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ARTICLE INFO ABSTRACT

Keywords: The rocking response of rigid bodies has been extensively studied in Mechanics and Civil Engineering, especially
Asymmetric rigid block following the foundational work of Housner. While prior research has primarily examined symmetric blocks,
Eccentricity structures that react the same way to excitations in either direction, many practical configurations involve asym-

Horizontal and vertical base isolation
Overturning mechanism
Seismic performance

metry, where the centers of mass and geometry do not coincide. This asymmetry results in direction-dependent
responses under dynamic loading. This study explores the seismic behavior of asymmetric rigid blocks supported
by a dual isolation system, featuring both horizontal and vertical components, with particular emphasis on char-
acterizing and understanding their nonlinear dynamic response. The governing equations of motion are derived,
accounting for both rocking and full-contact phases, as well as uplift and impact conditions. The horizontal isola-
tion is modeled using a Bouc-Wen hysteretic formulation, while the vertical isolation system is represented with
a Kelvin-Voigt viscoelastic model.

The first part concerns the seismic analysis of the system. As base excitation, three earthquake horizontal and
vertical records are selected accounting for their spectral content and PGA. The results are arranged in rocking
maps and comparisons among the systems referring to symmetric rigid blocks and those referring to asymmetric
blocks with increasing eccentricity are performed to examine the role of the asymmetry of blocks protected with
the dual base isolation. Results show that vertical isolation, when combined with horizontal isolation, enhances
the block’s ability to remain in full-contact compared to the case with horizontal isolation alone.

The second part focuses on the overturning mechanisms exhibited by asymmetric rigid blocks equipped with
the previously discussed dual base isolation system. To this end, the system is subjected to horizontal and vertical
impulsive one-sine base accelerations, and the resulting overturning spectral maps are constructed. The analysis
uncovers previously unidentified overturning modes specific to dual-isolated asymmetric blocks.

1. Introduction complex mechanisms, including slip and lift-off, extending the original
framework to a broader range of dynamic phenomena [6-8].

Subsequent contributions considered imperfections in block geome-
try and base contact conditions [9], and provided analytical formula-
tions for overturning based on energy considerations [10]. More refined
intensity measures tailored to rocking dynamics were proposed in [11],
and advanced three-dimensional models incorporating impact and up-
lift effects were developed in [12-14], enhancing the realism of rocking
simulations.

In parallel, efforts have been made to reduce the vulnerability of rigid
blocks through passive control techniques. The use of combined strate-
gies involving tuned mass dampers, inerters, and hysteretic elements
has been studied in detail [15-20], demonstrating their effectiveness

To study the dynamic response of rocking bodies, it is crucial to adopt
suitable mechanical models. A foundational approach was developed
with the inverted pendulum model (IPM), first proposed in [1], which
describes the in-plane motion of a rectangular rigid block subjected
to rocking. This formulation captures the essential features of planar
rocking for symmetric rigid blocks, intentionally neglecting effects such
as sliding and detachment phases. Despite its simplifications, the IPM
has become a cornerstone in the field due to its ability to qualitatively
capture the fundamental dynamics. It has been extensively applied in
subsequent research to assess the seismic behavior of rigid bodies [2-5].
Over time, additional models have been introduced to incorporate more
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$u=u(t)$
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\begin {align}T^{FC} & =\dfrac {1}{2}m_{h}\,\dot {\mathbf {u}}_{P}\cdot \dot {\mathbf {u}}_{P}+\dfrac {1}{2}m_{v}\,\dot {\mathbf {u}}_{Q}\cdot \dot {\mathbf {u}}_{Q}+\dfrac {1}{2}M\,\dot {\mathbf {u}}_{C}^{FC}\cdot \dot {\mathbf {u}}_{C}^{FC},\label {autoeq:1}\\ U^{FC} & =M\,g\,\mathbf {u}_{C}^{FC}\cdot \mathbf {j}+m_{v}\,g\,\mathbf {u}_{Q}\cdot \mathbf {j},\label {autoeq:2}\end {align}


\begin {align}T^{FC} & =\dfrac {1}{2}m_{h}\,\dot {\mathbf {u}}_{P}\cdot \dot {\mathbf {u}}_{P}+\dfrac {1}{2}m_{v}\,\dot {\mathbf {u}}_{Q}\cdot \dot {\mathbf {u}}_{Q}+\dfrac {1}{2}M\,\dot {\mathbf {u}}_{C}^{FC}\cdot \dot {\mathbf {u}}_{C}^{FC},\label {autoeq:1}\\ U^{FC} & =M\,g\,\mathbf {u}_{C}^{FC}\cdot \mathbf {j}+m_{v}\,g\,\mathbf {u}_{Q}\cdot \mathbf {j},\label {autoeq:2}\end {align}


$\mathbf {j}={(0 ,\,1,\,0)}^{T}$


$y$


$L^{FC}:=T^{FC}-U^{FC}$


\begin {equation}\delta W=F_{h}\,\delta u+F_{v}\,\delta v,\label {restforc}\end {equation}


$F_{h}$


$F_{v}$


\begin {align}\dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{FC}}{\partial \dot {u}}\right )-\dfrac {\partial L^{FC}}{\partial u} & =F_{h},\label {autoeq:3}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{FC}}{\partial \dot {v}}\right )-\dfrac {\partial L^{FC}}{\partial v} & =F_{v},\label {autoeq:4}\end {align}


\begin {align}\dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{FC}}{\partial \dot {u}}\right )-\dfrac {\partial L^{FC}}{\partial u} & =F_{h},\label {autoeq:3}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{FC}}{\partial \dot {v}}\right )-\dfrac {\partial L^{FC}}{\partial v} & =F_{v},\label {autoeq:4}\end {align}


\begin {align}&(M+m_{h}+m_{v})(\ddot {u}+\ddot {u}_{g}) =F_{h},\label {autoeq:5}\\ &(M+m_{v})(\ddot {v}+\ddot {v}_{g}+g) =F_{v}.\label {autoeq:6}\end {align}


\begin {align}&(M+m_{h}+m_{v})(\ddot {u}+\ddot {u}_{g}) =F_{h},\label {autoeq:5}\\ &(M+m_{v})(\ddot {v}+\ddot {v}_{g}+g) =F_{v}.\label {autoeq:6}\end {align}
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\begin {equation}\begin {aligned} & \mathbf {u}_{P} = \begin {pmatrix}u_{g}+u\\ v_{g}\\ 0 \end {pmatrix}, & \mathbf {u}_{Q} & = \begin {pmatrix}u_{g}+u\\ v_{g}+v\\ 0 \end {pmatrix},\\ & \mathbf {u}_{C}^{FC} = \begin {pmatrix}u_{g}+u\\ v_{g}+v\\ 0 \end {pmatrix}, \end {aligned} \label {upointsfc}\end {equation}
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\begin {align}& T^{\ell ,r} =\dfrac {1}{2}m_{h}\,\dot {\mathbf {u}}_{P}\cdot \dot {\mathbf {u}}_{P}+\dfrac {1}{2}m_{v}\,\dot {\mathbf {u}}_{Q}\cdot \dot {\mathbf {u}}_{Q} +\dfrac {1}{2}M\,\dot {\mathbf {u}}_{C}^{\ell ,r}\cdot \dot {\mathbf {u}}_{C}^{\ell ,r}+\dfrac {1}{2}J_{C}\,\dot {\phi }^{2},\label {autoeq:7}\\[3pt] & U^{\ell ,r} =M\,g\,\mathbf {u}_{C}^{\ell ,r}\cdot \mathbf {j}+m_{v}\,g\,\mathbf {u}_{Q}\cdot \mathbf {j}.\label {autoeq:8}\end {align}


\begin {align}& T^{\ell ,r} =\dfrac {1}{2}m_{h}\,\dot {\mathbf {u}}_{P}\cdot \dot {\mathbf {u}}_{P}+\dfrac {1}{2}m_{v}\,\dot {\mathbf {u}}_{Q}\cdot \dot {\mathbf {u}}_{Q} +\dfrac {1}{2}M\,\dot {\mathbf {u}}_{C}^{\ell ,r}\cdot \dot {\mathbf {u}}_{C}^{\ell ,r}+\dfrac {1}{2}J_{C}\,\dot {\phi }^{2},\label {autoeq:7}\\[3pt] & U^{\ell ,r} =M\,g\,\mathbf {u}_{C}^{\ell ,r}\cdot \mathbf {j}+m_{v}\,g\,\mathbf {u}_{Q}\cdot \mathbf {j}.\label {autoeq:8}\end {align}


$J_{C}$


$C$


$L^{\ell ,r}:=T^{\ell ,r}-U^{\ell ,r}$


\begin {align}\dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {u}}\right )-\dfrac {\partial L^{\ell ,r}}{\partial u} & =F_{h},\label {autoeq:9}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {v}}\right )-\dfrac {\partial L^{\ell ,r}}{\partial v} & =F_{v},\label {autoeq:10}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {\phi }}\right )-\dfrac {\partial L^{\ell ,r}}{\partial \phi } & =0.\label {autoeq:11}\end {align}


