γξ(t) = F(t, x, γrρ, γrρ̃)−F(t, x, γlρ, γl ρ̃)− ξ ′(t)|γrρ−γrρ̃| − ξ ′(t)|γlρ−γl ρ̃| ≤ 0.

Proceeding as in the proof of theorem 6.5 of [59], we choose the modified flux

± f̂ (ρ) := ± f (ρ)− ξ ′ρ

so that the associated entropy flux

F̂(t, x, ρ, c) := F(t, x, ρ, c)− ξ ′|ρ− c|.

Here the f̂ and f admits the same crossing condition, in that there’s ρ ∈ [0, R] such
that the crossing condition is satisfied. In this way, we can write from the Γξ(t)

Γ̂ξ(t) = F̂(t, x, γrρ, γrρ̃)− F̂(t, x, γlρ, γl ρ̃). (3.34)

Now we check on case by case basis that Γ̂ξ(t) with the aid of the following entropy
jump condition in the flux ± f

f (γrρ) + ξ ′(c− γrρ) ≤ f (c), if γlρ ≤ c ≤ γrρ, (3.35)

− f (γlρ) + ξ ′(c− γlρ) ≥ − f (c), if γrρ ≤ c ≤ γlρ, (3.36)

which is obtained by using the fact that− f (c) ≤ f (c) for any constant c. We check
the following cases for (3.34) for a fixed ξ ′

Case 1:(γlρ = γl ρ̃, γrρ = γrρ̃). This case is trivial in that Γ̂ξ(t) = 0.
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Case 2:(γlρ = γl ρ̃, γrρ 6= γrρ̃). Assume γrρ > γrρ̃, then (3.34) becomes

Γ̂ξ(t) = f (γrρ̃)− f (γrρ)− ξ ′(γrρ̃− γrρ) ≤ 0,

and the inequality is due to (3.35) with c = γrρ̃. On the other hand if we assume
γrρ < γrρ̃ the same computation is made and so omitted.
Case 3: (γrρ = γrρ̃, γlρ 6= γl ρ̃). Assume γlρ < γl ρ̃, then

Γ̂ξ(t) = − f (γlρ) + f (γl ρ̃) + ξ ′(γl ρ̃− γlρ)

= −
[

f (γlρ + ξ ′(γlρ− γl ρ̃)
]
+ f (γl ρ̃).

The jump condition of (3.36) allows the conclusion that

Γ̂ξ(t) ≤ − f (γl ρ̃) + f (γl ρ̃) = 0.

If γlρ > γl ρ̃, we proceed with same computation and apply (3.36) with c = γl ρ̃.
Case 4: (γrρ < γrρ̃ and γlρ < γl ρ̃). Here (3.34) becomes

Γ̂ξ(t) = −
(

f (γrρ)− f (γrρ̃)
)
− ξ ′

(
γrρ̃− γrρ

)
− f (γlρ) + f (γl ρ̃) + ξ ′

(
γl ρ̃− γlρ

)
= ξ ′(γrρ− γlρ) + ξ ′(γrρ̃− γl ρ̃)− ξ ′(γrρ̃− γrρ) + ξ ′(γl ρ̃− γlρ)

by the Rankine-Hugoniot jump condition and leads to 0 by cancellation.
Case 5: (γrρ > γrρ̃ and γlρ > γl ρ̃). Same as the preceding case.
Case 6: (γrρ < γrρ̃ and γlρ > γl ρ̃). Again (3.34) becomes

Γ̂ξ(t) = − f (γrρ) + f (γrρ̃)− ξ ′(γrρ̃− γrρ) + f (γlρ)− f (γl ρ̃) + ξ ′(γlρ− γl ρ̃)

= −
(

f (γrρ) + f (γrρ̃)
)
+
(

f (γlρ) + f (γl ρ̃)
)
− ξ ′(γrρ̃− γrρ) + ξ ′(γlρ− γl ρ̃)

which again leads to zero by applying the Rankine Hugoniot condition and can-
cellation of terms.
Case 7: (γrρ > γrρ̃ and γlρ < γl ρ̃). This case can also be concluded as the previous
case.
The above computations implies that (3.33) holds for any non-negative test func-
tion, ϕ and becomes

−
∫ ∞

0

∫ ∞

−∞

[
|ρ− ρ̃|ϕt + F(t, x, ρ, ρ̃)ϕx

]
dxdt ≤ 0. (3.37)
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With this inequality, we now choose for any fixed positive real s0, s such that 0 <
s0 < s < T a piecewise linear function:

βτ,κ(t) =


0, if t ∈ [0, s0] ∪ [s + κ, T],
1
τ (t− τ), if t ∈ [s0, s0 + τ],
1, if t ∈ [s0 + τ, s],
1
κ (κ − t), if t ∈ [s, s + κ],

(3.38)

where τ, κ are chosen to satisfy 0 < s0 < s0 + τ < s < s + κ < T for any fixed
T > 0. Furthermore, consider the trapezoid ΩT given by:

ΩT :=
{
(t, x) : |x| ≤ r +

∥∥Fρ

∥∥(T − t), s0 ≤ t ≤ T
}

and define Ar : R 7→ [0, 1], a characteristic function by

Ar(x) =

{
1, if x ∈ ΩT,
0, otherwise,

then set test function to be ϕ(t, x) = Ar(x− ξ(t))βτ,κ(t). If we compute the deriva-
tives

ϕt = −ξ ′(t)A′r(x− ξ(t))βτ,κ(t) + β′τ,κ(t)Ar(x− ξ(t))
ϕx = A′r(x− ξ(t))βτ,κ(t)

and insert them into (3.37), we have

−1
τ

∫ s0+τ

s0

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|Ar(x− ξ(t))dxdt

+
1
κ

∫ s+κ

s

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|Ar(x− ξ(t))dxdt ≤ 0.

Sending s0 → 0, leads to

1
κ

∫ s+κ

s

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|dxdt ≤ 1

τ

∫ τ

0

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|dxdt. (3.39)
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Insert±ρ0(t, x) and±ρ̃0(t, x) into the r.h.s of (3.39) and apply the triangle inequal-
ity, it becomes

1
τ

∫ τ

0

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|dxdt ≤

∫ r+‖∂ρF‖t

−r−‖∂ρF‖t
|ρ0(x)− ρ̃0(x)|dx

+
1
τ

∫ τ

0

∫ r

−r
|ρ(t, x)− ρ0(x)|dxdt +

1
τ

∫ τ

0

∫ r

−r
|ρ̃(t, x)− ρ̃0(x)|dxdt.

Letting τ → 0, the last two terms of the above integral tends to 0 (uniformly in r)
and so (3.39) becomes

1
κ

∫ s+κ

s

∫ r

−r
|ρ(t, x)− ρ̃(t, x)|dxdt ≤

∫ r+‖∂ρF‖t

−r−‖∂ρF‖t
|ρ0(x)− ρ̃0(x)|dx (3.40)

Considering the observation that ρ ∈ L∞ of (3.1) admits one-sided strong traces
at the interface, we consider the possibility of reducing the problem to finding an
appropriate flux connection across the interface [8], so-called dissipative coupling
or dissipative germs. Introduced in [14] with a spatial flux discontinuous example,
this interface coupling conditions is referred to as (A, B)-connection in [3], employ
the principal tools of satisfying the Kato inequalities away from the interface and
near the interface, strong traces theory [76], adapted entropies [16] and monotone
finite volume schemes with the Godunov solver at the interface [11], entropy pro-
cess solutions and weak BV estimates arguments [13, 15]. Here in this work, we
extend the notion of admissible germs to (3.1).

The presentation of section 3.1.3 demonstrates how this connection are derived
for the present problem. This allows one to study the problem well-posedness of
solution to the problem with L∞ data within the framework of entropy process
solutions as was done in [13, 38, 11] and other papers. Later in Chapter 4 of this
thesis, the finite volume method with adapted moving near ξ generates the L∞

representation of the solution to equation (3.1). In the next section however, we
re-formulate the problem following the theory of admissibility germs formally for
our problem, establish the equivalence of adapted entropy and entropy process
solutions. These two sections would allow the treatment of convergence of ap-
proximate solutions to the entropy solutions already introduced.
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3.4 Admissibility germs and entropy solutions

In this section, we formulate the weak entropy solutions of (3.1) in the framework
of G-entropy solutions via the admissible germs theory, G introduced in [14] with
L∞ data. In doing so, we reckon that since ξ ′(t) ∈ R is given a priori, and that there
exist strong trace at ξ (see remark 3.3, we expect that ρ equivalently satisfies the
following Cauchy-Dirichlet problems in the sense of distributions

∂tρ− ∂x f (ρ) = 0, in D(Ωl), t > 0 (3.41)
∂tρ + ∂x f (ρ) = 0, in D(Ωr), t > 0 (3.42)

f (γrρ(t)) + f (γlρ(t)) = ξ ′(γrρ(t)− γlρ(t)), on x = ξ(t), t > 0, (3.43)

and

ρ(0, x) =

{
ρL if x < 0
ρR, if x > 0.

(3.44)

The discontinuous flux function can equivalently be set to

F(t, x, ·) := − f (·)1x<ξ(t) + f (·)1x>ξ(t), (3.45)

where for every t ≥ 0,± f (·) are non-linear functions in ρ satisfying the conditions
(F), implying that (t, x) 7→ F(t, x, ·) has a jump across the interface discontinuity.
Throughout this section we shall consider ξ(t) = αt, to simplify the analysis even
though the result can be extended in general to Lipschitz continuous functions of
ξ.

3.4.1 Flux connections and the dissipative germ

We hereby define the admissible germ for the equation (3.1) in this section. This is a
family of piecewise constant weak solutions of the form pl1x<ξ(t) + pr1x>ξ(t), with
pl and pr in [0, R]. Of course, each of these solutions is completely characterized
by the values of pl and pr, so that we describe the germ as a set of ordered couples.
This tool will be used later to prove the convergence of approximate solutions to a
weak entropy solution.

Equivalently, the germ can be defined as a set of possible couples of traces γl,rρ(t)
at the sides of the interface ξ. We stress that since by assumption ± f are continu-
ous over [0, R]2 and the measure of set {s ∈ [0, 1]s.t. f ′(s) = 0} is zero, we conclude
that γl,rρ(t) are in fact one-sided strong traces based on the [14, Theorem 2.1].
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Definition 3.3. Let ξ(t) = αt, with α ∈ R fixed. The germ of admissible solutions
Gα for the conservation law (3.1) is

Gα :=
{
(0, ρα) ∈ [0, R]2 : f (ρα) = αρα

}
. (3.46)

Definition 3.4. A germ G is L1-dissipative (L1D for short), if for any two pairs
(pl, pr), (ql, qr) ∈ G the following dissipative property holds

F(t, x, pl, ql)− F(t, x, pr, qr) ≥ α(η(pl, ql)− η(pr, qr)), (3.47)

where F(t, x, ρ, c) is defined in Definition (3.1) and η(ρ, c) := |ρ− c|.

Proposition 3.1. The unique maximal L1D extension of Gα is the subset of [0, R]2 defined
by

G̃α :=
{
(pl, pr) ∈ [0, R]2 : f (pr) + f (pl) = α(pr − pl)

}
. (3.48)

Proof. The fact that G̃α contains Gα is obvious as

f (ρα) + f (0) = αρα − 0.

To show that G̃α is L1D we distinguish three cases : α = 0, α > 0, and α < 0.

If α = 0 the germ only contains four elements (0, 0), (0, R), (R, 0), (R, R) and we
can check that (3.47) holds as an equality by direct computations.

If α > 0 we consider two sub-cases

I. If ql = qr = 0 we have

F(t, x, pl, 0)− F(t, x, pr, 0) = (− f (pl) + f (0))− ( f (pr)− f (0))
= −( f (pr) + f (pl)) = α(pl − qr)

= α(η(pl, 0)− η(pr, 0)) ,

for all pl, pr ∈ [0, R]2. The case in which ql = qr = R is similar.

II. If ql < qr (the reverse inequality being impossible due to the sign of α
and the geometry of the problem) we can observe that

sign(pl − ql) = sign(pr − qr).
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Therefore

F(t, x, pl, ql)− F(t, x, pr, qr) = sign(pl − ql)
[
− f (pl) + f (ql)

− f (pr) + f (qr)
]

= sign(pl − ql)α (qr − ql − pr + pl)

= α(η(pl, ql)− η(pr, qr)) .

If α < 0 the analysis is exactly the same as in the previous case.

It is also clear that G̃α is maximal : given any L1D germ G one can look for its
possible L1D extensions, the largest of which is its dual G∗, i.e. the set containing
all couples (ql, qr) ∈ [0, R]2 which satisfy the Rankine-Hugoniot conditions and
(3.47) for any (pl, pr) ∈ G. Of course G̃α and G̃∗α coincide.

Additionally, given any piecewise constant initial condition ρl1x<ξ(t) + ρr1x>ξ(t),
for, (ρl, ρr) ∈ [0, R]2, the left and right side traces of the solution of the associate
Riemann problem correspond to an element of G̃α.

Lemma 3.4. For any ξ = αt, the L1D germ G̃α is complete.

Proof. This lemma immediately follows from the study of the Riemann problem at
the interface in Section 3.1.3.

