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Abstract—We explore the efficacy of mode permutation to mit-
igate the impact of modal dispersion in a 15-mode fiber link for
long-haul space-division multiplexed transmission. By introducing
strong coupling between all the fiber modes, mode permutation
reduces the growth rate of the link’s intensity impulse response
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(ITR) with transmission distance, yielding a reduction in the
receiver MIMO-DSP complexity. Using a recirculating fiber-
loop configuration, we experimentally compare four permutation
schemes and find that they are similarly effective in reducing the
increase of the IIR duration from proportional to the square-root
of propagation distance. At the reach of 530 km — the largest
achievable with the time-domain MIMO window of 71.4 ns avail-
able in the experiment in the absence of mode permutation — the
IIR duration is seen to reduce from almost 40 ns to less than
15 ns, while the maximum reach achieved with the use of mode
permutation increases to 1178 km. We also devise a simple model
to simulate propagation in realistic MMF links with independent
fiber spans, whose parameters can be conveniently extracted from
the data. In achieving good agreement between the simulated and
experimental results, the model suggests that the effectiveness of
mode permutation in a realistic 15-mode fiber link, composed
of independent fiber spans, is only slightly greater than in the
experimental recirculating-loop configuration.

Index Terms—Modal dispersion, multi-mode fiber transmission,
mode permutation, space-division multiplexing.

1. INTRODUCTION

S DEMAND for higher data rates is expected to con-
A tinue its exponential increase in optical fiber networks,
and single-mode optical fibers are reaching their transmis-
sion limits [1], space-division multiplexing (SDM) has gained
traction as a promising alternative to address the impending
capacity crunch [2]. Proposed SDM fibers include multi-core
fibers (MCFs), multi-mode fibers (MMFs) and hybrid multi-
core multi-mode fibers (MC-MMFs) [3]. Specifically, MMFs,
wherein discrete data signals are multiplexed across distinct spa-
tial modes can support a substantial quantity of spatial channels
within the same 125 pm cladding diameter as standard single-
mode fibers (SMFs). This characteristic ensures similar fiber
mechanical reliability and compatibility with current cabling and
manufacturing processes [4]. Nonetheless, the accumulation of
modal dispersion (MD) has a direct impact on the required mem-
ory length for the multiple-input multiple-output (MIMO) equal-
izer [5], imposing constraints on both mode count and transmis-
sion reach. Indeed, while short-distance transmission utilizing
MMFs with up to 55 modes has been recently reported [6],
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Fig. 1. Sketch of the considered mode permutation schemes: (a) C-MP,
(b) Clockwise C-MGP, (c¢) Counter-clockwise C-MGP and (d) NC-MGP.
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[71, [8], experiments targeting long-haul transmission have only
used up to 15 fiber modes [9], [10], [11], [12], [13], [14], [15].
In addressing the accumulation of MD, a strategic approach
involves intentionally inducing strong mode coupling within the
MMF link. This method is grounded in the understanding that
modal dispersion increases proportionally to the square root
of the propagation distance under conditions of strong mode
mixing, as opposed to a proportional increase with propagation
distance in situations marked by no-to-weak mode coupling [ 16],
[17], [18]. In pursuit of robust mode coupling to counteract the
accumulation of MD, a practical implementation involves the in-
corporation of lumped mode scramblers along the fiber link. This
method stands as a viable scheme, strategically implemented
to enhance mode mixing and mitigate MD effects, offering a
solution to optimize the performance of the MMF link [18].
It is scalable for arbitrary mode counts, thereby providing a
practical approach for future MMF system deployments. Recent
advancements in this scheme include the proposals of cyclic
mode permutation (C-MP) and cyclic mode-group permutation
(C-MGP), demonstrating evolving techniques to further refine
and improve the effectiveness of the mode coupling strategy [9],
[10], [11], [12], [13].

In this work we examine the efficacy of four distinct mode
permutation (MP) schemes within a recirculating-loop-based,
long-haul 15-mode fiber link, expanding on [19]. Employing
these permutation schemes allowed extending the transmission
reach from 530 km to 1178 km while significantly reducing
the complexity of the receiver MIMO digital signal processing
(DSP). Notably, at 530 km, there was a reduction exceeding
65% in the duration of the MMF link intensity impulse response
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(IIR). An important supplement to the original work in [19] is
the study of mode-dependent loss (MDL) in the MMF system,
which shows that MP does not affect MDL accumulation with
transmission distance. We also developed a simple model for the
simulation of multi-mode propagation to assess the effectiveness
of MP in realistic links with independent fiber spans, as opposed
to the recirculating-loop scheme used in the experiment. The
model relies on a handful of parameters that can be conveniently
extracted from the experimental data. Despite its simplicity, the
model demonstrated accuracy in reproducing the experimental
results. Numerical results obtained for a link composed of
independent fiber spans showed only a modest improvement
in the performance of MP compared to the recirculating-loop
configuration, further supporting the reliability and applicability
of the experimental findings. Finally, the model was used to
explain the observed independence of MDL accumulation on
MP.

The remainder of this paper is organized as follows. Section II
delves into the concept of mode permutation and introduces the
schemes examined in the experiment. Section III outlines the ex-
perimental setup and presents the obtained results. In Section IV,
asimulation framework complementing the experimental results
is introduced and the corresponding findings are presented. The
conclusions of this work are drawn in Section V.

II. MODE PERMUTATION SCHEMES

Graded-index-core multi-mode fibers are characterized by
the existence of non-degenerate mode groups, such that modes
within the same group couple strongly during propagation,
whereas modes belonging to different groups are weakly cou-
pled and the extent to which they mix increases with propagation
distance. In short-reach applications, where the inter-mode-
group coupling is negligible, the individual mode groups can be
addressed independently with a considerable simplification of
the receiver MIMO [20], [21]. However, in metro-to-long-haul
applications that are of interest for this work, a ful-MIMO
approach (where all the fiber modes are processed jointly)
becomes necessary, in spite of the fact that non-degenerate
mode groups may remain only partially coupled. In this regime
MD, which is typically quantified in terms of the link’s IR
duration, increases linearly with propagation distance at first,
transiting to some sub-linear growth when inter-mode-group
coupling becomes substantial. The complexity of the receiver
MIMO-DSP grows accordingly. In this scenario, strong coupling
between all modes is preferred. In fact, in the regime of strong
mode mixing, MD is known to grow only proportionally to the
square root of propagation distance [16], [17], [18], implying
a drastic reduction in the MIMO-DSP complexity compared to
the regime of partial mode coupling.

A practical approach to induce strong coupling between
modes belonging to different groups involves the introduction
of lumped mode scramblers along the MMF link. In this study,
we investigate the effectiveness of four distinct MP schemes in
introducing strong mode mixing along a multi-span MMF link,
where MP is implemented through a de-multiplexer/multiplexer
(De-MUX/MUX) device pair at the end of each span. The first
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Fig. 2. Delay spread versus propagation distance in the absence of mode
coupling in the MMF spans, with and without MP, as obtained through numerical
simulation.

device serves to separate the multi-mode field at the output of
the MMF into individual single-mode fields. These are sub-
sequently cross-connected to the single-mode sections of the
recirculating loop, which guide the signal back to the input
of the second device. Fig. 1 illustrates the mode permutation
schemes under consideration for the 15-mode fiber used in the
experiment. The first scheme [9] (Fig. 1(a)), employs unitary
C-MP. In this method, the 15 spatial modes undergo a cyclic
shift, moving one position towards higher-order modes at each
permutation stage. The second [12], [13] and third schemes,
involve the cyclic clockwise (clockwise C-MGP, Fig. 1(b)) and
counter-clockwise (counter-clockwise C-MGP, Fig. 1(c)) shifts
of the 15 spatial modes by five positions, corresponding to
the largest mode-group size. These schemes exhibit a periodic
pattern, where spatial modes revert to their initial configuration
after either 15 or 3 permutation stages, respectively. Introducing
anovel approach in our work [19], the fourth scheme (Fig. 1(d)),
referred to as non-cyclic mode-group permutation (NC-MGP),
breaks away from periodicity by implementing controlled inter-
mode-group permutation. In this scheme, spatial modes within
a given mode group are mapped onto other spatial modes of the
remaining mode groups, with careful consideration to minimize
multiple mappings between any two mode groups. We note
that the proposed scheme is one of the many possible schemes
that are non-periodic for practical numbers of recirculations.
Additionally, the proposed approach can easily be generalized to
construct non-cyclic permutation schemes for multi-mode fibers
supporting arbitrary number of modes.

It is instructive noting that in the ideal case where no cou-
pling occurs during propagation in the MMF spans, the C-MP
scheme would be optimal in terms of delay management. This
is illustrated in Fig. 2, where we plot the delay spread (that is,
the largest differential delay between any two modes) versus
propagation distance both in the absence of MP and for each
of the considered permutation schemes, under the assumption
of uncoupled MMF propagation. For the plot we assumed nu-
merical values extracted from the experiment. In particular, we
assumed a 15-mode fiber link with a span length of 58.9 km
and the differential mode-group delays (DMGDs) relative to
the fundamental mode measured at 1557.8 nm. These are listed

TABLE I
DISPERSION COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

MG, MG, MG. MG; MG,

MD v, (ps/km'/2)  2.1369
DMGD 3, (ps/km) —
(w.r.t. MGy)

13.304 8.0916 9.8246  16.952
—85.236 —67.219 —54.399 —68.951

in Table I, which is discussed in Section IV, along with other
parameters that are not used in this section. The plot shows that,
as expected, in the absence of MP the delay spread grows linearly
with propagation distance (blue dots), and it coincides with the
differential delay between the slowest and the fastest modes. In
the case of C-MGP (crosses and triangles) and NC-MGP (plus
symbols), it also grows linearly with propagation distance, yet
with alower growth rate. In contrast, the delay spread is bounded
and periodic in the case of C-MP (squares), as a result of the fact
that each mode accumulates the same propagation delay after a
number of permutation stages equal to the number of modes.
This picture changes completely in the presence of random
mode coupling. Indeed, the experimental and simulation results
presented in the following sections show that in realistic regimes
of intra-group and inter-group coupling all permutation schemes
have similar performance. In simulations, the C-MP scheme is
even slightly lower performing than the others, which aligns
with the observation that this scheme is the least effective in
enhancing inter-mode-group coupling, as it only couples a single
mode of each group into a mode of an adjacent mode group.

