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Enhancing Long-Haul 15-Mode Fiber Performance:
Mode Permutation for Reduced Modal Dispersion
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Abstract—We explore the efficacy of mode permutation to mit-11
igate the impact of modal dispersion in a 15-mode fiber link for12
long-haul space-division multiplexed transmission. By introducing13
strong coupling between all the fiber modes, mode permutation14
reduces the growth rate of the link’s intensity impulse response15
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(IIR) with transmission distance, yielding a reduction in the 16
receiver MIMO-DSP complexity. Using a recirculating fiber- 17
loop configuration, we experimentally compare four permutation 18
schemes and find that they are similarly effective in reducing the 19
increase of the IIR duration from proportional to the square-root 20
of propagation distance. At the reach of 530 km – the largest 21
achievable with the time-domain MIMO window of 71.4 ns avail- 22
able in the experiment in the absence of mode permutation – the 23
IIR duration is seen to reduce from almost 40 ns to less than 24
15 ns, while the maximum reach achieved with the use of mode 25
permutation increases to 1178 km. We also devise a simple model 26
to simulate propagation in realistic MMF links with independent 27
fiber spans, whose parameters can be conveniently extracted from 28
the data. In achieving good agreement between the simulated and 29
experimental results, the model suggests that the effectiveness of 30
mode permutation in a realistic 15-mode fiber link, composed 31
of independent fiber spans, is only slightly greater than in the 32
experimental recirculating-loop configuration. 33

Index Terms—Modal dispersion, multi-mode fiber transmission, 34
mode permutation, space-division multiplexing. 35

I. INTRODUCTION 36

A S DEMAND for higher data rates is expected to con- 37

tinue its exponential increase in optical fiber networks, 38

and single-mode optical fibers are reaching their transmis- 39

sion limits [1], space-division multiplexing (SDM) has gained 40

traction as a promising alternative to address the impending 41

capacity crunch [2]. Proposed SDM fibers include multi-core 42

fibers (MCFs), multi-mode fibers (MMFs) and hybrid multi- 43

core multi-mode fibers (MC-MMFs) [3]. Specifically, MMFs, 44

wherein discrete data signals are multiplexed across distinct spa- 45

tial modes can support a substantial quantity of spatial channels 46

within the same 125 µm cladding diameter as standard single- 47

mode fibers (SMFs). This characteristic ensures similar fiber 48

mechanical reliability and compatibility with current cabling and 49

manufacturing processes [4]. Nonetheless, the accumulation of 50

modal dispersion (MD) has a direct impact on the required mem- 51

ory length for the multiple-input multiple-output (MIMO) equal- 52

izer [5], imposing constraints on both mode count and transmis- 53

sion reach. Indeed, while short-distance transmission utilizing 54

MMFs with up to 55 modes has been recently reported [6], 55
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Fig. 1. Sketch of the considered mode permutation schemes: (a) C-MP,
(b) Clockwise C-MGP, (c) Counter-clockwise C-MGP and (d) NC-MGP.

[7], [8], experiments targeting long-haul transmission have only56

used up to 15 fiber modes [9], [10], [11], [12], [13], [14], [15].57

In addressing the accumulation of MD, a strategic approach58

involves intentionally inducing strong mode coupling within the59

MMF link. This method is grounded in the understanding that60

modal dispersion increases proportionally to the square root61

of the propagation distance under conditions of strong mode62

mixing, as opposed to a proportional increase with propagation63

distance in situations marked by no-to-weak mode coupling [16],64

[17], [18]. In pursuit of robust mode coupling to counteract the65

accumulation of MD, a practical implementation involves the in-66

corporation of lumped mode scramblers along the fiber link. This67

method stands as a viable scheme, strategically implemented68

to enhance mode mixing and mitigate MD effects, offering a69

solution to optimize the performance of the MMF link [18].70

It is scalable for arbitrary mode counts, thereby providing a71

practical approach for future MMF system deployments. Recent72

advancements in this scheme include the proposals of cyclic73

mode permutation (C-MP) and cyclic mode-group permutation74

(C-MGP), demonstrating evolving techniques to further refine75

and improve the effectiveness of the mode coupling strategy [9],76

[10], [11], [12], [13].77

In this work we examine the efficacy of four distinct mode78

permutation (MP) schemes within a recirculating-loop-based,79

long-haul 15-mode fiber link, expanding on [19]. Employing80

these permutation schemes allowed extending the transmission81

reach from 530 km to 1178 km while significantly reducing82

the complexity of the receiver MIMO digital signal processing83

(DSP). Notably, at 530 km, there was a reduction exceeding84

65% in the duration of the MMF link intensity impulse response85

(IIR). An important supplement to the original work in [19] is 86

the study of mode-dependent loss (MDL) in the MMF system, 87

which shows that MP does not affect MDL accumulation with 88

transmission distance. We also developed a simple model for the 89

simulation of multi-mode propagation to assess the effectiveness 90

of MP in realistic links with independent fiber spans, as opposed 91

to the recirculating-loop scheme used in the experiment. The 92

model relies on a handful of parameters that can be conveniently 93

extracted from the experimental data. Despite its simplicity, the 94

model demonstrated accuracy in reproducing the experimental 95

results. Numerical results obtained for a link composed of 96

independent fiber spans showed only a modest improvement 97

in the performance of MP compared to the recirculating-loop 98

configuration, further supporting the reliability and applicability 99

of the experimental findings. Finally, the model was used to 100

explain the observed independence of MDL accumulation on 101

MP. 102

The remainder of this paper is organized as follows. Section II 103

delves into the concept of mode permutation and introduces the 104

schemes examined in the experiment. Section III outlines the ex- 105

perimental setup and presents the obtained results. In Section IV, 106

a simulation framework complementing the experimental results 107

is introduced and the corresponding findings are presented. The 108

conclusions of this work are drawn in Section V. 109

II. MODE PERMUTATION SCHEMES 110

Graded-index-core multi-mode fibers are characterized by 111

the existence of non-degenerate mode groups, such that modes 112

within the same group couple strongly during propagation, 113

whereas modes belonging to different groups are weakly cou- 114

pled and the extent to which they mix increases with propagation 115

distance. In short-reach applications, where the inter-mode- 116

group coupling is negligible, the individual mode groups can be 117

addressed independently with a considerable simplification of 118

the receiver MIMO [20], [21]. However, in metro-to-long-haul 119

applications that are of interest for this work, a full-MIMO 120

approach (where all the fiber modes are processed jointly) 121

becomes necessary, in spite of the fact that non-degenerate 122

mode groups may remain only partially coupled. In this regime 123

MD, which is typically quantified in terms of the link’s IIR 124

duration, increases linearly with propagation distance at first, 125

transiting to some sub-linear growth when inter-mode-group 126

coupling becomes substantial. The complexity of the receiver 127

MIMO-DSP grows accordingly. In this scenario, strong coupling 128

between all modes is preferred. In fact, in the regime of strong 129

mode mixing, MD is known to grow only proportionally to the 130

square root of propagation distance [16], [17], [18], implying 131

a drastic reduction in the MIMO-DSP complexity compared to 132

the regime of partial mode coupling. 133

A practical approach to induce strong coupling between 134

modes belonging to different groups involves the introduction 135

of lumped mode scramblers along the MMF link. In this study, 136

we investigate the effectiveness of four distinct MP schemes in 137

introducing strong mode mixing along a multi-span MMF link, 138

where MP is implemented through a de-multiplexer/multiplexer 139

(De-MUX/MUX) device pair at the end of each span. The first 140
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Fig. 2. Delay spread versus propagation distance in the absence of mode
coupling in the MMF spans, with and without MP, as obtained through numerical
simulation.

