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Time-varying (TV) materials have recently gained considerable attention for their ability to manipulate 
electromagnetic (EM) waves and improve the performance beyond the limits of conventional 
time-invariant materials. In addition, distributed TV capacitors are becoming more attractive to 
achieve particular effects. This work presents a systematic approach to modeling TV dielectrics by 
incorporating TV capacitors in the framework of the partial element equivalent circuit (PEEC) method. 
Thus, the standard formulation of the PEEC method is modified to include TV dielectrics and lumped 
elements for general 3D geometries directly in the time domain (TD). It is shown that this is possible 
through TV capacitances and voltage-controlled current sources. Four numerical examples validate the 
proposed approach.

There is a renewed interest in “temporal materials” based on time-varying (TV) constitutive parameters. Recent 
advancements in material synthesis have allowed the development of electromagnetic (EM) systems where the 
dielectric permittivity can be controlled externally. This feature suggests translating to time concepts and tools 
introduced in conventional (spatially modulated) materials1.

This topic is not new despite the recent interest in employing time-modulation techniques for engineering 
the EM response. Indeed, some pioneering works have been published starting in the 1950s focusing on the 
EM propagation through one-dimensional domains with TV permittivity2–4 and networks with TV lumped 
elements5,6. For example, a comprehensive literature review of EM systems and circuits with TV parameters can 
be found in7,8. More recently, an elegant method to handle circuits with TV components has been presented in9 
but, still, it becomes computationally very expensive when the number of TV elements increases since the size of 
the problem scales linearly with the number of harmonics. TV components for enhancing the wireless transfer 
of power and information are also considered in10. The use of frequency-domain (FD) techniques results in the 
solution of a large system of equations, even in the case of circuits involving only one lumped TV component. It 
becomes unfeasible for problems involving many TV elements.

Tunable components using bulk-distributed properties directly rather than semi-lumped active components 
have been presented in11,12. At the same time, nonreciprocal antennas and circulators are described in13, and14,15 
respectively.

The literature study reveals that while several methods can handle dielectrics with TV permittivity, most 
resort to a time-to-frequency transformation. The FD analysis can help to reveal how TV EM systems can 
surpass the performance limitations of conventional devices (e.g., the Bode-Fano limit). Still, it may not render 
a proper way to solve a space-time problem.

In particular, TV dielectrics have been found of interest in various high-power and optical applications; e.g., 
space-time modulation of permittivity has been recently explored as a mechanism for designing non-reciprocal 
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devices16. Because of frequency mixing introduced by the temporal change in the permittivity, traditional FD 
analysis techniques are less suitable for use, while a direct integration of Maxwell’s equations in the time domain 
(TD) is the natural approach for this class of problems. Indeed, a rigorous FD method to study wave propagation 
in inhomogeneous and homogeneous TV dielectric media has been presented in17. Here, to perform the study 
completely in FD, two angular frequencies are introduced: the first frequency argument is related to the temporal 
nonlocality (or temporal dispersion), and the second argument is associated with the observation time. This is 
necessary because the TD susceptibility kernel for such a medium is a function of two different time variables. A 
purely TD approach seems better suited to overcome this issue.

Another possibility that is being explored is to use distributed TV lumped elements to achieve particular 
performance, as occurs in spatially discrete traveling-wave-modulated circuit networks18,19 where a transmission 
line is loaded with spatially discrete traveling-wave-modulated capacitors. Further relevant works on the 
electromagnetics of TV media recently occurred in the literature: potentialities of TV interfaces have been 
studied20–22, for instance. Transmission lines with TV wave speed have been considered in23. Moreover, the 
pulsed EM plane-wave interaction with TV thin high-contrast layers has been presented in24–26. Pulsed-source 
radiated EM field in a homogeneous, isotropic, lossless medium with constant wave impedance/admittance but 
with TV wave speed has been investigated in27.

From this literature search, it can be claimed that, despite the growing interest in EM problems in which TV 
media and TV discrete components with assigned laws are present, the literature on this topic is dominantly 
limited to particular semi-infinite, 1-D or 2-D geometric structures, with particular modulations of lumped 
elements, typically the sinusoidal one.

Among techniques developed for analyzing transient EM field interactions with time-dependent materials, 
TD integral equation (TD-IE) solvers28,29 offer several advantages over their differential equation counterparts, 
including finite-difference TD methods30,31. In32, it is presented an envelope-tracking solution of the volume 
electric-field integral equation (V-EFIE) pertinent to the analysis of wave propagation through spatiotemporally 
modulated lossy dielectrics, where the material properties vary much slower than the fields. In33, an explicit 
marching on-in-time (MOT) scheme for solving the TD EFIE enforced on volumes with TV dielectric 
permittivity is proposed.

Another integral equation-based approach is represented by the partial element equivalent circuit (PEEC)34,35. 
Its distinctive feature is that it provides a circuit interpretation of EM phenomena for both TD and FD domains. 
Over the years, several methods for analyzing PEEC models in the time and frequency domains have been 
proposed35 and have been further advanced in recent years36–41.