III. EXPERIMENT

A. Experimental Setup

Fig. 3 illustrates the experimental setup employed to vali-
date the efficacy of the examined mode permutation schemes.
To generate a three-channel sliding test band, carriers from
three tunable lasers (TLs) were modulated using two dual-
polarization IQ-modulators (DP-IQMs). These modulators were
driven by the same 65 GS/s 4-channel arbitrary waveform
generator (AWG). The resulting modulated signals adopted
the form of dual-polarization quadrature phase-shift keying
(DP-QPSK) signals with a 1% roll-off root-raised cosine pulse
shape, transmitted at a rate of 24.5 GBd. A dummy-band was
generated by utilizing an optical processor (OP) to spectrally
flatten the amplified spontaneous emission noise originating
from an erbium-doped fiber amplifier. The composite signal,
encompassing both the test and dummy bands, was passed
through a loading acousto-optic modulator (AOM), acting as
an optical switch, before undergoing a split and delay proce-
dure to generate 15 uncorrelated replicas of the same signal.
These replicas, characterized by a relative delay of 150 ns, were
subsequently directed into 15 parallel recirculating loops with
precisely aligned path lengths. The alignment of the 15 parallel
recirculating loops was executed with a precision within the
tolerance range of +£1 cm, corresponding to a differential offset
on the order of approximately £50 ps. The signals associated
with each of the 15 loops were amplified and subsequently
multiplexed using a multi-plane light converter (MPLC) [22].
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Fig. 3. Experimental setup of the recirculating-loop-based long-haul 15-mode fiber link. Mode permutation is performed at the de-multiplexing stage.
Following the multiplexing process, the combined signal was 1.0F
launched into a 58.9 km long span of 15-mode MMF with low (a) 589 jm
loss (between 0.21 dB/km and 0.24 dB/km for the 15 spatial R :izé'i’ llim
modes at 1550 nm) and inherently low DMGD (<100 ps/km at E 03 b
1550 nm) [23]. The outputs of the MPLC de-multiplexer were e
connected to the single-mode loops based on the prescribed gy
permutation schemes. Subsequently, the signals entered a second
amplification stage, followed by OPs to rectify amplifier gain 0.0
tilts as well as fiber and component loss profiles, and looping =30 =20 =10 0 10 20 30
AOMs to implement recirculating-loop transmission. Regarding Time [ns]
signal reception, the 15 outputs from the parallel loops were LOF — —
first amplified. Subsequently, the channel of interest (COI) was (b) —58.9 km
filtered and amplified once more before being received by 15 —294.5 km
coherent receivers (CoRXs) that shared a common path-length El ——530.1 km
aligned local oscillator (LO). The electrical signals were cap- 5 0.5 [~ 1178.0 km |
tured using an 80-GS/s 60-channel real-time oscilloscope, with =
the recorded traces intended for offline DSP, mainly involv-
ing a time-domain 30 x 30 MIMO equalizer. This required a 0.0
time-domain equalizer window of 71.4 ns in the absence of -30 —20 —-10 O 10 20 30
MP, and of only 38.8 ns when MP was present in the case of Time [ns]
recirculating-loop transmission.
Fig. 4. Intensity impulse response for various transmission distances at

B. Experimental Results

1) Modal Dispersion Accumulation: Fig. 4(a) and (b) show
how the shape of the IIR measured at 1557.8 nm evolves as
propagation distance increases in the absence of MP and when
NC-MGP is applied, respectively. Here, the IIR is defined as
the sum of the absolute square values of the equalizer taps,
normalized with respect to their maximum value. The isolated
peaks seen in the first case are an indication of weak inter-group
coupling occurring in the MMF spans, while their disappearance
after a few spans in the second case is clearly a consequence
of MP. Moreover, the Gaussian-shaped profile of the IIR at
1178 km is a signature of the strong mode coupling regime
achieved in the presence of MP [17], [24].

In Fig. 5(a) we plot the duration of the IIR versus propagation
distance for all permutation schemes, as well as in the absence
of MP. Here, we define the IIR duration as the time interval
encompassing 98% of the IIR energy, and each data point
is obtained by averaging the IIR duration of the MMF link
across five different wavelength channels spanning the C-band,

1557.8 nm (a) in the absence of MP and (b) with NC-MGP.

specifically at 1533.9, 1539.8, 1545.7, 1553.7, and 1557.8 nm.
The dots are obtained in the absence of MP and the straight
line is a linear fit to the data, showing that in this case the IR
duration starts increasing linearly with propagation distance, as
a result of the weak inter-mode-group coupling.! As inter-group
coupling becomes non-negligible, a transition to a sub-linear
growth of the IIR duration is seen, at approximately 400 km.
The markers, complemented by a square-root data fit growing
at a rate of approximately 496 ps/ vkm, refer to the considered
permutation schemes. The remarkable alignment between the
data and the square-root fit indicates that the MMF link is
operating in the strong mode coupling regime, underscoring

'We acknowledge that the observed linear increase in the IIR duration with
propagation distance, in the absence of mode permutation, may be attributed in
part to certain loop artifacts—such as path-length misalignment between single-
mode loops—that are inherently present in practical transmission systems. If this
assumption holds true, our findings demonstrate the effective mitigation of these
artifacts’ impact through the implementation of mode permutation.
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(a) Wavelength-averaged IIR duration versus transmission distance in the absence of MP and for the considered permutation schemes and (b) normalized

standard deviation of the IIR duration versus transmission distance for the considered permutation schemes. The line spacing in the inset of (a) is 2 ns.

the efficacy of the considered permutation schemes in facili-
tating inter-mode-group coupling. The performance among the
schemes exhibits no significant differences, while an impressive
reduction of approximately 65% in the IIR duration is obtained
at 530.1 km. The fact that C-MP performs similar to the other
schemes is in contrast with what was observed in [10]. We
attribute this discrepancy to the fact that, in our case, C-MP
always maps LPg; into LPy;, which are the fastest and the
slowest mode groups,’ respectively, at all wavelengths used in
the experiment, therefore implementing a delay-management
scheme that remains somewhat effective also in the presence of
random mode coupling, beyond the ideal case of no-coupling
illustrated in Fig. 2. However, this result would change if the
first and the second mode groups were not the fastest and the
slowest, respectively.

We also examined the wavelength dependence of the IIR
duration. To this end, we calculated the normalized standard
deviation of the IIR duration measured across the five distinct
wavelength channels spanning the C-band for each permutation
scheme. This is obtained by normalizing the actual standard
deviation of the IIR duration with respect to its average value,

namely o, = i\/—]\}—h Zf\é‘“l (T; — 1), where T; is the i-th

wavelength-channel’s IIR duration, and p1 = N%h Zi\[:“‘l T; is the
average duration across all channels. In Fig. 5(b), o, is plotted
versus propagation distance for each permutation scheme. The
plot shows that all permutation schemes have similar wavelength
dependence,® with the exception of the C-MP scheme, which
exhibits a stronger dependence on wavelength. We speculate
that the larger deviation is due to the fact that the C-MP scheme
is less effective in achieving strong mode coupling than the other
schemes, which makes the profile and duration of the IIR not as
deterministic as it would be expected [17].

2) MDL Accumulation: Modal dispersion is a unitary effect
with no direct implications on the achievable data transmission
capacity. In contrast, MDL is non-unitary and it fundamentally
limits the achievable transmission performance [26], [27], [28],

2For the channel at 1558.8 nm, this can be seen in Table 1.
3Speciﬁcally, in [25], the IIR duration is seen to increase as a function of
wavelength.
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Fig. 6. Wavelength-averaged Max/Min MDL and Std-MDL versus propaga-

tion distance in the absence of MP and for the considered permutation schemes.

[29]. We characterize the link’s MDL by using two metrics. The
first metric is the ratio in dB between the largest and smallest
eigenvalues of H(w)H'(w), where by H(w) we denote the
frequency-dependent transfer matrix of the MMF link and by
H'(w) its hermitian adjoint. We refer to this metric as Max/Min
MDL. The frequency-dependent transfer matrix H(w) is derived
as the inverse of the Fourier transform of the time-domain
MIMO equalization matrix. The second metric is the standard
deviation of the natural logarithm of all of the eigenvalues of the
same matrix, also expressed in dB [27]. We refer to this metric
as Std-MDL. The frequency dependence of the so-evaluated
quantities is then eliminated by performing a frequency average
across the WDM channel bandwidth.