device serves to separate the multi-mode field at the output of141

the MMF into individual single-mode fields. These are sub-142

sequently cross-connected to the single-mode sections of the143

recirculating loop, which guide the signal back to the input144

of the second device. Fig. 1 illustrates the mode permutation145

schemes under consideration for the 15-mode fiber used in the146

experiment. The first scheme [9] (Fig. 1(a)), employs unitary147

C-MP. In this method, the 15 spatial modes undergo a cyclic148

shift, moving one position towards higher-order modes at each149

permutation stage. The second [12], [13] and third schemes,150

involve the cyclic clockwise (clockwise C-MGP, Fig. 1(b)) and151

counter-clockwise (counter-clockwise C-MGP, Fig. 1(c)) shifts152

of the 15 spatial modes by five positions, corresponding to153

the largest mode-group size. These schemes exhibit a periodic154

pattern, where spatial modes revert to their initial configuration155

after either 15 or 3 permutation stages, respectively. Introducing156

a novel approach in our work [19], the fourth scheme (Fig. 1(d)),157

referred to as non-cyclic mode-group permutation (NC-MGP),158

breaks away from periodicity by implementing controlled inter-159

mode-group permutation. In this scheme, spatial modes within160

a given mode group are mapped onto other spatial modes of the161

remaining mode groups, with careful consideration to minimize162

multiple mappings between any two mode groups. We note163

that the proposed scheme is one of the many possible schemes164

that are non-periodic for practical numbers of recirculations.165

Additionally, the proposed approach can easily be generalized to166

construct non-cyclic permutation schemes for multi-mode fibers167

supporting arbitrary number of modes.168

It is instructive noting that in the ideal case where no cou-169

pling occurs during propagation in the MMF spans, the C-MP170

scheme would be optimal in terms of delay management. This171

is illustrated in Fig. 2, where we plot the delay spread (that is,172

the largest differential delay between any two modes) versus173

propagation distance both in the absence of MP and for each174

of the considered permutation schemes, under the assumption175

of uncoupled MMF propagation. For the plot we assumed nu-176

merical values extracted from the experiment. In particular, we177

assumed a 15-mode fiber link with a span length of 58.9 km178

and the differential mode-group delays (DMGDs) relative to179

the fundamental mode measured at 1557.8 nm. These are listed180

TABLE I
DISPERSION COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

in Table I, which is discussed in Section IV, along with other 181

parameters that are not used in this section. The plot shows that, 182

as expected, in the absence of MP the delay spread grows linearly 183

with propagation distance (blue dots), and it coincides with the 184

differential delay between the slowest and the fastest modes. In 185

the case of C-MGP (crosses and triangles) and NC-MGP (plus 186

symbols), it also grows linearly with propagation distance, yet 187

with a lower growth rate. In contrast, the delay spread is bounded 188

and periodic in the case of C-MP (squares), as a result of the fact 189

that each mode accumulates the same propagation delay after a 190

number of permutation stages equal to the number of modes. 191

This picture changes completely in the presence of random 192

mode coupling. Indeed, the experimental and simulation results 193

presented in the following sections show that in realistic regimes 194

of intra-group and inter-group coupling all permutation schemes 195

have similar performance. In simulations, the C-MP scheme is 196

even slightly lower performing than the others, which aligns 197

with the observation that this scheme is the least effective in 198

enhancing inter-mode-group coupling, as it only couples a single 199

mode of each group into a mode of an adjacent mode group. 200

III. EXPERIMENT 201

A. Experimental Setup 202

Fig. 3 illustrates the experimental setup employed to vali- 203

date the efficacy of the examined mode permutation schemes. 204

To generate a three-channel sliding test band, carriers from 205

three tunable lasers (TLs) were modulated using two dual- 206

polarization IQ-modulators (DP-IQMs). These modulators were 207

driven by the same 65 GS/s 4-channel arbitrary waveform 208

generator (AWG). The resulting modulated signals adopted 209

the form of dual-polarization quadrature phase-shift keying 210

(DP-QPSK) signals with a 1% roll-off root-raised cosine pulse 211

shape, transmitted at a rate of 24.5 GBd. A dummy-band was 212

generated by utilizing an optical processor (OP) to spectrally 213

flatten the amplified spontaneous emission noise originating 214

from an erbium-doped fiber amplifier. The composite signal, 215

encompassing both the test and dummy bands, was passed 216

through a loading acousto-optic modulator (AOM), acting as 217

an optical switch, before undergoing a split and delay proce- 218

dure to generate 15 uncorrelated replicas of the same signal. 219

These replicas, characterized by a relative delay of 150 ns, were 220

subsequently directed into 15 parallel recirculating loops with 221

precisely aligned path lengths. The alignment of the 15 parallel 222

recirculating loops was executed with a precision within the 223

tolerance range of ±1 cm, corresponding to a differential offset 224

on the order of approximately ±50 ps. The signals associated 225

with each of the 15 loops were amplified and subsequently 226

multiplexed using a multi-plane light converter (MPLC) [22]. 227
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Fig. 3. Experimental setup of the recirculating-loop-based long-haul 15-mode fiber link. Mode permutation is performed at the de-multiplexing stage.

Following the multiplexing process, the combined signal was228

launched into a 58.9 km long span of 15-mode MMF with low229

loss (between 0.21 dB/km and 0.24 dB/km for the 15 spatial230

modes at 1550 nm) and inherently low DMGD (<100 ps/km at231

1550 nm) [23]. The outputs of the MPLC de-multiplexer were232

connected to the single-mode loops based on the prescribed233

permutation schemes. Subsequently, the signals entered a second234

amplification stage, followed by OPs to rectify amplifier gain235

tilts as well as fiber and component loss profiles, and looping236

AOMs to implement recirculating-loop transmission. Regarding237

signal reception, the 15 outputs from the parallel loops were238

first amplified. Subsequently, the channel of interest (COI) was239

filtered and amplified once more before being received by 15240

coherent receivers (CoRXs) that shared a common path-length241

aligned local oscillator (LO). The electrical signals were cap-242

tured using an 80-GS/s 60-channel real-time oscilloscope, with243

the recorded traces intended for offline DSP, mainly involv-244

ing a time-domain 30 × 30 MIMO equalizer. This required a245

time-domain equalizer window of 71.4 ns in the absence of246

MP, and of only 38.8 ns when MP was present in the case of247

recirculating-loop transmission.248

B. Experimental Results249

1) Modal Dispersion Accumulation: Fig. 4(a) and (b) show250

how the shape of the IIR measured at 1557.8 nm evolves as251

propagation distance increases in the absence of MP and when252

NC-MGP is applied, respectively. Here, the IIR is defined as253

the sum of the absolute square values of the equalizer taps,254

normalized with respect to their maximum value. The isolated255

peaks seen in the first case are an indication of weak inter-group256

coupling occurring in the MMF spans, while their disappearance257

after a few spans in the second case is clearly a consequence258

of MP. Moreover, the Gaussian-shaped profile of the IIR at259

1178 km is a signature of the strong mode coupling regime260

achieved in the presence of MP [17], [24].261

In Fig. 5(a) we plot the duration of the IIR versus propagation262

distance for all permutation schemes, as well as in the absence263

of MP. Here, we define the IIR duration as the time interval264

encompassing 98% of the IIR energy, and each data point265

is obtained by averaging the IIR duration of the MMF link266

across five different wavelength channels spanning the C-band,267

Fig. 4. Intensity impulse response for various transmission distances at
1557.8 nm (a) in the absence of MP and (b) with NC-MGP.

specifically at 1533.9, 1539.8, 1545.7, 1553.7, and 1557.8 nm. 268

The dots are obtained in the absence of MP and the straight 269

line is a linear fit to the data, showing that in this case the IIR 270

duration starts increasing linearly with propagation distance, as 271

a result of the weak inter-mode-group coupling.1 As inter-group 272

coupling becomes non-negligible, a transition to a sub-linear 273

growth of the IIR duration is seen, at approximately 400 km. 274

The markers, complemented by a square-root data fit growing 275

at a rate of approximately 496 ps/
√

km, refer to the considered 276

permutation schemes. The remarkable alignment between the 277

data and the square-root fit indicates that the MMF link is 278

operating in the strong mode coupling regime, underscoring 279

1We acknowledge that the observed linear increase in the IIR duration with
propagation distance, in the absence of mode permutation, may be attributed in
part to certain loop artifacts–such as path-length misalignment between single-
mode loops–that are inherently present in practical transmission systems. If this
assumption holds true, our findings demonstrate the effective mitigation of these
artifacts’ impact through the implementation of mode permutation.
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Fig. 5. (a) Wavelength-averaged IIR duration versus transmission distance in the absence of MP and for the considered permutation schemes and (b) normalized
standard deviation of the IIR duration versus transmission distance for the considered permutation schemes. The line spacing in the inset of (a) is 2 ns.

the efficacy of the considered permutation schemes in facili-280

tating inter-mode-group coupling. The performance among the281

schemes exhibits no significant differences, while an impressive282

reduction of approximately 65% in the IIR duration is obtained283

at 530.1 km. The fact that C-MP performs similar to the other284

schemes is in contrast with what was observed in [10]. We285

attribute this discrepancy to the fact that, in our case, C-MP286

always maps LP01 into LP11, which are the fastest and the287

slowest mode groups,2 respectively, at all wavelengths used in288

the experiment, therefore implementing a delay-management289

scheme that remains somewhat effective also in the presence of290

random mode coupling, beyond the ideal case of no-coupling291

illustrated in Fig. 2. However, this result would change if the292

first and the second mode groups were not the fastest and the293

slowest, respectively.294

We also examined the wavelength dependence of the IIR295

duration. To this end, we calculated the normalized standard296

deviation of the IIR duration measured across the five distinct297

wavelength channels spanning the C-band for each permutation298

scheme. This is obtained by normalizing the actual standard299

deviation of the IIR duration with respect to its average value,300

namely σn = 1
μ

√
1

Nch

∑Nch
i=1(Ti − μ)2, where Ti is the i-th301

wavelength-channel’s IIR duration, and μ = 1
Nch

∑Nch
i=1 Ti is the302

average duration across all channels. In Fig. 5(b), σn is plotted303

versus propagation distance for each permutation scheme. The304

plot shows that all permutation schemes have similar wavelength305

dependence,3 with the exception of the C-MP scheme, which306

exhibits a stronger dependence on wavelength. We speculate307

that the larger deviation is due to the fact that the C-MP scheme308

is less effective in achieving strong mode coupling than the other309

schemes, which makes the profile and duration of the IIR not as310

deterministic as it would be expected [17].311

2) MDL Accumulation: Modal dispersion is a unitary effect312

with no direct implications on the achievable data transmission313

capacity. In contrast, MDL is non-unitary and it fundamentally314

limits the achievable transmission performance [26], [27], [28],315

2For the channel at 1558.8 nm, this can be seen in Table I.
3Specifically, in [25], the IIR duration is seen to increase as a function of

wavelength.

Fig. 6. Wavelength-averaged Max/Min MDL and Std-MDL versus propaga-
tion distance in the absence of MP and for the considered permutation schemes.

[29]. We characterize the link’s MDL by using two metrics. The 316

first metric is the ratio in dB between the largest and smallest 317

eigenvalues of H(ω)H†(ω), where by H(ω) we denote the 318

frequency-dependent transfer matrix of the MMF link and by 319

H†(ω) its hermitian adjoint. We refer to this metric as Max/Min 320

MDL. The frequency-dependent transfer matrixH(ω) is derived 321

as the inverse of the Fourier transform of the time-domain 322

MIMO equalization matrix. The second metric is the standard 323

deviation of the natural logarithm of all of the eigenvalues of the 324

same matrix, also expressed in dB [27]. We refer to this metric 325

as Std-MDL. The frequency dependence of the so-evaluated 326

quantities is then eliminated by performing a frequency average 327

across the WDM channel bandwidth. 328

In Fig. 6, we plot the MDL of the 15-mode fiber link ver- 329

sus propagation distance for all the considered permutation 330

schemes, as well as in the absence of MP. It is worth noting 331

that the results in the absence of MP are hidden by the presence 332

of the other data points. Similarly to what was done for the IIR 333

duration, each data point is obtained by averaging the MDL of 334

the MMF link across the five channel wavelengths. The vertical 335

axis on the left refers to the Max/Min MDL, while the vertical 336

axis on the right refers to the Std-MDL. The results in the 337

latter figure show no substantial differences among the various 338

permutation scenarios, indicating that MP does not affect the 339

accumulation of MDL, in agreement with what was observed 340
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Fig. 7. Normalized standard deviation of (a) Max/Min MDL and (b) Std-MDL versus transmission distance in the absence of MP and for the considered
permutation schemes.