Equivalent circuit models for ideal dielectrics have been proposed in42, while equivalent circuits of dispersive 
and lossy dielectrics have been presented in43 and44, respectively. Valuable models of finite-size dielectrics have 
been recently proposed in45,46. Some preliminary results on the modeling of TV dielectrics through the PEEC 
method have been presented in47.

This work aims to present a systematic modeling of TV dielectrics in the framework of the 3D PEEC method, 
along with the incorporation of general TV lumped capacitors. Firstly, a detailed derivation of the contrast-
source formulation for TV dielectrics is presented; secondly, based on the contrast-source formulation, TV 
dielectrics are incorporated in the PEEC formulation based on the volume integral form of Maxwell’s equations. 
It is shown that equivalent circuits that consist of TV capacitances and voltage-controlled current sources can be 
derived for both lossless and lossy TV dielectrics. The advantage of the proposed approach over the method of 
moments (MoM)-oriented formulations resides in the circuit interpretation of the phenomena resulting in TV 
capacitances and controlled sources. It is also true that the same approach can be used along with MoM. It is to 
be remarked that the proposed approach is a pure TD technique that avoids switching back and forth to the FD, 
which is not convenient for TV materials and lumped elements. Compared with FDTD31 and FEM48 methods, 
the proposed PEEC modeling of TV dielectrics offers a full-wave circuit interpretation that naturally integrates 
lumped elements and time-varying materials (e.g., through time-varying capacitors and controlled sources), is 
suitable for SPICE co-simulation, avoids volumetric meshes of the background medium and the need to enforce 
absorbing boundary conditions, thus reducing the degrees of freedom, while preserving correct propagation 
and radiation.

The proposed method is validated through four pertinent examples.

Contrast-source formulation for time-varying dielectrics
In the following, we assume the constitutive relations in a linear, relaxation-free isotropic TV medium exhibiting 
a TV electrical permittivity ε(t) and time-independent conductivity σ and magnetic permeability µ0. They read: 

	 J(r, t) =σE(r, t), � (1a)

	 B(r, t) =µ0H(r, t), � (1b)

	 D(r, t) =ε(t)E(r, t). � (1c)

 Let {E, H, D, B, J}(r, t) represent the EM fields that solve Maxwell’s equations under an assigned excitation: 

	 ∇ × E(r, t) = − ∂tB(r, t), � (2a)

	 ∇ × H(r, t) =J(r, t) + ∂tD(r, t), � (2b)

 where ∂t denotes the time differentiation operator. In addition to the curl Maxwell’s equations (2), divergence 
equations must also be considered. For an isotropic TV medium described by {σ, µ0, ε(t)}, they read: 
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	 ∇ · B(r, t) =0, � (3a)

	 ∇ · D(r, t) =∇ · [ε(t)E(r, t)] = qF (r, t), � (3b)

 where qF (r, t) denotes the free electric charge density.
Equation (2b) can be rewritten as

	 ∇ × H(r, t) =J(r, t) + ∂t

{[
ε(t) − ε0

]
E(r, t)

}
+ ε0∂tE(r, t). � (4)

By defining the equivalent contrast electric-current volume density as

	 Jeq(r, t) =J(r, t) + ∂t

{
[ε(t) − ε0] E(r, t)

}
, � (5)

equation (4) can be reformulated as

	 ∇ × H(r, t) =Jeq(r, t) + ε0∂tE(r, t). � (6)

The magnetic vector potential A (r, t) generated by Jeq (r, t) is given as

	
A (r, t) = µ0

4π

ˆ

V ′

Jeq (r′, t′)
|r − r′| dV ′. � (7)

In equation (7), t′ represents the time at which the equivalent current density Jeq  acts as the source of the vector 
potential A, while t denotes the observation time. These two instants are related by:

	 t′ = t − |r − r′|/c0,� (8)

where c0 is the speed of light in the vacuum, c0 = 1/
√

µ0ε0. It is well-known that the electric field at position 
r, at time t, reads:

	 E (r, t) =Einc (r, t) − ∂tA (r, t) − ∇Φ (r, t) . � (9)

In addition to the EFIE, the conservation of charge has to be enforced through the continuity equation. The 
divergence of equation (6) gives

	 ∇ · Jeq (r, t) = −ε0∂t∇ · E.� (10)

Since the PEEC method is based on the volume equivalence principle, currents and charge densities are assumed 
to radiate in the free space. This implies

	
∇ · E (r, t) = qF (r, t) + qB (r, t)

ε0
,� (11)

where qB (r, t) is the bound charge due to dielectric polarization42. Hence, equation (10) can be rewritten as

	 ∇ · Jeq (r, t) = −∂t

[
qF (r, t) + qB (r, t)

]
= −∂tq (r, t) .� (12)

In the following, we assume that the free and bound charges are located only on the surface of conductors, 
dielectrics, and magnetic materials. Thus, in their interior regions, the continuity equation (10) becomes:

	 ∇ · Jeq (r, t) = 0,� (13)

while on the surfaces, using the surface divergence operator, we have:

	

[
J+

eq (r, t) − J−
eq (r, t)

]
· n̂ = −∂tq (r, t) ,� (14)

where n̂ is the outward normal to the surface S, and the superscripts + and - indicate the two sides of the surface, 
respectively, and q (r, t) is the total surface charge density. The application of the Gauss theorem to equations 
(13) and (14) leads to interpreting them as Kirchhoff current law enforced at a node located at point r at time t.

