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Abstract

In the last decade, investigating the exotic properties of microstructured
materials has gathered increasing attention and contributions. Among vari-
ous fascinating typologies of engineered materials, the class of pantographic
metamaterials has demonstrated theoretical and mechanical peculiarities.
Their development is a dense fusion of theoretical knowledge of the most
advanced theories in continuum mechanics and their application through
modern manufacturing and measuring techniques. The present work aims
to present some of the modeling solutions of such novel materials and how a
full understanding of their theoretical framework can realize physical struc-
tures with unconventional and specifically designed mechanical behavior.
Additionally, the work provides some experimental evidence in the field
of pantographic metamaterials, focusing on significant results of 2D speci-
mens of pantographic metamaterial printed using metallic powder and pre-
liminary analysis on the pantographic microstructure’s elementary module.
Lastly, a constitutive parameters identification of a discrete model for a
millimetric pantographic unit cell is attempted and achieved. With novel
measurement techniques such as Digital Image Correlation, it was possible
to obtain a complete characterization of a Hencky-type discrete pantograph
model, which is closely linked to continuous models widely treated in the
recent bibliography.
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Introduction

Historically, humankind’s technological evolution is bounded by our capa-
bilities to use natural materials and shape them to produce the necessary
tools for our needs. Indeed, the method of classification of the evolution of
early human civilization bears the name of the material that characterized
a particular era (e.g., stone age, bronze age), in consideration of the fact
that humans have permanently marked the technological level of our species
through careful observation of the physical properties of materials and the
consequent acquisition of the related manufacturing techniques. Without
going too far back in time, a common opinion is that one of the aspects
that contributed to the Roman Empire’s greatness was their ability to join
the use of hydraulic mortar which characterize some volcanic italic regions
with the construction technique of the arch, heritage from ancient Italic
civilizations, in their civil infrastructures. Even without rigorous evidence,
the understanding of the arc mechanism together with the manufactur-
ing capacity of highly resistant mortars has allowed the realization of vital
structures for the survival of Roman civilization such as aqueducts, roads,
bridges, and fortifications that could be considered as the first example of
synergy between theory and construction technique.

The latter connection between understanding a non-trivial mechanical
behavior and the use of appropriate materials becomes more vivid in recent
times, starting from the mid-1800s. The nineteenth-century marks the birth
of the theory of elasticity and the derivation of many of the foremost elastic
solutions associated with significant physical phenomena: for instance, in
1850, the French mathematician and engineer De Saint-Venant developed
the theme of the bending of beams subjected to transverse loads. The
same century is remembered for the appearance of crucial technological
innovations in steel production, such as the blast furnace and the use of
carbon coke. Advances in theoretical and production technology resulted in
significant technological achievements and the development of modern steel
infrastructures, suspension bridges, large pavilions, and the Eiffel tower. It
is possible to observe a very similar circumstance nowadays. During the
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second half of the last century, personalities such as Germain [(11)] Mindlin
[(18; 19)], Toupin [(30)], Sedov [(25)], and others began to speak of theories
in which the material’s microstructure was considered. It is noteworthy
that around the 80s it is possible to date the birth of 3D printers that
can physically create those microstructures as previously only imagined. It
seems reasonable to believe that cutting-edge manufacturing procedures can
lead us to advanced technologies under the lead of advanced mathematical
theories.
The brief premise above, which encloses very personal consideration about
innovation in the material field, can motivate the research activities reported
in the following and provide insights on its objectives.

In the history of science, the efforts for developing models describing
physical phenomena have always been triggered by the real possibility to
produce experimental evidence. Nowadays, since the advent and continu-
ous progress of additive manufacturing techniques, new horizons in terms of
analysis of materials’ mechanical behavior and design of new materials have
been opened. By employing the most advanced processes, it is now possi-
ble to create objects characterized by a complex geometry at a very small
length scale. Arranging such complex objects in a periodic pattern, playing
the role of micro- or nano-scale building block, results in micro-structured
materials, also called metamaterials, whose macroscopic mechanical behav-
ior is strongly dependent on the characteristics of the kinematic field of the
given micro-structure.
This novel circumstance influences the research in innovative materials as
we are now able to endow them with a microstructure, which is potentially
customizable and tunable according to the applications to be addressed.
However, the new promising possibilities require the definition of more re-
fined mathematical models, involving detailed kinematic fields and higher-
order derivatives terms in their equations of motion to capture their unusual
behavior.

In the present work, the main aspects from theoretical, phenomenolog-
ical, and technological perspectives are presented for a class of microstruc-
tured materials often referred to as pantographic metamaterials [(8; 9)] with
peculiar mechanical properties. Morphologically, the substructure is a dou-
ble array of mutually orthogonal beams, also called fibers, interconnected
by elastic cylinders at intersection points, also called pivots, resulting in the
pantographic substructure shown in Fig. 1.1.
An extensive research activity aimed to design a class of exotic architec-
tured, optimized (meta) materials has been produced in the past decade.
The first main remark is that such a pantographic metamaterial’s design
comes from a mathematical understanding of the related mechanical prob-
lem and considerations on classical theories’ insufficiency to describe ma-
terials with complex microstructure. Specifically, the pantographic micro-

3
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Figure 1.1. 3D printed pantographic metamaterial sample.

structure has been conceived so that its deformation energy depends on the
second gradient of the displacement [(5)].

The mechanical features that characterize pantographic metamaterial spec-
imens are a further noteworthy aspect. First, it worth mentioning the high
value of the void per unit volume ratio resulting in a very light material.
The latter fact associated with the possible application of high-strength ma-
terials with 3D printing techniques results in a very efficient material with
a high weight-resistance ratio. Furthermore, different typology of experi-
mental tests on rectangular specimens of such a metamaterial evidenced an
exotic set of features such as (i) the observation of large deformations within
the elastic field, (ii) reliability toward failure and failure modes strictly con-
nected to geometric properties, (iii) an overall behavior associated with the
specific microstructure rather than with the constituent material [(4)].

The design and fabrication of new metamaterials is a challenging task;
it asks for a new approach due to the incompatibility of classical theoretical
frameworks and new inspiring manufacturing and measuring techniques.
What it about to be discussed includes some results aligned with a new
material design paradigm developed in the past ten years by many authors
[(8; 37)]. From a fundamental research standpoint that does not focus
on applied science, the experiences described aimed to fully understand
complex systems’ behavior, such that pantographic metamaterial, through
unconventional theoretical apparatus (in the field of continuum mechanics)
and the use of innovative techniques in the experimental field.

Chapter 2 aims to present some of the various mathematical models pro-
posed for simulating the mechanical response under loading of pantographic
structures. Furthermore, it is presented the implementation of inverse anal-
ysis aiming to identify the constitutive parameters one type of the proposed
models [(3)].

Chapter 3 treats a series of the manufacturing details and experimental

4



observations for rectangular bidimensional pantographic sheets. Many dif-
ferent analyses are discussed, ranging from micro-computed tomography on
portions of aluminum printed specimens to tensile tests on samples made
out of different metals [(4)].

Chapter 4 describes some preliminary steps toward determining how
the geometric features of the pantographic micro-structure affect the speci-
mens’ mechanical behavior. The investigations include different experimen-
tal campaigns on what can be view as the unit cell of larger pantographic
structures, also referred to as the millimetric pantograph [(21; 22)].

In Chapter 5, a constitutive parameters identification of a discrete Hencky-
type model for a millimetric pantographic unit cell is described. The expe-
rience shares some similarities with previous contents (Chapter 2), but the
identification scheme reaches a higher level. Reaction force data of mechan-
ical tests on millimetric pantographic unit cells have been employed along
with displacements data measured via DIC analysis to perform the men-
tioned model’s material characterization. The investigation’s rationale is to
develop an identification procedure in the field of pantographic materials
starting from microstructure features.

5
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Mathematical modeling

The origin of the research on pantographic metamaterials and the significant
contributions that have taken place in the last decade find motivation in the
purpose of some authors to create and develop a microstructured material
whose deformation energy functional substantially depends on the second
displacement gradient. In the latter’s wake, the next chapter deals with
physically modeling the pantographic system and proposes to present some
of the main results from the modeling perspective.

For consistency, it worth mentioning some considerations concerning the
different models that can be introduced for pantographic structures. One
could choose to model such a system at a relatively small length scale, al-
lowing for a detailed description of the elastic pivots’ geometry, mechanical
properties, and deformation. Such high-resolution models could be obtained
through a micro-model based on Cauchy’s first gradient continuum theory.
These will imply using numerical models involving finite element schemes
with several millions of degrees of freedom even for relatively small speci-
mens. The computational burden pertaining such a modeling choice makes
it use, at least considering the actual state of the art of contemporary com-
puting technology, absolutely inappropriate.

Alternatively, defining a higher gradient reduced-order model leads to
more effective numerical modeling maintaining acceptable predictive perfor-
mances (5; 12; 13). In the case of pantographic metamaterials, it is possible
to derive a macroscopic homogenized 2D continuum model that appropri-
ately considers the complex mechanism acting at the microscopic level start-
ing from the system’s discrete mechanical definition, namely conceived as
an assembly of extensional and rotational springs as connectors between
material points positioned on a bi-dimensional lattice. The reduced-order
model presented in the following falls in the micro-macro model identifica-
tion problems, which is one of the most formidable challenges in modern
mathematical physics. The results considered herein derive from a proce-
dure called Piola’s heuristic homogenization method (7; 10; 24), based on
the following steps:

7
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• the postulation of a micro-macro kinematic map;

• the identification of micro and macro virtual work functionals;

• the determination of macro constitutive equations in terms of the
micro properties of considered mechanical systems using a suitable
formal asymptotic expansion.

The problem of describing the mechanical behavior of pantographic
sheets has produced over the years a large number of contributions consid-
ering only planar motion problems. Recently, a homogenized reduced-order
model of a rectangular 2D continuum embedded in the 3D Eulerian space
accounting for in-plane and off-plane deformations has been developed and
presented. Such a homogenized model’s forecasting capabilities are evalu-
ated and tested towards the reproducibility of buckling deformation modes
to provide a comprehensive view of the advances in the pantographic meta-
material modeling (1; 3).

2.1 Discrete and homogenized pantographic plate
model

To consider the presence of the microstructure involves using more refined
continuum theories. When the microstructure topology has a relevant ef-
fect on macroscopic behavior, to postulate a macroscopic and a microscopic
model and a kinematic correspondence between the deformations defined
within the two models is an approach proven to be effective. Successively,
one should postulate that the power expended in corresponding motions
coincides. In this way, it is possible to obtain the coefficients of the macro-
scopic model’s constitutive equations in terms of properties of the building
blocks constituting the microscopic model.
A remark seems needed to clarify what macroscopic and microscopic mean.
For microstructured materials, each point, from a continuum theory per-
spective, can be considered itself as a continuum having a peculiar kine-
matics which may differ from the one present at the higher level. So we
can distinguish the macroscopic coordinate system and a microscopic refer-
ence attached to each particle. Following the definition given by Germain
(11), the energy functional for higher-order materials is based on kinematic
descriptions at macro-level and at micro-level that can be not correlated,
in the sense that they can have different kinematic descriptors. For second
gradient theories, one must assume that particles are subjected to the same
deformations as the general continuum.

Micro–macro identification process à la Piola produces a constitutive
equation for macro-energy as a function of a macro-placement field. The
parameters involved in this constitutive equation become, thus, specified in

8



Figure 2.1. Micromodel of a pantographic sheet with a detail of the three
rotational springs.

terms of micro-mechanical properties of considered micro-structure. Model-
ing assumptions for the micromodel are based on physically grounded con-
siderations about the real microstructure of pantographic sheets and apply
to the case of large deformations. In particular, the extension of fibers is
accounted for by connecting adjacent material particles with extensional
springs. Moreover, at each node of the lattice, rotational springs, which are
deformed when the angle spanned by two contiguous extensional springs is
changed, are introduced. A Lagrangian Cartesian orthonormal coordinate
system is introduced to account that such materials show two privileged
material directions. Its associated basis of unit vectors is (D1,D2) made of
two orthonormal vectors representing the directions of the families of fibers
constituting the pantographic structure in the reference configuration. In
such configuration, the lattice body points are located at the positions:

Pi,j = (iε, jε), i = 0, 1, ..., N and i = 0, 1, ...,M (2.1)

and pi,j denotes the current configuration position of the body point placed
at Pi,j in the reference configuration. The body points at the nodes Pi,j
are connected by extensional springs along each one of the coordinate lines
(Fig. 2.1) and their deformation energies depend on the distances between
adjacent contiguous points in the current configuration, i.e. on the distance
between pi,j and pi,j+1 for the fibers parallel to D2 in the reference config-
uration, and on the distance between pi,j and pi+1,j for the fibers parallel
to D2 in the reference configuration. The first type of extensional spring
is characterized by the rigidity k1

i,j and the second kind by k2
i,j . Such ex-

tensional rigidities are related to the extensional behavior, respectively, of

9
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the two families of fibers. As mentioned before, at each node there are also
three rotational springs whose deformation energies depend respectively on
the angles:

• ϑ1
i,j formed by the vectors pi−1,j − pi,j and pi+1,j − pi,j ,

• ϑ2
i,j formed by the vectors pi,j−1 − pi,j and pi,j+1 − pi,j ,

• ϑ3
i,j formed by the vectors pi,j+1 − pi,j and pi+1,j − pi,j .

The postulated strain energy for the microscopic Lagrangian discrete system
having its configuration specified by the set of parameters {pi,j} reads:

U({pi,j}) =
∑
j

∑
i

k1
i,j

2
(‖pi+1,j − pi,j‖ − ε‖D1‖)2 +

∑
j

∑
i

b1i,j(cosϑ
1
i,j − 1)

+
∑
i

∑
j

k2
i,j

2
(‖pi,j+1 − pi,j‖ − ε‖D2‖)2 +

∑
i

∑
j

b2i,j(cosϑ
2
i,j − 1)

+
∑
i

∑
j

b3i,j
2
|ϑ3
i,j −

π

2
|γ .

(2.2)

On the one hand, the rigidities b1i,j and k
2
i,j are related, respectively, to the

bending behavior of the two families of fibers. The rigidities b3i,j on the other
hand, are associated with the torsional stiffness of the pivots connecting the
two families of fibers, γ being a parameter that is equal to 2 for a standard
linear case.

Considering the discrete micromodel presented above, a 2D continuum
macromodel has been derived by means of micro-macro transitions (5). Ex-
panding in truncated Taylor series the kinematic map, the micro-placement
field of material particles at the nodes of the referential lattice is computed
by means of the values, in such nodes, of a regular macro-placement and
its first gradient. Such a map determines a unique micro-motion once a
macro-motion is given. The micro-macro transition is obtained by equating
the micro-strain energy with the macroscopic counterpart, thus obtaining
a macroscopic Lagrangian surface density of strain energy in terms of the
constitutive coefficients appearing in the postulated expression of the micro-
strain energy.
Numerical simulations with both discrete and homogenized models show
that the homogenized model is representative of the microscopic response
(12; 33). Following the notation introduced above, we now consider a 2D

continuum whose reference shape is given by a rectangular domain Ω =

[0, Nε] × [0,Mε] ⊂ R2. Very often, it is assumed that N = 3M , which is
the standard relation between the width and height of a fabric specimen for
experimental and numerical tests. By assuming planar motions, the current

10



shape of Ω is described by regular macro-placement

χ : Ω→ R2 (2.3)

The kinematic map providing the micro-macro identification is the so-called
Piola ansatz and we accordingly choose

pi,j = χ(Pi,j), ∀i = 1, . . . , N ; ∀j = 1, . . . ,M (2.4)

Assuming that χ(·) is at least twice differentiable at Pi,j , the following
2nd-order approximations are obtained

‖pi+1,j − pi,j‖ = ‖χ(Pi+1,j)− χ(Pi,j)‖ ' ε‖F(Pi,j)D1 +
ε

2
∇Fi,j |D1 ⊗D1‖

‖pi,j+1 − pi,j‖ = ‖χ(Pi,j+1)− χ(Pi,j)‖ ' ε‖F(Pi,j)D2 +
ε

2
∇Fi,j |D2 ⊗D2‖

(2.5)

where F is the deformation gradient ∇χ. The reader is referred to the
original papers [reference] for further details. Eq. (2.5) have been used for
the homogenization procedure of two addends of Eq. (2.2). In order to
address the other three terms, the cosines of the angles ϑαi,j (α = 1, 2) and
ϑ3
i,j are derived as functions of the macro-placement χ. Using analogous

Taylor expansions as those in Eq. (2.5) neglecting o(ε2) terms, and writ-
ing all quantities in terms of the displacement χ, the strain energy of the
micromodel becomes introducing the notation Fi,j := F(Pi,j)