in [30]. An interesting feature that emerges from the results of341

Fig. 6 is that MDL accumulates proportionally to the square342

root of propagation distance not only in the presence of MP,343

but also when no MP is implemented. This result comes as a344

surprise, as one would expect to see a linear growth of MDL with345

propagation distance. A possible explanation of this behavior346

is that MDL is dominated by some intra-mode-group MDL,347

possibly arising from the in-span fiber splices, rather than by348

inter-mode-group MDL. In particular, we have verified that the349

MDL values extracted from the channel-transfer-matrix blocks350

describing the fourth and fifth mode groups after one fiber span351

are comparable in magnitude to the overall MDL. On the other352

hand, MDL measurements performed on a deployed 48 km-long353

fiber of the same kind used in this work have shown that when354

addressing only the fourth fiber mode-group [31] or all the355

fiber modes [32], the measured MDL values are quite similar.356

These evidences provide a qualitative explanation of why MDL357

grows proportionally with the square root of propagation dis-358

tance, namely because its accumulation is dominated by strong359

coupling within a group of quasi-degenerate modes.360

We also characterized the wavelength dependence of MDL.361

To this end, we computed the normalized standard deviation of362

the MDL measured across the five distinct wavelength channels363

spanning the C-band for each permutation scheme. Fig. 7 shows364

the resulting values of the normalized standard deviation plotted365

versus the transmission distance in the absence of MP and for all366

the considered permutation schemes, with Fig. 7(a) referring to367

the Max/Min MDL, and Fig. 7(b) to the Std-MDL. The absence368

of substantial difference between the considered scenarios is369

consistent with the argument that MDL accumulation is domi-370

nated by intra-mode-group dynamics.371

IV. SIMULATIONS372

In this section we perform simulations in support of the373

experimental results, with two main goals. On the one hand,374

we aim to assess whether the similarity in performance between375

the considered permutation schemes is consistent with some376

simple and fully-controllable model or results from practical377

implementation aspects. On the other hand, we aim to assess378

whether the performance of MP improves in real systems, where379

the signal propagates in uncorrelated fiber spans, as compared 380

to the case where it propagates in the same fiber span in a 381

recirculating-loop configuration. 382

A. Model for Distributed Coupling and Parameter Extraction 383

We start by considering two non-degenerate mode groups a 384

and b, which we describe by means of generalized Jones vectors 385
�Ea and �Eb [16], whose evolution along the fiber obeys the 386

following set of coupled equations, 387

d �Ea

dz
= iβa

�Ea + iωβ′
a
�Ea + i

�Va · �Λa

2Na

�Ea

+ iω
�Wa · �Λa

2Na

�Ea − αa

2
�Ea − �αa · �Λa

2
+ iC �Eb (1)

d �Eb

dz
= iβb

�Eb + iωβ′
b
�Eb + i

�Vb · �Λb

2Nb

�Eb

+ iω
�Wb · �Λb

2Nb

�Eb − αb

2
�Eb − �αb · �Λb

2
+ iC† �Ea. (2)

Here βu and β′
u, with u ∈ {a, b}, are the propagation constant 388

and its derivative with respect to the angular frequency ω, 389

respectively, for mode group u, while Nu is the number of 390

degenerate spatial modes in the same group. By �Vu we denote a 391

generalized Stokes vector of dimension Du = 4N2
u − 1, while 392

by �Λu we denote a vector whose elements are 2Nu × 2Nu 393

generalized Pauli matrices, so that �Vu · �Λu =
∑Du

n=1 Vu,nΛu,n 394

[16]. This term describes intra-group random mode coupling 395

in mode groups u. The vector �Wu is also a generalized Stokes 396

vector and it describes intra-group modal dispersion [16]. The 397

matrix C and its Hermitian adjoint C† account for random 398

inter-group coupling. By αa and αb we denote the mode-group 399

averaged loss coefficients, while the vectors �αa and �αb are 400

the local MDL vectors, which we also model as independent 401

white-noise processes of suitable strength [28]. In what follows, 402

we model both intra-group and inter-group random coupling 403

by means of white noise processes, with the result that the 404

mismatch in propagation constant becomes immaterial and the 405

terms proportional to βu can be dropped [33]. A further sim- 406

plification is obtained by establishing a reference frame that 407
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follows intra-group coupling in each mode group. This yields408

the following simplified equations409

d �Ea

dz
= iωβ′

a
�Ea + iω

�Wa · �Λa

2Na

�Ea − αa

2
�Ea − �αa · �Λa

2
+ iC �Eb

(3)

d �Eb

dz
= iωβ′

b
�Eb + iω

�Wb · �Λb

2Nb

�Eb − αb

2
�Eb − �αb · �Λb

2
+ iC† �Ea,

(4)

with410

〈Wu,i(z)Wu,j(z
′)〉 = γ2

uδi,jδ(z − z′) (5)

〈αu,i(z)αu,j(z
′)〉 = ζ2uδi,jδ(z − z′) (6)

〈Ci,j(z)C
∗
i′,j′(z

′)〉 = η2δi,i′δj,j′δ(z − z′) (7)

〈Ci,j(z)Ci′,j′(z
′)〉 = 0, (8)

where the coefficients involved are to be extracted from the411

experimental data. The inverse group velocities β′
u are obtained412

by inspecting the peaks of the measured IIR after propagation413

in the first fiber span.414

The MD coefficients γ2
u are known to be related to the dura-415

tion of the intra-group intensity impulse responses through the416

relationT 2
u(z) = γ2

uDu/4N
2
u z [17]. This allows to extract them417

by fitting the intensity impulse responses of the individual mode418

groups at the output of the first fiber span with a Gaussian-shaped419

waveform with root-mean-square width equal to Tu.420

We set αa = αb = 0 and �αa = �αb = 0 in the following dis-421

cussion. We leave the analysis of MDL accumulation to Sec-422

tion IV-D.423

The extraction of the inter-group coupling coefficients is424

more involved. Here we proceed by evaluating the evolution425

of the mean optical powers in the individual mode groups, as426

these quantities can be extracted from the experimental crosstalk427

matrix. To this end we make use of the Ito calculus [34], by first428

expressing (3) and (4) in the Stratonovich form, namely,429

d �Ea = iωβ′
a
�Eadz + iω

d �Wa · �Λa

2Na

�Ea + idC �Eb (9)

d �Eb = iωβ′
b
�Ebdz + iω

d �Wb · �Λb

2Nb

�Eb + idC† �Ea. (10)

The Ito-corrected equations are obtained in the following form430

with the use of (5), (7) and (8),431

d �Ea = iωβ′
a
�Eadz + iω

d �Wa · �Λa

2Na

�Ea + idC �Eb

− ω2 γ
2
aDa

8N2
a

�Eadz − 1

2
η22Nb

�Eadz (11)

d �Eb = iωβ′
b
�Ebdz + iω

d �Wb · �Λb

2Nb

�Eb + idC† �Ea

− ω2 γ
2
bDb

8N2
b

�Ebdz − 1

2
η22Na

�Ebdz. (12)

The equations for the average powers carried by each mode432

group Ia = 〈 �E†
a
�Ea〉 and Ib = 〈 �E†

b
�Eb〉 are then obtained in the433

Fig. 8. Relation between the N ×N crosstalk matrix X and the Ng ×Ng

matrix Xg describing inter-mode-group crosstalk, in the example of a three-
mode-group fiber, where N = 6 and Ng = 3.

following form, 434

dIa = η22NaIbdz − η22NbIadz (13)

dIb = η22NbIadz − η22NaIbdz, (14)

or, equivalently, 435

d

dz

[
Ia

Ib

]
=

[
−2η2Nb 2η2Na

2η2Nb −2η2Na

][
Ia

Ib

]
= K

[
Ia

Ib

]
. (15)

The solution to the above, 436[
Ia(z)

Ib(z)

]
= exp(Kz)

[
Ia(0)

Ib(0)

]
= Xg

[
Ia(0)

Ib(0)

]
, (16)

can be mapped into experimental data, by establishing a rela- 437

tion between the matrix Xg , which describes inter-mode-group 438

crosstalk, and the experimentally measurable crosstalk matrix 439

X. This relation is not straightforward and is discussed in what 440

follows. Prior to doing so, however, we note that the expression 441

of K can be readily generalized to the case of more than two 442

mode groups. For instance, in the case of three mode groups a, b, 443

and c, it takes the following form 444⎡
⎢⎣
−2(η2abNb + η2acNc) 2η2abNa 2η2acNa

2η2abNb −2(η2abNa + η2bcNc) 2η2bcNb

2η2acNc 2η2bcNc −2(η2acNa + η2bcNb)

⎤
⎥⎦

(17)
where η2uv is the coefficient that describes coupling between 445

mode groups u and v. Fig. 8 illustrates the relation between 446

Xg , which is a Ng ×Ng matrix (with Ng denoting the number 447

of non-degenerate mode groups), and X, which is an N ×N 448

matrix (with N denoting the total number of modes), in the case 449

of a three-mode-group fiber. The figure relies on the fact that 450

the simple model used in this work yields a crosstalk matrix X 451

that is symmetric and made of blocks with identical elements4 452

(the elements in each block are identical owing to the strong 453

intra-group mixing). Therefore, each element in the mode-group 454

4Symmetry emerges immediately in the special case Na = Nb = Nc = 1,
where X and Xg coincide.
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TABLE II
COUPLING COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

crosstalk matrix Xg corresponding to a specific pair of mode455

groups is obtained by summing the elements of any one column456

of X that also corresponds to the same pair of mode groups. For457

instance, the (b, c) element of Xg can be obtained by summing458

the second and third elements of the sixth column of X (or,459

equivalently, the second and third elements of the fourth or the460

fifth column of X). Note that all the elements in each column461

(or row) of X sum to unity, as a result of unitary propagation462

assumed in the model.463

Extracting the 5× 5 matrix Xg from the experimental464

15× 15 crosstalk matrix Xexp is not as straightforward, as465

in practice Xexp never takes the highly symmetric form illus-466

trated in Fig. 8. Note that by Xexp we denote the time- and467

polarization-averaged absolute square fiber impulse response468

matrix, measured for a single MMF span. The first step towards469

extracting the ten coupling coefficients (one per each pair of470

mode groups) is therefore enforcing this form into Xexp, which471

is done as follows. The matrixXexp is first normalized so that the472

sum of each column’s elements equals one. The obtained matrix473

(that in practice is slightly asymmetric) is then symmetrized into474

X̃exp = (Xexp +Xt
exp)/2. To shape X̃exp into the form depicted475

in Fig. 8, all the elements within each of the off-diagonal blocks476

are replaced with their respective averages. Subsequently, nor-477

malization of each column is re-enforced by setting the elements478

in each diagonal square box with identical values so that the479

sum of the elements in each column equals one. The resulting480

matrix can then be used to extract Xg as illustrated in Fig. 8, and481

the ten coupling coefficients are obtained from the off-diagonal482

elements of log(Xg)/Ls, where Ls is the span length.483

B. Numerical Simulation484

In the numerical simulation, propagation is modeled based on485

(3) and (4), generalized for five mode groups. A 15-mode fiber486

span of length Ls = 58.9 km (consistent with the experiment)487

is emulated. It is implemented as a concatenation of N = 400488

wave-plates of width Δz = Ls/N . The transfer matrix of each489

wave-plate Uwp is then characterized by exp(iMΔz), with490

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�Wa·�Λa

2Na
ω Cab Cac Cad Cae

C†
ab

�Wb·�Λb

2Nb
ω Cbc Cbd Cbe

C†
ac C†

bc

�Wc·�Λc

2Nc
ω Ccd Cce

C†
ad C†

bd C†
cd

�Wd·�Λd

2Nd
ω Cde

C†
ae C†

be C†
ce C†

de

�We·�Λe

2Ne
ω

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

(18)
As discussed in the previous section, the terms in the main491

diagonal describe intra-group mode dispersion. The vectors �Wu492

Fig. 9. Simulated IIR for various transmission distances at 1557.8 nm (a) in
the absence of MP and (b) with NC-MGP.