In Fig. 6, we plot the MDL of the 15-mode fiber link ver-
sus propagation distance for all the considered permutation
schemes, as well as in the absence of MP. It is worth noting
that the results in the absence of MP are hidden by the presence
of the other data points. Similarly to what was done for the IIR
duration, each data point is obtained by averaging the MDL of
the MMF link across the five channel wavelengths. The vertical
axis on the left refers to the Max/Min MDL, while the vertical
axis on the right refers to the Std-MDL. The results in the
latter figure show no substantial differences among the various
permutation scenarios, indicating that MP does not affect the
accumulation of MDL, in agreement with what was observed
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permutation schemes.

in [30]. An interesting feature that emerges from the results of
Fig. 6 is that MDL accumulates proportionally to the square
root of propagation distance not only in the presence of MP,
but also when no MP is implemented. This result comes as a
surprise, as one would expect to see a linear growth of MDL with
propagation distance. A possible explanation of this behavior
is that MDL is dominated by some intra-mode-group MDL,
possibly arising from the in-span fiber splices, rather than by
inter-mode-group MDL. In particular, we have verified that the
MDL values extracted from the channel-transfer-matrix blocks
describing the fourth and fifth mode groups after one fiber span
are comparable in magnitude to the overall MDL. On the other
hand, MDL measurements performed on a deployed 48 km-long
fiber of the same kind used in this work have shown that when
addressing only the fourth fiber mode-group [31] or all the
fiber modes [32], the measured MDL values are quite similar.
These evidences provide a qualitative explanation of why MDL
grows proportionally with the square root of propagation dis-
tance, namely because its accumulation is dominated by strong
coupling within a group of quasi-degenerate modes.

We also characterized the wavelength dependence of MDL.
To this end, we computed the normalized standard deviation of
the MDL measured across the five distinct wavelength channels
spanning the C-band for each permutation scheme. Fig. 7 shows
the resulting values of the normalized standard deviation plotted
versus the transmission distance in the absence of MP and for all
the considered permutation schemes, with Fig. 7(a) referring to
the Max/Min MDL, and Fig. 7(b) to the Std-MDL.. The absence
of substantial difference between the considered scenarios is
consistent with the argument that MDL accumulation is domi-
nated by intra-mode-group dynamics.

IV. SIMULATIONS

In this section we perform simulations in support of the
experimental results, with two main goals. On the one hand,
we aim to assess whether the similarity in performance between
the considered permutation schemes is consistent with some
simple and fully-controllable model or results from practical
implementation aspects. On the other hand, we aim to assess
whether the performance of MP improves in real systems, where
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the signal propagates in uncorrelated fiber spans, as compared
to the case where it propagates in the same fiber span in a
recirculating-loop configuration.

A. Model for Distributed Coupling and Parameter Extraction

We start by considering two non-degenerate mode groups a
and b, which we describe by means of generalized Jones vectors
FE, and Ej [16], whose evolution along the fiber obeys the

following set of coupled equations,
d(i“ = i, E, +iwB,E, + Z%Nfﬁa
+ iw%ﬁa _ %Ea - 5‘“21 1iCE, (1)
ddb:b = iByEy + iwBy Ey + iv; ]'Vfbé,,
+ iw%ﬁb - %Eb - 5“’2&’ +iCE,. (2

Here 8, and 3,,, with u € {a, b}, are the propagation constant
and its derivative with respect to the angular frequency w,
respectively, for mode group u, while N, is the number of
degenerate spatial modes in the same group. By V., we denote a
generalized Stokes vector of dimension D,, = 4N3 — 1, while
by Ku we denote a vector whose elements are 2N, x 2N,
generalized Pauli matrices, so that Vu . Ku = Zf;‘l ViunAun
[16]. This term describes intra-group random mode coupling
in mode groups u. The vector W, is also a generalized Stokes
vector and it describes intra-group modal dispersion [16]. The
matrix C and its Hermitian adjoint C' account for random
inter-group coupling. By «, and ay, we denote the mode-group
averaged loss coefficients, while the vectors &, and @ are
the local MDL vectors, which we also model as independent
white-noise processes of suitable strength [28]. In what follows,
we model both intra-group and inter-group random coupling
by means of white noise processes, with the result that the
mismatch in propagation constant becomes immaterial and the
terms proportional to /3,, can be dropped [33]. A further sim-
plification is obtained by establishing a reference frame that
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follows intra-group coupling in each mode group. This yields
the following simplified equations

dE’ai- /o . Wa'[\’a" Qg = &a'Ka . =
dZ = ZWﬁaEa + ZWWEG ?Ea — + ZCEb
3)
9B _ om By iw e Mg g B i

dz 2
4)

with

(Wa,i(2)Waj(2)) = 728;,0(z — 2') ®)
(u,i(2)on, () = (16ij0(z — 2') (6)
(Cij(2)C3 () = 1*6:.00;,56(z — ) (7
(Cij(2)Cu (2)) = 0, ®)

where the coefficients involved are to be extracted from the
experimental data. The inverse group velocities 3,, are obtained
by inspecting the peaks of the measured IIR after propagation
in the first fiber span.

The MD coefficients v2 are known to be related to the dura-
tion of the intra-group intensity impulse responses through the
relation T2 (z) = 2D, /4N?2 z [17]. This allows to extract them
by fitting the intensity impulse responses of the individual mode
groups at the output of the first fiber span with a Gaussian-shaped
waveform with root-mean-square width equal to 7’,.

We set o, = o, = 0 and @, = @, = 0 in the following dis-
cussion. We leave the analysis of MDL accumulation to Sec-
tion IV-D.

The extraction of the inter-group coupling coefficients is
more involved. Here we proceed by evaluating the evolution
of the mean optical powers in the individual mode groups, as
these quantities can be extracted from the experimental crosstalk
matrix. To this end we make use of the Ito calculus [34], by first
expressing (3) and (4) in the Stratonovich form, namely,

4 B aiv, - &, - B}

dE, = iwf, F,dz + iw’ﬁV—Ea +dCE, )

AWy Ay =i

———E, +idC'E,.
2N, bt a

The Ito-corrected equations are obtained in the following form

with the use of (5), (7) and (8),

dEy = iwBy Eydz + iw (10)

T
dE, = iwpB, E.dz + iwv——=F, +idCE})

2N,
2
_ 2YaDPa 7 1, 0
oz Hadz = 5P 2N, Fads (11)
. . AW, - A, = -
dEb = iw,@éEbdz + Z.CUME[, + idCTEa
2N,
2Dy = 1 .
2BV B 4, 2N, Byde. (12)

SN2 2

The equations for the average powers carried by each mode
group I, = (E}E,) and I, = (E} E}) are then obtained in the

- P c
‘ T a b c Xg
o i+ St +
R 2 [ (SO N (R (i X
Fig. 8. Relation between the IV x IV crosstalk matrix X and the Ny x N

matrix X, describing inter-mode-group crosstalk, in the example of a three-
mode-group fiber, where N = 6 and Ny = 3.

following form,

dI, = *2N,Iydz — n*2NyI,dz (13)
dIy = n*2NyI,dz — n?2N,Idz, (14)
or, equivalently,

1 —2n%N, 2N, 1 I
ia: "Ny 2n°N, a:K“.(lS)
dz Ib 2772Nb —2772Na Ib Ib

The solution to the above,
I, 1,(0 1,(0
(2) = exp(K2) 0) =X, O (e
Iy (2) 1,(0) 1,(0)

can be mapped into experimental data, by establishing a rela-
tion between the matrix X, which describes inter-mode-group
crosstalk, and the experimentally measurable crosstalk matrix
X. This relation is not straightforward and is discussed in what
follows. Prior to doing so, however, we note that the expression
of K can be readily generalized to the case of more than two
mode groups. For instance, in the case of three mode groups a, b,
and c, it takes the following form

—2(n2, Ny +n2.No) 202N, 212.Na
22,Ny =23 Ny +n2.N.) 202N,
277ch0 277ch6 _2(7736]\7@ + anCNb)

7)
where 72, is the coefficient that describes coupling between
mode groups u and v. Fig. 8 illustrates the relation between
X, whichis a Ny x N, matrix (with Ny denoting the number
of non-degenerate mode groups), and X, which is an N x N
matrix (with /V denoting the total number of modes), in the case
of a three-mode-group fiber. The figure relies on the fact that
the simple model used in this work yields a crosstalk matrix X
that is symmetric and made of blocks with identical elements*
(the elements in each block are identical owing to the strong
intra-group mixing). Therefore, each element in the mode-group

4Symmetry emerges immediately in the special case N, = N = N, = 1,
where X and X coincide.
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TABLE II
COUPLING COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

Coefficient  Value (km—1/2)  Coefficient  Value (km—1!/2)
Nab 0.0296 Mbd 0.0144
Nac 0.0130 Nbe 0.0129
Nad 0.0297 Ned 0.0150
Nae 0.0129 Nece 0.0302
Moe 0.0147 Nde 0.0325

crosstalk matrix X, corresponding to a specific pair of mode
groups is obtained by summing the elements of any one column
of X that also corresponds to the same pair of mode groups. For
instance, the (b, c) element of X, can be obtained by summing
the second and third elements of the sixth column of X (or,
equivalently, the second and third elements of the fourth or the
fifth column of X). Note that all the elements in each column
(or row) of X sum to unity, as a result of unitary propagation
assumed in the model.