U({pi,j}) =
∑
j

∑
i

∑
α

kαi,j
2
ε2
(
‖Fi,jDα +

ε

2
∇Fi,j |Dα ⊗Dα‖ − 1

)2

+
∑
j

∑
i

∑
α

bαi,j

[
‖∇Fi,j |Dα ⊗Dα‖2
‖Fi,jDα‖2

−
(
Fi,jDα · ∇Fi,j |Dα ⊗Dα

Fi,jDα

)2
]
ε2

2

+
∑
j

∑
i

b3i,j
2
| arccos

(
Fi,jD1 · Fi,jD2

‖Fi,jD1‖ · ‖Fi,jD2‖

)
− π

2
|γ

(2.6)

Rescaling the rigidities as

kαi,j = Kα
e ; bαi,j = Kα

b ; b3i,j = Kpε
2 (2.7)

11
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and letting ε→ 0, the strain energy of the macroscopic system reduces to

U(χ(·)) =

∫
Ω

∑
α

Kα
e

2
(FDα − 1)2dΩ

+

∫
Ω

∑
α

Kα
b

2

[
∇F|Dα ⊗Dα · ∇F|Dα ⊗Dα

‖FDα‖2
−
(

FDα

‖FDα‖
· ∇F|Dα ⊗Dα

‖FDα‖

)2
]
dΩ

+

∫
Ω

∑
α

Kp
2

∣∣∣∣arccos

(
FD1

‖FD1‖
· FD2

‖FD2‖

)
− π

2

∣∣∣∣γ dΩ

(2.8)

2.2 Orthotropic 2D model for out-of-plane displace-
ments

The extension to consider 3-dimensional motions is accomplished by the
following orthotropic 2D reduced model, allowing to analyze problems that
involve large deformations and out-of-plane displacements (13). Let us con-
sider a rectangular 2D continuum embedded in the 3D Eulerian space, and
equipped with a continuous planar beams’ square grid formed by the in-
tersection of two orthogonal families of beams. In other words, a discrete
micro-structure of beams (fibers) as the one described in [reference] is homo-
geneously distributed in the considered region of the space. The rectangular
domain is the reference configuration R of the pantographic sheet. A global
Cartesian coordinate system is introduced, being the orthonormal base the
triple (D1,D2,D3 = D1 × D2), with D1 and D2 parallel to the two fiber
families. At each point of this region, two rigid planes moving in the space
are considered. They are respectively orthogonal to one of the fibers and
stand for the fibers’ cross section. In the reference configuration, a point
X ∈ R can be represented by means of the coordinates (X1, X2), and the
corresponding rigid planes attached to it are oriented by means of the vec-
tors:

• αE which is the unit vector orthogonal to the cross section, with
α = 1, 2 indexing the two families of fibers (α stands for the family of
fibers parallel to Dα);

• N = 1E × 2E;

• αM = N × αE.

For the sake of clarity, the case Dα = αE corresponds to fibers of
‘Euler–Bernoulli-type,’ where the cross sections remain orthogonal to the
fibers’ lines. Referring to Fig. 2.2, we assume that in the reference configu-
ration (a) 1E, 1M coincide with D1, D2, respectively (b) 2E, 2M coincide
with −D2, D1, respectively (c) N = D3. Besides, we assume that αM and
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N are directed along the principal inertial axes of the beam cross sections.
A deformed configuration is characterized by a placement

Figure 2.2. Embedded micro-structure in the bi-dimensional model.

χ : R→ S

X 7→ x = χ(X)
(2.9)

and two orthogonal tensor fields

1R : (D1,D2,D3) 7→ (1a1,
1 a2,

1 a3) (2.10)

2R : (D1,D2,D3) 7→ (2a1,
2 a2,

2 a3) (2.11)

where (1a1,
1 a2,

1 a3) and (2a1,
2 a2,

2 a3) give the orientation of the micro-
structure in the deformed configuration as an effect of the rotation 1R and
2R. Finally, we define the displacement field as

u(X) = x−X = u1(X)D1 + u2(X)D2 + u3(X)D3. (2.12)

We denote by
αt =

∂χ

∂Xα
α = 1, 2 (2.13)

the vectors tangent to the deformed coordinate lines, while

αe =
αt

‖αt‖ (2.14)

are the corresponding unitary tangent vectors. In addition, we denote the
unit normal to the deformed surface by

n =
1e×2 e

‖1e×2 e‖ (2.15)

13
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and
αm = n× αe (2.16)

We enforce the following constrains at each point X ∈ R:

C1: 1a1 = 1e and 2a1 = 2e

C2: 1a3 = 2a3 = n

C3: 1a2 = 1m and 2a2 = 2m

As a consequence of these constraints, the rotations 1R and 2R, and there-
fore the orientation of the two rigid planes representing the local microstruc-
ture, are completely determined by the current shape of the corresponding
coordinate lines passing through the point X. As a result, the beams are as-
sumed to be without shear deformation (C1). Therefore, the two rotations
1R and 2R can be related to the gradient of the displacement. However,
a priori the two bases of the cylindrical pivots can rotate independently.
Hence, in the kinematic description we need two distinct rotations 1R and
2R. We further assume a remarkable constraint on 1R and 2R (C2). In-
deed, for each point X ∈ R, we have, in the current configuration, that
the normal vectors to the concurring fibers do coincide. Moreover, having
two different rotations 1R and 2R allows to take into account torsion of
cylindrical pivots, i.e., macroscopic shear deformations as well as torsion of
fibers embedded in the considered elastic surface. Using the above intro-
duced notation, it is now possible to define the local deformation measures
for the 2D continuum as

αε = ‖αt‖ − 1, e1 · e2 = sin(γ) (2.17)

αε being the local elongation and γ the shear angle,and

αW := αRT ∂
αR

∂Xα
= ακ1D2∧D3+ακ2D3∧D1+ακ3D1∧D2 (no sum over α)

(2.18)
where αW is the second-order curvature tensor, which is a skewtensor, and
ακ1, ακ2 and ακ3 are the components of the corresponding axial vector.

The strain measures, expressed in terms of the displacement compo-
nents, turn out to be

1κ1 =
n · g1 − sin γn · c1

‖1e× 2e‖ , 1κ2 = n · c1,
1κ3 = −1m · c1 (2.19)

2κ1 =
n · g2 − sin γn · c2

‖1e× 2e‖ , 2κ2 = n · c2,
2κ3 = −2m · c2 (2.20)
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where the variables c1, c2, g1, g2 are defined as follows:

c1 =
(∇∇χ)D1 ⊗D1

‖∇χD2‖
c2 =

(∇∇χ)D2 ⊗D2

‖∇χD2‖

g1 =
(∇∇χ)D2 ⊗D1

‖∇χD2‖
g2 =

(∇∇χ)D1 ⊗D2

‖∇χD1‖

In view of the assumed constraints, we note that ακ1, ακ2 and ακ3 are the
geodesic torsion, the normal curvature and the geodesic curvature multiplied
by ‖αt‖, respectively.

The following strain energy density is assumed

W =
1

2
[Ke(ε2

1 + ε2
2) + Ksγ

2

+ Kt(
1κ2

1 + 2κ2
1) + Kn(1κ2

2 + 2κ2
2) + Kg(1κ2

3 + 2κ2
3)]

(2.21)

where Ke ,Kt ,Kn and Kg are positive constitutive parameters represent-
ing the stiffnesses related to the elongation, twisting, normal and geodesic
bending, respectively. Finally, Ks is the shear stiffness between beams be-
longing to the two different families. We note that in the above choice of
the energy the same constitutive parameters have been selected for both
two families of beams. Because of the nature of Eq. (??), which involves
the second gradient of the independent displacement field u, the considered
second-grade elastic surface is also able to sustain double forces and corner
forces.

2.3 Cauchy continuum model

Let us recall some elements concerning the classical theory of Cauchy con-
tinuum theory. This is preliminary to following contents dealing with de-
termining the numerical values of Ke, Ks, Kn, Kg and Kt in Eq. (2.21) by
using a set of numerical experiments. In the following, we ‘construct’ com-
putational experiments by using a direct numerical simulation. In other
words, Cauchy continuum model will be used at the microscale level to
perform a simulations with the detailed substructure. St.Venant–Kirchhoff
material model is employed in order to accurately capture the large de-
formation regime. The energy is quadratic in the Green–Lagrange strain
tensor. We emphasize that geometric nonlinearities are of importance to
capture accurately such that the choice of St.Venant–Kirchhoff material
model is justified. Moreover, it is very convenient to use it when compared
with the corresponding model in 2D as given in Eq. (2.21); both are equally
nonlinear in deformation fields. Depending on the chosen material, on top
of the geometric nonlinearities, it might be even necessary to consider the
material nonlinearities as well. We restrict our study to the geometrically
nonlinear case.
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Let us consider a body which occupies a regular region B ⊂ R3 of the
three-dimensional Euclidean space. This region is referred to as reference
configuration and the location of each material point P of the body is de-
noted by material coordinates X. The current position of P is described
by a suitably regular map χ : R3 −→ R3 and it is denoted by x = χ(X).
With reference to a classical notation, we introduce the deformation gradi-
ent tensor F = ∇(χ) and the Green-Saint-Venant strain tensor:

E =
1

2
(F>F− I). (2.22)

By introducing the displacement

u(X) = χ(X)−X, (2.23)

we can recast (2.22) as

E(X) =
1

2
(∇u +∇u> +∇u>∇u). (2.24)

Assuming the constitutive relation for isotropic and homogeneous materials,
the strain energy density is defined as

W(E) =
λ

2
[tr(E)]2 + µtr(E2) (2.25)

where λ and µ are the Lamé parameters. We remark that the material con-
stituting the structure at micro-level, polyamide, is assumed to be isotropic,
while the orthogonal arrangement of fibers implies at macro-level an or-
thotropic material symmetry group. The governing equations are stated by
means of a variational principle as follows

δ

∫
B
W(E)dV = 0, ∀δu

with δu being kinematically admissible variations of the displacement field.
As concern the boundary conditions, in what follows, we assign displace-
ments on a proper subset of the surface accordingly with the considered
case.

2.4 Identification process

This section describes an mechanical characterization approach which re-
sembles that used in to the one in (5). However, instead of using experi-
mental measures to determine the constitutive parameters, we perform an
inverse analysis by exploiting a set of numerical experiments obtained by
a direct numerical simulation using the Cauchy continuum with a detailed
model of the pantographic substructure since in the smallest length scale
the Cauchy continuum is accurate. A representation of the geometry used
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Figure 2.3. Top view of the pantographic structure.

for the analysis is shown in Fig. 2.3. For the inverse analysis, we em-
ploy the nonlinear regression method minimizing the error known as the
least squares method. Additionally, we will see the use of different numer-
ical experiments in order to examine and validate the numerical values of
parameters obtained by the inverse analysis. We emphasize that, in par-
ticular, we have been able to numerically reproduce the onset of buckling
modes by using the direct numerical simulation as well as reduced-order
model representing the homogenized material—these buckling modes are
experimentally observed in (1).

2.4.0.1 Geometric features and simulation setup

The particular case under consideration is the metamaterial with panto-
graphic substructure as shown in Fig. 2.4. The shape of the specimen and
the coefficients generating the substructure are compiled in Tab. 2.1. Par-
ticularly, they are: (1) the dimensions of the fiber cross sections, i.e., bb and
hb; the diameter and the height of the pivots, i.e., dp and hp, respectively;
the overall sizes of the sample, i.e., L and l; the angle between fibers prior
to deformation, i.e., ϑ∗; and the pitch between the fibers belonging to the
same array, i.e., p. It can be found in the bibliography several examples of
the same pantographic substructure built out of polyamide and physically
tested. The approximate properties of this material are presented in Tab.
2.2.

Table 2.1. Fibers and pivot dimensions in mm, angle are in radiant.

bb hb dp hp L l ϑ∗ p

1.60 1.00 0.9 1.00 210 70 π/2 4.85
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Figure 2.4. Geometric features of the specimen.

Table 2.2. Polyamide PA 2200.

Mechanical property Value

Mass density, ρ 0.93 g cm−3

Young’s modulus, E 1600 N mm−2

Poisson’s ratio, ν 0.3

2.4.1 Inverse analysis

In this section we aim at determining the numerical values of coefficients
arising in the homogenized model on the macro-scale effected by the sub-
structure on the miscro-scale. Simply stated, we use numerical experiments
on micro-scale and obtain the parameters, Ke, Ks, Kn, Kg, and Kt in
Eq. (2.21), in order to characterize the homogenized model. The proposed
approach to determine the aforementioned parameters of the pantographic
plate, is based on direct numerical simulations of two experiments. The key
idea, here, consists in designing these two numerical experiments in order
to control, which deformation measure is being ‘activated’.

As the first numerical experiment, we consider a bias extension test,
which is characterized by an in-plane deformation. This test activates only
fibers’ extension, in-plane bending and shear, thus, the corresponding stiff-
nesses, Ke, Kg and Ks, become relevant. By using the results of the numer-
ical experiments, these parameters are determined by an inverse analysis.
The remaining parameters, Kn, and Kt, are simply not involved in this
test, hence, we just estimate their values as in (13; 26) and obtain their
values by using the second numerical experiment. As the second numerical
experiment, we design an out-of-plane bias shear test in order to make the
remaining parameters, Kn, and Kt, relevant. In this deformation mode as-
sociated to fibers’ extension, in-plane bending and shear are negligible and
out-of-plane bending and twist become dominant.
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Specifically, the first experiment is the in-plane bias extension test de-
signed to determine Ke, Kg and Ks. Such a test is usually employed to
characterize the in-plane behavior of a woven fabric—the structure of a wo-
ven fabric with threads at right angles is equivalent to the pantographic
structure studied herein. The numerical experiment is conducted on the
specimen as in Fig.2.5 by clamping the left side and stretching the right
side under a prescribed elongation up to 6cm in several loading steps, to
attain a large strain regime. In each loading step, the total energy, Em, and
two different angles, θm, φm, as shown in Fig. 2.5 are computed by using
the micro-model with the parameters from Table 2.2. In particular, θm is
evaluated at the center of the sample. We remark that this angle is a global
quantifier because it is constant in all the central zone (apart from border
effects). The angle φm is evaluated at the vertex of the almost rigid triangle
near the short edge. Similarly, it characterizes the boundary layer which
surrounds the above-mentioned triangle due to the in-plane bending of the
fibers. In each loading step, their values are recorded and denoted by Em

i ,

(a) (b)

Figure 2.5. Angles θ and φ in one location.

θmi , φmi . We generate in such a way the experimental data by using the
direct numerical simulations. In the case of the homogenized model, by us-
ing some parameters for Ke, Kg and Ks, we compute the total energy and
angles, this time for the macro-model, EM

i , θMi , φMi . For the best values
of Ke, Kg, Ks, the differences between the corresponding values would be
minimal. Hence, we aim at finding the parameters, minimizing the following
object function:

f =
n∑
i

(
EM
i − Em

i

Em
i

)2

+
n∑
i

(
ϑMi − ϑmi

ϑmi

)2

+
n∑
i

(
ϕMi − ϕmi

ϕmi

)2

(2.26)

where:

• i is the index of the i-th step loading;

• quantities denoted by M are obtained from the macroscopic model;

• quantities with m are computed by the microscopic model.
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We remark that the objective function has been normalized to equally weigh
up each of the error contribution from different physical variables. This
optimization problem is a nonlinear regression such that the initial guess
of parameters become essential. We start off with an initial guess for the
parameters as compiled in Table 2.3 by using the ideas from (2; 23). With

Table 2.3. Initial guess for the nonlinear regression problem.

Ke Kg Kn Kt Ks

E A
p

E Iz
p

E Iy
p

GJt
p

Gπ d4p
32hp p2

these initial values, we determine the three stiffnesses, Ke, Kg, and Ks,
successfully as seen in Fig. 2.6 the energy density distribution as colors and
the deformation without scaling for micro-model (top) and macro-model
(below). As a first trial, we have chosen all values listed in Tab. 2.3. There,
E and G are the Young and the shear modulus, respectively, A is the area
of the fibers’ cross-sections, and Iz, Iy and Jt are the flexural, in-plane and
out-of-plane, as well as the torsional second moment of area of the beams’
cross sections, respectively. As in (5), we correlate the angle θ (see Fig.

(a) 3D Cauchy model.

(b) 2D reduced model.

Figure 2.6. In-plane bias extension test scheme, the colors indicate strain
energy density, the deformation is presented without scaling. Top: results
obtained from the numerical experiment. Below: results delivered by the reduced
order model.

2.5a ) to Ks, and the angle φ (see Fig. 2.5b ) to Kb and use, as a further
quantifier, the total amount of strain energy, E , in the deformation process
to determine Ke.