Definition 3.5. Assume that f , ξ satisfy, (3.2) and (3.3) respectively. We say that
map (t, x) 7→ ρ(t, x) is a G-entropy solution to the initial-boundary value prob-
lem (3.1), if ρ is in L∞(Π; [0, R]

)
, is a weak solution of this problem and for any

(pl, pr) ∈ G, and any test function ϕ ∈ C∞
c (Ω; [0,+∞[) we have∫ +∞

0

∫ 1

−1
[|ρ− c(t, x)|∂t ϕ + F(t, x, ρ, c(t, x))∂x ϕ]dxdt

+
∫ 1

−1
|ρ0(x)− c(t, x)|ϕ(0, x)dx

+
∫ +∞

0
[ f (ρ(t, 1−))− f (cr)] ϕ(t, 1)dt+ (3.49)

+
∫ +∞

0
[ f (ρ(t,−1+))− f (cl)] ϕ(t,−1)dt ≥ 0,

where c(t, x) = cl1x<ξ(t)(x)+ cr1x>ξ(t)(x) and F(t, x, ρ, c) the same as in Definition
3.1.

Remark 3.4. Following [14, Remark 3.12 and Th. 3.18] we recall that
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• ρ ∈ L∞ (Π; [0, R]) is a Gα-entropy solution if and only if it is a weak solu-
tion and for almost every t > 0 the couple given by its traces at x = ξ(t),
(γlρ(t), γrρ(t)), is in G̃α = G∗α.

• In our setting Gα- and G̃α-entropy solutions coincide.

The consequence of Remark 3.4 is that one can consider the existence of a measure-
valued solution, herein referred to as G-entropy process solution, to which approx-
imate solutions of (3.1) obtained by a finite volume scheme converges. The defini-
tion of entropy solution with global adapted entropy inequality is given next.

Definition 3.6. Assume that f , ξ satisfy (3.2), (3.3) respectively. We say that a
function µ ∈ L∞(Π; [0, R]

)
is a G̃α-entropy process solution to the initial-boundary

value problem (3.1), if the following conditions hold :

1. For any test function ϕ ∈ C∞
c (Π; [0,+∞[) we have∫ 1

0

∫ +∞

0

∫ 1

−1

[
µ(t, x, a)∂t ϕ + F(t, x,µ(t, x, a))∂x ϕ

]
dxdtda

+
∫ 1

−1
ρ0(x)ϕ(0, x)dx = 0. (3.50)

2. The inequality∫ 1

0

∫ +∞

0

∫ 1

−1

[
|µ(t, x, a)− c(t, x)|∂t ϕ + F(t, x, µ(t, x, a), c(t, x))∂x ϕ

]
dxdtda

(3.51)

+
∫ 1

−1
|ρ0(x)− c(0, x)|ϕ(0, x)dx ≥ 0,

where F(t, x, ρ, c) = sign(ρ− c) [F(t, x, ρ)− F(t, x, c)], is satisfied

• for any test function ϕ ∈ C∞
c (Π; [0,+∞[) and for any

c(t, x) = pl1x<ξ(t)(x) + pr1x>ξ(t)(x)

such that (pl, pr) ∈ G̃α ;

• for any test function ϕ ∈ C∞
c (Π; [0,+∞[) such that ϕ = 0 on x = ξ(t)

and any constant c(x) = c ∈ R.

Remark 3.5. We could define Gα-entropy process solutions, but since they do not
coincide in general with G̃α-entropy process solutions, we do not use them here.
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The fact that G̃α is maximal L1D is a necessary hypothesis in the following theorem,
see [14, Th: 3.28].

Theorem 3.3. Let G be a maximal L1D germ and let ρ0 be an initial condition for which
the Cauchy problem (3.1) admits a G-entropy solution, ρ. Then there exists a unique G-
entropy process solution µ associated to the initial condition ρ0 and µ(a) = ρ for almost
every a ∈ (0, 1).

Thanks to the existence result proved in [58] we are then sure that our problem
admits a unique solution.

In Chapter 4 of this thesis, we shall prove the convergence of the scheme relying
on the L∞ estimate and on the discrete solution.

3.5 A note on boundary conditions

The main equation considered in this work posed as a Cauchy problem in R needs
to be supplemented with boundary conditions if considered in a boundary do-
main. Indeed implementing a finite volume scheme for (3.1) also requires a re-
striction of R to a bounded domain accompanied by appropriate set of boundary
conditions that must also satisfy the weak formulations previously defined. By
approximate set of boundary conditions, we mean conditions that are physically
meaningful to the problem at hand and the same time fulfills the corresponding
PDE. We hereby state the initial-boundary value problem for the equation studied
in this work by setting Π := [0,+∞)×]− 1, 1[ and Πx =]− 1, 1[.

∂tρ + ∂xF(t, x, ρ) = 0, (t, x) ∈ Π,
ρ(0, x) = ρ0(x), for x ∈ Πx,
ρ(t,±1) = 0, for t > 0,

(3.52)

where ρ ∈ [0, R], F(t, x, ρ) := sign(x − ξ) f (ρ) have the same meaning as intro-
duced for the Cauchy problem (3.1). Following [7], we look for weak solutions in
the following sense:

Definition 3.7. Assume that F, ξ satisfy the same hypothesis as in (3.1), we say
that the map (t, x) 7→ ρ(t, x) is a weak entropy solution to the initial-boundary
value problem (3.52), if ρ is in C0 ([0,+∞[; L1 (Ω; [0, R])

)
and for any c ∈ [0, R],

and any test function ϕ ∈ C∞
c
(
R2; [0,+∞[

)
, the following Kružkov-type entropy
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inequality holds:∫ +∞

0

∫ 1

−1
[|ρ− c|∂t ϕ + F(t, x, ρ, c)∂x ϕ]dxdt

∫ 1

−1
|ρ0(x)− c|ϕ(0, x)dx+

+
∫ +∞

0
[ f (ρ(t, 1−))− f (c)] ϕ(t, 1)dt + 2

∫ +∞

0
f (c)ϕ(t, ξ(t))dt+ (3.53)

+
∫ +∞

0
[ f (ρ(t,−1+))− f (c)] ϕ(t,−1)dt ≥ 0,

where F(t, x, ρ, c) = sign(ρ− c) [F(t, x, ρ)− F(t, x, c)].

The first line in (3.53) originates from the Kružkov definition of entropy weak solu-
tion as would be in the case of a Cauchy problem, [63]. The first term in the second
line and the last line comes from the boundary condition introduced by Bardos et
al [18] where as the last term of the second line accounts for the discontinuity in
the flux along the turning curve. These boundary conditions are intended in the
weak form meaning that the following inequalities

− f (ρ(t,−1+)) ≥ − f (k), for all k ∈ [0, ρ(t,−1+)],
f (ρ(t, 1−)) ≥ f (k), for all k ∈ [0, ρ(t, 1−)],

are satisfied. Compare [7] and [40] where these conditions are verified for the
boundary conditions in the Hughes’ model.
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Chapter 4

Approximate solution and
Convergence to the entropy weak
solution

4.1 Introduction

In this chapter, we derive a numerical scheme that converges to the weak solution
of the problem studied in this thesis. For clarity, we re-state the problem intro-
duced in Chapter 3 below

∂tρ + ∂xF(t, x, ρ) = 0, (t, x) ∈ Π,
ρ(0, x) = ρ0(x), for x ∈ Πx,
ρ(t,±1) = 0, for t > 0.

(4.1)

In equation (4.1), there is the existence of a function t 7→ ξ(t), here referred to as
the turning curve or the flux interface function. Taking ξ to be piecewise linear in
time, we seek to approximate weak entropy solutions to (4.1) in L∞-setting using a
mixture of standard and non-standard finite volume method with a moving mesh
strategy near the turning curve, ξ.

There are multiple approaches that could be applied to solve equations of type
(4.1) for given initial data, such as the vanishing viscosity limit [21, 75], numerical
schemes such as the wave front tracking method [48, 46, 27, 23], and finite differ-
ence/volume method [24, 11, 2, 59, 60] or by solving the corresponding Hamilton-
Jacobi equation of the problem, [1, 21, 4]. In this work, we use the Godunov-type
scheme [50] which is an example of of finite volume methods and has been ex-
tensively used to approximate entropy weak solutions of scalar conservation laws
with discontinuous flux functions. See for instance [2, 60, 10]. It is based on a
numerical flux function whose input argument is the exact solution of a local Rie-
mann problem at each vertical interface (discrete) with data from adjacent cells
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ensuring that there is less numerical diffusion, the numerical flux is conservative
and consistent with the flux function of the problem at hand [67]. This makes the
Godunov scheme a natural choice for us. For a detailed discussion, see Chapter 2
of this thesis.

A straightforward application of the Godunov scheme in its standard form to
problem (4.1) could lead to numerical inaccuracies in the solution at the turn-
ing curve. There are two main issues here that need to be addressed, namely the
undercompressive (non-classical) wave at the turning curve and the space-time
discretization near the turning curve. We already know from chapter 3 that the
Riemann problem at the interface admits non-classical solutions, i.e. non com-
pressive waves, and hence a non-classical Riemann solver was devised to in order
to have an ’entropy’ flux connection between the left and right state value of the
solution at the flux interface. Furthermore, unique intermediate states appears in
the evolution of the solution so as to satisfy the Rankine-Hugoniot jump condi-
tion at the interface whenever the slope of the turning curve changes in time. This
leads to a non-classical Riemann solver, Rα at ξ(t) in which the intermediate states
are captured. Therefore, the Godunov-type scheme we propose in this work uses
a standard Godunov flux away from x = ξ(t) and a modified numerical flux that
is consistent with Rα ’near’ x = ξ(t) for a.e t > 0.

On the second issue, we note that since the turning curve is time-dependent, one
should expect that it may not coincide with at most one cell interface point as the
solution evolves. This shall lead to severe numerical instabilities in the solution
as the turning curve may interact with the self-similar solution of the local Rie-
mann problem. Even if the turning curve does not coincide with a cell interface
point but is very close to it, the ’wave’ emanating from the local Riemann solver at
that interface point may interact with the turning curve before the next time level.
The occurrence of these scenarios shall lead to a breakdown of the straightforward
application of the standard Godunov scheme to (4.1). We deal with this issue by
introducing a moving mesh strategy into the scheme where the turning curve re-
places any nearby interface point (i.e within 1/2∆x), recomputes the density av-
erages in adjacent cells affected by this replacement before applying the modified
flux function mentioned earlier.

Finite volume schemes with moving mesh were originally developed to approx-
imate solutions to hyperbolic problems with propagating phase boundaries, [93],
and have been successfully applied to solve several problems. For instance, see
[31], for an application to the study of traffic dynamics in the presence of a slow
moving vehicle like a bus, which acts as a moving bottleneck. In order to satisfy
the flux constraint and deal with interactions with incoming waves, a non-classical
Riemann’s solver at the bottleneck was enforced by locally shifting the closest cell
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interfaces. The scheme used a locally nonuniform mesh at the bus trajectories
and a tracking algorithm which reconstructs the bus position through its interac-
tion with the density waves. Other applications in [26] can be found for traffic
flow models with different flow regimes and in [39] for phase transition model of
liquid-vapour fluids.

The chapter is organized as follows: we begin with Section 4.2 where we show that
a straightforward application of the standard Godunov scheme to problem (4.1)
fails. The motivates the presentation of our proposed scheme with the moving
mesh near ξ in the Section 4.3. We then deduce some key properties of the scheme
in Section 4.4 which would enable us to prove the convergence of the scheme in
Section 4.5. Finally in Section 4.6, we validate the scheme with several examples
including application to the Hughes’ model of pedestrian flow. We demonstrate
a numerical convergence of the scheme to the weak entropy solution in this final
section.

4.2 The Godunov Scheme

In this section, we demonstrate the failure of the standard Godunov scheme when
applied to (4.1). To introduce the notations, let the spatial and temporal discretiza-
tion parameters ∆x > 0 and ∆t > 0 respectively be given such that the ratio ∆t

∆x is
kept constant. Then the space domain is discretized into cells

[
xj−1/2, xj+1/2

)
, j ∈

Z, where xj±1/2 = (j ± 1/2)∆x and the centers of each of these cells are located
at xj = j∆x. Similarly, the time interval [0, T] is discretized via tn = n∆t, for
n = 0, 1, 2, . . . , N, where N :=

⌊
T/∆t

⌋
+ 1. We denote by ρn

j , the piecewise con-
stant approximate solution x 7→ ρ(tn, x) of (4.1).

Given ρ0(x) ∈ L∞, discretize the initial data in each cell by

ρ0
j =

1
∆x

∫ xj+1/2

xj−1/2

ρ0(x)dx, for all j ∈ Z. (4.2)

With the slope of the turning curve given a priori, we assign ξ0 = ξ(0) as the
initial position of ξ and discretize k(t, x), the flux coefficient at t = 0 as k0

j+1/2 =

sign(xj+1/2 − ξ0). The standard Godunov scheme consists in two main steps:
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Step 1:
Solve the following Riemann problem of our PDE model at each interface xj+1/2:

∂tρ̂ + ∂x
(
sign(xj+1/2 − ξn) f (ρ̂)

)
= 0,

ρ̂0(x) =

{
ρn

j x < xj+1/2

ρn
j+1 x ≥ xj+1/2,

(4.3)

for t ∈ [0, ∆t] to obtain

ρ̂(t, x) = ρ̂

(x− xj+1/2

t− tn ; ρn
j , ρn

j+1

)
for all (t, x) ∈ [0, ∆t]× Cj,

a self-similar solution of (4.3). Note that here the data at t = 0 is obtained from (4.2)
above and the temporal parameter ∆t, is chosen according to the CFL condition

∆t ≤ ∆x
2 ·max

∥∥ fρ̂

∥∥ . (4.4)

The solution to (4.3) over the entire space domain is given by "gluing together" all
the self-similar solutions at each interface so that ρ̂(t, x) is piecewise constant at
each time.