Finally, since the total charge q (r, t) radiate in the free space, the electric scalar potential Φ (r, t) can be 
obtained as

	
Φ (r, t) = 1

4πε0

ˆ

S

q (r′, t′)
|r − r′| dS′. � (15)

The equivalent sources can be further expressed as:
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	 Jeq(r, t) =J(r, t) +
[
ε(t) − ε0

]
∂tE(r, t) + E(r, t)∂tε(t). � (16)

The above equation can be particularized by considering two distinct classes of (TV) dielectrics:

•	 lossless TV dielectric {σ = 0, ε(t), µ = µ0}

	 Jeq(r, t) =
[
ε(t) − ε0

]
∂tE(r, t) + E(r, t)∂tε(t), � (17)

•	 lossy TV dielectric {σ, ε(t), µ = µ0}

	 Jeq(r, t) =σE(r, t) +
[
ε(t) − ε0

]
∂tE(r, t) + E(r, t)∂tε(t). � (18)

PEEC formulation for time-varying dielectric phenomena
To derive a PEEC-based representation of TV dielectric phenomena, equations (7) and (15) are employed to 
reformulate equations (9), (13), and (14) into equivalent circuit equations. This transformation is carried out 
through a two-step procedure: 

	1.	 The unknown quantities Jeq (r, t) and q (r, t) are expanded in a series form as: 

	
Jeq (r, t) ∼=

Nv∑
n=1

bn (r) In (t) , � (19a)

	
q (r, t) ∼=

Ns∑
m=1

pm (r) Qm (t) , � (19b)

	 where bn (r) ∈ R3 and pm (r) ∈ R are the spatial basis functions, while In (t) and Qm (t) are the basis func-
tion weights that must be determined at each time sample, Nv  and Ns represent the number of elementary 
volumetric and surface sub-regions, respectively;

	2.	 Upon substitution of (19) in (7), (15), (9), (13) and (14), Galerkin’s testing or weighting process49 is adopted 
by enforcing the residuals of equations (9) and (15) to be orthogonal to a set of weighting functions, which 
are identical to the basis functions. To this aim, two inner products are defined as: 

	
⟨f (r) , bi (r)⟩ =

ˆ

Vi

f (r) · bi (r) dVi, � (20a)

	
⟨g (r) , pj (r)⟩ =

ˆ

Sj

g (r) · pj (r) dSj , � (20b)

with i = 1, · · · , Nv , and j = 1, · · · , Ns.
Although various types of basis functions may be employed to expand the current and charge densities, in 

this work, we focus on the case of orthogonal geometries. Specifically, we assume that the volumes and surfaces 
of the structure are discretized into Nv  elementary parallelepipeds and Ns rectangular patches, respectively. 
These elements are assumed to be electrically small with respect to the wavelength corresponding to the highest 
frequency of interest. Accordingly, piecewise constant basis functions are adopted throughout the following 
analysis.

Let us denote by ℓn and an the length and the cross-section of an elementary parallelepiped Vn, respectively. 
The basis functions used to expand the current density J (r, t) are chosen as:

	
bn (r) =

{
ûn
an

if r ∈ Vn

0 otherwise ,� (21)

where ûn is the unit vector indicating the current orientation in volume Vn. With such a choice of the basis 
function, the corresponding weight represents the current flowing in the volume Vn with orientation ûn.

Let Am be the area of the surface of the rectangular patch Sm. The basis functions used to expand the charge 
density q (r, t) are chosen as:

	
pm (r) =

{
1

Am
if r ∈ Sm

0 otherwise � (22)

With such a choice of the basis function, the corresponding weight Qm represents the charge on patch m.
Figure 1 describes the overall process of derivation of the PEEC method. In particular, it shows the block 

diagram of the PEEC workflow from the electromagnetic to the circuit domain: starting from geometry and 
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materials, meshing and discretization define the basis functions for J and q, on which EFIE and charge continuity 
are enforced; the mapping yields the partial elements, e.g., partial inductances, coefficients of potential, and 
resistances. Lossless and lossy/dispersive dielectrics can be incorporated as described in42,43. The resulting circuit 
is assembled in the modified nodal analysis (MNA)50 and solved in the frequency or time domain (optionally 
with reduced order models51–55). Outputs include voltages, currents, fields, and port parameters (Z, Y, S 
parameters). Excitations can be introduced either in the EM or the circuit domain; a field-reconstruction block 
enables back-mapping of fields.

The following sections present PEEC-based models for TV dielectrics (lossless and lossy) and for time-
varying lumped capacitors.