After having determined the first three stiffnesses, we proceeded by con-
ducting the second numerical experiment for determining Kn and Kt. The
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so-called out-of-plane bias shear test prescribes an imposed uniform dis-
placement to the short right side up to 7 cm along the out-of-plane direction,
which preserves its length, while the left short side was fixed. Furthermore,
in order to prevent the occurrence of (undesirable, as they activate energy
terms which have been considered in the in-plane bias extension test and
would, therefore, shade the other energy terms related to the stiffnesses
which we want to fit in the out-of-plane bias shear test) extensional de-
formations, all the rotations of the right short side are prevented (in the
micro-model this means that the handle in correspondence of the short side
cannot rotate, in the macro model 1R = 2R = I at the same edge), while
the displacement along the longitudinal direction is free, being imposed to
zero the component of the displacement parallel to the same side. Fig. 2.7
shows a deformed shape produced by the shear test.

(a) 3D Cauchy model. (b) 2D reduced model.

Figure 2.7. Deformed shapes (micro-model and macro-model) for out-of-plane
bias shear test. The legend refers to the out-of-plane displacement, u3.

In order to verify that the two experiments effectively decouple the stiff-
nesses, we performed sensitivity analyses and successfully checked that the
objective functions are weakly dependent on the parameters related to de-
formations which are not to be activated. The absence of the rotations of
the short displaced side guarantees this condition, as will be shown below.

Analogous to the previous case, quantities are chosen to carry out the
identification. In detail, we take into consideration the total strain energy,
E , and the out-of-plane displacement, w, (since extension, i.e. axial dis-
placement, is avoided effected by the imposed boundary conditions) of the
longitudinal axis of the specimen. With regard to this last quantity, the
micro-macro comparison is achieved by calculating the vertical displace-
ment of the 3D point array number 2 indicated in Fig. 2.8a, wmij , and the
corresponding points of the curve number 2 in Fig. 2.8b, wMij . Also in this
case, a non-dimensional least-squares objective function has been built and
it has the following expression:
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f =

n∑
i

(
EM
i − Em

i

Em
i

)2

+
1

Np

n∑
i

Np∑
j

(
wMij − wmij

wmij

)2

(2.27)

where:

• M and m are the apexes which indicate that the considered quantity
is related to the macroscopic and microscopic model, respectively;

• i is the index of the i-th step loading;

• j is the index of the j-th evaluation point;

• Np number of the evaluating points.

This function is used, as in the previous case, to evaluate which set of
stiffnesses is the best. We remark that the contribution produced by the
deformed shape is averaged over the pivots’ centers taken into consideration.

(a) 3D model. (b) 2D model.

Figure 2.8. Probe points (left) and probe lines (right) for evaluating the
deformed shape and the out-of-plane displacement wij .

The results presented herein are the product of two iterative procedures
aimed at the minimization of the objective functions defined in Eq. (2.26)
and (2.27). The Levenberg–Marquardt algorithm is employed to achieve
this task.

Table 2.4. Stiffnesses identified with in-plane bias extension test identification.

Ke Kg Kn Kt Ks

1.5EAp 2.1E Izp
E Iy
p

GJt
p 1.5

Gπ d4p
32hp p2

In Fig. 2.9, the quantities used for the identification in the in-plane bias
extension test are plotted for the 3D model, and the 2D one (first trial,
best fit). In each of the three plots in Fig. 2.9, it can be observed that
the identification produced a good approximation of the objective curves
concerning the micro model. Let us now consider the second experiment
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Figure 2.9. Comparison between 2D first trial, 2D best fit, and 3D Cauchy
model for plane bias extension test.
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(out-of-plane bias shear test), where the set of constitutive parameters in
Tab. 2.4 is used as first trial. Similarly to the previous case, we perform
several simulation varying the corrective coefficients of Kt and Kn looking
for the minimum value of Eq. (2.27), which is obtained using the final set
of stiffnesses reported in Tab. 2.5. Before carrying out the iterations to

Table 2.5. Best stiffness set.

Ke Kg Kn Kt Ks

1.5EAp 2.1E Izp 0.5
E Iy
p 1GJtp 1.5

Gπ d4p
32hp p2

achieve the results of Tab. 2.5, we verified that the second type of test was
not influenced by the first three identified stiffnesses. This is clear looking
at the plot of Fig. 2.10a, where it can be observed that the most relevant
energy contributions are related to the last two material parameters to be
identified. Further evidence of this fact is provided by the plot in figure
2.10b, which shows the axial placement of the line 2 indicated in Fig. 2.8
during the out-of-plane shear test (3D and 2D first trial) by using for the
2D model the first three identified stiffnesses. Clearly, this axial placement
is independent of Kn and Kt.
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Figure 2.10. Out-of-plane bias shear test, verification of independence from
plane bias test.

In Fig. 2.11, the results of the fitting process for the out-of-plane bias
shear test are shown. The plots report the comparison of the deformation
energy and of the deformed shape between the macro-model and the micro-
model.

2.4.2 Results of the identification process

In order to test the actual forecasting capability of the identified macro-
model toward the 3D Cauchy model, we compare both in two other tests
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Figure 2.11. Comparison between 2D first trial, 2D best fit, and 3D Cauchy
model for out-of-plane bias test.

different from the ones used for the fitting. The view of 3D deformed shapes
for both tests (see Fig. 2.12 and Fig. 2.13) suggests referring to them as in-
plane (even if buckling is observed, see (1)) shear test and in-plane (even if,
also in this case, buckling is observed) compression test, respectively. The
in-plane shear test prescribes the following boundary conditions: the short
left side of the specimen is clamped, while the right short side is clamped
and displaced rigidly upward (see Fig. 2.12a). The in-plane compression
test prescribes the short left side to be fixed and a slider to be applied to the
right one, with an inward uniform imposed displacement (see Fig. 2.13a).

Firstly, let us consider the in-plane shear test. As experimentally ob-
served in (1), this type of test produces instability phenomena, which cause
out-of-plane displacements of some regions of the specimen (see Fig. 2.12
where a numerical simulation is exhibiting this instability). The emergence
of instability phenomena is both experimentally and numerically linked to
the presence of defects. Experimentally, these defects can be geometrical (as
in the numerics) or due to other factors (badly grasped specimen, asymme-
try in the transmission of the load, internal imperfections of the specimen
etc.). Specifically, in the 3D model a small rotation has been assigned to
the displaced side. Similarly, an imperfection has been assigned to the long
sides of the homogenized model by applying a small force on the long sides,
in correspondence of the points where the out-of-plane motion was expected.

By including such imperfections, it has been possible to obtain results
allowing to perform the validation. For the validation, we compare some
physical quantities: the total strain energy, the deformed shape (of the ma-
terial lines in Figs. 2.8a and 2.8b), the reactions at the fixed edge and
the out-of-plane displacement of one point P , which is at the vertex of the
buckled region (see Figs. 2.14c and 2.14d). In Fig. 2.15a the strain en-
ergy versus imposed displacement is plotted. The two curves are almost
coincident, which means that the constitutive parameters introduced in the
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(a) Top view. (b) Side view.

(c) Front view. (d) Axonometric view.

Figure 2.12. Shear test. The legend refers to the out-of-plane displacement, u3.

(a) Top view. (b) Axonometric view.

Figure 2.13. Compression test. The legend refers to the out-of-plane
displacement, u3.
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(a) Probe point P and Q for
the micro-model.

(b) Probe point P and Q for
the macro-model.

Figure 2.14. In-plane shear test and compression test, evaluation points.

macro model globally produce the same energy content, even in situations
different from those used for their identification. Furthermore, the compar-
ison between the deformed shapes in Fig. 2.15b displays small differences
of few millimeters between the plotted curves for the probe points and lines
labeled 1 and 2 in Figs. 2.8a and 2.8b.
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Figure 2.15. In-plane shear test, comparisons between micro-model and fitted
macro-model.

Even more significant is the micro-macro correspondence in Fig. 2.16,
where the displacement of point P along the z axis is plotted. In Fig. 2.16 it
is shown that the two models, in the in-plane shear test, are characterized by
the same critical value of the displacement (after which buckling occurs). A
further confirmation is provided by the plots of reaction forces in Fig. 2.17.
We can observe that along the tangential and in-plane normal directions
the agreement is very good between the curves, while along the out-of-plane
direction there are some non-negligible differences, despite having a similar
trend. Such discrepancies might be a consequence of hypotheses lying at
the basis of the reduced macro-model. Indeed, in the reduced description
at macro level, pivots’ ‘shearing’ and ‘bending’ contributions —which are
very likely to be relevant— have not been taken into account.
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Figure 2.16. In-plane shear test, out-of-plane displacement evaluated at point
P .
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(c) Out-of-plane direction.

Figure 2.17. In-plane shear test, comparisons between micro and macro
reaction forces.
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The second validation experiment gave similar results for all the quan-
tities analyzed and discussed above. Indeed, the plots in Fig. 2.18a and
Fig. 2.18b (strain energy and deformed shape of probe middle line) for the
two models are almost overlapping. The out-of-plane displacement of a
point Q (which reference position is shown in Figs. 2.14a,b, being at the
vertex of the buckled shape in the current configuration) is reported in
Fig. 2.19, while for reactions see Fig. 2.20. Considerations similar to those
made for reactions shown in Fig. 2.17 can be made for Fig. 2.20.
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(a) Strain energy.
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Figure 2.18. Compression test, comparisons between micro-model and fitted
macro-model.
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Figure 2.19. Compression test, out-of-plane displacement evaluated at point Q.

In the following, a sensitivity study of the identified stiffnesses demon-
strates that the identification carried out is consistent and, as far as pos-
sible, unambiguous. Furthermore, we note that the stiffness Ks related
to the shear strain is the mechanical parameter characterizing prominently
the response under uniaxial extension. As a matter of fact, a change in Ks

implies the greatest differences on the objective function in Eq. (2.26).
The identification process made possible to find a set of stiffnesses char-

acterizing the mechanical behavior of the pantographic structure. The sub-
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Figure 2.20. Compression test, comparisons between micro and macro reaction
forces.

sequent step of our investigation consists in estimating the sensitivity of the
objective function upon changes in the constitutive parameters.

To this aim, further simulations were carried out using the macroscopic
model. The values of identified stiffnesses were changed individually, and
the results were compared with those obtained using such unchanged stiff-
nesses.

The in-plane bias extension test and the three stiffnesses Ke, Kg and
Ks that characterize its mechanical behavior were initially considered. As
mentioned before, in each simulation mechanical parameters were increased
or decreased individually by±10% and±20%. The outcome of such analysis
is that there is one mechanical parameter which characterizes most the
response under extension, that is the stiffness Ks related to the shear strain.
Indeed, it is possible to notice that a change in Ks produces the greatest
differences on every contribution to the objective function in Eq. (2.26) (see
Fig. 2.21b, Fig. 2.23b and Fig. 2.25b). In Fig. 2.22b, Fig. 2.24b and Fig.
2.26b the relative differences of contributions to the objective function with
respect to the unchanged identified stiffnesses are plotted.

In Figs. 2.23a,b,c the angle θ is plotted varying the parameters Ke,
Ks and Kg respectively, in a neighborhood of the identified stiffnesses. In
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Figure 2.21. In-plane bias extension test, strain energy varying Ke, Kg and Ks.
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Figure 2.22. In-plane bias extension test, relative changes in strain energy
varying Ke, Kg and Ks.
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Figs. 2.24a,b,c the relative difference for the angle θ is plotted varying,
respectively, Ke, Ks and Kg. From this last figure it can be observed that
the relative difference of θ is comparable for similar relative changes in the
stiffnesses Ke and Ks, while relative differences are much less when Kg

changes.
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Figure 2.23. In-plane bias extension test, values of the angle θ varying Ke, Kg

and Ks.

It is remarkable that the angle φ seems to depend on all the three stiff-
nesses in a similar way, as they produce comparable effects in each para-
metric study (see Fig. 2.25 and Fig. 2.26).

Sensitivity analysis varying the constitutive stiffnesses have been carried
out for the out-of-plane bias shear test too. As for the previous case, we
want to evaluate the changes in the quantities involved in the objective
function when Kn and Kt are varied of a certain amount. Also in this case,
we consider relative changes of stiffnesses of ±10% and ±20%. In Fig. 2.27
we observe that the magnitude of strain energy depends similarly both on
Kn and Kt. Furthermore, the sensitivity of the model is relevant for these
two stiffnesses as shown by plots in Fig. 2.28. Indeed, relative changes of the
stiffnesses, say of X%, produce relative differences of the related quantities
appearing in the objective function of about X/2%.
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Figure 2.24. In-plane bias extension test, relative changes in the angle θ
varying Ke, Kg and Ks.
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Figure 2.25. In-plane bias extension test, values of the angle ψ varying Ke, Kg

and Ks.
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Figure 2.26. In-plane bias extension test, relative changes in the angle φ
varying Ke, Kg and Ks.
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Figure 2.27. Out-of-plane bias test, strain energy varying Kn and Kt.
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Experiments on pantographic
2D specimens

Regardless of the approach used, whether discrete or continuous, the mathe-
matical models presented in Chapter 2 need to be validated by comparisons
with actual experimental data. Thanks to manufacturing techniques’ last
advancements, namely the 3D printing technology, it is now possible to
investigate the forecasting capability of models developed to describe pan-
tographic metamaterials.

Computer-aided manufacturing technology makes it possible to fabri-
cate specimens whose geometrical structure can be controlled very precisely.
The production process consists of two steps: (i) computer-aided design
and (ii) additive manufacturing. The samples are produced with different
geometrical properties and different base materials (e.g., polyamide, steel,
aluminum). Moreover, the appealing feature of using the same geometry
for both specimen manufacturing and full-scale 3D numerical simulations
must be remarked.

It is thanks to this enormous progress that it has been possible to test
the mechanical properties of materials with a pantographic microstructure.
Ample experimental evidence collected in the recent bibliography has high-
lighted the exotic behavior of pantographic materials (6; 27; 33). Polyamide
pantographic 2D sheets have demonstrated significant compliance of the
material, reaching large deformations while remaining in an elastic regime.
However, many other observations emerged from experimental tests, such as
reliability toward the failure process, a relatively easy prediction of breaking
modes based on geometrical features, and the possibility to relate some me-
chanical behavior to the specific pantographic microstructure rather than
the constitutive material.

The following chapter aims to present some significant experimental
results of specimens of pantographic metamaterial printed using metallic
powder. Some of the latest techniques collected under the name of Additive
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Manufacturing (AM) have been employed whose challenge was to fabricate
the specimens with well refined pantographic substructure. A first inves-
tigation is described to evaluate the elastic range in BIAS extension tests,
the resilience to imperfection and micro-damage and nonlinearity, rupture
mechanisms, and ultimate failure of considered novel metallic specimens.
Comparisons are made between specimens fabricated from aluminum and
steel, respectively, remarking upon the similarities and differences in their
exotic mechanical properties. These observations are further compared with
the ones exhibited by polyamide specimens. A preliminary interpretation
of the results, considering the existing theoretical model for pantographic
structures, is also described.

3.1 Additive manufacturing of steel and aluminum
specimens

Recent advancements in the technical capability of production and design-
ing processes permit the fabrication of materials with specific microstruc-
tures at small length scales, which can strongly condition the macroscopic
mechanical behavior of the material. The fabrication of the pantographic
structure considered herein, and other complex geometries, can be now re-
alized using 3D printing, also referred to as additive manufacturing (AM).
The latter is used to create objects with complex shapes in a layer-by-layer
mode utilizing some constitutive precursor material. Most 3D printing pro-
cesses employ wires or powders made up of metallic or polymeric material,
which assumes the designed shape by interacting with an energy source.
The object design employs three-dimensional geometries generated using
CAD software for fabrication with 3D printing. The geometry is then dis-
cretized into a triangular/tetrahedral mesh and saved in STL file format.
Such a file is then used as an input for an AM software where the 3D ge-
ometry is sliced into layers, whose thickness can be set according to the
needed resolution and machine capabilities, and the object to be built is
positioned on the building platform. Before the printing process can start,
it is necessary to design the supports which connect the object to the build-
ing platform and take on the functions of (1) supporting the part during the
printing process, (2) dissipating heat, and (3) avoiding thermal distortion.
The particular case of metal additive manufacturing requires a specific care
to the minimization of overhanging areas where overheating zones usually
are located and provoke a deterioration of surface roughness.

The so-called powder bed processes are certainly the most promising
among the AM techniques. This category includes the selective laser melting
(SLM), also called laser beam melting (LBM), and electron beam melting
(EBM). The production process employs a laser (or electron) beam to melt a
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thin layer of powder. A resolution can be defined for such a process based on
the size of the laser beam, being usually in the range between 50 and 100µm,
and the height of the powder layer, being in the range between 20 and
50µm. Generally, the overlapping of hundreds of welding beds (200–300µm
in width) is needed to build a part (about 500m of bead/cm3), and the
melting process is performed under shielding inert gas in order to prevent
the oxidation of the powder. The shapes which can be built are complex
and the objects, typically, have a satisfactory mechanical behavior.