Step 2:
In the next step, we project the piecewise constant solution obtained in step 1 over
each cell Cj at time tn+1, via the update formula:

ρn+1
j =

1
∆x

∫ xj+1/2

xj−1/2

ρ̂(∆t, x)dx, for all j ∈ Z. (4.5)

The following simplifications can be made from (4.5). In the figure 4.1, we integrate
the PDE in (4.3) over the element E = (pqrs) and apply the Green’s theorem to get

0 =
∫ ∫

E
∂tρ̂ + ∂x

(
sign(xj+1/2 − ξn) f (ρ̂)

)
dxdt

0 = ∆xρn+1
j − ∆xρn

j +
∫ ∆t

0
kn

j+1/2 f (ρ̂(0−; ρn
j , ρn

j+1))dt (4.6)

−
∫ ∆t

0
kn

j−1/2 f (ρ̂(0+; ρn
j−1, ρn

j ))dt,

where 0± represents the traces in the Riemann solution at the interfaces xj±1/2. We
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xj−1/2 xj+1/2xj−3/2 xj+3/2

ρn
j ρn

j+1ρn
j−1 p

q r

s

tn+1

tn

ξn+1

FIGURE 4.1: Cell averages with the Riemann problems at each inter-
face.

use 0 with the inspiration that the cell interface is vertical w.r.t. time and hence
the quantity (x − xj+1/2)/(t − tn) is zero at each interface. If the flux across the
interface is defined by

F
(
kn

j±1/2; ρn
j , ρn

j+1
)

:= kn
j±1/2 f (ρ̂(0±; ρn

j , ρn
j+1)),

the the time marching formula can be obtained from (4.6) as

ρn+1
j = ρn

j −
∆t
∆x

[
F
(
kn

j+1/2; ρn
j , ρn

j+1
)
− F

(
kn

j−1/2; ρn
j−1, ρn

j
)]

. (4.7)

For any given kn
j+1/2 < 0(or kn

j+1/2 > 0), the numerical flux function satisfies the
Rankine-Hugoniot condition at xj+1/2

kn
j+1/2 f (ρ̂(0+; ρn

j , ρn
j+1)) = kn

j+1/2 f (ρ̂(0−; ρn
j , ρn

j+1)) (4.8)

if ρ̂(0−; ρn
j , ρn

j+1) is continuous or discontinuous along the line xj+1/2. In the latter
case, a stationary shock located at the interface leads to the condition (4.8). Let’s
introduce the standard Godunov flux

h̄(p, q) =


min

ρ∈[p, q]
f (ρ), if p < q,

max
ρ∈[q, p]

f (ρ), if p ≥ q,
(4.9)

which can be deduced on case by case basis from the solution of the Riemann
problem at the cell interface from which the numerical flux in (4.7), can be written
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as

F
(
kn

j+1/2; ρn
j , ρn

j+1
)
=


h̄(ρj, ρj+1), if kn

j+1/2 < 0,

hα(ρj, ρj+1), if kn
j+1/2 = 0,

h̄(ρj+1, ρj), if kn
j+1/2 > 0,

(4.10)

where hα is defined by

hα(ρn
j , ρn

j+1) =


h̄(ρj, ρj+1), if α > v(ρn

j+1),

h̄(ρj+1, ρj), if α < −v(ρn
j ),

0, otherwise,

(4.11)

is the modified flux at the turning curve. At the next time step, the turning curve
is

ξn+1 = ξn + αn∆t, ∀n ∈N. (4.12)

It must be noted that the Godunov’s flux h̄(q, p) is Lipschitz continuous with re-
spect to both arguments and consistent with f , meaning that h̄(p, p) = f (p). This
also implies that the flux function (4.10) is consistent with the flux function of the
problem (4.3) and hence holds also for (4.1).

4.2.1 The failure of the standard scheme

Since the solution to the Riemann problem is explicitly known from section 3.1.3,
computing the traces at 0+ and 0− away from the turning curve is does not present
a problem in the scheme presented above. Indeed the Rankine-Hugoniot condition
(4.8) is trivially satisfied at the turning curve (which also correspond to xj+1/2 = ξn

for any fixed n ∈ N). However, observe that the Riemann solver at the turning
curve is not classical and so, where the turning curve coincides with the interface,
the line xj+1/2 is no longer a straight vertical line. Without a proper treatment of
the turning curve and the closest cell interface from the previous time step, the
state value ρn+1

j resulting from the update formula can be over- or underestimated
since the averaging procedure at the next time step shall not consider the varying
size of the adjacent. This leads to the following two implications: (1) the input of
the numerical flux may not result from the non-classical Riemann solver at ξ as
presented in section 3.1.3. This shall occur at the next time step where after ap-
plying (4.12), the turning curve coincides with no cell interface. (2) If the scheme
is designed to ensure that the turning curve coincides with at most one interface,
then the cells adjacent to the turning curve have non-uniform sizes. The standard
scheme fails to accommodate the non-uniform sizes of these cells. As a conse-
quence of point (1), we yet modify the numerical flux at the turning curve where
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we introduce a moving mesh strategy in the scheme to resolve the problem posed
by (2).

4.3 A finite volume scheme with moving mesh

In this section, we present the numerical scheme that deals with the numerical
instabilities observed at the turning curve in the straightforward application of
the standard Godunov scheme to (4.1). Our strategy consists in adapting the finite
volume mesh near to ξ such that ξ is actually a cell interface point at which the
solution of the non classical Riemann solver (Rα) will have to be computed and
a modified numerical flux defined accordingly. This is a slight departure from
the mesh adaptation strategy introduced in [93] and applied in [31], where one
replaces the cell interface nearest to ξ and shifts an adjacent interface point after
which new temporal density averages are computed in the two adjacent cells by a
Lagrange interpolation formula. Even though this scheme is conservative, the re-
computation of the new averages makes it impossible to proof the well-balanced
property of such scheme.

As the scheme introduced here does not use a re-computation formula, the well-
balanced property is straightforward. This would allow one to prove the conver-
gence of the scheme to the weak entropy solution.

We use the following notations, let
• ∆t > 0 be the time step,
• xn

j+1/2 be the set of grid points for j ∈ Z, at time tn,
• Cj, be a computational cell, and Cn

j the computational cells at tn,
• ∆x be the length of the cell Cj and ∆xn

j , the length of each cell at time tn.

4.3.1 Discretization

Let ∆x > 0 fixed, and xj+1/2 := (j + 1/2)∆x be the set of cell interface points with
centers xj = j∆x, for J0 < j < J1, where

J0 =

[
− 1

∆x
+

1
2

]
, J1 =

[
1

∆x
− 1

2

]
.

Here above, [x] denotes the integer part of the real number x, that is, the only
integer that satisfies [x] ≤ x < [x] + 1. Then, let set Z∗ := {j ∈ Z : J0 ≤ j ≤ J1}.
That is J0, J1 are indices of the computational cells (to be properly defined later)
satisfying −1 ∈ C J0 and 1 ∈ C J1 respectively.
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For a fixed T > 0, choose ∆t > 0, and discretize the time interval [0, T] by tn = n∆t,
for all n ∈ N. Suppose that the turning point curve is given by t 7→ ξ(t) ∈
Lip
(
[0, T], (−1, 1)

)
, and denote by α ∈ R its slope discretized by

αn =
1

∆t

∫ tn+1

tn
ξ ′(t)dt, n ∈N,

then trajectories of the turning curve is discretized by (4.12) which we repeat as
ξn+1 = ξn + αn∆t.

tn+1

tn

tn+2

tn+3

xm(n)−1/2 xm(n)+3/2 xm(n)+5/2xm(n)−3/2xm(n)−5/2

ρn
m(n)−2 ξn ρn

m(n)+1ρn
m(n)−1

ρn
m(n)+2

ρn+1
m(n+1)−1

ρn+2
m(n+2)+1

ρn+1
m(n+1)+1

ρn+2
m(n+2)−1

ρn+3
m(n+3)−1 ρn+3

m(n+3)+1

ρn+4
m(n+4)−1 ρn+4

m(n+4)+1

tn+4

tn+5

ρn
m(n)+3

FIGURE 4.2: Illustration of cases A and B. Dashed lines is used to
imply that the corresponding cell boundary is cancelled.

Starting from xj+1/2, the moving mesh at each time tn, denote Tn
j+1/2 is given as

Tn
j+1/2 :=


xj−1/2, if j ≤ m(n)− 1,
ξn, if j = m(n),
xj+1/2, if j ≥ m(n) + 1,

(4.13)

where m(n) ∈ Z∗ is unique such that ξn ∈
[

xm(n)−1/2, xm(n)+1/2

)
for every n.

This implies that the set of intervals Cj :=
[
xj−1/2, xj+1/2

)
for each j ≤ m(n)− 2

and Cj+1 :=
[
xj−1/2, xj+1/2

)
for each j ≥ m(n) + 2 have fixed length of ∆x, and are
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parts of the computational cell. The remaining parts are for j = m(n)± 1 defined
by Cm(n)−1 :=

[
xm(n)−3/2, ξn

)
and Cm(n)+1 :=

[
ξn, xm(n)+3/2

)
with variable sizes

∆xm(n)−1 := ξn − xm(n)−3/2 and ∆xm(n)+1 := xm(n)+3/2 − ξn respectively. Then

Cn
j := Cj ×

[
tn, tn+1), ∀j ∈ Z∗ \m(n), ∀n ∈N,

represents the computational cells and

Π̃ :=
⋃

n∈N

⋃
j 6=m(n)

Cn
j .

as the cell grid discretization of Π. Assume the following CFL condition

∆t max
{∥∥ f ′

∥∥
∞,
∥∥ξ ′
∥∥

∞

}
≤ 1

2
∆x, (4.14)

then in projecting the grid at time tn+1, three cases arises for the definition of
the moving mesh Tn+1

j+1/2 namely, Case A: m(n + 1) = m(n), Case B: m(n + 1) =

m(n) + 1 and Case C: m(n + 1) = m(n)− 1.

Indeed, if the CFL condition (4.14), holds then
∣∣ξn+1 − ξn

∣∣ ≤ 1/2∆x and that the
turning curve ξ(t) crosses at most one boundary cell in the time strip

[
tn, tn+1).

The third case is possible only if αn < 0 and since the solution to (4.1) is symmetric,
we conclude that this case is very similar to that of cases A with B. For this reason,
we shall present the scheme in the light of only cases A and B.

Case A: m(n + 1) = m(n). This case leads to the same definition of the mesh as in
(4.13). Then Tn+1

j+1/2 = Tn
j+1/2, ∀j ∈ Z∗ and ∀n ∈N. See Figure 4.3.

Case B: m(n + 1) = m(n) + 1. Here it can be noticed that the line joining (ξn, tn)
and (ξn+1, tn+1) crosses the vertical line x = xm(n)+1/2. See Figure 4.4. The moving
mesh at tn+1, is similarly updated as

Tn+1
j+1/2 :=


xj−1/2, if j ≤ m(n + 1)− 1,
ξn+1, if j = m(n + 1),
xj+1/2, if j ≥ m(n + 1) + 1.

(4.15)

The intervals
[

xm(n)−1/2, ξn+1
)

and
[
ξn+1, xm(n)+5/2

)
are the cells adjacent to ξn+1

respectively from the left and right. With the exception of these two intervals, all
other intervals at tn+1 have the fixed size of ∆x. The computational cells are then
updated accordingly.
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a

b

c

d

e

f

xm(n)−3/2 ξn

ξn+1

xm(n)+5/2xm(n)−5/2 xm(n)+3/2

xm(n)−5/2 xm(n)−3/2 xm(n)+3/2 xm(n)+5/2

FIGURE 4.3: Illustration of mesh adaptation for Case A.

a

b

c

d

e

f

xm(n)−1/2

xm(n)−3/2 ξn

ξn+1

xm(n)+5/2

xm(n)+5/2

∆x

xm(n)−3/2

xm(n)+7/2xm(n)+3/2

xm(n)+7/2

b′

FIGURE 4.4: Illustration of mesh adaptation for Case B. In this case,
the indices of the mesh is shifted forward by one after projecting the

mesh at tn+1.

Remark 4.1. In Case B, note that while the grid point xm(n)−1/2 is now included in
the mesh, the grid point xm(n)+3/2 is excluded at tn+1.

Remark 4.2. This discretization procedure ensures that at each time, tn the total
length of the two cells adjacent to ξn, from the left and right is 3∆x. Furthermore,
the total number of computational cells at each time is kept constant. See Figure
4.2.

4.3.2 The Numerical scheme

We now proceed to derive the numerical scheme. Recall that ρn
j , is the piecewise

constant approximate solution x 7→ ρ(tn, x) of (4.1). At tn, the approximate solu-
tion is

ρ(tn, x) =
m(n)−2

∑
j=J0

ρn
j 1Cj(x) + ρn

m(n)−11[xm(n)−3/2, ξn)(x) + ρn
m(n)+11[ξn, xm(n)−3/2)

(x)

+
J1

∑
j=m(n)+2

ρn
j 1Cj+1(x). (4.16)
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We start by discretizing the initial data ρ0(x) ∈ L∞(R) with discretized by:

ρ0
j =


1

∆x

∫ xj+1/2
xj−1/2

ρ0(x)dx, j 6= m(0)± 1,
1

ξ0−xm(0)−3/2

∫ ξ0

xm(0)−3/2
ρ0(x)dx, j = m(0)− 1,

1
xm(0)+3/2−ξ0

∫ xm(0)+3/2

ξ0 ρ0(x)dx, j = m(0) + 1.

