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Abstract

This thesis explores how dark matter might reveal itself through the structure and
dynamics of compact stars. A unified framework in which ordinary matter and a self-
interacting dark component coexist inside the same star is developed, influencing each
other only through gravity. Within this setting three connected problems are studied:
compact objects made entirely of dark matter; rapidly rotating neutron stars that
contain a dark component; and differentially rotating remnants that resemble the
aftermath of neutron-star mergers.

Methodologically, the work extends the RNS code to handle two fluids that can
rotate differently. This allows a systematic scan of plausible configurations and a
clean comparison with standard one-fluid neutron star models. Even modest amounts
of dark matter can shift global stellar properties in ways that resemble changes in the
nuclear equation of state. Mass-radius relations, tidal deformability, and moments
of inertia are all affected, and the imprint depends on how the dark component is
distributed and rotates. These trends create degeneracies that single measurements
cannot resolve, but they also open new opportunities: combining gravitational-wave
observations, X-ray timing, and late-time post-merger signals offers a realistic path
to distinguish dark-matter effects from purely hadronic physics.

Overall, the thesis indicates that allowing for a dark component can be impor-
tant for obtaining unbiased inferences about dense matter, especially in environ-
ments where dark-matter accumulation is plausible. At the same time, compact
stars emerge as potential laboratories for the dark sector: by tracing how their
observable properties react to a hidden fluid, the results outline targets for future

multimessenger searches.
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Introduction

The understanding of the microscopic nature of dark matter remains at the forefront
of modern physics. Despite its overwhelming presence in the cosmic energy budget,
the absence of direct detection has left the fundamental properties of dark matter
largely unconstrained. Compact stellar objects, with their extreme densities and
multimessenger visibility, provide an ideal environment to probe dark matter physics
in a regime far removed from traditional cosmological or collider-based approaches.

Recent multimessenger observations provide a first step in the study of these sys-
tems. The discovery of two-solar-mass pulsars sets a robust lower bound on the max-
imum mass supported by any viable equation of state. X-ray and radio timing mis-
sions such as NICER and SKA focus on measuring pulse profiles that translate into
radius constraints, directly probing the compactness of neutron stars. Gravitational-
wave detections of binary neutron star mergers, most notably GW170817 [1, 2],
constrain tidal deformabilities and offer a glimpse of the post-merger dynamics. To-
gether, these measurements define a landscape in which the presence of dark matter
may leave subtle but detectable signatures, motivating theoretical explorations across
a wide parameter space.

The theoretical framework adopted in this thesis relies on relativistic two-fluid
models, in which baryonic matter and dark matter interact solely through gravity.
The dark matter is modelled as a self-interacting bosonic fluid, described in the mean-
field limit, leading to an equation of state that captures the macroscopic behaviour
of a condensed Bose system. Baryonic matter is treated through well-established nu-
clear physics equations of state consistent with astrophysical constraints. Rotation,
a key ingredient in neutron star phenomenology, is incorporated through different
laws: uniform rotation for isolated pulsars and differentially rotating profiles appro-

priate for merger remnants. These models allow for the systematic exploration of



INTRODUCTION 2

dark matter’s role in shaping equilibrium sequences, extending from isolated stars to
merger dynamics.

A number of simplifying assumptions guide the analysis. Matter is taken to be at
zero temperature, reflecting the thermally relaxed state of old neutron stars. Configu-
rations are assumed to be stationary and axisymmetric, appropriate for equilibrium
studies. No direct non-gravitational couplings between dark matter and baryonic
matter are included, consistent with current experimental limits. Finally, the focus
is on equilibrium sequences rather than dynamical evolution, though comparisons to
merger simulations and observations are drawn where appropriate.

The study of compact objects raises several open questions. A fundamental is-
sue is whether self-interacting dark matter can assemble into compact, long-lived
equilibrium structures, and under what conditions such configurations would form
in the universe. Even when such objects are assumed to exist, uncertainties remain
regarding how an embedded dark matter component modifies the internal structure
of neutron stars and influences macroscopic observables and the onset of instabili-
ties. An equally pressing problem is disentangling these effects from those due to
the baryonic equation of state, which itself remains uncertain at supranuclear densi-
ties. Identifying which observational channels can break this degeneracy is central
to advancing both astrophysics and particle physics.

This thesis is organized around three major lines of investigation, each corre-
sponding to a published study. The first concerns superfluid dark stars, compact
configurations made entirely of self-interacting bosons. Their equilibrium sequences
display simple scaling relations between physical parameters, and their tidal deforma-
bilities fall within the reach of next-generation interferometers. Numerical simula-
tions of binary mergers reveal distinctive gravitational-wave signatures, offering a
novel observational channel for detecting or constraining such objects.

The second study turns to rapidly rotating neutron stars admixed with dark
matter. Millisecond pulsars, with their extreme rotation rates and long evolutionary
timescales, are natural laboratories for dark matter accumulation. Here we model
two-fluid configurations in which dark matter and baryonic matter rotate indepen-

dently, allowing for co- and counterrotating scenarios. We investigate how differ-
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ent dark matter masses and fractions, in both core and halo distributions, affect
macroscopic observables such as the maximum mass, the mass-shedding limit, and
the moments of inertia. These results highlight the potential for X-ray timing and
gravitational-wave observations to constrain dark matter parameters through their
impact on rotational equilibria.

The third work extends this framework to differentially rotating dark matter-
admixed neutron stars, which serve as equilibrium proxies for post-merger remnants
in binary neutron star coalescences. Using rotation laws that reproduce the pro-
files observed in numerical relativity simulations, we study how dark matter cores
influence the stability, maximum mass, and deformation of differentially rotating con-
figurations. These models provide a theoretical bridge between equilibrium studies
and the rich post-merger phenomenology observed in gravitational waves.

The following chapters provide the necessary background and present the main
research contributions of this thesis. Chapter 1 introduces the fundamental physics
of compact objects in general relativity, covering both spherical and axisymmetric
configurations, and includes a brief overview of how baryonic matter equations of
state are constructed. Chapter 2 then reviews what is known about dark matter,
summarizing the evidence for its existence and highlighting specific models, with
particular attention to the advantages and challenges posed by self-interacting dark
matter. The core research presented in this work is detailed in Chapters 3 to 5,
while Appendix A provides the implementation details of the numerical code used in
Chapters 4 and 5.



Chapter 1 ‘

Structure and physics of neutron stars

The exploration of the properties of matter at extreme densities, the equation of
state, is hindered by both experimental and theoretical challenges.

Experimentally, our knowledge is limited by the maximum densities achievable in
laboratory conditions. For instance, heavy-ion collisions at RHIC can reach densities
up to ~ 10 gem ™3, but these conditions are at high temperature and exist only for
an extremely short time [3], making it impossible to probe the cold, dense matter
found in neutron star (NS) interiors.

Theoretically, a major obstacle is our incomplete understanding of quantum chro-
modynamics at low energies. At low densities (p < pear = 2.68 x 104 gem™2), the
equation of state is relatively well constrained by nuclear experiments and effective
theories such as chiral effective field theory [4]. At very high densities (2 50psat),
quantum chromodynamics enters the so-called “asymptotic freedom” regime, where
perturbative calculations become reliable [5]. In the intermediate range, quantum
chromodynamics is strongly interacting, and the equation of state must be modelled
using nuclear many-body approaches, either phenomenological or ab initio. This
regime contains the densities reached in the cores of neutron stars and represents the
most uncertain and model-dependent part of the equation of state. Many physical
configurations can be considered: models can include the appearance of new particle
species, such as pions or hyperons, as well as phase transitions to deconfined quark
matter.

For this reason, neutron stars have proven to be an invaluable natural laboratory
for modern physics. Their extreme densities and rich internal composition make
them ideal systems to study both nuclear physics and general relativity.

In the following sections, we introduce the theoretical tools necessary to describe

them. Section 1.1 briefly introduces neutron stars and describes the textbook prob-
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lem of a static self-gravitating perfect fluid and derives the Tolman-Oppenheimer-
Volkov (TOV) equations [6, 7]. In light of the requirements of Chapters 4 to 5, we
will slightly generalize the derivation to an arbitrary number of perfect fluids. In
Section 1.2, we will then describe three equations of state that we will employ to
model both baryonic matter and dark matter. Finally, in Section 1.3, we describe
rapidly rotating neutron stars in a fully relativistic formalism, discussing the theo-
retical framework that is later adapted for the numerical approach used in the RNS

software, described in Appendix A.

1.1 Essentials of relativistic stellar structure

1.1.1 Neutron stars: formation and phenomenology

Neutron stars are among the most compact and energetic objects in the Universe, sec-
ond only to black holes. They were first predicted theoretically by Baade and Zwicky
in 1934 [8], shortly after the discovery of the neutron by Chadwick [9]. They pro-
posed that these objects would form from the collapse of massive stars, a hypothesis
that was confirmed decades later with the discovery of pulsars.

Neutron stars are the remnants of core-collapse supernovae (Type II, Ib, or Ic).
When a massive star (8 Mg < M < 25Mg) [10] exhausts its nuclear fuel, the thermal
pressure generated by fusion can no longer support the star against its own gravity.
As the core density surpasses nuclear saturation density, protons and electrons merge
via inverse beta decay (p+e~ — n+v.) to form a neutron-rich fluid. The inner core
eventually stiffens due to the repulsive component of the strong nuclear force and
neutron degeneracy pressure, halting the collapse and generating a shockwave that
ejects the outer envelope of the star [11].

The resulting proto-neutron star is initially hot (7" ~ 10" K) [12]. Over a
timescale of seconds to minutes, it becomes transparent, releasing nearly 99% of
the supernova’s binding energy (~ 10°3erg) in the form of neutrinos. This cool-
ing phase transitions the object into a cold, stable neutron star. The conservation

of angular momentum during the collapse of the progenitor star spins the remnant
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up to rotation periods ranging from milliseconds to seconds, while magnetic flux
conservation amplifies the magnetic field to intensities of 10% + 10" G [13, 14].

Although often approximated as a uniform fluid of neutrons, a neutron star pos-
sesses a complex, stratified internal structure [15]. The density spans several orders
of magnitude, from ~ 10°gcm™ at the surface to exceeding 10'® gcm™ in the core.

The outermost layer is the atmosphere, a thin plasma layer only a few centime-
tres to meters thick, which shapes the thermal photon spectrum. Below this lies the
crust, which is divided into an outer and an inner region. The outer crust consists of
a Coulomb lattice of heavy nuclei (mostly iron-peak elements) embedded in a degen-
erate electron gas. As the density increases with depth, the electron Fermi energy
rises, making electron capture energetically favourable and resulting in increasingly
neutron-rich nuclei. At the neutron drip density (panp =~ 4 x 10! gcm™?), neutrons
begin to leak out of the nuclei, marking the transition to the inner crust. Here, a
lattice of neutron-rich clusters coexists with a superfluid gas of free neutrons. At
the base of the crust, competition between Coulomb repulsion and nuclear attrac-
tion may lead to the formation of complex non-spherical nuclear shapes, known as
“nuclear pasta” phases [16].

The core constitutes approximately 99% of the star’s mass. The outer core (den-
sities p ~ 0.5pga; 10 2psar, Where pe; ~ 2.8 x 10 gem™3 is the nuclear saturation
density) is a fluid of neutrons, protons, electrons, and muons in beta-equilibrium.
The protons are likely superconducting, while the neutrons are superfluid. The com-
position of the inner core remains one of the greatest open questions in modern
physics. Depending on the stiffness of the equation of state, densities may reach
5-10 times pgat- Under these extreme conditions, it is hypothesized that exotic de-
grees of freedom may appear, such as hyperons (A, X, =), Bose-Einstein condensates
of pions or kaons, or a phase transition to deconfined quark matter (up, down, and
strange quarks). The presence of these components generally softens the equation of

state, reducing the maximum mass the star can support against collapse.

Observational Status Observations of NSs began in 1967 with the discovery of
the first pulsar by Jocelyn Bell and Antony Hewish [17]. Pulsars are rapidly rotating,
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highly magnetized neutron stars that emit beams of electromagnetic radiation. As
the star spins, these beams sweep across the Earth appearing as periodic pulses.
Precise timing of these pulses has provided some of the most stringent tests of General
Relativity. Notably, the Hulse-Taylor binary (PSR B1913+16) demonstrated orbital
decay consistent with the emission of gravitational waves.

Today, we observe neutron stars across the electromagnetic spectrum, from radio
to gamma rays. X-ray missions such as NICER (Neutron star Interior Composition
Explorer) monitor the thermal emission from hotspots on the surface of rotating
pulsars. By modeling the relativistic light-bending effects on these pulse profiles, it
is possible to infer both the mass and the radius of the star simultaneously, placing
tight constraints on the dense-matter equation of state [18, 19].

Since 2017, the study of neutron stars has entered the multimessenger era. The
detection of gravitational waves from the binary neutron star merger GW170817 by
the LIGO and Virgo collaborations [2], followed by the observation of its electromag-
netic counterpart (a kilonova), provided the first direct measurement of the tidal
deformability of neutron stars. This quantity describes how easily a star is deformed
by the gravitational field of its companion and is directly related to its radius and
internal composition.

Despite these advances, many questions remain. The so-called “hyperon puzzle”
(i.e., the difficulty in reconciling the theoretical appearance of hyperons with the ob-
servation of massive ~ 2 M, stars) suggests our understanding of strong interactions
is incomplete. Furthermore, the potential existence of dark matter trapped within
neutron stars, the central topic of this thesis, offers an intriguing solution to some

of these anomalies and a novel probe of the dark sector.

1.1.2 The Tolman-Oppenheimer-Volkov equations

Because neutron stars are compact objects with densities reaching several times that
of atomic nuclei, Newtonian gravity is an insufficient description of their gravitational
attraction: a fully relativistic treatment is required. In this section, we introduce the

essential elements of relativistic stellar structure, starting from the derivation of the
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TOV equations for static, self-gravitating fluids.

Throughout this work, unless otherwise specified, we adopt geometrized units
such that G =c=1.

The equilibrium configuration results from a balance between the gravitational
pull, described by Einstein’s equations, and the pressure gradients of each fluid com-
ponent, determined by the corresponding equation of state.

For the moment, we assume the equation of state is derived from a stress-energy

tensor of the form

T = ZT%B - Z (ei + P) uiu; + Pig™”, (1.1)
with
Py = Pi(e), (1.2)

where i = 1,..., N labels the N fluids in the system, P; is the pressure, ¢; the energy
density and ! the four-velocity of the fluid. This choice of T,5 imposes a strong

constraint: the fluids do not interact with each other, so the conservation equations
VT =0 (1.3)

hold independently for each fluid. Consequently, all energy exchange between the
fluids is neglected, and they coexist within the same gravitational well.

We begin by modelling the system as a spherically symmetric distribution of
matter. The most general static, spherically symmetric metric that describes this
system is

ds? = —e’Mdt? + AIdr? 4+ 12402, (1.4)

where dQ? = d6? + sin? §d¢?, and v(r) and A(r) are functions to be determined from

Einstein’s equations
G*P = 8nTP. (1.5)

Analogously to the standard one-fluid case [6, 7], the relevant Einstein equations

reduce to the (¢,¢) and (r,r) components. Representing derivatives with respect to
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r by a prime, the (¢,t) component is generally written as

e/ M+ N -1
( = ) :87re”ze,~. (1.6)

After straightforward algebra, this can be rewritten as

oA — 1 _ pMe(r) Moy (1) = 470 /O dF 2 Zai(f) = Zmi(r), (1.7)

r

where my is the total mass enclosed within a sphere of radius r, considering all

fluids. The (r,r) component, in turn, reads

_ -2 / 1
et +rv+ :87Te>\zpi (1.8)

72 -
7

which can be reformulated, employing Eq. (1.7), as

/)= L (1ol [2m+<r>+8wzzmr> )

r T

When combined with the continuity equation for each fluid,

)

1

this leads to the multi-fluid generalisation of the TOV equation:

[P,(r) + &i(r)] [miot(r) + 4773 Py (1)]

P’(r) = — r [7’ — zmtot(r)]

(2

, (1.11)

where again P, = ), P, is the total pressure on a sphere of radius 7.
Equation (1.7), coupled with Eq. (1.11) and the equation of state Eq. (1.2) com-

pletely closes the system of 2N ordinary differential equations. The required initial
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conditions at the centre of the star are

mi(r=0) =0 | (1.12)

Pr =0) = A()
where €’ is a set of input parameters that uniquely determine the solution and rep-
resent the central energy density of each fluid. The system is then integrated out-
wards from the centre using standard numerical techniques, such as the Runge-Kutta
method. Integration for each fluid is stopped once its pressure becomes negative; the
corresponding matter fields are then set to zero for the remainder of the integration.
This procedure effectively defines the outer boundary of that fluid component. Fi-
nally, the metric fields are reconstructed from all the matter fields and the spherically

symmetric spacetime is fully determined.

Isotropic coordinates Forseeing what will be useful in Appendix A, we will now
introduce an alternative formulation of Eqs. (1.7) and (1.11), in which the TOV
equations will be rewritten in isotropic coordinates.

Isotropic coordinates are specific kind of coordinate systems in which the metric

appears as
ds? = —e*dt* + & (di® + 72dQ?) (1.13)

where e2? plays the role of a lapse function, e?* that of a conformal factor and
7 is the isotropic radius. In contrast to the Schwarzschild coordinates, the metric
scales the same in all directions and as the name implies is isotropic in the spacial
directions.

Isotropic coordinates offer several practical advantages: the spatial metric be-
comes conformally flat, simplifying the treatment of Einstein’s equations; the metric
functions remain smooth and well-behaved at the origin and near the stellar surface,
avoiding coordinate singularities; and the isotropic radial coordinate allows for uni-
form angular resolution and straightforward implementation of boundary conditions
at infinity. These features together improve the accuracy, stability, and efficiency of

numerical solutions for compact stars.
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Comparing Eqgs. (1.4) and (1.13), it is obvious to match

r2 — 2AR2

(1.14)
erdr? = e*Adi?
The former fixes the conformal factor e = r/7. The latter can be expanded on the
left hand side using Eq. (1.7). This results in a new differential equation that needs
to be solved:
dlog (F/r) 1Y% — (r — 2mye)"/?

= 1.1
dr r(r — 2myor) /2 (1.15)

In the exterior of the outermost fluid, where my. is constant, Eq. (1.15) has an

2m 2
r:f<1+ _“”) : (1.16)

7

analytic solution

Inside the star, we instead rewrite Eq. (1.15) as

dr r 2Mot
— = —/1 - 1.17
dr 7 r (1.17)
and write Egs. (1.7) and (1.11) as
dm;, d
n:a, = 47T7“2€i—7:
dr dr (1.18)
dP; [P+ & [muor + 4mrP Poy] dr '
dr r[r— 2myo (1)) dr

Equations (1.17) and (1.18) together form the system of equations that we solve
numerically in the RNS code to obtain the initial conditions for rotating neutron

star configurations.

Equilibrium sequences In the study of compact objects, the construction of equi-
librium sequences represents one of the central tools to connect the microphysical
properties of matter to macroscopic, observable quantities. An equilibrium sequence

is defined as a continuous family of stationary solutions of the TOV equations cou-
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pled to a given equation of state, obtained by varying a control parameter (e.g.,
the central density) while holding other physical quantities fixed in accordance with
the astrophysical scenario under consideration. For instance, sequences at constant
baryon mass describe the secular evolution of an isolated neutron star as it cools
and spins down, whereas sequences at constant angular momentum are better suited
to study stability in the context of binary mergers and remnants. Along these se-
quences, global quantities such as the gravitational mass, radius, moment of inertia,
or quadrupole deformation can be traced as functions of the control parameter. These
quantities are the macroscopic signature of the equation of state and mark the critical
points beyond which systems at hydrostatic equilibrium are no longer possible.

The analysis of equilibrium sequences provides powerful stability diagnostics. A
central tool is the turning-point criterion for secular stability, formulated by Fried-
man, Ipser, and Sorkin [20]. Along a one-parameter equilibrium sequence, stability
against axisymmetric perturbations changes when an extremum is reached in the
sequence of a conserved quantity. For example, in a sequence of nonrotating stars
with increasing central density, the maximum of the gravitational mass marks the
onset of instability to radial collapse: configurations on the ascending branch are
stable, whereas those beyond the maximum are unstable. In rotating sequences,
the same principle applies but with angular momentum held fixed. This criterion
provides a computationally inexpensive method to determine stability boundaries
without evolving the full dynamical system.

From the observational side, equilibrium sequences and the corresponding Mass-
Radius (MR) curves provide the bridge between microscopic theory and experimental
or astrophysical constraints. Precision radio-timing of pulsars in binary systems has
led to measurements of neutron star masses above 2 Mg [21-23], setting stringent
lower limits on the stiffness of the equation of state at supranuclear densities. Con-
versely, measurements of radii, though more difficult, are now increasingly accessible
through X-ray pulse profile modelling with NICER [18, 19, 24-26] and from ther-
mal emission of quiescent low-mass X-ray binaries. These observations restrict the
allowed region in the MR space, ruling out models that predict stars too small or

too large for the measured masses.
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In addition, gravitational-wave observations from binary neutron star mergers,
have introduced tidal deformabilities as new observational constraints, which can
also be mapped consistently onto equilibrium sequences. The dimensionless tidal
deformability A [27, 28] of a star quantifies how much it deforms under an external
tidal field and is defined as

A= §k2c5, (1.19)

where ko is the second Love number and C = M/R is the compactness parameter.
Both R and M are extracted from equilibrium configurations, while ks is determined
by solving linear perturbation equations on top of the equilibrium solution [29]. Since
A depends very sensitively on the compactness C, even small differences in the equilib-
rium sequences produced by different equations of state lead to significant variations
in tidal deformability. The detection of GW170817 [2] and GW190425 [30], which
constrained the combined tidal deformability of the binary system, has therefore
ruled out extremely stiff or extremely soft equations of state that would predict stars
with too large or too small A. Future gravitational-wave detections will sharpen
these constraints further, effectively mapping allowed regions of the MR diagram
and, through the turning-point criterion, narrowing down the range of possible max-
imum masses and stability limits for compact stars.

Laboratory experiments complement these astrophysical probes: heavy-ion col-
lision experiments provide information about the symmetry energy and its density
dependence, which directly feeds into the equation of state and alters the equilibrium
sequences.

Equilibrium sequences form the essential framework by which microphysical mod-
els of dense matter are confronted with astrophysical observations and terrestrial
experiments. By systematically constructing and analysing such sequences, it is
possible to identify features of compact stars and discriminate among competing

equations of state, opening a window on otherwise unreachable state of matter.
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1.2 Microphysics and the equation of state

To obtain an expression for the equation of state as in Eq. (1.2) is not trivial. First

approximations are often obtained using polytropic equations of state of the form
P = Ke", (1.20)

where I' is a polytropic index; values of I' between 2 and 3 produce mass-radius
relations consistent with observations [31] but don’t include any physics and are
commonly employed in testing numerical codes.

