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Abstract. This paper investigates the complex nonlinear dynamics of non-conservative mechanical systems under different
sources of nonlinear damping, including internal damping from material behavior and external damping due to fluid–
structure interactions. A Beck’s beam, namely, a viscoelastic cantilever beam subjected to a follower force at its free
end, is taken as a paradigmatic example. The governing equations of motion are derived using a variational principle,
then reformulated into an integro-differential form and discretized through the Galerkin method. Starting from the Hopf
bifurcation, identified via the linear stability analysis, the nonlinear post-critical behavior of the discretized system close to
it is analyzed using the Multiple Scales Method. This perturbation technique yields bifurcation equations whose analysis
reveals new aspects of damping-induced destabilization, including the dual nature of nonlinear damping, which can either
promote stability or induce instability in the bifurcated response of the system, as well as the emergence of the so-called
Hard Loss of Stability phenomenon, analytically predicted by a second-order amplitude modulation equation. Numerical
analyses are finally performed and corroborate the analytical findings of the study.

Mathematics Subject Classification. 70H14, 70H25, 70J25, 70Q05, 74K10.

Keywords. Nonlinear dynamics, Hard loss of stability, Multiple Scales Method.

1. Introduction

The study of the nonlinear dynamics and stability of non-conservative mechanical systems is a founda-
tional topic in solid and structural mechanics [1–5]. This enduring area of research continues to captivate
contemporary engineers and scientists due to its critical role in a broad spectrum of advanced technolo-
gies. Key areas of investigation include jet- and rocket-propelled aerospace vehicles [6–9], elastic systems
affected by dry friction [10–12], fluid–structure interaction phenomena [13–15], and piezoelectric beams
employed in advanced vibration control and energy harvesting applications [16–19], among others.

Instability phenomena frequently encountered in non-conservative systems include divergence and
flutter. These phenomena are characteristic of aeroelastic systems, such as aircraft wings, due to the
intricate interaction between aerodynamic forces, structural elasticity, and inertial effects. When exposed
to high-speed airflow, a wing may exhibit a dynamic response involving coupled bending and torsional
modes. This coupling may lead to an exponentially growing bending-twisting motion of the wing when
the aerodynamic forces exceed the wing’s structural stiffness (divergence), or to oscillatory bending-
twisting motions of growing amplitude (flutter), also known as Hopf bifurcation. In structural mechanics,
divergence and flutter instabilities are exemplified by several discrete and continuous systems. A classical
example of a discrete system is Ziegler’s double pendulum, a viscoelastic double pendulum subjected
to a follower load [5,20,21]. Its continuous viscoelastic counterpart is represented by the Beck’s beam
[4,22,23], another foundational model that exhibits similar instability phenomena.

The introduction of damping, whether internal or external, into non-conservative mechanical systems
can lead to unexpected dynamic responses [22–30]. Often, damping is external, for example, arising
from interaction with an ambient fluid [31]. However, damping can also be internal, caused by material
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dissipation mechanisms such as those described by the rheological Kelvin–Voigt model [26,32,33]. The
influence of both types of damping sources on the stability of non-conservative systems, such as those
subjected to follower loads [10,24,34], can contradict intuitive expectations. In the linear field, it is well-
established that introducing even a small amount of internal damping can cause a finite decrease in the
critical load of the system compared to the undamped case. This counterintuitive phenomenon is known
as Ziegler’s paradox [5], or damping destabilization paradox [20,26–28]. Furthermore, detrimental effects
of damping have also been observed in the nonlinear regime. For example, in the generalized Beck’s beam
analyzed in [23], where both dead and follower loads are applied at the free end of a cantilever, nonlinear
damping originating from both internal and external sources can increase the amplitude of the system’s
limit cycles and can even convert a stable supercritical limit cycle into an unstable subcritical one. This
highlights a damping-induced destabilizing effect occurring within the nonlinear regime, extending beyond
the well-established destabilization effect observed in the linear case [4,22,22,29,30,35].