(4.17)

This choice implies that
(

ρ0
j

)
j∈Z∗\m(0)

is its mean value on the computational cells.

To simplify the notations, lets denote the following functions

hn−
j+1/2(a, b) = h̄(b, a) hn+

j+1/2(a, b) = h̄(a, b) (4.18)

as the numerical flux if x < ξ(t), and x > ξ(t) respectively, where h̄ represents the
Godunov flux function already given in (4.9). At x = ξ(t), we use the modified
flux hα,

hα(a, b) =


f (b)− αb, if α > v(b),
− f (a)− αa, if α < −v(a),

0, otherwise,
(4.19)

coming from the non-classical Riemann solver Rα introduced in section 3.1.3.

If j ≤ m(n)− 2 and j ≥ m(n) + 2, the standard time marching formulas with the
standard Godunov flux from (4.9) (here denoted as hn−

j+1/2(ρ
n
j , ρn

j+1) if j ≤ m(n)− 2
and hn+

j+1/2(ρ
n
j , ρn

j+1) if j ≥ m(n) + 2) becomes respectively as

ρn+1
j = ρn

j −
∆t
∆x
[
hn−

j+1/2(ρ
n
j , ρn

j+1)− hn−
j−1/2(ρ

n
j−1, ρn

j )
]
. (4.20a)

and
ρn+1

j = ρn
j −

∆t
∆x
[
hn+

j+1/2(ρ
n
j , ρn

j+1)− hn+
j−1/2(ρ

n
j−1, ρn

j )
]
. (4.20b)

If j = m(n)± 1, we derive first the formulae of the Riemann solver at ξn for case B
and infer for the other cases. Consider the elements E1 = (acdb) and E2 = (ce f d)
to be computational cells of interest. See Figure 4.4. Then by conservation, the
following integral over E = E1 ∪ E2 should satisfy:∫∫

E
(∂tρ + ∂xF(t, x, ρ)) dxdt = 0.
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We detail the derivation over E1. By applying the Green’s theorem and integrating
along the interface in E1 give:

∫ ξn+1

xm(n+1)−3/2

ρ(tn+1, x)dx =
∫ ξn

xn
m(n)−3/2

ρ(tn, x)dx

−
∫ tn+1

tn

[
F
(

t, ξ(t),Rαn
(ρn

m(n)−1, ρn
m(n)+1)

)
− F

(
t, xm(n)−3/2,R−(ρn

m−2, ρn
m(n)−1)

)]
dt.

Set ρn+1
m(n+1)−1 the average of ρ on

[
xn+1

m(n+1)−3/2, ξn+1
)

defined by

ρn+1
m(n+1)−1 :=

1
ξn+1 − xm(n+1)−3/2

∫ ξn+1

xm(n+1)−3/2

ρ(tn+1, x)dx.

This leads to the marching formula(
ξn+1 − xm(n+1)−3/2

)
ρn+1

m(n+1)−1 =
(

ξn − xm(n)−3/2

)
ρn

m(n)−1

− ∆t
[

hαn
(

ρn
m(n)−1, ρn

m(n)+1

)
− hn−

(
ρn

m(n)−2, ρn
m(n)−1

)]
(4.21)

Similarly the update formula in Cm(n)+1 writes(
xm(n+1)+3/2 − ξn+1

)
ρn+1

m(n+1)+1 =
(
xm(n)+3/2 − ξn)ρn

m(n)+1 + ∆xρn
m(n)+2

− ∆t
[

hn+(ρn
m(n)+1, ρn

m(n)+2)− hαn
(

ρn
m(n)−1, ρn

m(n)+1

)]
(4.22)

For case A, the same procedure yields the time marching formula if j = m(n)− 1(
ξn+1 − xm(n+1)−3/2

)
ρn+1

m(n+1)−1 =
(

ξn − xm(n)−3/2

)
ρn

m(n)−1

− ∆t
[

hαn
(

ρn
m(n)−1, ρn

m(n)+1

)
− hn−

(
ρn

m(n)−2, ρn
m(n)−1

)]
,

(4.23)
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whereas if j = m(n) + 1, it writes(
xm(n+1)+3/2 − ξn+1

)
ρn+1

m(n+1)+1 =
(

xm(n)+3/2 − ξn
)

ρn
m(n)+1

− ∆t
[

hn+
(

ρn
m(n)+1, ρn

m(n)+2

)
− hαn

(
ρn

m(n)−1, ρn
m(n)+1

)]
.

(4.24)

Compared with the scheme presented of the section 4.2, this modified scheme
has a moving grid at x = ξ(t) where a non-classical Godunov-type flux is also
applied. Obviously, the interface line corresponding to the turning curve is non-
vertical. Therefore the discretization ensures that ξ(t) is also a numerical cell inter-
face point. A key advantage of the scheme is that it accounts for the non-uniform
sizes of the two cells adjacent to the turning curve at each time. Using the equa-
tions (4.20 - 4.24), the approximate solution over the entire domain a.e. is obtained
by patching together the piecewise constant values

ρ∆(t, x) := ∑
n∈N

m(n)−1

∑
j=J0

ρn
j 1[n∆t,(n+1)∆t)(t)1[xj−1/2,xj+1/2)

+ ∑
n∈N

J1

∑
j=m(n)+1

ρn
j 1[n∆t,(n+1)∆t)(t)1[xj−1/2,xj+1/2)

. (4.25)

We make the following remarks:

Remark 4.3. Following Remark 4.1, numerical conservation in (4.20a), implies
putting the same density value over the sub-intervals

[
xm(n)−3/2, xm(n)−1/2

)
, and[

xm(n)−1/2, ξn+1
)

at time tn+1.

4.4 Analysis of the scheme

It would be interesting to analyse the mathematical properties of the above scheme
so that questions regarding consistency, stability, entropy conditions and conver-
gence to entropy solutions can be addressed. The non-uniform meshes near the
turning curve which also leads to the moving mesh complicates the rigorous anal-
ysis of the convergence of the scheme. In this section, we deduce some preliminary
properties that could pave way to further prove the of the numerical scheme pre-
sented above.
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4.4.1 Conservation and well-balanced

It is well-known that in general non conservative schemes converges to wrong
solutions [55]. Indeed our choice of flux function in the above scheme as well
as the mesh adaptation near the flux interface obscures the obviousness of the
conservative property of the scheme. In the next proposition, we show that the
scheme is conservative and so by the Lax-Wendroff Theorem [64] gives hope that
it converges to a weak solution of (4.1).

Proposition 4.1. The numerical scheme proposed is conservative and thus satisfies

J1

∑
j=J0,

j 6=m(n+1)

ρn+1
j ∆xn+1

j =
J1

∑
j=J0,

j 6=m(n)

ρn
j ∆xn

j − ∆t
(

hn+
J1+1/2 − hn−

J0−1/2

)
(4.26)

Proof. To show that the scheme is conservative, we start by observing that the
approximate solution satisfies the following integral

∫ 1

−1
ρ(tn+1, x)dx =

∫ ξn+1

−1
ρ(tn+1, x)dx +

∫ 1

ξn+1
ρ(tn+1, x)dx. (4.27)

Equivalently, this can be written for Case B as

J1

∑
j=J0,

j 6=m(n)+2

ρn+1
j ∆xn+1

j =
m(n)−2

∑
j=J0

ρn+1
j ∆xn+1

j +
(

ξn+1 − xm(n+1)−3/2

)
ρn+1

m(n+1)−1

+
(

xm(n+1)+3/2 − ξn+1
)

ρn+1
m(n+1)+1 +

J1

∑
j=m(n)+3

ρn+1
j ∆xn+1

j . (4.28)

Substituting (4.20), (4.21) and (4.22) for ρn+1
j , performing telescoping summation,

collecting and cancelling the flux terms leads to

J1

∑
j=J0,

j 6=m(n)+2

ρn+1
j ∆xn+1

j =
m(n)−2

∑
j=J0

ρn
j ∆x +

(
ξn − xm(n)−3/2

)
ρn

m(n)−1

+
(

xm(n)+3/2 − ξn
)

ρn
m(n)+1 + ∆xρn

m(n)+2 +
J1

∑
j=m(n)+3

ρn
j ∆x

−∆t
(
hn+

J1+1/2 − hn+
J0−1/2

)
.
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The r.h.s of the above equation is clearly equivalent to that of (4.26). A similar
consideration if case A leads to the same conclusion concluding the proof.

We now turn our attention to the ’well-balanced’ property of the scheme. The
basic idea of well-balanced schemes the approximate solution exactly preserves
the steady states solution of the problem. According to the analysis of Chapter 3
of this thesis, we shall be interested in stationary solutions that the form ρ(t, x) =
ρL1x<ξ(t) + ρR1x>ξ(t) with ρL, ρR belonging Gα [15]. Indeed, the definition of the
numerical flux functions and the consistency, this scheme verifies the well-balance
property of the solutions of (4.1). We prove this property in the next lemma.

Lemma 4.1. Let t 7→ ξ(t) = αt for α ∈ R and choose (ρL, ρR) ∈ [0, R]2 such that

f (ρR)− αρR = − f (ρL)− αρR, (4.29)

holds and consider the initial condition

ρ0(x) =

{
ρL, if x < ξ(0),
ρR, if x > ξ(0).

(4.30)

Then numerical scheme (4.20 - 4.24) preserves the exact states from (4.30), ρ(t, x) =
ρL1{x<ξ(t)} + ρR1{x>ξ(t)}. Thus

ρn
j = ρL1{j≤m(n)−1} + ρR1{j≥m(n)+1}, ∀n ≥ 0. (4.31)

Proof. We prove by induction. We make the prove for case B, case A is analogous.
Suppose we are given the initial mesh, T0

j+1/2, then clearly ρ0
j = ρL, if j ≤ m(0)− 1,

and ρ0
m(0)+1 = ρR if j ≥ m(0) + 1 thanks to the discretized ρ0(x) in (4.17).

This implies that If j ≤ m(1)− 2 = m(0)− 1, then

ρ1
j = ρ0

j −
∆t
∆x

[
h0−(ρ0

j , ρ0
j+1)− h0−(ρ0

j−1, ρ0
j )
]
= ρL,

and if j ≥ m(1) + 2

ρ1
j = ρ0

j −
∆t
∆x

[
h0+(ρ0

j , ρ0
j+1)− h0+(ρ0

j−1, ρ0
j )
]
= ρR,
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Indeed if j = m(1)− 1, then (4.21) writes

ρ1
m(1)−1 =

ρ0
m(0)−1

(
ξ0 − xm(0)−3/2

)
− ∆t

[
hα − h0−

m(0)−3/2

]
ξ1 − xm(1)−3/2

=
ρL(ξ

0 − xm(0)−3/2) + α0ρL∆t
ξ1 − xm(1)−3/2

= ρL,

using hα
(
ρ0

m(0)−1, ρ0
m(0)+1

)
= − f (ρL)− αρL by (4.29) and ξ1 = ξ0 + α0∆t, and that

xm(1)−3/2 = xm(0)−1/2 for the Case B.

Similarly if j = m(1) + 1, then the right density average (4.22) leads to

ρ1
m(1)+1 =

(xm(0)+3/2 − ξ0)ρ0
m(0)+1 + ∆xρ0

m(0)+2 − ∆t
[

h0+
m(0)+3/2 − hα

]
xm(1)+3/2 − ξ1

=
(xm(0)+3/2 − ξ0)ρR + ∆xρR − ∆t

[
h0+

m(0)+3/2 − hα
]

xm(0)+5/2 − ξ1 = ρR,

since h0+
m(0)+3/2 − hα = αρR and ρ0

j = ρR, j ≥ m(0) + 1. A similar computation
for the Case A yields the same result and hence omitted to avoid repetition. This
implies that for n ≥ 1, we can iterate this to have

ρn
j =

1
|Cn

j |

∫ xn
j+1/2

xn
j−1/2

ρ(tn, x)dx, ∀j ∈ Z∗ \ {m(n)},

given in (4.31), completing the proof.

Recall the complete admissibility germ, Gα defined in Chapter 3 of this thesis. A
useful interpretation of this lemma is that if ρ0 ∈ Gα, then the approximate solution
with the adapted mesh scheme also belongs to the germ. This will come in handy
when one needs to prove convergence of the scheme to G entropy process solutions
using the L∞ stability estimate and the discrete entropy inequality.