(u ∈ {a, b, c, d, e}) are all independently generated and their 493

components are independent Gaussian random variables with 494

zero mean and standard deviation equal to γu/
√
Δz, consis- 495

tent with (5). The matrix Cuv (u, v ∈ {a, b, c, d, e}) describes 496

coupling between mode groups u and v. The coupling matrices 497

are generated independently of one another and, in accordance 498

with (7) and (8), their elements are independent complex-valued 499

Gaussian random variables with zero mean, uncorrelated real 500

and imaginary parts, and standard deviation equal to ηuv/
√
Δz. 501

Consistently with the experimental settings, the fiber-span 502

transfer matrix Ts(ω) is calculated in a frequency band of 503

24.5 GHz. Multiple recirculations are described in the frequency 504

domain by the matrix Ts(ω)PTs(ω) · · ·PTs(ω), where by P 505

we denote a 30× 30 matrix that implements ideal MP. The 506

inverse Fourier transform of the accumulating matrix is used to 507

evaluate the intensity impulse response at every recirculation. 508

The parameters used in the simulations for the wavelength 509

channel at 1557.8 nm are listed in Tables I and II. 510

C. Simulation Results: Modal Dispersion 511

Fig. 9 shows a plot of the simulated IIR of the wavelength 512

channel at 1557.8 nm, for the same propagation distances and 513

MP settings as in Fig. 4. A qualitative similarity between the 514

two figures can be noticed. 515

Fig. 10(a) shows the plot of the IIR duration versus propaga- 516

tion distance for the same wavelength channel (the duration of 517

the simulated IIR is calculated to be the period of time which 518

encompasses 98% of the IIR energy, as in the experiment). 519

Similarly, Fig. 10(b) illustrates the extension of the same analysis 520

to all five channels, with their average IIR duration plotted versus 521

propagation distance. In both figures, a square-root fit is also 522

plotted for comparison. The plot indicates that, on average, all 523
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Fig. 10. (a) Simulated-IIR duration of the wavelength channel at
1557.8 nm versus propagation distance in the recirculating-loop configuration.
(b) Simulated-IIR duration averaged over the five wavelength channels used in
the experiment versus propagation distance in the recirculating-loop configura-
tion. (c) Same as in (b) for a link with independent fiber spans. The line spacings
in the insets of (b) and (c) are 2 ns.

permutation schemes yield similar results in remarkable agree-524

ment with the experiment, with the C-MP scheme, performing525

slightly lower than the others. Specifically, at 1178 km, it results526

in an IIR duration approximately 2 ns greater than for the other527

schemes. This suggests that in the propagation regime of our528

experiment, inter-group coupling is more critical than delay529

management in implementing MP. The fact that no difference in530

performance between the C-MP scheme and the other schemes531

is observed experimentally, must be ascribed to additional cou-532

pling introduced in the experimental setup. Indeed, in our model533

we assume that coupling occurs only during fiber propagation,534

whereas multiplexing, de-multiplexing and MP are implemented535

ideally, that is by introducing no additional cross-talk.536

We used the model developed for propagation in the 15-mode 537

fiber, to evaluate the performance of the permutation schemes 538

in a realistic multi-span fiber system, where permutation is 539

performed between independent fiber spans. To this end, we 540

simulated a fiber link composed of 20 fiber spans, where each 541

span was generated independently as described above. Fig. 10(c) 542

illustrates the IIR duration evaluated at the end of each span for 543

all permutation schemes. Note that, similar to Fig. 10(b), each 544

data point in the figure is obtained by averaging the IIR duration 545

of the MMF link across the five wavelength channels spanning 546

the C-band. Compared to the recirculating-loop configuration, 547

only a small additional reduction in the IIR duration is ob- 548

served, which further supports the reliability of our experimental 549

findings in predicting the performance of MP in field-deployed 550

multi-span fiber links. 551

It is worth stressing that the effectiveness of the C-MP scheme 552

is strongly influenced by the fact that the fastest mode (LP01) 553

is always mapped into the slowest mode group (LP11). This 554

suggests a dependence on the details of the MMF design for this 555

scheme’s performance. Indeed, we verified through simulations 556

that exchanging the group velocities of the five mode groups may 557

substantially deteriorate the performance of the C-MP scheme, 558

while having negligible practical impact on the performance of 559

the other schemes. 560

D. Simulation Results: Mode-Dependent Loss 561

As observed in Section III-B2, MDL accumulates with propa- 562

gation distance in the same way with and without MP. A possible 563

explanation for this evidence is that MDL accumulates within 564

groups of strongly coupled modes as a result of random and 565

distributed local MDL, compatible with multiple fiber splices, 566

thereby growing proportionally to the square root of propagation 567

distance even in the absence of MP. Independence of the MDL 568

accumulation on the mode permutation scheme has also been 569

reported in [30], where it was argued that this might follows 570

from the fact that MDL is mainly introduced by the single-mode 571

stages connecting two recirculating loops. 572

To assess which one of the two assumptions is consistent with 573

the experimental observations, we describe the accumulation of 574

distributed MDL at the center frequency by simply settingω = 0 575

in (3) and (4). Conversely, we account for the case of MDL 576

introduced by the single-mode stage by adding independent gain 577

fluctuations with a Gaussian distribution and suitable strength 578

to the propagating space and polarization modes between two 579

recirculations, while assuming that the multimode fiber itself is 580

unitary, that is, assuming αa = αb = 0 in (3) and (4). In both 581

cases, a random phase is applied to each space and polarization 582

mode between two recirculations, in order to account for the 583

effect of the AOMs that are used in the loop as optical switches 584

(the AOMs apply an 80 MHz frequency shift when they route 585

the impinging signal towards the next circulation). Note that 586

while the local MDL and the gain fluctuations are frozen from 587

recirculation to recirculation, the random phases change from 588

recirculation to recirculation as a result of the linewidth (result- 589

ing from frequency fluctuations) of the modulation applied by 590

the AOMs. It is worth noting that the AOMs play an important 591
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Fig. 11. Simulated Max/Min MDL and Std-MDL for the wavelength channel
at 1557.8 nm versus propagation distance in the recirculating-loop configuration
assuming (a) Distributed MDL, and (b) Single-mode gain fluctuations.

role in shaping the growth of MDL with propagation distance.592

In fact, this approaches a quasi-linear accumulation if no phase593

fluctuation is introduced, as is the case when electro-optic mod-594

ulators are used as optical switches [35].595

The simulation results are shown in Fig. 11, where we plot596

the average MDL versus propagation distance in the absence597

of mode permutation and for the considered MP schemes. The598

averaging is performed over 1000 link transfer matrices obtained599

for as many independent instantiations of the random quantities600

involved. Fig. 11(a) refers to the case of distributed MDL, and601

Fig. 11(b) to the case of single-mode gain fluctuations. Intra-602

group coupling was introduced so as to enforce a decorretalation603

length of 1km in each mode group [33]. For the inter-mode group604

coupling we assumed the coefficient values in Table II. For the605

local MDL strength, which is characterized by the coefficients606

ζu defined through (6), we assumed one of the many sets of607

numerical values that are compatible with an accumulated mean608

MDL of approximately 15 dB after 1200 km, as observed in the609

experiment. Finally, for the gain fluctuations, based on the same610

criterion, we assumed a standard deviation of 0.5 dB.611

Inspection of Fig. 11 suggests that while MDL accumulation612

is similar across all considered schemes in both models, the613

model based on distributed MDL is more consistent with the614

experimental finding. Therefore, we conclude that distributed615

random MDL, possibly arising from fiber splices (seven in the616

experiment, one every less than 8 km in the loop), may be the617

predominant (yet not the only one) mechanism contributing to618

MDL accumulation in MMF links.619

V. CONCLUSION 620

We experimentally investigated the effectiveness of four 621

mode-permutation schemes in reducing the accumulation of 622

modal dispersion in a long-haul 15-mode fiber link. We found 623

that with mode permutation, the duration of the intensity impulse 624

response of the MMF link increased proportionally to the square 625

root of transmission distance, rather than linearly with it, as is the 626

case in the absence of mode permutation. This reduced consider- 627

ably the complexity of the receiver MIMO-DSP. We estimated 628

an extension of the system reach from 530 km to 1178 km, 629

enabled by a reduction in the time-domain equalizer window 630

from 71.4 ns to 38.8 ns. Although no transmission results are 631

shown in this work, such an extension has been demonstrated 632

with a full C-band transmission in ref. [25]. The considered 633

permutation schemes exhibited comparable performance with 634

little wavelength dependence across the C-band. We also de- 635

veloped a simple model to simulate propagation in multi-mode 636

fibers, whose parameters can be conveniently extracted from 637

the experimental data. Simulations indicate negligible difference 638

between the experimental results obtained in a recirculating-loop 639

configuration and the performance of mode permutation in a 640

realistic fiber link composed of independent fiber spans. 641
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Abstract—We explore the efficacy of mode permutation to mit-11
igate the impact of modal dispersion in a 15-mode fiber link for12
long-haul space-division multiplexed transmission. By introducing13
strong coupling between all the fiber modes, mode permutation14
reduces the growth rate of the link’s intensity impulse response15
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(IIR) with transmission distance, yielding a reduction in the 16
receiver MIMO-DSP complexity. Using a recirculating fiber- 17
loop configuration, we experimentally compare four permutation 18
schemes and find that they are similarly effective in reducing the 19
increase of the IIR duration from proportional to the square-root 20
of propagation distance. At the reach of 530 km – the largest 21
achievable with the time-domain MIMO window of 71.4 ns avail- 22
able in the experiment in the absence of mode permutation – the 23
IIR duration is seen to reduce from almost 40 ns to less than 24
15 ns, while the maximum reach achieved with the use of mode 25
permutation increases to 1178 km. We also devise a simple model 26
to simulate propagation in realistic MMF links with independent 27
fiber spans, whose parameters can be conveniently extracted from 28
the data. In achieving good agreement between the simulated and 29
experimental results, the model suggests that the effectiveness of 30
mode permutation in a realistic 15-mode fiber link, composed 31
of independent fiber spans, is only slightly greater than in the 32
experimental recirculating-loop configuration. 33

