
UNIVERSITÀ DEGLI STUDI DELL'AQUILA
DIPARTIMENTO DI INGEGNERIA E SCIENZE DELL’INFORMAZIONE E

MATEMATICA (DISIM)

Dottorato di Ricerca in Matematica e Modelli

XXXIII ciclo

Titolo della tesi

Estimating the Remaining Concentration of Dredging-induced Re-suspensions via a
Theoretical Flocculation and Settling Model

SSD ICAR/02

Dottoranda

Aida Abdallah

Coordinatore del corso Supervisore

Prof. Davide Gabrielli Prof. Marcello Di Risio

_____________________ _____________________

Tutore Co-supervisore

Prof. Marco Di Francesco Dr. Davide Pasquali

_____________________ _____________________

A.A. 2019/2020





Estimating the Remaining
Concentration of Dredging-induced

Re-suspensions via a Theoretical
Flocculation and Settling Model

by

Ph.D. Candidate: Aida Abdallah
Supervisor: Marcello Di Risio

Co-supervisor: Davide Pasquali
Tutor: Marco Di Francesco

A thesis
presented to the University of L’Aquila

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Mathematics and Modeling

L’Aquila, Abruzzo, Italy, 2022





Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

iii





Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

v





Abstract

Maritime works often require sediment handling activities such as dredging to main-
tain harbors and channels, nourish sandy beaches and carefully remove and relocate
contaminated materials from the bottom of estuarine and coastal areas. Such operations
often lead to an increase in the concentration of suspended sediments in water columns,
which in turn causes adverse environmental effects. Mitigating the effects of dredging
requires designing its operations with care; by paying attention to the geometry of areas
affected by the sediment resuspension. Numerical modeling has been recognized as a
valuable tool to help designers and contractors to estimate the spatial distribution and
the temporal evolution of the suspended sediments. In obtaining such numerical models,
one of the most challenging aspects to be tackled is the estimation of the floccule set-
tling velocity of the fine-grained mixture that results from sediment re-suspension. This
settling velocity is affected by a phenomenon known as flocculation. In this thesis, we for-
mulate a particle transport model for suspended particles in a settling column since that
is a common way of investigating the process of floccule settling. The particle transport
model comprises the flocculation and the floccule settling sub-models. The latter sub-
model depends on the former one. Whereas the flocculation sub-model is based on the
theory of non-local interacting particles, which is a concept of (deterministic) Particle
Methods, the floccule settling velocity relies on the balance of the gravitational force and
the drag resistance, and the floccule sizes provided by the flocculation sub-model. For
more practical applications, the model was extended to include a source term, thus allow-
ing for new suspensions while the flocculation and the settling phenomena are ongoing.
In all, the particle transport model is regulated by three main parameters: α, β and nFth.
The parameters β and nFth are featured in the flocculation sub-model: β controls the
range and strength of attraction between particles while the so-called threshold floccule
size nFth controls the number of particles in the simulated floccules. Physically, β can
be interpreted as the propensity of particles to flocculate (e.g., sediment type), and nFth

signifies the natural tendency of floccules to be stable. Also, α serves as a correction
term in the floccule settling velocity sub-model to prevent an overestimation. The model
was implemented numerically for both one-dimensional and two-dimensional domains.
Through settling column-test simulations, the influence of the model’s parameters on the
spatial distribution and temporal evolution of suspended particles was examined. Also,
the model was calibrated by determining the values of its parameters that reproduced
the experimental curve describing the remaining concentration percentage of suspended
particles as a function of time.
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ẏk velocity of the k-th point-particle 1
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Chapter 1

Introduction

1.1 Research motivation

Sediment handling works like dredging and its related activities are widely used in
estuarine and coastal areas: to maintain and improve the designed depth of navigation
channels or basins like ports and harbors (Nichols and Howard-Strobel, 1991); to create
and improve facilities for beach nourishment (Di Risio et al., 2010); and to carefully re-
move contaminated materials, which are treated, reused or relocated afterward (Bridges
et al., 2008).

Despite these benefits, dredging operations cause sediments to resuspend in water
columns and thus lead to adverse biological and ecological effects. Such effects in-
clude the spread of pollutants, lack of potable water, dispersal of nutrients away from
desired locations, and the inability of aquatic organisms to detect predators due to the
resulting high turbidity (Lisi et al., 2016).

Fundamentally, sediment re-suspension happens as a result of the dislodgement of
sediments that are not captured by the movement of the dredge-head equipment used
during a dredging operation. Depending on site and operational conditions, they are
advected far from the dredging site as a plume, resulting in an increase in the suspended
sediment concentration, which can strongly vary in time and spatial distribution.

In recent years, increasing attention has been paid to the environmental impacts of
dredging (Lisi et al., 2016). The so-called "four R’s" represent four issues that are
relevant to environmental dredging: sediment Re-suspension, contaminant Release,
Residual contaminated sediment produced by and/or remaining after dredging, and
environmental Risk (Bridges et al., 2008; Lisi et al., 2016; Di Risio et al., 2017). This
thesis is related to the "third R". More precisely, it is about estimating the Remaining
Concentration of Suspended Sediments (RCSS).

RCSS estimates are meaningful for mitigating the effects of sediment re-suspension
because they can inform researchers, designers and contractors about the geometry of
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the dredging-plume (that is, the area affected by sediment re-suspension). From this
knowledge, appropriate management and monitoring measures can be designed before
the planning and execution of dredging operations (Collins, 1995; Savioli et al., 2013).

1.2 Research background and literature review

Well-established international guidelines often use numerical modeling applications to
support environmental studies related to dredging activities (Lisi et al., 2016). Addition-
ally, using proper predictive tools helps to support technical choices during the planning
and operational phases of dredging. It can also help in the designing of a sedimentation
tank (Özer, 1994), which is a component of a modern system of water supply or waste
water treatment.

One such meaningful predictive tool is the mathematical model for finding RCSS esti-
mates. For that, it is essential to understand the dynamics of (re-)suspended sediments.
The following subsection presents past research works related to the general transport
behavior of suspended particles in open-waters, and in settling columns.

1.2.1 The transport behavior of suspended sediments

Empirical studies have indicated that suspended sediments undergo differential settling
(that is, coarser particles settle faster and closer to the re-suspension source) while being
transported as a plume, from the source. A similar behavior emerges from open water
sediment disposal via activities like erosion and waste disposal.

For dredging-induced re-suspensions, some fine-grained particles may be transported
as a plume from the dredging site to the far-field zone, through the near-field zone; but
then, the ones close to the bottom may resettle immediately. In the far-field, the fine-
grained particles may remain suspended for a long period. Meanwhile, in an enabling
environment, they may aggregate into clusters called floccules (or flocs), through a
phenomenon known as flocculation.

In open water bodies, the transport behavior of suspended fine-grained sediments is
generally governed by three main mechanisms: diffusion, advection, and settling. Sus-
pended particles spread or diffuse due to the action of turbulent waves and are advected by
the ambient current velocity. Through settling, particles are moved from the suspension
to the bottom.

Over the past decade, a significant amount of literature has been devoted to finding
estimates of RCSS in open waters via analytical models in the form of partial differential
equations (PDEs); for examples, see Je et al. (2007), Lisi et al. (2016) and Di Risio et al.
(2017). Typically, such models consist of advection, diffusion, and source/sink terms.
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For dredging-induced resuspensions, the source term refers to the sediment flux leaving
the dredging zone to the far-field, which contains only fine-grained particles. The sink
term constitutes the settling velocity. For this, the empirical model shown in equation
(1.2) is often utilized.

More formally, the general transport equation for suspended fine-grained sediments is
described as

∂C
∂t

= S(x, t) − ∇(®uC) + ∇2(dC) − vsC
H
, (1.1)

where: C is the locally averaged suspended sediments’ concentration; t is the elapsed
time; S(x, t) is the sediment source; ®u is the current velocity; d is the turbulent diffusion
tensor; vs is the settling velocity of the sediment particles; and H is the water depth.

Furthermore, ∇(®uC) describes the advection of C as a result of ®u, and ∇2(dC) gives the
diffusive behavior of C due to d. Usually, apriori estimates of RCSS are obtained by
numerically solving the transport equation (1.1).

The most challenging aspects in using equation (1.1) include finding estimates for the
source term (S(x, t)) and settling velocity (vs). This work focuses on the latter.

1.2.1.1 The settling velocity of suspended particles

The settling velocity of a suspended particle is described as the velocity with which the
particle moves from its suspending position to its resting position (that is, the bottom
of the water column). Several years ago, settling velocities were taken as constants that
were usually estimated using Stoke’s law. However, in the later years, research works like
Özer (1994) and Je and Chang (2004) have affirmed that such constants underestimate
the settling velocities of fine-grained particles.

For instance, in Je and Chang (2004), it was observed that low turbulent diffusion
coefficients and conducive ambient conditions of semi-quiescent water bodies (like
slow-moving streams, wetlands, and lakes) enable suspended fine particles to flocculate.
As floccules, the fine particles attain the right mass and strength that allows them to
eventually resettle, with velocities that are higher than those of the individual particles
(Je et al., 2007).

It is important to emphasize that low turbulent diffusion coefficients and conducive
ambient conditions (external factors) do not cause particle flocculation; they only provide
an enabling environment for the phenomenon to occur. Indeed, particle flocculation is
caused by Van Der Waal’s attraction forces that exist between particles.

In instances such as water purification and wastewater treatment, coagulants/flocculants
are added to aid binding. However, only spontaneous flocculation is authorized in open
waters since the use of such chemicals may be detrimental to the inhabitants and users

3



A particle model for settling-column-test simulations

of the water bodies. Therefore, our study of flocculation does not consider the effect of
coagulants/flocculants.