3.1.1 Manufacturing of steel pantographic structures

In this survey, the SLM125HL setup from SLM solutions has been used to
create the pantographic structure. This machine is equipped with a 400W
YAG laser (YLR-400-WC) at a wavelength of 1070 nm. Scanning speed
varies from 400 to 1500 mm/s, while the thickness of the powder layer is in
the range between 30 and 100µm. The minimum diameter of the laser at
the focus point is about 70µm. The powder employed is the 316L stainless
steel having spherical particles whose least diameter size is 37µm(CILAS
920).

As mentioned above, the manufacturing of the part is preceded by the
proper positioning of the 3D geometry in the printing volume using the
MAGICS—Materialise software. As depicted in Fig. 3.1, the specimens
were positioned orthogonally to the building platform even though a tilt
angle of 45◦ would have been preferable for the realization of the pivots.
Despite the significant technological achievements represented by such man-
ufacturing technologies, one has to consider that the objects obtained are
very sensitive to the location and the number of supports whose inadequate
positioning could result in widespread microstructural flaws. Furthermore,
the rough surfaces in Fig. 3.2 indicate the possibility of appreciable porosity
which, however, potentially can be suppressed by heat treatments such as
hot isostatic pressing (HIP), resulting in almost fully dense metallic alloys.
(Such postprocessing was not performed on the samples presented in the
next sections.)

3.1.2 Manufacturing of aluminum pantographic structures

The following investigations were conducted with a commercial LBM system
(EOS M 400), equipped with a 1kW laser unit (YLR series, CW laser,
wavelength 1070 nm). All objects were manufactured of AlSi10Mg (PSD:
D10: 12.28µm; D90: 43.22µm) processed in 90µm layers under the influence
of a heated building platform (165 ◦C). A shield gas flow was applied
parallel to the top layer of the powder bed to remove any side products
arising from the welding process.

39



Ph.D. Thesis of Michele De Angelo, University of L’Aquila

Figure 3.1. Manufactured steel samples.

(a) connection at the middle of the
semple.

(b) connection at the external point of
the semple.

Figure 3.2. SEM view of the beam pivot connection after tensile testing.
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General exposure strategy The process control and resulting mate-
rial characteristics are intricate due to the incremental creation of material.
An exposure strategy (arrangement of laser tracks) is necessary to create
a volume using a spot-like energy source like a laser beam. The expo-
sure strategy in combination with exposure parameters like laser power and
exposure speed defines the material microstructure and therefore its char-
acteristics. Due to different thermal boundary conditions, a part is usually
divided into areas of different parameter settings (see Fig. 3.3). Areas in
a surrounding of low thermal conductivity (e.g., powder) require different
parameter settings compared to areas with increased thermal conductiv-
ity (e.g., surrounding solid material) in order to create a material of high
quality (regarding factors like porosity, homogeneity or microstructure).

Figure 3.3. Geometry and micro-structure parameters.

Laser track characteristics Usual exposure speeds for the process-
ing of AlSi10Mg can reach 2000 mm/s. The switch on/off time of the laser
unit can take up to 50 µs. Therefore, the full laser power is reached after
a distance of ∼ 0.1mm. This distance can also be impacted by delays in
the electronics controls. This effect can cause different ending points for
the laser track (see interrupt delays in Fig. 3.4). A second effect can be
caused by the physical inertia of the projectors mirror, which is resulting
in a lower exposure speed in the beginning of the track and therefore in a
higher energy input.

Part orientation A proper orientation of a part within the building
volume is essential to its quality and errorfree producibility.Acute angles
between the building substrate and the part’s surface require a support
structure. This is due to the residual stress within the material resulting
from the rapid cooling rates. Without any connection of the part to the
substrate, the part would deform within the process causing the coating unit
to jam. Furthermore, surfaces with an acute angle result in a poor surface
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Figure 3.4. Lamellas manufactured by a single laser track per layer, showing
the impact of inertia (left sides) and interrupt delay (right side). Left to right:
increasing energy density

quality regarding roughness, surface cracks and surface porosity. Therefore,
it is advisable to avoid part orientations with major surfaces of an acute
angle.

Adapted manufacturing parameters for a metamaterial The
pantographic sheet was manufactured in a 45◦ angle rotated around its ax-
ial line in order to prevent any acute angles. All surfaces show therefore a
45◦ angle toward the substrate plate. A further advantage of this orienta-
tion is that the exposure cross section within a layer offers more surface than
the actual beam cross section and therefore enables longer laser tracks. As
a second measurement, a setup of a single exposure area was applied within
the lattice. In order to increase the laser track length to a maximum, cir-
cular laser tracks were applied instead of a stripe strategy. Furthermore,
the exposure speed was minimized, which also required an adaption of laser
power and hatch distance (spacing between laser tracks). As a result, it is
possible to manufacture the pantographic sheet without any visual damage.
A comparison of standard parameters and the adapted manufacturing pa-
rameters is illustrated in Fig. 3.5. The specimens were manufactured under
the same building orientation.

3.2 Tomographic analyses on aluminum samples

A ZEISS micro-X-ray CT machine was used to acquire the images (ZEISS
Xradia 410 Versa 2018). This machine uses X-rays to map the microstruc-
ture of an object at micrometer to millimeter scales. The imaging modality
works on the principle of density contrast. That is, the X-rays would trans-
mit through the sample such that the areas where less X-rays get through
are the denser parts and the areas where more X-rays get through indicate
less dense parts in the materials. The 10× objective was used to image the
samples which results in a digital image with a square field of view of side ∼
1.5 × 103µm and pixel size ∼ 0.86µm/pixels. A total of 1441 images at the
frequency of 4 images per degree of rotation were acquired for tomographic
reconstruction. The overall imaging time varied from 8 to 12 hours depend-
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Figure 3.5. Pantographic sheet with a beam diameter of 1mm manufactured of
AlSi10Mg. Bottom: Sample manufactured by standard manufacturing
parameters. Top: Sample manufactured by adapted exposure parameters and
strategy.

ing on the exposure time per image. Subsequently, using the Reconstructor
software, the images acquired were assembled as a 3D structure shown in
Fig. 3.6. The reconstructed 3D structure has a voxel size of 1.72 × 1.72
× 1.72µm3. A visual inspection of the reconstructed structure reveals a

Figure 3.6. Reconstructed 10× Aluminum.

smooth internal texture for the aluminum with spherical pores of varying
sizes. This observation is not unexpected since the SLM process was used
for its fabrication.

Porosity analysis was performed using the wizard and image segmenta-
tion tool of Avizo (Avizo 9.5.0 software). To ensure that the segmentation
tool could identify the interior pore spaces, the reconstructions were cropped
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down to cubes to avoid the irregular boundary effects. Fig. 3.7 illustrates
the boundary irregularity in the original reconstruction for aluminum spec-
imen, shown as selected sections in xy-, xz-, yz-planes and the 3D solid,
respectively. Multiple cubical samples were taken from different locations
of the original reconstruction to ensure that themajor topographic features
(i.e., pore spaces) of the original reconstruction were represented. Figs. 3.8,
3.9 give three instances of the cubical samples for aluminum specimen of
size 400 × 400 × 400 voxels shown as selected sections in xy-, xz-, yz-planes
and the 3D solid, respectively. The cubical sample sizes were predicated
by the original cross-sectional dimensions of the beam specimens and their
orientation in the xy-plane. Avizo’s segmentation tool was used to define
the labels of the material volume versus the pore volume in the cropped
cubical samples. Once the areas were defined, Avizo’s label analysis tool
was used to calculate the image statistics. The porosity analysis wizard
was also used to obtain the pore size distribution. Porosity is defined as the
ratio of the pore volume to the total volume. The average porosity of the
aluminum specimen was found to be 6.54%. For aluminum specimen, the
maximum pore size varied from 167.7 to 194.8µm, while the median pore
size ranged from 4.8 to 7.7µm for the three cubical samples. Figs. 3.8, 3.9
show that the pores in these specimens are mostly spherical.

Figure 3.7. Selected sections in xy-, xz-, yz-planes and the 3D solid, of the
original reconstructed µXCT image for aluminum specimen, showing irregular
boundaries.

3.3 Experimental tests on aluminum printed struc-
tures

Extensional tests were performed on three aluminum-printed specimens of
pantographic structure. The microstructure of the aluminum samples is
described by the parameters shown in Fig. 3.10 whose values are reported in
Table 3.1. The force versus displacement graphs are obtained by testing the
specimens in a so-called BIAS extension test which can be experimentally
performed by clamping one of the two sides of the sheet and imposing a
longitudinal displacement to the other side.

Herein we analyze the behavior under extension of the three samples in
order to determine (1) their elastic range, (2) the incipient plasticity and (3)
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Figure 3.8. The columns give selected sections in xy-, xz-, yz-planes and the 3D
solid, respectively, for three cubical samples (rows) cropped from the top, mid-
and lower regions of the original reconstructed µXCT image for aluminum
specimen.

Figure 3.9. Pore structures with the three cubical samples cropped from the
top, mid- and lower regions of the original reconstructed µXCT image for
aluminum specimen. The mostly spherical shapes of the pore spaces can be
readily seen.

Table 3.1. Fibers and pivot dimensions are measured in millimeter, and angles
are measured in radiant.

bb hb dp hp L l θ∗ p

1.0 0.6 0.9 3.0 210 70 π/2 4.85
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Figure 3.10. Geometry and micro-structure parameters.

the ensuing the damage and failure process. According to the prescribed
experimental test conditions, three types of bias tests were performed as
summarized in Table 3.2. The first type of test was designed to evaluate the

Table 3.2. Tests performed on aluminum specimens.

type of test cyclic test destructive deformation rate

Sample A extension yes yes 0.1 mm/s
Sample B extension no yes 0.33 mm/s
Sample C extension yes yes 0.05 mm/s

elastic range of considered specimens. For this aim, cyclical extension tests
were performed with loading and unloading phases, on specimen designated
as sample A. The complete loading history of the test is depicted by the
plot in Fig. 3.11, but we will show each stage of the experiment separately.
In Fig. 3.12 are shown the force– displacement plots corresponding with

0 20 40 60 80 100 120 140

0

2

4

6

8

till failure

time [s]

D
is
p
la
ce
m
en
t
[m

m
]

Load History Sample A

Figure 3.11. Displacement versus time plot describing the load history applied
to aluminum specimen A.

the first two load cycles performed on sample A. A fist stretch step of 1mm
is prescribed, and subsequently, a second load step up to 2mm is applied.
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At the end of each step, the unloading phase follows. The deformation rate
is 0.1mm/s to ensure that no inertial contribution occurs. The plots in
Fig. 3.12 clearly show that the trend of both curves is linear, highlighting
a direct proportionality between reaction force and imposed displacement.
Furthermore, in both graphs the loading and unloading phases almost co-
incide suggesting a linear elastic behavior.

After the cyclic phase, sample A is stretched until complete rupture.
As shown in Fig. 3.13a, a linear stage can be considered up to 3mm of
elongation, while in Fig. 3.13b we can notice the initiation of a nonlinear
stage. Looking at the whole BIAS extension test on sample A shown in

(a) 1 mm stretch and unloading (b) 2 mm stretch and unloading

Figure 3.12. Load–unload cycle on aluminum sample A.

(a) 3 mm stretch. (b) 4 mm stretch.

Figure 3.13. Limit of elastic range of aluminum sample A.

Fig. 3.14, it can be observed that the mechanical behavior is elasto-plastic
with strain hardening until a maximum in the reaction force is reached.
This can be really observed by unloading the structure and showing that
the deformation has been irreversible (see Fig. 3.22). After that, a softening
part occurs before the first rupture.
The first rupture event is related to the collapse of one of the external pivots
highlighted in the circle in Fig. 3.15 that are located at about 1

3L. In the
following, we will give an interpretation of this event on the basis of some
specific mechanism similar to the ones studied in (26). Despite this rupture,
the specimen still exhibits a certain load capacity, as at least other three
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breakages occur before the total failure. In Fig. 3.16, the failure sequence
is shown: every frame displayed corresponds to a rupture point beyond the
first break in the graph.

Figure 3.14. Entire extensional test graph of aluminum sample A.

Figure 3.15. Aluminum sample A first break.

We next compare the described results (sample A) to the ones rela-
tive to the second sample (sample B). Sample B has been stretched until
complete rupture without a previous cyclic test, at a deformation rate of
0.33mm/s (see Fig. 3.17). Although for sample B, the elastic phase has
not been determined specifically, it is possible to recognize a linear part
of the force–displacement curve. The plot shows an overall strain hard-
ening behavior and a softening branch before the first rupture. After the
proportionality limit (settled by hypothesis—by comparing the plot in Fig.
3.18 with the result observed for sample A—at 2mm of stretch), the trend
becomes nonlinear for higher displacement values, exhibiting strain hard-
ening. For sample B, the softening seems to trigger at 8mm of elongation
and progresses gradually till complete rupture.
It is interesting to compare the behavior of samples A and B. It is clear
that the shape of the two curves is very similar, and likewise sample B, also
sample A has an initial linear part that corresponds to a linear elastic be-
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Figure 3.16. Aluminum sample A all breakages.
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Figure 3.17. Displacement versus time plot describing the load history applied
to aluminum specimen B.

Figure 3.18. Entire extensional test graph of aluminum sample B.
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havior. Despite a very similar overall trend, there are significant differences
between the two specimens (Fig. 3.19). The most obvious is the resistance,
in terms of reaction force provided, and the capability to deform. Fig. 3.20
shows that sample B begins to soften much earlier (before 10mm of dis-
placement) compared to sample A, which stretched twice as much before
the commencement of damage softening.

Figure 3.19. Aluminum sample B first break.

Figure 3.20. Comparison between bias test results on sample A and B.

We now present the results relative to sample C, subjected to a cyclic ex-
tension test. This experiment was designed to examine the behavior beyond
the elastic limit of considered specimen. Sample C has been submitted to
a higher number of load–unload cycles as given by the graph in Fig. 3.21.
The first two cyclic phases, which prescribe an elongation up to 2mm and
unloading and subsequently an elongation up to 4mm and unloading, are
summarized by the force–displacement plot in Fig. 3.22. At a first stage,
the force–displacement relation is linear (see Fig. 3.22) up to an elongation
of about 1mm; after that, a nonlinear stage starts. The subsequent cycles
are carried out beyond proportionality limit under the condition of plasti-
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Figure 3.21. Displacement versus time plot describing the load history applied
to aluminum specimen C.

cized material. Indeed, a residual deformation can be evaluated at the end
of each unloading stage. We can remark that, when a greater number of
load cycles are carried out, the shape of the resulting force–displacement
curve appears to have little influence of the loading cycles as every cycle
shows the same overall trend (see Fig. 3.23).

At the end of the cyclic part, the loading is continued until total rupture
of the specimen. As for the two previous cases, the softening represent
the beginning of the damage of the specimen and the activation of the
rupture mechanism, but the softening phase is much less evident. Indeed,
the reaction force does not have a relevant drop and its value even rises
again after a small increase in stretch. Also, when the first break occurs the
force does not decrease by a significant value. The second and third break
happen at force level even higher, reaching 400N (Fig. 3.21). Comparing

Figure 3.22. Two load cycles applied on aluminum sample C.

these results to the previous cases, some similarities and differences emerge
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Figure 3.23. Cyclic test and stretch until failure of aluminum sample C.

(see Fig. 3.24). The overall trend is very similar to that shown by samples
A and B before the commencement of damage. Moreover, in this case also
the specimen starts to rupture due to the collapse of a pivot, whose position
is highlighted in Fig. 3.25. Looking at the comparison plots reported in Fig.
3.24, the main difference is the greater deformation reached by the specimen
C compared with sample A and B. It is remarked that the three samples
have the same slope for the linear stage but a very different behavior after
that, although they have the same microstructure and were fabricated in a
single batch.

Figure 3.24. Comparison between the force–displacement plots relative to
samples A, B and C.

3.4 Experimental tests on inox printed structures

We now describe the results obtained for BIAS extension test performed on
inox-printed specimens. As in the case of aluminum specimens, the intent
is to evaluate the limit of elastic stage, the behavior in the plastic phase
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Figure 3.25. Aluminum sample C first break.

Figure 3.26. Aluminum sample C first break.

53



Ph.D. Thesis of Michele De Angelo, University of L’Aquila

and the initiation of the failure process. The setup for the tests is the same
as for the aluminum specimen. In addition, the experiments prescribe both
cyclic and monotonic tests. The details of the type of the test performed
for every sample are listed in Table 3.3. The microstructure is same as the
aluminum-printed specimens, and it is described by the parameters listed
in Table 3.4.