Time-varying lossless dielectrics
For a TV lossless dielectric, the equivalent current density at a point r and at time t (17) can be rewritten as

	 Jeq(r, t) =
[
ε(t) − ε0

]
∂tE(r, t) + E(r, t)∂tε(t), � (23)

Geometry & Materials
(conductors, dielectrics)

Meshing Policy
uniform / adaptive; skin-depth; dielectric refinement

Discretization
(cells / filaments / surfaces)

Basis functions for J and q

Integral Equation
EFIE + Continuity

Excitations
impressed sources

PEEC Partial Elements
Lpi j (partial inductances) Pi j (coeffs. of potential) Ri j (ohmic)

Dielectric Cells Subnetwork
polarization current excess capacitance42

Circuit Assembly
(netlist, MNA matrices)

Solution: AC / Transient
(direct/iterative, MOR)

Outputs
V , I, fields, Z Y S-params

Circuit sources
(voltage / current sources)

Field reconstruction
from circuit solution

PEEC mapping: EM circuit

Electromagnetics domain

Circuit domain

Fig. 1.  Block diagram of the PEEC workflow from the electromagnetic to the circuit domain.
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Also in this case, using the expansion (19a) and applying the inner product (20a) for the i-th elementary volume, 
allows to obtain the circuit interpretation of equation (23):

	
ii(t) = Cd,i(t)

dvi(t)
dt

+ vi(t)
dCd,i(t)

dt
,� (24)

where Cd,i(t) is the TV excess capacitance42 and vi(t) is the voltage drop across the i-th elementary volume. The 
corresponding equivalent circuit is described in Fig. 2. It consists of the TV excess capacitance Cd,i(t) in parallel 
with a voltage-controlled current source proportional to the time derivative of the excess capacitance Cd,i(t).

Time-varying lossy dielectrics
In the case of TV lossy dielectrics, the equivalent current density at a point r and at time t is given by (18). 
Following the same steps as before, we obtain

	
ii(t) = Gd,ivi(t) + Cd,i(t)

dvi(t)
dt

+ vi(t)
dCd,i(t)

dt
,� (25)

where Gd,i is the conductance of the i-th elementary volume. The corresponding equivalent circuit is shown in 
Fig. 3. Hence, the additional conductance Gd,i is placed in parallel to the equivalent circuit of the lossless case.

Time-varying lumped capacitors
TV lumped capacitors can also be used to overcome the performance of time-invariant capacitors. In this case, 
the current through the time-varying capacitor Clc is

	
ilc,i(t) = dq

dt
= Clc,i(t)

dvlc,i(t)
dt

+ vlc,i(t)
dClc,i(t)

dt
.� (26)

The corresponding circuit synthesis is shown in Fig. 4.
TV capacitors can be stamped in the Modified Nodal Analysis (MNA) form50, as reported in the next section.

Time domain PEEC formulation
In the previous section, it has been shown that TV dielectrics and lumped capacitors can be included in PEEC 
models in terms of TV capacitances and voltage-controlled current sources, accounting for the time derivative of 
the TV permittivity or capacitance. This results in the equivalent circuits in Figs. 2, 3 and 4. Hence, they impact 
only the Kirchhoff voltage (KVL) that has to be enforced on the PEEC circuit. It is also to be remarked that such 
circuits are fully compatible with Spice-like tools56–58, thus making it possible to integrate the PEEC model with 
other linear and non-linear elements as available in circuit libraries.

Fig. 3.  Equivalent circuit for a lossy TV dielectric cell.

 

Fig. 2.  Equivalent circuit for a lossless TV dielectric cell.
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In the following, the TD PEEC formulation described in59 is adopted, by taking equations (24), (25) and (26) 
into account. The MNA form of the adopted equations is:

	
C(t)dx(t)

dt
= −G(t)x(t) + Bu(t),� (27)

with the unknown vector being

	 x(t) = [i(t) ϕsr(t) ϕi(t) vd(t) qs(t)]T ∈ ℜnu×1,� (28)

where i(t) are the branch currents, ϕsr(t) are the scalar potentials for surface nodes, ϕi(t) are the scalar potentials 
for internal nodes, vd(t) are the excess capacitance voltages for dielectric branches qs(t) are the surface charges, 
and nu is the total number of unknowns. The state-space matrices C(t), G(t) and B retain the same structural 
form as in the time-invariant case60, but now include entries that are explicitly time-varying. They are given by:

	

C(t) =




Lp(t)∗
nb×nb

0
nb×nns

0
nb×nni

0
nb×nbd

0
nb×np

0
nns×nb

Clc(t)
nns×nns

0
nns×nni

0
nns×nbd

MT

nns×np

0
nni×nb

0
nni×nns

0
nni×nni

0
nni×nbd

0
nni×np

0
nbd×nb

0
nbd×nns

0
nbd×nni

Cd(t)
nbd×nbd

0
nbd×np

0
np×nb

0
np×nns

0
np×nni

0
np×nbd

0
np×np




, � (29)