The settling behavior of suspended fine particles can be studied via experiments like
continuous-flow pilot plant studies and settling-column tests. Although the former is
more realistic, the latter is commonly used because it is easier to perform and thus,
its experimental data is more easily available and obtainable (Özer, 1994). For this
reason and for the simplicity of assumptions, this thesis is situated in the context of
settling-column tests.

In essence, settling-column tests are performed by examining the settling behavior of
particles from a dilute suspension contained in an instrument called a settling column.
By studying many of such experiments, the settling velocity of suspended fine particles
was inferred and described as:

vs(t, z) = − az
t(b + 1)

, (1.2)

where the variable z is a depth, t is time, a and b are ad-hoc parameters that were
previously obtained by Özer (1994), after a regression analysis of settling-column data to
determine temporal and spatial changes in the settling velocities of suspended sediments,
due to flocculation (Je and Chang, 2004; Je et al., 2007; Di Risio et al., 2017).

Equation (1.2) is popularly used in obtaining RCSS estimates from equation (1.1). Being
an empirical model, vs captures the effect of flocculation on the particles’ motion through
the floccule settling parameters (a and b). However, it does not describe the underlying
mechanisms of flocculation.

1.2.2 Obtaining RCSS estimates from settling-column tests

Özer (1994) published an empirical model for estimating remaining suspended sediment
concentrations for settling-column tests. Therein, it was proposed that the remaining
mass (concentration) fraction of suspended sediments, Fr , at a depth z of a settling
column, and at any time t can be described by

Fr(t, z) = azbtd, (1.3)

where a, b and d are ad-hoc parameters, with a and b being the same floccule-settling
parameters seen previously in equation (1.2).

Moreover, given a settling-column with depth Ho, the depth-averaged remaining mass
fraction at any time can be obtained from equation (1.3) as
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M(t)
Mo

= 1
Ho

∫ Ho

0
Fr(t, z) dz

=
Fr (t,Ho)

b+1 .
(1.4)

where Fr(t,Ho) is the remaining fraction at the depth z = Ho at any given time, Mo is
the initial mass of the suspended particles, and M(t) is the mass at a time t.

1.3 Research objectives, summary, and organization

It is clear from equations (1.1) and (1.4) that finding RCSS estimates relies on the
knowledge about the floccule settling behavior of suspended particles. For this, the
empirical model in equation (1.2) is often used.

If available, analytical models are generally preferred because they are more compre-
hensive than empirical models: they do not just describe the outcome of a phenomenon
but also express the phenomenon’s underlying mechanisms.

Despite the increasing interest among researchers to use analytical models in the form
of equation (1.1) to obtain RCSS estimates during/after dredging, there is no analytical
model describing the floccule settling velocity of suspended fine sediments. This thesis
seeks to bridge this gap.

The following subsections present, the goals, outline, and organization of the thesis.

1.3.1 Objectives

As indicated earlier, the purpose of this thesis is to estimate the remaining concentration
percentage of suspended sediments during settling column-tests and study its evolution
with time. For this purpose, our goals are: (i) to propose a novel theoretical model
that describes both flocculation and floccule settling phenomena (ii) to simulate settling-
column tests and determine the sought estimate at any given time.

1.3.2 Summary

Using the Lagrangian approach of modeling where individual particles are followed
in their motion, the transport behavior of suspended sediments in a settling column is
modeled by combining two fundamental phenomena: flocculation and settling.

The flocculation phenomenon is formulated using the theory of interacting particles
with non-local forces. By this, the so-called flocculation velocity of each particle
embedded in a total of N number of particles was described by an interaction kernel,
which incorporates an attractive behavior. In addition, the interaction kernel depends
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on inter-particle distances and floccule sizes, that is, the number of particles that cluster
with a reference particle. The flocculation model is regulated by two ad-hoc parameters
β and nFth: β represents the propensity of particles to flocculate while nFth signifies the
natural tendency of floccules to be stable.

For the settling phenomenon, two types of settling behaviors are considered: discrete
settling and floccule settling. To obtain the discrete settling velocity of each suspended
particle, an existing model for spherical sediments is used for simplicity. Floccule
settling velocities are modeled by adapting the discrete settling model to include floccule
sizes and one ad-hoc parameter α, which serves as a correction term to prevent an
overestimation.

For practical applications, the model is extended to include a source term at any time,
thus allowing for new suspensions while the flocculation and the settling phenomena are
ongoing.

The formulated models are implemented in both one-dimensional and two-dimensional
domains. In both cases, the deterministic Particle Method (PM) was used. PM is
considered a class of numerical methods where the particles are used in carrying certain
properties like positions and weights, in the sense of Dirac-delta functions.

Through a series of settling column-test simulations, the influence of the model’s param-
eters on the spatial distribution and temporal evolution of suspended particles is studied.
Furthermore, the effect of the flocculation phenomenon on the settling behavior of the
suspended particles is investigated, and the remaining concentration of the suspended
particles is estimated at a given time. Furthermore, the model was calibrated by de-
termining the values of its parameters that reproduced a settling column experimental
curve describing the remaining concentration percentage of suspended particles as a
function of time.

1.3.3 Organization

This thesis is divided into six chapters. The next chapter presents the background of
the modeling approach used for describing the flocculation phenomenon. In addition,
it provides the flocculation and floccule-settling sub-models of the model and further
describes their formulation.

In chapter 3, a detailed description of the model’s one-dimensional implementation is
given, including an algorithm.

The simulation results are presented and analyzed in chapter 4. Highlights about the
models’ calibration works are also provided in this chapter.

Chapter 5 gives a practical application of the proposed model. More precisely, it explains
the incorporation of a source term in the model. Also, it presents a two-dimensional
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implementation of the model with and without a source term, and analyses the results
obtained in simulation.

Finally, conclusions and remarks, including prospective works, are given in chapter 6.
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Chapter 2

Material and method

This chapter has two objectives. The first is to provide some background information
about the modeling approach used for this thesis. The second objective is to present the
proposed transport model for suspended particles in a settling column and formulate the
underlying mechanisms of the transport model: the flocculation and the floccule settling
phenomena.

2.1 Modeling approach and background

Several scientific fields use the concept of interaction models to describe diverse phe-
nomena involving interactions. For instance, in mathematical biology, swarming or
aggregation models describe the biological self-organization (aggregation) behaviors
of insect swarms, ungulate herds, fish schools, and bacterial colonies (Okubo, 1986;
Grünbaum, 1994; Di Francesco et al., 2019).

These biological groupings or self-organization behaviors often arise from social inter-
actions, without directions from a leader or the influence of external stimuli such as
food and light sources. The resulting aggregates (or groups) can confer benefits such as
protection and mate choice to their members (Grünbaum, 1994).

In such models, a specific emphasis is on the interpretation of the social interactions in
terms of "forces" that are supposed to operate on individuals or particles to govern their
motions. The forces constitute interactions such as attraction for group cohesion, and
repulsion, for collision avoidance (Okubo, 1986; Grünbaum, 1994).

The types of interactions embedded in interaction models determine their nature. For
example, the aggregation or swarming models mentioned earlier have interaction forces
that include attraction and repulsion behaviors, while diffusion models constitute only
repulsive interaction forces.

The general approach used in formulating interacting particle models is the Lagrangian
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method, whereby individual particles are followed in their motion. In other words, the
motion of individual particles is described rater than their collective behavior.

Indeed, there are also Eulerian models for describing interactions in a population, in
which case collective behaviors are considered. However, such Eulerian models are
often derived as asymptotic limit interacting particle models (Lagrangian models). For
examples, see Grünbaum (1994); Morale et al. (2005); Lions and Mas-Gallic (2001);
Bodnar and Velazquez (2005); Di Francesco and Rosini (2015); Di Francesco et al.
(2019) and Fagioli and Radici (2018).

Eulerian models are easier to analyze than Lagrangian models, especially when large
numbers of particles are involved, However, Lagrangian models are, in fact, more
meaningful in understanding the underlying mechanisms of a phenomenon. To benefit
from both modeling approaches, we hope that this work can provide the right Lagrangian
framework from which an associated Eulerian model can be obtained in the future.

2.1.1 Formulating interacting particle models

In a classical dynamic framework, interacting particle models are formulated with a
discrete set of N interacting agents, individuals, or particles, with deterministic or
stochastic positions yk(t) ∈ Rd (d is the number of spatial dimensions and t is time),
and masses mk , for k = 0, 1, ..., N − 1. Each individual subjected to the interaction
forces that govern the phenomenon under study.

2.1.1.1 Forms of interacting particle models

Formulating particle models requires a description of particle dynamics. This involves
the spatial distribution and the motion of each particle embedded in the total number
under consideration.

To describe the dynamics of interacting particles, a system of Stochastic Differential
Equations (SDEs) or Ordinary Differential Equations (ODEs) may be used, depending
on whether possible randomness is to be included in the motion of each particle or not
(Chertock, 2017). This thesis focuses on only the deterministic case.

One way of describing the particle dynamics is by a second-order system of ODEs given
by Newton’s laws of motion. For examples, see, Okubo (1986), Grünbaum (1994) for
general animal grouping models (swarms, schools, flocks, and herds), and Gueron et al.
(1996), where it is applied to an elaborate study of herd dynamics.