Table 3.3. Tests preformed on inox printed specimens.

type of test cyclic test destructive deformation rate

Sample S1 extention and compression yes yes 0.16 mm/s
Sample S2 extention no yes 0.5 mm/s
Sample S3 extention no yes 0.5 mm/s
Sample S4 extention no yes 0.5 mm/s

Table 3.4. Fibers and pivot dimensions in mm, angle are measured in radiant.

bb hb dp hp L l θ∗ p

0.8 1.0 0.4 0.8 90 30 π/2 1.48

100 200 300 400 500 600 700

−20

0

20

40

till failure

time [s]

D
is
p
la
ce
m
en
t
[m

m
]

Load History Sample S1

Figure 3.27. aluminum sample C all breakages.

We first discuss the results of the tests performed on sample S1. This
specimen has been subjected to different loading stages (see Fig. 3.28)
which are (1) a cyclic extension phase, (2) a compression phase and then
(3) a stretch phase up to rupture. The complete load history applied on
sample S1 is plotted in Fig. 3.27.

In Fig. 3.28, the top graph shows the first cyclic stage, for the two
extension cycles of 10mm each. In this stage, the linear elastic behavior
cannot be clearly demarcated. Indeed, the curve appears to exhibit non-
linear behavior immediately upon loading. Further, at the first unloading
corresponding to 10mm stretch, a residual elongation is measured upon
unloading suggesting the onset of plastic behavior. Referring again to the
top graph in Fig. 3.28, the second cycle seems to underline an isotropic
strain hardening given the way the curve resumes its path upon reloading.
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A second stage involving a compression test on sample S1 is depicted in
the middle graph in Fig. 3.28. Also in this case, there is no linear branch.
It appears that the shape of the compression curve has some similarities
to the first cycle of tension test reported in the top graph in Fig. 3.28.
Notably, the values of the reaction force are approximately the same but
with opposite sign. The bottom graph in Fig. 3.28 presents the force versus
displacement plot up to rupture for the sample S1 under tension. The max-
imum axial force is about 2500N at 30mm of stretch. Overall, the graph
shows a work hardening of the specimen, which is much clearer after 22mm
of stretch. Indeed, the rupture phase is preceded by a last step in which
the reaction grows very rapidly.

Figure 3.28. Displacement vs time plot describing the load history applied to
inox specimen S1.

Some fluctuations are recorded before the first rupture point, but their trend
is still upward, highlighting a typical behavior of pantographic structures.
(We will remark resiliency as a feature typical of pantographic structures.)
Furthermore, when the first rupture occurs, the sample still has capacity of
deformation before the definitive failure. The rupture behavior registered
for sample S1 shows a fundamental difference with respect to aluminum
samples: In this case, the failure is caused by tensile collapse of the outer
fiber on one of the two constrained sides, as shown in Fig. 3.28.

A very similar overall behavior has been observed in BIAS extension
tests of other inox-printed pantographic structures, as well as the failure
mechanism (the extension of the external fibers is always involved), as shown
in Fig. 3.31. In Fig. 3.30, the force versus displacement plots for the
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three inox samples are presented: The shapes of the curves are very similar.
Likewise, the graphs point an acceleration in the work hardening mechanism
around 20mm of stretch that leads the specimens to exert the maximum
reaction force at about 30mm of stretch. A difference can be noted in
the maximum value of the reaction of specimen S1, which is lower than
other two, being about 2500N the former and about 3000N the latter. This
response is likely due to the initial cyclic loading done on S1 specimen.
However, strong similarities emerge from Figs. 3.30 and 3.31.
Another peculiarity behavior provided by themicrostructure emerges from
a BIAS extension test performed on inox sample S4, whose force versus dis-
placement plot is shown in Fig. 3.32. Looking at the graph, it is noticeable
that at about 8mm of stretch the graph has a little dip that it could be
related to a structural imperfection. However, this fact does not alter the
overall behavior of the specimen that continues its strain hardening in the
same way as the other inox samples.

Figure 3.29. Summary scheme of all experiments performed on inox sample S1.

3.5 Interpretation of experimental results: proposed
models

The experimental data described in the previous sections show that two
types of rupture mechanisms can occur in the extension test of pantographic
structures. Specifically, for the aluminum specimens, the failure, caused by
the breaking of pivots, triggers at external point of their longer side. On
the other hand, for the inox specimens, the onset of the rupture mecha-
nism is located close to the vertices of the clamped edges. The different
behavior can be related to the geometric features of the pivots, which are
the most deformed element of the pantographic lattice. When the pivots
have a slender shape, as in the case for the presented aluminum specimens,
they undergo flexural deformation superimposed on to the twist deforma-
tion due to the relative rotation of the beams. Most of the experimental
and numerical evidences in the literature consider pantographic structures
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Figure 3.30. Force versus displacement plots of BIAS extension test for a)
sample S2, b) sample S3.
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Figure 3.31. Failure propagation under BIAS extension test for a) sample S2,
b) sample S3.

Figure 3.32. Force versus displacement graph related to inox sample S4: the
constructive defect indicated by the local dip at about 8mm of extension does
not influence the overall behavior of the specimen under BIAS extension test.
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characterized by short pivots with negligible flexibility.

A numerical modeling of the mechanical behavior of such pantographic
structures is possible using the homogenized expression of strain energy
density for an elastic surface with a pantographic microstructure defined in
(5), which is

W (χ) =

∫
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(3.1)

The expression in Eq.(3.1) depends upon a single placement field χ, be-
ing F = ∇χ, which does not consider the sliding between the two families
of beams. Further investigations were the motivation for a series of contri-
butions (6; 12) concerning numerical simulations of BIAS extension tests
performed by employing Eq.(3.1) as strain energy density. These works
demonstrate that the homogenized model is able to describe the behavior
of polyamide pantographic structures (i.e., the homogenized model predicts
that the concentration of strain energy is located where the samples break,
as shown by the plot in Fig. 3.33a).

For different geometries of the microstructural elements, such as the case of
the aluminum specimen, the flexibility of the pivots is no more negligible,
and the strain energy density must also consider that the no sliding con-
strain between the two arrays of fibers does not hold. In (26), in order to
describe the kinematics of the pantographic structure with slender pivots a
modified version of the bi-dimensional elastic surface model has been pre-
sented, which, in contrast to (5), takes into account relative displacements
between the two families of fibers. This assumption results in a homoge-
nized form of strain energy which depends on two different placement fields
and it is defined by

W (χα) =

∫
Ω

Kα
e

2
(‖FαDα‖ − 1)2dΩ

+

∫
Ω

Kα
b

2

[
∇Fα|Dα ⊗Dα · ∇Fα|Dα ⊗Dα

‖FαDα‖2
−
(

FαDα

‖FαDα‖
· ∇F

α|Dα ⊗Dα|
‖FαDα‖

)2
]
dΩ

+

∫
Ω

Kp

2

∣∣∣∣ arccos

(
F1D1

‖F1D1‖
· F2D2

‖F2D2‖

)
− π

2

∣∣∣∣γdΩ

+

∫
Ω

Kint

2
‖χ1 − χ2‖2dΩ

(3.2)
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where the superscript α indicates the considered family of fibers. In Eq.(3.2),
we used Fα = ∇χαand no sum over repeated α is intended.
We refer to (26) for the comparison between the constants in Eqs.(3.1) and
(3.2). This expression for the strain energy density describes the behavior
of the pantographic system by means of two independent placements for
each of the two fiber arrays, whose interaction is governed by the last term
of Eq.(3.2), that is, ∫

Ω

Kint

2
‖χ1 − χ2‖2dΩ. (3.3)

By introducing the interaction term in Eq.(3.3), the rupture mechanism of
pantographic structures can be numerically reproduced to provide a good
match with experimental measurements. Indeed, in (26) it is shown that
by employing Eq. (3.2) in a numerical simulation of extension test, higher
values of strain energy density are found to be located precisely at external
points on the longest sides. Clearly, the interaction term is necessary when
the restrictive assumption in (5) does not hold.
A qualitative comparison between strain energy density plots referring to
one-placement field model and two-placement field model is shown in Fig.
3.33. It is noteworthy that Eq.(3.3) is characterized by the modulus Kint

which has to be related to the deformation of the pivots. As reported in
(26), for high values of Kint , which is the case of very stiff pivots, the model
produces the same results as that of the one-placement model found in (5).
Furthermore, the dependence of the stiffness Kint upon the modulus of the
relative displacement of the fibers can be employed to describe the deterio-
ration of the mechanical properties of the specimen, i.e., for the definition of
stepwise function in which Kint changes depending on δ = |χ1 − χ2|. With
the aim of forecasting the behavior of pantographic lattices and of defining
their failure criteria, it can be remarked that to use a modified version of
the strain energy density allows us to evaluate more cases as the one-field
model results to be the limit of the two-field model for high values of Kint.

Further,we must remark that some similarities in behavior emerge when
we compare results from polyamide specimens with the inox specimens. The
pantographic microstructure of polyamide samples, as the inox ones, is de-
signed with short pivots and, despite the great difference existing between
the mechanical properties of the constituent material (i.e., the Young’s mod-
ulus) which result, obviously, in much more stiffer specimens in terms of
reaction force exerted, the rupture mechanism triggers near the clamped
edges in both cases.
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Figure 3.33. Comparison between the deformation of an aluminum sample (a)
and numerical simulations of a BIAS extension test for b two-placement field
strain energy density of Eq. (3.2) and c one-placement field strain energy density
of Eq. (3.1). Colors indicate strain energy density.
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Experimental evidence on pan-
tographic unit cell

Since the advent and continuous progress of additive manufacturing tech-
niques, new horizons in terms of analysis of materials’ mechanical behavior
and design of new materials have been opened. By employing the most ad-
vanced processes, it is now possible to create objects with complex geometry
at a very small length scale. Arranging such complex objects in a periodic
pattern, playing the role of micro- or nano- scale building block, results in
micro-structured materials, also called metamaterials, whose macroscopic
mechanical behavior is strongly dependent on the characteristics of the kine-
matic field of the given micro-structure. This factor influences the research
in the field of innovative materials as we are now able to endow them with
a microstructure, which is potentially customizable and tunable according
to the applications to be addressed. However, as described in Chapter 2,
the new promising possibilities require the definition of more refined mathe-
matical models, involving detailed kinematic fields and higher-order deriva-
tives terms in their equations of motion to capture their unusual behavior.
Moreover, even if additive manufacturing techniques become even more ad-
vanced, the production of a sufficient number of specimens to perform a
complete analysis of mechanical properties could be costly.

Pantographic structures have recently been investigated from a theoret-
ical, mechanical, and manufacturing point of view because of their peculiar
capability to undergo large tensile deformation while remaining in the elas-
tic regime (5). Earlier investigations can be found in a series of papers (see
e.g. (3; 6; 33)) in which the authors address the problem of determining
the mechanical properties of pantographic metamaterials through various
mathematical models, which we partially discussed in Chapter 2. The main
motivation of these works is to find a reasonable compromise between pre-
dictive capacity and computational feasibility in analyzing pantographic
structures. Both continuous and discrete models demonstrate their own pe-
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culiarities in facing the problem, and some comparisons have been presented
where the validation of the models is demonstrated (32; 34). However, it is
still obscure how the geometric features of the pantographic micro-structure
affect the mechanical behavior of the specimens tested. Understanding the
role of geometrical parameters on the macroscopic behavior of pantographic
structures seems indispensable for designing such structures with desired
functionalities. Indeed, regardless of the nature of the approach (continu-
ous or discrete) used to forecast the system’s behavior under various load
and boundary conditions, it is necessary to estimate the relevant consti-
tutive parameters on which the deformation energy function depends. It
appears clear that better identification schemes have to be devised to iden-
tify the mechanical properties and achieve structural optimizations. Such
identification schemes require large numbers of experimental results suffi-
cient for calibrating mathematical models. The following presents a series
of results obtained from a set of experimental tests performed on specimens
of pantographic structure. Rather than using larger samples, the specimens
considered herein can be defined as the pantographic microstructure’s ele-
mentary module. Tensile, compression, shear, and tensile relaxation tests
are performed on a large set of polyamide specimens; a detailed version of
the contents can be found in (21; 22).

4.1 Fabrication and experimental setup

The specimens considered throughout the chapter represent the unit cell of
the micro-structure employed to build a larger pantographic structure. The
geometry of the objects was initially generated employing the CAD soft-
ware SolidWorks (Dassault System SolidWroks Corporation, Waltham, MA,
USA). The specimens were thereafter printed using a 3D printer Formiga P
100 (EOS GmbH, Munich, Germany) at the University of Technology, War-
saw, Poland. The 3D printer uses a selective laser sintering (SLS) technology
to produce the pantographic structure out of polyamide powder (PA2200),
where the average grain size of the powder used was 56µm.

In the following, different sets of specimens are introduced which refer to
different experimental campaigns. In each experimental campaign various
mechanical plane problem such as tensile, compression, and shear test were
analyzed. Further details on the types of tests carried out will be provided
below.
A Bose ElectroForce 3200 testing-device controlled by the software WinTest
Material Testing System was used to perform all the experiments presented
in the following. The load cell used to measure the reaction force values has
a measurement range of ±22 N, a measurement uncertainty of 0.1% and
precision of 0.001 N. All the tests were performed in displacement control,
which is measured with the built-in transducer with the range of ±6.5 mm,
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a measurement uncertainty of 0.1% and precision of 0.001 mm. All the
experiments were done in displacement control, meaning that one end of the
pantographic unit cell is fixed, and the other end undergoes a predefined
displacement. The reaction force then is read from the load cell attached to
the fixed end of the specimen. The studied pantographic unit cells display
viscoelastic behavior, therefore, the measured force-displacement curves are
specific to a loading rate of 0.1 mm/s.
For future evaluations on the deformation fields by means of digital image
correlation technique (DIC), pictures were taken during the tensile, com-
pression and shear tests. To this end the specimens were sprayed on their
surface with a black spray -to make a speckle pattern- prior to the testing,
and a NIKON D300 digital camera was used to take consecutive pictures
at fixed time intervals with image resolution of 4288 by 2848 pixels.

4.2 First experimental campaign

The complete set of specimen contains thirty three objects characterized
by different values of the geometric parameters depicted in Fig. 4.1. In
order to easily refer to each specimen, depending on the value assumed by
the parameter p, we arrange the specimens with p = 5 mm in a Group A
and the specimens with p = 8 mm in a Group B. Furthermore, an index
i = 1, 2, 3, 4 is assigned to each specimen depending on the length of the
pivot, which indicates sample type. Details about the sample type, number
and geometric features can be found in Tabs. 4.1 and 4.2. Tensile, compres-
sion, shear, and relaxation tests were performed during this first measuring
campaign (21).

The tensile test is experimentally carried out by keeping fixed one side
of the specimen and applying a axial displacement on the other side. For
this test, the imposed values of displacement are 4 mm and 6 mm, for
groups A and B respectively, at the rate of 0.1 mm/s. A similar setup has
been used to conduct the compression test but in this case, obviously, the
imposed displacement has opposite sign. The compression displacements
applied to the specimens of group A and group B are of 10 mm and 12 mm
respectively, at a rate of 0.1 mm/s.
The experimental realization of the shear test is carried out by fixing the
specimen on one side while on the other side a tangential displacement is
applied. The displacement occurs in the plane on which the specimen lies.
The specimens of both groups A and B are displaced up to 10 mm at the
rate of 0.1 mm/s.

One has to remark that the fulfillment of all the devised experiments re-
quired to design and 3D print some support structures (see Figs. 4.2a,4.2b)
in order to hold the specimens during the tests. For the tensile, compres-
sion and tensile relaxation test, two clamps have been printed employing a
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Table 4.1. Constant parameters shared by all the specimens.

a b d L1 θ φ
(mm) (mm) (mm) (mm) (rad) (rad)

1.2 1 1 5 π
2

π
4

Table 4.2. Type of specimen, number and values of the distinctive parameters
for each type of specimen.

Specimen type number of specimens p h
(mm) (mm)

A1 4 5 1
A2 3 5 1.5
A3 4 5 2
A4 4 5 3

B1 5 8 1
B2 4 8 1.5
B3 5 8 2
B4 4 8 3

Mojo 3D-printed (FDM Fused Deposition Modeling, by Stratasys) using as
constituent material an acrylonitrile butadiene styrene (ABS) thermoplastic
(Fig. 4.2a). Similarly, for the shear test a rigid support structure and two
different clamps has been created by employing the same 3D printer and
constituent material. The measurement error introduced by the deforma-
bility of these support objects was considered negligible following some nu-
merical simulations of the experiments in FE software ABAQUS.

(a) (b)

Figure 4.1. Parameters describing the pantographic structure.

4.2.1 Results and discussion

The results presented here comprise a complete set of tests sufficient to
calibrate pantographic models, and therefore can be used as benchmarks
for the developed theoretical models. In the following, we briefly comment

66



(a) (b)

Figure 4.2. Experimental setup of the tests for a) tensile, compression and
tensile relaxation tests b) shear test.

the peculiarities observed. Note that in the following we will use the term
stiffness to refer to the trend of the values generally assumed by the ratio
between force and imposed displacement, but no specific force-displacement
relation is meant.