For the remaining sections, we introduce the following functions in order to keep
the presentation of the scheme simple

Hm(n)−1(a, b, c) =

(
ξn − xm(n)−3/2

)
b− ∆t [hα(b, c)− hn−(a, b)]

ξn+1 − xm(n+1)−3/2
, (4.32a)
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Hm(n)(a, b, c) =

(
xm(n)+3/2 − ξn

)
b− ∆t [hn+(b, c)− hα(a, b)]

xm(n+1)+3/2 − ξn+1 , (4.32b)

Hm(n)+1(a, b, c) =

(
xm(n)+3/2 − ξn

)
b + ∆xc− ∆t [hn+(b, c)− hα(a, b)]

xm(n+1)+3/2 − ξn+1 . (4.32c)

These functions are the distinct marching formulae based on the equations (4.21),
(4.22) and (4.24).
The resulting finite volume scheme comes down to the following set of equations:

for j ≤ m(n + 1)− 2,

ρn+1
j = ρn

j −
∆t
∆x
[
hn−

j+1/2(ρ
n
j , ρn

j+1)− hn−
j−1/2(ρ

n
j−1, ρn

j )
]
, ∀n ∈N, (4.33)

ρn+1
m(n+1)−1 = Hm(n)−1

(
ρn

m(n)−2, ρn
m(n)−1, ρn

m(n)+1

)
, either A or B , ∀n ∈N,

(4.34)

ρn+1
m(n+1)+1 =

{
Hm(n)(ρ

n
m(n)−1, ρn

m(n)+1, ρn
m(n)+2), if Case A,

Hm(n)+1(ρ
n
m(n)−1, ρn

m(n)+1, ρn
m(n)+2), If Case B,

∀n ∈N,

(4.35)

for j ≥ m(n + 1) + 2,

ρn+1
j = ρn

j −
∆t
∆x
[
hn+

j+1/2(ρ
n
j , ρn

j+1)− hn+
j−1/2(ρ

n
j−1, ρn

j )
]
, ∀n ∈N, (4.36)

with ρ0
j given by (4.17), ∀j ∈ Z∗.

4.4.2 Stability of the scheme

In the next lemma, we prove an L∞−estimate on the approximate solution of (4.1).
For the following sections, let’s introduce the notation ∂iH : [0, R]3 7→ R be the
partial derivative w.r.t. the i−th dependent argument of the function H. The func-
tion in (4.32a - 4.32c) allows the scheme to be written as a function of up to four
arguments and from this function, one can prove the stability and monotonicity of
the scheme. See [41].

Lemma 4.2. Assume that ρ0 ∈ L∞(Ω; [0, R]), R > 0 and τξ be the mesh by the discretiza-
tion scheme, then under the CFL condition (4.14), the numerical scheme is monotone and
the finite volume approximate solution ρ∆(t, x) given by the scheme satisfies

0 ≤ ρn
j ≤ R, ∀ J0 ≤ j ≤ J1, ∀n ∈N.
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Proof. In what follows, we drop the superscript n on ρ and α for notation conve-
nience. We first verify that the scheme is monotone i.e. hn± and hα, defined at
(4.18) and (4.19) respectively, are non-decreasing in their first argument and non-
increasing in their second argument.

Observe immediately that hα(ρm(n)−1, ρm(n)+1) and hn±
j±1/2 Lipschitz continuous in

both arguments with Lipschitz constant ‖ f ′‖∞ and max{‖ f ′‖∞, |α|}. Therefore the
montonicity of the scheme can be studied using their derivatives. Since the flux
is classical for j /∈ {m(n) − 1, m(n) + 1}, it is easy to infer monotonicity of the
scheme from the classical properties of the standard Godunov fluxes hn±. See also
[87, Proposition 2.1]. We then focus on hα.

Recall from Lemma 3.2 of Chapter 3 of this thesis that if α > v(ρm(n)+1), there exist
a unique ρ∗ such that interface numerical flux writes, hα = hα(ρm(n)−1, ρm(n)+1) =

− f (ρ∗)− αρ∗ = f (ρm(n)+1)− αρm(n)+1.

This implies that, ∂1hα = 0 and

∂2hα = f ′(ρm(n)+1))− α = ρm(n)+1v′(ρm(n)+1) + v(ρm(n)+1)− α < 0,

since v is a decreasing function. Similarly, if α < −v(ρm(n)−1) then hα = f (ρ∗)−
αρ∗ = − f (ρm(n)−1) − αρm(n)−1 and the partial derivative w.r.t. first argument is
given by

∂1hα = − f ′(ρm(n)−1)− α = −ρm(n)−1v′(ρm(n)−1)− v(ρm(n)−1)− α > 0,

and ∂2hα = 0. Next, we show that the functions Hm(n)−1 and Hm(n)+1 defined in
(4.32a) and (4.32c) respectively are non-decreasing functions in all their arguments.

Lets start with Hm(n)+1 and differentiate w.r.t. the first argument

∂1Hm(n)+1(a, b, c) =
∆t∂1hα(a, b)

xm(n+1)+3/2 − ξn+1 ≥ 0
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by the monotone arguments of hα presented above and

∂3Hm(n)+1(a, b, c) =
∆x

xm(n+1)+3/2 − ξn+1 −
∆t∂2hn+

m(n)+3/2(b, c)

xm(n+1)+3/2 − ξn+1

≥ ∆x− ∆t max{‖ f ′‖∞, ‖ξ ′‖∞}
xm(n+1)+3/2 − ξn+1

≥ ∆x− 1/2∆x
xm(n+1)+3/2 − ξn+1 ≥ 0.

The partial derivative w.r.t. the second argument also gives

∂2Hm(n)+1(a, b, c) =
(xm(n)+3/2 − ξn)− ∆t

[
∂1hn+

m(n)+3/2(b, c)− ∂2hα(a, b)
]

xm(n+1)+3/2 − ξn+1 .

(4.37)
We now verify that (4.37) is non-negative for all α.

1) If α ∈ [−v(ρm(n)−1), v(ρm(n)+1)] or α < −v(ρn
m(n)−1), then (4.37) is

∂2Hm(n)+1(a, b, c) =
xm(n)+3/2 − ξn − ∆t∂1hn+

m(n)+3/2(b, c)

xm(n+1)+3/2 − ξn+1

≥
∆x− ∆t∂1hn+

m(n)+3/2(b, c)

xm(n+1)+3/2 − ξn+1 ,

which is non-negative by the same deduction as in ∂3Hm(n)+1 above.
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2) If α > v(ρm(n)+1), then (4.37) becomes

∂2Hm(n)+1(a, b, c) ≥
∆x− ∆t

[
∂1hn+

m(n)+3/2(b, c)− ∂2hα(a, b)
]

xm(n+1)+3/2 − ξn+1

=
∆x− ∆t

[
∂1hn+

m(n)+3/2(b, c)− f ′(b) + α
]

xm(n+1)+3/2 − ξn+1

≥ ∆x− ∆t (2‖ f ′‖∞ + |ξ ′‖∞)

xm(n+1)+3/2 − ξn+1

≥ ∆x− 3∆t max{‖ f ′‖∞, |ξ ′‖∞}
xm(n+1)+3/2 − ξn+1

≥ 2/3∆x
xm(n+1)+3/2 − ξn+1 ≥ 0,

provided that a stricter version of the CFL condition (4.14) holds:

∆t max{
∥∥ f ′
∥∥

∞,
∥∥ξ ′
∥∥

∞} ≤
1
3

∆x.

Next, we proof the stability of the scheme. That is to verify that
(

ρn
j

)J1

j=J0
lies in

[0, R], then
(

ρn+1
j

)J1

j=J0
also belongs to [0, R]. It is easy to verify that

Hm(n)−1(0, 0, 0) = 0

and
Hm(n)(0, 0, 0) = Hm(n)+1(0, 0, 0) = 0,

because of the consistency of hn± and hα. Similarly

Hm(n)+1(R, R, R) =
(xm(n)+3/2 − ξn)R + ∆xR− ∆t

[
hn+

m(n)+3/2(R, R)− hαn
(R, R)

]
xm(n+1)+3/2 − ξn+1 ,

=
(xm(n)+3/2 − ξn)R + α∆tR

xm(n+1)+3/2 − ξn+1 = R,

for all α ∈ R. The same calculations for Hm(n)−1(R, R, R) and Hm(n)(R, R, R) yields
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the same results and hence is omitted to avoid repetition. Therefore we can con-
clude that

0 ≤ ρn
j ≤ R ∀ J0 ≤ j ≤ J1, ∀n ∈N,

to complete the proof.

Another important property of a scheme that justifies the convergence of scheme
to entropy weak solutions, is to show that it possesses a discrete per cell entropy
inequality. Using this inequality allows one to pass to the continuous entropy
inequality as ∆x → 0. See [41]. We shall adapt the following notations,

a ⊥ b = min(a, b) and a>b = max(a, b).

Proposition 4.2. Let ρn
j , ∀n, j be the finite volume approximate solution obtained by the

monotone scheme (4.20 - 4.24). Suppose the pair of constants (κ−, κ+) ∈ [0, R]2 satisfying
(4.29) defines the peicewise constant function

κn
j =

{
κ− if j < m(n)− 1,
κ+ if j ≥ m(n) + 1.

(4.38)

Then under the CFL condition (4.14), the following discrete ’per cell’ entropy inequality
holds:

|ρn+1
j − κn+1

j |∆x ≤

 |ρ
n
j − κ−|∆x− ∆t

(
Hn−

j+1/2 − Hn−
j−1/2

)
if j ≤ m(n + 1)− 2,

|ρn
j − κ+|∆x− ∆t

(
Hn+

j+1/2 − Hn+
j−1/2

)
, if j ≥ m(n + 1) + 2.

(4.39)
Furthermore, if j = m(n + 1)− 1∣∣∣ρn+1

j − κ−
∣∣ ≤ ξn − xm(n)−3/2

ξn+1 − xm(n+1)−3/2

∣∣∣ρn
m(n)−2 − κ−

∣∣∣−
∆t

ξn+1 − xm(n+1)−3/2

(
Hα − Hn−

m(n)−3/2

)
(4.40)
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and if j = m(n + 1) + 1,∣∣∣ρn+1
j − κ+

∣∣ ≤ xm(n)+3/2 − ξn

xm(n+1)+3/2 − ξn+1

∣∣∣ρn
m(n)+1 − k+

∣∣∣
+

∆x
xm(n+1)+3/2 − ξn+1

∣∣∣ρn
m(n)+2 − k+

∣∣∣− ∆t
xm(n+1)+3/2 − ξn+1

(
Hn+

m(n)+3/2 − Hα
)

,

(4.41)

where,

Hn+
j+1/2 = hn−

j+1/2(ρ
n
j >κ+, ρn

j+1>κ+)− hn+
j+1/2(ρ

n
j ⊥ κ+, ρn

j+1 ⊥ κ+),

Hn−
j+1/2 = hn−

j+1/2(ρ
n
j >κ−, ρn

j+1>κ−)− hn−
j+1/2(ρ

n
j ⊥ κ−, ρn

j+1 ⊥ κ−),

Hα = hα(ρn
m(n)−1>κ−, ρn

m(n)+1>κ+)− hα(ρn
m(n)−1 ⊥ κ−, ρn

m(n)+1 ⊥ κ+).

Proof. First, let’s observe that the constants, κ− and κ+ are ’steady state solutions’
of (4.1) thanks to the well-balanced property given in Lemma 4.1.
Since we use the classical Godunov flux and marching formulas for j 6= m(n),
m(n) + 2 then the discrete entropy inequality is simply

|ρn+1
j − κn

j | − |ρn
j − κn

j |
∆t

−
Hn±

j+1/2 − Hn±
j−1/2

∆x
≤ 0, (4.42)

using case B. This can be verified using the same approach in [41]. However,
for j = m(n + 1) − 1 and m(n + 1), we deduce the following using Case B. If
j = m(n + 1)− 1, then

Hm(n)−1(κ
n
j , κn

j , κn
j ) =

κ−(ξn − xm(n)−3/2)− ∆t [hα(κ−, κ+)− hn−(κ−, κ−)]

ξn+1 − xm(n+1)−5/2

= κ−.



4.4. Analysis of the scheme 93

The monotonicity of Hm(n)−1 implies,

ρn+1
m(n+1)−1 ⊥ κ− ≥

(ξn − xm(n)−3/2)ρ
n
m(n)−2 ⊥ κ−

ξn+1 − xm(n+1)−3/2

− ∆t
ξn+1 − xm(n+1)−3/2

[
hα(ρn

m(n)−1 ⊥ κ−, ρn
m(n)+1 ⊥ κ−)

−hn−(ρn
m(n)−2 ⊥ κ−, ρn

m(n)−1 ⊥ κ−)
]

,

= Hm(n)−1(ρ
n
m(n)−2 ⊥ κ−, ρn

m(n)−1 ⊥ κ−ρn
m(n)+1 ⊥ κ−).

Similarly

ρn+1
m(n+1)−1>κ− ≤ Hm(n)−1(ρ

n
m(n)−2>κ−, ρn

m(n)−1>κ−, ρn
m(n)+1>κ−).

Therefore∣∣∣ρn+1
m(n)−1 − κ−

∣∣ = ρn+1
m(n)−1>κ− − ρn+1

m(n)−1 ⊥ κ−,

≤
ξn − xm(n)−3/2

ξn+1 − xm(n+1)−3/2

(
ρn

m(n)−2 ⊥ κ− − ρn
m(n)−2 ⊥ κ−

)
− ∆t

ξn+1 − xm(n+1)−5/2

(
Hα − Hn−

m(n)−3/2

)
,

=
ξn − xm(n)−3/2

ξn+1 − xm(n)−3/2

∣∣∣ρn
m(n)−2 − κ−

∣∣∣− ∆t
ξn+1 − xm(n)−3/2

(
Hα − Hn−

m(n)−3/2

)
,

which is exactly (4.40).