A practical improvement is to build a piecewise polytropic equation of state by

joining several polytropes across density intervals:
P =K, SFi, e [él‘, 51'4_1), (121)

each interval having its own I';. The constants K; are fixed to guarantee continuity of
P across joining densities, while the sets (I';, &;) are fitted to reproduce a tabulated
microphysical equation of state. Both can also be supplied with an appropriate
description of the thermal component based on the first principle of thermodynamics,

in which we can write the pressure as
Pin(e) = P(e) + (F'on — Ve, (1.22)

where Iy, is another constant and &, is an arbitrary function of the thermodynamical
state that has the property of being zero at T' = 0. While this procedure yields a
compact parametrisation that is straightforward to implement numerically, one must
keep in mind that the macroscopic predictions are extremely sensitive to the choices
of break densities and polytropic indices. Piecewise polytropes are therefore regarded
as controlled approximations rather than fundamental equation of state models.
We therefore need to resort to more physically sound, albeit approximate, meth-
ods to describe matter properties. For neutron stars, the assumptions of charge

neutrality, zero temperature, and beta-equilibrium are fundamental in simplifying
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the complex many-body problem.

Stars older than a few minutes typically cool to temperatures well below ~ 1 MeV
via neutrino emission [31, 32|. This is negligible compared with nuclear energy scales,
allowing thermal effects to be ignored. Beta-equilibrium ensures that all chemical
potentials of constituent particles are fixed through relations such as p,, = p, + fe.
This leads to very low proton fractions in the core (typically < 10% [3]), producing
highly neutron-rich matter, a defining characteristic of neutron star interiors. Charge
neutrality, applied either locally or globally, requires the sum of all charges vanish,
ensuring stability against strong electric fields.

In the neutron star crust, local charge imbalance can exist, leading to struc-
tured phases such as the lattice of nuclei in the outer crust or the complex “pasta
phases” [16] in the inner crust, where free neutrons form a superfluid and entrainment
effects influence transport properties. As density increases toward the core, nuclei
dissolve into homogeneous nuclear matter. The outer core consists of a degenerate
Fermi liquid of neutrons, protons, and electrons, with muons appearing at higher
densities, while the inner core at supranuclear densities may host exotic particles
and phases, including hyperons, meson condensates, nuclear resonances and decon-
fined quark matter, each of which can significantly soften the equation of state and
alter mass-radius relations.

We will now proceed to explore two specific equations of state, namely the DD2,
and IST, which will be employed in Chapters 3 to 5 to describe the baryonic matter

component.

DD2 Within the relativistic mean field framework, the DD2 parametrization [33]
is a widely used density-dependent effective model for describing dense baryonic mat-
ter under astrophysical conditions. In this model, nucleons (neutrons and protons)
interact via the exchange of minimally coupled mesons (o, w,, and p,). Meson self-
interactions are not included; instead, the couplings are assumed to be functions of
the nucleon currents, simulating the medium dependence of the interaction. Light
clusters corresponding to the ground states of the deuteron (d = 2H), triton (t = 3H),

helion (h = 3He), and alpha particles (o = “He) are introduced as spin 1 (d), spin
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1/2 (t, h), and spin 0 («) fields. The influence of the medium on cluster properties
is described by density- and temperature-dependent shifts of their binding energies.

The starting point is a Lorentz-invariant Lagrangian density:

£ = Efermion + ‘cboson + Emeson + Elepton ) (123)

where each term describes a different component of the system. Defining a covariant

derivative
iD} = id" — g, A" — g,|Ni — Zi|T - p*, (1.24)

with g; the density-dependent coupling and (A;, Z;, N;) the mass, proton, and neu-

tron numbers of the particle, we can write

Efcrmion = Z QEZ (f}/,LLZDzu - m:) wz (125)

i=n,p,t,h

Here, 1); denotes a Dirac field and m; the associated effective mass. The boson term

Lioson contains the a and d particles, described by Klein-Gordon and Proca fields:

Eboson =3 (ZDZQ%) (ZDau(ba) - _ma2¢i+

2 2
1. . . . L o s (1.26)
1 (10406 = 1D3¢5)" (1Dapbar — 1Davbap) — 5ma $g bay-
The meson term L,cson contains the free mesonic contributions:
1 o 2 2 uv 2 1 1 Ty T 20 =
Loeson = 3 0"od,0 —mio” — G"Gy, + miwtw, — §H Hy +mop" -y ),
(1.27)

where the field strength tensors are G, = 0,w, — d,w, and H w = Oupy — Oypy. Fi-
nally, Liepton accounts for electrons and muons, which are described as free relativistic
gases ensuring charge neutrality.

The novelty of density-dependent models lies in the meson-nucleon couplings,
which are explicit functions of the baryon number density ng. In DD2, they take

rational forms for the isoscalar mesons and exponential forms for the isovector meson,
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Figure 1.1: Comparison of DD2 and DD2npY-T equations of state. To facilitate
a direct visual comparison between the two quantities, the energy density has been
rescaled by a factor of 10%.

e.g.,
np

9i(np) = gi(nsat) fiw), @ = (1.28)

Nsat,
where ng, is the saturation number density and f;(z) are fitted functions ensuring
empirical consistency.

Applying the Euler-Lagrange equations and adopting the mean-field approxima-
tion, the meson fields are replaced by their classical expectation values, leading to a

set of coupled algebraic equations:

m2 o = go(np)n,, (1.29)
mi wO - gw(nB) Ny — hw(Bz)> (130)
m? p3 = go(np)n, — hy(Bi), (1.31)

where n,, n,, and n, are computed from the scalar and vector densities of each
particle in Eq. (1.23), and h,(B;) and h,(B;) are functions of the cluster binding

energies (i.e., zero for protons and neutrons) and the scalar densities.
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The total energy density and pressure follow from the energy-momentum tensor,
completely defining the equation of state.

The DD2 model is relatively stiff at supra-nuclear densities and has a symmetry
energy slope within the accepted phenomenological range. It forbids the nucleonic
direct Urca process for typical neutron star compositions [34], provides a unified equa-
tion of state (covering both crust and core), and predicts a maximum neutron star
mass of ~ 2.4My. For a canonical 1.4 My star, the DD2 equation of state yields a
radius of R ~ 13.3km. It is consistent with the maximum mass requirement for neu-
tron stars [21-23], the tidal deformability constraints inferred from the LIGO/Virgo
observations of the GW170817 and GW190425 binary NS mergers [2, 30], and the
NICER measurements of pulsars [18, 19, 24-26].

A major uncertainty in dense nuclear matter is the appearance of hyperons in
the core of neutron star, known as the “hyperon problem”: the additional degrees of
freedom tend to soften the equation of state and reduce the maximum mass, often
below the observed 2 Mg limit. One way to address this is by introducing density-
dependent couplings for the hyperons. The DD2npY-T model [35] implements this
approach, including the full baryon octet (A, ¥, Z) with couplings constrained by
SU(6) symmetry relations and hypernuclear data. Despite the presence of hyperons,
this parametrization remains consistent with the 2M, constraint and provides a
realistic extension of DD2 suitable for neutron star calculations. Figure 1.1 shows
the pressure and energy density of the DD2npY-T equation of state used in the
following chapters, comparing it with the original DD2 equation of state presented

above.

IST The Induced Surface Tension (IST) equation of state [36, 37| provides an alter-
native approach to obtain a microphysically motivated description of dense baryonic
matter, improving upon conventional excluded-volume and mean-field models by
treating repulsive interactions in a thermodynamically consistent way. It is based on
the statistical multifragmentation model, where the virial expansion of nucleons and
clusters with finite hard-core radii generates contributions to the free energy propor-

tional both to their volume and to their surface area. The latter naturally gives rise
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to an induced surface tension term, which encodes higher-order correlations between
constituents. The IST framework introduces the surface tension coefficient o as an
additional thermodynamic variable and couples it to the pressure through a closed set
of equations. This extension allows the model to describe compressible nuclear mat-
ter at both sub-saturation and supranuclear densities, while simultaneously avoiding
the pathological extrapolations inherent in conventional mean-field schemes.

At zero temperature, in the grand canonical ensemble, the IST equation of state

for a p-equilibrated, charge-neutral mixture of neutrons, protons, and electrons reads

p= > p" <m,4, Vﬁf)> — Pint (NF) + Poym (W5, 1Y) (1.32)
A=n,p,e

o= Z P <mA7V,(42)> Ruua, (1.33)
A=n,p

where p'd(m, 1) denotes the pressure of a free degenerate Fermi gas of mass m and
chemical potential p. Neutrons and protons are treated as hard spheres with a
common radius R, ~ 0.3—0.5 fm, while electrons are included as pointlike fermions
with R. = 0.

The effective chemical potentials (b2

include the contributions of excluded-

volume repulsion, mean-field attraction, and nuclear symmetry energy,

ug) =pus—pV —0oS+ U(nig) T Usym(nig, Iid) , (1.34)
V1(42) =pa—pV —aocS + Uy, (1.35)

2

with eigenvolume V' = 37R? | and surface S = 47R2 .

The parameter « is cal-
ibrated to reproduce the virial expansion of hard spheres up to the fourth virial
coefficient, with o ~ 1.245, thus ensuring a faithful description of repulsive correla-

tions. The mean-field attraction is parametrised as

U(nid) = C2 ()", pig (i) = / 70O (1.36)

where n'd is the baryon density of the corresponding free gas. An additional constant
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shift Uy contributes to Vf) but cancels from the pressure.
The isospin-asymmetric sector is described via the symmetry-energy pressure

term pgym, for which a convenient parametrisation is

A (W12

— (1.37)
[1 + (Bsymnglld)ﬂ

pSym(nig’ ]id) =

with the asymmetry parameter I' = (ni! — ni!)/nig. The corresponding mean-field
potential Usyy, is obtained from thermodynamic consistency.

All model parameters are constrained by empirical information: the saturation
density ng ~ 0.16 fm™?, binding energy per nucleon E/A ~ —16 MeV, incompress-
ibility Ky, and symmetry energy J and slope L, as well as heavy-ion collision data
on proton flow and hadron multiplicities. Two representative parameter sets, A and
B, reproduce these constraints while differing in stiffness: the stiffer set A yields
larger neutron star radii, whereas the softer set B, that will be used in Chapter 4,
results in more compact configurations, both remaining consistent with the astro-
physical constraints from GW170817 [2]. Importantly, the IST equation of state also
provides a physically consistent description of the nuclear liquid-gas phase transi-
tion and its critical endpoint. In this way, it offers a unified framework connecting
nuclear physics, heavy-ion collisions, and neutron star astrophysics within a single

thermodynamically consistent model.

1.3 Axisymmetric equilibria

In many relevant astrophysical scenarios, such as immediately after the birth of a
proto-neutron star or following the merger of two neutron stars into an hypermassive
neutron star remnant, the approximation of spherical symmetry is no longer valid,
and Egs. (1.17) and (1.18) must be generalised to include rotation.

One possible approach is the Hartle-Thorne approximation for slowly rotating
stars [38, 39]. In this framework, the configuration is characterised by a uniform

angular velocity that is sufficiently small so that the rotational corrections to pressure,
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energy density, and the gravitational field remain perturbative. The field equations
are then expanded in powers of the angular velocity, with first- and second-order
terms retained to capture the leading effects of rotation.

While highly useful, this approximation is limiting. This regime is indeed valid for
many systems, where an isolated neutron star is old and nearly spherical. However,
for more energetic configurations, such as millisecond pulsars or merger remnants,
the assumption

RO < ¢, (1.38)

where R is the radius of the unperturbed configuration, {2 an the typical angular
velocity and ¢ the speed of light, no longer holds. In these cases, a fully relativistic
description of rotation becomes unavoidable. At present, however, no closed-form
analytic solution exists for a rotating neutron star with a realistic equation of state,
and one must resort to numerical methods.

Following [31], we begin by describing the general equations governing axisymmet-
ric spacetimes and the relativistic hydrostatic equilibrium equation. In Appendix A
we will turn to the specific Komatsu-Eriguchi-Hachisu (KEH) scheme [40] and the
RNS code' [41, 42], which implements it with the modifications of [43-45].

The spacetime To describe the spacetime of an axisymmetric star, we impose

three conditions on the metric:
(i) the spacetime is asymptotically flat;

(ii) it is stationary and axisymmetric, admitting a timelike Killing vector t* and a

spacelike rotational Killing vector ¢<;

(iii) there exists a discrete isometry that simultaneously reverses the directions of

time and rotation.

Conditions (ii) and (iii) imply that t* and ¢* commute, i.e. [t,¢] = 0. This guaran-

tees the existence of coordinates 2° = ¢ and 2® = ¢ adapted to the symmetries, such

lgithub.com/cgca/rns
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that
t* = 0y, ¢“ = 0Oy, (1.39)

and the metric components are independent of ¢t and ¢ themselves. Unlike in the
spherically symmetric case, where time-reversal symmetry enforces g, = 0, a rotat-
ing star admits a non-vanishing ¢;4 component: there is no family of hypersurfaces
orthogonal to the timelike Killing vector ¢*. This lack of orthogonality is quantified
by the potential w, which encodes the dragging of inertial frames.

A convenient choice for the remaining two coordinates is given by quasi-isotropic
coordinates x' = r, 22 = 0, defined such that g,¢ = 0 and ggy = r%g,,. In this gauge,

the most general stationary, axisymmetric metric can be written as
ds? = —e"dt? + ¢ (dr? + 12d6%) + e (dp — wdt)”, (1.40)

where v(r,0), «a(r,0), ¥(r,0), and w(r,0) are metric functions depending only on
r and 0. The function e¥ corresponds to the proper circumferential radius; in the
nonrotating limit it reduces to R sin #, where R is the Schwarzschild radial coordinate.

The 4-velocity of a fluid element can be expressed as a linear combination of the

two Killing vectors,

u® = u'(t + Q¢%), (1.41)

with Q = d¢/dt the angular velocity of the fluid as measured by an observer at rest
at infinity.

To obtain a tractable form of the Einstein field equations for axisymmetric, ro-
tating stars, we introduce a family of zero angular momentum observers (ZAMOs),

whose 4-velocity at each point reads
U%AMO - e_y (ta + w ¢0¢) . (142)

In this reference frame, the physical 3-velocity of the fluid relative to the ZAMOs
is v = (Q —w) e, Consider now, as in Section 1.1, a collection of N fluids that

interact only gravitationally with 7%% = Y. T (‘z‘)ﬁ . For the i-th perfect fluid, the
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stress-energy tensor in this frame takes the form

(€¢+PZ)U¢ E,"U?"‘Lpi 0 0
T = | 1-7 107 (1.43)
(4)
0 0 P 0
0 0 0 P

Following [46], we define a new metric function ¢ = a + v, and introduce e =
rsin® B(r,0), as in [47]. In terms of these variables, the Einstein field equations
reduce to a set of coupled elliptic equations for the metric potentials. The (t,t) and

(r,t) equations are respectively:

1
V.- (BVv) = 57”2 sin?0 B® e Vw - Vw

+4rBe* ™ Y " (g + P) Ll +2P, (1.44)
- 3 7 1 o ’UZQ 1 Y *
i+ B
V- (r*sin’§ B® e Vw) = —167rsin B e Z (51+—2)U (1.45)
-

i (2

The third equation is instead given as a combination (t,t) - (r,r):

V - (rsin VB) = 167rsin§ Be* % Z P, (1.46)
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The system is supplemented by a first-order differential equation for (,
2 -1 2 2 1 211
0u¢ == (=1 (14 7B70,B)" + [~ (1-1*) B9,B]"}
1
X |[§B‘1 {r*0?B -0, [(1 - p*) 8,B] —2p0,B} {—p+ (1-p°) B"'9,B}
+rB7'0.B Bu + urB~'0,.B + % (1—p?) BlaﬂB}

+ ;B‘l(‘)MB -2+ p(1—p?) B79,B] — (1—p*) rB7'0},B (1+rB~'9,B)
—r?u(8,v)* =2 (1—p®) ro o + p (1—p) (0,v)?
-2 (1—u2) r*B~'0, B0, vO,v + (1—u2) B~'9,B [7’2 (&J/)2 — (1—u2) (8Mu)2}

+ (1—u2) B?e ™ {%LWA (&nw)2 + % (1—,u2) 30, wow

— %u (1—p?)r? (O,w)* + % (1 - ) r*B~'9,Bo,wi,w
111 (1—p*)r*B'9,B [r* (Bw)* — (1-#?) (0,@)2} }ﬂ
(1.47)

In Egs. (1.44) to (1.46), the operator V represents the flat 3-dimensional derivative
in (7,60, ¢) coordinates and in Eq. (1.47) we defined, for computational convenience,

i = cos @ (see Appendix A).

The fluid These equations for the metric field need to be supplemented with a
hydrostatic equilibrium equation that determines the profile of the ¢ and P fields.
The dynamical evolution of the fluid is governed by the vanishing of the divergence

of the stress-energy tensor
VT =0. (1.48)

Projecting this equation orthogonally to the 4-velocity u®, we obtain

0= poﬁyvﬁT’B7 =p%, Vs [Ppﬁ7 + euﬁzﬂ] , (1.49)
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where p*? = ¢# 4 u®uP is the projector operator. Expanding this expression, we

obtain the relativistic Euler equation

aff V5P

. 1.50
e+ P ( )

u? Veu® = —p
Since all quantities depend only on the variables  and 6, we get that p,*VgP = V,P.
Moreover, the directional derivative on the left hand side can be expressed in terms of
the scalar quantities u’ = u*V,t and ug = u,¢®. The Euler equation for a stationary,

axisymmetric star then becomes

VP
e+ P

=V,Inu" — utu¢VaQ. (1.51)

We now reformulate this equation in a way that is convenient for numerical
treatment. We start by defining the specific enthalpy as
e+ P

h , 1.52
; (1.52)

where ¢ and P are functions of the rest-mass density p and the specific entropy s.

For barotropic equations of state, we introduce

P -
P
H(P)= / %, (1.53)
0 E(P) + P
such that op
H= . 1.54
v e+ P (1.54)

In the more general non-barotropic case, one has instead VH = VInh — %Vs. The
operator V here denotes the 2-dimensional gradient in the (r,6) subspace. Using

this definition, Eq. (1.51) can be written as
V(H -Inu') = —j(Q) VQ, 7(Q) = uluy. (1.55)

For homoentropic stars (s = const.), one has H = In h, and the Euler equation takes
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the form

v(m) = v, 1.56
(1) = s (1.56)

ut

which admits the global first integral

H—Inu" + /Q 7(©)dQ = const . (1.57)
Qpole
The lower bound of the integral is chosen at the point where both H and the 3-
velocity v vanish. Equation (1.57) is the formulation that is implemented in the
RNS code to compute the specific enthalpy h, which is related through the equation
of state to both the energy density and the pressure fields.

The rotation law The last ingredient needed to close the system of Eqs. (1.44)
to (1.46) and (1.57) is an explicit form of the rotation law j(2) := u’u,. This quantity
encodes the angular velocity distribution inside the star, and thus defines the class
of rotating equilibria being modelled.

Uniform angular velocity minimizes the total mass-energy of a configuration [48,
49], so for most of their lifetimes neutron stars are expected to rotate uniformly. On
the other hand, immediately after birth, neutron stars are expected to be differen-
tially rotating. Comparisons with numerical relativity simulations [50] show that the

angular profile is well approximated in this scenario by the law
J(Q) = A%(Q. - Q) (1.58)

introduced by [40] and called j-constant law. Here A is a positive constant that sets
the length scale over which the angular velocity varies within the star, and €. is
the angular velocity on the rotation axis. In particular, A — oo recovers uniform
rotation, while decreasing A enhances the degree of differential rotation.

Another interesting scenario in which the neutron star is expected to be differen-
tially rotating is the remnant formed after a binary neutron star merger. However,

Eq. (1.58) does not adequately capture the resulting rotation profile [51, 52], and
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a more complex form of j(2) is required. A particularly rich family was proposed
in [53], characterized by an almost uniformly rotating inner core, a sharp peak, and a
Keplerian fall-off (Q ~ r=3/2). Two members of this family are of particular interest

and have been extensively used:

) -0, ) (159
1+ ()

Q(3j) = Q. {1 + (ngcﬂ (1 + Ajbc) . (1.60)

For computational convenience (see Appendix A), these relations have been formu-

and

lated in the inverse form Q = €(j); accordingly, the integral in Eq. (1.57) must be

/Q J(Q)AY = / j’g—jldj’. (1.61)
0

pole

rewritten as

Equation (1.59) depends on four parameters (A, B, p, q), while the second, Eq. (1.60),
involves only three (A, B, p). Different choices of these parameters correspond to dis-
tinct physical scenarios [54]; in particular, the maximum of the energy density can
shift away from the stellar centre, leading to either spheroidal or toroidal configura-
tions, depending on the degree and nature of differential rotation.

Throughout Chapters 4 and 5, we will restrict our analysis to two cases: uniform
rotation, for which the integral in Eq. (1.61) vanishes, and the differential law of
Eq. (1.59) with the specific choice p = 1 and ¢ = 3, the only combination that
admits an analytical solution of the integral and ensures a Keplerian fall-off of the

angular velocity profile.



Chapter 2 ‘

Dark matter and its role in compact ob-
jects

Dark matter is a generic term encompassing a wide range of standard and new physics
aimed at resolving some of the major discrepancies found in astrophysical observa-
tions. Its story begins with the observations of Kelvin, Poincaré, Opik, Kapteyn
and Oort (see [55] for a historical introduction), who used the dynamics of stars in
the Milky Way to estimate the total mass of matter in the Galaxy: they found that
in the local vicinity of the Solar System stars dominate the matter content [56, 57].
Meanwhile, Zwicky estimated that within the Abell 1656 galaxy cluster (commonly
known as the Coma Cluster), the velocity dispersion of galaxies, computed using the
virial theorem, differs by an order of magnitude from the experimentally measured
value [58, 59].

A significant clue about the presence of dark matter came from the observations
of Vera Rubin and others [60-64]. They showed that beyond the radius in which
baryonic matter is concentrated, the velocity of stars remains largely independent
of the radial position, in contrast with the expected Newtonian profile v ~ r~/2.
To explain this behaviour, they proposed that the galactic mass is dominated by
a spherical halo of matter, not detectable with electromagnetic observations, which
extends far beyond the visible bounds of the galaxy. This behaviour is visible, for
example, in Fig. 2.1.