The mechanical behavior of both discrete and continuous systems influenced by internal and external
damping has been extensively examined in the literature. The nonlinear dynamics of Beck’s beam under
lateral excitation and support motion are explored in [36,37]. Instabilities such as flutter and divergence in
vertical columns subjected to follower forces like those generated by jet engines are investigated in [38,39].
Similar follower forces can also arise from dry friction, as discussed in [10,40,41], where both theoretical
and experimental studies examine how dry friction can trigger stability loss in slender elastic elements.
Critical and post-critical bifurcation scenarios in a Beck’s beam are studied using the Method of Multiple
Scales in [30,42], revealing divergence, Hopf, and double-zero bifurcations. The stability of a Beck’s beam
under linear damping and piezoelectric devices has been explored in [43–47]. The nonlinear dynamics near
a Hopf bifurcation and the so-called Hard Loss of Stability phenomenon have been investigated in both
Beck’s beam [22] and Ziegler’s double pendulum [21]. Specifically, the Hard Loss of Stability was first
discovered in [22] for Beck’s beam and later analyzed analytically for Ziegler’s double pendulum in [21] in
the presence of a Van der Pol-type internal damping. This phenomenon involves the subcritical periodic
branch bending back and regaining stability. As a result, immediately after the critical load is surpassed,
a large-amplitude limit cycle appears abruptly, without approaching zero at the bifurcation point. A
detailed investigation of the nonlinear dynamic behavior of a Beck’s beam subjected to both conservative
and non-conservative loads, and influenced by internal and external nonlinear damping, is presented in
[23] using the Method of Multiple Scales. This study reveals a novel damping-induced destabilization
mechanism that goes beyond the well-known destabilizing effects observed in the linear regime [4,22,30].
Moreover, the Hard Loss of Stability is identified numerically in the same system, under the combined
influence of internal and external nonlinear damping.

The present paper is framed in the above-mentioned scenario and aims to shed light on the role played
by various internal and external nonlinear damping mechanisms in the nonlinear dynamics of a Beck’s
beam. A fundamental objective is to achieve an analytical identification of the Hard Loss of Stability
phenomenon, which, for a Beck’s beam, has so far been observed only through numerical simulations. The
governing equations of motion are derived using a variational principle, then reformulated into an integro-
differential form and discretized through the Galerkin method [48,49]. Starting from Hopf bifurcation
points identified via linear stability analysis, the nonlinear post-critical behavior of the discretized system
in the vicinity of these bifurcation points is analyzed using the Multiple Scales Method [50,51]. In addition
to the damping-induced destabilization effect originally identified in the nonlinear regime in [23], the
application of the perturbation technique in the present study yields bifurcation equations that enable
the analytical prediction of the Hard Loss of Stability phenomenon. This behavior is characterized by a
turning point in the amplitude–load bifurcation diagram, which leads to the restabilization of previously
subcritical branches. Finally, numerical analyses are conducted to validate and corroborate the analytical
results presented in this work.

The structure of the paper is as follows. Section 2 recalls the mechanical model of the system. In Sect. 4,
an asymptotic analysis based on the Method of Multiple Scales is carried out to analytically identify the
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Fig. 1. Reference (black) and deformed (gray) configurations of the viscoelastic beam, with indication of transverse dis-
placement of the beam axis v(s, t), follower load F , Young’s modulus of the material E, internal damping function D(s, t),

and external damping function b(s, t)

system’s limit cycles and assess the influence of damping, whether stabilizing or destabilizing, on their
behavior, including the occurrence of the Hard Loss of Stability phenomenon. Section 5 validates the
analytical predictions through comparison with benchmark numerical results. Finally, Sect. 6 summarizes
the main findings and outlines potential directions for future research.

2. Mechanical model

The Beck’s beam represented in Fig. 1 is an unshearable, inextensible cantilever beam, made of a nonlinear
viscoelastic material. The variable s ∈ [0, l] is the curvilinear abscissa along the beam’s axis of length l,
t ∈ [0,+∞) is the time variable. Interactions of the beam with the external environment are modeled
by a follower non-conservative force, F , applied at the free-end B, plus transverse nonlinear dashpots,
distributed along the beam’s axis and modeled by the nonlinear external damping function b(s, t).