Extracting the 5 x 5 matrix X, from the experimental
15 x 15 crosstalk matrix Xcx, is not as straightforward, as
in practice Xy, never takes the highly symmetric form illus-
trated in Fig. 8. Note that by X, we denote the time- and
polarization-averaged absolute square fiber impulse response
matrix, measured for a single MMF span. The first step towards
extracting the ten coupling coefficients (one per each pair of
mode groups) is therefore enforcing this form into Xey,, which
is done as follows. The matrix Xy, is first normalized so that the
sum of each column’s elements equals one. The obtained matrix
(that in practice is slightly asymmetric) is then symmetrized into
Xexp = (Xexp + Xﬁxp) /2. To shape Xexp into the form depicted
in Fig. 8, all the elements within each of the off-diagonal blocks
are replaced with their respective averages. Subsequently, nor-
malization of each column is re-enforced by setting the elements
in each diagonal square box with identical values so that the
sum of the elements in each column equals one. The resulting
matrix can then be used to extract X4 as illustrated in Fig. 8, and
the ten coupling coefficients are obtained from the off-diagonal
elements of log(X,)/ L, where L, is the span length.

B. Numerical Simulation

In the numerical simulation, propagation is modeled based on
(3) and (4), generalized for five mode groups. A 15-mode fiber
span of length Ly = 58.9 km (consistent with the experiment)
is emulated. It is implemented as a concatenation of A = 400
wave-plates of width Az = Ly /N The transfer matrix of each
wave-plate Uy, is then characterized by exp(iMAz), with

WA,

N, w  Cab Cac Cua Coae
CZb V?Tﬁbw QCEC Cra Chre
M= | Cf, Cl. Eew  Cu Cee
Cly Ci b Vz%fd w  Cae
| Cl. Cl CcL C, gt
(18)

As discussed in the previous section, the terms in the main
diagonal describe intra-group mode dispersion. The vectors W,
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Fig. 9. Simulated IIR for various transmission distances at 1557.8 nm (a) in

the absence of MP and (b) with NC-MGP.

(u € {a,b,c,d,e}) are all independently generated and their
components are independent Gaussian random variables with
zero mean and standard deviation equal to 7,/ \/E, consis-
tent with (5). The matrix C,, (u,v € {a,b,c,d,e}) describes
coupling between mode groups u and v. The coupling matrices
are generated independently of one another and, in accordance
with (7) and (8), their elements are independent complex-valued
Gaussian random variables with zero mean, uncorrelated real
and imaginary parts, and standard deviation equal to 7., / VA z.

Consistently with the experimental settings, the fiber-span
transfer matrix Ts(w) is calculated in a frequency band of
24.5 GHz. Multiple recirculations are described in the frequency
domain by the matrix Ts(w)PT(w)---PT,(w), where by P
we denote a 30 x 30 matrix that implements ideal MP. The
inverse Fourier transform of the accumulating matrix is used to
evaluate the intensity impulse response at every recirculation.
The parameters used in the simulations for the wavelength
channel at 1557.8 nm are listed in Tables I and II.

C. Simulation Results: Modal Dispersion

Fig. 9 shows a plot of the simulated IIR of the wavelength
channel at 1557.8 nm, for the same propagation distances and
MP settings as in Fig. 4. A qualitative similarity between the
two figures can be noticed.

Fig. 10(a) shows the plot of the IIR duration versus propaga-
tion distance for the same wavelength channel (the duration of
the simulated IIR is calculated to be the period of time which
encompasses 98% of the IIR energy, as in the experiment).
Similarly, Fig. 10(b) illustrates the extension of the same analysis
to all five channels, with their average IIR duration plotted versus
propagation distance. In both figures, a square-root fit is also
plotted for comparison. The plot indicates that, on average, all
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Fig. 10. (a) Simulated-IIR duration of the wavelength channel at

1557.8 nm versus propagation distance in the recirculating-loop configuration.
(b) Simulated-IIR duration averaged over the five wavelength channels used in
the experiment versus propagation distance in the recirculating-loop configura-
tion. (c) Same as in (b) for a link with independent fiber spans. The line spacings
in the insets of (b) and (c) are 2 ns.

permutation schemes yield similar results in remarkable agree-
ment with the experiment, with the C-MP scheme, performing
slightly lower than the others. Specifically, at 1178 km, it results
in an IIR duration approximately 2 ns greater than for the other
schemes. This suggests that in the propagation regime of our
experiment, inter-group coupling is more critical than delay
management in implementing MP. The fact that no difference in
performance between the C-MP scheme and the other schemes
is observed experimentally, must be ascribed to additional cou-
pling introduced in the experimental setup. Indeed, in our model
we assume that coupling occurs only during fiber propagation,
whereas multiplexing, de-multiplexing and MP are implemented
ideally, that is by introducing no additional cross-talk.

We used the model developed for propagation in the 15-mode
fiber, to evaluate the performance of the permutation schemes
in a realistic multi-span fiber system, where permutation is
performed between independent fiber spans. To this end, we
simulated a fiber link composed of 20 fiber spans, where each
span was generated independently as described above. Fig. 10(c)
illustrates the IIR duration evaluated at the end of each span for
all permutation schemes. Note that, similar to Fig. 10(b), each
data point in the figure is obtained by averaging the IIR duration
of the MMF link across the five wavelength channels spanning
the C-band. Compared to the recirculating-loop configuration,
only a small additional reduction in the IIR duration is ob-
served, which further supports the reliability of our experimental
findings in predicting the performance of MP in field-deployed
multi-span fiber links.

Itis worth stressing that the effectiveness of the C-MP scheme
is strongly influenced by the fact that the fastest mode (LPg1)
is always mapped into the slowest mode group (LPp;). This
suggests a dependence on the details of the MMF design for this
scheme’s performance. Indeed, we verified through simulations
that exchanging the group velocities of the five mode groups may
substantially deteriorate the performance of the C-MP scheme,
while having negligible practical impact on the performance of
the other schemes.

D. Simulation Results: Mode-Dependent Loss

As observed in Section I1I-B2, MDL accumulates with propa-
gation distance in the same way with and without MP. A possible
explanation for this evidence is that MDL accumulates within
groups of strongly coupled modes as a result of random and
distributed local MDL, compatible with multiple fiber splices,
thereby growing proportionally to the square root of propagation
distance even in the absence of MP. Independence of the MDL
accumulation on the mode permutation scheme has also been
reported in [30], where it was argued that this might follows
from the fact that MDL is mainly introduced by the single-mode
stages connecting two recirculating loops.

To assess which one of the two assumptions is consistent with
the experimental observations, we describe the accumulation of
distributed MDL at the center frequency by simply settingw = 0
in (3) and (4). Conversely, we account for the case of MDL
introduced by the single-mode stage by adding independent gain
fluctuations with a Gaussian distribution and suitable strength
to the propagating space and polarization modes between two
recirculations, while assuming that the multimode fiber itself is
unitary, that is, assuming o, = ap = 0 in (3) and (4). In both
cases, a random phase is applied to each space and polarization
mode between two recirculations, in order to account for the
effect of the AOMs that are used in the loop as optical switches
(the AOMs apply an 80 MHz frequency shift when they route
the impinging signal towards the next circulation). Note that
while the local MDL and the gain fluctuations are frozen from
recirculation to recirculation, the random phases change from
recirculation to recirculation as a result of the linewidth (result-
ing from frequency fluctuations) of the modulation applied by
the AOMs. It is worth noting that the AOMs play an important
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Fig. 11.  Simulated Max/Min MDL and Std-MDL for the wavelength channel

at 1557.8 nm versus propagation distance in the recirculating-loop configuration
assuming (a) Distributed MDL, and (b) Single-mode gain fluctuations.

role in shaping the growth of MDL with propagation distance.
In fact, this approaches a quasi-linear accumulation if no phase
fluctuation is introduced, as is the case when electro-optic mod-
ulators are used as optical switches [35].

The simulation results are shown in Fig. 11, where we plot
the average MDL versus propagation distance in the absence
of mode permutation and for the considered MP schemes. The
averaging is performed over 1000 link transfer matrices obtained
for as many independent instantiations of the random quantities
involved. Fig. 11(a) refers to the case of distributed MDL, and
Fig. 11(b) to the case of single-mode gain fluctuations. Intra-
group coupling was introduced so as to enforce a decorretalation
length of 1km in each mode group [33]. For the inter-mode group
coupling we assumed the coefficient values in Table II. For the
local MDL strength, which is characterized by the coefficients
Cy, defined through (6), we assumed one of the many sets of
numerical values that are compatible with an accumulated mean
MDL of approximately 15 dB after 1200 km, as observed in the
experiment. Finally, for the gain fluctuations, based on the same
criterion, we assumed a standard deviation of 0.5 dB.

Inspection of Fig. 11 suggests that while MDL accumulation
is similar across all considered schemes in both models, the
model based on distributed MDL is more consistent with the
experimental finding. Therefore, we conclude that distributed
random MDL, possibly arising from fiber splices (seven in the
experiment, one every less than 8 km in the loop), may be the
predominant (yet not the only one) mechanism contributing to
MDL accumulation in MMF links.
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V. CONCLUSION

We experimentally investigated the effectiveness of four
mode-permutation schemes in reducing the accumulation of
modal dispersion in a long-haul 15-mode fiber link. We found
that with mode permutation, the duration of the intensity impulse
response of the MMF link increased proportionally to the square
root of transmission distance, rather than linearly with it, as is the
case in the absence of mode permutation. This reduced consider-
ably the complexity of the receiver MIMO-DSP. We estimated
an extension of the system reach from 530 km to 1178 km,
enabled by a reduction in the time-domain equalizer window
from 71.4 ns to 38.8 ns. Although no transmission results are
shown in this work, such an extension has been demonstrated
with a full C-band transmission in ref. [25]. The considered
permutation schemes exhibited comparable performance with
little wavelength dependence across the C-band. We also de-
veloped a simple model to simulate propagation in multi-mode
fibers, whose parameters can be conveniently extracted from
the experimental data. Simulations indicate negligible difference
between the experimental results obtained in a recirculating-loop
configuration and the performance of mode permutation in a
realistic fiber link composed of independent fiber spans.
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Abstract—We explore the efficacy of mode permutation to mit-
igate the impact of modal dispersion in a 15-mode fiber link for
long-haul space-division multiplexed transmission. By introducing
strong coupling between all the fiber modes, mode permutation
reduces the growth rate of the link’s intensity impulse response
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(ITR) with transmission distance, yielding a reduction in the
receiver MIMO-DSP complexity. Using a recirculating fiber-
loop configuration, we experimentally compare four permutation
schemes and find that they are similarly effective in reducing the
increase of the IIR duration from proportional to the square-root
of propagation distance. At the reach of 530 km — the largest
achievable with the time-domain MIMO window of 71.4 ns avail-
able in the experiment in the absence of mode permutation — the
IIR duration is seen to reduce from almost 40 ns to less than
15 ns, while the maximum reach achieved with the use of mode
permutation increases to 1178 km. We also devise a simple model
to simulate propagation in realistic MMF links with independent
fiber spans, whose parameters can be conveniently extracted from
the data. In achieving good agreement between the simulated and
experimental results, the model suggests that the effectiveness of
mode permutation in a realistic 15-mode fiber link, composed
of independent fiber spans, is only slightly greater than in the
experimental recirculating-loop configuration.