Another evidence of the existence of dark matter comes from gravitational lensing.
Since gravity can distort the trajectory of light, a distant luminous object might be
observed from Earth as distorted in ways predicted by general relativity.

Clowe [65] used this effect to study the mass distribution of the 1E 0657-56 cluster
(commonly known as the Bullet Cluster). Gravitational lensing observations reveal

that the total mass distribution does not coincide with the distribution of baryonic

28
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Figure 2.1: Galactic rotation curves as function of the radial distance from the
nucleus for four different galaxies. Figure adapted from [64].

matter. In particular, the baryonic matter is concentrated closer to the centre of the
system, while the dominant mass component, attributed to dark matter, remains
more spread out. This is consistent with the fact that baryonic matter interacts
during the merger, whereas dark matter, being collisionless or very weakly interacting,
passes through. The predicted distribution is shown in Fig. 2.2. This is a strong
evidence of the non-baryonic nature of dark matter and it has been confirmed by
observations of other galaxy cluster mergers [66].

Lastly, evidence for the existence of dark matter also comes from cosmology,
in particular from the cosmic microwave background (CMB). The CMB is a relic
photon gas permeating the universe, which decoupled from baryonic matter about
3.8 x 10° yr after the Big Bang. It provides a snapshot of the photon-baryon fluid
at the time of recombination, when photons and baryons shared a common density
pattern.

In the framework of general relativity, spatial fluctuations in the matter density
are expected to grow linearly with the scale factor, or equivalently as 1/(1+z), where

z is the redshift parameter. Since recombination occurred at z =~ 1100, one would
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Figure 2.2: Image of the 1E 0657-56 cluster. The colorscale represent the measured
X-ray emission by the hot gas. The green contours represent the estimated matter
distribution from gravitational lensing. Image adapted from [65].

expect density fluctuations in the CMB of order 1072 [67]. Observations, however,
show much smaller fluctuations, of order 1075, which would be insufficient to allow
the formation of the structures (galaxies and clusters) we observe today.

This discrepancy can be resolved by introducing a component of nonrelativistic
cold dark matter (CDM), interacting only weakly with baryons. CDM would have
begun to collapse gravitationally well before recombination, while baryons remained
tightly coupled to radiation. After decoupling, baryons fell into the already-formed
dark matter potential wells, allowing galaxy formation to proceed efficiently [68, 69].

All the evidence reported above (and more [70]) consistently points to the same
conclusion: around 84% of the matter content of the Universe is composed of dark

matter.

Dark matter candidates The identification of the nature of this component is
another matter entirely. From very general considerations, it is possible to determine
absolute bounds on the dark matter candidate mass, M € (107*, 10*°) Mp,, where

Mp; &~ 2 x 1078 kg is the Planck mass, spanning 94 orders of magnitude.
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The lower limit is set by quantum mechanics, which requires the particle’s de
Broglie wavelength to be smaller than the radius of dwarf galaxies [71], R ~ 1kpc,
assuming a virialized velocity of the dark matter particle vpy ~ 300kms™t [72].
The upper bound, instead, exceeds the Planck mass limit, i.e. the maximum mass a
fundamental particle can have before collapsing into a black hole, when considering
compound objects. In particular, one must impose that the mass of such a compound
object is smaller than that of a dwarf galaxy, while ensuring there are a sufficient
number of them to approximate a smooth halo reproducing the observed galactic
dynamics.

Among the plethora of dark matter models [70], some have emerged as more
favourable candidates, although none perfectly addresses all the complexities asso-
ciated with astrophysical measurements. Observational evidence suggests that dark
matter particles should be electrically neutral, while their self-interactions must re-
main sufficiently weak to satisfy constraints from structure formation and from galaxy
cluster observations, which currently impose limits of order o/m < 1cm?/g. This
upper limit is, however, large enough to encompass all interactions that are weaker
than the baryonic strong force.

The first class of models worth exploring describes Weakly Interacting Massive
Particles (WIMPs). Initially, the adjective weakly referred specifically to interac-
tions mediated by the SU(2), gauge group, but today it is understood in a broader
sense, encompassing particles that interact with at most weak-scale strength. WIMPs
are particularly attractive because of the so-called “WIMP miracle”: particles with
electroweak-scale masses and cross-sections naturally freeze out of thermal equilib-
rium in the early Universe with a relic abundance that is remarkably close to the
observed dark matter density. Despite decades of dedicated searches in direct de-
tection experiments, collider facilities, and indirect probes, no conclusive signal has
been found, which has motivated the exploration of non-WIMP scenarios.

Non-WIMP candidates encompass a variety of possibilities with distinct produc-
tion mechanisms and phenomenology. Axions and axion-like particles, originally
introduced to solve the strong CP problem in quantum chromodynamics, are very

light bosons produced non-thermally in the early Universe, behaving as cold dark
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matter on cosmological scales. Sterile neutrinos, neutral fermions interacting only
via mixing with active neutrinos, can be produced through oscillation mechanisms
and typically constitute warm dark matter, with potential astrophysical signatures
in galaxy formation and X-ray observations.

Other constructions invoke hidden or dark sectors with their own force carriers,
such as dark photons, where dark matter particles are produced through very feeble
interactions with the Standard Model, for instance via freeze-in processes.

Finally, distinct from these particle physics scenarios is the domain of macroscopic
dark matter candidates. The most prominent hypothesis is that of Primordial Black
Holes (PBHs) [73, 74], formed from the collapse of large density fluctuations in the
early Universe. Other macroscopic possibilities include exotic solitonic states like Q-
balls [75] or nuggets of strange quark matter (strangelets/nuclearites) [76, 77]. While
this thesis focuses on fluid-like dark matter capable of forming stable admixtures with
baryonic matter, these macroscopic candidates are nonetheless relevant in the context
of compact objects. The capture of a PBH or a strangelet by a neutron star would
typically lead to the rapid consumption or conversion of the host [78, 79], providing
constraints on their abundance that are complementary to the accumulation scenarios

studied in the following chapters.

2.1 Self interacting dark matter

Despite decades of extensive searches, all evidence for collisionless cold dark matter
comes from its gravitational influence on cosmological and galactic scales. Since
the 1990s, numerical simulations of a universe composed solely of dark matter have
revealed four key discrepancies with observations.

The most famous is the core-cusp problem. Simulations predict that the dark
matter density profile should rise steeply toward the centre, resulting in a cusp
ppoum o 1 [80, 81]. Observations, however, often favour constant-density cores, with
ppum o< 70 [82, 83]. This tension is most evident in dwarf and low-surface-brightness
galaxies [84-93], where the dark matter dominates the mass budget and thus provides

a clean test of cold dark matter predictions.
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Two related issues are the missing satellites and the too-big-to-fail problems.
The missing satellites problem arises because galactic halos form hierarchically from
smaller halos that should survive as substructure [94]. Simulations therefore predict
hundreds to thousands of dwarf galaxies around Milky Way sized halos, whereas only
about ten were known when the issue was first raised [95, 96]. The too-big-to-fail
problem refers instead to the existence of simulated subhalos that are so massive
and dense that they should inevitably have formed visible dwarf galaxies, yet no
luminous counterparts are observed.

Lastly, another discrepancy was identified in the predicted self-similarity of the
cosmological structures. Halos of galaxies in the same mass range should look alike
in their inner dynamics [81, 97]; observations suggest instead a great variety. Some
galaxies rise steeply (as predicted), others rise very slowly (suggesting a cored profile),
even though they have comparable global properties [98].

A possibility is that baryonic processes themselves may resolve these small-scale
challenges without invoking new dark matter physics [99]. For instance, repeated
episodes of supernova feedback can expel gas from the central regions of galaxies,
leading to rapid fluctuations in the gravitational potential that heat and redistribute
dark matter, flattening cusps into cores. Similarly, stellar winds and dynamical fric-
tion from baryonic clumps have been proposed as mechanisms capable of reshaping
dark matter profiles. However, these baryonic solutions are not without limitations.
Simulations show that core formation by feedback is most effective in galaxies with
sufficient star formation activity, but it is less clear whether ultra-faint dwarfs can
undergo the required level of feedback.

Figure 2.3, adapted from [102], shows the impact of baryonic physics on the
inner dark matter densities, plotting the relation between the exponent of the ppnm
radial scaling, a, and the ratio of stellar to halo mass, M, /M, for a series of
galaxies. Three different sets of simulations are compared: [100] in green, [101] in
blue and [102] in red. The black filled circles represent the simulated FIRE-2 [103,
104] galaxies of [102] and the black open circles are the results for the dark matter
only simulations. Both ultra-faint and classical dwarf galaxies retain cuspy slopes

(av ~ —1.5), consistent with collisionless cold dark matter predictions. Core formation
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Figure 2.3: Numerical simulations of the impact of baryonic feedback on the inner
slope of the dark matter density profile. Shaded area represent three different anal-
ysis [100-102], black dots the results of the numerical simulations and black open
dots results from dark matter only simulations. Image adapted from [102].

(a ~ —0.25) emerges around M, /My, ~ 5 x 1073, but the trend reverses again
toward Milky Way-sized systems.

Baryonic mechanisms alone seem to struggle to simultancously resolve all the
small-scale problems across different mass scales without fine-tuning the efficiency of
feedback processes. While it is possible to alleviate these discrepancies building ad-
hoc stellar initial mass functions, e.g. [105], a possibility is that the cold dark matter
paradigm itself may break down on galactic scales. Among the many extensions
proposed to address these issues, a particularly relevant candidate is self-interacting
dark matter. For comprehensive reviews, see e.g. [99, 106].

This model proposes that dark matter particle scatter with each other through
2 — 2 interactions, leading to drastically different predictions for the halo structure.
Self-interaction would transport heat from the hotter exterior to the colder interior,

thermalizing the inner halo and driving the dark matter particle velocity to a constant
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value. This, in turn, would also lead to a reduction of the central density and thus
cure the cusp at the centre of the halo. Self-interaction could also affect subhalos,
reducing their mass function and solving the missing satellites problem.

To have an effect on the halo, the scattering self interaction per units mass should
be at least o/m ~ 1cm? g~ corresponding to at least one scattering per particle over
a 10 Gyr period. Self-interaction is therefore negligible during structure formation
in the early universe, retaining the success for the cold mark matter model at large

scale and only affecting small scale structures at late times.

Colpi Model As an example, chosen both for its simplicity and for its use in
Chapter 3, we consider the Colpi model [107]. Matter is described as a real scalar
field undergoing spontaneous symmetry breaking, forming a self-gravitating bosonic

superfluid condensate. We start from the Lagrangian density
£ = DadD"6 — mibyd® — A6, (2.1)

where the covariant derivative is D, = 0, — iitd40, the parameter p is identified with
the chemical potential, mpy; is the boson mass, and A the self-interaction strength.
In this work, we exclusively consider the case of repulsive self-interactions, corre-
sponding to A > 0. This choice is due to fundamental stability requirements. For
a scalar field theory described by a potential truncated at the quartic term, a nega-
tive coupling constant (attractive interaction) would render the potential unbounded
from below for large field values. To consistently model attractive interactions, the
Lagrangian would require higher-order stabilizing terms (e.g., oc |¢[6), which goes
beyond the scope of the minimal model considered here. Furthermore, from an as-
trophysical perspective, repulsive self-interactions are essential for generating the
pressure support needed to stabilize compact objects with masses comparable to
neutron stars. Attractive interactions, by contrast, generally reduce the maximum
stable mass and induce gravitational collapse at much lower mass thresholds.

Expanding the covariant derivative and using the identity d,00°° = —1, Eq. (2.1)
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Figure 2.4: Colpi equation of state for different values of the ratio x = mia/\,
defined such that both P = P/x and é = ¢/x are dimensionless.

can be rewritten as the sum of a kinetic term 0,¢0%¢p and an effective potential
V = (mpy — 1°)0” + A", (2.2)

Following the standard symmetry breaking procedure, we minimise the potential by
solving 0V/0|¢| = 0, obtaining

2 2

pr—m .

) TDMj if || > mpm,

P = (2.3)

0, if |,u| < MpmM,

where the second solution corresponds to the unbroken phase and will not be of
interest here.
We now turn to the stress-energy tensor, which in quantum field theory is defined

in terms of the Lagrangian as

oL
agoz,b’

T =2 — gL =200 p — ¢°° L. (2.4)
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Comparing this with the perfect fluid form in Eq. (1.1), we can extract the energy
density and pressure as
e = Toauu”,
1 . (2.5)
P = 3 (gaﬂ + uauﬂ) T 5
which, together with the condition d,¢ = 0 and Eqs. (2.3) and (2.4), yield the

equation of state:

1 2
P = 7B\ (M2 - mIQDM) , (2.6)
P
€:3P+2m%M\/X, (2.7)
I
n="102 = mhy) (28)

h = log (m’;M) . (2.9)

representing, respectively, the fluid pressure, energy density, number density and
specific enthalpy. Figure 2.4 shows three possible realizations of the equation of
state, plotting the dimensionless pressure pP= P/x as a function of the dimensionless
energy density é = £/x; the normalization constant x is defined as x = mgp,;/\, and
allows to write Egs. (2.6) to (2.9) as a function of only one parameter.

This simple, analytically tractable equation of state provides a convenient model
for the dark matter component in the next chapters. It is worth noting that, for the
parameter space explored in this work, the bosonic dark matter equation of state
remains consistently softer than the stiff hadronic models (such as DD2) at supranu-
clear densities. In this regime, the dark fluid generates significantly less pressure
for a given energy density compared to the baryonic component. Although the two
fluids interact only gravitationally, the presence of this softer, highly compressible
component deepens the stellar gravitational potential without providing commensu-
rate pressure support. This forces the baryonic fluid to compress further to maintain

hydrostatic equilibrium, ensuring that the qualitative results remain robust across
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the considered configurations.

Self-interaction cross section To make contact with the usual self-interaction
constraints, it is instructive to compute the 2 — 2 scattering cross section directly
from Eq. (2.1). Although this regime does not describe the condensed fluid relevant
for our stellar models, the experimental bounds on self-interaction, o/m < 1em? g™,
is derived in galaxy clusters from the scattering of dilute, nonrelativistic particles.
It is important to emphasize that this calculation relies on a perturbative expansion
around the vacuum state, valid only in the dilute limit where the mean inter-particle
distance is large compared to the scattering length. This is the relevant regime for
comparing the model parameters against astrophysical constraints derived from galac-
tic halos and galaxy clusters (e.g., the Bullet Cluster), where dark matter densities
are low.

However, the physical conditions inside the compact stars considered in the fol-
lowing chapters are drastically different. There, the dark matter density is high and
the field acquires a large vacuum expectation value, forming a Bose-Einstein conden-
sate. In this high-density regime, the perturbative cross-section derived below is no
longer a valid description of the particle dynamics. Instead, the system is governed
by many-body effects and collective excitations. Fortunately, the computation of
the stellar structure in hydrostatic equilibrium relies solely on the thermodynamic
properties of the fluid, i.e., the equation of state derived in Egs. (2.6) to (2.9). This
equation of state is obtained within the mean-field approximation, which correctly
captures the non-perturbative behaviour of the condensate and remains valid at the
high densities encountered in the stellar core.

At tree level, the only contributing diagram is the quartic contact interaction

shown in Fig. 2.5, with amplitude

M = —i 24, (2.10)
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Figure 2.5: Tree-level Feynman diagram for 2 — 2 scattering in the real scalar ¢*
theory. The interaction proceeds via the quartic contact vertex with coupling .

In the centre-of-mass frame, the differential cross section for two identical scalars is

do | M2

— = 2.11
dQ  128w2s’ ( )

where s is the Mandelstam variable, approximated in the nonrelativistic limit as

s ~ 4m3,;. Integration over the solid angle yields

o 9\?

mpwm 27Tm3DM ’

(2.12)

While in Chapter 3, where only the ratio x enters and no explicit benchmark
values were required, we adopted the equation of state in the notation shown above,
in Chapters 4 and 5 we follow the more conventional choice md,; — m%,;/2 and
A — A/4. This redefinition changes the vertex normalization and introduces an
additional factor of 16 in the denominator of the cross section. For the benchmark
values adopted there, (mpy, A) = (1 GeV, 247) and (250 MeV, 247), this corresponds
to o/mpy = 0.11cm? g7t and o /mpy = 7.12cm? g1, respectively. The first value is
within current bounds, while the second slightly exceeds them. This does not affect
our conclusions, however, because the stellar models in the following chapters depend
exclusively on the mean-field equation of state Eqgs. (2.6) to (2.9), appropriate for
a zero-temperature condensate. The bounds on ¢/m constrain vacuum scattering
in dilute halos and do not enter the stellar structure problem. Moreover, since the

equation of state depends only on the ratio mp,/), the parameters can always be
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rescaled as
(m, ) — (m', X = X(m'/m)*), (2.13)

which leaves the equation of state (and thus all stellar predictions) unchanged, while

rescaling the scattering cross section as

/ '\ 5
(Z) — (ﬂ) 2 (2.14)
m m/ m
Any benchmark point can therefore be mapped to an equivalent pair that satisfies a

desired halo constraint, ensuring the robustness of the stellar results.

2.2 Dark matter-admixed neutron stars

Given the model presented above, it follows that in the presence of a strong grav-
itational field, self-interacting dark matter could be captured and form stable self-
gravitating structures, provided a balancing force is present (e.g., degeneracy pressure
or repulsive interactions). In particular, we focus on accretion around a neutron star.

The first point to analyse is how dark matter can be accreted by a neutron star.
One of the primary mechanisms is gravitational capture: as the star orbits around
the galaxy, it encounters fluxes of dark matter particles. Interactions (either purely
gravitational or via direct scattering) with stellar matter can lead to energy loss,
eventually allowing dark matter particles to become bound to the star’s gravitational
field. For a dark matter particle, regardless of its microscopic nature, an estimate of

the capture rate is given by [108]
M = p v, wb* Py P,, (2.15)

where the overdot denotes a time derivative, p, the local dark matter density, v,
the velocity of the dark matter particle at infinity, 7b* the effective scattering cross-
section with impact parameter b, P, the probability that the particle y becomes
bound, and P, the probability of scattering.

Particularly important are p, and v,, which may vary significantly across cos-
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mic regions. For example, in the Solar neighbourhood one typically assumes p, ~
0.4GeVem™ and v, ~ 300kms~! [72], leading to a flux of approximately M ~

1. as estimated in [108]. Importantly,

3 x 10 GeV s™!, or equivalently around 53 g s~
Eq. (2.15) implicitly depends on the dark matter particle mass through the scat-
tering probability P,. There is also a lower bound on the particle mass set by the
neutron star’s core temperature: if the dark matter mass is too small, thermal energy
transfer can provide the particle with sufficient kinetic energy to escape the star’s
gravitational potential.

Beyond steady-state capture mechanisms, several astrophysical and cosmological
channels can lead to the formation of a neutron star with a substantial dark com-
ponent already at birth [109]. One possibility is dark matter production during the
supernova explosion itself [110, 111]. The extreme temperatures (7" ~ 10+ 100 MeV)
and densities reached in the proto-neutron star phase may enable efficient dark mat-
ter generation, with a fraction of the produced particles becoming gravitationally
trapped during the rapid collapse of the outer shells. Another channel involves the
accretion of primordial dark clumps, i.e. small-scale bound structures that may have
formed in the early Universe. A compact object passing through such a clump can
inherit an already concentrated dark matter component. Typical clump masses and
densities are highly model-dependent, but in general the effective local dark mat-
ter density can exceed the smooth-halo value by many orders of magnitude, greatly
enhancing accretion [111, 112]. Finally, star formation itself can proceed around a
preexisting dark core [111, 113]. If baryonic collapse occurs inside a potential well
dominated by dark matter, the proto-stellar cloud may settle around a central dark
matter concentration, so that the newborn neutron star is effectively born embedded
in a dense dark environment.

Moreover, local non-homogeneities in the dark-matter distribution, whether pro-
duced by hierarchical structure formation or the survival of compact primordial over-
densities, can further increase the dark matter fraction around individual compact
objects [113-119]. In extreme cases this can lead to the formation of purely dark
compact objects often termed “dark stars” [120, 121].

Taken together, these formation and environmental channels imply that the
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capture-only picture can drastically underestimate the possible dark content of some
neutron stars. Quantitatively, while smooth-halo capture in the Solar neighbourhood
might lead to accumulated masses of order 1071%+ 1071 My, over Gyr timescales (de-
pending on cross-sections and particle mass), formation-seeded scenarios or passages
through dark matter spikes can plausibly raise this by orders of magnitude, in ex-
treme cases approaching orders of a per cent of the star’s mass on astrophysical
timescales, with correspondingly large effects on structure and evolution.

The thermal evolution of dark matter-admixed neutron stars differs markedly
from that of ordinary neutron stars because of the changes that dark matter induces
in the stellar composition, density distribution, and heat transport. Even if the
dark component interacts with baryons only through gravity, its presence modifies
the conditions under which neutrino-emitting reactions operate. In particular, the
inward pull of a dense dark core tends to compress the baryonic fluid and increase the
central proton fraction. This can lower the threshold mass at which the direct Urca
process becomes kinematically allowed, producing a transition from slow to rapid
cooling at significantly smaller stellar masses [122]. In stars where the dark matter
fraction is small and distributed in a dilute halo, the opposite occurs: the nuclear
core is partially diluted, the central density decreases, and the direct Urca reactions
are suppressed, leading instead to slower cooling dominated by modified Urca and
nucleon bremsstrahlung processes.

At early times, when neutrino emission dominates the energy loss, the interplay
between density compression and proton pairing determines whether a dark matter-
admixed neutron stars cools along a “fast” or “standard” track. Numerical simula-
tions based on realistic nuclear equations of state and self-gravitating fermionic dark
matter show that even a few per cent of dark mass can shift the critical density for
the direct Urca onset by tens of per cent [123]. The resulting surface temperatures
after 10* - 10° yr may therefore differ by up to an order of magnitude compared to
pure neutron stars of the same total mass. In configurations where the dark matter
forms an extended halo, the thermal coupling between the baryonic crust and the
outer dark layers can also delay the internal relaxation phase, producing a prolonged

plateau in the observable luminosity curve [124].
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If the dark sector is self-interacting, the qualitative trends remain the same as
in the collisionless case but are quantitatively amplified. Repulsive self-interactions
stiffen the dark equation of state, partially counteracting the gravitational compres-
sion of the baryonic core. For a given dark-mass fraction, this results in larger
dark volumes and a weaker enhancement of the central proton fraction compared
with the collisionless case [123, 125]. In the limit of strong self-repulsion, the effect
even reverses: the star becomes less compact and cools more slowly, demonstrating
that SIDM essentially extremizes the same structural influence already produced by
collisionless dark matter.