Following [23] to which the reader is referred for details, the equations of motion of the considered
planar beam, governing the horizontal and vertical displacements, u(s, t) and v(s, t), respectively, of
the beam’s axis, and the rotation θ(s, t) of the beam’s cross sections, are derived using the extended
Hamilton’s principle (see also “Appendix A”) and are recast in the form of a single nonlinear integro-
differential equation, which reads

− mv̈(s, t) + p(s, t) +
[v′(s, t)

(
H(l, t) −

l∫
s

mü(x, t)
)

− M ′(s, t)

1 + u′(s, t)

]′
= 0, (1)

where the overdot and prime symbols denote differentiation with respect to the time variable t and axial
coordinate s, respectively, m is the mass per unit length of the beam, M(s, t) is the internal bending
moment at the cross section s at the time t, H(l, t) = −F cos(θ(l, t)) is the horizontal component of the
tip force in the beam deformed configuration, p(s, t) represents the external action distributed along the
beam’s axis.

The constitutive law for the bending moment M(s, t) is assumed to be ruled by the following nonlinear
viscoelastic model

M(s, t) = EI κ(s, t) + D(s, t)I κ̇(s, t), (2)

where EI is the constant bending stiffness of the beam and D(s, t) is the nonlinear internal damping
function defined by
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D(s, t) = d0 + d1κ
2(s, t) + d2κ̇

2(s, t), (3)

with d0, d1, d2 prescribed constants.
The distributed external load p(s, t) is expressed in the form

p(s, t) = −b(s, t) v̇(s, t), (4)

where b(s, t) is the nonlinear external damping function given by

b(s, t) = b0 + b1v
2(s, t) + b2v̇

2(s, t), (5)

with b0, b1, b2 prescribed constants.
Equation (1) is also supplemented by geometric boundary conditions imposed at the built-in end

(s = 0), specifically, v(0, t) = 0 and v′(0, t) = 0. Additionally, it is complemented by the natural boundary
conditions M(l, t) = 0 and M ′(l, t) = 0, which are associated with the presence of only a follower load at
the free end (s = l).

In the following, the dependence of all functions on the independent variables s and t is understood
and, hence, omitted. Moreover, equations and variables are put into a dimensionless form by rescaling
the time variable t with the time parameter τ =

√
ml4/EI (i.e., t̃ = t/τ), and the spatial variables, s,

v(s, t), and u(s, t), with the beam reference length l (i.e., s̃ = s/l, ṽ = v/l, ũ = u/l).
The system’s behavior near a Hopf bifurcation, i.e., in the so-called post-critical regime, will be

analyzed, with particular attention given to the influence of nonlinear damping on its dynamics. To
this end, the model equations are expanded in a Taylor series up to cubic terms and reformulated in a
non-dimensional form, as follows,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v̈ + v′′′′ + 2μv′′ + α0v̇
′′′′ + β0v̇ + α1(v̇′′v′′ 2)′′ + β1v̇v2 + f = 0,

v′′
B + α0v̇

′′
B + α1v̇

′′
Bv′′ 2

B + gB = 0,
v′′′

B + α0v̇
′′′
B + α1(v̇′′

Bv′′ 2
B )′ + g′

B = 0,
vA = 0,
v′

A = 0,

(6)

where prime and dot denote differentiation with respect to non-dimensional abscissa s and time t (tilde
is omitted), respectively, subscript A (B) denotes evaluation of functions at the abscissa s = 0 (s = 1),
μ = F l2

2EI represents the non-dimensional follower load, α0 = d0 I
EI t̃

and β0 = b0l4

EI t̃
are the linear damping

parameters of the internal and external type, α1 = d1 I
EI l2 t̃

and β1 = b1l5

EI t̃
are the nonlinear damping

parameters of the internal and external type, and, finally,

f = [v′(v′v′′)′]′ + α0{[v′(v′v′′)′]′}̇ +

[
v′

s∫
1

s∗∫
0

v̇′v̇′ + v′v̈′
]′

+ μv′′(3v′ 2 − v′ 2
B ), (7)

g =
v′ 2v′′ + α0(v′ 2v′′)̇

2
. (8)
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2.1. Discretization approach

Before introducing the perturbation approach adopted in this work to analytically investigate the influence
of nonlinear damping on the system’s post-critical behavior, Eq. (6) is first discretized using the Galerkin
method. In this framework, the displacement is expressed as