In Fig. 4.3 the results of the tensile test for the two groups of specimens
are shown. In the plots related to group A in Fig. 4.3a one can notice
that the stiffness of the sample is inversely proportional to length of the
pivots. Indeed for a given value of displacement, among those considered
in the experiments, the force decreases progressively from the maximum
value, measured for the sample A1, to the minimum value, measured for the
sample A4. Furthermore, observing singularly the data for each specimen,
the curves related to A2, A3 and A4 have almost a linear behavior while for
the specimen A1 a hardening tract arises after 2 mm of displacement. This
could be attributed to the plastic deformation of the pivots or increased
axial extension of the central beams for the specimen A1. In Fig. 4.3b
the plots for the tensile test related to the specimen of the group B are
shown. Also in this case the data depicts an overall inverse proportionality
between the stiffness and the length of the pivots, but for the specimen B1
the behavior is different. The reaction force values decrease gradually from
B2 to B4 but the curve of B1 overlaps the plot of B4 for the most part
and it has a hardening part starting from about 4 mm of elongation. With
a more detailed look at the data, the specimen B3 and B4 seem to have
linear behaviors while for the specimens B1 and B2 an incipient hardening
behavior can be seen for higher value of displacement.

The plots in Fig. 4.4 give information about the force trend depending
on the length of the pivots, for the tensile test. Specifically, in each plot
the abscissa axis reports the sample type while the ordinate axis reports
the measured force, which is evaluated for four different values of imposed
displacement. In Fig.4.4a, which shows the data related to the Group A, it
can be observed that for a given applied displacement, the force exerted is
decreasing with the length of the pivot, which represents the inverse propor-
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Figure 4.3. Plots of the data from experimental tensile test. a) group A results
b) group B results.

tionality mentioned above. On the contrary, the specimens of Group B do
not follow the aforementioned inverse proportionality. Indeed, in Fig.4.4b,
it is noticeable that there is a maximum force value corresponding to the
specimen B2. This aberration deserves mathematical justification and will
be further investigated in future works.
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Figure 4.4. Interpolation of the force values with respect to the length of the
pivots in tensile tests. Each line refers to a specific value of the imposed
displacement for a) group A b) group B.

In Fig.4.5 the experimental data of the compression tests are plotted for
both Group A and Group B. In Fig.4.5a, which shows the data regarding
the Group A, it is hard to recognize a linear stage as the behavior seems
to be non-linear even for small values of the imposed displacement. Up to
6 mm of compression, all the curves, whose values are close to each other,
describe a softening behavior. After 6 mm of compression, the behavior
of the samples changes and reaction forces increases rapidly, describing a
hardening behavior. An interpretation of this observation is attempted
in the following with the help of the pictures taken during the test. We
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can remark that the Group A observes the inverse proportionality relation
between the stiffness of the sample and the length of the pivots.
Similar considerations can be made looking at Fig.4.5b. Indeed, the plots
of the compression test for Group B describes a softening behavior with a
not easily recognizable initial linear stage and a hardening behavior starting
from about 10 mm of displacement. Similar to the results of tensile test,
the sample B2 leads to the highest values of reaction force. We remark that
the curve related to sample B1 is closer to the values assumed by sample
B4 up to 10 mm of compression while starts to rise fast over this value,
overlapping the plot of sample B2 for higher value of compression.
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Figure 4.5. Plots of the data from experimental compression test. a) group A
results b) group B results.

The higher stiffness of sample B2 can be observed in the Fig.4.6b, where
the force values recorded at several displacement values are plotted with
respect to the length of the pivots. It can be noted that in correspondence
of sample B2 the plots have a maximum. In Fig.4.6a, a similar plot is
shown for group A which for every displacement level observes the inverse
proportionality between stiffness and length of the pivots.

The data related to the shear test are plotted in Fig. 4.7. The shear
stiffness is inversely proportional to the length of the pivots for both the
groups A and B, but also in this case the sample B1 behaves differently.
In Fig. 4.7b, it can be noted that the plot of the data for the shear test
regarding the sample B1 is between the plots of samples B2 and B3. Con-
sidering separately the two groups, in Fig. 4.7a the behavior of all the
samples belonging to Group A is linear for the most part and has an in-
cipient hardening part for higher values of the imposed displacement, more
evident for the sample A1. The plots of the Group B reported in Fig. 4.7b
show that all the samples have linear behavior within the entire range of
displacement. It is anticipated that for a larger displacement, group B also
shows a nonlinear hardening effect.
The plots in Fig. 4.8 give information about the stiffness trend of the
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Figure 4.6. Interpolation of the force values with respect to the length of the
pivots in compression tests. Each line refers to a specific value of the imposed
displacement for a) group A b) group B.
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Figure 4.7. Plots of the data from experimental shear test. a) group A results
b) group B results.
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samples varying the length of the pivots, for both group A and B. The
existence of local extrema in the space of the geometrical parameters can
be noted for sample type B1.
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Figure 4.8. Interpolation of the force values with respect to the length of the
pivots in shear tests. Each line refers to a specific value of the imposed
displacement for a) group A b) group B.

Comparisons between the tensile, compression and shear test are shown
in Fig.4.9 for all the specimens. It can be noted that, in all the graphs of
Fig.4.9, the highest stiffness is observed during the tensile test, the lowest
during the shear test and intermediate values during the compression test.

In order to give an interpretation of the behavior of each pantographic struc-
ture undergoing tensile, compression and shear tests, we plot in Fig.4.10 the
tensile, compression and shear tests related to the sample A1. The numeric
marks from 1 to 5 plotted in Figs.4.10a,b,c are related to the correspond-
ing picture number in Fig.4.11 for each test, respectively. The pictures in
Fig.4.11 visualize the equilibrium shape for the considered state of the sam-
ple in the force-displacement plots. A main observation emerges by looking
at Figs.4.10a and at the corresponding line in Fig.4.11.

Hardening behavior can be observed for the two cases of shear and ten-
sion. For the compression test, however, a softening behavior is observable.
The hardening behavior noticed between steps 4 and 5 in the compression
test Fig.4.11(b) is due to natural contact between the constituting beams
of the pantographic micro-structure, and is merely plotted for complete-
ness. Another interesting remark is that in all three different tests reported
in Fig.4.11, the central beams of each specimen experience indiscernible
bending deformation and, primarily, undergo rigid body motion. As is ob-
served in (5), major part of the bending and torsional energies are therefore
stored in beams closer to the boundaries and pivots in central regions of the
structure, respectively.

To summarize, during the first experimental campaign on millimetric
specimens of pantographic unit cell a complete series of tensile, shear, com-
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Figure 4.9. Comparison of the experimental data of all the samples between
tensile test, compression test and shear test.
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Figure 4.10. a) Tensile b) compression and c) shear plots of force versus
displacement for the sample A1.

(a)
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(c)

Figure 4.11. Pictures displaying the deformation of sample A1 under tensile,
compression and shear test at five different stages.
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pression and tensile relaxation experiments have been performed. The in-
vestigation concerned specimens differing in two geometrical characteristics,
allowing us to parametrically investigate each of the varied geometrical pa-
rameters effect on the resultant behavior of the structure. While the samples
in group A were behaving in an expected fashion where smaller pivot length
results in larger reaction force, group B showed an aberration. The latter
observation suggests that describing the structure’s behavior completely a
refined mathematical model is needed.
The data presented above shows the behavior of a unit cell of a larger
pantographic structure, and therefore can be used to calibrate mathematical
models. The solidness of such models can be tested by examining whether
unusual behavior (such as what we observed for the sample type B2) can
be resulted from the model. As geometrical parameters can be changed to
cause different behavior in the pantographic structures, the accepted model
can then be utilized to find optimal geometrical parameters pertaining to a
desired behavior using optimization algorithms.

4.3 Second experimental campaign

The second experimental campaign on millimetric pantographic unit cells
focuses at analyzing the mechanical behavior of the pantographic unit cells
via tensile and compression tests. The main purpose is to extend the results
on the behavior of this system described previously by analyzing a larger set
of specimens showing different geometric features. Moreover, there is the
goal to determine other possible extreme configurations in the space of the
microstructure’s geometric parameters and, at the same time, to exclude
the role of the particular material used to produce the specimens. For this
reason, a different polyamide powder has been used during the printing
phase.

The considered range for such geometrical parameters encompasses the
ones reported in 4.2 and broaden the variation range of geometrical pa-
rameters involved in defining such a pantographic system. However, as the
properties of the powder and the 3D printer parameters used to fabricate
the samples alters the mechanical properties of the unit cells, the measured
values of the forces for these samples may differ from the ones presented
before. The differences between the current set of pantographic unit cells
lie in their spacing, p, and pivot heights, h (see Fig. 4.1). The naming
prescription used in 4.2 is adopted here for conciseness in referring to the
samples with different geometrical parameters. We refer to the samples us-
ing a compound name made up of a letter in the beginning and a number
at the end. We label the specimens as A, B, C, D, and E, depending on
their geometrical parameter p value being 5 mm, 8 mm, 12 mm, 15 mm,
and 18 mm, respectively. Numbers of 1, 2, 3, and 4, corresponding to the
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values of 1 mm, 1.5 mm, 2 mm, and 3 mm, respectively, follow the alpha-
betic labels in order to differentiate samples with different values for their
geometrical parameter h. As an example, the sample B3 has its p and h

values, respectively, as 8 mm and 2 mm. The geometrical features shared
by all the specimens are listed in Tab. 4.1.

4.3.1 Results and discussion

The assigned deformation values for the pantographic unit cells in both the
tension and compression tests were chosen such that the unit cells do not
experience rupture (in tension) or major change in deformation mode (in
compression) during the experiment, while also ensuring that the limits of
the testing machine are not exceeded.

Fig. 4.12 shows the results for the tensile tests performed on the panto-
graphic unit cells, grouped for different spacing, p, values. It can be observed
that force vs displacement plots of sample A2, A3, A4 exhibit a linear elas-
tic behavior while sample A1 has a non-linear trend (Fig 4.12(a)). Similar
results appear by looking at plots of group B-D (Fig 4.12(b-d) respectively)
where samples B1, C1, D1 show non-linear behavior with hardening start-
ing at higher displacement values, while samples B(2-4), C(2-4) and D(2-4)
have linear trend. Differently, the mechanical behavior of group E (Fig.
4.12(e)) indicate a non-linear behavior for all the samples (Fig. 4.12(e)).
Overall, the result depicted in Fig. 4.12 reveal an indirect proportionality
between the slope of the curves and the pivot length, but an aberration can
be noted for group B and group D.

Figure 4.12. Plots of the data from experimental tensile tests for (a) group A
(b) group B (c) group C (d) group D and (e) group E.

In order to analyze how each geometrical parameter alters the stiffness
of the pantographic unit cells, one can plot for particular displacements and
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constant p values, the reaction force values associated with unit cells with
different h values. The plots corresponding to this analysis are presented in
Fig. 4.13, which shows that for a given displacement the measured reaction
force is decreasing with the length of the pivot. A slight difference emerges
from the plot in Fig. 4.13(b) and Fig. 4.13(d) for group B and D respec-
tively, where samples B2 and D2 represent a local minimum. However, their
values are very similar to what has been calculated for the samples B3 and
D3.

Figure 4.13. Interpolation plots of the force values with respect to the length of
the pivots for tensile tests. Each line refers to a specific value of the imposed
displacement (“disp” in the legend) for (a) group A (b) group B (c) group C (d)
group D and (e) group E.

Alternatively, one can plot for particular displacements and constant pivot
heights, h, the reaction force values associated with unit cells with different
spacing, p. The latter analysis is reported in Fig. 4.14. It can be observed
that in each plot of Fig. 4.14 - where the abscissa reports the specimens
of each group having the same height of the pivot while ordinate reports
the force level - there is an indirect proportionality between the measured
tension force and the spacing, p. In this case, there is no local extremum.

Fig. 4.15 shows the results for the compression tests performed on the
pantographic unit cells, grouped for different spacing, p. Overall, the sam-
ples exhibit a linear behavior for the very initial values of imposed displace-
ment, then a softening branch can be observed. Additionally, for groups A
and B a hardening part occurs after a compression displacement of 6 mm
and 10 mm respectively, which is related to the contact of the beams. The
rapid increase of the force level is not present in the plots for groups C,
D, E (Fig. 4.15 (c-e)) because the instrumentation used did not allow the
attainment of a deformation capable of bringing the beams into contact. As
for tension test, the samples of group A show an indirect proportionality
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Figure 4.14. Interpolation plots of the force values with respect to the
parameter p for tensile tests. Each line refers to a specific value of the imposed
displacement (“disp” in the legend). Specimens are grouped for equal values of
the parameter h, being the length of the pivot equal to (a) 1 mm (b) 1.5 mm (c)
2 mm and (d) 3 mm.

between compression force and pivot length (Fig. 4.15(a)). Similar consid-
erations can be made for group D and E, whose results under compression
are reported in Fig. 4.15(d) and Fig. 4.15(e). A substantial deviation
emerges from the result plotted in Fig. 4.15(b) and Fig. 4.15(c), for groups
B and C respectively. Indeed, sample B2 does not follow the mentioned
inverse proportionality, and it exhibits the minimum reaction force. Simi-
larly, in Fig 4.15(c) the curve of sample C1 has a reaction force comparable
to sample C4, while the curve of sample C2 and C3 present higher values.

Figure 4.15. Plots of the data from experimental compression tests for (a)
group A (b) group B (c) group C (d) group D and (e) group E.
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Fig. 4.16 shows the reaction force values associated with unit cells for
selected displacement values and constant spacing, p, for different pivot
heights, h. It is remarkable that for group A, D and E the force measured
for a fixed displacement decreases for higher values of pivot length while
groups B and C reveal extremum configurations. Indeed, sample B2 shows
minimum reaction force while samples C2 and C3 exert the highest reaction
force values. Further, one can plot for particular displacements and constant
pivot heights, h, the reaction force values associated with unit cells with
different spacing, p. These plots are shown in Fig. 4.17. It can be observed
that in each plot of Fig. 4.17 - where the abscissa reports the specimens
of each group having the same height of the pivot while ordinate reports
the force level- there is an indirect proportionality between the measured
compression force and the parameter p. In this case, we do not observe any
local extremum in the behavior of specimens.

Figure 4.16. Interpolation plots of the force values with respect to the length of
the pivots for compression tests. Each line refers to a specific value of the
imposed displacement (“disp” in the legend) for (a) group A (b) group B (c)
group C (d) group D and (e) group E.

Similarly to the first experimental campaign, the mechanical behavior
of pantographic unit cells by means of tensile and compressing tests has
been analyzed. The unit cells under investigation are characterized by dif-
ferent values of the microstructure’s geometrical parameters p, the spacing
between two pivots, and h, the height of the pivots (see Fig. 4.1). Based on
figures, when we fix the h value and compare p values for specimens (as in
Fig. 4.14 and Fig. 4.17), there is no aberration in behavior and for speci-
mens with larger spacing, p, we observe a decreased value of reaction force.
However, for the case where we fix the p value and compare specimens with
different pivot heights, h (as in Fig. 4.13 and Fig. 4.16), there is local
extremum observed for some specimens. Interestingly, the observed aberra-
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Figure 4.17. Interpolation plots of the force values with respect to the
parameter p for compression tests. Each line refers to a specific value of the
imposed displacement (“disp” in the legend). Specimens are grouped for equal
values of the parameter h, being the length of the pivot equal to (a) 1 mm (b)
1.5 mm (c) 2 mm and (d) 3 mm.

tion for samples in group B is different from the one reported in 4.2.1. The
sample B1 is reported to be more compliant than the sample B2 in both
tension and compression in 4.2.1, making specimen B2 to be a local maxi-
mum in its group. On the other hand, we observe here the sample B2 as a
local minimum in both tension and compression tests in its group. These
differences have been consistent in each 3D printed set of unit cells, as the
results of multiple tests on different group B samples revealed (not shown
here), but as noted, are not consistent in different sets of prints. Further, we
remark the difference in the mechanical behavior of geometrically identical
specimens in each 3D printed set of samples.

Fig. 4.18 shows the tensile test results for 10 geometrically identical
samples with particular chosen geometric parameters. Based on the results
shown in Fig. 4.18, the average reaction force read for a total of 4 mm dis-
placement is 3.39 N while the minimum and maximum forces are reported
as 2.75 N and 3.82 N, respectively, which are lower and higher than the
average force value by 19% and 13%. This range of value may be enough
for some of the local extremum observed here to disappear, and may be
pertinent to the inhomogeneity of the constituent powder used to fabricate
the specimens, experimental setup, the feature size of the 3D printer, and
the effect of relaxation of the samples when being mounted on the testing
machine. However, it is unlikely that the differences between the group
with spacing, p = 8 mm, in the current paper and the previous paper be a
result of this dispersion. One convincing reason for the change in mechan-
ical behavior in the mentioned group of specimens is that the mechanical
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Figure 4.18. Tensile test results for 10 geometrically identical samples with
particular chosen geometric parameters.

behavior of the pantographic unit cells is not changing linearly with the
change of their constituent powder. In other words, the deformation mech-
anisms involved in the mechanical behavior of the pantographic unit cells
may change in a nonlinear fashion if the constituent material is changed.