Index Terms—Modal dispersion, multi-mode fiber transmission, 34
mode permutation, space-division multiplexing. 35

I. INTRODUCTION 36

A S DEMAND for higher data rates is expected to con- 37

tinue its exponential increase in optical fiber networks, 38

and single-mode optical fibers are reaching their transmis- 39

sion limits [1], space-division multiplexing (SDM) has gained 40

traction as a promising alternative to address the impending 41

capacity crunch [2]. Proposed SDM fibers include multi-core 42

fibers (MCFs), multi-mode fibers (MMFs) and hybrid multi- 43

core multi-mode fibers (MC-MMFs) [3]. Specifically, MMFs, 44

wherein discrete data signals are multiplexed across distinct spa- 45

tial modes can support a substantial quantity of spatial channels 46

within the same 125 µm cladding diameter as standard single- 47

mode fibers (SMFs). This characteristic ensures similar fiber 48

mechanical reliability and compatibility with current cabling and 49

manufacturing processes [4]. Nonetheless, the accumulation of 50

modal dispersion (MD) has a direct impact on the required mem- 51

ory length for the multiple-input multiple-output (MIMO) equal- 52

izer [5], imposing constraints on both mode count and transmis- 53

sion reach. Indeed, while short-distance transmission utilizing 54

MMFs with up to 55 modes has been recently reported [6], 55

© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
https://creativecommons.org/licenses/by/4.0/
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Fig. 1. Sketch of the considered mode permutation schemes: (a) C-MP,
(b) Clockwise C-MGP, (c) Counter-clockwise C-MGP and (d) NC-MGP.

[7], [8], experiments targeting long-haul transmission have only56

used up to 15 fiber modes [9], [10], [11], [12], [13], [14], [15].57

In addressing the accumulation of MD, a strategic approach58

involves intentionally inducing strong mode coupling within the59

MMF link. This method is grounded in the understanding that60

modal dispersion increases proportionally to the square root61

of the propagation distance under conditions of strong mode62

mixing, as opposed to a proportional increase with propagation63

distance in situations marked by no-to-weak mode coupling [16],64

[17], [18]. In pursuit of robust mode coupling to counteract the65

accumulation of MD, a practical implementation involves the in-66

corporation of lumped mode scramblers along the fiber link. This67

method stands as a viable scheme, strategically implemented68

to enhance mode mixing and mitigate MD effects, offering a69

solution to optimize the performance of the MMF link [18].70

It is scalable for arbitrary mode counts, thereby providing a71

practical approach for future MMF system deployments. Recent72

advancements in this scheme include the proposals of cyclic73

mode permutation (C-MP) and cyclic mode-group permutation74

(C-MGP), demonstrating evolving techniques to further refine75

and improve the effectiveness of the mode coupling strategy [9],76

[10], [11], [12], [13].77

In this work we examine the efficacy of four distinct mode78

permutation (MP) schemes within a recirculating-loop-based,79

long-haul 15-mode fiber link, expanding on [19]. Employing80

these permutation schemes allowed extending the transmission81

reach from 530 km to 1178 km while significantly reducing82

the complexity of the receiver MIMO digital signal processing83

(DSP). Notably, at 530 km, there was a reduction exceeding84

65% in the duration of the MMF link intensity impulse response85

(IIR). An important supplement to the original work in [19] is 86

the study of mode-dependent loss (MDL) in the MMF system, 87

which shows that MP does not affect MDL accumulation with 88

transmission distance. We also developed a simple model for the 89

simulation of multi-mode propagation to assess the effectiveness 90

of MP in realistic links with independent fiber spans, as opposed 91

to the recirculating-loop scheme used in the experiment. The 92

model relies on a handful of parameters that can be conveniently 93

extracted from the experimental data. Despite its simplicity, the 94

model demonstrated accuracy in reproducing the experimental 95

results. Numerical results obtained for a link composed of 96

independent fiber spans showed only a modest improvement 97

in the performance of MP compared to the recirculating-loop 98

configuration, further supporting the reliability and applicability 99

of the experimental findings. Finally, the model was used to 100

explain the observed independence of MDL accumulation on 101

MP. 102

The remainder of this paper is organized as follows. Section II 103

delves into the concept of mode permutation and introduces the 104

schemes examined in the experiment. Section III outlines the ex- 105

perimental setup and presents the obtained results. In Section IV, 106

a simulation framework complementing the experimental results 107

is introduced and the corresponding findings are presented. The 108

conclusions of this work are drawn in Section V. 109

II. MODE PERMUTATION SCHEMES 110

Graded-index-core multi-mode fibers are characterized by 111

the existence of non-degenerate mode groups, such that modes 112

within the same group couple strongly during propagation, 113

whereas modes belonging to different groups are weakly cou- 114

pled and the extent to which they mix increases with propagation 115

distance. In short-reach applications, where the inter-mode- 116

group coupling is negligible, the individual mode groups can be 117

addressed independently with a considerable simplification of 118

the receiver MIMO [20], [21]. However, in metro-to-long-haul 119

applications that are of interest for this work, a full-MIMO 120

approach (where all the fiber modes are processed jointly) 121

becomes necessary, in spite of the fact that non-degenerate 122

mode groups may remain only partially coupled. In this regime 123

MD, which is typically quantified in terms of the link’s IIR 124

duration, increases linearly with propagation distance at first, 125

transiting to some sub-linear growth when inter-mode-group 126

coupling becomes substantial. The complexity of the receiver 127

MIMO-DSP grows accordingly. In this scenario, strong coupling 128

between all modes is preferred. In fact, in the regime of strong 129

mode mixing, MD is known to grow only proportionally to the 130

square root of propagation distance [16], [17], [18], implying 131

a drastic reduction in the MIMO-DSP complexity compared to 132

the regime of partial mode coupling. 133

A practical approach to induce strong coupling between 134

modes belonging to different groups involves the introduction 135

of lumped mode scramblers along the MMF link. In this study, 136

we investigate the effectiveness of four distinct MP schemes in 137

introducing strong mode mixing along a multi-span MMF link, 138

where MP is implemented through a de-multiplexer/multiplexer 139

(De-MUX/MUX) device pair at the end of each span. The first 140
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Fig. 2. Delay spread versus propagation distance in the absence of mode
coupling in the MMF spans, with and without MP, as obtained through numerical
simulation.