∑nm

k=1 φk(s)qk(t), where nm are the number
of modes retained, qk are the generalized coordinates, and φk are the trial functions. These latter are
chosen as the eigenfunctions of the linear, undamped (α0 = β0 = 0), free-vibration (μ = 0) problem of a
cantilever beam, namely,

⎧⎨
⎩

φ′′′′
k − σ4

kφk = 0,
φ′′

k(1) = φ′′′
k (1) = 0,

φk(0) = φ′
k(0) = 0,

(9)

and are normalized according to the condition

1∫
0

φk(s)φj(s)ds = δkj , (10)

where δkj is the Kronecker’s delta. Consequently,

φk(s) = cos(σks) − cosh(σks) − cos(σk) + cosh(σk)
sin(σk) + sinh(σk)

(sin(σks) − sinh(σks)), (11)

where the nm constants σk, k = 1, . . . , nm, associated with the nm functions φk(s), satisfy the transcen-
dental equation cosσk cosh σk = −1.

Once these constants and functions are defined, the system (6) can be discretized with the standard
procedure, giving rise to the following system of nonlinear ODEs

q̈ + (α0K + β0)q̇ + (K + μH)q = N(q, q̇, q̈) (12)

where q is the nm × 1 vector collecting the generalized coordinates qk(t), K = diag(σ4
k) is a diagonal

matrix, H is the geometric operator defined by Hi,j = 2
1∫
0

φiφ
′′
j ds, while N(q, q̇, q̈) is the nonlinearity

vector, whose r-th component is defined as follows

Nr(q, q̇, q̈) =
5∑

h=1

nm∑
i,j,k

Q
(h)
i,j,kΦ(h)

i,j,k,r with r = 1, . . . , nm (13)

being

Q
(1)
i,j,k = qiqjqk + α0(qiqjqk )̇,

Q
(2)
i,j,k = qk(qiqj )̈,

Q
(3)
i,j,k = μqiqjqk,

Q
(4)
i,j,k = β1qiqj q̇k,

Q
(5)
i,j,k = α1qiqj q̇k,

(14)

and
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Φ(1)
i,j,k,r =

1∫
0

(φ′
i(φ

′
jφ

′′
k))′φrds,

Φ(2)
i,j,k,r = − 1

2

1∫
0

φ′
rφ

′
k(

s∫
1

s∗∫
s

(φ′
iφ

′
j))ds,

Φ(3)
i,j,k,r = 3

1∫
0

(φ′
iφ

′
jφ

′′
kφr)ds − φ′

iBφ′
jB

1∫
0

φ′′
kφrds,

Φ(4)
i,j,k,r =

1∫
0

φiφjφkφrds,

Φ(5)
i,j,k,r =

1∫
0

(φ′′
i φ′′

j φ′′
k)′′φrds.

(15)

3. Linear stability analysis

To investigate the system’s behavior near a Hopf bifurcation, characterized by the critical load μd and
the associated oscillation frequency ωd, a linear stability analysis must first be performed. This section
provides only a brief overview of this linear analysis. For a comprehensive treatment of this classical task
and its key results, the reader is referred to [21,23,27,30,32,52].

The linear stability analysis of the system requires computing the eigenvalues and eigenvectors of the
linearized form of Eq. (12). The analysis is carried out for increasing values of the load parameter μ,
starting from zero. Stability is lost when the real part of the first eigenvalue (associated with the lowest
frequency) crosses from left to right the vertical axis of the complex plane. This defines a critical load μd

and a corresponding critical frequency ωd, both of which depend on the damping parameters. Therefore,
the Hopf critical frequency ωd and the associated critical load μd must satisfy the underlying eigenvalue
problem

LU = 0, (16)

where L is a linear operator defined as

L = −ω2
dI + iωd(α0K + β0I) + K + μdH, (17)

and U is the associated eigenvector. For completeness, we also define here the vector V, which represents
the eigenvector of the adjoint problem

L∗V = 0, (18)

where L∗ denotes the adjoint, i.e., the transpose conjugate, of the operator L. The vector V plays an
important role in the perturbation approach introduced in Sect. 4 to analyze the post-critical behavior
of the system under consideration.

A graphical representation of the Hopf critical load μd and the associated oscillation frequency ωd is
provided in Fig. 2 as a function of the linear damping parameters α0 and β0.