\begin {align}\dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {u}}\right )-\dfrac {\partial L^{\ell ,r}}{\partial u} & =F_{h},\label {autoeq:9}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {v}}\right )-\dfrac {\partial L^{\ell ,r}}{\partial v} & =F_{v},\label {autoeq:10}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {\phi }}\right )-\dfrac {\partial L^{\ell ,r}}{\partial \phi } & =0.\label {autoeq:11}\end {align}


\begin {align}\dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {u}}\right )-\dfrac {\partial L^{\ell ,r}}{\partial u} & =F_{h},\label {autoeq:9}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {v}}\right )-\dfrac {\partial L^{\ell ,r}}{\partial v} & =F_{v},\label {autoeq:10}\\ \dfrac {{\textrm {d}}}{{\textrm {d}}t}\left (\dfrac {\partial L^{\ell ,r}}{\partial \dot {\phi }}\right )-\dfrac {\partial L^{\ell ,r}}{\partial \phi } & =0.\label {autoeq:11}\end {align}


\begin {align}& (M+m_{h}+m_{v})(\ddot {u}_{g}+\ddot {u})\mp M\left [(B\pm e)\cos \phi \mp H\sin \phi \right ]\dot {\phi }^{2}\nonumber \\ & \quad -M\left [H\cos \phi \pm (B\pm e)\sin \phi \right ]\ddot {\phi } =F_{h},\label {autoeq:12}\\[10pt] & (M+m_{v})(g+\ddot {v}_{g}+\ddot {v})-M\left [H\cos \phi \pm (B\pm e)\sin \phi \right ]\dot {\phi }^{2}\nonumber \\ & \quad \pm M\left [(B\pm e)\cos \phi \mp H\sin \phi \right ]\ddot {\phi } =F_{v},\label {autoeq:13}\\[10pt] & \left [J_{C}+M\left [{(B\pm e)}^{2}+H^{2}\right ]\right ]\ddot {\phi }-M\cos \phi \left [H(\ddot {u}_{g}+\ddot {u})\mp (B\pm e)(g+\ddot {v}_{g}+\ddot {v})\right ]\nonumber \\ & \quad -M\sin \phi \left [\pm (B\pm e)(\ddot {u}_{g}+\ddot {u})+H(g+\ddot {v}_{g}+\ddot {v})\right ] =0.\label {autoeq:14}\end {align}


\begin {align}& (M+m_{h}+m_{v})(\ddot {u}_{g}+\ddot {u})\mp M\left [(B\pm e)\cos \phi \mp H\sin \phi \right ]\dot {\phi }^{2}\nonumber \\ & \quad -M\left [H\cos \phi \pm (B\pm e)\sin \phi \right ]\ddot {\phi } =F_{h},\label {autoeq:12}\\[10pt] & (M+m_{v})(g+\ddot {v}_{g}+\ddot {v})-M\left [H\cos \phi \pm (B\pm e)\sin \phi \right ]\dot {\phi }^{2}\nonumber \\ & \quad \pm M\left [(B\pm e)\cos \phi \mp H\sin \phi \right ]\ddot {\phi } =F_{v},\label {autoeq:13}\\[10pt] & \left [J_{C}+M\left [{(B\pm e)}^{2}+H^{2}\right ]\right ]\ddot {\phi }-M\cos \phi \left [H(\ddot {u}_{g}+\ddot {u})\mp (B\pm e)(g+\ddot {v}_{g}+\ddot {v})\right ]\nonumber \\ & \quad -M\sin \phi \left [\pm (B\pm e)(\ddot {u}_{g}+\ddot {u})+H(g+\ddot {v}_{g}+\ddot {v})\right ] =0.\label {autoeq:14}\end {align}


\begin {align}& (M+m_{h}+m_{v})(\ddot {u}_{g}+\ddot {u})\mp M\left [(B\pm e)\cos \phi \mp H\sin \phi \right ]\dot {\phi }^{2}\nonumber \\ & \quad -M\left [H\cos \phi \pm (B\pm e)\sin \phi \right ]\ddot {\phi } =F_{h},\label {autoeq:12}\\[10pt] & (M+m_{v})(g+\ddot {v}_{g}+\ddot {v})-M\left [H\cos \phi \pm (B\pm e)\sin \phi \right ]\dot {\phi }^{2}\nonumber \\ & \quad \pm M\left [(B\pm e)\cos \phi \mp H\sin \phi \right ]\ddot {\phi } =F_{v},\label {autoeq:13}\\[10pt] & \left [J_{C}+M\left [{(B\pm e)}^{2}+H^{2}\right ]\right ]\ddot {\phi }-M\cos \phi \left [H(\ddot {u}_{g}+\ddot {u})\mp (B\pm e)(g+\ddot {v}_{g}+\ddot {v})\right ]\nonumber \\ & \quad -M\sin \phi \left [\pm (B\pm e)(\ddot {u}_{g}+\ddot {u})+H(g+\ddot {v}_{g}+\ddot {v})\right ] =0.\label {autoeq:14}\end {align}


\begin {align}F_{h} & =-\left [\psi \,k_{h}u+k_{h}u_{y}(1-\psi )z+c_{h}\dot {u}\right ],\label {autoeq:15}\\ F_{v} & =-\left (k_{v}v+c_{v}\dot {v}\right ).\label {autoeq:16}\end {align}


\begin {align}F_{h} & =-\left [\psi \,k_{h}u+k_{h}u_{y}(1-\psi )z+c_{h}\dot {u}\right ],\label {autoeq:15}\\ F_{v} & =-\left (k_{v}v+c_{v}\dot {v}\right ).\label {autoeq:16}\end {align}
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$\psi =0$


$\psi =1$


$z=z(t)$


\begin {equation}\label {ieq1} \dot {z}=\dfrac {\dot {u}}{u_{y}}\left [A_{h}-|z|^{n}\left (\beta _{h}+\gamma _{h}\,\text {sign}(\dot {u}\cdot z)\right )\right ].\end {equation}


$k_{v}$


$c_{h}$


$c_{v}$


\begin {align}c_{h} & =2(M+m_{h}+m_{v})\,\xi _{h}\,\omega _{h},\label {autoeq:17}\\ c_{v} & =2(M+m_{v})\,\xi _{v}\,\omega _{v},\label {autoeq:18}\end {align}


\begin {align}c_{h} & =2(M+m_{h}+m_{v})\,\xi _{h}\,\omega _{h},\label {autoeq:17}\\ c_{v} & =2(M+m_{v})\,\xi _{v}\,\omega _{v},\label {autoeq:18}\end {align}


\begin {align}\omega _{h} & =\sqrt {\frac {k_{h}}{M+m_{h}+m_{v}}},\label {autoeq:19}\\ \omega _{v} & =\sqrt {\frac {k_{v}}{M+m_{v}}},\label {autoeq:20}\end {align}
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\begin {equation}\label {ieq2} \pm (\ddot {u}+\ddot {u}_{g})>\dfrac {B\pm e}{H}(\ddot {v}+\ddot {v}_{g}+g).\end {equation}


$\ell $


$r$


$\phi $


$\ell $


$r$


\begin {align}& {\left [\left (m_{h}\dot {\mathbf {u}}_{P}+m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{r,\ell }\right )\cdot \mathbf {i}\right ]}_{\text {b}}={\left [\left (m_{h}\dot {\mathbf {u}}_{P}+m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{\ell ,r}\right )\cdot \mathbf {i}\right ]}_{\text {a}},\label {autoeq:21}\\[10pt] & {\left [\left (m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{r,\ell }\right )\cdot \mathbf {j}\right ]}_{\text {b}}={\left [\left (m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{\ell ,r}\right )\cdot \mathbf {j}\right ]}_{\text {a}},\label {autoeq:22}\\[10pt] & {\left [J_{C}\dot {\phi }+M(\mathbf {R}^{\ell ,r}\times \dot {\mathbf {u}}_{C}^{r,\ell })\cdot \mathbf {k}\right ]}_{\text {b}}={\left [J_{C}\dot {\phi }+M(\mathbf {R}^{\ell ,r}\times \dot {\mathbf {u}}_{C}^{\ell ,r})\cdot \mathbf {k}\right ]}_{\text {a}},\label {autoeq:23}\end {align}


\begin {align}& {\left [\left (m_{h}\dot {\mathbf {u}}_{P}+m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{r,\ell }\right )\cdot \mathbf {i}\right ]}_{\text {b}}={\left [\left (m_{h}\dot {\mathbf {u}}_{P}+m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{\ell ,r}\right )\cdot \mathbf {i}\right ]}_{\text {a}},\label {autoeq:21}\\[10pt] & {\left [\left (m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{r,\ell }\right )\cdot \mathbf {j}\right ]}_{\text {b}}={\left [\left (m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{\ell ,r}\right )\cdot \mathbf {j}\right ]}_{\text {a}},\label {autoeq:22}\\[10pt] & {\left [J_{C}\dot {\phi }+M(\mathbf {R}^{\ell ,r}\times \dot {\mathbf {u}}_{C}^{r,\ell })\cdot \mathbf {k}\right ]}_{\text {b}}={\left [J_{C}\dot {\phi }+M(\mathbf {R}^{\ell ,r}\times \dot {\mathbf {u}}_{C}^{\ell ,r})\cdot \mathbf {k}\right ]}_{\text {a}},\label {autoeq:23}\end {align}