In the absence of external (environmental) forces, the second-order formulation is given
by
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{
ẏk = vk

mk v̇k = Fk
r +

∑N−1
j=0 Fk j

, for k = 0, 1, ..., N − 1. (2.1)

where Fk
r the frictional force acting on the k-th particle as it moves. Alternatively, with

cD as a drag (or friction) coefficient, (2.1) can also be stated as

mk d2yk

dt2
+ cD

dyk

dt
=

N−1∑
j=0

Fk j, k = 0, 1, ..., N − 1, (2.2)

where Fk
r = cD

dyk

dt . Apart from that, Fk j is the (interaction) force acting on the k-th
particle due to the j-th particle. Naturally, the interaction of a particle with itself (Fkk)
is set to zero.

Another way of describing the dynamics of interacting particles is by the first-order
formulation, whereby the interaction forces between particles are given by the notion of
"non-local" forces. It is described as


ẏk = vk

vk =
∑N−1

j=0 Fk j

Fk j = − 1
wk∇ykG(|yk − y j |)

, for k = 0, 1, ..., N − 1. (2.3)

Here, Fk j is a non-local interaction force, in the sense that it depends on the (time-
dependent) pairwise distances between the particles in the system. G is the interaction
kernel that is chosen according to the application at hand. It could be repulsive, attractive
or a combination of both.

It is important to emphasize that the notion of particles in equation (2.3) refers to point-
particles in the sense of Dirac delta functions. These so-called point-particles have
positions yk and coefficients called weights, wk .

Indeed, one can formally derive equation (2.3) by applying the diffusion-velocity method
to a porous medium diffusion equation (Lions and Mas-Gallic, 2001). In simple terms,
the diffusion-velocity method is based on the idea that the diffusion of a scalar quantity,
say, u has a preferred direction of transport, namely, that of ∇u (Lacombe and Mas-
Gallic, 1999). In the absence of a source term in the diffusion equation, the particles’
weights remain constant.

For applications of the first-order model, see Morale et al. (2005) where it was used
to model the aggregation behavior of a population of ants, and Lions and Mas-Gallic
(2001); Mas-Gallic (2002) where it was used to approximate the Barrenblatt solution of
the nonlinear porous medium diffusion equation.
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In this work, the first-order model is used to model the flocculation behavior of suspended
fine-grained particles. The following remarks justify its suitability to the phenomenon
under study.

Remark (2.1). Equation (2.3) can also be obtained by assuming that the first term on
the right hand side of equation (2.2) is negligible (Bodnar and Velazquez, 2005; Evers
et al., 2015). This assumption relates to the absence of inertia. Ignoring inertia means
that particles change their velocities instantaneously in response to the forces that act on
them. This is a reasonable assumption for the fine-grained particles under consideration
since inertia is proportional to mass in the sense that the more mass a body has, the more
inertia it also has.

Remark (2.2). In equation (2.3), particles interact directly through isotropic (or symmet-
ric) interaction kernels, which means interaction kernels induce forces that depend only
on the inter-particle distances.

However, the equation can also be varied to include an-isotropic (or non-symmetric)
interaction kernels to provide some directional bias in the particles’ movements (Bodnar
and Velazquez, 2005; Evers et al., 2015). Such is meaningful in modeling interaction
behaviors in which there is a restriction in the means of perception involved, for instance,
a limitation in the particles’ field of vision.

In this study, the particles’ movements are biased by floccule sizes in the sense that
particles do not move towards others if the size of the potential floccule exceeds a
certain threshold.

Remark (2.3). The described inter-particle interactions are not caused by external factors;
they are naturally occurring. This framework is in line with the application at hand since
it does not consider the use of flocculants/coagulants to the dilute suspension to induce
flocculation.

Remark (2.4). The particle scheme (2.3) is a conservation law. Meaning, the model
remains valid as long as the total number of particles (or total mass) remains constant
(no source/sink term) in the defined domain. To add a source/sink term, the model has
to be modified.

Remark (2.5). The presented model considers a deterministic particle motion; however,
a random motion can also be used (see e.g., Morale et al. (2005); Bodnar and Velazquez
(2005)).

2.2 A particle transport model for settling column-test
simulations

As stated in chapter one, empirical studies have indicated that suspended fine-grained
particles undergo a flocculation phenomenon that enables them to form clusters known
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as floccules. After attaining the right mass and strength, the floccules settle at the bottom
of the water column via a phenomenon known as floccule settling.

This section presents the proposed model for describing the flocculation and the floccule
settling phenomena for suspended particles in a settling column. As pointed out in
chapter 1, the choice of a settling- column is because it’s experimental data is readily
available for calibration works. Also, in this case, turbulence diffusion can be consid-
ered negligible, making flocculation and floccule settling the dominant phenomena that
determine the transport behavior of the suspended particles.

Consider a total of No particles with known initial locations yk
0 ∈ Ω = [−H, 0] ⊂ R,

for k = 0, ..., No − 1, where H is the depth of the settling column, and −H and 0 are
designated as the bottom and the surface of the settling column, respectively. Also,
denote the interval [−H, 0] as the suspension zone so that the particles therein are the
suspended particles while those below −H are the settled particles.

Furthermore, assuming the flocculation and the floccule settling phenomena take place
simultaneously, then the motion of suspended particles in a settling column with the
given specifications can be described as

ẏk(t) =

vk

f (t) + vk
f s(t)

yk(0) = yk
0

, yk ∈ Ω, k = 0, . . . , N(t) − 1; t ∈ (0,T),T ≫ 0,

(2.4)

where vk
f and vk

f s are the flocculation velocity and the floccule-settling velocity of the
suspended particles (at rest), respectively.

In particular, the flocculation velocity is described as


vk

f (t) = γnFth

N(t)−1∑
j=0

Fk j
a (yk(t), y j(t))

Fk j
a (t) = −wk(t)∇ykGεa(d

k j(t))

, (2.5)

where Fk j
a is an attraction force with Fkk

a = 0 (no self-interaction), and γnFth
∈ [0, 1] reg-

ulates the particle’s movement according to the number of particles that can potentially
aggregate or form a floccule. Furthermore, Gεa with ε > 0 is a scaled attractive kernel
that depends on inter-particle distances at a given time t such that dk j(t) = |yk(t)−y j(t)|.

Here, the No number of particles in the domain at the initial time can change due to
the settling phenomenon. Also, the formation of floccules can reduce the number of
particles if the flocculating particles are merged into a single particle.

Additionally, wk(t) is the so-called weight of the k-th particle at a time t. As indicated
before, this weight does not refer to the physical weight of materials but rather the
coefficient of point-particles (Dirac-delta functions). It is defined at the initial time as
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wk(0) B c(yk(0))|yk+1(0) − yk(0)|

=
c(yk(0))

No
,

(2.6)

where No is the initial number of particles, c(yk(0)) is the mass concentration the
k-th particle, which is located at yk(0) in the cell (yk+1(0) − yk(0)] with volume
|yk+1(0) − yk(0)|.

As time evolves, the particle’s weight may change due to the effect of flocculation. Thus,
at any time t, the particle’s weight after flocculation is determined as

wk(t) =
∑

i

wi(t) , ∀ i ∈ Λk : |Λk | = dth. (2.7)

Λk is designed for detecting the uniquely constituted floccule that comprises the actual k-
th particle before flocculation, while the threshold distance dth is the maximum distance
between any pair of particles in a floccule. Indeed, if flocculating particles are merged
into a single particle, thenwk(t) becomes the weight of a new particle. However, without
loss of generality, the particle is still referred to, subsequently, as the k-th particle or
floccule.

Furthermore, assuming that each floccule moves from rest, the floccule-settling velocity
vk

f s is described as

vk
f s(t) = µ̃

k(t)ṽds, (2.8)

where ṽds(m/s), called the discrete settling velocity, is the settling velocity of a single
particle. It depends on the physical nature of the particle (shape, diameter, etc.) and
other related constants like gravity, specific gravity, drag coefficient, etc. Herein, the
settling velocity of spherical sediments is used because of its simplicity.

The function µ̃k(t) depends on the outcome of the flocculation phenomenon. It’s
dimension is s/m, making vk

f s a dimensionless quantity, just like vk
f . More specifically,

it is given by

µ̃k(t) =
Tc

Hc

(
1 + (nFk(t) − 1)α

)
, (2.9)

where α ∈ (0, 1) as a correction term for the floccule’s diameter; Tc (s) and Hc (m) are
dimensional scaling constants.

Also, the number of particles in the k-th floccule is referred to, herein, as the floccule
size. It is given by
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nFk(t) =
∑

i

nFi(t) , ∀ i ∈ Λk : |Λk | = dth, (2.10)

where dth and Λk are described as shown in (2.7). In addition, if the particles are
distributed uniformly (or have equal weights) at the initial time, then the particle’s
floccule size can be derived from its weight (and vice-versa) as

nFk(t) =
wk(t)
wk(0)

. (2.11)

Further details about the formulation vk
f and vk

f s are provided in the subsequent subsec-
tions.

2.2.1 Formulating the flocculation velocity vk
f

The flocculation model’s formulation is inspired by the concept of non-local interacting
particles discussed in section (2.1.1). The interaction kernel is a vital part of any non-
local interacting particle model. The required features of the kernel are given in the
following subsection.

2.2.1.1 Features of the attractive kernel Gεa

Typically, the interaction kernel should be a radial function. Meaning, it should depend
on distances only so that particles can interact with others from all directions without
varying the magnitude of the interaction force. Also, it should be (at least) C1(Rd) so
that ∇Gεa can be well-defined.

For a flocculation behaviour, Gεa is required to be attractive because for |dk j | > 0,
∇ykGεa(d

k j) > 0, implying a drift towards increasing concentration. In other words, the
nature of Gεa gives a resultant force

∑
Fk j

a that causes the k-th particle to move towards
its closest neighbor, according to the magnitude and direction of the resultant force.