As well-established in the literature, the critical load μd exhibits a significant reduction for small
values of the internal damping coefficient α0 compared to the undamped Beck’s beam, highlighting
its destabilizing effect. Conversely, even small values of the external damping coefficient β0 tend to
stabilize the system. These behaviors are particularly evident when examining cross sections of the surface
illustrated in Fig. 2. For a more comprehensive analysis and discussion of the linear stability diagrams for
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Fig. 2. Three-dimensional representation of the Hopf bifurcation in terms of: a critical load μd, and b associated oscillation
frequency ωd, plotted as functions of the internal and external damping parameters α0 and β0. The three lines are taken
at β0 = 0.5, 1, 2, respectively

the system under investigation, the reader is referred, e.g., to [23,30]. In general, the influence of linear
damping on the stability of a generalized Beck’s beam can be summarized as follows:

• for a given β0, a small value of α0 results in a critical load lower than that of the undamped case,
indicating a destabilizing effect;

• the greater the value of β0, the less pronounced is the destabilizing effect of α0;
• when α0 becomes sufficiently large, the destabilizing effect of internal damping tends to vanish;
• for a fixed pair (α0, β0), the critical load μd increases with β0, and it may also increase with α0 if

the latter is sufficiently large.

In the following, the nonlinear analysis is carried out starting from selected values of damping coeffi-
cients α0 and β0, with particular focus on the parameter region where the damping-induced destabilization
is observed.

4. Multiple scale analysis

The discretized problem under consideration is analyzed in this section using a perturbation approach
based on the Multiple Scales Method (MSM). Introducing a small positive scaling parameter ε � 1,
multiple time scales are defined as t0 = t, t1 = εt, and t2 = ε2t. Correspondingly, the discrete variables
are expanded in powers of ε as follows:

q(t) = ε1/2q0(t0, t1, t2) + εq1(t0, t1, t2) + ε3/2q2(t0, t1, t2) (19)

The perturbation strategy is developed to analyze the system’s behavior as the load parameter μ
varies within a small neighborhood of the Hopf critical value μd (subscript d denotes damped case). To
this end, the change of variable μ = μd + εδμ is introduced, where δμ represents the load increment from
the Hopf bifurcation point. With this formulation, the discretized system of nonlinear ODEs can be cast
into the following hierarchy:
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ε0 : q̈0 + (α0K + β0)q̇0 + (K + μdH)q0 = 0 (20)

ε1 : q̈1 + (α0K + β0)q̇1 + (K + μdH)q1 = N1(δμ, α1, β1,q0) (21)

ε2 : q̈2 + (α0K + β0)q̇2 + (K + μdH)q2 = N2(δμ, α1, β1,q0,q1) (22)

The solution of the ε0-order problem reads

q0 = UA(t1, t2)eiωd t + cc (23)

where ωd is the critical frequency corresponding to the Hopf critical load μd, U is the associated eigen-
vector defined through Eq. (16), and A(t1, t2) is the unknown amplitude to be determined by solving the
higher order problems.

Given μd and ωd, the solutions of the linear problem (20) is known and can be substituted in the
forcing term of the ε1 problem. This latter contains secular terms that must be removed by imposing the
solvability condition [50]

2π/ωd∫
0

V · N1(δμ, α1, β1,q1)e−iωdt0dt0 = 0, (24)

where V represents the left eigenvector of the adjoint problem (18). By solving the latter expression for
∂t1A(t1, t2), it is possible to derive the modulation equations at the first nonlinear order in complex form

∂t1A(t1, t2) = 
1δμA + (α1
2 + β1
3 + 
4)A2Ā,

∂t1Ā(t1, t2) = 
̄1δμ Ā + (α1
̄2 + β1
̄3 + 
̄4)AĀ2.
(25)

Note that the coefficients appearing in the latter expression are functions of the linear parameters
(α0, β0) and (μd, ωd). The so defined amplitude modulation equations (AME) allow to eliminate the
resonant terms from the right end side of the ε1-order problem that becomes then solvable and its
solution assumes the expression

q1 = γ1A
3(t1, t2)e3iωdt0 + γ2A

2(t1, t2)Ā(t1, t2)eiωdt0 + γ3δμA(t1, t2)eiωdt0 + cc. (26)

Note that the vectors γ1,2,3 are functions of the linear parameters (α0, β0) and (μd, ωd), while only γ1
also depends on the nonlinear damping parameters (α1, β1). Such vectors are derived by solving separately
the following algebraic problems:

[
−9ω2

dI + iωd(α0K + β0) + (K + μdH)
]
γ1 = z1A

3(t1, t2),[
−ω2

dI + iωd(α0K + β0) + (K + μdH)
]
γ2 = z2A

2(t1, t2)Ā(t1, t2),[
−ω2

dI + iωd(α0K + β0) + (K + μdH)
]
γ3 = z3δμA(t1, t2).