Index Terms—Modal dispersion, multi-mode fiber transmission,
mode permutation, space-division multiplexing.

1. INTRODUCTION

S DEMAND for higher data rates is expected to con-
A tinue its exponential increase in optical fiber networks,
and single-mode optical fibers are reaching their transmis-
sion limits [1], space-division multiplexing (SDM) has gained
traction as a promising alternative to address the impending
capacity crunch [2]. Proposed SDM fibers include multi-core
fibers (MCFs), multi-mode fibers (MMFs) and hybrid multi-
core multi-mode fibers (MC-MMFs) [3]. Specifically, MMFs,
wherein discrete data signals are multiplexed across distinct spa-
tial modes can support a substantial quantity of spatial channels
within the same 125 pm cladding diameter as standard single-
mode fibers (SMFs). This characteristic ensures similar fiber
mechanical reliability and compatibility with current cabling and
manufacturing processes [4]. Nonetheless, the accumulation of
modal dispersion (MD) has a direct impact on the required mem-
ory length for the multiple-input multiple-output (MIMO) equal-
izer [5], imposing constraints on both mode count and transmis-
sion reach. Indeed, while short-distance transmission utilizing
MMFs with up to 55 modes has been recently reported [6],

© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
https://creativecommons.org/licenses/by/4.0/
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Fig. 1. Sketch of the considered mode permutation schemes: (a) C-MP,
(b) Clockwise C-MGP, (c) Counter-clockwise C-MGP and (d) NC-MGP.
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[71, [8], experiments targeting long-haul transmission have only
used up to 15 fiber modes [9], [10], [11], [12], [13], [14], [15].
In addressing the accumulation of MD, a strategic approach
involves intentionally inducing strong mode coupling within the
MMF link. This method is grounded in the understanding that
modal dispersion increases proportionally to the square root
of the propagation distance under conditions of strong mode
mixing, as opposed to a proportional increase with propagation
distance in situations marked by no-to-weak mode coupling [ 16],
[17], [18]. In pursuit of robust mode coupling to counteract the
accumulation of MD, a practical implementation involves the in-
corporation of lumped mode scramblers along the fiber link. This
method stands as a viable scheme, strategically implemented
to enhance mode mixing and mitigate MD effects, offering a
solution to optimize the performance of the MMF link [18].
It is scalable for arbitrary mode counts, thereby providing a
practical approach for future MMF system deployments. Recent
advancements in this scheme include the proposals of cyclic
mode permutation (C-MP) and cyclic mode-group permutation
(C-MGP), demonstrating evolving techniques to further refine
and improve the effectiveness of the mode coupling strategy [9],
[10], [11], [12], [13].

In this work we examine the efficacy of four distinct mode
permutation (MP) schemes within a recirculating-loop-based,
long-haul 15-mode fiber link, expanding on [19]. Employing
these permutation schemes allowed extending the transmission
reach from 530 km to 1178 km while significantly reducing
the complexity of the receiver MIMO digital signal processing
(DSP). Notably, at 530 km, there was a reduction exceeding
65% in the duration of the MMF link intensity impulse response

JOURNAL OF LIGHTWAVE TECHNOLOGY

(IIR). An important supplement to the original work in [19] is
the study of mode-dependent loss (MDL) in the MMF system,
which shows that MP does not affect MDL accumulation with
transmission distance. We also developed a simple model for the
simulation of multi-mode propagation to assess the effectiveness
of MP in realistic links with independent fiber spans, as opposed
to the recirculating-loop scheme used in the experiment. The
model relies on a handful of parameters that can be conveniently
extracted from the experimental data. Despite its simplicity, the
model demonstrated accuracy in reproducing the experimental
results. Numerical results obtained for a link composed of
independent fiber spans showed only a modest improvement
in the performance of MP compared to the recirculating-loop
configuration, further supporting the reliability and applicability
of the experimental findings. Finally, the model was used to
explain the observed independence of MDL accumulation on
MP.

The remainder of this paper is organized as follows. Section II
delves into the concept of mode permutation and introduces the
schemes examined in the experiment. Section III outlines the ex-
perimental setup and presents the obtained results. In Section IV,
a simulation framework complementing the experimental results
is introduced and the corresponding findings are presented. The
conclusions of this work are drawn in Section V.

II. MODE PERMUTATION SCHEMES

Graded-index-core multi-mode fibers are characterized by
the existence of non-degenerate mode groups, such that modes
within the same group couple strongly during propagation,
whereas modes belonging to different groups are weakly cou-
pled and the extent to which they mix increases with propagation
distance. In short-reach applications, where the inter-mode-
group coupling is negligible, the individual mode groups can be
addressed independently with a considerable simplification of
the receiver MIMO [20], [21]. However, in metro-to-long-haul
applications that are of interest for this work, a full-MIMO
approach (where all the fiber modes are processed jointly)
becomes necessary, in spite of the fact that non-degenerate
mode groups may remain only partially coupled. In this regime
MD, which is typically quantified in terms of the link’s IIR
duration, increases linearly with propagation distance at first,
transiting to some sub-linear growth when inter-mode-group
coupling becomes substantial. The complexity of the receiver
MIMO-DSP grows accordingly. In this scenario, strong coupling
between all modes is preferred. In fact, in the regime of strong
mode mixing, MD is known to grow only proportionally to the
square root of propagation distance [16], [17], [18], implying
a drastic reduction in the MIMO-DSP complexity compared to
the regime of partial mode coupling.

A practical approach to induce strong coupling between
modes belonging to different groups involves the introduction
of lumped mode scramblers along the MMF link. In this study,
we investigate the effectiveness of four distinct MP schemes in
introducing strong mode mixing along a multi-span MMF link,
where MP is implemented through a de-multiplexer/multiplexer
(De-MUX/MUX) device pair at the end of each span. The first
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Fig. 2. Delay spread versus propagation distance in the absence of mode
coupling in the MMF spans, with and without MP, as obtained through numerical
simulation.

device serves to separate the multi-mode field at the output of
the MMF into individual single-mode fields. These are sub-
sequently cross-connected to the single-mode sections of the
recirculating loop, which guide the signal back to the input
of the second device. Fig. 1 illustrates the mode permutation
schemes under consideration for the 15-mode fiber used in the
experiment. The first scheme [9] (Fig. 1(a)), employs unitary
C-MP. In this method, the 15 spatial modes undergo a cyclic
shift, moving one position towards higher-order modes at each
permutation stage. The second [12], [13] and third schemes,
involve the cyclic clockwise (clockwise C-MGP, Fig. 1(b)) and
counter-clockwise (counter-clockwise C-MGP, Fig. 1(c)) shifts
of the 15 spatial modes by five positions, corresponding to
the largest mode-group size. These schemes exhibit a periodic
pattern, where spatial modes revert to their initial configuration
after either 15 or 3 permutation stages, respectively. Introducing
anovel approach in our work [19], the fourth scheme (Fig. 1(d)),
referred to as non-cyclic mode-group permutation (NC-MGP),
breaks away from periodicity by implementing controlled inter-
mode-group permutation. In this scheme, spatial modes within
a given mode group are mapped onto other spatial modes of the
remaining mode groups, with careful consideration to minimize
multiple mappings between any two mode groups. We note
that the proposed scheme is one of the many possible schemes
that are non-periodic for practical numbers of recirculations.
Additionally, the proposed approach can easily be generalized to
construct non-cyclic permutation schemes for multi-mode fibers
supporting arbitrary number of modes.

It is instructive noting that in the ideal case where no cou-
pling occurs during propagation in the MMF spans, the C-MP
scheme would be optimal in terms of delay management. This
is illustrated in Fig. 2, where we plot the delay spread (that is,
the largest differential delay between any two modes) versus
propagation distance both in the absence of MP and for each
of the considered permutation schemes, under the assumption
of uncoupled MMF propagation. For the plot we assumed nu-
merical values extracted from the experiment. In particular, we
assumed a 15-mode fiber link with a span length of 58.9 km
and the differential mode-group delays (DMGDs) relative to
the fundamental mode measured at 1557.8 nm. These are listed

TABLE I
DISPERSION COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

MG,

MD 7y, (ps/km'/2)  2.1369
DMGD 3/, (ps/km) — —
(wrt. MGy,)

MG, MG. MG,; MG.