In this thesis, Gεa is taken as the normalized attractive Gaussian kernel, which is an
arbitrary choice in the class of functions with the properties stipulated above. Another
possible choice is the normalized attractive Morse kernel. The scaling parameter ε
implies that the described attractive force exists within a radial distance or range ϵ from
the reference particle.

In a multi-dimensional space Rd , the appropriate scaling for any interaction kernel, say,
G is given by Gε = ε−1G(ε−ddk j), where ε > 0 is a small parameter. Thus, in a
one-dimensional case, scaling the normalized attractive Gaussian kernel gives
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Gεa(d
k j) = − 1

√
2πε

e− 1
2
(dk j)2

ε , (2.12)

where the normalizing coefficient 1/
√
2πε ensures that the Gεa has a unit mass.

For studies involving the asymptotic behavior of a model (a model’s behavior for very
large N values), one may consider the mesoscale approach of modeling ε, which gives
ε = 1/N β, where β ∈ [0, 1] is called the scaling coefficient (Morale et al., 2005).

By this approach, the interaction force is weak (macroscale or McKean-Vlasov interac-
tion) if β = 0, it is strong (microscale with the hydrodynamic interaction) if β = 1, and
moderate (mesoscale) if β ∈ (0, 1). Physically, one may interpret β as the propensity of
particles to floculate.

Figure (2.1) illustrates the behavior of Gεa for various values of ε. Furthermore, it shows
that the support of Gεa (the set of dk j values for which Gεa is non-zero) reduces with
decreasing values of ε, and vice-versa. Contrary to that, the maximum value of Gεa
increases as ε reduces. Therefore, ε controls the magnitude and the range of influence
of Gεa, and by extension, it regulates each exerted force.

Also, the figure shows the dependence of Gεa on inter-particle distances. For any choice
of ε, the magnitude of Gεa increases as the distance decreases. That means the closest
neighbors of the k-th particle exert stronger attractive forces than the further ones.

2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0
dkj
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0.4

0.2
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G
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d
kj

)

 =1.00
=0.50
=0.06

Figure 2.1 The influence of ε and distance on the normalized attractive Gaussian kernel Gε
a.
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2.2.1.2 Regulating the flocculation velocity with γnFth

Empirical studies have indicated that flocculation is caused by a Van Der Waal force
that reduces in strength/magnitude as the size of the floccule increases. This description
establishes a relationship between the attractive force and floccule size. It further
suggests the existence a threshold size for floccules.

To model this behavior, γnFth
(nFk

pot) is introduced in vk
f as a function of the potential

floccule size nFk
pot , and regulated by an adhoc parameter called the threshold floccule

size nFth, such that γnFth
= 1 if nFk

pot = 2 and γnFth
= 0 if nFpot ≥ nFth. Furthermore,

if nFk
pot ∈ (2, nFth) and an integer, then γnFth

∈ (0, 1).

Mathematically, γnFth
is sought as a positive compactly supported function that decreases

as nFk
pot approaches nFth. Applying these specifications to the example case of a

quadratic function, equations (2.13) and (2.14) are obtained. For nFth = 50, figure (2.2)
shows the curve describing the behavior of γnFth

as nFk
pot increases from 1 to 100.

γnFth
(nFk

pot) =

{
K(nFk

pot − nFth)
2, if nFk

pot ≤ nFth

0 , if otherwise
(2.13)

such that


γnFth

(2) = 1

K = 1
(2−nFth)2

, nFth > 2 (2.14)
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nFpot
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Figure 2.2 An example case of γnFth
: nFpot ∈ {1, ..., 100} and nFth = 50.
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Furthermore, defining Gε⋆a as γnFth
Gεa for nFth = 50, figure (2.3) shows how the

magnitude of Gεa is reduced by γ50 as a result of the increase in nFpot . Note that Gε⋆a is
zero for nFpot = 50 but is equal to Gεa for nFpot = 2. The observed behavior extends
also to vk

f , according to equation (2.5).
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G
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(d
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 Ga(dkj); nFpot = 2
 nFpot = 4
 nFpot = 25
nFpot = 50

Figure 2.3 The interaction potential Gε⋆
a with an example case of γnFth

: nFth = 50.

2.2.2 Formulating the floccule settling velocity vk
f s

Settling involves the movement of individual particles or floccules from their suspending
positions to the bottom of the water column. Individual particles settle with a discrete
settling velocity while floccules do so with a floccule settling velocity. Also, the settling
velocity of a particle/floccule is proportional to the its size or diameter. The following
paragraphs describe the derivation of a floccule settling velocity from a discrete velocity.

There exists a long series of formulations for discrete settling velocities in literature (for
examples, see, Cheng (1997); Ahrens (2000); Guo (2002); Jiménez and Madsen (2003);
She et al. (2005); Camenen (2007)). These formulations rely on the balance of gravi-
tational force and drag resistance. In this thesis, the formulation provided by Jiménez
and Madsen (2003) is used due to its simplicity. Nevertheless, other formulations can
be used within the framework of the proposed model.

The discrete settling velocity of a spherical particle can be described as

ṽk
ds = −λ

√
D
cD
, (2.15)

where D(m) is the particle’s diameter, cD is the drag coefficient, and λ is given as
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λ =

√
4

3
(s − 1)g, (2.16)

where s = ρs/ρw is the specific gravity: ρs as the sediment bulk density and ρw as the
density of water. Both densities are expressed in kg/m3, making s dimensionless.

Herein, the diameter D of each particle embedded in the No number of particles under
consideration at the initial time is taken as

D =
3

√
M̃s

ρsFs
, (2.17)

where the mass of each particle M̃s = wk(0)m̃ = m̃/No: m̃ is the mass of the bulk
sediment in kg. As stated before, wk(0) = 1/No is the particle’s initial weight with No

being the initial number of particles. Fs is a shape factor, and as seen before, ρs is the
sediment’s bulk density.

One way of modeling the floccule-settling velocity of the k-th particle (or floccule) is
by multiplying ṽk

ds by the particle’s floccule size nFk such that

ṽk
f s = −

(
λ
√

D
cD

+ (nFk − 1)αλ
√

D
cD

)
= µk ṽk

ds

(2.18)

where ṽk
ds is as shown in equation (2.15), α ∈ (0, 1) is a correction term, and µk is given

by

µk = 1 + (nFk − 1)α. (2.19)

Note that if nFk > 1, then the second term on the right-hand side of equation (2.19) is
greater than zero so µk > 1, implying that ṽk

f s > ṽk
ds. However, if nFk = 1, then µk = 1

and thus ṽk
f s = ṽk

ds, which means the particle has not flocculated, so it settles discretely.

The following figures depict the influence of α and nFk on both µk and ṽk
f s. Figure (2.4)

illustrates that µk is proportional to α. Also, µk = 1 if nFk = 1, and µk > 1 if nFk > 1.
Moreover, µk increases (linearly) as nFk increases.
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Figure 2.4 The behavior µk for varying floccule sizes and α.

Figure (2.5) indicates a linear behavior like the previous figure since µk characterises the
slope of the curve. Furthermore, the magnitude of ṽk

f s increases as nFk and α increase.
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Figure 2.5 The behavior ṽk
f s

for varying floccule sizes and α.

Alternatively, ṽk
f s can be derived from ṽk

ds by modifying the diameter D to include the
floccule size nFk so that the floccule’s diameter is purported to be nFk D. Then, ṽk

f s is
described as
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ṽk
f s = −λ

(√D+ D(nFk−1)α
cD

)
= µk ṽk

ds

(2.20)

such that

µk =
√
1 + (nFk − 1)α. (2.21)

In this case, parameter α ∈ (0, 1) corrects the deviation of the purported floccule size
from the actual one since realistically, the floccule diameter should be less than nFk D
but greater than D. Choosing α to be closer to 1 implies a minimal deviation from the
actual floccule diameter.

Figures (2.6) and (2.7) show the behavior of µk and ṽk
f s for µk in equation (2.21). As

in the previous case, µk and ṽk
f s increase as nFk and α increase, even though the curves

increase quadratically in this case.

2 4 6 8 10
nFk

1.00

1.25

1.50

1.75

2.00

2.25

2.50

2.75

3.00

k

 = 0.1
 = 0.5
 = 0.9

Figure 2.6 Alternative form of µk for various floccule sizes and α.

A comparison between figure (2.4) and figure (2.6) indicates that for any given nFk and
α, the first form of µk is greater than the alternative one. Consequently, the former one
produces a higher ṽk

f s than the latter one.

In this thesis, the former formulation was used during the model’s implementation.
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Figure 2.7 Alternative form of ṽk
f s

for various floccule sizes and α.

2.2.3 Dimensional analysis of the sub-models

The flocculation model shown in equation (2.5) is inherently dimensionless. However,
its dimensional counterpart, ṽk

f , can be obtained through the dimensional scaling: ṽk
f =

vk
f Hc/Tc, where Hc is a characteristic distance (m), and Tc is a characteristic time

(s). These characteristic values can be obtained from the experimental data during the
model’s calibration works.

On the other hand, the discrete settling velocity ṽk
ds in equation (2.15) is dimensional

from inception since the specific gravity s is dimensionless, and λ is expressed in ms−1

(g is ms−2). It’s dimensionless form can be obtained as vk
ds = ṽk

dsTc/Hc, where Hc and
Tc are the same dimensional scales described earlier.