(27)

Specifically, γ1 is obtained by solving a non-singular problem, whereas determining γ2,3 involves solving
singular problems. The procedure closely follows that outlined in [21], to which the reader is referred for
additional details.

Given q1, the solvability condition can be imposed at order ε2 to derive a correction to the amplitude
modulation equations. The condition is again
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2π/ωd∫
0

V · N2(δμ, α1, β1,q1)e−iωdt0dt0 = 0, (28)

from which the second-order AMEs are derived.
∂t2A(t1, t2) =Aδμ2
5 + A2Ā (α1δμ
6 + β1δμ
7 + δμ
8) +

A3Ā2
(
α1β1
10 + α2

1
9 + α1
11 + β2
1
12 + β1
13 + 
14

)
,

∂t2Ā(t1, t2) =δμ2Ā
̄5 + AĀ2 (α1δμ
̄6 + β1δμ
̄7 + δμ
̄8) +

A2Ā3
(
α1β1
̄10 + α2

1
̄9 + α1
̄11 + β2
1 
̄12 + β1
̄13 + 
̄14

)
.

(29)

The amplitude modulation equations can be cast in real form by introducing
A(t1, t2) = (1/2)a(t1, t2)eiϕ(t1,t2), being a and ϕ the real amplitude and phase, respectively, that is

ȧ =δμ

(
a
1 +

a3
5
4

)
+

1
4
a3(α1
2 + β1
3 + 
4) +

1
16

a5(α1
6 + β1
7 + 
8),

aϕ̇ =δμ

(
a
̄1 +

a3
̄5
4

)
+

1
4
a3(α1
̄2 + β1
̄3 + 
̄4) +

1
16

a5(α1
̄6 + β1
̄7 + 
̄8).
(30)

Note that the coefficients appearing in the latter expressions represent the real part of the ones
appearing in Eqs. (25),(29), while those denoted by the over bar represent the imaginary part.

The interest is to analyze the stationary solutions of Eq. (30) when ȧ = 0, therefore, for a given value
of a only one corresponding value of δμ can exist, that is

δμ = −
a2 (α1
2 + β1
3 + 
4) + 1

4a4 (α1
6 + β1
7 + 
8)
a2
5 + 4
1

, (31)

which allows to depict the bifurcation diagram of the system, i.e., to describe its Limit Cycle Oscillation
(LCO) in the plane (δμ, a). In particular, with regard to the numerical results, the response will always
be represented in terms of the beam displacement at the tip, i.e., v(1).

The stability of the obtained solution can be analyzed by linearizing Eq.(30), yielding the following
expression:

5α1a
4
6 + 5a4β1
7 + 5a4
8 + 12α1a

2
2 + 12a2β1
3 + 12a2δμ
5 + 12a2
4 + 16δμ
1 = 0. (32)

This expression must be evaluated along the limit cycle at the corresponding values of δμ and a; when
it takes positive values, the solution is unstable.

5. Numerical examples

5.1. Role played by nonlinear damping coefficients α1 and β1

When the solutions experiences a transitions from a subcritical to a supercritical branch of the amplitude-
load stability diagram, a turning point appears in the LCO, as depicted in Fig. 3.

The amplitude at which it occurs can be evaluated as ∂δμ/∂a = 0, which furnishes a biquadratic
polynomial in the real amplitude a, i.e.,

b2(a2)2 + b1a
2 + b0 = 0, (33)
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Fig. 3. Qualitative representation of the Limit Cycle Oscillation (LCO) in the absence (black line) and in the presence of
hard loss

whose solutions are

atp
1,2 =

√
−b1 +

√
Δ

2b2
, (34)

where the superscript tp stands for turning point, Δ = b21 − 4b0b2, the corresponding δμ is given by Eq.
(31), and, finally,

b0 = −16
1 (α1
2 + β1
3 + 
4) ,

b1 = −8
1 (α1
6 + β1
7 + 
8) ,

b2 = −
5 (α1
6 + β1
7 + 
8) .