13304 8.0916 9.8246 16.952
—85.236 —67.219 —54.399 —68.951

in Table I, which is discussed in Section IV, along with other
parameters that are not used in this section. The plot shows that,
as expected, in the absence of MP the delay spread grows linearly
with propagation distance (blue dots), and it coincides with the
differential delay between the slowest and the fastest modes. In
the case of C-MGP (crosses and triangles) and NC-MGP (plus
symbols), it also grows linearly with propagation distance, yet
with a lower growth rate. In contrast, the delay spread is bounded
and periodic in the case of C-MP (squares), as a result of the fact
that each mode accumulates the same propagation delay after a
number of permutation stages equal to the number of modes.
This picture changes completely in the presence of random
mode coupling. Indeed, the experimental and simulation results
presented in the following sections show that in realistic regimes
of intra-group and inter-group coupling all permutation schemes
have similar performance. In simulations, the C-MP scheme is
even slightly lower performing than the others, which aligns
with the observation that this scheme is the least effective in
enhancing inter-mode-group coupling, as it only couples a single
mode of each group into a mode of an adjacent mode group.

III. EXPERIMENT
A. Experimental Setup

Fig. 3 illustrates the experimental setup employed to vali-
date the efficacy of the examined mode permutation schemes.
To generate a three-channel sliding test band, carriers from
three tunable lasers (TLs) were modulated using two dual-
polarization IQ-modulators (DP-IQMs). These modulators were
driven by the same 65 GS/s 4-channel arbitrary waveform
generator (AWG). The resulting modulated signals adopted
the form of dual-polarization quadrature phase-shift keying
(DP-QPSK) signals with a 1% roll-off root-raised cosine pulse
shape, transmitted at a rate of 24.5 GBd. A dummy-band was
generated by utilizing an optical processor (OP) to spectrally
flatten the amplified spontaneous emission noise originating
from an erbium-doped fiber amplifier. The composite signal,
encompassing both the test and dummy bands, was passed
through a loading acousto-optic modulator (AOM), acting as
an optical switch, before undergoing a split and delay proce-
dure to generate 15 uncorrelated replicas of the same signal.
These replicas, characterized by a relative delay of 150 ns, were
subsequently directed into 15 parallel recirculating loops with
precisely aligned path lengths. The alignment of the 15 parallel
recirculating loops was executed with a precision within the
tolerance range of £1 cm, corresponding to a differential offset
on the order of approximately £50 ps. The signals associated
with each of the 15 loops were amplified and subsequently
multiplexed using a multi-plane light converter (MPLC) [22].
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Following the multiplexing process, the combined signal was
launched into a 58.9 km long span of 15-mode MMF with low
loss (between 0.21 dB/km and 0.24 dB/km for the 15 spatial
modes at 1550 nm) and inherently low DMGD (<100 ps/km at
1550 nm) [23]. The outputs of the MPLC de-multiplexer were
connected to the single-mode loops based on the prescribed
permutation schemes. Subsequently, the signals entered a second
amplification stage, followed by OPs to rectify amplifier gain
tilts as well as fiber and component loss profiles, and looping
AOMs to implement recirculating-loop transmission. Regarding
signal reception, the 15 outputs from the parallel loops were
first amplified. Subsequently, the channel of interest (COI) was
filtered and amplified once more before being received by 15
coherent receivers (CoRXs) that shared a common path-length
aligned local oscillator (LO). The electrical signals were cap-
tured using an 80-GS/s 60-channel real-time oscilloscope, with
the recorded traces intended for offline DSP, mainly involv-
ing a time-domain 30 x 30 MIMO equalizer. This required a
time-domain equalizer window of 71.4 ns in the absence of
MP, and of only 38.8 ns when MP was present in the case of
recirculating-loop transmission.

B. Experimental Results

1) Modal Dispersion Accumulation: Fig. 4(a) and (b) show
how the shape of the IIR measured at 1557.8 nm evolves as
propagation distance increases in the absence of MP and when
NC-MGP is applied, respectively. Here, the IIR is defined as
the sum of the absolute square values of the equalizer taps,
normalized with respect to their maximum value. The isolated
peaks seen in the first case are an indication of weak inter-group
coupling occurring in the MMF spans, while their disappearance
after a few spans in the second case is clearly a consequence
of MP. Moreover, the Gaussian-shaped profile of the IIR at
1178 km is a signature of the strong mode coupling regime
achieved in the presence of MP [17], [24].

In Fig. 5(a) we plot the duration of the IIR versus propagation
distance for all permutation schemes, as well as in the absence
of MP. Here, we define the IIR duration as the time interval
encompassing 98% of the IIR energy, and each data point
is obtained by averaging the IIR duration of the MMF link
across five different wavelength channels spanning the C-band,
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Experimental setup of the recirculating-loop-based long-haul 15-mode fiber link. Mode permutation is performed at the de-multiplexing stage.
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Fig. 4. Intensity impulse response for various transmission distances at

1557.8 nm (a) in the absence of MP and (b) with NC-MGP.

specifically at 1533.9, 1539.8, 1545.7, 1553.7, and 1557.8 nm.
The dots are obtained in the absence of MP and the straight
line is a linear fit to the data, showing that in this case the IR
duration starts increasing linearly with propagation distance, as
a result of the weak inter-mode-group coupling.! As inter-group
coupling becomes non-negligible, a transition to a sub-linear
growth of the IIR duration is seen, at approximately 400 km.
The markers, complemented by a square-root data fit growing
at a rate of approximately 496 ps/ v/km, refer to the considered
permutation schemes. The remarkable alignment between the
data and the square-root fit indicates that the MMF link is
operating in the strong mode coupling regime, underscoring

'We acknowledge that the observed linear increase in the IIR duration with
propagation distance, in the absence of mode permutation, may be attributed in
part to certain loop artifacts—such as path-length misalignment between single-
mode loops—that are inherently present in practical transmission systems. If this
assumption holds true, our findings demonstrate the effective mitigation of these
artifacts’ impact through the implementation of mode permutation.
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(a) Wavelength-averaged IIR duration versus transmission distance in the absence of MP and for the considered permutation schemes and (b) normalized

standard deviation of the IIR duration versus transmission distance for the considered permutation schemes. The line spacing in the inset of (a) is 2 ns.

the efficacy of the considered permutation schemes in facili-
tating inter-mode-group coupling. The performance among the
schemes exhibits no significant differences, while an impressive
reduction of approximately 65% in the IIR duration is obtained
at 530.1 km. The fact that C-MP performs similar to the other
schemes is in contrast with what was observed in [10]. We
attribute this discrepancy to the fact that, in our case, C-MP
always maps LPy; into LPy;, which are the fastest and the
slowest mode groups,’ respectively, at all wavelengths used in
the experiment, therefore implementing a delay-management
scheme that remains somewhat effective also in the presence of
random mode coupling, beyond the ideal case of no-coupling
illustrated in Fig. 2. However, this result would change if the
first and the second mode groups were not the fastest and the
slowest, respectively.

We also examined the wavelength dependence of the IIR
duration. To this end, we calculated the normalized standard
deviation of the IIR duration measured across the five distinct
wavelength channels spanning the C-band for each permutation
scheme. This is obtained by normalizing the actual standard
deviation of the IIR duration with respect to its average value,

namely o, = i\/ ]\}m Zf\i‘“l (T; — )2, where T; is the i-th

wavelength-channel’s IIR duration, and 1 = N%h Zfi“l T; is the
average duration across all channels. In Fig. 5(b), o, is plotted
versus propagation distance for each permutation scheme. The
plot shows that all permutation schemes have similar wavelength
dependence,’ with the exception of the C-MP scheme, which
exhibits a stronger dependence on wavelength. We speculate
that the larger deviation is due to the fact that the C-MP scheme
is less effective in achieving strong mode coupling than the other
schemes, which makes the profile and duration of the IIR not as
deterministic as it would be expected [17].

2) MDL Accumulation: Modal dispersion is a unitary effect
with no direct implications on the achievable data transmission
capacity. In contrast, MDL is non-unitary and it fundamentally
limits the achievable transmission performance [26], [27], [28],

2For the channel at 1558.8 nm, this can be seen in Table I.
3 Specifically, in [25], the TIR duration is seen to increase as a function of
wavelength.
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Fig. 6. Wavelength-averaged Max/Min MDL and Std-MDL versus propaga-

tion distance in the absence of MP and for the considered permutation schemes.

[29]. We characterize the link’s MDL by using two metrics. The
first metric is the ratio in dB between the largest and smallest
eigenvalues of H(w)H'(w), where by H(w) we denote the
frequency-dependent transfer matrix of the MMF link and by
H'(w) its hermitian adjoint. We refer to this metric as Max/Min
MDL. The frequency-dependent transfer matrix H(w) is derived
as the inverse of the Fourier transform of the time-domain
MIMO equalization matrix. The second metric is the standard
deviation of the natural logarithm of all of the eigenvalues of the
same matrix, also expressed in dB [27]. We refer to this metric
as Std-MDL. The frequency dependence of the so-evaluated
quantities is then eliminated by performing a frequency average
across the WDM channel bandwidth.