At later epochs, when photon emission from the surface dominates, the smaller
radius and higher compactness typical of dark matter core stars further accelerate
the decline in luminosity, while in dark matter halo stars the opposite effect can yield
warmer late-time temperatures. Observationally, unusually cold young neutron stars
or, conversely, warm old remnants may both hint at substantial dark admixtures,

making thermal evolution studies a sensitive probe of dark matter in compact objects.

Equilibrium configurations Equilibrium configurations, due to the low scatter-
ing cross-section of dark matter with normal matter, can be described using the
multifluid formalism presented in Section 1.3 with N = 2.

The presence of a significant dark matter component alters the equilibrium prop-
erties of a neutron star. Depending on the particle mass and interaction strength,
dark matter can form two stable configurations: either as a dense core at the centre
of the star or as an extended halo surrounding it [128]. In general, and particularly
in the core case, the dark matter contributes as an additional source of gravitational
pull on the baryonic matter while providing negligible internal pressure. The net
effect is a reduction of the maximum mass sustainable by a stable configuration and,
for fixed gravitational mass, a reduction of the neutron star radius.

This behaviour is illustrated in the left panel of Fig. 2.6, which shows equilib-
rium sequences parametrized by the baryonic central energy density for four different
baryonic equations of state, with dark matter described by the bosonic model of Sec-

tion 2.1. The dark matter self-interaction strength is set to A = 247 this choice is
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Figure 2.6: Left: Mass-radius relations for different equations of state of the bary-
onic matter. Solid lines report the pure baryonic matter case, dashed lines include
a dark matter fraction of 5% and mass mpy = 1 GeV (core configurations) while
dash-dotted line the same fraction and a particle mass mpy = 0.2 GeV (halo config-
urations). The gray shaded areas represent the GR limit R > 2M, finite pressure
condition R > 9M /4 and causality condition R > 8M/3, respectively. The pink and
light red bands represent the 1o constraints on the mass of PSR J1810+41744 [22],
and PSR J0348+0432 [21]. The NICER measurement of PSR J0030-+0451 [18, 19] is
shown with the purple and yellow contours, the gold and orange contours represent
the PSR J0740+6620 measurement [24, 25], while light blue (95% CL) and light blue
dashed (68% CL) contours represent the PSR J0437-4715 measurement [26]. LIGO-
Virgo detections of GW170817 [2] and GW190425 [30] binary NS mergers are shown
in light green. Right: Tidal deformability-mass relations for the same equations of
state of the previous panel. The same line pattern applies. The boxes represents the
90% confidence upper bound from GW170817 [126] and the two bounded by dashed
lines correspond to the same bounds for the primary and secondary compact objects
of GW190425 [30, 127] (assuming low-spin priors).

arbitrary and made in order to obtain in the nonrotating core limit a maximum mass
close to 2M. The abscissa corresponds to the radius of the baryonic star, the only
directly observable quantity, while the ordinate reports the total gravitational mass
Mot = Mgy + Mpy. Different colours correspond to different baryonic equations
of state: DD2 [33], DD2npY-T [35], IST [36, 37], and SFHo [129-131]. Solid lines

represent the one-fluid case. Dashed lines show systems characterized by a total dark
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matter content equal to 5% of the total gravitational mass [109] and a dark matter
particle mass of 1 GeV, corresponding to the formation of a core. Lastly, dash-dotted
lines show systems with the same dark matter fraction but a dark matter particle
mass of 200 MeV, corresponding to the formation of an halo.

The presence of dark matter effectively softens the baryonic equation of state.
This effect is not unique to bosonic dark matter: for instance, a fermionic component
with interactions mediated by a dark scalar and /or vector field produces qualitatively
similar shifts in the mass-radius relation.

This behaviour can be explained looking at the local propagation of pressure per-
turbations within the two-fluid system. In configurations where the two components
interact only through gravity, the total pressure response to density variations can
be described by an effective speed of sound lying between those of the baryonic and
dark fluids, ¢ ¢ = 1 ¢ gy + (1= 1) €2 pyy [132], where 7 quantifies the relative contri-
bution of each component to the total compressibility. Because bosonic dark matter
is characterized by a particularly low sound speed, ciDM < 0.1, regions containing a
significant dark fraction exhibit a smaller ¢, . than the purely baryonic case. The
pressure support therefore reacts more weakly to compression, leading to an effec-
tive softening of the combined equation of state and to the systematic reduction in
maximum mass and radius observed in Fig. 2.6. The same argument holds for any
two-fluid mixture with negligible non-gravitational coupling and therefore represents
a general property of multifluid equilibrium rather than a model-specific feature of
bosonic dark matter.

The right panel of Fig. 2.6 shows, for the same configurations, the dimensionless
tidal deformability A computed from Eq. (1.19) as a function of the total mass. In
these calculations, the radius R is taken to be the outermost radius between the two
fluids. For a fixed gravitational mass, the presence of a dark matter core lowers the
tidal deformability. This follows directly from the scaling A o (%) . the reduction
in radius dominates over the reduction in mass, so that the compactness increases
and A decreases accordingly. This behaviour again mimics a softening of the equation
of state. In contrast, the formation of a dark matter halo increases the outermost

radius, and thus enhances A.
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However, without additional observational evidence, the mass-radius-A curves
alone are not sufficient to unambiguously identify dark matter admixed neutron stars.
Within plausible choices of dark matter parameters, such systems remain degenerate
with purely hadronic equations of state. In many cases, the dark matter fraction is
too small to yield appreciable effects, or current observational uncertainties are large
enough to accommodate both scenarios, as illustrated in both panels of Fig. 2.6.
The apparent softening of the equation of state could equally well originate from
nuclear physics effects, such as a phase transition to quark matter or the emergence

of hyperonic degrees of freedom.
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Superfluid dark stars
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Boson stars [133-135] are hypothetical objects entirely made of bosons, see [136—
138] for reviews. The idea originated from the work of Wheeler on geons [139], appro-
priately adapted to Einstein-Klein-Gordon solitons. Indeed, in the literature boson
stars are mainly identified with localized solitonlike configurations stabilized by grav-
ity [133, 134, 140-143]. They can be viewed as macroscopic quantum systems subject
to their own gravitational attraction where the collapse is typically prevented by the
Heisenberg uncertainty principle. In solitonlike stars, interactions significantly deter-
mine the stellar configuration but do not play an essential role in their gravitational
stability.

In this chapter we discuss the equilibrium configuration of a fluid of self-interacting
dark matter bosons subject to their own gravitational attraction. Besides the gravi-
tational pull, bosons statistically attract each other, hence a short-range repulsion is
needed to prevent the collapse. Such approach parallels the observation that stable
stars made of charged pions [144-147] may be realized if the pion electric charge is
balanced [148]. In that case, the configuration is not a soliton, but can be viewed as
a standard gas of self-gravitating matter.

The focus is on a simple system of dark bosons, completely decoupled from the
Standard Model. We assume that the system features a global number symmetry that
is spontaneously broken, so that a superfluid is formed. The interparticle repulsion is
modelled by a two-body self-interaction [149, 150], allowing to determine analytically
the equation of state (EoS). In the low-temperature limit, hydrostatically stable
configurations, hereafter superfluid dark stars, have masses and radii linearly scaling
with the ratio between the square root of the self-coupling and the square of the
boson mass.

Since superfluid dark stars have arbitrarily low masses, they are compatible with
the possible observation of low-mass compact objects. For instance, the component
masses in the SSM200308 merger event [151] are estimated to be M; = 0.627030 M,
and My = 0.277012 My, with M, the solar mass. Such low masses challenge the
standard paradigm of hadronic compact stars [152-157] originating from supernova
explosion [152, 158-160].

This chapter addresses the tidal deformability and studies numerically the evo-
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lution of equal-mass binary systems, considering canonical 1.4M,, as well as lighter
0.6 M), masses. The results include the corresponding gravitational waveforms and
amplitude spectral densities, as well as an estimate of the ejected matter.

The astrophysical formation of superfluid dark star binaries represents an interest-
ing scenario in the context of self-interacting dark matter. While these objects have
not yet been observationally confirmed, their formation could be rooted in primor-
dial density perturbations that decouple from the expansion of the early universe,
eventually undergoing gravitational collapse into compact clumps. Alternatively,
in the late-time universe, dark sector interactions might provide dissipative mecha-
nisms allowing dark matter halos to fragment into stellar-mass structures. Within
high-density environments, such as galactic centres or dense sub-halos, dynamical
capture could facilitate the assembly of the binary systems studied in this work. In-
vestigating the merger of such systems thus provides a proactive strategy to identify
unique gravitational signatures that could distinguish exotic dark matter structures
from standard baryonic compact stars.

We use natural units h =c= Gy = 1.

3.1 Hydrostatic equilibrium

To describe bosonic matter, use is made of the model described in Section 2.1. Know-
ing the EoS, one can determine the hydrostatic equilibrium configuration for non-
rotating mass distributions by solving the spherical Tolman-Oppenheimer-Volkoff
(TOV) equations [6, 7]. To this end, the following rescaling is useful

4 4
myg . myg 4
— B P=—-2:p 3.1
€ )\e, S (3.1)
A A~
r= —\/2_7« — —\/;M, (3.2)
my my

where 7 is the radial distance from the origin and M = M (r) is the gravitational

mass within r. Both ¢ and P are dimensionless in natural units. Upon substituting
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the above expressions in Eq. (2.7), we have the dimensionless EoS

e=3P+2VP, (3.3)
while the TOV equations are
dM dpP o M+ dmid P
= Anr2e =(é+P)——— 3.4
dr e dr (€+P) INF — 72 (34)

which can be solved for a given central energy density, ¢3. Differently from solitonic-
like stars [136—138], superfluid dark stars have a well-defined radius, R, determined
by the vanishing pressure condition [152]. The gravitational mass is M (R).

In Fig. 3.1 are shown the mass-radius diagrams of the superfluid dark stars for

VA

27
my

different values of

Tr =

(3.5)

which is the parameter determining the scaling of masses and radii in Egs. (3.2).
These results are compared with those obtained using few hadronic EoSs. For given
x, lowering the central density, the mass decreases while the radius increases. In the
low density limit, the EoS (2.7) is approximated by the polytrope P = %262 so that
the radius is given by R = z,/%, which is confirmed in Fig. 3.1 for vanishing M. Tt
is also found that at low densities M scales linearly with the central density.

The maximal mass of superfluid dark stars scales linearly with z, reaching the
neutron star observational limit of about 2.1M, for x ~ 20 GeV~2. Compared to
hadronic EoSs, the corresponding stellar radius is here about a factor 2 larger. Since
both R and M scale linearly with x, extremely massive superfluid dark stars have
radii much larger than standard NSs. On the other extreme, if x is very small, light
clumps of superfluid dark matter with very small radii may be realized. This would
happen for small values of A and/or for heavy dark bosons, namely large mg.

The thin straight lines in Fig. 3.1, indicate two different values of the stellar com-
pactness, C = M/R. Given the scaling in Eq. (3.2), the compactness is independent

of z, therefore these lines join configurations with the same dimensionless central
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Figure 3.1: Masses and radii of superfluid dark stars for different 2 = v/A/m3
(dashed) compared with various hadronic EoSs (solid) [33, 161-164]. The top gray
(blue) band corresponds to the observational limits on pulsar masses in [22]([21]).
The bottom pink and yellow bands show the component masses in the SSM200308
event [151]. The dots correspond to the configurations used in the merger simulations.
The two thin straight lines indicate the maximum compactness (upper line) and the
one used in the merger simulations (lower line).

energy density but different x. Since M Mz and € o €72, stars having the same
compactness but larger masses (and radii) have smaller central densities. The max-
imum compactness is Cpax =~ 0.16, which is smaller than the values obtained with
hadronic matter—the dark boson EoS is relatively soft. Thanks to this upper limit,
future evidence of higher compactness may rule out superfluid dark stars obtained
with Eq. (2.1). Higher compactness can be obtained with different contact interac-
tions [169]. Such a measurement should result from gravitational observations since

dark bosons are not expected to emit light. Hence, bounds from NICER [19] as well
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Figure 3.2: Dimensionless tidal deformability A, see Eq. (3.6), as a function of
the stellar gravitational mass M. For any z in Eq. (3.5), the curves are obtained
changing the dimensionless central energy density. The lowest value A, ~ 290 is
reached for the maximal mass, while A diverges for low masses. The dots correspond
to the configurations used in the merger simulations. The shaded area delimits the
30 upper bound at fixed signal to noise ratio SNR= 12 in the O4 observational run in
LVK [165-167]. The black line corresponds to the 1o tidal deformability at 100 Mpc
for the A — 10 km HFLF-Cryo configuration of ET [168].

as from GW170817 [1], which was followed by a kilonova [170], cannot constrain the
present model.

Another possibility is to assess the existence of superfluid dark stars by tidal
deformation measurements. The tidal Love number k5 is calculated as in [28, 29, 171,
172]: it ranges from about 0.045 to 0.25 for decreasing compactness. In Fig. 3.2, the

plot shows the mass dependence of the dimensionless tidal deformability parameter

2

A==
3C?

ka (3.6)

together with the expected reach of the O4 run at Ligo-Virgo-Kagra (LVK) [165, 166]
and the estimated sensitivity of the Einstein Telescope (ET) [168]. It is observed

that for each value of x there is a range of masses for which a measurement should
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be possible. In particular, ET should be able to probe the entire range of tidal
deformabilities of superfluid dark stars. For vanishing masses, all A curves in Fig. 3.2
diverge. Toward maximal M, the lowest value A,,;, ~ 290 is obtained, regardless of x,
consistent with the fact that the external part of the star can be described by a I" ~ 2
polytrope [29]. The two dots correspond to the stars used in the merger simulations.
Since these two configurations have similar dimensionless central densities ¢y ~ 1074,
they also have similar tidal deformabilities ~ 10%. It should be remarked that as
Einstein’s equations for a superfluid dark star can be written in dimensionless units
with the appropriate rescaling of Eqgs. (3.1) and (3.2), it is expected that the value
of any dimensionless observable, e.g. the tidal deformability, at fixed central density,

€o, should be independent of x.

3.2 Binary Mergers

Considering dark bosons decoupled from Standard Model particles, the only way to
probe superfluid dark stars is by their gravitational effects [173], see however the
discussion in [174] for possible light emission mechanisms.

In the context of solitonlike models, merging of boson stars was considered in [175—
177]. In this section, the merging is studied for two equal-mass inspiraling superfluid
dark stars, with compactness C ~ 0.06, corresponding to the two dots in Figs. 3.1
and 3.2. The first simulation is done with stars having constituent mass' M, ~
1.4 M and radius R ~ 32.5km at an initial distance of 90 km, while the second has
stars with M, ~ 0.6 M, and R ~ 13.1km at an initial distance of 50 km.

The dynamical evolution of the binary systems is performed using the open-
source EINSTEIN TOOLKIT [178], which is built upon the component-based CACTUS
framework [179, 180]. The computational domain is discretized using the adaptive
mesh refinement (AMR) driver CARPET [181].

We evolve Einstein’s field equations in the BSSN formulation [182, 183] using
the McLachlan module [184]. The gauge conditions are handled via a 1 + log slicing

IThis is the stellar mass computed integrating the energy density over the proper volume.
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condition for the lapse function and a Gamma-driver condition for the shift vector.
The general relativistic hydrodynamics equations are solved in the Valencia formula-
tion [185, 186] via the GRHydro module [187, 188]. To handle the matter fields, we uti-
lize a high-resolution shock-capturing finite-volume scheme that employs the HLLE
Riemann solver [189, 190] combined with the WENO reconstruction method [191,
192]. An artificial atmosphere with a density floor of pagme ~ 10720 2 is imposed
to handle vacuum regions. Time integration is carried out using the Method of
Lines with a fourth-order conservative Runge-Kutta scheme (RK4) and a Courant-
Friedrichs-Lewy (CFL) factor of 0.4.

The computational grid consists of 6 levels of fixed mesh refinement. The outer
boundary is located at 720 M, (= 1060 km) and w-symmetry is applied across the or-
bital plane. The finest refinement level has a spatial resolution of Ax = 0.375 M, ~
553 m. This resolution is selected to balance computational feasibility with the phys-
ical requirements of the specific systems analysed. For the 1.4 M models, the stars
possess extended radii that are well-resolved at this spacing. For the more compact
0.6 M models (R ~ 15km), this resolution covers the stellar radius with approxi-
mately 30 grid points. While this is at the lower limit of typical resolution standards
for realistic neutron stars, it is sufficient in this context due to the simplified nature
of the equation of state. These stars exhibit smooth internal density profiles without
the complex, small-scale structural features found in realistic baryonic EOS mod-
els, allowing the macroscopic dynamics to be accurately captured. To further verify
numerical robustness, we performed a comparison with coarser resolution setups,
finding consistent dynamical behaviour.

Figure 3.3 shows a summary of the two simulations. None of the systems col-
lapses to a black hole in the simulated time, as expected from the low value of the
compactness. The top panels contain snapshots of the density distribution at differ-
ent times; the bottom one shows the extracted hgs component of the gravitational
wave (GW) in magenta and blue for the higher and lower mass respectively— see [193]
for detailed extraction procedure. x

For M, = 1.4 M, the magenta line in Fig. 3.3(c) shows the typical chirp, followed

by the merger and the formation of a bar-deformed remnant. Its imprint on the GW
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Figure 3.3: Results of the merger simulations. (a-b) Three snapshots of the matter
density distribution p = p G*MZc°, taken during inspiral, merger and postmerger
for M, = 1.4 M, (a), and M, = 0.6 M, (b). (c¢) The extracted GW signals in magenta
and blue corresponding to (a) and (b), respectively. The merger time ¢perger is defined
as the time at which the gravitational wave strain reaches its maximum amplitude.
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can be seen in the spectral density Fig. 3.4(left), where two dominant frequencies
appear: one at f ~ 475Hz and the other at f ~ 670Hz. They turn on in the
postmerger phase, as shown by the spectrum of the waveform computed after ¢yerger-
It is confirmed that the peaks originate from the m = 1 and m = 2 matter oscillation
modes, see e.g. [194].

For M, = 0.6 My, a more peculiar behaviour emerges, see the blue line in
Fig. 3.3(c). Somewhat evident are the oscillations due to the residual eccentric-
ity in the initial data. They are expected to be pronounced for soft EoS models
and small stellar masses. In order to test the reliability of the method, the residual
eccentricity was estimated in the Newtonian approximation (following the distance
of one star from the origin, see for instance [195, 196]). The result is about 5 x 1072,
compatible with residuals from initial data. The right panel in Fig. 3.4 shows the
corresponding spectrum. It is qualitatively similar to the left one; the two peaks are
only shifted to higher frequencies, f ~ 1.1kHz and f ~ 1.54kHz, and appear less
intense due to the shorter GW signal. The results show that in both simulations
the peak frequencies are well within the observational window of LVK [197], and for
high mass objects are at lower frequencies with respect to NS mergers [198-200].

The obtained results confirm that for fixed compactness observables scale with x.
The ratio of the initial masses (or equivalently, initial radii) is equal to the ratio of
the used values of x (in this case, 2.45). The spectral pattern is peaked at frequencies
that increase with decreasing x: the peaks in the two plots of Fig. 3.4 have a ratio
~ 2.3. A similar value comes from the minimization of the L, norm between the two

strains of Fig. 3.3(c), that is given by

argmin ||hy 4 — dhogll2 ~ 2.3, (3.7)
d

where d is a scaling factor. A relative error of about 6% may be in part due to
differences in the initial data (the exact values of the two compactness differ by
~ 4%) and in part to numerical errors accumulated during the simulations, the
extraction procedure and the Fourier transform.

The formation of a disk of ejected matter surrounding the remnant is visible in
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Figure 3.4: Amplitude spectral densities 2]l~zx|\/7 (see e.g. [201]) at 20Mpc for bi-
nary merging of equal mass stars, for M = 1.4(0.6) M, respectively in the left (right)
panel and magenta (blue) lines. Dashed lines represent the spectrum computed con-
sidering the entire gravitational wave signal, while solid lines are obtained from the
postmerger phase only. The dotted black lines show the spectrum for DD2 EoS [198].
The solid black lines are the sensitivity curve of Advanced LIGO [166].

both Fig. 3.3(a)-(b). Its constituent mass can be computed as the three-dimensional
integral of the conserved rest-mass density D = ,/gpy [202] from the minimum value
to some upper limit D,. Here g is the determinant of the 3-metric g;;, v the Lorentz
factor and p the density in geometrized units. However, there is no unambiguous
way to choose the threshold to separate the remnant from the disk.

To this end, the analysis considers the density profile of the fluid on the XY plane
at a time in which the mass density reaches a steady state and the m = 2 deformation
is subdominant with respect to the overall axial symmetry. Fig. 3.5(left) shows, for

both simulations, its average over the entire azimuthal angle
D) = o [ Do (3.9
r)=— :
21 ) . ’

in magenta for M, = 1.4 M, and in blue for M, = 0.6 M. Looking at this plot
together with the third panel of Fig. 3.3(a) and (b), it is possible to distinguish the
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Figure 3.5: Left: azimuthal average of p as function of the radial distance r. The
dashed line represents the radius at which its logarithmic derivative is —4.53 for
My, = 1.4 Mg, in magenta and M, = 0.6 My in blue. Right: total constituent mass
computed integrating densities up to D y.

main features of the remnant: in the centre there is a region of lower density around
which two clumps of matter rotate, slowly dissipating energy (in our simulations only
via GW emission). The density threshold is set looking for the distance at which the

logarithmic derivative of the density is

dlog(D*)

Tlog —4.53, (3.9)

where the numerical value guarantees that disk masses in the two simulations satisfy

the x—scaling. In Fig. 3.5(right) the plot shows how the computed disk mass varies
when the upper limit in the density integration is changed, and where our estimates
lie. The values found are marked as dashed vertical lines. As can be seen from the
right panel of Fig. 3.5, they approximately capture the change in slope of the mass
profiles. The corresponding disk masses are Mg =~ 0.36 My and Mg ~ 0.16 M,
respectively. They are about 13% of the initial total mass.
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3.3 Conclusions and outlook

In this chapter, a star model was presented composed of self-gravitating superfluid
dark matter, showing that its stellar structure depends on just two parameters: the
central density and the x parameter given by the ratio of the square root of the
coupling to the square boson mass. The observational ~ 2.1M, constraint on the
compact star mass is compatible with these findings only if their radius is larger than
~ 20 km. Large and massive superfluid dark stars may be realized for large value
of the x parameter, see Eq. (3.5). Given that superfluid dark stars are not expected
to emit light and neutrinos as standard NSs, the only viable way to assess their
existence and constraint their masses, radii and tidal deformations is by gravitational
observations. In this respect, this study reported a study of superfluid dark-stars
merger, showing that for relatively low masses the final object is gravitationally
stable. The GW signal is quite different from that of hadronic star mergers and
possibly detectable by LVK.