Additionally, the "flocculation indicator" µk can be expressed dimensionally as µ̃k =

µkTc/Hc(sm−1) so that the dimensionless floccule settling velocity is given by vk
f s =

µ̃k ṽk
ds as shown in in equation (2.8).

2.2.4 An overview of the proposed model

In summary, the proposed particle model for describing the flocculation and the floccule-
settling behavior of an initial number of No particles in a (settling column) domainΩ ⊂ R
is given by
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ẏk(t) =

vk

f (t) + vk
f s(t)

yk(0) = yk
0,

, yk ∈ Ω, k = 0, . . . , N(t) − 1; t ∈ (0,T),T ≫ 0

such that


vk

f (t) = − γnFth

N(t)−1∑
j=0

wk(t)∇ykGεa(d
k j(t))

wk(t) =
∑

i

wi(t) , ∀ i ∈ Λk : |Λk | = dth

, (2.22)

assuming the particles move from rest. Furthermore, dk j = |yk − y j |; Λk is the sub-
domain of a specialized domain Λ, and is used for finding the floccule that constitutes
the k-th particle; dth is a prescribed distance for constructing Λ. Moreover, Gεa and γnFth

are described by equation (2.12), and equations (2.13) and (2.14), respectively.

Also,

vk
f s(t) =



µ̃k(t)λ
√

D
cD

µ̃k(t) = Tc
Hc

(
1 + (nFk(t) − 1)α

)
, λ =

√
4(s−1)g

3

nFk(t) B
∑

i

nFi(t) , ∀ i ∈ Λk : |Λk | = dth

, (2.23)

assuming the initial velocity of the floccule is zero. Also, Tc(s) and Hc(m) are di-
mensional scaling constants; α ∈ (0, 1); s is the specific gravity; and g(m/s2) is the
gravitational force.
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Chapter 3

Model implementation, usage and
algorithm summary

The proposed model is implemented by the deterministic Particle Method (PM), which
is a numerical method whereby particles are used in carrying certain properties like
deterministic positions and weights, in the sense of Dirac-delta functions (Chertock,
2017; Mas-Gallic, 2002). By this method, the locations and weights of the particles are
first chosen to accurately approximate the initial data. Then, the particles’ trajectories
are obtained after subjecting their motion to the evolution equation (ODE) that models
the flocculation and settling phenomena. The obtained result suffices for determining
the percentage of particles remaining in suspension at any given time.

The following section presents details about the model’s implementation. The subse-
quent section explains how the particle trajectories obtained from the implementation are
used to determine floccule sizes and estimate the remaining concentration percentage of
suspended particles at given times. This chapter ends with an overview of the algorithm
for the model’s implementation.

3.1 Particle method implementation: initialization and
time evolution steps

The first step in implementing a PM is an atomization procedure wherein the initial
positions of an assumed number of particles are determined for a given initial distribution
of the particles. The second is a time evolution step, whereby the particles’ locations
are evolved in time, according to a system of ODEs that describe the phenomenon under
study. Further explanations are given below.

25



A particle model for settling-column-test simulations

3.1.1 Particle approximation of initial data (atomization procedure)

Consider c(y(0)) as the initial distribution of No number of particles, where y(0) =

y0(0), · · · , yNo−1(0), in the domain Ω = [−1, 0] ⊂ R. Then, the particles’ initial
locations can be obtained by atomizing c(y(0)) into the No particles such that, the initial
locations of the first and last particles are: y0(0) = −1 and yNo−1(0) = 0, respectively.

Afterward, each yk(0)∀ k = 1, · · · , No − 2 is determined such that the given initial
distribution within the interval (yk−1(0), yk(0)], that is c(yk(0)), is reproduced. In
essence, this means that yk(0)∀ k = 1, · · · , No − 2, is determined by

c(yk(0)) =
wk(0)

|yk(0) − yk−1(0)|
, (3.1)

where wk(0) is the initial weight of the k-th particle. Here, the referred weight is not a
physical weight but rather the coefficient of Dirac-deltas.

Making yk(0) the subject of equation (3.1) gives

yk(0) = yk−1(0) +
wk(0)

c(yk(0))
. (3.2)

For each yk(0) being sought through the iteration, yk−1(0) and wk(0) are required. The
former is known since y0(0) has already been set. The following paragraphs explain the
definition of the particle’s initial weight wk(0).

It is imperative to note that for the application at hand, the suspended particles are
assumed to be uniformly distributed (in the domain [−1, 0] at initial time); however,
different types of initial distributions are possible. Moreover, for simplicity, the initial
distribution of the particles is set to c(y(0)) = 1, which implies c(yk(0)) = 1∀ k.

With the above considerations, a simple way to set the initial weights wk(0) is by
dividing the domain Ω = [−1, 0] into a set of No − 1 non-overlapping sub-domains,
Ωk = (yk−1(0), yk(0)] such that ∪No−2

k=0 Ωk = Ω and Ωk ∩ Ω j = ∅, ∀k , j. Then, yk(0)

is fixed at the right end of Ωk and the entire mass is "placed" into the k-th particle so
that

wk(0) ≈
∫
Ωk

c(y(0)) dy(0). (3.3)

For a well-defined equation, c(y(0)) is required to be a smooth function (i.e., differen-
tiable everywhere in the considered domain). Equation (3.3) implies that

wk(0) = |Ωk | c(yk(0)), (3.4)
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where |Ωk | as the size of Ωk . Moreover, since c(yk(0)) = 1 for each k, wk(0) = |Ωk |,
which implies, wk(0) = 1/No, due to the way Ωk is constructed.

3.1.2 Time evolution step

The time evolution step includes: evaluating the evolution equation (the proposed model)
at any time t > 0 and solving the evolution equation.

3.1.2.1 Evaluating the model

Indeed, the proposed model describes the time evolution of the position of particles
suspended in a settling column. As already shown, it consists of two sub-models: the
flocculation sub-model vk

f and the floccule settling sub-model vk
f s.

Firstly, vk
f s can be evaluated from equation (2.8), which requires the floccule size nFk

for µ̃k . Section 3.1.2.2.1 explains the determination of nFk from the solution of the
flocculation sub-model. Another requirement of equation (2.8) for vk

f s is the discrete
settling velocity ṽk

ds. Section 2.2.2 indicates that ṽk
ds is an obtainable constant, which

depends on the physical nature of the particle under consideration, and other related
constants.

Secondly, vk
f can be evaluated from equation (2.5) with the chosen attraction kernel Gεa.

For a one-dimensional case, it is obtained as

vk
f (t) = − 1√

2πε
γnFth

(t)
N(t)−1∑

j=0

wk(t)
∂

∂yk (e
− 1
2
(dk j(t))2

ε )

= 1
ε3/2

√
2π
γnFth

(t)
N(t)−1∑

j=0

wk(t) |dk j(t)| e− 1
2
(dk j(t))2

ε ,

(3.5)

The equation means that once any j-th particle lies within the ε range of k-th particle,
the former exerts an attractive force on the latter. Then, the resultant force exerted on
the k-th particle, and the γnFth

function that controls the floccule size, determine the
velocity of the k-th particle.

To compute γnFth
, the potential floccule size nFk

pot is needed. The next subsection
explains further.

3.1.2.1.1 Determining potential floccule size nFk
pot

To determine nFk
pot , it is essential to know the k-th particle’s direction of motion and

its nearest neighbors. The direction of motion of the k-th particle is obtained from the
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resultant force
∑

j Fk j
a exerted on it by the other particles in the domain. If the resultant

force is positive, the particle moves upward. Conversely, the particle moves downward
if the resultant force is negative.

Furthermore, the closest neighbors of the k-th particle are the (k + 1)-th particle and
(k − 1)-th. Hence, at a given time t,

nFk
pot(t) =

{
nFk(t) + nFk−1(t) , if k moves downward
nFk(t) + nFk+1(t) , if k moves upward

(3.6)

Also, it is important to note that if the k-th particle is at the upper end of the domain,
it moves downward. Conversely, it moves upward if it is located at the lower end of the
domain. Therefore, there is no issue with the boundary particles.

3.1.2.2 Solving the model

The model can be solved numerically with any ODE solver. The 4th order Runge-Kutta
method was used. While at it, a fractional integration step was implored in the sense
that the particle’s location was determined twice in a given time-step dt.

Firstly, after integrating vk
f with κdt as the time-step to obtain yk(t f ), where t f = t+κdt,

κ ∈ (0, 1). Secondly, after integrating vk
f s with (1− κ)dt to obtain yk(t + dt). The latter

result gives the particle’s location after both phenomena since the particle is evolved
according to their descriptions during the change in time dt.

κ is like a time-scale factor except that it scales the time-step, which is ultimately
supposed to approach zero in a large time limit. As such, its physical meaning is not
clear. However, it was used in the model’s implementation because of the assumption
that the flocculation and the settling phenomena take place simultaneously; and that at
any given time, the latter depends on the former.

3.1.2.2.1 Determining nFk(t) and wk(t) from yk(t)

The particle’s initial weight and floccule size may increase due to the inter-particle
attraction embedded in the flocculation sub-model. These can be determined from the
particle’s position as described in the following.

The k-th particle’s floccule size, nFk , is defined as the number of constituent particles
in the floccule containing it. Conceptually, a floccule is a group or cluster of two or
more particles having the distance between any pair of its constituent particles to be less
than a certain distance. Therefore, nFk is determined as shown in equation (2.10) with
Λk constructed as follows. The discussion below also applies for finding the particle’s
weight according to equation (2.7).
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Consider Λ ⊂ R such that Ω ⊂ Λ. Divide Λ into M non-overlapping sub-domains Λk

for k = 0, 1, . . .M − 1 such that the following conditions are satisfied.