device serves to separate the multi-mode field at the output of141

the MMF into individual single-mode fields. These are sub-142

sequently cross-connected to the single-mode sections of the143

recirculating loop, which guide the signal back to the input144

of the second device. Fig. 1 illustrates the mode permutation145

schemes under consideration for the 15-mode fiber used in the146

experiment. The first scheme [9] (Fig. 1(a)), employs unitary147

C-MP. In this method, the 15 spatial modes undergo a cyclic148

shift, moving one position towards higher-order modes at each149

permutation stage. The second [12], [13] and third schemes,150

involve the cyclic clockwise (clockwise C-MGP, Fig. 1(b)) and151

counter-clockwise (counter-clockwise C-MGP, Fig. 1(c)) shifts152

of the 15 spatial modes by five positions, corresponding to153

the largest mode-group size. These schemes exhibit a periodic154

pattern, where spatial modes revert to their initial configuration155

after either 15 or 3 permutation stages, respectively. Introducing156

a novel approach in our work [19], the fourth scheme (Fig. 1(d)),157

referred to as non-cyclic mode-group permutation (NC-MGP),158

breaks away from periodicity by implementing controlled inter-159

mode-group permutation. In this scheme, spatial modes within160

a given mode group are mapped onto other spatial modes of the161

remaining mode groups, with careful consideration to minimize162

multiple mappings between any two mode groups. We note163

that the proposed scheme is one of the many possible schemes164

that are non-periodic for practical numbers of recirculations.165

Additionally, the proposed approach can easily be generalized to166

construct non-cyclic permutation schemes for multi-mode fibers167

supporting arbitrary number of modes.168

It is instructive noting that in the ideal case where no cou-169

pling occurs during propagation in the MMF spans, the C-MP170

scheme would be optimal in terms of delay management. This171

is illustrated in Fig. 2, where we plot the delay spread (that is,172

the largest differential delay between any two modes) versus173

propagation distance both in the absence of MP and for each174

of the considered permutation schemes, under the assumption175

of uncoupled MMF propagation. For the plot we assumed nu-176

merical values extracted from the experiment. In particular, we177

assumed a 15-mode fiber link with a span length of 58.9 km178

and the differential mode-group delays (DMGDs) relative to179

the fundamental mode measured at 1557.8 nm. These are listed180

TABLE I
DISPERSION COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

in Table I, which is discussed in Section IV, along with other 181

parameters that are not used in this section. The plot shows that, 182

as expected, in the absence of MP the delay spread grows linearly 183

with propagation distance (blue dots), and it coincides with the 184

differential delay between the slowest and the fastest modes. In 185

the case of C-MGP (crosses and triangles) and NC-MGP (plus 186

symbols), it also grows linearly with propagation distance, yet 187

with a lower growth rate. In contrast, the delay spread is bounded 188

and periodic in the case of C-MP (squares), as a result of the fact 189

that each mode accumulates the same propagation delay after a 190

number of permutation stages equal to the number of modes. 191

This picture changes completely in the presence of random 192

mode coupling. Indeed, the experimental and simulation results 193

presented in the following sections show that in realistic regimes 194

of intra-group and inter-group coupling all permutation schemes 195

have similar performance. In simulations, the C-MP scheme is 196

even slightly lower performing than the others, which aligns 197

with the observation that this scheme is the least effective in 198

enhancing inter-mode-group coupling, as it only couples a single 199

mode of each group into a mode of an adjacent mode group. 200

III. EXPERIMENT 201

A. Experimental Setup 202

Fig. 3 illustrates the experimental setup employed to vali- 203

date the efficacy of the examined mode permutation schemes. 204

To generate a three-channel sliding test band, carriers from 205

three tunable lasers (TLs) were modulated using two dual- 206

polarization IQ-modulators (DP-IQMs). These modulators were 207

driven by the same 65 GS/s 4-channel arbitrary waveform 208

generator (AWG). The resulting modulated signals adopted 209

the form of dual-polarization quadrature phase-shift keying 210

(DP-QPSK) signals with a 1% roll-off root-raised cosine pulse 211

shape, transmitted at a rate of 24.5 GBd. A dummy-band was 212

generated by utilizing an optical processor (OP) to spectrally 213

flatten the amplified spontaneous emission noise originating 214

from an erbium-doped fiber amplifier. The composite signal, 215

encompassing both the test and dummy bands, was passed 216

through a loading acousto-optic modulator (AOM), acting as 217

an optical switch, before undergoing a split and delay proce- 218

dure to generate 15 uncorrelated replicas of the same signal. 219

These replicas, characterized by a relative delay of 150 ns, were 220

subsequently directed into 15 parallel recirculating loops with 221

precisely aligned path lengths. The alignment of the 15 parallel 222

recirculating loops was executed with a precision within the 223

tolerance range of ±1 cm, corresponding to a differential offset 224

on the order of approximately ±50 ps. The signals associated 225

with each of the 15 loops were amplified and subsequently 226

multiplexed using a multi-plane light converter (MPLC) [22]. 227
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Fig. 3. Experimental setup of the recirculating-loop-based long-haul 15-mode fiber link. Mode permutation is performed at the de-multiplexing stage.

Following the multiplexing process, the combined signal was228

launched into a 58.9 km long span of 15-mode MMF with low229

loss (between 0.21 dB/km and 0.24 dB/km for the 15 spatial230

modes at 1550 nm) and inherently low DMGD (<100 ps/km at231

1550 nm) [23]. The outputs of the MPLC de-multiplexer were232

connected to the single-mode loops based on the prescribed233

permutation schemes. Subsequently, the signals entered a second234

amplification stage, followed by OPs to rectify amplifier gain235

tilts as well as fiber and component loss profiles, and looping236

AOMs to implement recirculating-loop transmission. Regarding237

signal reception, the 15 outputs from the parallel loops were238

first amplified. Subsequently, the channel of interest (COI) was239

filtered and amplified once more before being received by 15240

coherent receivers (CoRXs) that shared a common path-length241

aligned local oscillator (LO). The electrical signals were cap-242

tured using an 80-GS/s 60-channel real-time oscilloscope, with243

the recorded traces intended for offline DSP, mainly involv-244

ing a time-domain 30 × 30 MIMO equalizer. This required a245

time-domain equalizer window of 71.4 ns in the absence of246

MP, and of only 38.8 ns when MP was present in the case of247

recirculating-loop transmission.248

B. Experimental Results249

1) Modal Dispersion Accumulation: Fig. 4(a) and (b) show250

how the shape of the IIR measured at 1557.8 nm evolves as251

propagation distance increases in the absence of MP and when252

NC-MGP is applied, respectively. Here, the IIR is defined as253

the sum of the absolute square values of the equalizer taps,254

normalized with respect to their maximum value. The isolated255

peaks seen in the first case are an indication of weak inter-group256

coupling occurring in the MMF spans, while their disappearance257

after a few spans in the second case is clearly a consequence258

of MP. Moreover, the Gaussian-shaped profile of the IIR at259

1178 km is a signature of the strong mode coupling regime260

achieved in the presence of MP [17], [24].261

In Fig. 5(a) we plot the duration of the IIR versus propagation262

distance for all permutation schemes, as well as in the absence263

of MP. Here, we define the IIR duration as the time interval264

encompassing 98% of the IIR energy, and each data point265

is obtained by averaging the IIR duration of the MMF link266

across five different wavelength channels spanning the C-band,267

Fig. 4. Intensity impulse response for various transmission distances at
1557.8 nm (a) in the absence of MP and (b) with NC-MGP.

specifically at 1533.9, 1539.8, 1545.7, 1553.7, and 1557.8 nm. 268

The dots are obtained in the absence of MP and the straight 269

line is a linear fit to the data, showing that in this case the IIR 270

duration starts increasing linearly with propagation distance, as 271

a result of the weak inter-mode-group coupling.1 As inter-group 272

coupling becomes non-negligible, a transition to a sub-linear 273

growth of the IIR duration is seen, at approximately 400 km. 274

The markers, complemented by a square-root data fit growing 275

at a rate of approximately 496 ps/
√

km, refer to the considered 276

permutation schemes. The remarkable alignment between the 277

data and the square-root fit indicates that the MMF link is 278

operating in the strong mode coupling regime, underscoring 279

1We acknowledge that the observed linear increase in the IIR duration with
propagation distance, in the absence of mode permutation, may be attributed in
part to certain loop artifacts–such as path-length misalignment between single-
mode loops–that are inherently present in practical transmission systems. If this
assumption holds true, our findings demonstrate the effective mitigation of these
artifacts’ impact through the implementation of mode permutation.
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Fig. 5. (a) Wavelength-averaged IIR duration versus transmission distance in the absence of MP and for the considered permutation schemes and (b) normalized
standard deviation of the IIR duration versus transmission distance for the considered permutation schemes. The line spacing in the inset of (a) is 2 ns.

the efficacy of the considered permutation schemes in facili-280

tating inter-mode-group coupling. The performance among the281

schemes exhibits no significant differences, while an impressive282

reduction of approximately 65% in the IIR duration is obtained283

at 530.1 km. The fact that C-MP performs similar to the other284

schemes is in contrast with what was observed in [10]. We285

attribute this discrepancy to the fact that, in our case, C-MP286

always maps LP01 into LP11, which are the fastest and the287

slowest mode groups,2 respectively, at all wavelengths used in288

the experiment, therefore implementing a delay-management289

scheme that remains somewhat effective also in the presence of290

random mode coupling, beyond the ideal case of no-coupling291

illustrated in Fig. 2. However, this result would change if the292

first and the second mode groups were not the fastest and the293

slowest, respectively.294

We also examined the wavelength dependence of the IIR295

duration. To this end, we calculated the normalized standard296

deviation of the IIR duration measured across the five distinct297

wavelength channels spanning the C-band for each permutation298

scheme. This is obtained by normalizing the actual standard299

deviation of the IIR duration with respect to its average value,300

namely σn = 1
μ

√
1

Nch

∑Nch
i=1(Ti − μ)2, where Ti is the i-th301

wavelength-channel’s IIR duration, and μ = 1
Nch

∑Nch
i=1 Ti is the302

average duration across all channels. In Fig. 5(b), σn is plotted303

versus propagation distance for each permutation scheme. The304

plot shows that all permutation schemes have similar wavelength305

dependence,3 with the exception of the C-MP scheme, which306

exhibits a stronger dependence on wavelength. We speculate307

that the larger deviation is due to the fact that the C-MP scheme308

is less effective in achieving strong mode coupling than the other309

schemes, which makes the profile and duration of the IIR not as310

deterministic as it would be expected [17].311

2) MDL Accumulation: Modal dispersion is a unitary effect312

with no direct implications on the achievable data transmission313

capacity. In contrast, MDL is non-unitary and it fundamentally314

limits the achievable transmission performance [26], [27], [28],315

2For the channel at 1558.8 nm, this can be seen in Table I.
3Specifically, in [25], the IIR duration is seen to increase as a function of

wavelength.

Fig. 6. Wavelength-averaged Max/Min MDL and Std-MDL versus propaga-
tion distance in the absence of MP and for the considered permutation schemes.

[29]. We characterize the link’s MDL by using two metrics. The 316

first metric is the ratio in dB between the largest and smallest 317

eigenvalues of H(ω)H†(ω), where by H(ω) we denote the 318

frequency-dependent transfer matrix of the MMF link and by 319

H†(ω) its hermitian adjoint. We refer to this metric as Max/Min 320

MDL. The frequency-dependent transfer matrixH(ω) is derived 321

as the inverse of the Fourier transform of the time-domain 322

MIMO equalization matrix. The second metric is the standard 323

deviation of the natural logarithm of all of the eigenvalues of the 324

same matrix, also expressed in dB [27]. We refer to this metric 325

as Std-MDL. The frequency dependence of the so-evaluated 326

quantities is then eliminated by performing a frequency average 327

across the WDM channel bandwidth. 328

In Fig. 6, we plot the MDL of the 15-mode fiber link ver- 329

sus propagation distance for all the considered permutation 330

schemes, as well as in the absence of MP. It is worth noting 331

that the results in the absence of MP are hidden by the presence 332

of the other data points. Similarly to what was done for the IIR 333

duration, each data point is obtained by averaging the MDL of 334

the MMF link across the five channel wavelengths. The vertical 335

axis on the left refers to the Max/Min MDL, while the vertical 336

axis on the right refers to the Std-MDL. The results in the 337

latter figure show no substantial differences among the various 338

permutation scenarios, indicating that MP does not affect the 339

accumulation of MDL, in agreement with what was observed 340
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Fig. 7. Normalized standard deviation of (a) Max/Min MDL and (b) Std-MDL versus transmission distance in the absence of MP and for the considered
permutation schemes.