This analysis can be extended and improved in various different ways. One
could simulate merging events of two very massive superfluid dark stars, having
masses of 20M,, or even larger, and then compare the GW signal with that of a
black hole merger. For such large masses, the uncertainty in the determination of
the tidal deformability in ET [168] should be low enough to allow to distinguish
superfluid dark stars from black holes. Hybrid compact stars in which standard
hadronic matter coexists with superfluid dark matter may be realized, as well. Such
hybrid models have been already discussed in several cases [108-111, 124, 132, 203~
210], in particular dark matter in the Bose-Einstein condensed BEC phase has been
considered in [109, 132, 205, 209], showing a softening of the EoS as a consequence
of the dark matter presence.

The results of the merging simulation show that observables scale with x. How-
ever, it is worth remarking that these results were obtained for fixed mg. Varying
the value of the boson mass while keeping x constant should produce a number of
effects. The particle velocities are expected to change resulting in the condensate

depletion. Rotating superfluids host quantized vortices with core size of the order
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¢ ~ (v2mgc,)~! [211], while the velocity circulation is quantized in units of 1/mg.
Changing mg, the whole vortex structure changes, hence, rotation properties of su-
perfluid dark stars are not scalable with x but explicitly depend on the boson mass.
For sufficiently low mg, rotating boson stars are expected to host a small number
of very large vortices. In this case, the phenomenology can be forecast from cold
atom experiments; for instance vortex core precession could take place as observed
in ultracold dilute gases [212].

Since in this model it is possible to have light dark matter lumps, heavy superfluid
dark stars may result from sequential merging of small droplets. While we assume
a zero-temperature superfluid, we must verify that the system remains below the
critical temperature even in the worst-case scenario where the virial kinetic energy
is fully thermalized [213]. Using the virial relation kT, ~ GMmp/R = mgC, we
see that Ty, o< mpC. Conversely, the BEC critical temperature is T, oc n?/3/mgp
(corrections due to interactions are negligible for sufficiently small A [214, 215]). The
condition for the condensate to survive, Ty < T., implies mpC < n??/mp. This
inequality is satisfied for sufficiently small values of the boson mass. Upon substi-
tuting the numerical values of the parameters we find an upper bound on the boson
mass of hundreds of MeV. During the binary merging, due to the high energies in-
volved, part of matter could evaporate. In principle, if the two colliding objects are
sufficiently light, they may evaporate even before the merging is concluded. Hence,
arbitrary small dark lumps of condensed bosons are not expected to form unless they
are ultracold and survive encounters. In this respect, it would be interesting to study
whether viscous effects [216] may influence the thermal and hydrodynamic evolution
of merging dark droplets. One should analyse their collisions to infer whether they
merge or dissolve. In the latter case they may contribute to the cold dark matter
component. Indeed, self-interacting dark matter happens to be a good candidate to
alleviate some of dark-matter problems [99, 217], see as well the discussion in [218,
219]. A guidance in the study of dark droplet interactions can derive from studies of
colliding ultracold atom droplets [220], which result in either merging or separation
depending on their incoming relative velocity.

If the merging droplets of dark bosons are sufficiently compact and cold, they
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may create tiny black holes. This would be of great astrophysical interest due to
the quick evaporation by Hawking emission, resulting in a mechanism to turn dark
matter into Standard Model particles. The present model may be extended to include
appropriate self-interactions that drive the system in a supersolid phase [221-224],

and rotating supersolid dark stars may be quantum simulated as in [225].



Chapter 4

Rapidly spinning dark matter-admixed
neutron stars

This chapter has been published in near-identical form.
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Neutron stars (NSs) are among the most extreme astrophysical bodies, serving
as invaluable natural laboratories for modern physics. While predicted already in
1934 [226], their first observation was made possible by the radio pulses of the
star today known as PSR B1919+21 [17]. In 1982 the first millisecond pulsar,
PSR B1937+21, was discovered [227], characterized by a period of around 1.55 ms;
the fastest-spinning pulsars currently known are PSR J1748-2446ad, discovered in
2004 [228], with a period of only 1.4ms (716.36 Hz) and 4U 1820-30 (J1820-30A)
with a spin frequency of 716 Hz [229].

Such rapid rotation can be attained as a result of stellar evolution in closely
interacting binary systems, whereas the NS not only accretes mass but also gains
angular momentum from its nondegenerate companion star due to the conservation
of angular momentum. This mechanism is called “recycling” spin-up [230].

The millisecond pulsars have a weak magnetic field, exhibit extremely slow spin-
down rates, and can be several billion years old [230-232]. If these long-lived stars
reside in regions such as the cores of galaxies or globular clusters, their strong
gravitational field could allow them to accrete a significant fraction of dark matter
(DM) [233, 234], as described in Section 2.2. All these processes become particularly
important in the case of millisecond pulsars. The long lifespans provide sufficient
time for interactions with surrounding DM, leading to potentially substantial DM
fraction. Over such extended periods, even feeble DM-BM interactions or low local
DM densities could result in non-negligible DM accumulation.

Studying rapidly rotating DMANSSs is especially interesting in the framework of
the X-ray observations by the NICER telescope. Thus, as it was shown in Refs. [209,
235-238] DM could affect the X-ray pulsar pulse profiles, and consequently the mass-
radius constraints inferred from the NICER observations.

The properties of nonrotating DMANSs have been thoroughly studied for both
isolated and binary configurations [239-243] and the first results have been published
for the rotating case [244-247]. In this work, we investigate the impact of rotation
on the macroscopic properties of DMANSs. Using an in-house developed extended
version of the RNS code [41, 42], we investigate scenarios with varying DM fractions,

particle masses, and rotation. We analyze both core and halo configurations of DM,
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focusing on their influence on the maximum mass and rotational properties of NSs.

In contrast to [244, 245], we do not restrict our analysis to the slowly rotating
limit, allowing us to explore configurations up to the mass-shedding limit. This
broader approach enables a more comprehensive examination of the parameter space,
capturing a wider range of astrophysical scenarios. Moreover, unlike [246], we extend
beyond core configurations, encompassing structures from small, compact cores to
very large halos. In addition, we systematically explore the maximally rotating,
Kepler limit, models.

The paper is organized as follows. Section 4.1 outlines the framework for con-
structing rotating DMANS models along with the modifications implemented in the
RNS code. In Sec. 4.2, we analyse representative configurations and discuss their
characteristics. Finally, Sec. 4.3 provides a summary of our findings and future per-

spectives. We use, unless otherwise specified, natural units in which A =c=G = 1.

4.1 Numerical framework

Two ideal fluids in hydrostatic equilibrium can be described within a simple model
when they uniformly rotate along the same axis and interactions among them are

neglected. Writing the total energy-momentum tensor as
Tiot = Tt + Tona » (4.1)

that is to say, ignoring energy transfer between the two fluids, the continuity equation
VTl = 0 implies that both V, Ty, = 0 and V, Tk, = 0. For nonrotating configu-

O

rations it is easy to recover a generalized form of the Tolman-Oppenheimer-Volkoff
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(TOV) equations [6, 7]:

dPgm (eM + Pom) (Mmiuor + 4713 Pogy)

S 4.2

dr r2(1 — —Zm,’,m“) 7 (4.22)
dPpm _ (epm + PDM)(m‘;ot + 4713 Proy) 7 (4.2b)

dr r2(1 — —”}j"“)
dm

dfM = drrlepy, (4.2¢)
dm

dfM = drr?epy (4.2d)

where myo (1) = mpm(r) + mpum(r) and similarly Py (r) = Pem(r) + Powm(r).
Masses of DM and BM star components can be also defined as an integral over
the entire stellar volume of \/=g(—277 4 T*), which can be computed for each fluid

as
o0 w/2
My = 4n /dr r2/ dfsin @ e***7 (ex + 3Px), (4.3)
0 0

where we indicate with the subscript X either the BM or the DM and the metric
fields o and 7y are defined below in Eq. (4.5). The total mass of the system is defined
as Moy = Mpm + Mpw.

In general, it is true that the total mass, obtained either from Egs. (4.2¢) and
(4.2d) or through Eq. (4.3), is equivalent since this is an invariant quantity for the
system. However, this is not valid for the single components (i.e., mx(r — 00) #
Mx).

These equations can be solved simultaneously by employing the standard Runge-
Kutta method. Initial conditions are specified at r = 0 imposing zero mass and
central pressures interpolated from the respective EOS for a given central energy
density. The metric fields can finally be reconstructed from the matter fields and
complete the construction of a spherically symmetric spacetime.

The radii of each of the components are found using the zero-pressure condition
at the surface. At the same time, the BM and DM distributions defined by the

central energy density or chemical potential values scale proportionally. As was
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shown in [206] the values of the chemical potentials of BM and DM are related as

dlnppy  dlnppy Mg + 4773 Pyt (4.4)
dr —  dr 21— 2Miory '

To consider rotating configurations, the Einstein field equations can be solved
in axial symmetry by employing the Komatsu-Eriguchi-Hachisu (KEH) scheme [40],
incorporating the modifications proposed in [43]. In particular we have modified the
RNS! code [41, 42], straightforwardly generalizing the original algorithm as follows.

The general line element is expressed in quasi-isotropic coordinates as

ds® = — e"Pdt* + **(dr? 4 r*d6?)

e (4.5)
+ €7 Presin® 6(de — wdt)?,

where v, p, a, and w represent the metric potentials, each depending on r and 6.

The circumferential radius is recovered from r as

R=rez2 . (46)

" 67(7+p)/2
Uy = 1—_1])2( (1, 07 O, QX) y (47)

where vx = (2x — w)rsinfe ” and Qx is the fluid angular velocity. The sign of
Qx determines if the fluid rotates counterclockwise or clockwise. For most of our
studies we will assume that both fluids rotate in a counterclockwise rotation (Qx >
0); in Sec. 4.2.2 we will explore the other interesting case in which the DM fluid
counterrotates with respect to the BM (Qpy < 0).

Equation (4.7) implies that even if one of the two components has zero angular
velocity ()x, the linear velocity vx remains nonzero as a result of the frame-dragging

effect induced by the other component.

Lgithub.com/cgea/rns
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Figure 4.1: Density profiles in the y — z plane at z = 0 for a NS rotating at QRM,
Qpm = 0 and fpy = 5%. The black shaded regions indicate the dark matter density
field. Left: core configuration, My = 2 Mg, mpy = 1 GeV, QEM = 8068 Hz. Right:
halo configuration, M, = 2.08 My, mpy = 250 MeV, QEM = 6841 Hz.

The four-velocity uk enters in the energy-momentum tensor as
T = (ex + Px)ukux + Pxg™, (4.8)

where g is the inverse metric tensor.

Studying the nonvanishing Einstein field equations, it is possible to show that the
structure of the equations to be solved is analogous to the one-fluid case reported
in [40]. The explicit form of these equations is reported in Appendix A.

The computation of the metric fields, alongside the matter distribution, begins
with an initial guess, typically a previous iteration or a nonrotating star. From the
initial metric fields, a value of the angular velocity is determined through the first

integral of the hydrostationary equilibrium
hx — Inu} = const, (4.9)

where hyx is the specific enthalpy. By coupling Eq. (4.9) with a prescribed ratio 7

ratio
between the polar radius (rX

) and equatorial radius () for each fluid, it is possible

to compute
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X
7X+p§—wx X ePe

szwfi\/l—ep -

(4.10)

X
e
and thus vx. The metric fields are evaluated at either the equatorial radius of the

respective fluid (subscript e) or the polar radius (subscript p)—e.g.

BM zv(r:rfM, (9:7r/2) , (4.11)
W=~ (r=r™0=0). (4.12)

Note that when Qx < 0 the square root in Eq. (4.10) acquires the negative sign.
The specific enthalpy distribution is computed using

1
hX:§ [Vg—i—p;}(—v—p—ln(l—v)z()} . (4.13)

The matter distributions, i.e. the energy densities ex and pressures Py, are computed
from Eq. (4.13) starting from a fixed value of the central energy density eX. The
metric potentials are then recalculated, and this iterative process is repeated until
convergence is achieved.

Of particular importance for our studies is the choice of a definition for the DM

fraction
DM = - (4.14)

It is well known [248] that in general relativity there is no unique definition of an
object’s mass. In the previous paragraph, we discussed the different mass definitions
of the nonrotating case. While Eq. (4.3) can be readily generalized to rotating stars,
there is no straightforward rotating version of Egs. (4.2¢) and (4.2d). Thus, for

rotating stars, we define the DM and BM masses as

00 /2
Mx = 47T/d7”7“2/ dfsin 6 e+ x
0 0

|:5X + Px

2

(4.15)
(1 + 152( + 2wrvx e P sin 9) + 2P| ,
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and of course, the total mass is the sum of the two.
The rest mass of each component MY can also be calculated using an integral

throughout the star
00 w/2
M§=47r/ dr/ Ao/ —gW p% (4.16)
0 0

where W = 1/,/1 — v% denotes the Lorentz factor of the fluid element, and p% =
(ex + Px) e x represents the rest mass density. Naturally, the total rest mass of the
star is the sum of the two components.

Another important parameter of the rotating stars is the Keplerian angular ve-
locity Q2k. It represents the angular velocity of a particle on a circular orbit around
the star’s equator at zero altitude and is the maximum angular velocity allowed for
stable configurations. For the metric element given in Eq. (4.5) it can be expressed

as

QX X Ug( pg(
K = We +§e ) (417)

where vX is the equatorial orbital velocity measured by an observer with zero angular
momentum in the ¢-direction. 3, in general, depends parametrically on both the
central energy density of the fluid X and its angular velocity Qx. Note that Eq. (4.17)
can be used to compute the Keplerian angular velocity regardless of the configuration
we choose for the DM since the velocity of a particle in circular orbit on the equator

depends only on the metric fields:

e Pr20,w
R N
(4.18)
r(0,y + 0,p) e=2rrt(Oyw)?
2+ 70y — 0rp) 247 (0ry — arp)]Q .

As before, the minus sign is acquired when the fluid X is counterrotating.
Another important quantity to study for rotating NSs is their moment of inertia,

defined as

_ Jem + Jpm

I
X QX ’

(4.19)
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where the angular momentum Jx is computed from

b= [ day=gne,
o (4.20)

= 4r /dr 7’3/ df sin® § e** 77 (ex + Px) X 5 -
0 0 1 —wvx

In the two-fluid system the moment of inertia could be defined for each of the
components separately, or the total one [245, 249]. Since this quantity measures
the object’s resistance to changes in rotational frequency and depends on the mass
distribution of both components, it serves as a potential probe of DM, which will be
discussed in the following section.

Interestingly, the core configurations of DM are impressively similar to superfluid
NSs where the two fluids correspond to the normal and superfluid components [250,

251]. This similarity could bring new insights to the DM topic.

4.2 Results

In this section, we present the results of our analysis of rotating DMANSs at the
mass-shedding limit. Unless otherwise specified, we employ the DD2npY-T equation
of state to describe the baryonic component. Hereafter, as the most representative
case, we employ two distinct DM configurations: a DM core obtained for the particle
mass mpym = 1 GeV and a halo for mpy = 250 MeV. Note that the self-interaction
strength value in both cases is fixed to A = 24x. This choice is arbitrary and made

in order to obtain in the nonrotating core limit a maximum mass close to 2 M.

4.2.1 Nonrotating dark matter

Figure 4.1 shows a slice of the density profiles for both BM and DM on the x = 0
plane for two representative configurations: a core (left panel) and a halo (right

panel). These models correspond to systems with a total gravitational mass of 2 Mg
(left) and 2.08 M (right), and a DM fraction of fpy = 5%, Qpm = 2Hz, and
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Figure 4.2: Sequences of configurations with nonrotating DM Qpy = 0 and two
fixed DM fractions fpy = 5% (solid lines) and fpy = 15% (dashed lines). With red
(blue) we indicate the curve that characterizes a core (halo) case with particles of
1 GeV (250 MeV). The two star symbols represent the models reported in Fig. 4.1.
Left: The total NS mass as a function of its equatorial radius. Thin lines represent
nonrotating BM as a reference. Dotted lines show the sequences rotating at constant
angular frequency vgy = 716 Hz (or equivalently an angular velocity Qpy = 4498 Hz).
The pink and light red bands represent the 1o constraints on the mass of PSR
J1810+1744 [22], and PSR J0348+-0432 [21]. The NICER measurement of PSR
J0030+0451 [18, 19] is shown with the purple and yellow contours, the gold and
orange contours represent the PSR J074046620 measurement [24, 25|, while light
blue (95% CL) and light blue dashed (68% CL) contours represent the PSR J0437-
4715 measurement [26]. LIGO-Virgo detections of GW170817 [2] and GW190425
[30] binary NS mergers are shown in light green. Right: Mass dependence of the
Keplerian angular velocity for DMANS with nonrotating DM (thick lines on the left
panel).

QOpum = QBM. Both panels highlight the characteristic cusp that develops at the BM
mass-shedding limit because of the very rapid increase of the equatorial radius Rgy
when increasing gy [252]. We can notice how the deformation due to DM, at least
for this particular choice of parameters, is very weak. This is a reflection of the fact
that the DM and BM components interact only gravitationally.

A first analysis of the impact of nonrotating DM on spinning NSs can be carried

looking at the left panel of Fig. 4.2. Here we report the relation between the total
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mass given by Eq. (4.15) and the equatorial radius R2M for static DMANSs (thin
lines) and maximally rotating stars (thick lines). Thin dotted lines between the two
depict sequences with fixed rotational rate, namely f = 716Hz, corresponding to the
fastest spinning pulsar as discussed above. Naturally, for low masses, it ends at the
Kepler limit sequences. The colors distinguish the different DM configurations: Red
shows a core configuration, blue is a halo, and finally black is the standard case of no
DM. All allowed uniformly rotating stars with fpy = 5% (solid lines) lie in the region
bounded by these curves. Finally, the dashed blue lines show another realization of
the halo configuration for fpy = 15%. Note that such a high DM fraction was chosen
to illustrate the effect at its extreme.

Rotation generally tends to increase the maximum mass by approximately 20%
and the radius by about 40% for pure BM NSs [252]. In the case of a DM core,
in the static limit the additional mass present with respect to the fpy = 0 case
mimics a softening of the nucleonic EOS. The effect is a reduction of the maximum
mass and radius. Rotation of the BM at the Kepler frequency has the same effect
as before, increasing the maximum mass and radius by approximately 15% and 40%
respectively. The case of a DM halo exhibits a more peculiar behavior. In the
static limit for fpy = 5%, we do not observe the expected increase in mass and
radius, as predicted by previous studies [110, 111, 253]. This deviation arises from
the specific choice of parameters fpy, mpum, and A. Thus, lighter DM particles
of mpy ~ 100 MeV would form a more extended and dilute halo [109]. Notably,
if we keep mpy and A fixed while increasing the DM fraction beyond 10%, the
expected growth in mass and radius emerges, as illustrated by the dashed blue line
for fpm = 15%. When BM rotates at its Kepler angular velocity, the maximum mass
and radius for fpy = 5% increase by approximately 20% and 40%, respectively.

The DM component, currently assumed to be nonrotating, is only marginally
affected by the rotation of the NS, except in the most massive systems. In both
core and halo configurations, low-mass systems are associated with a small Keple-
rian angular velocity QRM and a weak frame-dragging potential w. This results in
a minimal deformation of the DM distribution: The equatorial radius RPM exceeds
the polar radius RZ?M by less than 0.1%. Near the last stable configuration this
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deformation increases but remains modest, with a maximum difference of approxi-
mately 2%. In contrast, the BM exhibits significantly larger deformations, with the
equatorial radius exceeding the polar radius by about 50% even for low-mass sys-
tems. This percentage gradually increases as the system approaches the last stable
configuration.

Higher DM fractions partially change this consideration, e.g. the blue dashed
line in Fig. 4.2 for a halo configuration with fpy = 15%. While the deformation
from spherical symmetry remains small, the change in RPM that is found with the
current setup is much bigger, leading to the formation of a mixed sequence where at
low masses the DM forms a halo. In contrast, at high masses, it is characterized by
REM > RPM but RPM < RPM. This is what happens for the dashed line on the upper
panel of Fig. 4.2; the switch happens at a mass of 1.44 M. The blue dot highlights
the specific configuration marking this transition.

The right panel of Fig. 4.2 shows a comparison between the Kepler frequencies
across the three configurations for varying total gravitational masses. Core con-
figurations consistently exhibit higher rotational frequencies compared to both the
halo and fpy = 0 cases. The stronger gravitational pull at the equator requires an
increased centrifugal force to reach the mass-shedding limit, and hence a higher angu-
lar frequency. Halos show instead much smaller deviations from the pure BM case:
Only for masses above 1.5 Mg, there is an appreciable difference between the two.
Increasing the DM fraction in this last case has the expected behavior of increasing
the maximum angular velocity while maintaining the same qualitative trajectory. A
higher DM fraction at the fixed total mass implies a higher DM mass, thus a lower
radius and a higher angular velocity.

Figure 4.3 show the two key aspects of the maximally rotating sequences, pre-

senting the oblateness, defined as

RBM 2
e=14/1— <RI])3M> . (4.21)

It is important to clarify that the quantity e defined above represents the geometric
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Figure 4.3: Both panels show the stable configurations of maximally rotating (Ke-
pler) sequences with varying central energy density eM. Left: Oblateness as a
function of the angular velocity Qpy = QEM. Right: Oblateness as a function of
the BM equatorial radius RPM.

oblateness of the stellar surface. However, this is not necessarily the quantity rele-
vant for gravitational interactions. The gravitationally relevant oblateness is instead
determined by the multipole moments of the spacetime, specifically the quadrupole
moment, which encodes the deformation of the mass distribution and the moment
of inertia.

While for the fluid models considered here the geometric and gravitational de-
formations are expected to be correlated, this is not always the case. For instance,
relativistic stars with strong toroidal magnetic fields can exhibit a "prolate-oblate”
behaviour, where the magnetic tension induces a prolate mass distribution (negative
quadrupole moment) even while rotation keeps the surface oblate (positive surface
oblateness) [254]. In this work, we restrict our analysis to non-magnetized fluids,
focusing on the geometric deformation as a proxy for the stellar shape.

The left panel of Fig. 4.3 shows the surface oblateness e as a function of the
angular velocity Qpy = QRM. e as a function of the angular velocity Qpy = QEM.
All four profiles show similar behaviour. Low-mass stars rotating at angular veloci-
ties on the order of hundreds of Hz exhibit only a slight increase in oblateness with

growing angular velocity (2gy—and hence with the total mass. As {2y increases,
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the oblateness reaches a maximum value. The angular velocity at which this peak
occurs is consistent among all configurations: They closely follow the fpy = 0 ref-
erence at Qpy ~ 6kHz. Then the oblateness tends to decrease until the last stable
configuration is reached.