1. The volume |Λk | is equal to the threshold distance dth in each dimension.

2. dth is strictly less than the initial distances between the particles, implying that
M > No.

3. Each Λk is clopen (half-open, half-closed): its upper boundary is closed while
the lower one is open. Meaning, if the k-th particle is at the upper end of Λk ,
then it is considered as a member of Λk ; whereas any particle at the lower end is
considered as a member of Λk−1

4. Each Λk is independent of time.

Each Λk is loosely referred to, hereinafter, as a box. However, this specialized box is, in
fact, an interval in a one-dimensional case and a square in two dimensions.

The above specifications ensure that initially, each box contains only one particle. As
time evolves, the attraction behavior embedded in the flocculation sub-model causes the
particles to attract each other, leading to the loss of particles by some boxes while others
gain more particles.

At any given time, the particles within the same box become the constituent particles
of a floccule. Also, the total number of particles contained in any (non-empty) box is
taken as the floccule size. If the particles in a box are merged into a single particle, the
floccule size should be assigned to the new particle. Otherwise, each particle in the box
should be assigned to the floccule size.

Remark ( 3.1). If a merging algorithm is applied to clustering particles, then it suffices
to use only the distance between the reference particle and the other particles, as long as
merged particles are replaced before the subsequent inter-particle distance is calculated.
See chapter (5) for details about merging particles.

To conclude this section, the figure below summarizes the initialization and time evolu-
tion steps discussed above.

1. Approxim ate the init ial data via 
the Par t icle M ethod 
(atom ization procedure)                                                                       t  = 0   t  > 0

1a. Evaluate v_f^k; m eanwhile, find 
nF^k_pot                                                

  
1b. Evaluate v_^k

2a. Solve the m odel num er ically with        
fract ional t im e steps 

                                              
2b. Find nF_^k and w^k; update N

Figure 3.1 An overview of the initialization and the time evolution steps.
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3.2 Estimating the remaining concentration percentages
of suspended particles

The particles’ positions yk(t)∀ k are useful for determining the percentage of the initial
N particles still in the domain at a given time. In literature, this percentage is called the
remaining concentration percentage of suspended particles.

Assuming the domain or the suspension zone is [−1, 0], where 0 and −1 denote the
surface and the bottom of the domain/settling column, respectively, then the depth of
the domain is 1.

In addition, if N changes only due to the settling phenomenon (flocculating particles are
not merged into a single particle), then the remaining number of particles (Nr) in the
domain is given by

Nr(t) = |{k : yk(t) ∈ [−1, 0]}|, (3.7)

where the right-hand side of the equation means cardinality of the set of particles in the
domain. Furthermore, the remaining fraction can be computed as

FN
r (t) =

Nr (t)
No

(3.8)

Then, the remaining percentage of particles in the domain (PN
r ) is obtained by expressing

equation (3.8) as a percentage.

Alternatively, FN
r can be determined from the particles’ weights as shown in equation

(3.9). Unlike equation (3.8), this approach is meaningful even if flocculating particles
are merged into a single particle.

FN
r (t) =

wr (t)
wtot
, (3.9)

where wr(t) is the total weight of particles in the domain at a time t, and wtot is the total
weight of the initially suspended particles. FN

r can be used to obtain the depth-averaged
remaining concentration (CN

r ) as

CN
r (t) =

FN
r (t)wtot

1

=
Nr (t)

No
,

(3.10)

where the numerator is the (dimensionless) remaining mass of particles in the domain,
and the denominator is the (dimensionless) depth of the considered domain.
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The dimensional form of CN
r is C̃N

r , and it can be derived: C̃N
r = CN

r m̃/Hc, where m̃ is
the total mass of suspended sediments (kg), and Hc is the depth of the settling column
(m). Moreover, the ratio m̃/Hc gives the initial (depth-averaged) concentration for each
settling column test.

3.3 Algorithm summary

The above discussions are summarized in the following algorithm, and clearly illustrated
by figure (3.2).

Algorithm 1 A 1D- implementation of the flocculation and settling model

1. Divide the domain Ω = [−1, 0], into a set of No − 1 equal

non-overlapping sub-domains such that ∀ k = 0, . . . , No − 1, yk

is contained in Ωk = (yk−1(0), yk(0)]. Assuming c̄(y(0)) = 1, set

wk(0) = |Ωk | = 1/No ∀ k.

2. Construct Λk as described in section 3.1.2.2.

3. For t f , t f s, and for each k, evaluate vk
f (t f ) and vk

f s as shown in

section 3.1.2.1. Determine nFpot while evaluating vk
f .

4. For t f , t f s and for each k, solve vk
f and vk

f s for yk(t f ) and

yk(t f s), respectively, as shown in section 3.1.2.2.

5. For t f ∈ (0, κt) and for each k, find nFk and wk.

6. For t ∈ (0,T) : t = t f + t f s, compute PN
r (t) by expressing equation

(3.9) as a percentage.
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Update 
solutions

Evaluate v_f^k (t) 
for each k

From y^k(t+kdt),       
find nF^k, w^k.       

nF^k >1?        

Evaluate 
v_dŝ k(t+kdt)

Integrate v_f^k(t) 
from t to t+dt; 

initialize with y^k(t); 
obtain y^k(t+kdt) 

Evaluate 
v_fs(t+kdt) 

Integrate v_fs or v_ds 
from t+kdt to t+dt; 

initialize with 
y^k(t+kdt); obtain 

y^k(t+dt)

Stop iteration

   Is  t+dt ? T?

 From y^k(t+dt), 
compute P_r^N (t+dt)

Yes

N o

Initialize: time=t

Yes N o

Figure 3.2 An overview of the steps involved in the model’s implementation.

32



Chapter 4

Simulation results and model
calibration: one dimensional case

Through simulations, the spatial distribution and time evolution of No initially suspended
particles were obtained. In chapter 4.1, the effect of the model’s parameters on this
result is analyzed qualitatively. Furthermore, in chapter 4.2, a curve that describes
the remaining concentration percentage of suspended particles as a function of time is
produced and compared with a standard result from Özer (1994). For this, the settling
column experimental data from Weber (1972) was used.

Recall that the model is regulated by three main parameters: α, β and nFth. Whereas
β ∈ (0, 1) and nFth > 0 are the flocculation parameter, α ∈ (0, 1) is the floccule-settling
parameter. It should be noted that κ and dth are seen as implementation parameters or
ad-hoc parameters, perhaps.

4.1 A qualitative analysis of simulation results

To facilitate the model’s calibration works, this section presents a qualitative study of the
model’s results in simulation, based on different values of its parameters. Three results
are considered: the particles’ trajectories yk(t) ∀k = 0, 1, . . . , N(t) − 1; the average
settling velocities |v̄s(t)|; and the remaining concentration percentage PN

r (t).

The following figures present the simulation results for only No = 21 particles. Also,
dth = 1/2No and dt = 0.9dy, nFth = 13, κ = 0.5 and dt = 0.9dy, where dy = 1/No is
the uniform initial distance between particles. Also, the results were scaled by Hc = 3.08

m, and Tc = 900 s (15 minutes).

For comparison, figure (4.1) illustrates the results of a hypothetical case in which there is
neither flocculation nor settling. As expected, the results show that the average velocity
is zero and that throughout the simulation, all the particles remained at their initial
locations.
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Figure 4.1 A hypothetical case in which the flocculation and floccule-settling phenomena are
absent.

4.1.1 The model’s implementation parameters: dth and κ

As discussed in chapter 3, the threshold distance dth is used to determine floccules
during the model’s implementation. It is prescribed that dth < dy, where dy is the equal
distance between adjacent particles at the initial time. Therefore, in obtaining the results
herein, dth = 1/2No was used.

Figures (4.2) and (4.3) show the result for κ = 0.1 and κ = 0.9, while nFth = 5, β = 0.7,
and α = 0.2. As indicated in chapter 3, κ ∈ (0, 1) expresses the dominance of one
phenomenon over the other at any given time. κ = 0.1 means the settling phenomenon
dominates. The converse is true for κ = 0.9.

In the former case, some particles settled, albeit discretely due to the absence of floccules.
In the latter case, all the particles remained suspended throughout the simulation, even
though floccules were produced and the average velocity was higher than the case of the
former.

The results in figures (4.2) and (4.3) suggest that to observe better the effect of α, β and
nFth on the model, both phenomena should be given an equal dominance. Therefore, in
the following, κ was fixed at 0.5 while α, β and nFth were varied accordingly.
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Figure 4.2 The influence of κ on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): κ = 0.1.
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Figure 4.3 The influence of κ on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): κ = 0.9.

4.1.2 The flocculation parameters (β and nFth)

Figures (4.4) and (4.5) show the results for β = 0.2 and β = 0.7. As explained
in chapter 2, β ∈ (0, 1) regulates the range and strength of attraction between the
suspended particles.

Therefore, less flocculation behavior is observed in yk(t) from figure (4.4) when com-
pared with figure (4.5). Also, |v̄s | is slightly higher for β = 0.2 (figure (4.4)) than for
β = 0.7 (figure (4.5)). Consequently, more particles settled in the case β = 0.7 than for
β = 0.2, although (discrete) settling started earlier in the latter case.
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Figure 4.4 The influence of β on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): β = 0.2.
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Figure 4.5 The influence of β on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): β = 0.7.

The effect that nFth has on the results is shown in figures (4.6) and (4.7), where nFth = 3

in the former and nFth = 9 in the latter. Recall that the role of nFth is to control the
number of particles in a floccule.