\begin {align}& {\left [\left (m_{h}\dot {\mathbf {u}}_{P}+m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{r,\ell }\right )\cdot \mathbf {i}\right ]}_{\text {b}}={\left [\left (m_{h}\dot {\mathbf {u}}_{P}+m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{\ell ,r}\right )\cdot \mathbf {i}\right ]}_{\text {a}},\label {autoeq:21}\\[10pt] & {\left [\left (m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{r,\ell }\right )\cdot \mathbf {j}\right ]}_{\text {b}}={\left [\left (m_{v}\dot {\mathbf {u}}_{Q}+M\dot {\mathbf {u}}_{C}^{\ell ,r}\right )\cdot \mathbf {j}\right ]}_{\text {a}},\label {autoeq:22}\\[10pt] & {\left [J_{C}\dot {\phi }+M(\mathbf {R}^{\ell ,r}\times \dot {\mathbf {u}}_{C}^{r,\ell })\cdot \mathbf {k}\right ]}_{\text {b}}={\left [J_{C}\dot {\phi }+M(\mathbf {R}^{\ell ,r}\times \dot {\mathbf {u}}_{C}^{\ell ,r})\cdot \mathbf {k}\right ]}_{\text {a}},\label {autoeq:23}\end {align}


$\mathbf {i}={(1,0,0)}^{T}$


$\mathbf {k}={(0,0,1)}^{T}$


$x$


$z$


${[\cdot ]}_{b}$


${[\cdot ]}_{a}$


$\mathbf {R}^{\ell ,r}={(\pm (B\pm e),\,H,\,0)}^{T}$


$C$


$(\ell ,r)$


$r\rightarrow \ell $


$r,\ell \rightarrow \ell ,r$


$-$


\begin {alignat}{1} \dot {u}^{+} & =\dot {u}^{-}-\eta _{u}^{\ell ,r}\,\dot {\phi }^{-},\label {autoeq:24}\\ \dot {v}^{+} & =\dot {v}^{-}\mp \eta _{v}^{\ell ,r}\,\dot {\phi }^{-},\label {autoeq:25}\\ \dot {\phi }^{+} & =\eta _{\phi }^{\ell ,r}\,\dot {\phi }^{-}.\label {autoeq:26}\end {alignat}


\begin {alignat}{1} \dot {u}^{+} & =\dot {u}^{-}-\eta _{u}^{\ell ,r}\,\dot {\phi }^{-},\label {autoeq:24}\\ \dot {v}^{+} & =\dot {v}^{-}\mp \eta _{v}^{\ell ,r}\,\dot {\phi }^{-},\label {autoeq:25}\\ \dot {\phi }^{+} & =\eta _{\phi }^{\ell ,r}\,\dot {\phi }^{-}.\label {autoeq:26}\end {alignat}


\begin {alignat}{1} \dot {u}^{+} & =\dot {u}^{-}-\eta _{u}^{\ell ,r}\,\dot {\phi }^{-},\label {autoeq:24}\\ \dot {v}^{+} & =\dot {v}^{-}\mp \eta _{v}^{\ell ,r}\,\dot {\phi }^{-},\label {autoeq:25}\\ \dot {\phi }^{+} & =\eta _{\phi }^{\ell ,r}\,\dot {\phi }^{-}.\label {autoeq:26}\end {alignat}


\begin {align}\eta _{u}^{\ell ,r} & =\dfrac {2B(B\pm e)HM^{2}m_{v}}{D^{\ell ,r}},\label {autoeq:27}\\[8pt] \eta _{v}^{\ell ,r} & =\dfrac {2BH^{2}M^{2}(m_{h}+m_{v})}{D^{\ell ,r}}+\dfrac {2BMJ_{C}(M+m_{h}+m_{v})}{D^{\ell ,r}},\label {autoeq:28}\\[8pt] \eta _{\phi }^{\ell ,r} & =\dfrac {H^{2}M(M+m_{v})(m_{h}+m_{v})}{D^{\ell ,r}}-\dfrac {(B^{2}-e^{2})Mm_{v}(M+m_{h}+m_{v})}{D^{\ell ,r}}\nonumber \\ & \quad +\dfrac {J_{C}(M+m_{v})(M+m_{h}+m_{v})}{D^{\ell ,r}}.\label {autoeq:29}\end {align}


\begin {align}\eta _{u}^{\ell ,r} & =\dfrac {2B(B\pm e)HM^{2}m_{v}}{D^{\ell ,r}},\label {autoeq:27}\\[8pt] \eta _{v}^{\ell ,r} & =\dfrac {2BH^{2}M^{2}(m_{h}+m_{v})}{D^{\ell ,r}}+\dfrac {2BMJ_{C}(M+m_{h}+m_{v})}{D^{\ell ,r}},\label {autoeq:28}\\[8pt] \eta _{\phi }^{\ell ,r} & =\dfrac {H^{2}M(M+m_{v})(m_{h}+m_{v})}{D^{\ell ,r}}-\dfrac {(B^{2}-e^{2})Mm_{v}(M+m_{h}+m_{v})}{D^{\ell ,r}}\nonumber \\ & \quad +\dfrac {J_{C}(M+m_{v})(M+m_{h}+m_{v})}{D^{\ell ,r}}.\label {autoeq:29}\end {align}


\begin {align}\eta _{u}^{\ell ,r} & =\dfrac {2B(B\pm e)HM^{2}m_{v}}{D^{\ell ,r}},\label {autoeq:27}\\[8pt] \eta _{v}^{\ell ,r} & =\dfrac {2BH^{2}M^{2}(m_{h}+m_{v})}{D^{\ell ,r}}+\dfrac {2BMJ_{C}(M+m_{h}+m_{v})}{D^{\ell ,r}},\label {autoeq:28}\\[8pt] \eta _{\phi }^{\ell ,r} & =\dfrac {H^{2}M(M+m_{v})(m_{h}+m_{v})}{D^{\ell ,r}}-\dfrac {(B^{2}-e^{2})Mm_{v}(M+m_{h}+m_{v})}{D^{\ell ,r}}\nonumber \\ & \quad +\dfrac {J_{C}(M+m_{v})(M+m_{h}+m_{v})}{D^{\ell ,r}}.\label {autoeq:29}\end {align}


$\phi $


$\phi =\pm \alpha _{{cr}_{\ell ,r}}$


$\alpha _{{cr}_{\ell }}={\arctan }\left (\left (B+e\right )/H\right )$


$\alpha _{{cr}_{r}}={\arctan }\left (\left (B-e\right )/H\right )$
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$B\,[{\textrm {m}}]$


$H\,[{\textrm {m}}]$


$D\,[{\textrm {m}}]$


$M\,[{\textrm {kg}}]$


$\lambda [\,\cdot \,]$


$J_{C}\,[\mathrm {kg\cdot m^{2}}]$


$\mathbf {1}$


$0.175$
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\begin {equation}\label {ieq4} T_{h}=2\pi \sqrt {\frac {M+m_{h}+m_{v}}{k_{h}}}.\end {equation}
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\begin {equation}\label {ieq5} T_{v}=2\pi \sqrt {\frac {M+m_{v}}{k_{v}}}.\end {equation}


$\varepsilon =\frac {e}{B}$
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\begin {equation}\label {ieq6} u_{y}=\frac {PGA_h(M+m_{h}+m_{v})}{k_{h}}\,\alpha _{y},\end {equation}
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$\alpha _{cr_{\ell }}$
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in mitigating overturning during seismic events. A promising approach
to improve seismic performance involves the application of base isola-
tion to rigid blocks. Numerical and analytical investigations on isolated
configurations have shown substantial reductions in rocking intensity
and overturning probability [21,22]. Additional studies have focused
on the efficiency of base-isolated systems under near-fault or pulse-type
excitations [23]. The combined use of horizontal and vertical isolation
is explored in [24], where improved energy dissipation and enhanced
stability are reported for symmetric rigid blocks. Also semi-active and
active control techniques have been employed by using different control
strategies and algorithms [25-28].

The dynamics of asymmetric rigid blocks on fixed bases, which dif-
fer significantly from symmetric configurations due to mass eccentricity
and non-uniform geometry, have also garnered attention due to their
complex behavior under seismic excitation. A detailed characterization
of overturning mechanisms under impulsive one-sine excitation is pro-
vided in [29], while control-oriented models and mitigation approaches
are proposed in [22,30,31]. These studies reveal the increased sensitivity
of asymmetric systems to combined horizontal and vertical motions, as
well as the challenges associated with restoring stability post-excitation.

This work builds upon previous investigations concerning the seismic
behavior of symmetric rigid blocks with horizontal base isolation and
asymmetric blocks on fixed supports, aiming to integrate these two lines
of research within a comprehensive modeling framework. A dynamic
model is formulated to accurately describe the motion of asymmetric
rigid blocks resting on a dual-isolated base, working both in horizontal
and vertical directions, explicitly incorporating the eccentricity between
the center of mass and the geometric center. The analysis focuses on
non-sliding bodies undergoing full-contact and rocking motions only.
The equations of motion are derived for general asymmetric configura-
tions, with the uplift and impact conditions explicitly incorporated into
the model. Due to geometric asymmetry, the dynamic response exhibits
directional dependence: the rocking, uplift, and impact behavior dif-
fers based on the side from which rocking initiates, resulting in distinct
kinematic and dynamic features for leftward and rightward motion.