The right panel of Fig. 4.3 illustrates a comparison of oblateness against the bary-
onic equatorial radius of the maximally rotating configurations. At high radii-i.e.,
low masses and low angular velocities—the configurations show a similar trend to-
ward slowly changing values of the oblateness. It is intriguing to observe that as the
systems approach lower radii, halos, and cores become degenerate while decreasing
linearly with the radius. They exhibit the same deformation, despite having dras-
tically different masses, angular velocities, and DM configurations. Specifically, as
the difference between the configurations becomes very small, the DM halo has a
radius several kilometers larger than the NS, while the DM core is always such that
REM ~ 3RPM. Changing the DM fraction shifts the location of this linear regime
to lower radii while keeping the slope approximately the same. Note that when the
oblateness reaches its maximum the system is already in the mixed configuration
characterized by Rg™ > RPM but RM > RPM.

Finally, Fig. 4.4 presents the moment of inertia of BM, Igy, as defined in Eq. (4.19)
for the different NSs configurations as a function of the total gravitational mass. Solid
lines represent maximally rotating stars with the DM fraction of 5%, dotted lines
represent the sequences of stars at a constant angular frequency of vgy = Qpum / 2 =
716 Hz, and the dashed line corresponds to the maximally rotating halo sequence
for the 15% DM fraction. For low-mass stars, the moment of inertia changes at the
same rate regardless of the configuration considered. Core configurations tend to
significantly decrease, together with the maximum mass, the maximum moment of
inertia allowed for stable configurations. Halos similar to before follow closely the
pure BM case, only slightly decreasing the values of gy allowed for stable config-
urations. Increasing the DM content from fpy = 5% to fpm = 15% results in a
deviation from the BM case for a given mass, effectively decreasing the maximum

Iy allowed.
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Figure 4.4: Moment of inertia for various configurations of DMANSs as a function
of the total mass. Here Jpy = 0. Dotted lines illustrate the sequences rotating
at constant angular velocity Qpy = 4498 Hz (or equivalently an angular frequency
of vpm = 716 Hz), while the rest of the lines correspond to maximally rotating

configurations.

4.2.2 Rotating dark matter

In the previous subsection, we considered DMANSs configurations with a rotating
BM component and a nonrotating DM component. This approach allowed us to
establish a baseline for understanding how DM impacts the structure of NSs without
contributing directly to the rotational dynamics. Here, we lift the assumption of
nonrotating DM, enabling both components to rotate independently.

Figure 4.5 reproduces Fig. 4.2 with the same colour scheme and line styles as in
the previous subsection; dash-dotted lines represent the configurations characterized
by fom = 5%, Qpy = QEM and Qpy = QPM. This is practically the fastest rotation
of the DM component that can be imposed and is thus useful to see the maximum
difference with the Qpy = 0 regime.

First, it is important to highlight that the blue dash-dotted line in Fig. 4.5 does
not represent a halo of DM surrounding an NS anymore. It is instead a very large

core with RPM ~ RBM  The low-mass halo of DM expands, due to rotation, less
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Figure 4.5: Left: Comparison between the M-R curves of a maximally rotating
NS with nonrotating DM (solid lines) and DM corotating at its Keplerian angular
velocity (dash-dotted lines), Qpy = ORM. Right: Same comparison for the NS’s
maximum angular velocity as a function of the total gravitational mass.
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Figure 4.6: Density profiles in the yz plane at z = 0 for a NS rotating at QEM,
Moy = 2Mg, mpy = 1 GeV and fpy = 5%. The black shaded regions indicate the
dark matter density field. Left: core configuration, QEM = 8076 Hz and two fluids
corotating with the same angular velocity Qpy = QEM. Right: core configuration
OPM = 7279 Hz and two fluids counterrotating with the same angular velocity Qpy =
QB

than the BM does, ultimately becoming engulfed by the NS. For convenience, we
will refer to it as “halo” nonetheless, to underline the value of the DM particle.
The core configurations increase the maximum mass of the sequence by about

4.5% while the halo configurations reduce it by about 2.5%, going from the thick



RAPIDLY SPINNING DARK MATTER-ADMIXED NEUTRON STARS 78

97 Line color 91 Line color
- Co-rotating ——— Co-rotating
8 —— Counter-rotating g | —— Counter-rotating
Line pattern
Qg = Q"
71 74 BM K
— 1Qom| = QEM
N — Qe = QBV/2
N ——— ¢BM K
9] T 6 = QP2 P
— a4 l
pa— e ,\
=51 —54 PR
a = -
G C? -
44 — 4
Line pattern
3 — Qan = QE!M 31
|Qom|= QK
29 o Qpu = Q172 '\. \, 24 Va
|Qoml= QR"/2 \ \ 7
T T T T T T T T T T T T T T
0.4 0.5 0.6 0.7 0.8 0.9 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Meot [Mo]

DM
Iratio

Figure 4.7: Comparison between corotating (red) and counterrotating (blue) core
configurations for mpy = 1GeV, fpu = 5% and Qpy = [Qpu| = QEM (solid line)
or Qpy = |Qpum| = QBM/2 (dash-dotted line). Left: Relation between the angular

velocity |Qpu| and the ratio of polar to equatorial radius r2M. of the corresponding

configuration. Right: Relation between the angular velocity |Qpy| and the total
mass of the system.

solid lines to the dash-dotted ones. Comparing—where possible- the equal mass
configurations, we notice that rotating cores tend to increase the equatorial radius of
the NS while rotating halos tend to significantly decrease it. The Kepler frequency
reflects this change: At a constant mass, it decreases for cores and increases for halos.

Lastly, Fig. 4.6 compares two core configurations with Mi,; = 2Mg, fpm = 5%,
and |Qpum| = Qsm = QEM. In the left panel, both fluids corotate with the same
angular velocity (Qpy = QBM > 0), representing a system that has synchronized
over time and reached dynamic equilibrium. In this case, the deformation of the DM
component remains moderate, with the mass-radius relation showing only minor
deviations from the corresponding nonrotating case.

In the right panel of Fig. 4.6, the two fluids are instead counterrotating with
Qpm = — ‘QEM‘ A notable difference in this configuration is the deformation of the

DM component. While in the corotating case, the ratio of polar to equatorial radius

DM

atio =~ 0.51, in the counterrotating case it decreases significantly

is approximately r
to rPM ~(.34.

ratio
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The interplay between the metric fields in Eq. (4.5), the fluid angular velocity
Eq. (4.10) and the Kepler angular velocity Eq. (4.17) is complex. Significant insight
is given by Fig. 4.7: in the left panel we report the relation between the absolute
value of the DM angular velocity for corotating (red) and counterrotating (blue) core
configurations; the right panel shows instead the dependence of Qpy on the total
gravitational mass. We use solid lines for Qpy = |Qpy| = QEM and dash-dotted lines
for Qpum = |Qpm| = QEM /2.

For both values of the angular velocity, low-mass systems behave as expected:

BM)

Increasing the required angular velocity (i.e., decreasing the input parameter rp 3,

the deformation of the DM fluid has to increase (i.e., r2M has to decrease). However,
the corotating sequence (red solid line) exhibits a counter-intuitive feature where the
curve bends backward: the system reaches higher coordinate angular velocities |Qpy]|

DM )

while becoming less deformed (increasing 7.4,

This behaviour is a direct consequence of the strong increase in the frame-dragging
angular velocity w for compact, corotating configurations. To achieve a required co-
ordinate angular velocity Qpy, the fluid relies partially on being “dragged” by the
rotating spacetime. As w becomes large, the fluid requires less intrinsic rotation
relative to the local inertial frame (i.e., a smaller relative velocity Qpy — w) to reach
the same global €2py. Since the physical centrifugal deformation is driven by this
relative rotation rather than the coordinate velocity, the DM halo becomes more
spherical even as its coordinate angular velocity increases.

The opposite situation occurs for counterrotating configurations. Here, the fluid
must rotate against the frame dragging to achieve the required {2py;, meaning the rel-
ative rotation—and thus the centrifugal deformation—must increase monotonically.

In Fig. 4.7 the line for the counterrotating configuration ends before it reaches
its last stable configuration. This is most probably a numerical issue related to the

difficulty of obtaining solutions having extreme deformation with the RNS code.
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Figure 4.8: Left: M-R diagram for the DD2 EOS. Thin lines represent static
configurations for reference, while thick solid lines represent maximally rotating NSs
with nonrotating DM. Dash-dotted lines represent sequences with Qgy = QEM and
Opv = ORM. With red (blue) we indicate the curves that characterize the core
(halo) configuration with particle mass of 1 GeV (250 MeV) at constant DM fraction
fom = 5%. Since halo configurations with a nonrotating DM and DM rotating at
its Kepler limit cannot be visually distinguished, we plot the latter with diamonds

appearing on top. Right: Comparison of the moment of inertia computed for three
EOSs for QBM = QEM and QDM =0 at fDM = 5%

4.2.3 Effect of the variation of the BM EOS

As the performed analysis incorporates two underlying EOSs, for BM and DM, their
choice would introduce some uncertainties, while qualitatively the conclusions will
remain the same. To address the uncertainties of the dense BM EOS we now turn our
attention to the DD2 EOS introduced in Sec. 1.2. The left panel of Fig. 4.8 presents
the M-R diagram, where the thin solid lines denote static configurations, thick solid
lines correspond to maximally rotating BM with nonrotating DM, and dash-dotted
lines represent both fluids at their respective maximum angular velocities. Colors
once again distinguish between core and halo configurations.

In the absence of DM, the DD2 EOS, in comparison to the DD2npY-T EOS,
allows a significantly higher maximum mass, around 2.41 Mg. As a result, even

static core configurations with fpy = 5% can satisfy the observational data on
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heavy pulsars: PSR J03484-0432 M = (2.01 £ 0.04) M, [21] and barely fall below
the M = (2.13 £ 0.04) M, of PSR J1810+1744 [22]. Introducing DM rotation in
core configurations has the same effect that could be seen in Fig. 4.5: The maximum
allowed mass increases and the corresponding radius slightly decreases. On the other
hand, halo configurations are almost identical whether or not the DM fluid rotates.
This is because the extended halo surrounding the NS, with an equatorial radius much
larger than that of the BM, has a significantly lower Kepler frequency (approximately
2kHz) than that of the baryonic component (approximately 7kHz). Consequently,
the effect of DM rotation is negligible.

Lastly, we show how the moment of inertia depends on the choice of the BM EOS.
To provide a more comprehensive analysis, in addition to the stiffer DD2npY-T and
DD2 EOSs we also consider a softer IST EOS. The sequences are reported in the
right panel of Fig. 4.8 with, respectively, solid, dashed, and dash-dotted lines. The
values are computed at fpy = 5% for maximally rotating NSs and nonrotating DM.

In general, softer BM EOSs correspond to a smaller moment of inertia [255].
A similar effect can be achieved with the accumulation of heavy DM in the NS
core, whereas light DM forming an extended halo increases the moment of inertia.
Additionally, we present a transition case where a halo with a low DM fraction also

leads to a decrease in the moment of inertia.

4.3 Summary and conclusions

Due to their fast spin and long evolution history, millisecond pulsars are ideal labora-
tories to study the effect of DM on NSs. In addition, millisecond pulsars representing
old NSs are expected to contain a higher DM fraction, particularly important for this
analysis. To allow the study of rapidly rotating DM-admixed NSs we have modified
the public code RNS to include a second fluid. We have assumed the two fluids in-
teract only gravitationally, are cold, and rotate rigidly around a shared axis. The
DM distribution is automatically determined by the corresponding EOS and the cen-
tral energy density value. The rotation is considered to be freely defined in both

magnitude and direction.
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DM is modeled by a bosonic self-interacting fluid with a quartic repulsive poten-
tial. To describe BM we have utilized three EOSs representing different classes of
models with varying particle compositions, stiffness, and nuclear matter properties
at the saturation density. Particularly, the DD2npY-T and DD2 EOSs with and
without hyperons, respectively, formulated within the relativistic density functional
approach and the parametric IST EOS. RNS is however not limited to these choices,
and other EOSs can be studied as simply as they can be tabulated.

Since this is a multiparameter system, we have chosen to present sequences with
a fixed DM fraction while considering two cases for the BM angular frequency: one
corresponding to the Keplerian limit, where the star rotates at its maximum allowed
frequency, and another for a realistic millisecond pulsar rotating at 716 Hz, the fastest
observed spin rate to date [228, 229].

Our results indicate that incorporating DM in NSs preserves the overall qualita-
tive behavior observed for pure baryonic stars. However, the quantitative changes
depend strongly on the chosen parameters for both BM and DM components, with
the DM particle mass and self-interaction playing a key role in distinguishing the
core from the halo configurations in the static limit. Introducing BM rotation may
blur this distinction—e.g., a halo may shift to a mixed state where the BM equato-
rial radius exceeds the DM’s, but the DM’s polar radius remains larger. Notably, at
high masses, we observe a degeneracy of the oblateness among different DM configu-
rations (at fixed baryonic radius and DM fraction). The oblateness peaks and then
decreases linearly with the baryonic equatorial radius with nearly identical slopes for
different DM particle masses. The moment of inertia also shows significant changes,
decreasing for both core and halo configurations relative to the pure baryonic case.

The impact of rotation of the DM component at its Keplerian limit depends on its
configuration: Cores increase the maximum mass—as rotation provides an apparent
force that counteracts gravity— while halo configurations are highly sensitive to the
parameters of both EOSs. In some cases, the DM remains as an extended halo with
a minimal effect on the mass-radius diagram. This is due to the low Kepler frequency
at which the DM component can rotate when compared to BM. In other cases DM

becomes engulfed by the NS, effectively forming a very large core.
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Finally, we examined consistently the case when DM rotates with the same ab-
solute value of the angular velocity as BM, either corotating or counterrotating,
reaching the BM Keplerian limit. An interesting observation for the core DM con-
figurations is the following. For low-mass systems, where the BM Kepler angular
velocity is low, configurations with corotating DM need a larger deformation of the
DM component than counterrotating DM. As the mass increases and frame drag-
ging effects grow, corotating configurations achieve higher angular velocities with
a smaller deformation. In contrast, counterrotating configurations require progres-
sively larger deformations to reach the BM Kepler limit, reaching very oblate DM
configurations with a ratio of the polar to the equatorial DM radius lower than 0.35.

This analysis can be further extended in various ways. In particular, it would be
interesting to investigate how the presented results depend on the variation in the
self-interaction strength A\ of the DM field, as described by Eq. (2.1). Comparison
with experimental data could exclude portions of the (A, mpy) parameter space. This
can already be glimpsed for the DD2npY-T EOS looking at our results where, for
the chosen A and DM fraction, static core configurations with mpy = 1GeV are
below the 2 My measurement [24, 25]. Maximally rotating stars would instead be
driven below the same threshold for higher values of the mass. Another possibility
is to move beyond the assumption of uniform rotation—suitable for old, isolated
stars—and explore differential rotation, which is more relevant for remnants of binary
neutron star mergers [52, 256-260].

The physical mechanisms driving dark matter rotation in admixed systems remain
an open question, with several intriguing scenarios proposed. These include the
inheritance of angular momentum from preexisting structures, asymmetric accretion
as the neutron star moves through the surrounding dark matter halo (similar to the
proposed seasonal modulation of dark matter flux due to the Earth’s motion relative
to the galactic halo [261]) and the aftermath of dark matter-admixed binary neutron
star mergers [262].

The analysis performed in this work has significant implications for both current
and future radio and X-ray observations of compact stars. The Square Kilometre

Array (SKA) radio telescope [263], along with other radio telescopes, will focus on
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precise measurements of NS moment of inertia, pulsar timing, and other NS proper-
ties. However, it is crucial to understand how accumulated DM might affect these
quantities. As demonstrated in this study, the M(R) relations and moment of in-
ertia exhibit a high degree of degeneracy, making it challenging to disentangle the
effects of DM from the BM EOS. Therefore, measuring only the NS radius at a given
mass would not be sufficient to distinguish DM effects or accurately probe the dense
matter EOS.

On the other hand, present and future X-ray missions, such as NICER, eXTP
(Enhanced X-ray Timing and Polarimetry Mission), and NewAthena (New Advanced
Telescope for High-Energy Astrophysics), may encounter another effect related to
DM — a potential impact on the formation and observation of hot spots [209, 236].

The presence of dark matter in neutron stars could be probed with static and
dynamic effects. They include measuring the mass and radius of neutron stars with
a few-percent accuracy [132], modification of the pulsar pulse profile due to the extra
light-bending [235] and/or gravitational microlensing in the case of the existence of
a dark halo, modification of the cooling rate of compact stars [122] as well as the
aforementioned dark matter-admixed binary neutron star systems [262]. This is the
subject of ongoing research.

In conclusion, this analysis highlights that interpreting X-ray, radio, and gravita-
tional wave observations without considering the presence of accumulated DM could
lead to missing crucial information or even misinterpreting the properties of strongly
interacting matter at high densities. This becomes particularly relevant for NSs lo-
cated in the Galactic Centre or dense DM regions, where DM density is expected to
be high.
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Neutron stars (NSs) represent one of the most extreme environments in the Uni-
verse. Their mergers are key laboratories for strong field gravity, dense matter
physics, and multimessenger astrophysics. The detection of GW170817 [1] confirmed
binary neutron star (BNS) coalescence as a source of both gravitational waves (GWs)
and electromagnetic counterparts, providing constraints on the dense matter equa-
tion of state (EOS) [264, 265]. Depending on the total mass and the underlying EOS,
the post-merger remnant may form a hypermassive neutron star (HMNS), temporar-
ily stabilized against collapse by differential rotation and thermal pressure [252, 266,
267], or promptly collapse into a black hole. Differential rotation is the dominant
mechanism supporting such remnants, and its properties play a central role in deter-
mining their stability and lifetime. Uniformly rotating stars, on the other hand, are
limited by the Keplerian frequency, the rotation rate at which matter at the equator
follows a geodesic orbit, beyond which any further spin-up results in mass shedding.

On the other hand, differential rotation can sustain configurations well above this
threshold [252, 268|, producing hypermassive stars that survive for tens to hundreds
of milliseconds before collapsing under the combined effects of angular momentum
redistribution, magnetic breaking, and GW emission. Early studies of differentially
rotating stars often relied on the “j-constant” law, in which the specific angular mo-
mentum is uniform throughout the star, leading to an angular velocity that decreases
approximately as the inverse square of the distance from the rotation axis [269]. How-
ever, simulations of BNS mergers have shown that the resulting HMNS remnants ex-
hibit a more complex rotational structure: a slowly rotating, nearly uniform core, an
outer region with rapidly increasing angular velocity, and a radial decline consistent
with a Keplerian profile [270-275]. To capture these features more realistically, sev-
eral parameterized prescriptions for differential rotation have been introduced [53,
259, 276, 277], which reproduce the angular velocity profiles of merger remnants
accurately for both polytropic and tabulated EOS [51, 257, 258].

On the other hand, many particle physics scenarios suggest that NSs may also
host a dark matter (DM) component. In asymmetric DM models, particles accreted
during a star’s lifetime do not annihilate and therefore accumulate steadily in the

stellar interior [234, 278-281]. The efficiency of this process depends both on envi-
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ronmental factors, such as the local DM density, and on microphysical inputs, such
as scattering cross-sections, production during core-collapse supernovae, or capture
in the progenitor star [110, 111]. Self-interacting DM is particularly compelling, as it
can simultaneously address small-scale tensions, e.g., the core-cusp problem in dwarf
galaxies [282], in the cold DM paradigm, and provide sufficient pressure to form sta-
ble structures and prevent collapse into a black hole [283]. Depending on the particle
mass and self-interaction strength, the dark component may settle into a compact
core embedded in the NS or extend into a diffuse halo [284-286]. In either case, the
presence of DM alters macroscopic observables such as the mass-radius relation and
the moment of inertia, mimicking the effect of softening (in the case of the core mor-
phology) and stiffening the baryonic EOS (in the case of the halo morphology) [239,
241, 243].

Previous works have investigated static or uniformly rotating DM-admixed NSs,
as well as their role during the inspiral phase of BNS mergers [239, 240, 242, 244—
247, 262, 287]. The case of long-lived differentially rotating remnants remains largely
unexplored. The combined effect of differential rotation with a dark component opens
new dynamical possibilities. A compact DM core could deepen the gravitational
potential and accelerate collapse, while an extended halo could modify the moment
of inertia and the spectrum of the remnant post-merger oscillations. The presence
of DM may also shift stability boundaries and alter the maximum mass that HMNS
can reach. Because the GW signal encodes the internal structure and composition
of the remnant, these effects could leave detectable imprints on the kilohertz GW
spectrum targeted by current and next-generation detectors [288].

Although dynamical simulations are ultimately required to capture the nonlin-
ear evolution of merger remnants, they are computationally expensive and restricted
to limited sets of initial conditions. Quasi-equilibrium models offer a complemen-
tary approach to explore the parameter space systematically. They have already
proven useful in interpreting post-merger GW spectra, estimating threshold masses
for prompt collapse, and constructing empirical relations between remnants and non-
rotating stars [51, 252, 289-292]. Extending this methodology to two-fluid systems

enables us to investigate how DM modifies these universal relations and to identify
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possible multimessenger signatures. Our study, therefore, occupies an intermediate
ground between microphysical modeling and full merger simulations, providing a
controlled framework to isolate the impact of DM of various fractions and rotation
law on HMNS stability and structure.

In this work, we construct equilibrium sequences of differentially rotating, DM-
admixed NSs using an extended version [287] of the RNS code [41, 42], adapted to
treat two gravitationally coupled fluids. We focus on representative configurations
that highlight the role of the dark component in shaping the maximum mass, angular
velocity profile, and stability boundaries of HMNS remnants. We should note that
this approach is different from the DM admixed NSs modeled as fermion-bosonic
compact objects [247, 293]. A study of differentially rotation in this case is also
underway [294].

The paper is organized as follows. In Section 5.1 we describe our numerical setup
and the assumptions adopted for the differential rotation law. Section 5.2 discusses
the equilibrium sequences obtained and their astrophysical implications. Finally,
Section 5.4 summarizes our findings and outlines future directions.

Unless otherwise stated, we employ geometrized units with G = ¢ = 1 and express
all quantities in solar-based units. Energy densities and pressures are shown in cgs
units to facilitate comparison with the standard tabulated nuclear EOS. For the DM
EOS, the natural units 7 = ¢ = 1 are used.