In a similar way, if j = m(n + 1), we know that the function Hm(n)+1 is also non-
decreasing in all its argument. We deduce that∣∣∣ρn+1

m(n+1) − κ+
∣∣ ≤ Hm(n)+1(ρ

n
m(n)−1>κ+, ρn

m(n)+1>κ+, ρn
m(n)+2>κ+)

−Hm(n)+1(ρ
n
m(n)−1 ⊥ κ+, ρn

m(n)+1 ⊥ κ+, ρn
m(n)+2 ⊥ κ+)

=
xm(n)+3/2 − ξn

xm(n+1)+3/2 − ξn+1

∣∣∣ρn
m(n)+1 − k+

∣∣∣+ ∆x
xm(n+1)+3/2 − ξn+1

∣∣∣ρn
m(n)+2 − k+

∣∣∣
− ∆t

xm(n+1)+3/2 − ξn+1

(
Hn+

m(n)+3/2 − Hα
)

,

which is the inequality (4.41). The same deductions can be done for case A.
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4.5 On the convergence of scheme

In this section, we study the convergence of the scheme defined by (4.20) - (4.24).
The first step to prove convergence of a numerical scheme is to establish the com-
pactness of the approximate solution. It consists in obtaining a spatial bound on
the total variation, and then pass to the limit of the solution along a converging
subsequence. As scalar conservation laws with discontinuous flux are known to
be resonant systems, thus a system with no spatial total variation bound for the
conserved variable ρ, it is almost impossible to establish convergence using this
standard approach [3, 4]. Nevertheless, this difficulty has been overcome by sev-
eral authors who have studied conservation laws with space discontinuous flux
function via the so-called Temple functionals. The functional is named after Tem-
ple [85], who was the first to propose the singular differentiable transformation
denoted Φ : (ρ, k) 7→ (z, k) such that the variation of the approximate solutions
remains uniformly bounded in the zc−plane and therefore the Helly’s theorem,
when applied on this functional, gives convergence (along a subsequence) of the
approximate solutions. As mentioned in the previous chapter of this thesis, the
problem considered in this work has no bound on the total variation to the best of
our knowledge. For this reason, we look for an alternative approach to prove the
convergence of the scheme.

An alternative analytical tools utilized to prove convergence for discontinuous
flux problems are the compensated compactness approach originally introduced
in [84] and first applied in [59] to prove convergence of approximate solutions
by the Lax-Friedrichs scheme to the weak entropy solution. It was shown that
compensated compactness method handles sign changes in the discontinuous co-
efficient very well and does not required any convex/concave assumptions on the
flux function as well. However, it must be noted that the Lax-Friedrichs scheme
has a numerical viscosity, an approximating term in the r.h.s of (1.13), with which
W−1,2

loc compactness was established and relied upon to prove convergence. Given
that the Godunov’s scheme has no viscosity, we cannot use compensated compact-
ness to the present problem.

4.6 Numerical examples and validation

In this final section, we apply the numerical scheme proposed in this work to ap-
proximate solution to selected Riemann problem, investigate the performance and
accuracy of the proposed scheme and finally study the order of convergence of the
method through the L1-norm.
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Algorithm 1: Algorithm for the Finite volume method with the local mesh
adaptation

Input: Initial and boundary data for (4.1) and ξ

Output: Computes the densities at tn+1 from the densities at tn.
Data: I space domain is discretized into Nx + 1 grid points.

m1 = m(n), m2 = m(n + 1) ∈ Z, the numerical indices to track the
position of the turning curve at tn, tn+1 respectively.

X is an Nt × (Nx + 1) matrix of interface points.
Find m1,
X[1][1 : m1 − 1] = I[1 : m1 − 1]
X[1][m1] = ξ1

X[1][m1 + 1 : Nx + 1] = I[m1 + 1 : Nx + 1]
while n < Nt OR |ξn| < 1 do

Compute ξn+1 and m2,
if m2 = m1 + 1 then

X[n + 1][1 : m2 − 1] = I[1 : m2 − 1]
X[n + 1][m2] = ξn+1

X[n + 1][m2 + 1 : Nx + 1] = I[m2 + 1 : Nx + 1]
Compute ρn+1 using formula (4.20), (4.21) and (4.22).

else if m2 = m1 then
X[n + 1][1 : m2 − 1] = I[1 : m2 − 1]
X[n + 1][m2] = ξn+1

X[n + 1][m2 + 1 : Nx + 1] = I[m2 + 1 : Nx + 1]
Compute ρn+1 using formula (4.20), (4.23) and (4.24).

Update ξn+1 = ξn + αn∆t, m2
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We also compare our results with other classical finite volume methods and show
that our scheme captures non-classical shocks without oscillations. Furthermore,
we apply our scheme to solve the 1D Hughes’ model [57] of pedestrian flow model
and compare the order of convergence to similar results obtained in the literature.
In the following examples, we use the turning curve given as a piecewise linear
function of the form:

ξ(t) = ξ0 +
∫ t

0
ξ ′(s)ds, (4.43)

and the following sets of initial data and slopes for ξ :

Initial data ξ̇(s)

Ex. 4.1: ρ0(x) =

{
0.6, if − 1 < x < 0.3
0.9, if 0.3 ≤ x < 1 .

ξ ′ =

{
4/10, if 0 < s < 0.6
0, if s ≥ 0.6

Ex. 4.2: ρ0(x) =

{
0.9, if − 0.1 ≤ x ≤ 0.5
0.6, if otherwise.

ξ ′ =


1/10, if 0 < s ≤ 0.3,
1/4, if 0.3 < s ≤ 0.6,
0, if s > 0.6.

FIGURE 4.5: A zoomed view of exact solution and the numerical so-
lutions with the standard Godunov’s flux and the modified flux at

T = 0.55 with ∆x = 1/1000.

These examples are chosen in order to observe changes in slope of the turning
curve discontinuity as well as its interactions with the classical waves out of which
non-classical waves are formed. The exact weak solutions are constructed by the



4.6. Numerical examples and validation 97

method of characteristics. For both examples, since ρ(0, x) > 1/2, the boundary
conditions dictates that rarefaction waves enters the boundary points {(t,−1+)}
and {(t, 1−)} such that ρ(t,±1) ≥ 1/2 for every t > 0.

Example 4.1. At x = 0.3, a shock defined by σ1(t) = 0.3 − 0.5t is created and
at x = −0.1 two undercompressive shocks separated with vacuum and defined
σL(t) = −1/10(1 + 4t) and σR(t) = −1/10(1− 4t) are created. Observing that
ξ(t) = σR(t) and since σ̇L > σ̇1, the turning curve discontinuity shall collide with
the classical shock σ1 at t = 4/9. The weak solution for t ∈ [0, 4/9) writes

ρ(t, x) =


0.6 if − 1 < x < σL(t)
0 if − σL(t) ≤ x < ξ(t)
0.6 if ξ(t) ≤ x < σR(t)
0.9 if σR(t) ≤ x < 1.

At t = 4/9, a small rarefaction is formed and a solution of a new Riemann problem

at ξ is solved with an intermediate state ρM = 1/10
(

7− 1/2
√

88
10

)
for 4/9 ≤ t <

6/10. The solution in this time interval writes

ρ(t, x) =



0.6 if − 1 < x < σL(t),
0 if − σL(t) ≤ x < 7/90− (t− 4/9),
x−7/90

2(t−4/9) +
1
2 if 7/90− (t− 4/9) ≤ x < 7/90− Ṙmax(t− 4/9),

ρM if 7/90− Ṙmax(t− 4/9) ≤ x < ξ(t),
0.9 if ξ(t) ≤ x < 1.

Here Ṙmax = 1/5
(

2− 1/2
√

88
10

)
, denotes the maximum slope of the rarefaction

fan.

Example 4.2. In this example, at x = 0.5 a rarefaction given by R0(t) := 1/2 +
f ′(ρ)t, where ρ ∈ [0.6, 0.9] is formed and two shocks defined by σL(t) = −0.1 +
0.4t and σR = −0.1 + 0.1t emanates from ξ(0) = −0.1 for 0 < t ≤ 3/10. The
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FIGURE 4.6: Approximate solution of examples 4.1 (left) and 4.2
(right) with ∆x = 1000 and CFL = 0.45 in each case.

solution writes

ρ(t, x) =



6/10 if − 1 + 8t/10 ≤ x ≤ σL(t),
0 if σL(t) < x < ξ(t),
0.9 if ξ(t) < x ≤ R0

min(t),
(t− x)/2t if Ṙ0

min(t) < (x− 1/2)/t ≤ Ṙ0
max(t),

6/10, if 1/2(1− t/5) < x < 1− 8t/10,

where Ṙ0
min and Ṙ0

max represents the minimum and maximum speeds of the R0.
At t = 3/10, turning curve increases velocity with ξ ′ > σ̇r and so a new Riemann
problem at ξ is solved with an intermediate state of ρM := 1

80(50−
√

1636) and a
small rarefaction denoted R1(t) := − 1

40 − f ′(ρ)
(
t− 3

10

)
, where ρ ∈ [0, ρM], after ξ

interacts with σR. For 3/10 ≤ t < 6/10

ρ(t, x) =



6/10 if − 1 + 8t/10 ≤ x ≤ σL(t),
0 if σL(t) < x < R1

min(t),
1
2 +

x+1/40
2(t−3/10) , if Ṙ1

min(t) ≤ x ≤ Ṙ1(t)
1

80(50−
√

1636), if R1
max(t) ≤ x < ξ(t)

9/10, if ξ(t) ≤ x < R0
min(t)

(t− x)/2t if Ṙ0
min(t) < (x− 1/2)/t ≤ Ṙ0

max(t),
6/10 R0

max(t) ≤ x < 1− 8t/10,
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FIGURE 4.7: Evolution of example 4.1.
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Example 4.1 Example 4.2
∆x Err(∆x) ln(Err(∆x))

ln(∆x) Err(∆x) ln(Err(∆x))
ln(∆x)

1/50 4.3335e− 2 0.802 4.8727e− 2 0.66
1/100 2.3590e− 2 0.814 2.3218e− 3 0.71
1/250 1.0639e− 2 0.823 1.1388e− 2 0.73
1/500 5.8867e− 3 0.826 6.5496e− 3 0.73

1/1000 3.2550e− 3 0.829 3.7091− 3 0.74
1/1500 2.3086e− 3 0.830 2.7588e− 3 0.74

TABLE 4.1: L1−errors at T = 0.55, for Example 4.1 and at T = 0.58 for
Example 4.2 with mesh size from ∆x = 1/50, . . . , 1/1500.

4.6.1 Order of convergence

In this section, we analyse the accuracy of the proposed numerical scheme with
the above examples. To do this, we estimate the L1 errors of the scheme and use
it to deduce the order of convergence on examples 4.1 and 4.2. These examples
are carefully chosen to enable us observe the performance of our scheme during
collisions between the turning curve discontinuity and incoming waves.
We define the L1-norm at k = T/∆t as:

Err(k, ∆x) =
J1

∑
j=J0

∣∣∣ρ(T, xk
j )− ρk

j

∣∣∣∆xk
j , (4.44)

where ρ(T, x) is the exact solution which we use as the reference solution and ρk
j is

the approximate solution obtained with our scheme. Though the two cells adjacent
to the turning curve from the left and right have variable sizes, the total number of
cells at each time is constant. In the following simulations, we use a CFL number of
0.45, choose ∆x that ranges from 1/50 to 1/1500, and plot the log-log graph of the
errors against ∆x values at the time levels where the turning curve discontinuity
collide with the classical incoming waves. Table 4.1 contains the numerical values
representing the order of convergence for Examples 4.1 and 4.2.

We now show the graph of the approximate solution in the x− t plane for exam-
ples 4.1 and 4.2. It can be observed from Figure 4.6 (left) that the approximate
solution of Example 4.1 contains a shock wave that starts from x = 0.3 at t = 0
and travels left with a speed less than ξ ′ and then collides with the turning curve
discontinuity at approximately t = 0.444. In Example 4.2, we could observe an
interaction between the turning curve and a rarefaction. These are also confirmed
by the presentations of the exact solution given above.
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To observe the performance and accuracy of the scheme against the standard Go-
dunov’s flux, we compare in Example 4.1 at T = 0.55, where the interaction be-
tween classical shock wave and the turning curve occurs in figure 4.5. From the
figure, the approximate solution by the standard Godunov’s flux exhibits spuri-
ous oscillations at x = ξ(t) during interactions between ξ and an incoming shock
wave from the right. On the other hand, the modified scheme do not only elimi-
nate these oscillation but also effectively captures the non-zero intermediate state
created after the interaction.

FIGURE 4.8: log-log graph of example 4.1 and 4.2 at T = 0.55 and
T = 0.58 respectively against the log of ∆x.

4.6.2 An application to the Hughes’ model

Finally, we attempt to apply the modified scheme (4.20 - 4.24), to generate a simula-
tion of the one dimensional Hughes’ model for pedestrian flow where the position
of the turning curve, ξ(t) is not known a priori but satisfies a non-local condition
(5). To specify the model (4), we re-write the equation as a scalar conservation law
with space-time discontinuous flux:

∂tρ + ∂x
(
sign(x− ξ(t)) f (ρ)

)
= 0, (4.45)
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where, ρ 7→ f (ρ) is defined by f (ρ) := ρv(ρ) and t 7→ ξ(t) satisfies the implicit re-
lation (5) for each (t, x) ∈ Π. In order to check the accuracy of our approximation,
we use the same initial as used in [48]:

ρ0(x) =

{
0, if − 1 < x < 0,
0.9, if 0 < x < 1.