The proposed model is used to investigate the behavior of a set
of representative rigid bodies subjected to both recorded earthquake
ground motions and one-sine impulsive accelerations, considering both
horizontal and vertical components. While real seismic records were em-
ployed to investigate the overall response of dual-isolated asymmetric
blocks, the one-sine excitations were specifically used to study overturn-
ing mechanisms. Rocking and overturning spectral maps are developed
to evaluate the sensitivity of the system to key parameters, such as
the characteristic isolation periods and block eccentricity, under both
seismic and impulsive loading conditions.
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Results show that vertical isolation, when combined with horizon-
tal isolation, enhances the asymmetric block’s ability to remain in
full-contact. Moreover, the analysis uncovers previously unidentified
overturning mechanisms specific to dual-isolated asymmetric blocks and
provides a deeper insight into their nonlinear dynamic behavior.

The paper is organized as follows. In Section 2, the mechanical
model of dual-isolated asymmetric rigid blocks is derived. Section 3
presents the fixed and variable parameters used in the parametric analy-
ses. In Section 4, the seismic response of the blocks is investigated under
recorded earthquake ground motions, while Section 5 addresses the
determination of overturning spectra under one-sine pulse excitations.
Finally, Section 6 summarizes the main conclusions and key findings of
the study.

2. Mechanical model

The mechanical configuration under consideration, potentially rep-
resentative of valuable artworks or sensitive equipment, comprises an
asymmetric rigid block positioned on a base that is isolated in both the
horizontal and vertical directions.

The block is characterized by a generic geometry and has mass M.
Its base spans 2B, while the height of the center of mass C is H (refer
to Fig. 1(a). The block also exhibits a constant depth D, perpendicular
to the x-y plane. Notably, the center of mass C does not align with the
geometric center G, which is defined as the point located at the same ver-
tical level as the center of mass and symmetrically positioned between
the rocking vertices. The horizontal offset between C and G is termed
the eccentricity e (see again Fig. 1(a)).

To quantify this asymmetry, a non-dimensional parameter ¢ = < X
100 is introduced. When ¢ = 0, the center of mass coincides with the geo-
metric center; when e = 100%, the center of mass lies on the vertical line
passing through the right corner of the block’s base. Both e and ¢ may
be either positive or negative: a positive value implies that C is located
to the right of G, while a negative value indicates a shift to the left.

The isolation system consists of two plates with masses m, and
m,, allowing motion in the horizontal and vertical directions, respec-
tively. These plates are interconnected and linked to the ground through
energy-dissipating elements (see Fig. 1a). The plates are separated
vertically by a distance # and have a thickness equal to 2s.

Assuming the block is slender, i.e., that the slenderness ratio 4 =
H /B is sufficiently large, two primary motion regimes are possible:

(a) Full contact: the block remains in continuous contact with the base
without initiating any rotation;

(b) Rocking: the block rotates about one of its bottom corners, either
¢ or r (see Fig. 1b).
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(a)

(b)

Fig. 1. Symmetric rigid block: (a) Geometrical characterization of the block; (b) Rocking around the left base vertex ¢ (positive Lagrangian parameters).
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Although sliding could occur, where the block translates without ro-
tating, this possibility is disregarded due to the assumed slenderness. In
fact, most rigid block models in the literature neglect sliding for two rea-
sons: (i) constraints often inhibit sliding, and (ii) when the slenderness
A > 2, the block tends to rock rather than slide [31].

Finally, U, = uy(t) and Vg = Uy(1) are the horizontal and vertical
ground motions, where ¢ is the time.

2.1. Full-contact equation of motion

In the full-contact phase, the displacements experienced by the cen-
ters of mass of the plates constituting the isolated base and the rigid
body, denoted in Fig. 1(a) by P, Q, and C, respectively, are expressed
as follows:

ug+u ug+u
up = vg | ug =|v, +v|,
0 0
(€Y
o ug +u
u.- = Ug+v,
0

where u = u(r) and v = v(¢) are the Lagrangian parameters representing
the horizontal and vertical displacements of the plates constituting the
isolated base. Accordingly, the kinetic and potential energies are defined
as:

c 1 X . 1 . . 1 . FC - FC
TF =§mhuP~uP+§muuQ-uQ+§Mug ~u£ , (2a)
UFC=MgugC~j+nguQ-j, (2b)
where j = (0,1, 0)" is the canonical unit vector along the y-axis.

Consequently, the Lagrangian is defined as LF€ := TFC¢ - UFC.
The virtual work of non-conservative forces is given by:

8W = Fy, u+ F, v, 3

where F, and F, denote the horizontal and vertical restoring forces of
the isolated base, respectively.
The Euler-Lagrange equations are therefore written as:

d [oLFC oLFC
E( o )“ P (4a)
d (oLFC oLFC
E( a0 >_ o o (4b)

and, using the expressions previously introduced, read:

(M + my, + m,,)ii + i) = Fy, (52a)
(M +my) (i + iy +g) = F,. (5b)

2.2. Rocking equations of motion

During the rocking phases about the corners # and r, the displace-
ments of points P and Q remain as defined in Eq. (1), while the
displacement of point C is given by:

FB+e)+u+tu, cos¢p —sing Off(x(B=xe)
-H+v+v, +|singg cos¢p O H ) 6)
0 0 0 1 0

where ¢ = ¢(r) is the Lagrangian parameter describing the rocking
rotation of the rigid body (see Fig. 1b).

The + signs indicate the kinematic formulation associated with the
rotation about either the left (¢) or right (r) corner of the base. Whenever
a double sign +(-) or F(-) appears, it should be interpreted such that
the upper sign corresponds to the motion about the left vertex ¢, and
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the lower sign corresponds to the right vertex r. In these expressions,
the first subscript or superscript must always align with the upper sign
(left vertex), while the second aligns with the lower sign (right vertex).
Accordingly, the kinetic and potential energies take the following forms:

1 ) ) 1 . . Lo tr . 1 ;
T/ = Smp - Up + 5my g - Ug + 5Mué”~uif + EJC ¢, (7a)
U =Mgul - j+m,gug-j. (7b)

Here, J- denotes the mass moment of inertia of the rigid block about
its center of mass C.

The associated Lagrangians are defined as L/ := T?" — U?”, and
the virtual work due to non-conservative forces remains as expressed in
Eq. (3). The corresponding Euler-Lagrange equations can therefore be
written as:

d (oLt oL

E( o )“ ou = w (8a)
d (oL’ oL

E( a0 >_ -t (8b)
d (oLt oL?r

- - =0.

dt< o ) o (8c)

Substituting the expressions previously introduced, the equations be-
come:
(M + my, + m,)i, + i) F M [(B + e)cos ¢ F H sin ¢] ¢

— M [Hcos¢ + (B +e)sing] = F, (9a)

(M +m,)(g + b, + ¥) — M [H cos ¢ + (B + e) sin ¢] ¢
+M[(B+e)cos¢pF Hsing]p=F,, (9b)

[Je+ M [Bxe) +H?|| - Mcoso [H (i, + i) F (B + e)(g + i, + )]
— M sin¢ [+(B =+ e)(ii, +ii) + H(g + i, + V)] =0. (90

2.3. Characteristics of the isolation devices

The behaviors of the horizontal and vertical devices within the iso-
lating base differ from one another. Specifically, the restoring forces of
the horizontal isolation system are described by the Bouc-Wen model
[32], whereas those of the vertical isolation system follow the linear
viscoelastic Kelvin—Voigt model [33]. According to these formulations,
the restoring forces can be expressed as:

(10a)
(10b)

Fy=- [u/ kpu+ kpuy (1 —y)z + c,,u] s
F,=—(k,v+c,0).

In Eq. (10a), the coefficient y is the ratio between the post-yielding
horizontal stiffness kj, and the pre-yielding horizontal stiffness k;, that
is, kp, = wkj. The term u, represents the yielding displacement. The
case y = 0 corresponds to a perfectly elasto-plastic behavior of the
horizontal connection devices, while y = 1 represents a perfectly elas-
tic behavior. The variable z = z(r) is the hysteretic internal variable
that describes the post-yielding response and is evaluated by solving the
following nonlinear first-order ordinary differential equation:
z= ul [An = 121" (B, + va sign(i - 2))] - a1

y
In Eq. (10b), k, is the vertical elastic stiffness. The viscous damping
coefficients ¢, and c, are defined by:

(12a)
(12b)

cp =2M +my +m,) &, wp,

c, =2(M +my)é, w,,
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where the (conventional) natural frequencies of the isolation system are
given by:

/ k

W), = — (13a)
M +my +m,
[k,

w, =) ——, (13b)
M +m,

and &, &, are the damping ratios associated with the horizontal and
vertical isolation systems, respectively. In the following, &, = 0.05 and
&, =0.10 are assumed.

As is well known, the parameters of the Bouc-Wen model are func-
tionally redundant. To eliminate this redundancy, the values A4, = 1
and g, =y, = 0.5 are adopted. These assumptions reduce the Bouc-Wen
model to a strain-softening formulation, in which mechanical quantities
retain a clear physical interpretation. Under these conditions, the dimen-
sionless hysteretic variable z is bounded within the interval [—1, 1] (see,
e.g., [34,35]). Finally, the exponential parameter n, which governs the
abruptness of the transition between the elastic and post-elastic branches
of the hysteretic model, is taken as n = 2.