The results of this analysis could be usefully exploited to better de-
termine and characterize computationally efficient mesoscopic models such
as the so-called Hencky-type models (33; 35). This kind of approach is
very promising from the computational point of view since it allows to de-
termine equilibrium configurations of pantographic structure by studying
mesoscopic discrete systems directly inspired by the discrete nature of the
microstructure without introducing a continuous description. Of course, the
outcomes obtained from the analysis presented in above can be exploited
to optimally calibrate this kind of models [(31)].
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Mechanical characterization
for the pantographic unit
cell

The usual process for a novel material or a technology to be applied to
engineering applications, interpreted as the set of design techniques, math-
ematical modeling, numerical simulation, and experimental validation, is
usually very long and complicated. To be precise, the phases just described
concern, in general, any natural process whose cause and effect relation-
ships we intend to know and use for our applications, and, in particular,
the same phases apply to the understanding and reproducibility of mechan-
ical metamaterials’ behavior. In this regard, the crucial point is to conjec-
ture the right mathematical model that is respectful to a certain degree of
the physical system under consideration and allows the evaluation up to a
pre-established accuracy of some aspects of interest.
For the pantographic metamaterial class, the mechanical behavior can be
investigated via, broadly speaking, the following three approaches, each
having its peculiarities and strengths:

• continuum approach (5; 13);

• discrete approach (33);

• experimental approach using the potentialities of the 3D printing pro-
cess (14).

Common to both continuum and discrete investigation approaches, there
is the necessity to estimate the constitutive parameters relevant to the two
kinds of models. One must also notice a strong connection between consti-
tutive parameters when a macro model is deduced by homogenization of a
discrete model giving a minute description of the microstructure (see 2.1).
There have been few attempts relative to the passage between the consti-
tutive parameters for continuum and discrete models, or vice versa, and it
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is still missing a satisfactory answer to the following questions: how can
we estimate the constitutive parameters for a continuum or discrete model
starting from the results of physical experiments? How do we proceed to
quantify the relations between the constitutive parameters for continuum
and discrete models or vice versa? The present chapter addresses this ques-
tions and proposes a first attempt to provide an answer.

The study of pantographic structures requires identifying each of its ele-
mentary components’ mechanical properties to optimize particular applica-
tions’ performances. Indeed, the overall properties of considered metama-
terial depend on their geometric microstructure and the mechanical proper-
ties of their elementary constituents. The purpose’s success depends on the
development of an efficient conceptual framework that integrates all the in-
volved design steps by creating a synergistic feedback loop among different
disciplines and techniques. As seen above, there is much expertise required
to develop the current topic including, full knowledge in additive manufac-
turing techniques, advanced mathematical modeling that includes higher
gradient theories and the definition of the related schemes for numerical
solutions, the realization of experiments with precision measurements using
innovative techniques.

Among many different techniques, Digital Image Correlation (DIC) may
have a very prominent role (17; 28)to create the envisioned synergistic
approach. DIC is an (automatic) image analysis method that measures
specimens’ deformation and generates displacement and strain fields at
prescribed resolution. It became very popular in experimental mechan-
ics because this non-contact technique is carried out by using mathemat-
ical/numerical registration procedures to process digital images of speci-
mens recorded during the experiment. Refined and detailed measurements
of material deformations are essential to guide the synthesis process and to
validate its results.
To transform digital images into data, experimental and numerical tools
have to be used. The surface of the specimen has generally to be first
prepared to make the motion of material points distinguishable for the DIC
process. During the experiment, digital images are to be recorded with
possibly high-definition cameras. At the beginning of the experiment, a
reference digital image is recorded, to represent the reference configuration,
and then the displacement field is calculated with a correlation between the
reference image and subsequent images of the deformed configuration.

The DIC techniques have proven to be effective in analyzing experimen-
tal results, and they can provide a rapid feedback to guide numerical and
theoretical applications in metamaterial design (8; 9; 37).
By comparing the DIC results with numerical results, it is possible to vali-
date theoretical assumptions and practical syntheses. The detailed analysis
of deformations made possible by DIC will point toward weak points in the
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process. DIC analyses allow for more thorough and systematic compar-
isons between predicted and measured displacement fields. Further, DIC
techniques are also capable of measuring displacement fields at different
length scales (8; 9; 35). This is another essential feature that will have to
be exploited in a more extensive way in the present context as multiscale
models are developed in the description and design of metamaterials. By
using multiscale DIC analyses, and considering both the desired overall be-
havior and its microscopic features, the mathematical synthesis process and
its transformation into 3D printed specimens can be modified or developed
again and again based on the data provided by the DIC-based synergistic
procedure.

In what follows, a constitutive parameters identification of a discrete
Hencky-type model for a millimetric pantographic unit cell is attempted
and achieved. The procedure, which can be viewed as multi-objective and
multi-experiment optimization, consists of using different types of objective
functions that contain data of different nature and coming from different
types of experiments. To be specific, reaction force data of mechanical
tests on millimetric pantographic unit cells have been employed along with
displacements data measured via DIC analysis to perform an material char-
acterization of the mentioned model. The rationale of the investigation is
to develop an identification procedure in the field of pantographic materials
starting from what can be considered the elementary unit of larger pan-
tographic structures. The present results represent an intermediate step:
subsequent research on the relation between discrete micro constitutive pa-
rameters and macro homogenized constitutive parameters must follow.

5.1 Hencky-type discrete model of a pantographic
unit cell

We recall the discrete model presented in Chapter 2 and we give more details
on the application to millimetric pantographic unit cell (36).

Generally, we consider a pantographic sheet as a rectangular lattice made of
square cells. The cells, whose side length is ε, are formed by two orthogonal
arrays of fibers. We will call array 1 and array 2 the arrays forming a π/4
and a −π/4 angle with respect to the (horizontal) x1 axis (see Fig. 5.1),
respectively. The discrete Lagrangian system that we want to introduce
to describe the pantographic unit cell is made up of a finite number N of
material particles occupying the intersection points of the two arrays of
fibers. These particles are linked one to another by means of extensional
and rotational springs, whose arrangement is sketched in Fig. 5.1). Note
that this arrangement allows both pair-wise and triple-particle interactions.
With respect to a reference configuration the position of the ith particle is
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Figure 5.1. (Top) Discrete Hencky-type mechanical model for the pantographic
lattice with hinges labels; (Bottom) the related physical object with hinges labels.

indicated by a vector Pi. The Lagrangian coordinates of this system are,
therefore, the actual positions of the particles after a deformation, which
we denote with the lowercase letter pi. Hence, if we limit the kinematics of
the system to planar motions, one just needs to introduce 2N Lagrangian
coordinates to describe the system. Once the kinematics of the system has
been defined, according to classical Lagrangian mechanics framework, we
have to find a Lagrangian function for this mechanical system such that,
by imposing the first variation of the associated functional to vanish, one
obtains the equilibrium configurations of the system. Since we are interested
in equilibrium configurations, or in other words, we want to study the statics
of the structure, the Lagrangian function will contain only the potential
energy part, i.e. the contribution associated with the relevant deformation.
Every pantographic substructure which we consider here undergoes mainly
three deformation mechanisms (see Fig. 5.2):

• bending of beam segments of fibers

• their extension

• micro-torsion of interconnecting pivots

Figure 5.2. The extensional, bending and shear springs kinematics.
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As we want to produce predictions of the structural response of the pan-
tographic unit cell, we refer to the discrete system depicted in Fig. 5.3
which account for 11 points. Our ansatz is that the total energy of the

Figure 5.3. Plane pantographic sheet model highlighting pivots.

pantographic sheet can be expressed as

W(d) =Wint − Lext =
∑
e

(w0 + w1 + w2)− Lext (5.1)

where d is the vector collecting all the particles’ displacements, e is an index
labelling the springs of the system and ranging over all of them (we refer to
Fig. 5.2 and Fig. 5.3), Lext is the work done by external loads and

• w0 is the deformation energy for axial springs, defined as

w0 =
1

2
K0 (‖pj − pi‖ − ε)2 (5.2)

where pi and pj are the actual positions of the particles i and j,
respectively, and K0 is the stiffness of the extensional spring;

• w1,2 are the deformation energies for bending springs along array 1
and 2 respectively. They read

w1 = K1 (cos γ1,2 + 1) (5.3)

where the angle γ1 can be written in terms of the Lagrangian coordi-
nates as

cos γ1 =
‖pj1,2 − pi1,2‖2 + ‖pk1,2 − pj1,2‖2 − ‖pk1,2 − pi1,2‖2

2‖pj1,2 − pi1,2‖2‖pk1,2 − pj1,2‖2
(5.4)
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K1 is the stiffness of the rotational springs involving array 1 and 2,
assumed equal for both arrays, and pi1,2 , pj1,2 , and pk1,2 are the actual
positions of three particles aligned along array 1 or 2;

• w2 is the deformation energy for shear springs, defined as

w2 =
1

2
K2

(
γ3 −

π

2

)2
(5.5)

where

cos γ3 =
‖pj1 − pk2‖2 + ‖pk1 − pj1‖2 − ‖pk1 − pk2‖2

2‖pj1 − pk2‖2‖pk1 − pj1‖2
(5.6)

and K2 is the rigidity of the rotational springs which connect the
two arrays, and pk1 , pk2 , and pj1 are the Lagrangian coordinates of
the particles involved. One such shear spring will appear in all the
quadrants of Fig. 5.1.

The solution of the equilibrium equations is achieved by means of a mat-
lab code which implements and arch-length solution scheme as the type
described in (36). It is well known that Newton’s scheme fails when the
tangent stiffness matrix becomes singular and that this drawback can be
overcome, using exactly the same tools already introduced, by using an
arc-length strategy based on the Riks’ idea.

5.2 Principle of digital image correlation

Digital image correlation DIC can be used to quantify evolution of displace-
ment field at prescribed resolution of a deformed specimen. Recently, this
technique has been applied to extract the displacement fields as the panto-
graphic structure is deformed in the experimental tests (20; Hild and Roux).
For the pantographic structures, displacement fields can be derived at macro-
scopic and mesoscopic scales (15). These displacement fields can then be
compared with those predicted via numerical simulations. By this com-
parison, it is possible to validate the considered constitutive model. DIC
is based upon the analysis of digital images of surfaces at different stages
of deformation in experiments, with an aim to obtain a precise estimation
of the deformations. Generally, only limited information is available from
gray level images. For this reason, it is not possible to measure displacement
fluctuations beyond certain spatial resolution. Consequently, it is necessary
to find a compromise between the uncertainty level and the spatial resolu-
tion. Unrefined descriptions of displacement fields based on discretizations
coarser than the scale of pixels are usually required. Additional informa-
tion is necessary to achieve finer resolutions. For example, it is possible to
consider continuous displacement fields and decompose them on convenient
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kinematic bases (e.g., finite element shape functions). The calculation time
is increased in this global approach, but the uncertainties can be reduced
(17).

5.2.1 Global DIC

The registration of two gray level images in the reference (f) and deformed
(f) configurations is based on the conservation of gray levels

f(x) = g(x + u(x)) (5.7)

where u is the (unknown) displacement field to be measured and x the
position of pixels. The sought displacement field minimizes the sum of
squared differences Φ2

C over the region of interest (ROI)

Φ2
c =

∑
ROI

φ2
c(x) (5.8)

where φC defines the gray level residuals φc(x) = f(x) − g(x + u(x)) that
are computed at each pixel position x of the ROI. The minimization of Φ2

c

is a nonlinear and ill-posed problem. This is the reason for considering a
weak formulation in which the displacement field is expressed over a chosen
kinematic basis

u(x) =
∑
n

unψn(x) (5.9)

where ψn are vector fields and un the associated degrees of freedom, which
are gathered in the column vector u. Thus the measurement problem con-
sists in the minimization of Φ2

c with respect to the unknown vector u. This
problem is nonlinear and to obtain a solution Newton’s iterative scheme
can be implemented. In the following analyses, the vector fields correspond
to the shape functions of 3-noded triangular elements (i.e., T3 elements).
Consequently, the unknown degrees of freedom are the nodal displacements
of the T3 elements.

5.2.2 Regularized DIC

The previous approach can be penalized when the image contrast is not
sufficient to achieve low spatial resolutions. They consist of adding to the
global correlation functional Φ2

c penalty terms. In the following, a first
penalty, which is based on the local equilibrium gap, is added for the inner
nodes of the finite element mesh and those belonging to the free edges

Φ2
m = {u}> [K]> [K] {u} (5.10)
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Figure 5.4. Specimen of pantographic unit cell employed for the material
characterization procedure.

where [K] is the rectangular stiffness matrix restricted to the considered
nodes. For the other edges, a similar penalization is considered

Φ2
b = {u}> [L]> [L] {u} (5.11)

where [L] is a second operator acting on the nodal displacements of the
boundaries that are not traction-free (29). The global residual to minimize
then consists of the weighted sum of the previous three functionals (i.e.,Φ2

c

, Φ2
m and Φ2

b). Because the dimensions of the first functional is different
from the other two, they need to be made dimensionless. It follows that
the penalization weights acting on Φ2

m and Φ2
b are proportional to a regu-

larization length raised to the power 4 (29). The larger the regularization
length, the more weight is put on the penalty terms. This penalization
acts as a low-pass mechanical filter, namely, all high frequency components
of the displacement field that are not mechanically admissible are filtered
out. Similarly, for low-contrast areas mechanical regularization provides
the displacement interpolation. The following analyses illustrate the ben-
efit of using DIC to measure displacement fields at the macroscopic and
mesoscopic scales.

5.3 Experiments

The structure under consideration is a specimen of millimetric pantograph
shown in Fig. 5.4 whose geometrical features are depicted in Fig. 5.5.
numerical values of the parameters are give in Tab. 5.1. The geometry
of the objects was initially generated employing the CAD software Solid-
Works (Dassault System SolidWroks Corporation, Waltham, MA, USA).
The specimens were thereafter printed using a 3D printer Formiga P 100
(EOS GmbH, Munich, Germany) at the University of Technology, Warsaw,
Poland. The 3D printer uses a selective laser sintering (SLS) technology
to produce the pantographic structure out of polyamide powder (PA2200),
where the average grain size of the powder used was 56µm.
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(a) (b)

Figure 5.5. Parameters defining the pantographic unit cell structure.

Two different tests, namely a tensile test and a compression test, were
performed on two different specimens having the geometry given above.
The tensile test is experimentally carried out by keeping fixed one side of
the specimen and applying a axial displacement on the other side. A similar
setup has been used to conduct the compression test but in this case, ob-
viously, the imposed displacement has opposite sign. The maximum value
of the imposed displacement is ±6mm (with the convention that positive
sign means an extension of the specimen), at a rate of 0.1 mm/s. A Bose
ElectroForce 3200 testing-device controlled by the software WinTest Mate-
rial Testing System was used to perform all the experiments presented in
the following. The load cell used to measure the reaction force values has a
measurement range of ±22 N, a measurement uncertainty of 0.1% and pre-
cision of 0.001 N. All the experiments were done in displacement control,
meaning that one end of the pantographic unit cell is fixed, and the other
end undergoes a predefined displacement. The reaction force then is read
from the load cell attached to the fixed end of the specimen. The studied
pantographic unit cells display viscoelastic behavior, therefore, the mea-
sured force-displacement curves are specific to a loading rate of 0.1 mm/s.
The built-in transducer measuring the imposed displacement have a range
of ±6.5 mm, a measurement uncertainty of 0.1% and precision of 0.001

mm. Pictures where acquired at the rate of 1/3fps during the realization

Table 5.1. Geometrical parameters of the specimen tested for the inverse
analysis procedure.

l1 l2 a b d h
(mm) (mm) (mm) (mm) (mm) (mm)

8 8 1 1 1 3

of the mechanical experiments to be used in the DIC analysis. To improve
the convergence of the correlation analysis, a mate black speckle pattern
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(a) reference configuration (tensile) (b) reference configuration (compression)

(c) configuration at 2.1mm (tensile) (d) configuration at 2.1mm (compression)

(e) configuration at 6mm (tensile) (f) configuration at 6mm (compression)

Figure 5.6. Cropped gray level images of the tensile and compression test.

was spray painted upon the surface of the samples. Fig. 5.6 shows the
cropped gray level pictures of the reference and deformed configurations at
different times acquired during tensile and compression test. Details on the
equipment employed for image acquisition is provided in Tab. 5.2.