(4.46)

and a cost function c(ρ) = 1/v(ρ). Actually in [48], the model was solved with
the wave front tracking (WFT) and referenced as the exact solution to which the
approximate solution by the Godunov scheme was compared. Also, in [40], the
authors studied the associated Riemann-type problems by constructing explicit
solutions for small times, after which the Godunov and Rusanov schemes were
applied. Except for the wave front tracking algorithm where the Riemann solver
at the turning curve was explicitly calculated for the approximation, the Godunov
and Rusanov schemes in these works were applied in standard ways. Compare
[87, 48, 40].

The main difficulty here concerns the determination of ξ at each time. Given a
Riemann data, the initial position of the turning curve is determined by

ξ(0) =


1
2

(
1− c(ρL)

c(ρR)

)
if ρL ≤ ρR,

1
2

(
c(ρR)
c(ρL)

− 1
)

if ρL ≥ ρR.
(4.47)

With a general initial datum ρ(0, x) = ρ0(x) and the boundary conditions (4d),
(4c), the simplest way to apply our scheme, is to solve once the Eikonal equation
(4b) with the fast sweeping method [92] at t = 0 to determine the starting point
of the turning curve and then approximate by a linear function the turning point
curve such it has a ’local’ slope determined by

ξ ′(t)
[
c(ρ+) + c(ρ−)

]
= −

∫ ξ(t)

−1
c(ρ(t, y))tdy +

∫ 1

ξ(t)
c(ρ(t, y))tdy (4.48)

for small time t > 0, where ρ±(t) = ρ(t, ξ(t)±) are the traces at ξ. By discretiza-
tion, (4.48) with ξn = ξ(tn) can be re-written for every m,

αn
[
c(ρn

m+1) + c(ρn
m)
]
u

−
m

∑
j=1

c(ρn
j )(xn

j+1/2 − xn
j−1/2) +

N

∑
j=m+1

c(ρn
j )(xn

j+1/2 − xn
j−1/2),

where m = m(n) is such that xm−1/2 < ξn ≤ xm+1/2. The turning curve position
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With mesh adaptation Without mesh adaptation
∆x Err(∆x) ln(Err(∆x))

ln(∆x) ∆x Err(∆x) ln(Err(∆x))
ln(∆x)

1/250 2.09e− 2 -0.62 1/250 2.49e− 2 -0.66
1/500 6.20e− 3 -0.74 1/500 1.52e− 2 -0.67

1/1000 2.30e− 3 -0.80 1/1000 9.03e− 3 -0.68
1/1500 1.60e− 3 -0.80 1/1500 6.66e− 3 -0.69
1/2000 1.10e− 3 -0.82 - - -
1/4000 6.41e− 4 -0.82 - - -

TABLE 4.2: Comparison of the L1-norm error between the Godunov’s
scheme by [48] and our scheme using the approximate solution by

WFT method as the reference solution at T = 1.2.

is then updated with ξn+1 = ξn + αn∆t and ρ is approximated by (4.20 - 4.24)
using the modified flux at the ξ for all n ∈ N. Recall that the implicit relations
(5) and (4.48) are non local and at each time require information on the ’global’
distribution of ρ. Therefore a straightforward updating the position of ξ by the
proposed scheme of this work may lead to inaccuracies in comparison with the
values by [48]. One way to overcome this problem is to apply the fast sweeping
method at each time to generate {ξn} and then use a linear interpolation formula
on the generated values, ξn so that at each time step we can determine the slope
and next position of ξ. More precisely, let ϕn

j := ϕ(tn, xj) for simplicity,

• Given ρn
j , solve the eikonal equation (4b) by the fast sweeping method to

obtain ϕ = (ϕn
1 , . . . , ϕn

N). For each n > 1, there exist m ∈ Z such that
ϕmax(tn, xm) = max

j
ϕn

j and ξn := xm.

• We then update ξ

ξ(t) =
tn − t

tn − tn−1 ξn−1 +
t− tn−1

tn − tn−1 ξn

and αn = (ξn − ξn−1)/∆t for n ≥ 1.

It should be noticed that the WFT solution is not associated to an uniform grid as
it is the case for the approximate solution computed by our scheme. As such, a
data processing step is needed in order to compare the two approximations with
the WFT method and the finite volume method. To do this comparison, one needs
to define a reference grid on x ∈ [−1, 1] with a fixed size, ∆x, compare them to the
position of the finite volume flux interface and select the corresponding solution
at that point. The finite volume solution at this point is then compared to the
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reference ’exact’ solution obtained by the WFT method. Once this is done, we use
the formula (4.44).

FIGURE 4.9: application of the scheme to the Hughes’ model with
∆x = 1000, CFL = 0.45 and up to time T = 2.3.
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Chapter 5

Conclusions and Discussion

In this thesis, we considered a first order PDE with discontinuous space-time flux
coefficients. In general, the time dependent jump discontinuity is given a priori
as a Lipschitz continuous function. However, we use a piecewise linear function
in order to simplify the analysis. The flux function is genuinely non-linear and
satisfies the same assumption as the commonly used flux functions for traffic flow
models. With the appropriate modification and assumption the equation could
serve as starting equation for pedestrian and traffic flow models. For this reason
we briefly recalled examples of models by hyperbolic conservation law with vari-
able coefficients such as the traffic flow models with variable speed ramp and road
conditions, the Hughes’ model of pedestrian flow and the ion etching model in the
introduction section.

The equation featured new theoretical aspects of wave interactions and entropy
admissible weak solution. Toward this goal, the theory of entropy solutions for
the general scalar conservation law was revisited and reviewed with examples.
A definition of entropy solutions with Kruzkhov admissible flux away from the
interface was derived. This framework of solution was taken in the same sense
of that developed by Karlsen, Risebro and Towers [58]. This enabled us to fur-
ther derive some stability properties of the solution, including L1 distance and L1-
contraction principle. The former was based on the construction of exact solutions
of the Riemann problem at the interface. This led to the well-posedness of the Rie-
mann problem. Furthermore, analysis of the total variation in the solution reveals
that it is higher than the total variation in the solution. A literature search further
revealed that this phenomena is common for problems of the nature considered in
this work. In such cases, a singular mapping approach are used to overcome this
difficulty. However, for our problem it is not clear if it is even possible to obtain a
global bound on the total variation. In the absence of this estimate, we extended to
the notion of admissible germs, which elucidate a dissipative behavior across the
flux interface.
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Finally in Chapter 4, we proposed a finite volume scheme with local mesh adap-
tation near the flux interface that results in a moving mesh. The mesh adaptation
was done to accommodate for the local non-uniform mesh size and avoids ex-
plicit reconstruction of non-classical Riemann solvers near the interface. Though
it was proposed a numerical scheme using the moving mesh strategy also used in
[31], the reconstruction step in such a scheme would not guarantee that it is well-
balanced and hence proving convergence would be difficult. On the other hand,
using the discretization scheme motivated by the work of [83], the approximate
solution by our verifies the well-balanced property of the scheme, monotone and
stable in L∞.

The properties of the scheme deduced in this thesis, i.e. well-balanced and L∞

estimate paves way for a rigorous study of the convergence of the scheme. This
would be a topic for future studies. Though the PDE considered in this here is
general, it can be adapted to study physical problems in traffic and pedestrian
flows.
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Appendix I: Notations

Throughout this work, we used the following notations:

ρ the unknown of the scalar conservation law.
∂t, ∂x partial derivative operator with respect to time and space

respectively.
F, f the flux function of the hyperbolic conservation law in this

work.
R the set of real numbers (−∞,+∞).
R+, R+

0 the set (0,+∞) and the set [0,+∞), (i.e. positive real num-
bers including 0) respectively.

N the set of natural numbers.
N∗ the set of natural numbers including zero.
Σ a subset of R.
Ω the set R+ ×R.
Π, Πx the bounded set of R+×]− 1, 1[ and ]− 1, 1[ respectively.
C∞

c (Ω; R) a space of infinitely differentiable and continuous functions
from Ω to R.

L∞(Ω; [0, R]) the set of bounded and measurable functions from Ω to
[0, R].

γlρ(t), γrρ(t) left and right traces in ρ towards an interface at t.
TVρ(t, ·) The total variation of a given function ρ(t, ·).
Lip([0, R]; R+) the space of Lipschitz continuous function from [0, R] to

R+.
1x>ξ(t) the indicator function equaling 1 if x > ξ(t) and 0 other-

wise.
BV(R+; R) The space of functions of bounded variation from R+ to R.
∆t > 0 The numerical time step .
xn

j+1/2 The grid point for j ∈ Z at tn, ∀ ∈N.
Cn

j A computational cell at tn, ∀j ∈ Z, n ∈N.
∆xn

j The space step at the cell Cn
j .
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Appendix II: The numerical code

The following is the MATLAB code used to show the simulations of the numerical
solution proposed in this thesis.

1 %% Description
2 %A Godunov's scheme for space−time discontinuous CL:
3 %\rho_t + (K(x,t)f(\rho))_x = 0 on the interval
4 % [−xa,xa], xa=1 and flux is
5 % f(U) = \rho*(1−\rho)
6 % K(x,t) = sign(x−xi(t))
7 % boundary condtions: \rho(t, −xa)=\rho(t, xa) = 0.
8 % In the code, U=\rho.
9 %% Files

10 %xi.m encodes the information (like its slope) of the turning curve.
11 %godunov.m has the implementation of the modified flux at xi.
12 %flux.m is the flux f(\rho)=U*(1−\rho)
13 %square.m contains the Riemann data
14 %data2.m contains a general initial data (piecewise constant).
15 %the function profileU.m may be used to obtain a color map of the ...

U in the
16 %x−t plane.
17

18 %% The code
19

20 clear
21 close all
22 clf
23

24 %global declarations
25 global Nx
26 global Umax
27 global Ucrit
28 global xa
29 global xb
30 global Dt
31 global Dx
32 Umax = 1; %maximum density value
33 Ucrit = 0.5; % critical density
34

35 %Space dicretization
36 Nx= 2000; %the total number of cell grid point
37 xa = −1; xb =−xa;
38 Dx = (xb−xa)/(Nx); % the space step size
39 I = linspace(xa, xb, Nx+1);
40

41 %CFL condition
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42 cfl = 0.45;
43 Dt = Dx*cfl;
44 mu = Dt/Dx;
45

46 Tmax = 1.1; %the maximum time to run the simulation
47 Tnmax = round(Tmax/Dt);
48 T0 = 0.6;
49 % T1 = 0.6;
50 % T2 = 1.;
51

52 Tn0 = round(T0/Dt);
53 %Tn1 = round(T1/Dt);
54 %Tn2 = round(T2/Dt);
55 time_t = 0:Dt:Tmax;
56

57 %Pre−location of vectors and matrices
58 rho = zeros(Tnmax, Nx ); %stores the cell density averages
59 Xgrids = zeros(Tnmax, Nx+1); %stores all the grid points
60 Xcenters = zeros(Tnmax, Nx); %holds cell centers.
61 alphas = zeros(1, Tnmax); %store the slope of \xi
62 xi_t = zeros(1, Tnmax);
63 Tcurve = zeros(1,Tnmax); %needed to be able to show \xi as a ...

vertical line during simulation
64 TV = zeros(1, Tnmax);
65

66 %different slopes of xi apriori
67 %alphas(1,1:end) = −1.2;
68 alphas(1,1:Tn0) = 0.6;
69 %alphas(1,Tn0+1:Tn1) = 0.;
70 %alphas(1,Tn1+1:Tn2)=0;
71 %alphas(1, Tn2+1:Tn2+2000)=.2;
72 xi_t(1,1) = −0.1;
73

74 %initial mesh grid with adaptation
75 m0 = find(xi_t(1,1) ≥ I(1:end−1) & xi_t(1,1) < I(2:end));
76 Xgrids(1, 1:m0−1) = I(1: m0−1);
77 Xgrids(1, m0) = xi_t(1, 1);
78 Xgrids(1, m0+1:end) = I(m0+1:end);
79

80 %initial centers
81 Xcenters(1,:) = 0.5*(Xgrids(1, 2:end)+Xgrids(1,1:end−1));
82

83 %initial data
84 rho(1,:) = square(Xgrids(1, 1:end−1));
85

86 % boundary conditions
87 rho(:, 1) = 0;
88 rho(:, end) = 0;
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89

90 TV(1,1) = sum(abs(rho(1,2:end)−rho(1,1:end−1)))*Dx;
91 Dfdu = @(u)1−2*u;
92

93 tn = 1;
94 while tn < Tnmax && abs(xi_t(tn)) < 1−4*Dx
95 xi_t(tn+1) = xi_t(tn) + Dt*alphas(tn);
96

97 %looks for index likely to contain xi^tn
98 m1 = find(xi_t(tn) ≥ I(1:end−1) & xi_t(tn) < I(2:end)); ...

%finds m(n)
99 m2 = find(xi_t(tn+1) ≥ I(1:end−1) & xi_t(tn+1) < I(2:end)); ...

%finds m(n+1)
100

101 if m2 == m1+1
102 %% case B corresponding to dot_xi > 0
103 Xgrids(tn+1, 1:m2−1) = I(1:m2−1);
104 Xgrids(tn+1, m2) = xi_t(tn+1);
105 Xgrids(tn+1, m2+1:end) = I(m2+1:end);
106

107 %update centers and cell lengths
108 Xcenters(tn+1,:) = 0.5*(Xgrids(tn + 1, 2:end) + ...