	

G(t) =




R
nb×nb

As
nb×nns

Ai
nb×nni

Γ
nb×nbd

0
nb×np

−AT
s

nns×nb

Gle(t)
nns×nns

0
nns×nni

0
nns×nbd

0
nns×np

−AT
i

nni×nb

0
nni×nns

0
nni×nni

0
nni×nbd

0
nni×np

−ΓT

nbd×nb

0
nbd×nns

0
nbd×nni

Gd(t)
nbd×nbd

0
nbd×np

0
np×nb

−M
np×nns

0
np×nni

0
np×nbd

P(t)∗
np×np




, � (30)

where Gd(t) = Gd + d
dt

Cd(t), Gle(t) = Glr + d
dt

Clc(t), Glr  being the matrix including time-invariant 
lumped resistances and

	

B =




I
nb×nb

0
nb×nns

0
nns×nb

I
nns×nns

0
nni×nb

0
nni×nns

0
nbd×nb

0
nbd×nns

0
np×nb

0
np×nns




,� (31)

where nb, nns, nni, nbd and np represent the cardinality of branches, surface nodes, internal nodes, dielectric 
cells, and surface cells, respectively. The time-dependent partial inductance matrix Lp(t) and the coefficient of 
potential matrix P(t), which describe the magnetic and electric field coupling in the background medium, can 
be written as: 

	
Lp(t) =L(dl)

p δ(t) +
NLp∑
i=1

L(d)
p δ(t − τcc,i), � (32a)

Fig. 4.  Equivalent circuit for a TV capacitor.
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P(t) =P(dl)δ(t) +

NP∑
q=1

P(d)δ(t − τcc,q), � (32b)

 where dl and d stand for delay-less and delayed components, respectively; NLp  is the number of not-negligible 
delays between elementary volumes, while NP  is the number of not-negligible delays between elementary 
surfaces; τcc,i = Rcc,i/c0, i = 1, · · · , NLp  and τcc,q = Rcc,q/c0, q = 1, · · · , NP  denote the delays between 
the centers, identified by Rcc,i and Rcc,q  respectively, of the spatial supports of the basis functions of currents 
and charges; c0 is the speed of the light in the background medium. The symbol ∗ denotes the convolution 
operator. Furthermore, Cd(t) is the TV excess capacitance matrix, Gd(t) is the matrix accounting for the 
dielectric conductive losses and the time derivative of the TV excess capacitance matrix, R is the branches 
resistance matrix, As is the incidence matrix for the surface nodes, Ai is the incidence matrix for the internal 
nodes, Γ is the dielectric region selection matrix, M is the surface-to-node reduction matrix and Gle is the load 
conductance matrix (assuming for simplicity of notation that only resistive lumped elements are connected to 
the PEEC model).

The source vector u(t) is:

	
u =

[
vs(t)
is(t)

]
,� (33)

where vs(t) and is(t) are the voltage and current sources applied to branches and nodes, respectively. Vector 
vs(t) includes the voltages induced by external incident fields61.

It is to be remarked that the partial inductances Lp and the coefficients of potential P are not affected by the 
TV behavior of dielectrics because they describe the magnetic and electric field coupling in the background 
medium, typically the free space. Time variation of the permittivity is reflected only in the Cd(t) and Gd(t) 
matrices that describe local dielectric polarization phenomena. The solver obtained using the partial inductance 
matrix Lp(t) and the coefficient of potential matrix P(t), as defined in equation (32), is the one with delay, 
hereafter referred to as P EEC − DEL. If, starting from this, the propagation delays are neglected, the quasi-
static version is obtained, hereafter referred to as P EEC − QS.

Time-domain solver
In this sub-section, a simple algorithm for the computation of the time-domain solution is given. In particular, 
it is summarized by the procedure TIME-DOMAIN-SOLVER given in Fig. 5.

At line 1, the k−th time instant (0 initial time), the vector of unknowns X and its time derivative X′ are 
initialized. From line 2 to line 9, the solution Xk  is iteratively computed for each time sample k. In particular, at 
line 3 the k-th time instant is increased by the time step size h. At lines 4 and 5, the matrices Clc(tk), Cd(tk), 
Gle(tk) and Gd(tk) are updated by exploiting equations (25) and (26). As consequence, matrices C(tk) and 
G(tk) of equations (29) and (30), respectively, needs to be updated. At line 6, the source vector uk  is updated 
including the voltage and current sources at the time instant tk  and including the contribution of the delays 
for matrices Lp and P (32). At line 7, the linear system 

[
hC(tk) + G(tk)

]
Xk = uk  is solved to compute the 

solution Xk  and, finally, at line 8, its time derivative X′
k  is computed.