5.1 Theoretical framework

Employing the Komatsu-Eriguchi-Hachisu (KEH) scheme [40] with the modifications
introduced in [43], the Einstein’s field equations can be solved within stationary and

axial symmetry. The generic line element takes the form

ds* = Guvdatda”

(5.1)
= —TPAt? 4 2 (dr? + r2d6?) + & Pr?sin? 0(do — wdt)?,
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where v, p, p and w are the metric fields which depend on r and 6. The metric
fields and matter distribution are computed iteratively starting from an initial guess,
typically a nonrotating star.

To model numerically differentially rotating DM admixed NSs, we expand on
the work presented in [287], where the RNS code was extended to model uniformly
rotating NSs with DM. Denoting the specific enthalpy of the fluid X € {BM, DM} as
Hy, the fluid’s four-velocity as v and the specific angular momentum jx = g,sukuk,
the first integral of the hydrostationary equilibrium is written as

Hx — Inuf + /Jj ﬂdjx = const. (5.2)
0 djx
Coupling Eq. (5.2) with an explicit expression for the angular velocity €2(j) and an
EOS, an updated matter distribution can be found. Then, the metric potentials
are recomputed. This procedure continues until convergence is reached. For a more
comprehensive description of the algorithm, see for example [40, 51, 259, 269].

Of utmost importance is the choice of the angular velocity profile 2(j). Many

laws have been proposed, aimed at describing the profiles found in proto-NSs and

remnants of BNS mergers. The classic “j-constant” law is
J(Q) = A*(Q - Q) (5.3)

where A is a positive constant that determines the length scale over which the angular
velocity varies within the star and €2, is the angular velocity at the rotation axis.
Although this law describes the proto-NS profile well [50], it falls short in the case
of BNS mergers [51, 52].

A particularly important family of laws has been proposed in [53]: they all feature
a peak in the rotation profile and a Keplerian fall-off. We will employ the following

rotation law: ,
L+ 5o

c ' 1
1+ ()

that has been widely used in the literature. While Eq. (5.4) describes a general

Q(j) =0 (5.4)
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differential rotation profile, in this work we apply it exclusively to the baryonic com-
ponent (i.e., Qpy follows this law). The dark matter component is instead assumed
to rotate uniformly (Qpy = const), to approximate the behaviour of dark matter
cores in merger simulations [262].

Throughout this work, we employ dimensionless quantities to characterize the

DM and BM components of the star. For the global properties, we define

MDM

J,

J DM

M _JbM 5.5
Mgy + Mpu Jom (5.5)

M
Jom = ~ Jpw + Jou’
which represent, respectively, the fraction of the total mass and the fraction of the
total angular momentum carried by the DM component. These parameters provide
a compact way to quantify the relative importance of DM in the global equilibrium,
independent of the absolute values of the mass and angular momentum.

To characterize the rotational structure of each fluid, we introduce two additional

dimensionless ratios,

Q
/\X — max (56)
A = =& (5.7)

with X € {BM,DM}. Here QX is the angular velocity on the rotation axis, QX

X

the value at the equator, and €,

the maximum angular velocity attained inside
the star measured by an observer at infinity. The parameters Ay and Ay, therefore,
capture the degree of differential rotation of the fluid: Ay measures how rapidly the
equatorial layers rotate relative to the core, while \; determines the strength and
location of the peak in (7). In the one-fluid case, these two ratios are commonly
used to classify differentially rotating equilibria into morphological families (Types
A, B, C, and D) [54, 295], and in our two-fluid framework, they play the same role
in identifying whether a configuration is quasi-spherical or toroidal. Our setup in
RNS can recover only two of those. Type A solutions correspond to stars featuring

a maximum of the energy density at the center. Unlike other solution types, their
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Figure 5.1: BM and DM density profiles in the yz plane of two configurations with
the same baryonic central energy density e§y, = 0.75 x 10 gem=3 and f3%, = 5%,
ng = 1%, ()\1, )\2) = (2,05)

overall morphology remains quasi-spherical, but the internal distribution of angu-
lar velocity can vary substantially depending on the rotation parameters. On the
other hand, Type C solutions exhibit toroidal-like structures with off-center density
maxima, where stronger differential rotation significantly alters the star’s shape and
allows for higher maximum masses. In this work, we construct sequences of both
types, covering the diversity of morphologies permitted by differential rotation and
systematically exploring how the presence of a DM component modifies their equi-

librium and global properties.

5.2 Results

Differentially rotating NSs described by the rotational law (5.4) can serve as proxies
for remnants formed in BNS mergers. Throughout this chapter we employ the DD2
equation of state of Section 1.2 to describe the baryonic matter component. Since we
are interested in stationary equilibrium configurations, it is natural to compare with
such merger remnants as obtained in numerical relativity simulations. A relevant
example is provided in [262], which considers two-fluid systems in both core and

halo configurations.
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Among the models discussed there, we focus on those featuring a DM core. In
such configurations, as illustrated in the bottom-right panel of Fig. 5 of [262], the
simulations indicate that the two fluids follow distinct kinematic behaviours: while
the baryonic matter exhibits strong differential rotation, the dark matter core tends
to rotate almost uniformly. Although the simulations show that the core profile
evolves in time (oscillating slightly) and that a fraction of the dark matter is ex-
pelled into a disk with a more complex rotation profile, we neglect these transient
effects and the secondary disk component here. Consequently, for the stationary
equilibria constructed in this work, we adopt strict uniform rotation for the dark
matter component as the most physically motivated approximation for the late-time
state of the remnant, in contrast to the differential rotation imposed on the baryons.
For the remainder of this work, we will therefore assume that Eqgs. (5.6) and (5.7) re-
fer exclusively to the BM component, and we omit the corresponding tag to simplify
the notation. We leave halo configurations for future work, as their angular velocity
profiles cannot be reproduced with the rotation laws currently implemented in RNS.
These profiles feature a maximum displacement from the origin and an angular ve-
locity that increases linearly near the center. In contrast, in BM configurations, the
core rotates almost uniformly, with strong differential rotation confined to the outer

layers.

5.2.1 Toroidal configurations

Figure 5.1 shows two NS representative configurations with a DM core with different
angular momenta — one with slower rotation (left), keeping a more spherical-like
shape, and one with a very high angular momentum (right), making the star highly
elongated. The specific choice of \y = 2 and Ay = 0.5 gives rise, for sufficiently
high angular momentum, to the characteristic toroidal shape, commonly referred to
as Type C solution (see, e.g., [54, 258]) where an off-center maximum of the energy
density is observed, as shown in Fig. 5.1. The angular velocity profile is characterized
by an almost uniformly rotating core, followed by a sharp rise to a maximum value

determined by Ay, and then a slow decrease approaching the Keplerian law 2 o
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r=3/2. In both panels of Fig. 5.1, the DM component carries 1% of the total angular
momentum .J;,; and maintains a quasi-spherical shape, as it rotates uniformly apart
from small deviations induced by frame dragging.

Figure 5.2 shows equilibrium sequences for selected configurations in the (M, €5,,)
plane at various values of the total angular momentum Jiy, ranging from 0 to
8G Mé ¢!, each identified by one color sampled from black to aquamarine. Dashed
lines represent, for reference, the one-fluid description of isolated NSs; red dots indi-
cate the maximum mass for each sequence. Solid (dash-dotted) lines correspond to
models with constant values of the DM to BM ratio f; = 5%, while the angular
moment fraction is fgy; = 1% (fgy = 5%). Red circles (triangles) on each line
mark their respective maximum mass. Finally, dotted lines illustrate configurations
with constant f3; = 5% and much higher, near Keplerian limit, rotation of the DM
component Qpy = 0.75 QRM: their maximum masses are indicated by stars.

We adopt the DM mass fraction of f3i; = 5%, consistent with the values used
in [109, 262], in order to enable a meaningful comparison. This value is consistent
with observations of 2 Mg NSs together with A; 4 < 580 constraint [2], set by LIGO-
Virgo Collaboration. For the angular momentum partition, we adopt a fiducial f{,; =
1% to probe the impact of a slowly rotating, quasi-uniform DM component, and we
also show sequences with f3,; = 5% to illustrate the trend when the DM carries a
larger fraction of the total rotation. The choice fg,; = 1% is intentionally modest:
with 3, = 5% the DM core cannot (within our microphysical assumptions) sustain
arbitrarily large angular momentum. Setting fg,; = 5% already eliminates most of
the previously accessible parameter space, as can be seen looking at Fig. 5.2.

Finally, the dotted sequences with Qpy = 0.75 QRM represent an extreme, near-
Kepler case for a rapidly rotating DM component. Figure 5.3 shows the distribution
of these models as a function of fi,;. The blue histogram includes all models from
Fig. 5.2, while the red bars indicate only those on the stable branches. Most models
have fi; < 2%, with a few outliers reaching up to f3,; = 12.3%. These extreme cases
occur exclusively in slowly rotating sequences, where even big fractions correspond to
relatively small angular momenta. Among the computed models, only in sequences

with Jior < 2GM?Z ¢! we obtain configurations near the maximum with f7, > 4%.
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Figure 5.2: Mass vs BM central energy density sequences for the DD2 EOS and
rotational parameters A\; = 2 and Ay = 0.5. The sequences have fixed total angular
momentum Ji., represented with the color gradient. Dashed lines represent solutions
with f}, = 0%, solid lines show solutions with f34; = 5% and f,; = 1%. Both have
been computed up to Jiox = 8G Mé c¢~!. Dash-dotted lines represent solutions with
[ =5% and f3y = 5%, computed up to Jio, = 4 GMZ ¢! and finally dotted lines
solutions with f34; = 5% and Qpan/QRM = 3/4, computed up to Jios = 7GMZ ¢t
The red symbols report the sequence maximum mass, marking the turning point.
Strictly speaking, for rotating configurations, the onset of instability corresponds to
the zero-frequency of the fundamental oscillation mode [296] and does not coincide
exactly with the turning-point line. However, since the two boundaries are typically
very close, we adopt the turning point as an approximation for the stability limit [289,
297]. Since a nonlinear monotonic relationship exists between central and maximum
energy density for all reported models, we present the results as a function of the
former, which is the parameter used to generate the models.
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Figure 5.3: Distribution of the angular momentum fraction in the DM component
for models rotating at 75% of their Kepler frequency. Blue and red bars represent the
full sample and the stable models only, respectively. Dashed lines indicate the average
values: [y = 2.68% for the former and fg,; = 2.65% for the latter. Models with
fim > 4% exhibit low total angular momentum (Jyo, < 2G M2 ¢™!) and lie near the
maximum of their respective sequence. These models are sampled uniformly along
the dotted sequences shown in Fig. 5.2.

Specifically, for Ji,y = 1GM?9 ¢! this occurs for My > 1.64Mg, and for Jio =
2G Mé ¢! for My, > 2.14 Mg, to be compared with the respective maximum stable
masses of 2.12 Mg and 2.19 M.

Within the explored parameter space, Fig. 5.3 indicates that sequences with
fixed fy = 1% are representative of the typical behavior found in our models.
Alternative assumptions, e.g. larger f34,, different DM rotation laws, or strong DM
self-interaction, will only change the results quantitatively.

The inclusion of a DM component generally leads to a reduction in the maximum
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(f]%/IMa ng>% Q B Y Miax,7=0 [MQ]
(0, O)% 0.284 0.027 0.496 2.398
(5, )% 0.269 0.022 0.454 2.059
(5, 5)% 0.365 0.168 1.316 2.059
(5%, gﬁm =3/4) 0.396 0.164 1.739 2.059

Table 5.1: Fitting parameters for the model. The constants «, 3, and v are reported
in dimensionless units.

gravitational mass supported by the configuration. This is expected in the case
of core-type distributions, where the additional gravitational pull from a centrally
concentrated DM core effectively softens the system [298]. The BM component
experiences a stronger total gravitational potential without receiving a corresponding
increase in central pressure support, leading to an earlier onset of instability.

With the increase of the total angular momentum Jiy, the difference between
the DM admixed and pure BM NS decreases if one compares sequences with the
same Jiot. The dependence of the maximum total gravitational mass on the total
angular momentum is represented in Fig. 5.4, that shows the normalized maximum
mass M = Mnax/Mmax,s—0 as a function of the squared normalized total angular
momentum jfot = J2, /Mﬁ‘lax’ j—o- The different markers denote configurations with
varying mass and angular momentum fractions in the DM component, as indicated
in the legend.

The solid lines are fitted on the points using a [2/1] Padé resum of the Hartle-

Thorne expansion in J2, [31]:

aJ2 + BJ
+ tot ﬁ tot

. (5.8)
]- + 7Jt20t

which captures the leading-order rotational corrections and ensures a controlled be-
havior at large J2,. The fitting parameters are reported in Table 5.1.
In the bottom panel, we plot the logarithm of the absolute value of residuals;

the fits reproduce the numerical data with high accuracy, typically within 10~*. The
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exception is the sequence at constant fraction Qpy/QRM (in red), which shows slightly
larger deviations but still remains within acceptable bounds.

Overall, rotation softens the DM induced reduction of the maximum mass due to
the DM component, and all configurations at constant fraction of angular momentum
show a common scaling with J2, albeit with subtle differences that depend on the
DM rotational properties: small values of f{,; (~ 1%, orange line) tend to slow down
the increase of M.« with respect to the one-fluid case, while higher values (~ 5%,
green line) increase it. Curves at constant angular velocity (red line) show instead
a completely different behavior, in which Eq. (5.8) has a positive second derivative
and a much steeper increase.

We now turn our attention to the sequences characterized by f3,; = 5%, shown
in Fig. 5.2 (dash-dotted lines). As can be seen, we were able to compute sequences
only for relatively low values of Jiy, ranging from 0 to 3G Mé ¢!, and generally for
a narrower range of central energy densities ef;. Figure 5.5 provides further insight
into the situation. It shows €%,; as a function of the resulting r2M = which reflects the
deformation of the DM fluid. Increasing the target total angular momentum (and
thus Jpm = finJior) shifts the sequence toward lower values of this ratio.

As previously observed in [287], the RNS code faces difficulties when computing so-
lutions involving very large deformations, even if the angular velocity remains below
the Kepler limit. For smaller values of f3,;, the code cannot compute configurations
with €5y, < 0.5 x 10'° gem™ despite their potentially large total masses, because
building these configurations would require deformations beyond the code’s capabil-

ity. Similarly, attempts to construct sequences with Ji; > 4GM<29 c!at f‘éM =5%
DM <

ratio ~v

lead to numerical problems with solutions having r 0.4, a regime close to
the apparent limit of the code’s numerical stability and convergence. Consequently,
constructing DMANS with higher angular momentum is not possible for large fy,
within the current framework. This prevents us from reaching the realistically high
angular momenta (J > 5GMé ¢ 1) expected after a merger. This suggests that
alternative differential rotation laws may be needed to plausibly model these high-.J

scenarios.
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Figure 5.4: Normalized gravitational mass vs square of the total angular momen-
tum for the same configurations computed in Fig. 5.2. Colored lines are fitted with
Eq. (5.8). The bottom panel shows the logarithm of the absolute value of the resid-
uals.

5.2.2 Quasi-spherical configurations

In cases where the remnant of a BNS merger does not undergo immediate gravi-
tational collapse to a black hole, it can form a hypermassive or supramassive NS
that is sustained against gravitational collapse due to the rapid differential rotation.
Due to the longer lifetime of such merger remnants, they have enough time to settle
into a more quasi-spherical state before any delayed instability arises. Such config-
urations are often modeled using equilibrium sequences, particularly those classified

as Type A, which describe rotating stars retaining a maximum energy density at
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Figure 5.5: Central energy density of the BM component as a function of the DM
deformation parameter. Lines and colors have the same meaning as in Fig. 5.2.

the center and remaining close to spherical symmetry despite increasing rotational
flattening (quantified by rBM
in (5.6) and (5.7) from (2,0.5) to (A1, A2) = (1.8,1). We choose these parameters

following [258, 271, 299], where they report that numerical simulations suggest that

). To obtain these solutions, we adjust the parameters

Ao &~ 1 and A\ € [1.7, 1.9] better approximate remnants from BNS merger. Two
models are shown in Fig. 5.6.

Figure 5.7 shows sequences in the (Mo, €5y) Plane at fixed total angular momen-
tum, with colors and line styles consistent with Fig. 5.2. Maximum-mass points are
marked with filled symbols and a black edge. For the quasi-spherical configurations
corresponding to (A1, Ag) = (1.8, 1), we find that for Ji, < 2G M2 ¢! the resulting

equilibrium sequences essentially coincide with those of the toroidal case shown in
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Figure 5.6: Matter density profiles in the yz plane of two configurations with the
same baryonic central energy density €5, = 1.47 x 10 gem™ and f3, = 5%,
ng = 1%, (A1, o) = (1.8,1).

Fig. 5.2. Although the angular-velocity profiles differ substantially, the global quan-
tities such as M, remain nearly unchanged at low angular momentum, indicating
that the detailed form of £)(r) has only a minor influence in this regime.

At higher values of Ji, up to the maximum accessible value of 5 G Mé ¢! in our
numerical sequences, the maximum supported mass is consistently lower than in the
Type C case. This confirms, in the two-fluid scenario, the result already reported
in [258, 295] for one-fluid stars: Type A configurations are less efficient in exploiting
differential rotation to increase the maximum mass.

In the two-fluid case, even at moderate central densities, the BM equatorial
angular-velocity profile Q(r) develops a local minimum around R ~ 4km before
rising sharply to its maximum and then approaching the Keplerian fall-off. This
minimum reflects the influence of the DM component and is not produced by ap-
plying the rotation law of Eq. (5.4) to a single fluid, where (r) instead increases
monotonically outside the nearly flat core. Although similar minima can arise in
one-fluid models under different rotation prescriptions [259], they do not appear un-
der the assumptions adopted here. Figure 5.8 compares the equatorial profiles for
the one-fluid (left) and two-fluid (right) descriptions across several values of the BM

central energy density.
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Figure 5.7: Gravitational mass vs baryonic central energy density for A\; = 1.8 and
Ay = 1 at fixed total angular momentum Ji,, represented with the color gradient.
Dashed lines correspond to solutions with f31; = 0%, solid lines to f3%;, = 5% and
fiv = 1%. Crosses and circles without the black edge represent cases for which
the profile Q(r) is discontinuous (cf. Appendix 5.3 and Fig. 5.8) for f34; = 0% and
fxs = 5%, respectively.

The minimum occurs because the DM slightly reduces the enclosed mass in the
region where it is present, allowing 2(r) to decrease locally while still satisfying the
fixed total angular momentum Jio;. Farther out, where Q(r) reaches its maximum,
the DM instead deepens the gravitational potential, requiring a steeper rise in ()
for centrifugal support and producing a more pronounced peak than in the one-fluid
case. This interplay between reduced and enhanced gravitational pull is visible in
Fig. 5.8.

Note that not all models along these sequences converge to physically valid so-
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Figure 5.8: Angular velocity on the equatorial plane as a function of the proper
radial position. Dashed lines mark the position of the star’s surface. Left: example
models extracted from Fig. 5.7 in the absence of DM. Right: same as the previous
panel, but for a DM fraction of 5%.

lutions. In particular, for certain combinations of high central energy density and
angular momentum, the rotation law in Eq. (5.4) ceases to admit real solutions for
Q(r) over a finite radial range. As a result, the corresponding equilibrium profiles
develop discontinuities in the angular velocity, which we mark with open symbols
in Fig. 5.7. A discussion of the origin and impact of these discontinuities, together
with a validation of our implementation against published equilibrium models, is

presented in Section 5.3.

5.3 Analysis of angular velocity discontinuities

Quasi-spherical models with (Ag, As) = (1.8, 1) lead to convergence issues even in the
one-fluid scenario, especially at high central densities and angular momenta.

Points marked with dots or crosses without black edges on the sequences (respec-
tively for the two-fluid and one-fluid cases) of Fig. 5.7 correspond to models where
the angular velocity profile Q(r) becomes discontinuous, indicating failure of the it-

eration procedure. These discontinuities arise because the rotation law (5.4) ceases
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Figure 5.9: Relative errors of models computed in the one-fluid picture, compared
against Table 6 of [258] for the DD2 EOS. We assess both global quantities (gravita-
tional mass M and dimensionless angular momentum J/M?) and local ones (equato-
rial radius R, central and equatorial angular velocities, and the maximum angular
velocity). Dots represent individual models, with each color corresponding to one of
the three (A1, A2) pairs considered. The orange line marks the median relative error,
while the lower and upper edges of the box indicate the 25% and 75%, respectively.

to admit positive real solutions for €2 over a finite radial range, as illustrated in
Fig. 5.8, where we show different equatorial angular velocity profiles {2 as a function
of the proper radius R for a fixed total angular momentum J =5G Mé ¢ L. Colors
correspond to different central BM energy densities, used as the sequence parameter.
The left panel shows the one-fluid case (i, = fZy = 0), and the right panel shows
a two-fluid configuration with fji; = 5% and f3,; = 1%.

For sufficiently high €5,,, the equation 2 = j() fails to yield a real, positive
solution over a finite radial interval, producing discontinuities visible in the red curves

of Fig. 5.8. Although the code provides a numerical solution, such discontinuities
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imply that the model is not physically reliable and cannot be used as initial data for
numerical relativity codes.

The impact on equilibrium sequences is minimal, as the discontinuities are con-
fined to a few radial grid points near the equator. When computing integral quan-
tities, such as the gravitational mass, the resulting error is negligible. Other field
quantities involved in the integrals, such as pressure or energy density, exhibit jumps
in the radial profile of up to 5% relative to neighboring points in the worst observed
case, affecting at most six radial grid points out of the 400 that fall inside the star.
The number of affected points decreases rapidly in the angular direction, so that the
discontinuity is completely smoothed out within a few angular grid points.

To verify that the discontinuities described above are not numerical artifacts, we
performed a series of independent tests. First, we compared our one-fluid configura-
tions directly against the equilibrium models reported by [258] in Table 6, which we
treat as reference solutions.

Figure 5.9 summarizes the relative differences between the two sets of results,
showing that our models reproduce their data with high accuracy: the gravitational
mass differs by at most ~ 1.3% for configurations with (A;, A2) = (1.6, 1), while the
equatorial radius and the quantities related to the angular velocity, including the
central, equatorial, and maximum values, agree to within 0.4%. This error on the
mass can be traced back to differences in the implementation of the EOS, rather
than to the numerical method itself. Direct comparison of the full angular velocity
profiles on the equatorial plane with those shown in Fig. 12 of [258] confirms the
agreement, with discrepancies well below 1%. Importantly, in all of these benchmark
cases, our solutions for Q(r) are continuous across the stellar interior, demonstrating
that the observed discontinuities at high central energy densities and high angular
momentum are not intrinsic to the numerical implementation.