2.4. Uplift conditions

Starting from the rest position, the transition from the full-contact
phase to the rocking phase (about # or r) may occur depending on
the uplift conditions. These conditions are defined by comparing the
overturning moments, associated with the horizontal acceleration of the
isolated base and the horizontal seismic component, with the restor-
ing moments, which instead depend on the gravitational acceleration,
the vertical acceleration of the isolated base, and the vertical seismic
component. The evaluation is made with respect to the rotation poles ¢
and r.

These conditions can be expressed through the following inequality
(see Fig. 2):

B+te
H

(i +iig) > U+, +8). (14)
If the inequality is satisfied using the plus sign, rocking initiates
around Z; if the minus sign applies, rocking occurs around r.

2.5. Impact conditions

The impact conditions occur when the rocking angle ¢ becomes zero
during the rocking motion around ¢ or r. Assuming that no bouncing
phenomena occur and that the impact happens instantaneously, it is
possible to determine the post-impact velocities by imposing the con-
servation of horizontal, vertical, and angular momentum. These read:

[(mhap +myig + MU ) i]b = [(mhup +myig + Ml ) i]a, (15a)

B+eB-—e
M
M (i + i)
xc’
M (65 + iy + g) h H
V4 Q |r
l . || 25

Fig. 2. Forces acting on the rigid block during the full-contact state.
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[(motig + Mal ) -] = [(motig +Magr) i . (15b)

a

[%¢+AﬂR”Xﬁg%kL=[Q¢+AﬂRmxﬁ?yk] (15¢)

g
where:

« The vectors i = (1,0,0)” and k = (0,0,1)” are the canonical unit
vectors along the x and z axes;

«» The terms on the left side of the equalities ([-],) correspond to the
pre-impact condition, while those on the right ([-],) correspond to
the post-impact condition;

« The vectors R’ = ((B + ¢), H, 0)7 are the position vectors of the
mass center C with respect to the poles (7, r); the plus sign is taken
if the sequence pre—post impact is r — ¢, and minus otherwise.

In explicit form, if the pre—post impact sequence is r,# — ¢,r, and
denoting post-impact velocities with superscript “+” and pre-impact
velocities with superscript “~”, the post-impact velocities are:

O A (16a)
=0T F g, (16b)
ot =l ¢ (160)
The restitution coefficients are given as:
2B(B +e)HM’m
£r v
=T e (17a)
cr _ 2BH*M?*(mj, +m,) . 2BMJ(M + my, + m,) (17b)
v T Dt Dt ’
or  H*M(M +m,)(my, +m,) B (B> — e )Mmy (M + my, + m,)
[ Dt DEr
Jo(M M ,
+ c(M + m,)( +mh+mb). 7o)
Df,r
where:
D" = H2M(M + my)(my, +m,) + (B £ e)> Mm,(M + my +m,) as)

+JcM +my)(M + my, +m,).

2.6. Overturning conditions

The failure condition of the system is defined by the overturning
of the rigid block. This condition is conventionally assumed to occur
when the absolute value of the block’s rotation ¢ reaches a critical
threshold, namely ¢ = +a, " where a,, , = arctan((B +e) /H) and
a,,, = arctan ((B—e)/H) (see Fig. 1).

3. Parametric analysis

An extensive parametric analysis is carried out to investigate the in-
fluence of the parameters that govern the response of an asymmetric
rigid block placed on a double base isolation system, incorporating both
horizontal and vertical isolation components.

This study examines rigid block configurations that share the same
mass M, moment of inertia about point C (J.), and identical height
H and base width 2B, but differ in their eccentricity e. It is clear that,
if these characteristics are kept constant, changing the eccentricity e in-
herently means dealing with blocks that have different geometric shapes
and/or mass distributions within their volume.

Due to the geometrical properties of the system, its response is
identical in the following two cases:

(1) Positive and negative eccentricity € (or e) of equal magnitude,
with fixed base excitation;
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Table 1
Geometrical characteristics of the rigid-blocks.
Object B[m] H[m] D[m] M[kgl Al-]1 Jclkg-m?]
1 0.175 0.95 0.35 895 543 278.38
2 0.3 1.1 1.2 676 3.67 292.93
3 0.19 0.82 0.75 68 4.32 16.06

(2) Positive eccentricity £ (or e) with base excitation multiplied
by +1.

Owing to this equivalence, the analysis hereafter will consistently
consider only the case denoted as (1).

3.1. Reference rigid blocks

While numerical simulations have been performed on various rigid
block configurations, the results shown throughout this paper, both in
this and subsequent sections, are limited, for conciseness, to blocks
sharing the properties listed in Table 1.1

Specifically, Object 1 refers to a commercial caryatid with a specific
base [36], Object 2 is a server cabinet [37], whereas Object 3 is a hospital
cabinet [38]. The mass of the cabinets (Objects 2 and 3) also includes
that of the content.

3.2. Variable parameters

Parameters considered variable and characterizing both the isolation
devices and the asymmetric block are described below. Specifically:

« Characteristic period of the horizontal isolation device T,:

M +my, +
T, = 2y i hcy (19)
ky
+ Characteristic period of the vertical isolation device T:
M+m
T,=2x k—” (20)

v
« Nondimensional eccentricity e = %.

It is worth observing that the variation of the periods T}, and T, corre-
sponds to a variation of the stiffnesses k;, and k,,, respectively, since the
masses of the system are fixed parameters.

v’

3.3. Fixed parameters

The parameters that are kept fixed, as their variation is not deemed
relevant for this study, are listed below. These include:

» Ratio between post-yielding stiffness and pre-yielding stiffness y =
0.25.
The yielding displacement is given by

PGAL(M + my, +m,)
uy = % v
h

2D

with a, = 0.1. Specifically, the yielding displacement u,, corre-
sponds to a fraction «, of the horizontal elastic displacement of
the isolated base under a static acceleration equal to the horizontal
Peak Ground Acceleration (PG A},).

Masses of the steel plates of the double isolated base are m;, = m, =
43.3 kg, 254.3 kg, and 100.7 kg for objects 1, 2, and 3, respectively.

1 The depth parameter D is reported for completeness of the three-dimensional
geometric description of the objects. Although D does not explicitly appear in the
governing equations, it directly affects the mass M and the centroidal moment
of inertia J, whose values are explicitly provided in Table 1.
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4. Seismic analysis

The results of the parametric analysis are presented using two types
of maps. The first are the rocking maps, which are contour plots of the
rocking index ¢. This index is defined as the ratio between the maxi-
mum absolute rotation max |¢| and the critical angle a,,, or a,, . The
appropriate critical angle is selected depending on whether the maxi-
mum rotation occurs for a positive angle, corresponding to rocking about
the left corner, or for a negative angle, which corresponds to rocking
about the right corner. These maps are reported in the T),—T, parameter
space, where the isolated rigid block is subjected to seismic excitation
from a recorded earthquake. The rocking maps are divided into three
distinct regions:

(i) A dark gray region where ¢ = 1, indicating direct overturning of

the block;

(ii) A light gray region where ¢ = 0, corresponding to a full-contact
state in which the block remains attached to the isolated base;

(iii) An intermediate region with a gradient of gray shading from light
to dark, representing rocking motion without overturning. The
contour levels indicate the maximum value of the rocking index
¢ attained during the motion.

In the graphs, the overturning region (dark grey) and the rocking region
(shaded grey) are always separated by a thick solid curve, whereas the
rocking region and the full-contact region (light grey) is separated by a
thick dashed curve.

The second type of maps are the displacement maps, which illustrate
contour plots of the maximum absolute horizontal or vertical displace-
ment of the isolated base, i.e., max |u| or max |v|, within the T,-T,
parameter space, under seismic excitation from an earthquake record.
Based on the direction of the displacement represented, these maps are
referred to as horizontal displacement maps or vertical displacement
maps, respectively. A grayscale gradient from light to dark is used to
visually represent increasing displacement magnitudes, from lower to
higher values.

4.1. Earthquake records

A set of three earthquake records, including both horizontal and ver-
tical ground motions, is employed in the seismic analyses. The records
were selected based on variations in their spectral properties and peak
ground accelerations (PGAs). Fig. 3 shows the time-histories of the hor-
izontal and vertical components of the chosen records. The earthquake
records considered are:

(a) Kobe, 1995 Japan earthquake, Takarazuka station, 0 deg, ground
level, position of the station: 34.8090N, 135.3440W;

(b) Pacoima, 1971 San Fernando, California earthquake, station no.
279, comp S16E, position of the station: 34.335N, 118.3967W.

(c) Parkfield, 1966 California earthquake, station no. 013, comp
N65E, position of the station: 35.726N, 120.287W.

For reference, each record is identified by the underlined name provided
in the list above.

4.2. Seismic response under Kobe earthquake

The seismic analyses presented in this section refer to blocks sub-
jected to the Kobe earthquake. The analysis begins with the construction
of rocking maps, focusing on Object 1 (see Table 1).