GMRES iterative solver
Since the coefficient matrix 

[
hC(tk) + G(tk)

]
Xk = uk  must be updated at each time instant tk , employing 

a direct solver, such as LU decomposition or explicit matrix inversion, becomes computationally prohibitive 
even for problems of moderate size. Therefore, an iterative solver, such as the Generalized Minimal Residual 
(GMRES) algorithm62, is necessary. In terms of iterative solvers, a well-conditioned system matrix corresponds 
to a low number of iterations for convergence. First of all, the system 

[
hC(tk) + G(tk)

]
Xk = uk  is typically 

Procedure: TIME-DOMAIN-SOLVER
Output: X

1 initialize tk = 0, X= 0, X = 0
2 for each time sample do
3 tk = tk+h
4 update Clc(tk) in (29) and Gle(tk) in (30)
5 update Cd(tk) in (29) and Gd(tk) in (30)
6 compute uk at time tk
7 solve hC(tk)+G(tk) Xk = uk
8 compute Xk
9 end for

Fig. 5.  Pseudocode of procedure TIME-DOMAIN-SOLVER.
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ill-conditioned because charges are usually much smaller than currents and voltages. To mitigate this problem, 
scaling can be adopted. The units of the electrical quantities are changed consistently as shown in Table 1.

Furthermore, it has been found effective to construct the preconditioner as the inverse of the matrix [
hĈ(tk) + Ĝ(tk)

]
, where Ĉ(tk) and Ĝ(tk) are built in the same manner as C(tk) and G(tk) in equations 

(29) and (30), respectively. However, the dense matrices Lp and P are replaced with the diagonal matrices L̂p 
and P̂, which retain only the diagonal elements as non-zero entries. Since 

[
hĈ(tk) + Ĝ(tk)

]
 is very sparse, its 

inversion can be easily performed by resorting to the sparse multifrontal LU factorization63. Finally, the GMRES 
method was implemented with a custom block-by-block redefinition of the matrix–vector products and manual 
block-wise preconditioning of the system following the approach detailed in64. In this way, the computational 
complexity of GMRES is primarily determined by the cost of matrix-vector products and the sparse multifrontal 
LU factorization.

Numerical results
In this section, we demonstrate the applicability of the proposed approach by considering four illustrative 
examples, namely, (a) a parallel plate capacitor, (b) a dielectric slab with a pair of dipole antennas, (c) a microstrip, 
all based on a TV dielectric slab. Finally, to show the model of a TV lumped element and its impact on EM 
scattering, we shall evaluate (d) the TD backscattered EM field from a small electric dipole loaded by a TV 
capacitor. An approximate analytical description of the latter configuration can be found in65. All the simulations 
have been carried out on a computer equipped with 384 GB of RAM and a dual-core Intel processor operating 
at 2.20 GHz. The PEEC method has been developed in MATLAB.

Parallel plate capacitor
In the first example, the parallel plate capacitor sketched in Fig. 6 is considered. The plates are 1 cm2, and the 
thickness of the conductors and dielectric are 50 µm and 0.5 mm, respectively. The plates are made of copper 
with electric conductivity σ = 5.8 · 107 S/m. The dielectric is characterized by the following TV permittivity

	
ε(t) = ε0εr

[
1 − 1

2 cos(ω0t)H(t − T0) + 1
2 cos(ω0t)H(t − T1)

]
,� (34)

where εr = 4.1, ω0 = 0.9 · 109 rad/s, the activation time is T0 = 1.8 ns while the TV part of the permittivity is 
switched off at time T1 = 36.5 ns and H(t) is the Heaviside step function. The TV relative permittivity is shown 
in Fig. 7.

A voltage source with an internal resistance Rs = 50 mΩ is applied to the capacitor. The voltage source has 
a power-exponential (PE) behavior described as66

	 vs(t) = (t/tr)n exp[−n(t/tr − 1)]H(t),� (35)

 and depicted in Fig. 8. The voltage source is applied precisely at the center of the square parallel plate capacitor, 
as shown in Fig. 6. The equivalent circuit includes 10741 inductive branches (5635 dielectric-related), 2852 
capacitive surfaces, and 3174 nodes. The displacement current through the capacitor has been computed using 
the PEEC model with constant and TV permittivity. In this last case, the quasi-static (P EEC − QS) and the 
delayed (P EEC − DEL) solvers have been used. For comparison purposes, the displacement current has 
also been computed using the FDTD method30, a commercial tool based on the Finite Element Method (FEM) 
and the well-known expression for the current through a lumped capacitor, i = dq/dt (with Clumped), while 

Fig. 6.  Parallel plate capacitor.

 

Scalar electric potential Voltage Current Charge Ps Cd R Lp Time

V V mA pC pF−1 pF kΩ µH ns

Table 1.  Scaled Units.
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considering the same TV permittivity. The results are shown in Fig. 9. Given the small dimensions of the plates, 
the four curves corresponding to the TV case almost overlap in the time interval T0 − T1.

In the second test, the size of the capacitor plates has been increased to 9 cm2. The source, the thickness of 
the conductors, and the dielectric have been kept unchanged. The equivalent circuit includes 19685 inductive 
branches (10323 dielectric-related), 4836 capacitive surfaces, and 5766 nodes.
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Fig. 9.  Displacement current through the 1 cm2 parallel plate capacitor.