Table 5.2. DIC hardware parameters

Camera NIKON D300
Definition 4288× 2848 pixels (RGB image)
Gray Levels amplitude 8 bits
Lens AF-S VR Micro-Nikkor 105mm f/2.8G ED
Aperture f/4.5
Field of view 74× 111 mm2

Image scale 14.3µm/px (B&W image)
Stand-off distance ≈ 40 cm
Image acquisition rate 1/3 fps
Exposure time 20 ms
Patterning technique Sprayed black paint

5.4 Inverse analysis

The problem which we address here is to determine experimentally:

• the macro-shear stiffness of interconnecting pivots (corresponding to
micro-torsional stiffness)
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• extensional stiffness of every beam segment of fiber mechanically link-
ing the closest pairs of nodes, characterized as the sites where the
pivots are located;

• bending stiffness of aforementioned beam segments.

In addition, a principal goal is to achieve the best stiffness parameters set via
a method that aggregates measurement results from difference sources into
a single identification method while accounting for the uncertainty of each
measurement (20). The critical part is the proper weighting of each contri-
bution. The method employed hereafter is defined such that the weighting
is not an arbitrary choice, but instead naturally follows from a Bayesian
formulation given the number of measurements and their respective uncer-
tainty of each source.

For the identification process at hand, the experimental data will be the
force measured by the load cell of the testing machine and the images of the
sample surface recorded for duringe the experiment, both related to tensile
test. Let us recall a concise summary of single experiment identification
(20). Consider N observables, xi with i = 1, . . . , N , for which a model
can generate corresponding estimates from a set of m parameters {p} =

{p1, p2, . . . , pm}
xi = Gi(p) (5.12)

Note that the observables xi can be of different types with different units
(e.g., a set of measured forces and displacements). The measurement x̂i of
the observable xi is corrupted by Gaussian noise ζi

x̂i = xi + ζi (5.13)

The statistical distribution of ζi is the normal lawN (0, σ2
i ) of zero mean and

variance σ2
i , thus the probability of the estimated observable to be equal to

xi for each measurement x̂i reads

Pi =
1

(2π)1/2σi
exp

(
(x̂i − xi)2

2σ2
i

)
, (5.14)

and hence for the entire set of N measurements, assuming they are statis-
tically independent, the probability reads

Pi =
1

(2π)N/2
∏N
i=1 σi

exp

(
N∑
i=1

(x̂i − xi)2

2σ2
i

)
, (5.15)

Inference of the most likely set of parameters that corresponds to a given
set of measurements is equivalent to finding the maximum of Eq. (5.15), or
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the minimum of the log-likelihood that is (up to irrelevant constants)

η2({p}) =
N∑
i=1

(x̂i − xi)2

σ2
i

(5.16)

The choice of the prefactor is such that the expectation of η2 at conver-
gence is N , assuming that the difference (x̂i − xi) is only due to noise. It
is also noteworthy that the quadratic difference is not any arbitrary choice
among many convex functions that are minimum at the origin, but the con-
sequence of the Gaussian probability density function assumed for noise.
At this point, typically nonlinear optimization methods are applied to find
the optimal set of parameters that minimize Eq. (5.16). The most im-
portant conclusion from Eq. (5.16) is that an identification using different
aggregated measurement sets (in the presence of white noise) translates
into minimizing the weighted sum of the squared differences. Taking the
example of two sets of measurement data, with N1 and N2 measurements
and variances σ2

1 and σ2
2 respectively, and labeled sequentially from 1 to

N = N1 +N2, the cost function is decomposed as

η2
total({p}) =

1

σ2
1

N1∑
i=1

(x̂i − xi({p}))2 +
1

σ2
2

N∑
j=N1+1

(x̂j − xj({p}))2 (5.17)

In the present case, the measurable data and the respective counterpart
reproducible with the the model described above are (i) the reaction force
data measured by the load cell and reproducible by the discrete model
of 5.1; (ii) the displacement components of the points identified by the
intersection of 2 perpendicular fibers (in correspondence with the elastic
hinges). The identification operation is carried out two by means of two
different objective functions to observe the effect of including kinematic
data in the identification process. Given the position

{p} = [K0 K1 K2] (5.18)

The optimization is performed considering the expressions

η2({p}) =
N∑
n

(F̂n − Fn({p}))2 (5.19)
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η2({p}) =
1

σ2
F

N∑
n

(F̂n − Fn({p}))2+

1

Pσ2
u

P∑
i

M∑
m

(ûim − uim({p}))2+

1

Pσ2
v

P∑
i

M∑
m

(v̂im − vim({p}))2)

(5.20)

where F̂n and Fn({p}) are measured and simulated reaction force values at
time n, being N the total number of data-points registered during the ex-
periment; σ2

F is the variance related to reaction force uncertainties; ûin and
uin({p}) are measured and simulated values of the displacement component
parallel to the load application direction (v̂in and vin({p}) refers to trans-
verse displacement components) for the i− th hinge at time m, being P the
total number of considered hinges (11 in this case) andM the total number
of pictures; σ2

u and σ2
v the variances of displacement measurements for the

two directions. We will refer to the objective functions Eq. (5.4) and Eq.
(5.20) with identifcation procedure 1 (or procedure 1) and identification pro-
cedure 2 (or procedure 2). The values for the stiffness parameters necessary
to completely describe the discrete model, that is K0, K1 and K2 for axial,
bending and shearing stiffness, respectively, have to be properly identified
in order to follow closely the results of the experiment. The solution to this
inverse problem is obtained by iteratively minimizing cost functions (5.4)
and Eq. (5.20) using Newton’s method starting with an initial guess for the
parameters {K0,K1,K2}. A MATLAB routine has been implemented to
fulfill the purpose. As first estimate, we considered the stiffnesses deriving
from the De Saint Venant problem (which are rigorously valid only for the
linear case). In formulae

K0 =
EA

l

K1 =

(
1− l

L

)
EI

l

K2 =
GIp
lp

(5.21)

In table the the first guess set of stiffness along with the values deriving from
identification procedures 1 and 2 are given. where E and G are the Young’s
and the shear moduli of the polyamide, respectively; A and I are the area
and the inertia of the cross section, L the total length of the micro-beam,
and l is the length of each one of the segment of the micro-beam (between
two elastic joints). The coefficient 1− l/L take into account the number of
elastic joints used to model the bending strain energy. The Young’s modulus
E and the Poisson’s ratio ν of the polyamide used in 3D printing process can
be extracted from the technical specifications from the polyamide according
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Table 5.3. Geometrical parameters of the specimen tested for the inverse
analysis procedure.

K0 K1 K2

(N/mm) (Nmm) (Nmm)

initial set 176.5 11.08 4.72
identification procedure 1 3.92 12.25 5.27
identification procedure 2 17.52 7.92 2.10

to Tab. 2.2. We initially consider the results for the tensile test. Indeed,
we attempt to identify the complete set of constitutive parameters with the
tensile test data only. The identified stiffnesses set must be capable of repro-
ducing the tensile experimental data with good approximation and, in the
best circumstances, even force and displacement data related to other plane
problems. As we are interested in investigating the elastic regime, we will
consider a limited range of data up to 2.1 mm of applied displacement. Fig.
5.7 shows the hinges displacement component’s values parallel to the load
direction, indicated by the symbol UX. Each graph (in Fig. 5.7), which
refers to each hinge as labeled in Fig. 5.3, shows comparisons between the
experimental and simulated displacement values corresponding to the stiff-
ness in Tab. 5.3. We can notice a difference between the experimental and
simulation data at points 1 and 2. This observation is attributable to an ex-
perimental flaw in realizing the assumed null boundary conditions imposed
in the model ate points 1 and 2. Alternatively, the latter can be considered
a defect of the numerical model that cannot be prompted with the actual
boundary condition existing at a specific moment. Interestingly, this obser-
vation can be a starting point for enhanced identification techniques that
integrates a numerical model steadily updated with the actual boundary
conditions coming from correlation analysis on the images. We can also ob-
serve a complete overlap between experimental and numerical data on the
displaced boundary, namely, at points 10 and 11, which provides evidence
of the quality of the displacement measurements. Further observation can
be made on the internal points: in most cases, there is no significant dis-
crepancy between experimental data and numerical data except for points
3, 4, and also 5. Focusing on point 3, it is undoubtedly remarkable to dis-
cover that procedure number 2 provides a better overlap than the other
stiffnesses sets between experimental data and numerical simulations. The
latter outcome is due to have included information regarding the hinges’
movement within the procedure for the inverse problem.

A better appreciation of this datum can be observed by looking at Fig. 5.8,
which shows the hinges displacement component’s values perpendicular to
the load direction, indicated by the symbol UY . Apart from the boundary
points where experimental fluctuations cannot be predicted by the model,
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Figure 5.7. Hinges displacements longitudinal component: comparison between
test and simulations for tensile test.

in all other cases, the stiffness set derived via procedure two results in an
improved correspondence between model and experiment.

The Fig. 5.9 shows the comparisons regarding the reaction’s experimen-
tal and numerical data along the fixed boundary; it is possible to observe
how in both procedures 1 and 2, starting from the first attempt set of stiff-
nesses, an almost perfect interpolation of the experimental data is obtained.

To better estimate the two procedures’ quality, the root-mean-square
(RMS) deviation has been considered between experimental and predicted
values (both for force and displacements). Tab. 5.4 shows the RMS re-
garding reaction force values, and it can be observed that the two sets of
identified parameters, even if they differ in the numerical values, result in
a good approximation of the measured reaction force. The RMS values of
displacements components regarding each hinge are reported in Fig. 5.10.
Moreover, a global RMS value is represented in Figure -by averaging over
the number of points of each displacement component RMS curve, capturing
the overall quality of the displacement predictions; it appears evident from
5.10 that the constitutive parameters result in more reliable forecasting of
the displacement values in the case of procedure two.

Table 5.4. Force RMS related to tensile test and simulations.

initial guess procedure 1 procedure 2

0.67 0.023 0.027

A usual requirement in material characterization analysis is that iden-
tified values should allow satisfactory predictions for mechanical problems
different from those used within the identification procedure. In the fol-
lowing, the results of a validation procedure are discussed. A compression
test, whose representation and corresponding model boundary are shown
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test and simulations for tensile test.
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Figure 5.9. Tensile force displacement plots comparisons.
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in the figure, was considered in this additional analysis. Fig. 5.11 shows
comparisons between the displacement component’s experimental and nu-
merical data, corresponding to the set of stiffnesses in Tab. 5.3, parallel to
the applied load direction, indicated by UX. As for the tensile test case, we
observe fluctuations in the points corresponding to the fixed side (points 1
and 2) and a perfect interpolation for the displaced side (points 10 and 11).
Regarding the inner points, in most cases, there is not a significant differ-
ence between the curves, but a trend is recognizable: the set of stiffnesses 1
obtains more incompatible values than the first attempt set. Looking at Fig.
5.11, point 3 is where marked differences between the curve are recorded,
which was also observed for tensile test cases. The displacement simula-
tion data of point 3 show a substantial deviation from real measurements
for the first attempt set and a marked improvement using identified values;
however, it is not evident which procedures provide better data. A similar
overall situation appears from the graphs in Fig. 5.12, which report the
experimental and numerical values of the displacement component perpen-
dicular to the direction of application of the load, and named UY. Important
observations emerge from comparing experimental and numerical reaction
force data, as shown in Fig. 5.13. In fact, from a very discordant prediction
realized by the first attempt values, a clear improvement is obtained with
the values from procedure 1; an almost complete interpolation occurs in the
case of procedure 2. Therefore, it is significant that identification scheme 2,
also in the validation procedure, provides a precise prediction of the com-
pression reaction force. As in the tensile test case, the Tab. 5.5 shows the
RMS values for the reaction recorded and calculated in the compression
test, and Fig. 5.14 reports the RMS values corresponding to each hinge
for both displacement components. Fig. 5.14 shows that identification 1
produces an overall worsening on the prediction of the displacement values
in both directions compared to the first attempt set outcomes; with identi-
fication 2, an improvement in the RMS values is obtained as evidenced by
the average value reported in 5.14.

Table 5.5. Force RMS related to compression test and simulations.

initial guess procedure 1 procedure 2

0.543 0.103 0.019

From the contents above, it appears that the introduction of kinematic
data within the procedure for identifying the constitutive parameters of the
Henky-type model results in a set of stiffness that is more representative
of the experimental evidence. This statement is true both regarding the
tensile test -a result that one could foretell as such a test was the reference
dataset for the execution of the procedure above-, and the compression test
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Figure 5.11. Hinges displacements longitudinal component: comparison
between test and simulations for compression test.
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Figure 5.12. Hinges displacements transverse component: comparison between
test and simulations for compression test.
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Figure 5.14. RMS of hinges displacement components for compression test and
simulations.

used for validation, for which such an outcome did not seem obvious. It
should also be noted that the greatest incongruities from the kinematic
point of view occur at the points where the specimen occurred to break
under the tensile test (points 4 and 5). The latter observation suggests that
the present model does not consider supplementary mechanisms that have a
non-negligible effect. A hypothesis on the nature of these mechanisms arises
from 3.5 and could be linked to the particular geometry considered here.
For pantographic structures accounting for slender pivots, the flexibility
of these structural elements is no more negligible, and the strain energy
density must also consider that the no sliding constrains between the two
arrays of fibers does not hold. In (26), in order to describe the kinematics
of the pantographic structure with slender pivots, a modified version of the
bi-dimensional elastic surface model has been presented, which, in contrast
to (5), takes into account relative displacements between the two families
of fibers. It is believed that an enrichment of the kinematics to enclose this
additional deformation mechanism of the Hencky-type discrete model could
lead to better results and identification performances.
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Conclusions

Pantographic fabrics proved to be a fascinating subject of study, involving
the application of the knowledge in, at least, (Computational) Mechan-
ics (modeling), Experimental Mechanics (experiments), Numerical Analy-
sis (model solving), Data Analysis (image correlation), Mathematics (well-
posedness and convergence) and much other expertise. In this regard, it
is worth noting that what has been presented in this work is evidence of
how commitment from different groups of researchers should be directed to
study metamaterials and, more generally, for the study of every scientific
subject. Like any other natural Science, mechanics cannot proceed with-
out a continuous interplay between experimental evidence and theoretical
modeling. However, this is just a first (incomplete) outline of the results
gathered in this field that motivates studying more complex structures and
experiments.

To summarize, we have shown in Chapter 2 that the development of in-
novative new materials with specifically built micro-structure requires pre-
dictive and efficient numerical models for correctly simulating their mechan-
ical behavior. While a 3D model is quite respectful of the first requirement,
it is not likewise from the efficiency point of view. Until automatic calculus
does not have a better capability of solving in a reasonable time the com-
putationally complex equation systems required for the simulation of 3D
models, reduced-order models will be necessary.

In Chapter 3 new experimental data regarding pantographic structure
have been presented, which involve new constitutive materials. The most
innovative and promising manufacturing techniques have been used to print
aluminum and inox–steel specimens, whose qualitative behavior (focusing
on the determination of the elastic limit and plastic and failure process)
under BIAS extension test has been tested. The acquired data about these
novel metal-printed specimens made possible comparisons between sets of
pantographic structures having different constituent materials. The analy-
sis revealed significant compliance of the specimens, which can reach large
deformations, and features shared with polyamide specimens tested in pre-
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vious works. In particular, it is possible to relate some mechanical response
to the specific pantographic microstructure rather than the constitutive ma-
terial. It worths mentioning the main difference between the failure modes
of the two sets of specimens. While in the case of aluminum specimens,
the resistance of the pivots is involved, in the inox case, the failure must be
related to the fibers’ tensile strength. Also, the region where the rupture
triggers are different. Two models in the literature have been recalled to
relate the type of failure to the mathematical model suitable to predict it.

The study in Chapter 4 on the millimetric pantographic unit cell let
emerge new observations on the relations between microstructure’s geome-
try and mechanical response. Individual specimens within the tested sam-
ples were behaving in an unexpected fashion, showing local extrema in the
space geometrical parameters with respect to the reaction force. Moreover,
we must remark a particular sought connection between constituent pow-
der and deformation mechanisms involved in the pantographic unit cells’
mechanical behaviors. Hence, it is necessary to use more sophisticated
mathematical models to describe both the unit cell’s behavior and larger
specimens of the pantographic metamaterial.

Above all, these models must have a certain predictive model. Chap-
ter 5 tries to develop this theme, still considering millimeter pantographs,
having easier management from a productive, analytical, and experimen-
tal perspective. With novel measurement techniques such as Digital Image
Correlation, it was possible to obtain the characterization of a Hencky-type
discrete pantograph model, which is closely linked to continuous models
deriving from its homogenization.

To conclude, a series of results were presented regarding the knowledge,
technologies, and procedures involved in developing a new metamaterial.
Although partial, the results have already allowed us to quantify some as-
pects related to the pantographic structure and give an idea of how forward
towards the engineering of this particular typology and inspire the analysis
of new other innovative microstructures.
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