We also increased the grid resolution in both the radial and angular directions,
from (800, 400) to (1600, 800), and tightened the convergence tolerance from 107 to
10712 (global quantities such as the gravitational mass already converge at the level
of 1077). Root finding within the algorithm was maintained at machine accuracy.

At high resolution, small oscillatory features arise near the stellar surface due to the
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steep decrease of matter variables. They can however be removed by switching the
interpolation scheme from cubic to linear.

The location and extent of the discontinuous radial interval remain unchanged
within numerical error.

Together, these tests indicate that the discontinuities are not due to insufficient
resolution or implementation errors, but rather reflect the absence of a real solution

for ) over the affected interval.

5.4 Conclusions

In this work, we have studied DM-admixed NSs in the regime of differential rota-
tion, which is of particular relevance for post-merger remnants of BNS coalescences.
Building upon our earlier extension of the RNS code to two fluids, we have now im-
plemented differential rotation laws that capture the angular velocity distributions
observed in numerical relativity simulations of hypermassive NSs. In our framework,
BM and DM are treated as two cold, gravitationally coupled fluids, with the bary-
onic component following differential rotation and the DM rotating quasi-uniformly,
consistent with expectations from core-type configurations.

We considered sequences with fixed DM mass fractions up to 5%, focusing on
two representative choices of the rotation law parameters: (A1, A2) = (2,0.5), which
admits toroidal (Type C) configurations, and (1.8,1), which yields quasi-spherical
(Type A) equilibria. In both cases, the BM angular velocity reaches maximum away
from the center, while the DM part rotates uniformly in accordance with numerical
relativity merger simulations. Note that we focus only on the core DM configuration,
i.e., when the DM component is roughly speaking confined inside the star. The
reason is that halo configurations lead to a more complicated post-merger angular
velocity distribution [262].

We investigated how the inclusion of a dark component modifies the maximum
mass, stability, and structural properties of the remnant. Our results confirm that
a centrally concentrated DM core generally reduces the maximum mass, as the ad-

ditional gravitational pull is not compensated by extra pressure support. However,
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rotation tends to mitigate this reduction, and for sufficiently high total angular mo-
mentum the maximum masses of admixed stars approach those of their pure baryonic
counterparts.

The scaling of the maximum mass with total angular momentum can be captured
with high accuracy by a Padé resummation of the Hartle-Thorne expansion. This
indicates that, despite the increased complexity of the two-fluid system, the global
impact of a differential rotation remains predictable in terms of a small set of effective
parameters. At the same time, the details of the angular velocity profile, and in
particular the interplay between the two fluids, introduce new qualitative effects: we
observe the emergence of a local minimum in the baryonic angular velocity profile,
a feature absent in the corresponding one-fluid models. This effect arises from the
redistribution of the gravitational potential by the dark component.

The limitations of the present analysis are primarily numerical: configurations
with large DM angular momentum fractions or extreme deformations remain chal-
lenging to construct within the current RNS framework. Nevertheless, the results
confirm that the combination of differential rotation and a dark component pro-
duces imprints in equilibrium sequences and stability boundaries, with potential
consequences for the interpretation of post-merger GW signals. However, equilib-
rium sequences alone are not sufficient to disentangle DM admixture from a simple
softening of the baryonic EOS, since both scenarios lead to similar modifications in
the mass-radius-moment of inertia plane.

Finally, we find that for large angular-momentum fractions, the central energy
density, the numerical scheme approaches its limits; in particular, some quasi-spherical
models exhibit discontinuities in Q(r) where the adopted rotation law ceases to ad-
mit a real solution. Perhaps this is a residual of the employed differential rotation
law and theory parameter. Thus, further investigation is needed, which is out of the
scope of the present paper.

Finally, it is important to address the thermodynamic assumptions adopted in
this study. The equilibrium models presented here rely on a zero-temperature bary-
onic equation of state. In realistic binary neutron star merger scenarios, shock heat-

ing raises the temperature of the remnant to tens of MeV on dynamical timescales,
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while neutrino cooling operates on significantly longer timescales (~ seconds). Con-
sequently, differentially rotating remnants are physically hot objects supported by
both rotation and thermal pressure. The inclusion of finite-temperature effects would
effectively stiffen the equation of state, yielding higher maximum masses and larger
radii. In this regard, the cold models presented in this work represents a conservative
approximation: since thermal support provides additional stability against collapse,
configurations that are stable in the cold limit are expected to remain stable when
thermal effects are included. Moreover, the qualitative impact of the dark matter
component persists independently of the thermal state of the baryonic fluid.

Future work can expand in several directions. First, the inclusion of halo-type
configurations, which require more general rotation laws than currently available,
would allow a broader survey of possibilities. Second, the dependence of our results
on the DM microphysics, i.e., particle mass and self-interaction strength, remains to
be mapped in detail, with the prospect of constraining regions of the parameter space
through astrophysical observations. Finally, the equilibrium sequences constructed
here can serve as initial data for full numerical relativity simulations of DM-admixed
merger remnants.

The equilibrium sequences studies provide a link between microphysical model-
ing and astrophysical observables in multimessenger astronomy. They allow for a
systematic exploration of a very large parameter space covering DM properties, bary-
onic equations of state, and rotation laws, at a fraction of the computational cost
of full dynamical simulations. The description of post-merger remnants as quasi-
equilibrium models has already proven valuable in several contexts: interpreting
the post-merger GW spectrum, determining the threshold mass to prompt collapse,
constructing empirical relations that connect remnant properties to those of nonro-
tating models, and modeling longer-timescale processes relevant for multimessenger
follow-up of GW detections [51, 252, 289-292]. In this sense, the equilibrium se-
quences developed here provide theoretical insight into the role of DM and represent
a practical framework for connecting microscopic physics to future multimessenger

observations.



|

Conclusions and Outlook

This work presented a systematic study of compact objects containing a dark matter
component, building a bridge between three regimes: pure dark stars composed
entirely of a self-interacting bosonic fluid, mixed configurations in which baryonic
and dark matter coexist, and rapidly rotating or differentially rotating equilibria
that reproduce the physical conditions expected in the aftermath of binary mergers.
The results provide a unified framework to describe how small amounts dark matter
can affect the macroscopic structure and the rotational behaviour of neutron stars.

The first part of the thesis established the physical background necessary to
interpret these configurations. Neutron stars were described as relativistic stellar
objects sustained by the pressure of degenerate nuclear matter against gravitational
collapse. Their equilibrium structure follows from the Einstein equations under the
assumptions of stationarity and axisymmetry. The Tolman-Oppenheimer-Volkoff
equations describes the balance of gravity and internal pressure in the static limit;
the Komatsu-Eriguchi-Hachisu scheme extends the description to rotating stars by
solving the metric potentials in quasi-isotropic coordinates. The equation of state
plays a fundamental role in connecting the local thermodynamic variables to macro-
scopic observables such as mass, radius, and moment of inertia. Different nuclear
models were used to span the range of realistic stiffness compatible with current
observations.

The second element considered was the modelling of dark matter as a bosonic
condensate described by a self-interacting scalar field in the mean-field limit. In this
regime, the pressure and energy density follow a polytropic relation determined by
the particle mass and quartic self-coupling. These parameters can be mapped to an
effective equation of state similar to that of a nonrelativistic fluid with a stiffening

term from the repulsive interaction. When coupled only through gravity to the
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baryonic component, this form of dark matter can coexist with ordinary matter
inside a single compact configuration. The dark matter can either form a small core
surrounded by baryons or dominate the structure entirely, depending on the relative
central densities.

The first family of models studied were pure dark stars. By integrating the Ein-
stein equations for a single bosonic fluid with quartic self-interaction, a complete
sequence of equilibrium configurations was obtained. The mass and radius follow
universal scaling relations that depend on the ratio v/A/m?,,, linking microscopic
parameters to astrophysical observables. The results confirm that self-interactions
are essential to produce stellar-scale objects, while free bosons would lead to con-
figurations of microscopic size. The computed tidal deformabilities suggest that, in
principle, mergers of such objects could generate gravitational wave signatures within
the sensitivity of future detectors. These findings demonstrate that self-interacting
bosonic matter can sustain compact equilibrium states in the same mass range as
neutron stars, providing a reference baseline for the mixed cases.

The second group of results focused on dark matter-admixed neutron stars under
uniform rotation. The public code RNS was extended to describe two fluids coupled
only by gravity, each characterized by its own equation of state, enthalpy distri-
bution, and rotation law. The implementation required the generalization of the
hydrostationary equilibrium relations and the simultaneous solution of the Einstein
equations for the total stress-energy tensor. Extensive numerical testing verified that
the modified code reproduces the known one-fluid solutions with high accuracy; the
relative error remained below one percent.

With this framework in place, equilibrium sequences were constructed for different
dark matter fractions and angular momentum distributions. The results reveal that
even a small dark matter core, representing a few percent of the total mass, changes
the stellar properties in a measurable way. The maximum mass, the moment of
inertia, and the mass-radius relation shift depending on the relative concentration
of the dark and baryonic components. The trends mimic the effects of varying the
stiffness of the baryonic equation of state, producing degeneracies between nuclear

physics and dark matter parameters. These findings highlight that the interpreta-
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tion of observational constraints on the dense matter equation of state must take into
account possible dark matter contributions. Co-rotating and counter-rotating config-
urations were explored, showing that the total angular momentum can be distributed
nontrivially between the two fluids without compromising equilibrium.

The final stage of the investigation introduced differential rotation, a key fea-
ture of the transient remnants formed in binary mergers. To describe this regime,
the code was extended further to include a generalized rotation law based on the
parametrization proposed by Uryu and collaborators [53]. This law captures the
transition from a uniformly rotating core to a more rapidly rotating outer envelope
and reproduces the behaviour observed in hydrodynamical simulations. Differential
rotation allows the star to support masses significantly above the uniform rotation
limit, providing a realistic description of hypermassive remnants. The presence of a
dark matter core modifies the stability threshold and the internal angular velocity
profile, affecting the transition between stable and unstable configurations.

A detailed numerical analysis was performed to identify the regions of parameter
space where the solutions remain physically consistent. For certain combinations of
the differential rotation parameters, the angular velocity profile develops disconti-
nuities at high central energy densities. The comparison with published one-fluid
results confirmed that the behaviour arises from the intrinsic structure of the ro-
tation law rather than numerical artifacts. The consistency checks, including grid
refinement and tolerance tests, ensured that the results are robust at the level of
numerical precision required by relativistic stellar modelling.

The combined outcomes of the three projects draw a picture of the role of dark
matter in compact objects. The self-interacting bosonic model provides a minimal yet
flexible description that can reproduce dark matter-admixed configurations and al-
lows for isolated dark stars. In the two-fluid regime, the gravitational coupling alone
is sufficient to produce stable equilibrium states where dark and baryonic matter
coexist. The relative contribution of each component determines the global observ-
ables that could be tested by future missions. The introduction of rotation, both
uniform and differential, reveals that the influence of dark matter extends beyond

static structure to the dynamical and stability properties of compact stars. From an
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astrophysical standpoint, the results imply that dark matter can act as an effective
parameter degeneracy in the interpretation of observational data. Measurements of
mass, radius, or moment of inertia from pulsars and X-ray sources can be reproduced
by either changing the baryonic equation of state or adding a small dark matter core.
Similarly, gravitational wave observations constrain combinations of parameters that
depend jointly on nuclear physics and dark matter microphysics. Breaking these de-
generacies will require both multimessenger measurements and consistent theoretical
modelling.

Several extensions are natural. The numerical scheme can incorporate dark mat-
ter halos extending beyond the baryonic surface, a scenario relevant for slow ac-
cretion during the star’s lifetime. The inclusion of temperature and finite-entropy
effects would allow applications to protoneutron stars and merger remnants. The ex-
ploration of the parameter space in terms of dark matter particle mass, self-coupling,
and fraction will enable direct comparison with cosmological and particle physics con-
straints. Finally, the equilibrium models generated by the two-fluid RNS code can be
used as starting points for dynamical evolutions in numerical relativity, connecting

the equilibrium theory to time-dependent simulations.



Appendix A ‘

The KEH scheme

In this appendix, we will explore an iterative numerical method aimed at solving
an integral representation of the field equations Eqs. (1.44) to (1.47), as originally
developed by Komatsu, Eriguchi, and Hachisu [40] and later extended with the mod-
ifications included by Cook, Shapiro, and Teukolsky [43-45].

First, we will present how the metric equations can be rewritten using Green’s
functions in an integral formulation that naturally enforces the correct boundary
conditions, and then describe the iterative procedure that transforms spherically

symmetric configurations into rapidly rotating solutions.

The KEH scheme The first step is to rewrite the metric element Eq. (1.40) into
a form that yields elliptic equations suitable for inversion via the Green’s functions

method. Defining

~v=InB, (A.1)
p=2v—InB, (A.2)

we obtain
ds? = —e"*Pdt? + " Pr?sin® 0 (dg — wdt)2 + e (d?’2 + 7"2d(92) (A.3)

From now on, p will always refer to the metric function defined in Eq. (A.2), and not
to the rest-mass density, unless explicitly stated.

Under this new gauge choice and defining = cos 6, the field equations Eqgs. (1.44)
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0 (1.46) for the metric functions become
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Lastly, the field equation for the field « (¢f. Eq. (1.47)) becomes
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supplemented by the spatial flatness condition a(p = 1) = (7 — p)/2 as the initial
condition for each line of constant r.

While Eq. (A.10) can be solved with standard integration techniques despite its
complex functional form, Eqs. (A.4) to (A.6) must be cast into integral equations
using the Green’s functions of the flat-space, 3-dimensional Laplacian in spherical

polar coordinates. We obtain:

— 7/2/ d'r/ dp i Ir— (A.11)

e(2p—7)/2

w=— /dr/ du\/1—7/ de 7 cos¢ ( ) (A.12)

271 sin 0 cos ¢ 7’

_ 2e” v/2
/ dr/ dp S, (7, w)log|r — 7. (A.13)
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Finally, the integrals are evaluated using the standard expansion of the Green’s

functions in angular harmonics

o0 n
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where 7, = min (r, 7), rpax = max (r, 7), P, (cosf) are the Legendre polynomials
and lastly P!™ (cos#) are the associated Legendre polynomials.

One last possible improvement that can be considered to facilitate the numerical
integration of Eqs. (A.11) to (A.13) is a compactification of the radial variable r [43].

Instead of truncating the domain at some finite radius, we define a new variable

r

s =

= A.16
T+ ( )

such that s = 0 when r = 0, s — 1 as r — 00, ands:%whenr:n, where
re is chosen as a characteristic length scale of the problem (in practice, the quasi-
isotropic equatorial radius of the star). In this way, the infinite radial domain is
mapped smoothly onto the finite interval s € [0,1]. All field equations must then be
reformulated in terms of s, but the structure of the integral representation remains

unchanged.

The RNS code We now have all the theoretical tools necessary to describe the
iterative procedure that enables the construction of rotating neutron star models.
A solution is characterized by at least two parameters (for each fluid considered):
one related to the compactness of the system and one to the degree of rotation. A
particularly robust choice is the central energy density €’ and the ratio of the polar

to equatorial radius 7} /r; @ = 1,---, N identifies the fluid. Differential rotation
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introduces additional parameters, the number of which depends on the functional
form of the rotation law (see Section 1.3). Alternatively, other physical quantities
like the total mass, fluid fractions f; = M;/ >, M; or angular velocity can be spec-
ified. However, these models are computed iteratively by adjusting the appropriate
fundamental parameter until a configuration is found within a specified tolerance.
The relative error in determining these parameters is freely specifiable and set to

1073 by default. The general algorithm used goes as follows.

« Initial conditions are computed solving the TOV equations Egs. (1.17) and (1.18)

for some central energy densities €%, taken as first guesses.

can either be given as input or fixed with the

o The free parameters ', r’ .
required nested root finding loops to achieve some desired property of the
computed system. For instance, in the two fluid case with i = {BM, DM}, ¢2M

is changed to find constant total mass sequences, ePM to fix the dark matter

BM “and rPM

otio atio allow us to achieve the target angular velocity

fraction, and r
for the respective fluid. For each iteration of the innermost root finding, the

equilibrium equations are solved and the properties of the system computed.

e Once convergence is achieved, the final model with desired parameters is re-
computed, and key stellar properties, including mass, radius, and angular mo-

mentum, are calculated.

It is worth mentioning that algorithms for finding roots in multidimensional
spaces do exist, but their implementation here is not straightforward. Instead, the
algorithm described navigates the parameter space in small, incremental steps. This
approach ensures that the initial guess is sufficiently close to the solution, guarantee-
ing convergence. More sophisticated methods, such as Broyden’s algorithm [300], are
available but typically involve larger steps through the parameter space, at least in
the beginning. These larger steps often result in failures when solving the equilibrium
equations, making them less reliable in this context.

Finally, the essential features of the algorithm to solve the equilibrium equations
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in the case of a single fluid (the generalization to the multifluid system is straight-

forward) are summarized as follows:

1. The procedure begins with an initial guess for the metric and matter fields,
taken either from a previously computed rotating solution or from a nonrotat-
ing solution of the TOV equations Eqgs. (1.17) and (1.18).

2. The metric potentials are rescaled: p, 7, and « are multiplied by r_ 2, while w

and Q by r..

3. A new value of 7, is computed. Two approaches are possible, depending on the
number of fluids considered. In the one-fluid case, r. is obtained by inverting
the relation obtained equating the first integral of hydrostationary equilibrium
Eq. (1.57) at the centre and at the pole; in the multi-fluid case, a fixed-point

iteration is used:

2 _
’f’gew — (hcentre h'pole) ‘ (Al?)

e
Ypole + Ppole — Vcentre — Pcentre

Here, the right-hand side is evaluated using the fields from the previous itera-

tion (or the initial guess).

4. The parameters that characterise the rotation law are now updated, if necessary.
To do so, we express them in terms of auxiliary quantities that prescribe the
ratios of angular velocities at specific points in the star. For example, both the
rotation laws presented in Section 1.3 [53] are determined by two parameters,

A and B, which can be fixed by solving the system

)\ — Qe (je ;A,B)

' Q7 (A.18)
)\ S Qmax(jmax§A7B) '

2 — Qe )

where the angular momentum is computed explicitly from the definition

. (Q—w)r?sin®fe 2

':uu —=
/ CT 1 (Q —w)*r2sin®fe-2

(A.19)
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This choice allows us to target specific angular velocity configurations to mimic,

for example, numerical relativity simulations.

5. The angular velocity distribution is updated, starting from its equatorial value
()., obtained by solving numerically the nonlinear equation given by the first
integral of hydrostationary equilibrium at the equator minus that at the pole.

In the case of Eq. (1.59) with (p, ¢) = (1, 3), for example, the equation reads

(76 + Pe — Tp — pp) + In [1 - (Qe - we)Q T? e—2pe} = _2jeQe+

A202 [ A2 J2A2 JeV2Ao
2)\5 {2§ arctan (A4Q§> — \/5 [arctan (1 — e — (A.20)

. 2 .
je\/ﬁ/b) + V2 arctanh ( AQ.jev2 ) }

t 1
a“( T, Ao (2 + ATQ2/X3)

Knowing €2, provides a new estimate for the angular velocity at the centre,
Q. = Q./Aa. At this point, by solving the root-finding problem for the specific
rotation law Q(s, u) = 7(2(s, p)) given by Eq. (1.59) or Eq. (1.60) we determine

the field everywhere else.

6. From €, the 3-velocity v = (2 — w) rsinfexp (—p) is computed, and the en-
thalpy is updated. The enthalpy is then converted into energy density and

pressure via the equation of state.

7. The updated matter fields are used to recompute the metric fields p, v, w, and

«, which are then rescaled with the appropriate power of r,.

8. Convergence is monitored by tracking the change in equatorial radius between
iterations. If the relative change falls below a chosen threshold, set to 1071 by
default, the iterative procedure terminates; otherwise, the algorithm restarts

from Step 2.

A number of numerical techniques are employed in order to improve the conver-

gence of this algorithm.
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First, Step 5 requires solving a root-finding problem at each grid point inside
the star, which is computationally expensive. Several optimizations are applied: for
each (s;, ;t;) point on the grid, a line search is performed starting slightly above the
maximum value of € from the previous iteration and decreasing down to zero; the
function f(2) = Q—j(Q) is evaluated on the grid until a sign change is detected; once
this interval is bracketed, the root is refined using the Brent method. To minimize
the number of function evaluations during the line search and to take advantage of
the rapid convergence of the Brent method, the initial search is carried out with a
coarse step size; if no sign change is found, as may occur in extreme models, the
step size is reduced by a factor of 10, up to four successive times. Since the 2 profile
can become very steep in the radial direction, the previous value of the field is not
employed as a starting value in the search because a fixed or percentage increment
misses in many models the correct root, producing an unphysical rotational profile.

Second, successive over-relaxation is employed to update the metric fields accord-

ing to
o =0 ¢, (@ - 0f), (A.21)
where @%1) = ®™ (s;, 115) denotes the value of one generic metric field at a given

new
(]
current iteration. The relaxation factor is typically set to ¢; = 0.5 for all rotating

grid point at the n-th iteration, and ®}¢V is the value of the field computed in the
models, and if convergence stalls, it is lowered automatically; a smaller c; also leads
to smaller changes in the equatorial radius between consecutive iterations, so care
must be taken to ensure that lowering c; does not mistakenly flag the model as
already converged.

Third, Gibbs error is present at the surface of the star due to the steep gradients
of matter fields. While this problem could be solved with the use of surface-adaptive
grid coordinates, it is minimized by setting an upper limit to the grid size to SDIV x
MDIV = 801 x 401, respectively in the s and p direction.

Finally, the choice of u = cos# causes some terms in the field equations to be
sensitive to division by small numbers, so in the angular derivative spurious oscilla-

tions arise near the rotation axis that are purely numerical in origin. Moreover, there
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appears an oscillatory behaviour in the « field when the second radial derivatives are
computed using second order accurate formulae: this is smoothed by simply using
twice the grid spacing to compute them, and it is shown to improve accuracy up to

2% in the equilibrium properties and minimize Hamiltonian constraint violations [31].
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‘ Begin with initial guess for metric and matter fields

‘ Rescale metric potentials: p, v, a by 7. 2; w, Q by re I

‘ Compute new 7, ’

‘ Update rotation law parameters ’

‘ Update angular velocity: solve Q, then €., then Q(s, u) ’

‘ Compute 3-velocity and enthalpy; convert to density and pressure via EOS ’

Recompute metric fields and rescale with r,

Convergence achieved?

Yes

Stop

Figure A.1: Iteration scheme for equilibrium solution
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