in [30]. An interesting feature that emerges from the results of341

Fig. 6 is that MDL accumulates proportionally to the square342

root of propagation distance not only in the presence of MP,343

but also when no MP is implemented. This result comes as a344

surprise, as one would expect to see a linear growth of MDL with345

propagation distance. A possible explanation of this behavior346

is that MDL is dominated by some intra-mode-group MDL,347

possibly arising from the in-span fiber splices, rather than by348

inter-mode-group MDL. In particular, we have verified that the349

MDL values extracted from the channel-transfer-matrix blocks350

describing the fourth and fifth mode groups after one fiber span351

are comparable in magnitude to the overall MDL. On the other352

hand, MDL measurements performed on a deployed 48 km-long353

fiber of the same kind used in this work have shown that when354

addressing only the fourth fiber mode-group [31] or all the355

fiber modes [32], the measured MDL values are quite similar.356

These evidences provide a qualitative explanation of why MDL357

grows proportionally with the square root of propagation dis-358

tance, namely because its accumulation is dominated by strong359

coupling within a group of quasi-degenerate modes.360

We also characterized the wavelength dependence of MDL.361

To this end, we computed the normalized standard deviation of362

the MDL measured across the five distinct wavelength channels363

spanning the C-band for each permutation scheme. Fig. 7 shows364

the resulting values of the normalized standard deviation plotted365

versus the transmission distance in the absence of MP and for all366

the considered permutation schemes, with Fig. 7(a) referring to367

the Max/Min MDL, and Fig. 7(b) to the Std-MDL. The absence368

of substantial difference between the considered scenarios is369

consistent with the argument that MDL accumulation is domi-370

nated by intra-mode-group dynamics.371

IV. SIMULATIONS372

In this section we perform simulations in support of the373

experimental results, with two main goals. On the one hand,374

we aim to assess whether the similarity in performance between375

the considered permutation schemes is consistent with some376

simple and fully-controllable model or results from practical377

implementation aspects. On the other hand, we aim to assess378

whether the performance of MP improves in real systems, where379

the signal propagates in uncorrelated fiber spans, as compared 380

to the case where it propagates in the same fiber span in a 381

recirculating-loop configuration. 382

A. Model for Distributed Coupling and Parameter Extraction 383

We start by considering two non-degenerate mode groups a 384

and b, which we describe by means of generalized Jones vectors 385
�Ea and �Eb [16], whose evolution along the fiber obeys the 386

following set of coupled equations, 387

d �Ea

dz
= iβa

�Ea + iωβ′
a
�Ea + i

�Va · �Λa

2Na

�Ea

+ iω
�Wa · �Λa

2Na

�Ea − αa

2
�Ea − �αa · �Λa

2
+ iC �Eb (1)

d �Eb

dz
= iβb

�Eb + iωβ′
b
�Eb + i

�Vb · �Λb

2Nb

�Eb

+ iω
�Wb · �Λb

2Nb

�Eb − αb

2
�Eb − �αb · �Λb

2
+ iC† �Ea. (2)

Here βu and β′
u, with u ∈ {a, b}, are the propagation constant 388

and its derivative with respect to the angular frequency ω, 389

respectively, for mode group u, while Nu is the number of 390

degenerate spatial modes in the same group. By �Vu we denote a 391

generalized Stokes vector of dimension Du = 4N2
u − 1, while 392

by �Λu we denote a vector whose elements are 2Nu × 2Nu 393

generalized Pauli matrices, so that �Vu · �Λu =
∑Du

n=1 Vu,nΛu,n 394

[16]. This term describes intra-group random mode coupling 395

in mode groups u. The vector �Wu is also a generalized Stokes 396

vector and it describes intra-group modal dispersion [16]. The 397

matrix C and its Hermitian adjoint C† account for random 398

inter-group coupling. By αa and αb we denote the mode-group 399

averaged loss coefficients, while the vectors �αa and �αb are 400

the local MDL vectors, which we also model as independent 401

white-noise processes of suitable strength [28]. In what follows, 402

we model both intra-group and inter-group random coupling 403

by means of white noise processes, with the result that the 404

mismatch in propagation constant becomes immaterial and the 405

terms proportional to βu can be dropped [33]. A further sim- 406

plification is obtained by establishing a reference frame that 407
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follows intra-group coupling in each mode group. This yields408

the following simplified equations409

d �Ea

dz
= iωβ′

a
�Ea + iω

�Wa · �Λa

2Na

�Ea − αa

2
�Ea − �αa · �Λa

2
+ iC �Eb

(3)

d �Eb

dz
= iωβ′

b
�Eb + iω

�Wb · �Λb

2Nb

�Eb − αb

2
�Eb − �αb · �Λb

2
+ iC† �Ea,

(4)

with410

〈Wu,i(z)Wu,j(z
′)〉 = γ2

uδi,jδ(z − z′) (5)

〈αu,i(z)αu,j(z
′)〉 = ζ2uδi,jδ(z − z′) (6)

〈Ci,j(z)C
∗
i′,j′(z

′)〉 = η2δi,i′δj,j′δ(z − z′) (7)

〈Ci,j(z)Ci′,j′(z
′)〉 = 0, (8)

where the coefficients involved are to be extracted from the411

experimental data. The inverse group velocities β′
u are obtained412

by inspecting the peaks of the measured IIR after propagation413

in the first fiber span.414

The MD coefficients γ2
u are known to be related to the dura-415

tion of the intra-group intensity impulse responses through the416

relationT 2
u(z) = γ2

uDu/4N
2
u z [17]. This allows to extract them417

by fitting the intensity impulse responses of the individual mode418

groups at the output of the first fiber span with a Gaussian-shaped419

waveform with root-mean-square width equal to Tu.420

We set αa = αb = 0 and �αa = �αb = 0 in the following dis-421

cussion. We leave the analysis of MDL accumulation to Sec-422

tion IV-D.423

The extraction of the inter-group coupling coefficients is424

more involved. Here we proceed by evaluating the evolution425

of the mean optical powers in the individual mode groups, as426

these quantities can be extracted from the experimental crosstalk427

matrix. To this end we make use of the Ito calculus [34], by first428

expressing (3) and (4) in the Stratonovich form, namely,429

d �Ea = iωβ′
a
�Eadz + iω

d �Wa · �Λa

2Na

�Ea + idC �Eb (9)

d �Eb = iωβ′
b
�Ebdz + iω

d �Wb · �Λb

2Nb

�Eb + idC† �Ea. (10)

The Ito-corrected equations are obtained in the following form430

with the use of (5), (7) and (8),431

d �Ea = iωβ′
a
�Eadz + iω

d �Wa · �Λa

2Na

�Ea + idC �Eb

− ω2 γ
2
aDa

8N2
a

�Eadz − 1

2
η22Nb

�Eadz (11)

d �Eb = iωβ′
b
�Ebdz + iω

d �Wb · �Λb

2Nb

�Eb + idC† �Ea

− ω2 γ
2
bDb

8N2
b

�Ebdz − 1

2
η22Na

�Ebdz. (12)

The equations for the average powers carried by each mode432

group Ia = 〈 �E†
a
�Ea〉 and Ib = 〈 �E†

b
�Eb〉 are then obtained in the433

Fig. 8. Relation between the N ×N crosstalk matrix X and the Ng ×Ng

matrix Xg describing inter-mode-group crosstalk, in the example of a three-
mode-group fiber, where N = 6 and Ng = 3.

following form, 434

dIa = η22NaIbdz − η22NbIadz (13)

dIb = η22NbIadz − η22NaIbdz, (14)

or, equivalently, 435

d

dz

[
Ia

Ib

]
=

[
−2η2Nb 2η2Na

2η2Nb −2η2Na

][
Ia

Ib

]
= K

[
Ia

Ib

]
. (15)

The solution to the above, 436[
Ia(z)

Ib(z)

]
= exp(Kz)

[
Ia(0)

Ib(0)

]
= Xg

[
Ia(0)

Ib(0)

]
, (16)

can be mapped into experimental data, by establishing a rela- 437

tion between the matrix Xg , which describes inter-mode-group 438

crosstalk, and the experimentally measurable crosstalk matrix 439

X. This relation is not straightforward and is discussed in what 440

follows. Prior to doing so, however, we note that the expression 441

of K can be readily generalized to the case of more than two 442

mode groups. For instance, in the case of three mode groups a, b, 443

and c, it takes the following form 444⎡
⎢⎣
−2(η2abNb + η2acNc) 2η2abNa 2η2acNa

2η2abNb −2(η2abNa + η2bcNc) 2η2bcNb

2η2acNc 2η2bcNc −2(η2acNa + η2bcNb)

⎤
⎥⎦

(17)
where η2uv is the coefficient that describes coupling between 445

mode groups u and v. Fig. 8 illustrates the relation between 446

Xg , which is a Ng ×Ng matrix (with Ng denoting the number 447

of non-degenerate mode groups), and X, which is an N ×N 448

matrix (with N denoting the total number of modes), in the case 449

of a three-mode-group fiber. The figure relies on the fact that 450

the simple model used in this work yields a crosstalk matrix X 451

that is symmetric and made of blocks with identical elements4 452

(the elements in each block are identical owing to the strong 453

intra-group mixing). Therefore, each element in the mode-group 454

4Symmetry emerges immediately in the special case Na = Nb = Nc = 1,
where X and Xg coincide.