Fig. 4 shows the rocking maps for different values of percentage ec-
centricity ¢, namely ¢ = 0, ¢ = +20%, and ¢ = +40%. The first general
observation concerns the numerical range of the vertical axis, that is,
the range of the vertical period T, considered in the analyses. The con-
struction of the rocking maps, both here and in the following analyses,
is limited to T, = 2.0 s, since for larger values the thick solid and thick
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Fig. 3. Seismic excitations: (a) horizontal component; (b) vertical component.
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Fig. 4. Rocking maps for Object 1 under Kobe earthquake for different eccentricities «.

dashed separating curves, as well as the contour levels, tend to become
vertical and nearly parallel. Therefore, for 7, > 2.0 s, the influence
of the vertical isolation period becomes very marginal. Another inter-
esting observation arises from the fact that the thick solid separating
curve is nearly vertical in all the rocking maps. This indicates the exis-
tence of a horizontal isolation period below which the block is prone to
overturning. Therefore, to protect the block, it is necessary to adopt a
horizontal isolation period greater than this critical value.

The comparison between the rocking map for the symmetric block
(e = 0, left map) and those for the asymmetric block (¢ # 0) is par-
ticularly insightful. As can be observed, the critical horizontal isolation
period above which the block avoids overturning increases with increas-
ing eccentricity. Furthermore, the dynamic behavior of the block can
differ noticeably for positive and negative eccentricities. Specifically, the
comparison between the cases with ¢ = 0 and € = +20% shows that for
small eccentricities, both positive and negative, there is a slight increase
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in the horizontal isolation period from values slightly below 1.5 s to
nearly 1.5 s. For larger absolute eccentricities, ¢ = +40%, the minimum
period required to prevent overturning increases significantly. In ad-
dition, a markedly asymmetric behavior emerges, making the block’s
response quite different for negative versus positive eccentricities.

As a final remark, the region where the block undergoes rocking
motion is generally much smaller than the overturning and full-contact
regions. Moreover, for certain values of the vertical isolation period T,
for example T, ~ 0.50 s, the block never reaches the full-contact condi-
tions regardless of the horizontal isolation period T, in contrast to what
occurs for many other values of 7.

A detailed investigation of the rocking maps near the zero value
of the vertical isolation period T, reveals several interesting aspects.
Fig. 5 shows a zoomed view of the rocking maps from Fig. 4, focus-
ing on a much smaller range of vertical isolation periods. The behavior
of the system at small vertical isolation periods corresponds to a very
stiff vertical isolation, approaching the case where vertical isolation is
absent (T, - 0, k, — ). As observed, for very small values of T,,
the block always overturns and never exhibits rocking or full-contact
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motion. Therefore, it can be concluded that the presence of vertical iso-
lation plays a protective role, preventing the block from overturning.
An appropriate choice of the horizontal and vertical isolation periods
allows the block to remain in full-contact at all times, effectively avoid-
ing uplift and the onset of rocking motion. For instance, for a block with
e = —40%, if the pair of isolation periods is chosen at point A (see the
right map in Fig. 5), a very small vertical isolation period of T, ~ 0.2 s,
combined with the corresponding horizontal isolation, is sufficient to
keep the block in full-contact.

The analysis of the horizontal and vertical displacements of the iso-
lated base is a fundamental aspect for evaluating the feasibility of the
dual isolation system. Accordingly, horizontal and vertical displacement
maps are constructed, each representing a contour plot of the maxi-
mum absolute displacements of the dual-isolated base in the same T,-T,
parameter plane used for the rocking maps. Fig. 6 shows the horizon-
tal (Fig. 6a) and vertical (Fig. 6b) displacement maps for Object 1,
with eccentricities e = 0, e = 40%, and € = —40%, under the Kobe
earthquake. From an initial observation of both displacement maps, the
maximum horizontal and vertical displacements of the isolated base are
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Fig. 5. Zoom of the rocking maps for Object 1 under Kobe earthquake for different eccentricities «.

125
100

0.75

0.50

30 35 40 05 10

05 10 15 20 25

£51.00 1t 100

15 20 25

200
e = —40%
1751 =
1.50
1.25
< 1.00
0.75
0.50
0.25
3.0 35 40 05 1.0 15 20 25 30 35 4.0
Ty T
(a)

0.28

. 0.23
0.75 = 0.19 0.75 “_‘—\_—mg

e (i}75)
————— 019
|l

—0.09 .
0.50 { R 0.50 \—

0.09

B 0.05 L 0.05 0.05 —|
0.25 {002 I e =1 PR ——. S—
TS o ().0] —— 0.01 N A ()01 —
" "
05 1.0 1.5 20 25 30 35 4.0 05 1.0 15 20 25 30 35 40 05 10 15 20 25 30 35 40
T h Th
(b)

Fig. 6. Displacement maps for Object 1 under Kobe earthquake: (a) horizontal displacement of the isolated base; (b) vertical displacement of the isolated base.
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only slightly affected by the eccentricity of the block. Focusing first on
the horizontal isolation, it can be observed that the base displacement
generally increases with the isolation period Tj, reaching maximum
values of about 35 cm, comparable to those observed in isolation sys-
tems for frame structures. The contour levels appear almost vertical
and parallel to each other, except around the vertical isolation period
T, ~ 0.5 s, where a noticeable perturbation occurs. This perturbation
takes place within the same parameter range where the rocking maps
in Fig. 4 show a rocking region extending over the entire horizontal pe-
riod range, without ever reaching the full-contact state. This behavior
arises because the rocking motion of the block strongly interacts with
the horizontal motion of the isolated base. In contrast, the vertical dis-
placement increases very rapidly with the vertical isolation period T,
reaching values greater than one meter even for moderate isolation pe-
riods, such as T, = 2.0 s. The larger vertical displacement is primarily
attributed to the static vertical deflection of the isolation device under
the self-weight of the block, which becomes increasingly significant as
the vertical isolation period increases (i.e., as the vertical stiffness k,
decreases).

The possibility of obtaining effective results even for very small ver-
tical isolation periods, as discussed above, makes it possible to limit the
vertical displacement to very small values. For example, point A, already
shown in Fig. 5, is also reported in the horizontal and vertical displace-
ment maps of the block with ¢ = —40% (right maps in Fig. 6), in order
to evaluate the maximum displacements of an isolated base capable of
keeping the block in the full-contact state, as previously discussed. As
can be observed, the selected very small vertical period leads to vertical
displacements on the order of one centimeter.

Finally, Fig. 7 shows the rocking maps of Object 1 under the other
two earthquake records, Pacoima (Fig. 7a) and Parkfield (Fig. 7b),
for different eccentricities of the block. The same general observations
made when discussing the maps in Fig. 4 also apply here. Specifically,
for both earthquakes considered, it can be observed that: (i) the hor-
izontal isolation period above which the block avoids overturning for
any vertical period T, increases with increasing eccentricity; and (ii) a
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markedly asymmetric behavior emerges, making the block’s response
quite different for negative and positive eccentricities.

The most interesting aspect arises from the comparison of the maps
obtained for the three different earthquakes: Kobe (Fig. 4), and Pacoima
and Parkfield (Fig. 7). As can be observed, the worst behavior, charac-
terized by a larger overturning (dark grey) regions, is obtained when
the block is excited by the Pacoima earthquake. This occurs because
that record exhibits the highest PGA in the vertical ground motion (see
Fig. 3). Conversely, the most favorable behavior is observed for the
Parkfield earthquake, which shows the lowest vertical PGA. Moreover,
the large vertical PGA exhibited by the Pacoima earthquake makes
the system more sensitive to the block’s eccentricity. In fact, for ¢ =
—40%, the overturning (dark grey) region extends over almost the entire
parameter plane, at least within the ranges investigated in the analysis.

4.3. Seismic response of blocks with varying geometrical and mechanical
properties

In this section, the rocking maps of Objects 2 and 3 (see Table 1),
subjected to the three selected earthquake records, are presented and
discussed. Fig. 8 presents the rocking maps of Object 2 under the Kobe,
Pacoima, and Parkfield earthquakes (Figs. 8a-c, respectively), while
Fig. 9 illustrates the corresponding maps for Object 3 under the same
earthquake records (Figs. 9a—c, respectively).

For both Object 2 and Object 3, and for all the selected earthquake
records, it can be observed that: (i) the horizontal isolation period above
which the block avoids overturning for any vertical period T, increases
with increasing eccentricity; and (ii) a markedly asymmetric behavior
emerges, making the block’s response distinctly different for negative
and positive eccentricities. The worst performance, corresponding to the
largest overturning region (dark grey), is consistently associated with the
Pacoima earthquake, which exhibits the highest vertical PGA, whereas
the best performance, corresponding to the smallest overturning region,
is obtained under the Parkfield earthquake, characterized by the lowest
vertical PGA.
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g. 7. Rocking maps for Object 1 and different eccentricities ¢: (a) Pacoima earthquake; (b) Parkfield earthquake.
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Fig. 8. Rocking maps for Object 2 and different eccentricities £: (a) Kobe earthquake; (b) Pacoima earthquake; (c) Parkfield earthquake.