In Fig. 6, we plot the MDL of the 15-mode fiber link ver-
sus propagation distance for all the considered permutation
schemes, as well as in the absence of MP. It is worth noting
that the results in the absence of MP are hidden by the presence
of the other data points. Similarly to what was done for the IIR
duration, each data point is obtained by averaging the MDL of
the MMF link across the five channel wavelengths. The vertical
axis on the left refers to the Max/Min MDL, while the vertical
axis on the right refers to the Std-MDL. The results in the
latter figure show no substantial differences among the various
permutation scenarios, indicating that MP does not affect the
accumulation of MDL, in agreement with what was observed
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Fig. 7.
permutation schemes.

in [30]. An interesting feature that emerges from the results of
Fig. 6 is that MDL accumulates proportionally to the square
root of propagation distance not only in the presence of MP,
but also when no MP is implemented. This result comes as a
surprise, as one would expect to see a linear growth of MDL with
propagation distance. A possible explanation of this behavior
is that MDL is dominated by some intra-mode-group MDL,
possibly arising from the in-span fiber splices, rather than by
inter-mode-group MDL. In particular, we have verified that the
MDL values extracted from the channel-transfer-matrix blocks
describing the fourth and fifth mode groups after one fiber span
are comparable in magnitude to the overall MDL. On the other
hand, MDL measurements performed on a deployed 48 km-long
fiber of the same kind used in this work have shown that when
addressing only the fourth fiber mode-group [31] or all the
fiber modes [32], the measured MDL values are quite similar.
These evidences provide a qualitative explanation of why MDL
grows proportionally with the square root of propagation dis-
tance, namely because its accumulation is dominated by strong
coupling within a group of quasi-degenerate modes.

We also characterized the wavelength dependence of MDL.
To this end, we computed the normalized standard deviation of
the MDL measured across the five distinct wavelength channels
spanning the C-band for each permutation scheme. Fig. 7 shows
the resulting values of the normalized standard deviation plotted
versus the transmission distance in the absence of MP and for all
the considered permutation schemes, with Fig. 7(a) referring to
the Max/Min MDL, and Fig. 7(b) to the Std-MDL.. The absence
of substantial difference between the considered scenarios is
consistent with the argument that MDL accumulation is domi-
nated by intra-mode-group dynamics.

IV. SIMULATIONS

In this section we perform simulations in support of the
experimental results, with two main goals. On the one hand,
we aim to assess whether the similarity in performance between
the considered permutation schemes is consistent with some
simple and fully-controllable model or results from practical
implementation aspects. On the other hand, we aim to assess
whether the performance of MP improves in real systems, where
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Normalized standard deviation of (a) Max/Min MDL and (b) Std-MDL versus transmission distance in the absence of MP and for the considered

the signal propagates in uncorrelated fiber spans, as compared
to the case where it propagates in the same fiber span in a
recirculating-loop configuration.

A. Model for Distributed Coupling and Parameter Extraction

We start by considering two non-degenerate mode groups a
and b, which we describe by means of generalized Jones vectors
FE, and Ej [16], whose evolution along the fiber obeys the

following set of coupled equations,
ddE;a = ifoEq +iwB E, + ZV;Nfa E,
+ z‘wW;]\'[f“Ea — %E - 5“‘12#“ +iCE, (1)
‘2]”:” iBoEy + iwpy Ey + Z‘;; Nqbﬁb
i Wzbzv?bEb - B - W8 oE, o

Here 3, and 3, with u € {a, b}, are the propagation constant
and its derivative with respect to the angular frequency w,
respectively, for mode group u, while N, is the number of
degenerate spatial modes in the same group. By V., we denote a
generalized Stokes vector of dimension D,, = 4N5 — 1, while
by Ku we denote a vector whose elements are 2N, x 2N,
generalized Pauli matrices, so that V;L . KU = Zf;l VunAun
[16]. This term describes intra-group random mode coupling
in mode groups u. The vector W, is also a generalized Stokes
vector and it describes intra-group modal dispersion [16]. The
matrix C and its Hermitian adjoint C! account for random
inter-group coupling. By o, and «;, we denote the mode-group
averaged loss coefficients, while the vectors d, and @ are
the local MDL vectors, which we also model as independent
white-noise processes of suitable strength [28]. In what follows,
we model both intra-group and inter-group random coupling
by means of white noise processes, with the result that the
mismatch in propagation constant becomes immaterial and the
terms proportional to /3, can be dropped [33]. A further sim-
plification is obtained by establishing a reference frame that
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follows intra-group coupling in each mode group. This yields
the following simplified equations
dE,

-,

W -

—
—

Ay Ny

!

ol B . ap  Qapg N
- wph,Eq + zw72Na E, 5 E, +iCE)
3)

dE, . Ny = ap=  a@p-Ap
dizb = iwB,Ep + iw 5 YE, — ?bEb — 22 4 CHE,,
4)

with

(W,i(2)Wa i (2) = 72bi ;6(z — 2') (5)
(ow,i(2)aw ;(2') = (26i ;6(2 — 2) (6)
(Ci,j(2)C5 () = 0?03,085,56(2 — 2) (7)
(Ci,j(2)Cy,5(2)) =0, (8)

where the coefficients involved are to be extracted from the
experimental data. The inverse group velocities ), are obtained
by inspecting the peaks of the measured IIR after propagation
in the first fiber span.

The MD coefficients 2 are known to be related to the dura-
tion of the intra-group intensity impulse responses through the
relation 772 (2) = 42D, /4N?2 2 [17]. This allows to extract them
by fitting the intensity impulse responses of the individual mode
groups at the output of the first fiber span with a Gaussian-shaped
waveform with root-mean-square width equal to 7’,.

We set a, = o, = 0 and @, = @, = 0 in the following dis-
cussion. We leave the analysis of MDL accumulation to Sec-
tion IV-D.

The extraction of the inter-group coupling coefficients is
more involved. Here we proceed by evaluating the evolution
of the mean optical powers in the individual mode groups, as
these quantities can be extracted from the experimental crosstalk
matrix. To this end we make use of the Ito calculus [34], by first
expressing (3) and (4) in the Stratonovich form, namely,

—

Mﬁa +idCE, ©)

dE, = iwf,E,dz + iw O,

— — d v M K — —
dEy, = iwplEydz + m%&, +idClE,.
b

(10)

The Ito-corrected equations are obtained in the following form
with the use of (5), (7) and (8),

. . AW, - Ay = .
dE, = iwfB,E,dz + iw—-——"E, + idCE,

2N,
— W f]%“ E,dz — %n22NbEadz (11)
dE, = iwpB Eydz + iwwa +idC'E,
— WQZENZ? Eydz — %nQQNaﬁbdz. (12)

The equations for the average powers carried by each mode
group I, = (E}E,) and I, = (E) E,) are then obtained in the

a b c
| [ _—

EN T |
..................... b
..................... a b © X,

ef i+ L+ +
........................ X

Fig. 8. Relation between the N x NN crosstalk matrix X and the Ny x N

matrix X, describing inter-mode-group crosstalk, in the example of a three-
mode-group fiber, where N = 6 and Ny = 3.

following form,

dI, = n*2N,I,dz — n*2NyI,dz (13)
dI, = n*2NyI,dz — n*2N,I,dz, (14)
or, equivalently,
I —2n°Ny, 212N, I I
i al _ n b n a al _ K a ) (15)
dz Ib 2772Nb —2T)2Na Ib Ib
The solution to the above,
1, 1, 1,
(2) = exp(Kz) (©) =Xy (©) ; (16)
Iy(z) 1,(0) 1,(0)

can be mapped into experimental data, by establishing a rela-
tion between the matrix X, which describes inter-mode-group
crosstalk, and the experimentally measurable crosstalk matrix
X. This relation is not straightforward and is discussed in what
follows. Prior to doing so, however, we note that the expression
of K can be readily generalized to the case of more than two
mode groups. For instance, in the case of three mode groups a, b,
and c, it takes the following form

_z(nngb + nchC) 277§bNa 27730]\[11
M Ne 205, Na 05 Ne) 20Ny
27752ch inchC _2(7730]\7@ + T/chb)

A7)
where 72, is the coefficient that describes coupling between
mode groups u and v. Fig. 8 illustrates the relation between
X, whichis a Ny x N, matrix (with N, denoting the number
of non-degenerate mode groups), and X, which is an N x NV
matrix (with /V denoting the total number of modes), in the case
of a three-mode-group fiber. The figure relies on the fact that
the simple model used in this work yields a crosstalk matrix X
that is symmetric and made of blocks with identical elements*
(the elements in each block are identical owing to the strong
intra-group mixing). Therefore, each element in the mode-group

4Symmetry emerges immediately in the special case N, = Ny = N, = 1,
where X and X coincide.
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TABLE II
COUPLING COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

Coefficient  Value (km—1/2)  Coefficient Value (km—!/2)
MNab 0.0296 Mbd 0.0144
Nac 0.0130 Mbe 0.0129
Nad 0.0297 Ned 0.0150
Nae 0.0129 Nece 0.0302
Moe 0.0147 Nde 0.0325

crosstalk matrix X, corresponding to a specific pair of mode
groups is obtained by summing the elements of any one column
of X that also corresponds to the same pair of mode groups. For
instance, the (b, ¢) element of X, can be obtained by summing
the second and third elements of the sixth column of X (or,
equivalently, the second and third elements of the fourth or the
fifth column of X). Note that all the elements in each column
(or row) of X sum to unity, as a result of unitary propagation
assumed in the model.

Extracting the 5 x 5 matrix X, from the experimental
15 x 15 crosstalk matrix Xex, is not as straightforward, as
in practice X, never takes the highly symmetric form illus-
trated in Fig. 8. Note that by X, we denote the time- and
polarization-averaged absolute square fiber impulse response
matrix, measured for a single MMF span. The first step towards
extracting the ten coupling coefficients (one per each pair of
mode groups) is therefore enforcing this form into Xey,, which
is done as follows. The matrix X, is first normalized so that the
sum of each column’s elements equals one. The obtained matrix
(that in practice is slightly asymmetric) is then symmetrized into
Xexp = (Xexp + Xﬁxp) /2. To shape Xexp into the form depicted
in Fig. 8, all the elements within each of the off-diagonal blocks
are replaced with their respective averages. Subsequently, nor-
malization of each column is re-enforced by setting the elements
in each diagonal square box with identical values so that the
sum of the elements in each column equals one. The resulting
matrix can then be used to extract X as illustrated in Fig. 8, and
the ten coupling coefficients are obtained from the off-diagonal
elements of log(X,)/L,, where L, is the span length.