(35)

The existence of the turning point can be determined by studying the sign of b0. In particular, Δ > 0
ensures the existence of two solutions for Eq. (33), but, in order to obtain real atp, it must be b0 < 0.
This coefficient is not only a direct function of (α1, β1), but also depends on the linear damping (α0, β0)
through the coefficients ρk.

Figure 4a represents the domain where the turning point exists (b0 < 0) for different values (α0, β0).
The domain actually represents the region where a1 is positive from b0 < 0, having imposed β1 = 0,
since, as it will be clarified next, it has a smaller effect. The domain α1 > 0 is enclosed by the thin red
line and highlighted in light blue. The turning point always exists for small values of α1, however, by
looking at the inset in Fig. 4a, it can be noted that there is a smaller region where the turning point does
not exists for really small values of α0, but β0 > 0.7. By focusing the attention on smaller values of α0,
namely 0.01 (see the dashed gray line), the condition b0 = 0 is reported in Fig. 4b for β0 = 0.5, 1, 1.5, in
particular b0 < 0 on the right side. Here, it is possible to highlight that the role of β1 is marginal unless
really large values (unfeasible) are considered. On the other hand, the role of α1 reveals to be crucial in
the existence of the turning point.

Once the atp is found, the corresponding δμ is retrieved by substituting the amplitude into Eq. (31).

5.2. Limit cycles of the nonlinearly damped system

Equation (31) allows to retrieve the corresponding amplitude in terms of tip displacement v(1). It is clear
from the previous analysis that the role of β1 is marginal since it becomes effective only at large values,
i.e., β1 > 1, therefore in the subsequent analyses it is fixed at β1 = 0.005. On the other hand, it is of
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Fig. 4. Existence of the turning point: b0(α1, β1) ≥ 0. a The colored region identifies the domain where the turning point
exists for different values (α0, β0). b The existence condition is evaluated at α0 = 0.01 and three selected values of β0,
namely (0.5, 1, 1.5) (colour figure online)

Fig. 5. Limit cycle oscillation amplitude at β1 = 0.005.

interest to analyze the response of the solution when α1 varies: it has been observed that its value can
determine a significant variation in the solution stability.

Figure 5 illustrates the LCO amplitude v(1) and the corresponding δμ, as α1 varies in the range
(0, 0.04). The light blue surface identifies the amplitude, while the red line indicates the turning point
loci.

Figure 6 illustrates three slices of Fig. 5 at prescribed α1, namely, (0.015, 0.025, 0.027). The pertur-
bation solution is represented in blue (the dashed line denotes the unstable branches) and the blue dot
represents the position of the turning point, which exists only in Fig. 6b, c. In all the three subfigures,
it is represented the numerical solution (red dotted line) to show the good agreement with the analytical
one, even at significant amplitudes, i.e., v(1) � 0.4.

To better highlight the good agreement with the numerical solution, also the response in terms of
phase diagrams is reported in Fig. 5 (perturbation solution in blue and the numerical one in red) at
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Fig. 6. Limit cycle oscillation amplitude at β1 = 0.005 and: a α1 = 0.015; b α1 = 0.025; c α1 = 0.027. The corresponding
phase diagram is taken at: d δμ = 1% for α1 = 0.015; e δμ = 0.2% for α1 = 0.025; f δμ = 0.3% for α1 = 0.027.

selected values of δμ, namely : (d) δμ = 1% for α1 = 0.015; (e) δμ = 0.2% for α1 = 0.025; (f) δμ = 0.3%
for α1 = 0.027. Despite a quantitative mismatch is present, the overall response is well captured event at
large amplitudes (i.e., v(1) > 0.3).