By comparing the rocking maps of Objects 1, 2, and 3 (Figs. 4
and 7-9, respectively), it can be observed that Object 1 exhibits the
poorest performance under the selected earthquakes, whereas Object
2 shows the best behavior. Object 1 is characterized by the largest
overturning regions, while these regions are significantly smaller for
Object 2. In particular, when Object 2, with an eccentricity of ¢ = 0,
is excited by the Parkfield earthquake (see the lower-left rocking map
in Fig. 8), the overturning region becomes very small. Nevertheless,
there exist extended rocking regions where the rocking index is very
close to 1, indicating that the block reaches near-overturning conditions
even though it does not fully overturn. Summarizing these results, it
can be observed that the slenderness of the dual isolated block plays
a fundamental role, as higher slenderness is associated with poorer
performance, whereas lower slenderness corresponds to better seismic
behavior.

5. Overturning spectra

As reported in [39], a symmetric rigid block, not supported by any
isolation system and subjected solely to a horizontal one-sine impulsive
input, was found to collapse through only two distinct mechanisms: (i)
overturning following a single impact with the base, or (ii) overturning
without undergoing any impact.

In this section, a study is undertaken to determine the collapse modes
of an asymmetric rigid block resting on a dual base isolation system, ex-
panding upon the findings presented in [39]. The excitation at the base
is represented by a one-sine impulsive acceleration, applied simultane-
ously in the horizontal and vertical directions. Its analytical expression
is given by:

i [ An i@, 0<1<Ts, (220
& 0, Ty <1<ty

bo(1) = A, sin(Qt), 0<t<Tg, (22b)
& 0, Tg <1< gy

Here, Ty = 27/Q denotes the period of the one-sine wave, A, and A,
represent the amplitudes in the horizontal and vertical directions, re-
spectively, and ¢,,,, corresponds to the total duration of the numerical
simulation, which is assumed to be greater than 30 s. The eccentricity
is varied between positive and negative values, according to Section 3.
A graphical depiction of the one-sine impulse is shown in Fig. 10.

A comprehensive parametric analysis is performed by varying the
horizontal amplitude A, and the circular frequency Q of both the single-
cycle horizontal and vertical sine pulses, while keeping the vertical
amplitude A, and the isolation periods T, and T, constant. The objective
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Fig. 9. Rocking maps for Object 3 and different eccentricities £: (a) Kobe earthquake; (b) Pacoima earthquake; (c) Parkfield earthquake.
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Fig. 10. One-sine impulsive excitation.

is to determine, for each combination of (A;, ), whether the asym-
metric block remains dynamically stable during rocking (i.e., the block
does not overturn), or, if overturning occurs, to identify the number of
impacts preceding collapse. The classification of the block’s dynamic
response is obtained through numerical integration of the nonlinear
equations of motion governing the asymmetric rigid block.

The corresponding results are presented in the form of overturning
spectral maps. Distinct regions in the maps are color-coded, each
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representing a specific overturning pattern observed in the numerical
simulations. For instance, green areas denote stable rocking without col-
lapse; blue indicates overturning after a single impact with the base;
and red marks overturning that occurs without any intermediate im-
pact. Additional collapse mechanisms, not included in these categories,
are shown in other colors as specified in the legend. Particular atten-
tion is devoted to the analysis of collapse patterns exhibiting dynamic
features not previously documented in the literature.

5.1. Positive value of eccentricity

Following the procedure described in Section 3, the overturning spec-
tral maps are constructed for both positive and negative eccentricities
e of the block. In this section, the rocking spectral maps obtained for
positive eccentricities (¢ > 0) are first discussed.

Fig. 11 shows the rocking spectral maps of Object 1 placed on a dual
isolated base with fixed isolation periods 7, = 1.75 s and T, = 0.75 s,
for different eccentricities and amplitudes A, of the vertical one-sine
impulsive excitation. Specifically, the upper maps correspond to the case
without vertical excitation (A4, = 0), whereas the lower maps refer to a
vertical impulsive amplitude of A, = 0.5 m/s>. From left to right, the
maps correspond to increasing eccentricity values: e = 0, ¢ = 20%, and
e =40%.
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Fig. 11. Overturning spectral maps for null or different positive eccentricities £ of Object 1 and for different vertical one-sine acceleration amplitudes A, (T, = 1.75 s,

T,=0.755s).

Starting from the maps obtained in the absence of vertical impulsive
excitation (upper maps), the case with e = 0 (left map) exhibits three
predominant overturning regions: the green area, representing stable
conditions where no overturning occurs; the blue area, where the block
overturns about the right base vertex after a single impact; and the red
area, where the block overturns directly about the left base vertex. The
legend in the map also indicates the presence of several multi-impact
overturning regions, which are not clearly distinguishable in the main
maps. This is because such regions are confined to a very narrow range
of the varying parameters Q and A,. A zoomed-in view of the dashed
windows near the origin of the axes would allow these regions to be
revealed more clearly.

An increase in eccentricity from ¢ = 20% (middle map) to ¢ = 40%
(right map) enlarges the multi-impact overturning regions, making them
more clearly distinguishable. Moreover, below these multi-impact re-
gions, a new red area appears, corresponding to overturning directly
about the right base vertex without any intermediate impact. This region
differs from the upper red one in the vertex about which the overturn-
ing occurs. The size of this new red region increases with increasing
eccentricity. For ¢ = 20%, it is large enough to be visible only within
the dashed window near the origin, whereas for ¢ = 40%, it becomes
sufficiently extended to be clearly recognizable across the entire param-
eter plane. The introduction of the vertical one-sine impulsive excitation
with A, = 0.5m/s> (lower maps) slightly distorts the overturning regions,
mainly near the origin of the axes, and generally leads to a modest en-
largement of both the new red region and the multi-impact overturning
regions.

Referring to the study by the same authors in [29], where the over-
turning behavior of asymmetric rigid blocks on a fixed support was
investigated, it was found that multiple-impact overturning regions also
appear due to the block’s eccentricity; however, they always remain
confined to a very small area near the origin of the axes. In contrast,
when both the dual isolation system and the block asymmetry coex-
ist, the size of the multi-impact regions becomes highly sensitive to the
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eccentricity, increasing significantly as ¢ grows. Finally, from the leg-
end of the lower-right map, it can be observed that the combined effect
of the vertical impulsive excitation and the block eccentricity leads to
the appearance of multi-impact regions characterized by both odd and
even numbers of impacts. This result represents a novel finding com-
pared to the case of the asymmetric block on a fixed support, where,
for positive eccentricity and a horizontal one-sine impulsive excitation
with positive amplitude, only multi-impact regions with an odd num-
ber of impacts, along with the 0-impact (red) regions, were observed.
It is worth noting that in the odd-impact regions, overturning always
occurs about the right base vertex, whereas in the even-impact regions,
overturning always occurs about the left base vertex.

To conclude, an increase in the eccentricity ¢ leads to a general re-
duction in the size of the green stable region, and consequently to an
overall deterioration of the block’s safety.

To gain deeper insights into the nature of the multi-impact regions
around the origin of the axes, the zoomed-in views of the dashed win-
dows in the maps of Fig. 11 are presented in Fig. 12. The upper maps
correspond to the case without the vertical one-sine impulsive excita-
tion. The influence of the increasing eccentricity is evident: from the
left (¢ = 0) to the right (e = 40%) maps, passing through the middle one
with intermediate eccentricity (¢ = 20%), a progressive enlargement of
the new lower red 0-impact region, as well as of the several multi-impact
overturning regions, can be observed. Moreover, the higher level of de-
tail provided by the zoomed-in views makes it possible to identify the
presence of multi-impact regions with both odd and even numbers of
impacts before overturning. The presence of the vertical one-sine im-
pulsive excitation (lower maps) modifies the shape and the size of the
overturning region and increases the number of distinct multi-impact
regions observable within the same parameter range (see the legends of
the lower maps in comparison with those of the upper maps).

As observed in the zoomed-in views in Fig. 12, a particularly inter-
esting feature emerges: there always exists a range of one-sine excitation
frequencies for which overturning occurs at lower excitation amplitudes.
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Fig. 12. Zoom-in of the overturning spectral maps for null or different positive eccentricities ¢ of Object 1 and for different vertical one-sine acceleration amplitudes

A, (T, =155, T, =0.755).

This represents a novel behavior, directly related to the vertical motion
of the dual isolated base. In contrast, for non-isolated blocks, the over-
turning amplitude of the one-sine impulse increases monotonically with
the excitation frequency.

Along Path 1 shown in the upper-middle map of Fig. 12, proceeding
from bottom to top, one first encounters the red 0-impact region with
overturning about the right base vertex. Inmediately afterward, the path
crosses the multi-impact region, where the number of impacts before
overturning decreases progressively from a very high value toward the
top. Continuing upward, the path reaches the one-impact blue region,
and finally the red 0-impact region with overturning about the left base
vertex.

The interpretation of the main overturning modes encountered along
Path 1 is listed below:

« Inside the lower red O-impact region, overturning occurs about the
right base vertex because the first half-wave of the one-sine impulse
does not have sufficient amplitude to uplift the block around the
left base vertex, causing the block to remain in full contact during
this first half-wave. On the other hand, due to the block’s asymme-
try, the second half-wave of the excitation uplifts the block around
the right base vertex, leading to overturning.