B. Numerical Simulation

In the numerical simulation, propagation is modeled based on
(3) and (4), generalized for five mode groups. A 15-mode fiber
span of length L, = 58.9 km (consistent with the experiment)
is emulated. It is implemented as a concatenation of N = 400
wave-plates of width Az = L /N The transfer matrix of each
wave-plate Uy, is then characterized by exp(iMAz), with

Wa-Ag

SR W _‘Cfl’ Cac Cad Cae
cl, ngl\}j:bw Coe Chg Che
Mol o o LA cu o
CLd CZd Cid Mg%/:d w ﬂCgle
| Cl. G Cl  CL ]
(18)

As discussed in the previous section, the terms in the main
diagonal describe intra-group mode dispersion. The vectors W,
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Fig. 9. Simulated IIR for various transmission distances at 1557.8 nm (a) in

the absence of MP and (b) with NC-MGP.

(u € {a,b,c,d,e}) are all independently generated and their
components are independent Gaussian random variables with
zero mean and standard deviation equal to 7, /v/Az, consis-
tent with (5). The matrix C,,, (u,v € {a,b, ¢, d, e}) describes
coupling between mode groups u and v. The coupling matrices
are generated independently of one another and, in accordance
with (7) and (8), their elements are independent complex-valued
Gaussian random variables with zero mean, uncorrelated real
and imaginary parts, and standard deviation equal to 1., / VA z.

Consistently with the experimental settings, the fiber-span
transfer matrix T(w) is calculated in a frequency band of
24.5 GHz. Multiple recirculations are described in the frequency
domain by the matrix Ts(w)PT(w)---PT4(w), where by P
we denote a 30 x 30 matrix that implements ideal MP. The
inverse Fourier transform of the accumulating matrix is used to
evaluate the intensity impulse response at every recirculation.
The parameters used in the simulations for the wavelength
channel at 1557.8 nm are listed in Tables I and II.

C. Simulation Results: Modal Dispersion

Fig. 9 shows a plot of the simulated IIR of the wavelength
channel at 1557.8 nm, for the same propagation distances and
MP settings as in Fig. 4. A qualitative similarity between the
two figures can be noticed.

Fig. 10(a) shows the plot of the IIR duration versus propaga-
tion distance for the same wavelength channel (the duration of
the simulated IIR is calculated to be the period of time which
encompasses 98% of the IIR energy, as in the experiment).
Similarly, Fig. 10(b) illustrates the extension of the same analysis
to all five channels, with their average IIR duration plotted versus
propagation distance. In both figures, a square-root fit is also
plotted for comparison. The plot indicates that, on average, all
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Fig. 10. (a) Simulated-IIR duration of the wavelength channel at

1557.8 nm versus propagation distance in the recirculating-loop configuration.
(b) Simulated-IIR duration averaged over the five wavelength channels used in
the experiment versus propagation distance in the recirculating-loop configura-
tion. (c) Same as in (b) for a link with independent fiber spans. The line spacings
in the insets of (b) and (c) are 2 ns.

permutation schemes yield similar results in remarkable agree-
ment with the experiment, with the C-MP scheme, performing
slightly lower than the others. Specifically, at 1178 km, it results
in an IIR duration approximately 2 ns greater than for the other
schemes. This suggests that in the propagation regime of our
experiment, inter-group coupling is more critical than delay
management in implementing MP. The fact that no difference in
performance between the C-MP scheme and the other schemes
is observed experimentally, must be ascribed to additional cou-
pling introduced in the experimental setup. Indeed, in our model
we assume that coupling occurs only during fiber propagation,
whereas multiplexing, de-multiplexing and MP are implemented
ideally, that is by introducing no additional cross-talk.

We used the model developed for propagation in the 15-mode
fiber, to evaluate the performance of the permutation schemes
in a realistic multi-span fiber system, where permutation is
performed between independent fiber spans. To this end, we
simulated a fiber link composed of 20 fiber spans, where each
span was generated independently as described above. Fig. 10(c)
illustrates the IIR duration evaluated at the end of each span for
all permutation schemes. Note that, similar to Fig. 10(b), each
data point in the figure is obtained by averaging the IIR duration
of the MMF link across the five wavelength channels spanning
the C-band. Compared to the recirculating-loop configuration,
only a small additional reduction in the IIR duration is ob-
served, which further supports the reliability of our experimental
findings in predicting the performance of MP in field-deployed
multi-span fiber links.

Itis worth stressing that the effectiveness of the C-MP scheme
is strongly influenced by the fact that the fastest mode (LPy;)
is always mapped into the slowest mode group (LPp;). This
suggests a dependence on the details of the MMF design for this
scheme’s performance. Indeed, we verified through simulations
that exchanging the group velocities of the five mode groups may
substantially deteriorate the performance of the C-MP scheme,
while having negligible practical impact on the performance of
the other schemes.

D. Simulation Results: Mode-Dependent Loss

As observed in Section ITI-B2, MDL accumulates with propa-
gation distance in the same way with and without MP. A possible
explanation for this evidence is that MDL accumulates within
groups of strongly coupled modes as a result of random and
distributed local MDL, compatible with multiple fiber splices,
thereby growing proportionally to the square root of propagation
distance even in the absence of MP. Independence of the MDL
accumulation on the mode permutation scheme has also been
reported in [30], where it was argued that this might follows
from the fact that MDL is mainly introduced by the single-mode
stages connecting two recirculating loops.

To assess which one of the two assumptions is consistent with
the experimental observations, we describe the accumulation of
distributed MDL at the center frequency by simply settingw = 0
in (3) and (4). Conversely, we account for the case of MDL
introduced by the single-mode stage by adding independent gain
fluctuations with a Gaussian distribution and suitable strength
to the propagating space and polarization modes between two
recirculations, while assuming that the multimode fiber itself is
unitary, that is, assuming a, = o = 0 in (3) and (4). In both
cases, a random phase is applied to each space and polarization
mode between two recirculations, in order to account for the
effect of the AOMs that are used in the loop as optical switches
(the AOMs apply an 80 MHz frequency shift when they route
the impinging signal towards the next circulation). Note that
while the local MDL and the gain fluctuations are frozen from
recirculation to recirculation, the random phases change from
recirculation to recirculation as a result of the linewidth (result-
ing from frequency fluctuations) of the modulation applied by
the AOMs. It is worth noting that the AOMs play an important
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Fig. 11.  Simulated Max/Min MDL and Std-MDL for the wavelength channel

at 1557.8 nm versus propagation distance in the recirculating-loop configuration
assuming (a) Distributed MDL, and (b) Single-mode gain fluctuations.

role in shaping the growth of MDL with propagation distance.
In fact, this approaches a quasi-linear accumulation if no phase
fluctuation is introduced, as is the case when electro-optic mod-
ulators are used as optical switches [35].

The simulation results are shown in Fig. 11, where we plot
the average MDL versus propagation distance in the absence
of mode permutation and for the considered MP schemes. The
averaging is performed over 1000 link transfer matrices obtained
for as many independent instantiations of the random quantities
involved. Fig. 11(a) refers to the case of distributed MDL, and
Fig. 11(b) to the case of single-mode gain fluctuations. Intra-
group coupling was introduced so as to enforce a decorretalation
length of 1km in each mode group [33]. For the inter-mode group
coupling we assumed the coefficient values in Table II. For the
local MDL strength, which is characterized by the coefficients
(y defined through (6), we assumed one of the many sets of
numerical values that are compatible with an accumulated mean
MDL of approximately 15 dB after 1200 km, as observed in the
experiment. Finally, for the gain fluctuations, based on the same
criterion, we assumed a standard deviation of 0.5 dB.

Inspection of Fig. 11 suggests that while MDL accumulation
is similar across all considered schemes in both models, the
model based on distributed MDL is more consistent with the
experimental finding. Therefore, we conclude that distributed
random MDL, possibly arising from fiber splices (seven in the
experiment, one every less than 8 km in the loop), may be the
predominant (yet not the only one) mechanism contributing to
MDL accumulation in MMF links.
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V. CONCLUSION

We experimentally investigated the effectiveness of four
mode-permutation schemes in reducing the accumulation of
modal dispersion in a long-haul 15-mode fiber link. We found
that with mode permutation, the duration of the intensity impulse
response of the MMF link increased proportionally to the square
root of transmission distance, rather than linearly with it, as is the
case in the absence of mode permutation. This reduced consider-
ably the complexity of the receiver MIMO-DSP. We estimated
an extension of the system reach from 530 km to 1178 km,
enabled by a reduction in the time-domain equalizer window
from 71.4 ns to 38.8 ns. Although no transmission results are
shown in this work, such an extension has been demonstrated
with a full C-band transmission in ref. [25]. The considered
permutation schemes exhibited comparable performance with
little wavelength dependence across the C-band. We also de-
veloped a simple model to simulate propagation in multi-mode
fibers, whose parameters can be conveniently extracted from
the experimental data. Simulations indicate negligible difference
between the experimental results obtained in a recirculating-loop
configuration and the performance of mode permutation in a
realistic fiber link composed of independent fiber spans.
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