The recorded PN
r indicates that floccule settling started earlier for nFth = 3 (figure (4.6))

than for nFth = 9 (figure (4.7)). However, towards the end of the simulation, |v̄s(t)|
in the case of nFth = 9 surpassed that of nFth = 3, due to the greater floccule sizes
produced; therefore, more particles settled for that case.
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Figure 4.6 The influence of nFth on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): nFth = 3.
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Figure 4.7 The influence of nFth on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): nFth = 9.

4.1.3 The floccule-settling parameter (α)

For any floccule size nFk , α is expected to be the smallest possible number in (0, 1)

that prevents an over estimation of the floccule settling velocity. Figures (4.8) and (4.9)
illustrate the results for α = 0.02 α = 0.2. The other parameters were fixed: nFth = 15

and β = 0.7.

As expected, a higher average settling velocity |v̄s | was recorded for α = 0.2. Moreover,
even though |v̄s | increased slowly for some time in the case of α = 0.02, the increment
was not high enough for any particle to settle in the time considered.
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Figure 4.8 The influence of α on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): α = 0.2.
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Figure 4.9 The influence of α on the particles’ trajectories yk(t); the average settling velocities
|v̄s(t)|; and the remaining concentration percentage PN

r (t): α = 0.02.

By the analyses above, the model’s parameters’ influence on the simulation results can
be summarized as given in table (4.1)
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Parameters Effect on simulation results

β ∈ (0, 1) controls floccule formation: high values increase the floccu-
lation rate but floccules contain less particles; it indirectly
controls floccule-settling.

nFth > 0 high values increase floccule sizes, which in turn, increase
floccule settling velocities. Thus, it inversely relates to the
remaining concentration of suspended particles.

α ∈ (0, 1) it is proportional to the floccule settling velocity; should be
as small as possible.

Table 4.1 General effects of the models’ parameters on the simulation results.

4.2 Model calibration

In this section, the goal is to find the appropriate values of the proposed models’
parameters that reproduce observed remaining concentrations for a settling column-test.

4.2.1 General framework of settling column-tests

Settling column tests are performed by examining the sedimentation of particles from
a dilute suspension. Before the column test begins, a slurry of a specified sediment
is prepared by carefully and thoroughly mixing a calculated amount of the sediment,
water, and salt in a drum/barrel. The salt is required to bring the prepared slurry to pore
water or dredging site water salinity.

Afterward, course-grained materials are allowed to settle from the slurry for some time.
Then, the slurry of fine-grained particles is rapidly transferred into a previously cleaned
settling column, which is filled to the desired height, and covered to prevent evaporation.

Soon after filling the settling column, the test is commenced by recording the initial
conditions, namely, the initial time, the initial concentration, and the initial height
of the slurry in the settling column, into a data sheet. Slurry samples are collected
from designated ports that are located at specified heights along the settling column to
determine the initial slurry concentration.

To test for flocculent settling, slurry samples are collected through the ports at differ-
ent times during the test. Immediately after sampling, the turbidity and particulates
concentration is determined and recorded for each of the samples taken.
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Figure 4.10 Image of an on-going settling column test from Gurung et al. (2019).

4.2.2 A comparison with the formulation of Özer (1994)

As indicated in chapter 1, after analyzing a series of settling column tests, Özer (1994)
proposed the empirical equation (1.4), which is widely used in producing the curve
describing the remaining concentration of suspended sediments as a function of time
and the settling column’s depth.

By applying Özer’s equation to the settling column test data related to the experiment
published in Weber (1972), the solid (blue) curve illustrated in figure (4.11) was pro-
duced. For this result, a = 2.111, b = 0.241, d = −0.457, Hc = 3.08m; and Tc = 900s
(15 mins).

To reproduce this curve within a minimum margin or error, the parameters of the
models proposed herein were set to: No = 2051, β = 0.86, α = 0.44, nFth = 609, κ =

0.55 and dth = 1/2No, and the particles’ uniform diameter D = 4.066 × 10−8. Recall
that according to equation (2.17), D can be varied by changing the total mass of initially
suspended particles, as well as the number of particles.

The black curve in figure (4.11) shows the result obtained in simulation. For this, the
first floccule was produced after 5.7 s, and over 80% of the particles flocculated before
settling.

40



Chapter 4. Simulation results and model calibration: one dimensional case

0 500 1000 1500 2000 2500 3000 3500
t (s)

20

40

60

80

100

PN r
(%

)

simulated
Weber, 1972

Figure 4.11 Comparing the simulated remaining concentration percentage with the result from
the formulation of Özer (1994), using the experimental data obtained from Weber (1972).
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Chapter 5

Practical extensions of the model

For applications of the proposed model to physical situations like sediment (re-)suspensions
caused by dredging and the environmental release of pollutants in open waters, it is es-
sential to investigate the possibilities of some practical extensions.

This chapter provides information about how to include source terms in the model.
In addition, it presents details about a two-dimensional implementation of the model,
which is more meaningful than the one-dimensional implementation since it gives a
better picture of the spatial distribution of suspended particles. Furthermore, it briefly
discusses another form of the model that can be derived by modifying a particular
assumption.

5.1 Incorporating a source term in the model

In the previous formulation of the model (eq. (2.2.4)-(2.23)), the change in the total
weight of the suspended particles was only due to the settling phenomenon since it
is responsible for moving the particles out of the domain Ω. The emphasis is on the
total weight because the flocculation phenomenon increases the weights of individual
particles but not the total weight.

Incorporating a (non-zero) source term means adding a new weight in Ω. In this case,
the change in the total weight of suspended particles is due to the settling phenomenon
and the source term.

Let S(y(t), t) be the source at any time t, with y ∈ Rd being the (spatial) points in Ω

where new particles are introduced. At any time t, the weight of each "new" particle, say,
w̄k , can be determined from S(y(t), t) via the atomization procedure discussed in chapter
3. As such, w̄k is assigned to the k-th particle, which is contained in the sub-domain
Ωk .

The main difference between this case and the one without a source term is that at the
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time of adding the particles from the source term, particles from previous suspension(s)
may still be distributed in Ω. In other words, Ωk may contain "old" particles in addition
to w̄k .

Therefore, there is the need to merge the particles in Ωk into a single particle, whose
weight can be defined as

ŵ(t) = w̄k(t) +
∑

i

wi(t), ∀i ∈ Ωk : |Ωk | = 1

N̄
(5.1)

where wi is the weight of any other particle contained in Ωk with the source particle,
and N̄ is the total number of particles added. After integrating the source particles with
the old ones, the particles’ evolution continues as before. Hence, the motion of each
particle is described as

ẏk(t) =

vk

f (t) + vk
f s(t)

yk(0) = yk
0

, yk ∈ Ω, k = 0, . . . , N(t) − 1; t ∈ (0,T),T ≫ 0.

(5.2)

Moreover, the flocculation velocity vk
f is the same as described before. However, here,

N(t) depends on the total number of particles from the source (N̄), and the total number
of particles in Ω before the addition of the source term.

vk
f (t) = −γnFth

N(t)−1∑
j=0

wk(t)∇Gεa(d
k j(t)). (5.3)

The particle/floccule’s weight is determined as

wk(t) =
∑

i

wi(t), ∀ i ∈ Λk : |Λk | = dth, (5.4)

As described in chapter 3, Λk is a sub-domain of the special domain Λ, and is used
for finding the floccule that contains the k-th particle; dth is a prescribed distance for
constructing Λ.

Furthermore, assuming the floccule moves from rest, its settling velocity is given by

vk
f s(t) =



µ̃k(t)λ
√

D
cD

µ̃k(t) = Tc
Hc

(
1 + (nFk(t) − 1)α

)
, λ =

√
4(s−1)g

3

nFk(t) B
∑

i

nFi(t) , ∀ i ∈ Λk : |Λk | = dth.

(5.5)
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Solving the settling velocity gives the particle’s position after being evolved by both
phenomena.

5.1.0.1 Implementing the flocculation and settling model with a source term

The above description is implemented via the following example.

Figure 5.1 Time evolution of the example source term

Consider the source term S∗ = S(y(t∗), t∗) = 1 with the time evolution described by
figure (5.1). In addition, assume that S∗ is distributed uniformly in the spatial domain
Ω = [−1, 0] as illustrated by figure (5.2).

The given description means that new particles are added to Ω at the time t = t∗, when
the source term is not zero. Furthermore, if the total weight of the new particles is
w̄∗ = w̄(t∗), which is given by equation (5.6), then with N̄∗ as the total number of
particles added at the time t∗, w̄∗/N̄∗ is the weight of each new particle.

w̄(t∗) =
N̄∗−1∑
k=0

S(yk(t∗), t∗)|Ωk | (5.6)
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Figure 5.2 Uniform distribution of the source S∗ in the spatial domain Ω.

Even though a uniform distribution of S∗ is considered in this example, it is important
to note that other distributions can also be implemented. Indeed, one of such is shown
in figure (5.3), where the added particles are distributed unequally in Ω. Details about
the atomization of this type of distribution are discussed in Abdallah (2016).

Figure 5.3 Unequal distribution of the source S∗ in the spatial domain Ω.

We now continue with the example under consideration. As outlined in the previous
section, it is imperative to merge particles that occupy the same volume when the new
particles are added to Ω. For this, the simple particle merger technique provided by
Chertock et al. (2007) is adapted and used as follows.