The Path 1 crosses only multi-impact overturning regions with an
odd number of impacts before the overturning of the block. Inside
such regions, overturning occurs after a number of impacts that
decrease progressively from a very high value down to one. This
happens because the first half-wave of the one-sine impulse is able
to uplift the block around the left base vertex, initiating the rock-
ing motion. The amplitude of the rocking motion depends directly
on the amplitude of the one-sine impulsive excitation. For very
small excitation amplitudes, the resulting rocking angles are also
small, and many rocking oscillations occur before the arrival of
the second half-wave. Due to the block’s asymmetry, the second
half-wave overturns the block about the right base vertex. Moving
upward along Path 1, the increase in the amplitude of the one-sine
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impulsive excitation produces a higher initial rocking amplitude,
and consequently fewer impacts before the second half-wave of the
excitation arrives.

Finally, inside the upper red O-impact region, the block overturns
without impacting the support around the left base vertex #. This
occurs because the first half-wave of the one-sine pulse directly
uplifts and overturns the block about the left base vertex.

As discussed above, the overturning spectral maps also display regions
characterized by an even number of impacts occurring before the block
overturns. Such regions are generally very small and not easily visible
in the maps. It is worth noting that these even-overturning modes do
not appear among the overturning modes of asymmetric blocks on a
fixed support with positive eccentricity and excited only by a horizontal
one-sine input with positive amplitude (see [29]).

The present results indicate that the existence of these regions does
not depend on the presence of the vertical one-sine impulsive excitation,
as they are observed in the zoomed-in views of the asymmetric block for
any eccentricity, even in the absence of the vertical excitation (see the
upper maps of Fig. 12). However, their size is so small that they are
not visible within the selected zoomed-in parameter window. Only at
high eccentricities, and in the presence of the vertical one-sine impul-
sive excitation, do these even-overturning regions enlarge sufficiently
to become visible in the selected zoomed-in window (see the magenta
shaded region within the circle in the lower-right map of Fig. 12). They
are a direct consequence of the vertical motion of the dual isolated
base, which is present even in the absence of vertical excitation. This
motion interferes with the rocking response, introducing a perturbation
that can either reduce or increase the number of impacts experienced by
the block before overturning. In fact, the vertical motion of the system
directly influences the total vertical acceleration acting on the block,
thereby modifying the restoring moments (see Section 2.4). Such effects
become more significant, and thus visible over a wider parameter range,
for higher eccentricities and, in particular, in the presence of vertical
excitation.
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Fig. 13. Overturning spectral maps for different negative eccentricities ¢ of Object 1 and for different vertical one-sine acceleration amplitudes A, (T, = 1.75 s,

T, =0.755).

5.2. Negative value of eccentricity

In this section, the rocking spectral maps obtained for negative
eccentricities (¢ < 0) are discussed.

Fig. 13 shows the rocking spectral maps of Object 1 placed on a dual
isolated base with fixed isolation periods 7, = 1.75 s and T, = 0.75 s,
for different eccentricities and amplitudes A, of the vertical one-sine
impulsive excitation. Specifically, the upper maps correspond to the case
without vertical excitation (A, = 0), whereas the lower maps refer to a
vertical impulsive amplitude of 4, = 0.5 m/s?. From left to right, the
maps correspond to decreasing negative eccentricity values, namely ¢ =
—20% and £ = —40%. The maps corresponding to £ = 0 are the same as
those reported in Fig. 11 (specifically, the left-hand maps).

Focusing first on the case without vertical excitation, it can be ob-
served from the upper-left map of Fig. 11 and the upper maps of Fig. 13
that decreasing the eccentricity from e 0toe —40% causes a
significant reduction in the size of the blue region corresponding to over-
turning after one impact. At the same time, new multi-impact regions
emerge, predominantly characterized by an even number of impacts
before overturning. These even multi-impact overturning regions only
slightly depend on the decrease in eccentricity (compare the two upper
maps in Fig. 13). The presence of the vertical one-sine impulsive exci-
tation, as shown in the lower-left map of Fig. 11 and the lower maps of
Fig. 13, does not qualitatively alter the situation previously described
for A, = 0, but it slightly affects the size and shape of the even multi-
impact overturning regions. However, negative eccentricity generally
reduces the size of the odd multi-impact overturning regions while en-
larging the regions with even multi-impacts before overturning. As can
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be observed from the legends of the maps in Fig. 13, several other re-
gions, where overturning occurs after both even and odd impacts, coexist
in the same parameter plane, although many of them are too small to
be easily visible.

To conclude, even for negative eccentricities, a decrease in ¢ leads
to a general reduction in the size of the green stable region and,
consequently, to an overall deterioration of the block’s safety.

To investigate more thoroughly the nature of the several multi-
impact overturning regions that are not visible within the parameter
ranges used to construct the previous maps, zoomed-in views of the
dashed windows near the axis origin, as indicated in the maps of Fig. 13,
are presented in Fig. 14. Even at a small scale of observation, the
zoomed-in overturning maps reveal very small multi-impact overturn-
ing regions, primarily indicated by the legends in the maps. A further
enlargement of the visualization window, obtained through a zoomed-in
view of the dashed window in the middle-right map, provides addi-
tional details of these multi-impact regions. The lower map in Fig. 14
shows this further zoomed-in view. As observed, the size and shape of
these overturning regions are highly complex. Following the evolution
of the multi-impact overturning regions along Path 2, the number of im-
pacts, always even except for the blue one-impact overturning region,
initially reaches very high values that decrease along the upward path.
However, this and other similarly complex scenarios occur at a very
small scale, rendering them primarily of academic interest and of little
practical relevance in a technical context.

Finally, similarly to the case of positive eccentricity, for negative ec-
centricity there also exists a range of one-sine excitation frequencies at
which overturning occurs at lower excitation amplitudes.
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Fig. 14. Zoom-in of the overturning spectral maps for different negative eccentricities ¢ of Object 1 and for different vertical one-sine acceleration amplitudes A,

(T, =1.75s,T,=0.755s).

6. Conclusions

This paper presents a comprehensive investigation into the dynamic
and seismic behavior of asymmetric rigid blocks supported by a dual
base isolation system, consisting of horizontal and vertical isolation de-
vices. The study extends prior research on symmetric blocks with base
isolation and asymmetric blocks on fixed bases by combining the two
approaches into a unified framework. A refined dynamic model was
developed, rigorously accounting for the eccentricity between the ge-
ometric and mass centers of the block. The block was assumed to be
non-sliding, and only full-contact and rocking motions were considered.
The equations of motion, along with uplift and impact conditions, were
derived exactly for asymmetric configurations.

Numerical analyses were conducted to investigate both the rocking
response and the overturning mechanisms of various asymmetric block
geometries. Specifically, three reference rigid blocks were considered,
representing a server cabinet, hospital equipment, and a caryatid. The
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system was subjected to both recorded seismic excitations and im-
pulsive one-sine base accelerations, including horizontal and vertical
components. Earthquake records were used to characterize the seismic
response and behavior of dual-isolated asymmetric rigid blocks, whereas
the characterization of the overturning mechanism required one-sine
base excitations. Rocking and overturning spectral maps were obtained
to assess the influence of key system parameters, such as the charac-
teristic isolation periods and eccentricity, under seismic and one-sine
impulsive excitations, respectively. Finally, the presence of asymme-
try introduces a directional dependence in the dynamic response. The
rocking equations, along with the uplift and impact conditions, differ
between the left and right base corners, resulting in asymmetric rocking
motions.
The main findings of the seismic analysis are:

« When both horizontal and vertical seismic components are con-
sidered, the dual (horizontal + vertical) base isolation system
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enhances the ability of asymmetric blocks to maintain full contact
with the base during seismic events. Compared to horizontal-only
isolation, the dual system reduces the extent of the overturning
regions in the rocking maps.

The effectiveness of dual isolation increases with longer hori-
zontal isolation periods and is particularly advantageous under
earthquakes with high horizontal and vertical peak ground acceler-
ations (PGA). However, beyond a certain threshold of the vertical
isolation period, further increases have negligible impact on the
system’s response.

The main findings in the characterization of the overturning modes are:

Dual-isolated asymmetric rigid blocks with positive eccentricity,
and positive amplitude of the one-sine excitation, exhibit a rich
variety of overturning scenarios not previously reported. These
include multiple regions characterized by either an odd or even
number of impacts before overturning, with the structure becoming
increasingly complex at finer excitation scales.

The same asymmetric rigid blocks without isolation exhibit only
overturning scenarios characterized by an odd number of impacts
before overturning.

Dual-isolated asymmetric rigid blocks with negative eccentricity,
and positive amplitude of the one-sine excitation, also display a
rich variety of overturning scenarios not previously reported, in-
cluding multiple regions characterized by an odd or even number
of impacts before overturning.

In general, the size of the multiple-impact overturning regions for
blocks with negative eccentricity is smaller than that for blocks
with positive eccentricity.

For blocks with both positive and negative eccentricity, there al-
ways exists a range of one-sine excitation frequencies for which
overturning occurs at lower excitation amplitudes. Such a critical
range does not exist for non-isolated blocks with the same geomet-
rical characteristics. Specifically, for non-isolated blocks, the over-
turning amplitude of the one-sine impulse increases monotonically
with increasing excitation frequency.

Overall, this study highlights the complex interplay between asymmetry
and multi-directional base isolation in determining the seismic response
of rigid blocks and characterizing the overturning modes. The proposed
modeling framework and the resulting insights can inform the design
of more effective isolation strategies for protecting valuable or sensitive
freestanding rigid objects under seismic loading.
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