Xgrids(tn+1, 1:end−1));
109

110 %marching formulas for x<xi
111 hjLl = godunov(rho(tn, 1:m1−3), rho(tn, 2:m1−2), −1, ...

alphas(tn));
112 hjRl = godunov(rho(tn, 2:m1−2), rho(tn, 3:m1−1), −1, ...

alphas(tn));
113 rho(tn+1, 2:m2−3) = rho(tn, 2:m1−2) − mu*(hjRl − hjLl);
114

115 %update formulae at x=xi from the left.
116 ha = godunov(rho(tn, m1), rho(tn, m1+1), 0, alphas(tn));
117 hjaL = godunov(rho(tn, m1−2), rho(tn, m1−1), −1, alphas(tn));
118 rho(tn+1,m2−1) = rho(tn, m1−1)*(xi_t(tn) − Xgrids(tn, ...

m1−1))/(xi_t(tn+1) − Xgrids(tn+1, m2−2)) − ...
119 (Dt/(xi_t(tn+1) − Xgrids(tn+1, m2−2)))*(ha − hjaL);
120

121 rho(tn+1, m2−2) = rho(tn+1, m2−1);
122

123 %from the right
124 hjaR = godunov(rho(tn, m1+1), rho(tn, m1+2), +1, alphas(tn));
125 rho(tn+1,m2) = rho(tn, m1+1)*(Xgrids(tn,m1+1) ...

−xi_t(tn))/(Xgrids(tn+1,m2+1) − xi_t(tn+1)) − ...
126 (Dt/( Xgrids(tn+1, m2+1) − xi_t(tn+1)))*(hjaR − ha) + ...

rho(tn, m1+2)*Dx/(Xgrids(tn+1,m2+1) − xi_t(tn+1));
127 rho(tn+1, m2+1) = rho(tn+1, m2);
128
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129 %marching formulas for x>xi
130 hjLrB = godunov(rho(tn, m1+2:end−2), rho(tn, m1+3:end−1), ...

+1, alphas(tn));
131 hjRrB = godunov(rho(tn, m1+3:end−1), rho(tn, m1+4:end), ...

+1, alphas(tn));
132 rho(tn+1, m2+2:end−1) = rho(tn, m1+3:end − 1) − mu*(hjRrB ...

− hjLrB);
133 %
134 elseif m2 == m1−1
135 %% This is a third case corresponding to dot_xi < 0
136 Xgrids(tn+1, 1:m2) = I(1:m2);
137 Xgrids(tn+1, m2+1) = xi_t(tn+1);
138 Xgrids(tn+1, m2+2:end) = I(m2+2:end);
139 % %update centers and cell lengths
140 Xcenters(tn+1,:) = 0.5*(Xgrids(tn + 1, 2:end) + ...

Xgrids(tn+1, 1:end−1));
141 % Dxn(tn+1,:) = Xgrids(tn+1, 2:end)−Xgrids(tn+1, 1:end−1);
142

143 %marching formulas for x<xi
144 hjLl = godunov(rho(tn, 1:m1−4), rho(tn, 2:m1−3), −1, ...

alphas(tn));
145 hjRl = godunov(rho(tn, 2:m1−3), rho(tn, 3:m1−2), −1, ...

alphas(tn));
146 rho(tn+1, 2:m2−2) = rho(tn, 2:m1−3) − mu*(hjRl − hjLl);
147

148 % %update formulae at x=xi from the left.
149 ha = godunov(rho(tn, m1−1), rho(tn, m1), 0, alphas(tn));
150 hjaL = godunov(rho(tn, m1−3), rho(tn, m1−2), −1, alphas(tn));
151 rho(tn+1,m2−1) = rho(tn, m1−2)*(xi_t(tn) − Xgrids(tn, ...

m1−2))/(xi_t(tn+1) − Xgrids(tn+1, m2−1)) − ...
152 (Dt/(xi_t(tn+1) − Xgrids(tn+1,m2−1)))*(ha − hjaL);
153

154 %from the right
155 hjaR = godunov(rho(tn, m1), rho(tn, m1+1), +1, alphas(tn));
156 rho(tn+1,m2) = rho(tn, m1)*(Xgrids(tn,m1+2) − ...

xi_t(tn))/(Xgrids(tn+1, m2+3) − xi_t(tn+1)) − ...
157 (Dt/(Xgrids(tn+1, m2+3) − xi_t(tn+1)))*(hjaR − ha);
158

159 rho(tn+1, m2+1) = rho(tn+1, m2);
160

161 %marching formulas for x>xi
162 hjLrB = godunov(rho(tn, m1:end−2), rho(tn, m1+1:end−1), ...

1, alphas(tn));
163 hjRrB = godunov(rho(tn, m1+1:end−1), rho(tn, m1+2:end), ...

1, alphas(tn));
164 rho(tn+1, m2+2:end−1) = rho(tn, m1+1:end−1) − mu*(hjRrB − ...

hjLrB);
165 else
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166 %% case A: m1 = m2.
167 Xgrids(tn+1, 1:m2−1) = I(1:m2−1);
168 Xgrids(tn+1, m2) = xi_t(tn+1);
169 Xgrids(tn+1, m2+1:end) = I(m2+1:end);
170

171 %update centers and cell lengths
172 Xcenters(tn+1,:) = 0.5*(Xgrids(tn + 1, 2:end)+Xgrids(tn+1, ...

1:end−1));
173

174 %marching formulas for x<xi
175 hjL = godunov(rho(tn, 1:m1−3), rho(tn, 2:m1−2), −1, ...

alphas(tn));
176 hjR = godunov(rho(tn, 2:m1−2), rho(tn, 3:m1−1), −1, ...

alphas(tn));
177 rho(tn+1, 2:m2−2) = rho(tn, 2:m1−2) − mu*(hjR − hjL);
178

179 %update formulae at x=xi from the left.
180 ha = godunov(rho(tn, m1−1), rho(tn, m1), 0, alphas(tn));
181 hjaL = godunov(rho(tn, m1−2), rho(tn, m1−1), −1, alphas(tn));
182 rho(tn+1,m2−1) = rho(tn, m1−1)*(xi_t(tn) − Xgrids(tn, ...

m1−1))/(xi_t(tn+1) − Xgrids(tn+1,m2−1)) ...
183 − (Dt/(xi_t(tn+1) − Xgrids(tn+1,m2−1)))*(ha − hjaL);% ...

+ (Dx/(xi_t(tn+1) − Xpoints(tn+1,m2−2)))*rho(tn,m1−2);
184

185 %from the right
186 hjaRA = godunov(rho(tn, m1+1), rho(tn, m1+2), +1, alphas(tn));
187 rho(tn+1, m2) = rho(tn, m1)*(Xgrids(tn,m1+2) − ...

xi_t(tn))/(Xgrids(tn+1, m1+2) − xi_t(tn+1)) − ...
188 (Dt/(Xgrids(tn+1, m1+2) − xi_t(tn+1)))*(hjaRA − ha) ...

;%+ rho(tn, m1+1)*(Dx/(Xpoints(tn+1, m1+2) − ...
xi_t(tn+1)));

189 rho(tn+1, m2+1) = rho(tn+1, m2);
190

191 %marching formulas for x>xi
192 hjLrB = godunov(rho(tn, m1+1:end−2), rho(tn, m1+2:end−1), ...

1, alphas(tn));
193 hjRrB = godunov(rho(tn, m1+2:end−1), rho(tn, m1+3:end), ...

1, alphas(tn));
194 rho(tn+1, m2+2:end−1) = rho(tn, m1+2:end−1) − mu*(hjRrB − ...

hjLrB);
195

196 end
197

198 Tcurve(1, 1:end) = xi_t(1, tn+1);
199 TV(tn+1,:) = sum(abs(rho(tn+1, 2:end) − rho(tn+1,1:end−1)))*Dx;
200

201 plot(Xcenters(tn+1, :), rho(tn+1,:), '−r', Tcurve(1:Tnmax), ...
time_t(1:Tnmax),'−.b', 'linewidth',2.0);
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202 hold on
203

204 ylabel('\rho(x,t)');
205 xlabel('x');
206 title('Solution profile');
207 axis([xa−0.1 xb+.1 −0.1 1.1])
208 legend( strcat('Dx=', num2str(Dx, '%4.4f\n'), ', time = ', ...

num2str(time_t(tn),'%4.3f\n' )),...
209 strcat('turning curve, ','\xi=', num2str(alphas(tn+1)), ...

'\times t'));
210 grid on
211 hold off
212 pause(0.01)
213 tn = tn + 1;
214 end

The following are the pre-defined functions used in the above code: The flux func-
tion, f (ρ)

1 function [f]=flux(U, k)
2

3 global Umax;
4 %global v;
5

6 if U> 0 && U<Umax
7 f=k*U.*(1−U);
8 else
9 f=0;

10 end

The numerical flux function,

1 function [g] = godunov(ul, ur, k, a)
2 nl = length(ul);
3 % nr = length(ur);
4 g = zeros(1,nl);
5

6 v = @(u)1−u;
7

8 Dfdu = @(uu, kk) kk*(1−2*uu);
9 for i = 1:nl

10 if k == 0
11 %intermediate state for a>v(ur)
12 umra = 0.5*(1 + a) − sqrt((0.5*(1+a)).^2 + ...

ur(i)*(1−a−ur(i)));
13 umrb = 0.5*(1 + a) + sqrt((0.5*(1+a)).^2 + ...

ur(i)*(1−a−ur(i)));
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14 ua = [umra, umrb];
15 umr = ua(ua≥0 & ua < ur(i));
16 %intermdediate state for a<−v(ul)
17 umla = 0.5*(1−a) − sqrt((0.5*(1−a)).^2 + ul(i)*(1+a−ul(i)));
18 umlb = 0.5*(1−a) + sqrt((0.5*(1−a)).^2 + ul(i)*(1+a−ul(i)));
19 ub = [umla, umlb];
20 uml = ub(ub≥0 & ub<ul(i));
21

22 if a>v(ur(i))
23 gg = flux(umr, −1) − a*umr;
24 elseif a < −v(ul(i))
25 gg = flux(uml, +1) − a*uml;
26 else
27 gg = 0;
28 end
29 g(i) = gg;
30 else
31 if Dfdu(ul(i),k)<0 && Dfdu(ur(i),k)>0
32 if ul(i) ≥ ur(i)
33 Uc = fzero(@(u) Dfdu(u,k), [ul(i),ur(i)]);
34 else
35 Uc = fzero(@(u) Dfdu(u,k), [ur(i),ul(i)]);
36 end
37 g(i) = flux(Uc,k);
38 else
39 s = (flux(ul(i),k)−flux(ur(i),k))/(ul(i) − ur(i));
40 if s ≥ 0
41 g(i) = flux(ul(i), k);
42 else
43 g(i) = flux(ur(i),k);
44 end
45 end
46

47 end
48 end

The initial data

1 function u=square(X)
2 % U=square(X) create a square wave on X
3 global xa;
4 global xb;
5 n = length(X);
6 rhor = 0.9;
7 rhol = 0.6;
8 % rhol = 0.;
9 % rhor = 0.9;

10 x0= 0.3;
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11 for i=1:n
12 if (X(i) > xa)&&(X(i) < x0)
13 u(i) = rhol;
14 elseif (X(i) ≥ x0)&&(X(i) < xb)
15 u(i) = rhor;
16 end
17 end
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Transactions on Graphics (TOG), 25(3):1160–1168, 2006.

[90] Alexis Vasseur. Strong traces for solutions of multidimensional scalar conser-
vation laws. Arch. Ration. Mech. Anal., 160(3):181–193, 2001.

[91] Roger White, Guy Engelen, and Inge Uljee. Modeling cities and regions as com-
plex systems: From theory to planning applications. MIT Press, 2015.

[92] Hongkai Zhao. A fast sweeping method for eikonal equations. Math. Comp.,
74(250):603–627, 2005.

[93] Xiaoguang Zhong, Thomas Y. Hou, and Philippe G. LeFloch. Computational
methods for propagating phase boundaries. J. Comput. Phys., 124(1):192 – 216,
1996.


	Abstract
	Acknowledgements
	Dedication
	Introduction
	Traffic flow models
	Pedestrian flow models
	Organisation of the thesis

	Scalar Conservation laws with discontinuous coefficients
	Introduction
	The Cauchy problem and the classical solution
	Weak solutions
	Entropy inequalities
	The Riemann solvers

	The Discontinuous flux problem
	The problem
	Entropy weak solutions
	Dissipative germs and entropy solutions
	Measure-valued solutions


	Approximation methods for scalar conservation laws
	Introduction
	Finite volume schemes
	The Godunov scheme

	Finite volume method for discontinuous flux
	Aligned schemes
	Staggered schemes
	Approximation of non classical shocks
	A moving mesh algorithm


	A finite volume approach to prove existence 

	An existence result for conservation law with discontinuous flux
	Introduction
	The Cauchy problem
	The entropy weak solution
	The Riemann problem

	Analysis of the total variation
	Changes in slope of turning curve
	Analysis of interactions

	Stability and uniqueness of entropy solution
	Admissibility germs and entropy solutions
	Flux connections and the dissipative germ

	A note on boundary conditions

	Approximate solution and Convergence to the entropy weak solution
	Introduction
	The Godunov Scheme
	The failure of the standard scheme

	A finite volume scheme with moving mesh
	Discretization
	The Numerical scheme

	Analysis of the scheme
	Conservation and well-balanced
	Stability of the scheme

	On the convergence of scheme
	Numerical examples and validation
	Order of convergence
	An application to the Hughes' model


	Conclusions and Discussion
	Appendices