 

Fig. 8.  Voltage source applied to the parallel plate capacitor.

 

Fig. 7.  TV permittivity of the parallel plate capacitor.
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For this evaluation, Fig. 10 shows the results obtained using the PEEC, FEM, and FDTD methods. A good 
agreement is observed across all techniques. In addition, Fig. 11 illustrates the number of GMRES iterations 
required by the ε(t)-PEEC-DEL method, using a convergence tolerance of 10−4. Finally, the performance of the 
GMRES iterative solver, under different settings and numbers of unknowns, is reported in Table 2. As expected, 
decreasing the tolerance increases the number of iterations, while the average time per iteration remains relatively 
stable. The multifrontal sparse LU preconditioner plays a key role in ensuring this efficiency.

The average time per GMRES iteration is 0.1 s, while the average time per time sample required by the sparse 
multifrontal factorization (for preconditioner setup) is 0.78 s.

Dielectric Slab Excited by an Electric Dipole
In this example, a time-varying dielectric slab is considered. It occupies 
Ω = {−L/2 ≤ x ≤ L/2, −W/2 ≤ y ≤ W/2} of dimensions {L, W } = {15, 12} cm (see Fig. 12). The 
thickness of the dielectric slab is d = 2 mm. Two dipoles are placed close to the slab at a distance of 1.5 mm on 
both sides of the slab, as shown in Fig. 12. Both dipole elements have a rectangular cross-section with a width of 

Number of
ind. branches

Number
of nodes

Number of
cap. surfaces

Avg. precond.
time per
time sample

Avg. time
per
iteration

Avg. iteration number per 
time sample

GMRES
tol. 1e-4

GMRES
tol. 1e-5

GMRES
tol. 1e-6

5120 1536 1536 120 ms 15 ms 34 57 75

10741 3174 2852 330 ms 50 ms 38 60 78

19685 5766 4836 780 ms 140 ms 40 63 79

Table 2.  Performance of the GMRES iterative solver under different settings and numbers of unknowns for the 
9 cm2 parallel-plate capacitor.
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Fig. 11.  Number of GMRES iterations for the 9 cm2 parallel plate capacitor.
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Fig. 10.  Displacement current through the 9 cm2 parallel plate capacitor.
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w = 4.8 mm and a thickness of t = 50 µm. The length of each dipole arm is 15 mm. Both dipoles are made of 
copper (σ = 5.8 · 107 S/m).

The first dipole is excited by the voltage source shown in Fig. 13, which exhibits a PE behavior with parameters 
n = 2 and tr = 2 ns. Both the transmitting and receiving dipoles are terminated with 1 kΩ resistors, connected 
at the ports indicated by the blue lines in Fig. 12. The TV dielectric permittivity follows the profile defined in 
(34), with ω0 = 0.9 · 109 rad/s, an activation time of T0 = 0.8 ns, and a deactivation time of T1 = 50 ns. The 
relative permittivity is shown in Fig. 14, with εr = 4.1; the constant permittivity value is ε = ε0εr = 4.1ε0. The 

Fig. 14.  TV permittivity of the dielectric slab.

 

Fig. 13.  Voltage source of the transmitting dipole.

 

Fig. 12.  Dielectric slab with a pair of transmitting and receiving dipoles.
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resulting equivalent circuit consists of 3624 inductive branches (3492 of which are related to the dielectric), 1824 
capacitive surfaces, and 1512 nodes.

The voltage at the receiving dipole is shown in Fig. 15, where the effect of the sinusoidal modulation of the 
permittivity in the time interval T0 − T1 is visible, resulting in amplitude modulation. Furthermore, Fig. 16 
reveals, via the magnitude response at the receiver dipole voltage port, distinct modulation patterns due to the 
time-dependent dielectric properties of the slab.

Figure 17 shows the number of GMRES iterations required by the ε(t)–PEEC–DEL method, with an accuracy 
threshold set to 10−4. On average, each GMRES iteration takes 13 ms, while the sparse multifrontal factorization 
used for preconditioner setup requires around 30 ms per time sample.

Microstrip
The geometry of the considered microstrip is sketched in Fig. 18. It consists of a flat copper signal conductor of 
thickness t = 35 µm and width w = 0.178 mm, which extends longitudinally for ℓ = 3 cm. This conductor 
is located on the top surface of a dielectric substrate that is h = 0.7 mm thick and W = 14.534 mm wide. A 
continuous ground plane, formed by a second copper layer of thickness t, is located on the underside of the 
substrate and shares the same width and length. The TV permittivity has been set with the following periodic 
modulated function:

	
ε(t) = ε0εr

[
1 + 1

2 cos (2πf0t) H(t)
]