IE
EE P

ro
of

8 JOURNAL OF LIGHTWAVE TECHNOLOGY

TABLE II
COUPLING COEFFICIENTS AT 1557.8 NM USED FOR SIMULATION

crosstalk matrix Xg corresponding to a specific pair of mode455

groups is obtained by summing the elements of any one column456

of X that also corresponds to the same pair of mode groups. For457

instance, the (b, c) element of Xg can be obtained by summing458

the second and third elements of the sixth column of X (or,459

equivalently, the second and third elements of the fourth or the460

fifth column of X). Note that all the elements in each column461

(or row) of X sum to unity, as a result of unitary propagation462

assumed in the model.463

Extracting the 5× 5 matrix Xg from the experimental464

15× 15 crosstalk matrix Xexp is not as straightforward, as465

in practice Xexp never takes the highly symmetric form illus-466

trated in Fig. 8. Note that by Xexp we denote the time- and467

polarization-averaged absolute square fiber impulse response468

matrix, measured for a single MMF span. The first step towards469

extracting the ten coupling coefficients (one per each pair of470

mode groups) is therefore enforcing this form into Xexp, which471

is done as follows. The matrixXexp is first normalized so that the472

sum of each column’s elements equals one. The obtained matrix473

(that in practice is slightly asymmetric) is then symmetrized into474

X̃exp = (Xexp +Xt
exp)/2. To shape X̃exp into the form depicted475

in Fig. 8, all the elements within each of the off-diagonal blocks476

are replaced with their respective averages. Subsequently, nor-477

malization of each column is re-enforced by setting the elements478

in each diagonal square box with identical values so that the479

sum of the elements in each column equals one. The resulting480

matrix can then be used to extract Xg as illustrated in Fig. 8, and481

the ten coupling coefficients are obtained from the off-diagonal482

elements of log(Xg)/Ls, where Ls is the span length.483

B. Numerical Simulation484

In the numerical simulation, propagation is modeled based on485

(3) and (4), generalized for five mode groups. A 15-mode fiber486

span of length Ls = 58.9 km (consistent with the experiment)487

is emulated. It is implemented as a concatenation of N = 400488

wave-plates of width Δz = Ls/N . The transfer matrix of each489

wave-plate Uwp is then characterized by exp(iMΔz), with490

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�Wa·�Λa

2Na
ω Cab Cac Cad Cae

C†
ab

�Wb·�Λb

2Nb
ω Cbc Cbd Cbe

C†
ac C†

bc

�Wc·�Λc

2Nc
ω Ccd Cce

C†
ad C†

bd C†
cd

�Wd·�Λd

2Nd
ω Cde

C†
ae C†

be C†
ce C†

de

�We·�Λe

2Ne
ω

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

(18)
As discussed in the previous section, the terms in the main491

diagonal describe intra-group mode dispersion. The vectors �Wu492

Fig. 9. Simulated IIR for various transmission distances at 1557.8 nm (a) in
the absence of MP and (b) with NC-MGP.

(u ∈ {a, b, c, d, e}) are all independently generated and their 493

components are independent Gaussian random variables with 494

zero mean and standard deviation equal to γu/
√
Δz, consis- 495

tent with (5). The matrix Cuv (u, v ∈ {a, b, c, d, e}) describes 496

coupling between mode groups u and v. The coupling matrices 497

are generated independently of one another and, in accordance 498

with (7) and (8), their elements are independent complex-valued 499

Gaussian random variables with zero mean, uncorrelated real 500

and imaginary parts, and standard deviation equal to ηuv/
√
Δz. 501

Consistently with the experimental settings, the fiber-span 502

transfer matrix Ts(ω) is calculated in a frequency band of 503

24.5 GHz. Multiple recirculations are described in the frequency 504

domain by the matrix Ts(ω)PTs(ω) · · ·PTs(ω), where by P 505

we denote a 30× 30 matrix that implements ideal MP. The 506

inverse Fourier transform of the accumulating matrix is used to 507

evaluate the intensity impulse response at every recirculation. 508

The parameters used in the simulations for the wavelength 509

channel at 1557.8 nm are listed in Tables I and II. 510

C. Simulation Results: Modal Dispersion 511

Fig. 9 shows a plot of the simulated IIR of the wavelength 512

channel at 1557.8 nm, for the same propagation distances and 513

MP settings as in Fig. 4. A qualitative similarity between the 514

two figures can be noticed. 515

Fig. 10(a) shows the plot of the IIR duration versus propaga- 516

tion distance for the same wavelength channel (the duration of 517

the simulated IIR is calculated to be the period of time which 518

encompasses 98% of the IIR energy, as in the experiment). 519

Similarly, Fig. 10(b) illustrates the extension of the same analysis 520

to all five channels, with their average IIR duration plotted versus 521

propagation distance. In both figures, a square-root fit is also 522

plotted for comparison. The plot indicates that, on average, all 523
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Fig. 10. (a) Simulated-IIR duration of the wavelength channel at
1557.8 nm versus propagation distance in the recirculating-loop configuration.
(b) Simulated-IIR duration averaged over the five wavelength channels used in
the experiment versus propagation distance in the recirculating-loop configura-
tion. (c) Same as in (b) for a link with independent fiber spans. The line spacings
in the insets of (b) and (c) are 2 ns.

permutation schemes yield similar results in remarkable agree-524

ment with the experiment, with the C-MP scheme, performing525

slightly lower than the others. Specifically, at 1178 km, it results526

in an IIR duration approximately 2 ns greater than for the other527

schemes. This suggests that in the propagation regime of our528

experiment, inter-group coupling is more critical than delay529

management in implementing MP. The fact that no difference in530

performance between the C-MP scheme and the other schemes531

is observed experimentally, must be ascribed to additional cou-532

pling introduced in the experimental setup. Indeed, in our model533

we assume that coupling occurs only during fiber propagation,534

whereas multiplexing, de-multiplexing and MP are implemented535

ideally, that is by introducing no additional cross-talk.536

We used the model developed for propagation in the 15-mode 537

fiber, to evaluate the performance of the permutation schemes 538

in a realistic multi-span fiber system, where permutation is 539

performed between independent fiber spans. To this end, we 540

simulated a fiber link composed of 20 fiber spans, where each 541

span was generated independently as described above. Fig. 10(c) 542

illustrates the IIR duration evaluated at the end of each span for 543

all permutation schemes. Note that, similar to Fig. 10(b), each 544

data point in the figure is obtained by averaging the IIR duration 545

of the MMF link across the five wavelength channels spanning 546

the C-band. Compared to the recirculating-loop configuration, 547

only a small additional reduction in the IIR duration is ob- 548

served, which further supports the reliability of our experimental 549

findings in predicting the performance of MP in field-deployed 550

multi-span fiber links. 551

It is worth stressing that the effectiveness of the C-MP scheme 552

is strongly influenced by the fact that the fastest mode (LP01) 553

is always mapped into the slowest mode group (LP11). This 554

suggests a dependence on the details of the MMF design for this 555

scheme’s performance. Indeed, we verified through simulations 556

that exchanging the group velocities of the five mode groups may 557

substantially deteriorate the performance of the C-MP scheme, 558

while having negligible practical impact on the performance of 559

the other schemes. 560

D. Simulation Results: Mode-Dependent Loss 561

As observed in Section III-B2, MDL accumulates with propa- 562

gation distance in the same way with and without MP. A possible 563

explanation for this evidence is that MDL accumulates within 564

groups of strongly coupled modes as a result of random and 565

distributed local MDL, compatible with multiple fiber splices, 566

thereby growing proportionally to the square root of propagation 567

distance even in the absence of MP. Independence of the MDL 568

accumulation on the mode permutation scheme has also been 569

reported in [30], where it was argued that this might follows 570

from the fact that MDL is mainly introduced by the single-mode 571

stages connecting two recirculating loops. 572

To assess which one of the two assumptions is consistent with 573

the experimental observations, we describe the accumulation of 574

distributed MDL at the center frequency by simply settingω = 0 575

in (3) and (4). Conversely, we account for the case of MDL 576

introduced by the single-mode stage by adding independent gain 577

fluctuations with a Gaussian distribution and suitable strength 578

to the propagating space and polarization modes between two 579

recirculations, while assuming that the multimode fiber itself is 580

unitary, that is, assuming αa = αb = 0 in (3) and (4). In both 581

cases, a random phase is applied to each space and polarization 582

mode between two recirculations, in order to account for the 583

effect of the AOMs that are used in the loop as optical switches 584

(the AOMs apply an 80 MHz frequency shift when they route 585

the impinging signal towards the next circulation). Note that 586

while the local MDL and the gain fluctuations are frozen from 587

recirculation to recirculation, the random phases change from 588

recirculation to recirculation as a result of the linewidth (result- 589

ing from frequency fluctuations) of the modulation applied by 590

the AOMs. It is worth noting that the AOMs play an important 591
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Fig. 11. Simulated Max/Min MDL and Std-MDL for the wavelength channel
at 1557.8 nm versus propagation distance in the recirculating-loop configuration
assuming (a) Distributed MDL, and (b) Single-mode gain fluctuations.

role in shaping the growth of MDL with propagation distance.592

In fact, this approaches a quasi-linear accumulation if no phase593

fluctuation is introduced, as is the case when electro-optic mod-594

ulators are used as optical switches [35].595

The simulation results are shown in Fig. 11, where we plot596

the average MDL versus propagation distance in the absence597

of mode permutation and for the considered MP schemes. The598

averaging is performed over 1000 link transfer matrices obtained599

for as many independent instantiations of the random quantities600

involved. Fig. 11(a) refers to the case of distributed MDL, and601

Fig. 11(b) to the case of single-mode gain fluctuations. Intra-602

group coupling was introduced so as to enforce a decorretalation603

length of 1km in each mode group [33]. For the inter-mode group604

coupling we assumed the coefficient values in Table II. For the605

local MDL strength, which is characterized by the coefficients606

ζu defined through (6), we assumed one of the many sets of607

numerical values that are compatible with an accumulated mean608

MDL of approximately 15 dB after 1200 km, as observed in the609

experiment. Finally, for the gain fluctuations, based on the same610

criterion, we assumed a standard deviation of 0.5 dB.611

Inspection of Fig. 11 suggests that while MDL accumulation612

is similar across all considered schemes in both models, the613

model based on distributed MDL is more consistent with the614

experimental finding. Therefore, we conclude that distributed615

random MDL, possibly arising from fiber splices (seven in the616

experiment, one every less than 8 km in the loop), may be the617

predominant (yet not the only one) mechanism contributing to618

MDL accumulation in MMF links.619

V. CONCLUSION 620

We experimentally investigated the effectiveness of four 621

mode-permutation schemes in reducing the accumulation of 622

modal dispersion in a long-haul 15-mode fiber link. We found 623

that with mode permutation, the duration of the intensity impulse 624

response of the MMF link increased proportionally to the square 625

root of transmission distance, rather than linearly with it, as is the 626

case in the absence of mode permutation. This reduced consider- 627

ably the complexity of the receiver MIMO-DSP. We estimated 628

an extension of the system reach from 530 km to 1178 km, 629

enabled by a reduction in the time-domain equalizer window 630

from 71.4 ns to 38.8 ns. Although no transmission results are 631

shown in this work, such an extension has been demonstrated 632

with a full C-band transmission in ref. [25]. The considered 633

permutation schemes exhibited comparable performance with 634

little wavelength dependence across the C-band. We also de- 635

veloped a simple model to simulate propagation in multi-mode 636

fibers, whose parameters can be conveniently extracted from 637

the experimental data. Simulations indicate negligible difference 638

between the experimental results obtained in a recirculating-loop 639

configuration and the performance of mode permutation in a 640

realistic fiber link composed of independent fiber spans. 641
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