6. Conclusions

The impact of various nonlinear damping sources, arising from material behavior (internal damping)
and fluid–structure interaction (external damping), on the nonlinear dynamics of a Beck’s beam has
been analytically investigated. A perturbation analysis based on the Multiple Scales Method has been
employed to derive the system’s bifurcation equation near a Hopf bifurcation and to assess the role of
nonlinear damping in shaping the system’s nonlinear response. The analytical investigation has revealed
that both internal and external damping mechanisms can have a dual effect: they may either attenuate or
amplify the amplitude of the system’s limit cycles and, under specific conditions, can induce a transition
from stable supercritical to unstable subcritical limit cycles. Specifically, the analysis has revealed the
presence of a turning point in the amplitude-load curve, along with the condition for its occurrence,
which marks a regain of stability in the subcritical branch. Beyond the turning point, the subcritical
branch transitions into a supercritical type, causing a reversal in the nature of the limit cycle. This
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phenomenon, known as Hard Loss of Stability and previously identified analytically only in the context
of the Ziegler’s double pendulum, has now also been observed and analytically demonstrated in the Beck’s
beam. Numerical analysis and comparisons between the analytical solution obtained via the MSM and the
numerical solution derived using the Galerkin method, have further validated these analytical findings.

The study has revealed damping effects in the nonlinear regime that extend beyond the classical desta-
bilization phenomena observed in linear systems. The damping-induced stabilization and destabilization
behaviors, along with the analytical conditions under which they arise, identified in this work, offer valu-
able insights that could be harnessed in the design of advanced mechanical systems. These findings hold
potential for applications across a range of engineering fields, including energy harvesting and vibration
control.

Several aspects deserve further investigation, including the coupling of the considered nonlinear vis-
coelastic beam with piezoelectric materials [43,47], as well as the use of alternative beam geometries, such
as tapered, pre-twisted, or curved configurations [53,54], to optimize the system’s response for energy
harvesting applications. The influence of piezoelectric patches on nonlinear viscoelastic non-prismatic ele-
ments, both for energy harvesting and vibration control, represents an intriguing area for future research.
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Appendix A Extended Hamilton’s principle and governing equations

The equations of motion of the system presented in Sect. 2 are derived using the extended Hamilton’s
principle, which states that the variational condition δH := δT + δWe − δWi = 0 must be satisfied for
any kinematically admissible motion of the system over an arbitrary time interval [t1, t2], where δT is the
kinetic energy of the system, δWe is the external work, and δWi is the internal work. They are defined

http://creativecommons.org/licenses/by/4.0/
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as follows:

δT := δ

t2∫
t1

l∫
0

m
u̇2 + v̇2

2
dsdt, (36)

δWe :=

t2∫
t1

l∫
0

p δv dsdt +

t2∫
t1

(
(−F cos θB) δuB + (−F sin θB) δvB

)
dt, (37)

δWi :=

t2∫
t1

l∫
0

M δκ dsdt + δ

t2∫
t1

l∫
0

(
H (u′ − cos θ + 1) + V (v′ − sin θ)

)
dsdt. (38)

The kinematic constraints associated with beam inextensibility and unshearability are incorporated
into Eq. (38) through Lagrange multipliers H(s, t) and V (s, t), which represent the reactive internal forces
in the horizontal and vertical directions, respectively.

By applying standard procedures based on integration by parts and the principle of localization, the
equations of motion of the system can be expressed in the form:

H ′(s, t) − mü(s, t) = 0,

V ′(s, t) + p(s, t) − mv̈(s, t) = 0,

M ′(s, t) − H(s, t) sin θ(s, t) + V (s, t) cos θ(s, t) = 0,

(39)

with the constraint equations v′(s, t) = sin θ(s, t) and u′(s, t) = cos θ(s, t) − 1, the geometric boundary
conditions v(0, t) = 0 and v′(0, t) = 0, and the natural boundary conditions

H(l, t) + F cos θ(l, t) = 0,

V (l, t) + F sin θ(l, t) = 0,

M(l, t) = 0.
(40)

Equations (39)–(40) can be combined and reformulated as an integro-differential problem in terms of
a single unknown function, v(s, t). Specifically, this leads to the integro-differential equation (1), coupled
with four boundary conditions: v(0, t) = 0, v′(0, t) = 0, M(l, t) = 0, and M ′(l, t) = 0. Here, the internal
bending moment M(s, t) is explicitly expressed as a function of v(s, t) through the constitutive relation
given in Eq. (2).
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