,� (36)

where εr = 4.4, and f0 = 37.5 MHz. The TD voltage source is a sinusoidal signal with a frequency of fs = 500 
MHz and an amplitude of 1 V. Both ports are terminated with 50 Ω resistors. Figure 19 illustrates the periodically 
modulated permittivity profile. The equivalent circuit includes 1907 inductive branches (859 dielectric-
related), 926 capacitive surfaces, and 540 nodes. The magnitude spectrum of the microstrip output voltage is 
shown in Fig. 20. It can be observed that the frequency dispersion induced by the time-varying permittivity 
is accurately reproduced. Specifically, modulation of the permittivity gives rise to spectral components at 
f1 = fs − f0 = 462.5 MHz and f2 = fs + f0 = 537.5 MHz, which are correctly identified in the results.
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Fig. 16.  Magnitude of the receiver dipole voltage port.
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Fig. 15.  TD voltage at the receiving dipole port terminated on a 1 kΩ resistance.
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Furthermore, Table 3 reports the absolute errors at f0 and f0 ± fs resulting from the comparison of the ε(t)
-PEEC and ε(t)-FDTD approaches.

For this example, the number of GMRES iterations with an accuracy threshold of 10−4, is shown in Fig. 21. 
In this case, the average time per GMRES iteration is 4 ms, while the average time per time sample required by 
the sparse multifrontal factorization is 25 ms.

Dipole loaded by a TV capacitor
In this section, we evaluate the TD EM response in terms of the backscattered field from a small electric dipole 
loaded with a TV capacitor (see Fig. 22). An approximate analytical model of this configuration was presented 
in65.
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Fig. 19.  TV permittivity of the microstrip substrate.

 

Fig. 18.  Microstrip geometry.
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Fig. 17.  Number of GMRES iterations for the dielectric slab example.
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The dipole antenna is supposed to be irradiated by a uniform EM plane characterized by the PE signature 
defined by (35). Its pulse time width, tw, is related to the pulse rise time, tr, via tw = tr n−n−1Γ(n + 1) exp(n)
67. For this example we set n = 4 and tw = 50ℓ/c, where ℓ = 0.10 m denotes the (relatively small) dipole’s 
length. The temporal dependence of the load capacitance is chosen according to

Fig. 22.  Electric-dipole receiving antenna loaded by a TV lumped capacitor.
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Fig. 21.  Number of GMRES iterations for the microstrip example.

 

Method f0 − fs = 462.5 MHz f0 = 500 MHz f0 + fs = 537.5 MHz

ε(t)-PEEC vs. ε(t)-FDTD 1.062 · 10−10 5.932 · 10−9 3.631 · 10−10

Table 3.  Absolute errors at f0 and f0 ± fs in the magnitude spectrum of the microstrip output voltage.
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Fig. 20.  Magnitude spectrum of the microstrip output voltage.
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	 CL(t) = C0[1 + cos(2πt/tw)]H(t),� (37)

with C0 = 1.0 pF. The port voltage induced by the incident plane wave has been computed using two delayed 
PEEC solvers, one implementing a direct solver and the other an iterative one. The equivalent circuit includes 
1032 inductive branches, 636 capacitive surfaces, and 450 nodes. The result is shown in Fig. 23.

Figure 24 shows the difference in the TD amplitude of the far-field backscattered electromagnetic field, 
compared to the response of an open-circuited antenna, as obtained both from the approximate closed-
form model in65 and from PEEC-based simulations. The comparison is shown for the observation angle 
θ = π/2. The far-field TD response is scaled by the factor N = (Ca/4ϵ0)ℓ2, where Ca is the dipole capacitance 
Ca = πϵ0ℓ/2/ log(ℓ/a), with a = 1 mm being the radius.

Conclusion
Materials with time-varying electromagnetic parameters offer the potential to overcome performance 
limitations inherent to their linear, time-invariant counterparts. This work presents a rigorous derivation of 
the contrast-source formulation for modeling TV dielectrics and lumped capacitors within the partial element 
equivalent circuit (PEEC) framework. The proposed formulation enables the integration of both distributed and 
lumped TV dielectric phenomena into PEEC by introducing time-varying capacitances and voltage-controlled 
current sources. These elements are naturally incorporated into the Modified Nodal Analysis (MNA) equations, 
resulting in a full-wave time-domain (TD) solver with an intuitive circuit-based interpretation. Furthermore, 
the method lends itself to straightforward integration with SPICE-like circuit simulation tools. The accuracy 
and effectiveness of the approach have been demonstrated through a series of illustrative examples. Notably, the 
method maintains computational simplicity while ensuring accurate modeling of general 3D geometries and 
preserving the correct representation of propagation and radiation phenomena in the presence of time-varying 
materials. It is worth noting that incorporating TV dielectrics does not make the PEEC model more complex, as 
it only requires adding extra terms to the matrices. Furthermore, even though portions of the matrices must be 
updated as a function of time, the computational overhead remains modest with iterative solvers.
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Fig. 24.  The change of the EM field (with respect to the open-circuit reference) as backscattered by the wire 
antenna loaded by the TV capacitance (37).
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Fig. 23.  Dipole port voltage induced by the incident plane wave.
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Data availability
The datasets generated and/or analyzed during the current study are available from the corresponding author 
upon reasonable request.
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