Let ȳk
∗ be a new particle with the weight w̄k

∗ in Ωk and let yi with the weight wi be
another particle in Ωk when the new particle was added. Then, the particles in Ωk are
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merged into a new particle located, say, at the center of mass of the merged particles.
That is, the new particle is located at

ŷ =
w̄k
∗ ȳ

k
∗

w̄k
∗

+

∑
j w

j
∗y

j
∗∑

j w
j
∗
, ∀ j ∈ Ωk : |Ωk | = 1

N̄∗
(5.7)

and has the weight

ŵ = w̄k
∗ +

∑
j

w
j
∗ , ∀ j ∈ Ωk : |Ωk | = 1

N̄∗
, (5.8)

where N̄∗ is the number of particles added at the time t∗. The total number of particles
(N(t = t∗)) in the domain is determined after merging the old and new particles.

The merging algorithm for floccules is similar to the one above. The difference is that,
for floccule formation, the merged particles should be contained in Λk rather than in Ωk .

Assuming the particles have the same weight at the time of each suspension, which
means No = N̄∗ so that w j(0) = 1/No and wk(t∗) = 1/No, then the floccule size can be
derived as

n̂F = Noŵ. (5.9)

For unequal distributions, n̂F can be determined as

n̂F = n̄Fk
(t∗) +

∑
i

nF j(t∗) , ∀ j ∈ Ωk : |Ωk | = 1

N̄∗
. (5.10)

Algorithm (2) summarizes the given description for adding S∗ and integrating it with
other particles in Ω.

After implementing S∗, the particles’ motion is subjected to the flocculation and settling
model shown in equations (5.2)-(5.5). As indicated before, the merging algorithm is
also used at the end of the flocculation phenomenon to determine floccule sizes and
floccule weights. The simulation results are provided in section 5.1.1.
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Algorithm 2 Adding the source particles to the domain and merging them with particles
from the previous suspension

1. Divide Ω into equal non-overlapping sub-domains:

Ωk = (ȳk−1(t∗), ȳk(t∗)] so that each particle, identified as ȳk(t∗),
is contained in Ωk for k = 0, ..., N̄∗ − 1.

2. From equation (5.6), set w̄∗ = 1 so that w̄k
∗ = 1/N̄∗.

3. At the time t∗, add the new particles �y(t∗) and their
corresponding weights �w(t∗) to the domain.

4. Merge all clustering particles to obtain ŷ and ŵ according to

equations (5.7) and (5.8).

5.1.1 Simulation results and discussion

Figure (5.4) b demonstrates the evolution of the remaining percentage of suspended
sediments Pr

N obtained after implementing the flocculation and settling model with the
source S∗, which was introduced at about 900s into the simulation. For comparison, the
result for the case without a source term is provided in panel (a).

The results show that Pr
N increased when S∗ was added. Afterward, it rapidly reduced to

a percentage that is lower than the case without the source. The rapid decrease in Pr
N is

caused by the increase in the number of floccules, which occurred because of the higher
concentration of suspended particles.
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Figure 5.4 Evolution of the suspended particles without a source term (a), and with a source
term (b).

Discussions about source terms often lead to the natural question of how the time of
introducing the source affects the model’s result. Deep thoughts about this question led
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to realization of a possible variant of the proposed model, which is briefly discussed in
the next subsection.

5.1.1.1 A possible variation of the model

Recall that apart from the assumption of negligible turbulence, the model’s formulation
is based on two other hypotheses: firstly, the settling behavior of suspended fine-grained
particles depends on their flocculation behavior and secondly, the flocculation and the
settling phenomena occur simultaneously. These two assumptions amount to the choice
to fractionally integrate vk

f and vk
f s when solving the model.

The first hypothesis is affirmed by many research findings. Also, the result provided in
section 4.2 supports the second one since it demonstrates that the model can reproduce
the remaining concentration percentages observed during settling column tests. Another
way of testing the second assumption is by analyzing the implications of its alternative.
This analysis is presented in the subsequent paragraphs.

Assuming the flocculation and the floccule-settling phenomena occur in different peri-
ods, and the former takes place before the latter, then the evolution of suspended particles
in a settling column is described as

yk(t) =


vk

f (t f )

vk
f s(t f s)

yk(0) = yk
0

, yk ∈ Ω, k = 0, 1, . . . , N(t) − 1, (5.11)

where vk
f and vk

f s are the flocculation velocity and the floccule settling velocity of the
suspended particles (at rest), respectively. Also, t f ∈ (0, κT ], t f s ∈ (κT,T ] such that
T ≫ 0 is the final time, and κ ∈ (0, 1) is an empirical time-scale fraction. Moreover,
depending on the prevailing phenomenon, a time t can be either t f or t f s. In other words,
t ∈ {t f , t f s}.

Figures (5.5) and (5.6) were produced after implementing and calibrating the above
model. Figure (5.5) is for the case without a source term. For figure (5.6), the source
term S∗ was introduced separately during the two phases of the model: firstly, during
the flocculation phase when t ∈ (0, κT ]; and secondly, during the floccule-settling phase
when t ∈ (κT,T).

Without the source term, the foremost model’s result from figure (5.4) (a) is similar to
figure (5.5), even though the latter is smoother than the former. However, adding the
source term during the settling phase brings the difference between the two models to
bare. As such, a considerable difference is seen between (5.4) (b) and figure (5.6).

Indeed, it can be observed that whereas the concentration of suspended particles in-
creased by 100% when the source was added during the flocculation phase (figure (5.6)
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a), the quadratic curve in PN
r became linear after the source term was introduced in the

settling phase (figure (5.6) (b)).

The former result was obtained because by the design of the model in equation (5.11),
particles do not settle during the flocculation phase. Furthermore, the latter result
indicates that the newly added particles settled discretely since they could not flocculate,
explaining why a higher value of PN

r was recorded for that case.
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Figure 5.5 Evolution of the suspended particles’ remaining concentration percentage produced
by implementing the model in equation (5.11) without a source term.
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Figure 5.6 Evolution of the suspended particles’ remaining concentration percentage produced
by implementing the model in equations (5.11) with a source term at different times: (a) during
the flocculation phase and (b) during the settling phase (b).

From the results, one can conclude that the model in equation (5.11) behaves differently
from the foremost model, especially in the case of a source term. In particular, the
results of equation (5.11) demonstrate that more particles settled when the source term
was added during the flocculation phase of the initial suspension than for the settling
phase. This shows that, for the alternative model, the time of introducing the source
significantly affects the remaining concentration percentage of the suspended particles.

In view of the above discussion, it can be argued that the assumption that "the floccu-
lation and the floccule-settling phenomena occur simultaneously" is inconclusive even
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as the model derived from it behaved considerably well in estimating the remaining
concentration percentage of a settling column test (with no source term).

Moreover, the alternative model, which is based on the assumption that "the two phe-
nomena occur at different times" appears to be more instructive. Perhaps, a more definite
conclusion can be drawn if the source term is also allowed to flocculate even if it is intro-
duced in the settling phase of the initial suspension. Better still, results like figure (5.6)
(b) could be avoided if source terms are introduced only during the flocculation phase
of the initial suspension. However, the practicality of each of the above suggestions is
something to contemplate, and that is the object of an ongoing study.

5.2 Two-dimensional implementation

In this section, the goal is to apply the foremost model to a two-dimensional example
problem and give further details about the algorithm, which was implemented in python.
The choice of python stems from the fact that it is easily accessible and easy to learn.
Also, it has extensive libraries for scientific computations.

5.2.1 An example problem

Let’s consider a hypothetical settling column experiment whereby the suspended fine-
grained particles are distributed uniformly at the initial time in a settling column that
is Hx (m) wide and Hy (m) deep. In addition, assume the initial mass concentration of
the dilute suspension is c̃o (kg/m−2), and that at a certain time during the experiment,
new (or source) particles with the same description as the initially suspended particles
are added to the suspension. Also, assume the settling velocity of a single particle is
ṽs (ms−1).

Through a suitable scaling, the given data can be transformed to dimensionless forms.
Indeed, if one takes the characteristic scaling constants to be Hc (m) for the distance,
Tc (s) for the time and Mc (kg) for the mass, the dimensionless data can be obtained:
c = c̃oH2

c /Mc,m = m̃/Mc, and vs = ṽsTc/Hc.

Herein, it is assumed, for simplicity, that the dimensionless depth and width of the
settling column are both equal to 1. As such, the two-dimensional domain is defined
as Ω = Ωx × Ωy = [0, 1] × [0, 1]. Also, at the initial time, the uniform distribution
of the suspended particles is taken as c(x(0), y(0))) = 1. For a total of No = N2

number of particles, x = (x0, . . . , xNo−1), and likewise for y. Each (xk(0), yk(0)) pair is
determined via the atomization procedure explained in section (3.1.1). From the given
initial distribution, the weight of each suspended particle is defined in terms of Particle
Methods:
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wk(0) B c(xk(0), yk(0))|xk(0) − xk−1(0)| |yk(0) − yk−1(0)|
= 1

N2 ,
(5.12)

where 1/N is the distance between any pair of particles in each spatial dimension.
Therefore, the total weight of particles at the initial time is given by

wtot(0) =

yk∑
yk−1

xk∑
xk−1

wk(0) |xk(0) − xk−1(0)| |yk(0) − yk−1(0)|

= 1.

(5.13)

After the initialization step, the particles are evolved in time according to the proposed
flocculation and settling model. At the time t∗, new particles are generated from the
given distribution of the source term, and added to the domain. Afterward, the new
particles are merged with the older particles. Then, all the particles are evolved as
before, until the final time.

The system of ODE equations derived from the evolution equation of the particles (the
proposed model) is solved to obtain the position of each particle at the given time. From
these positions, the remaining concentration percentage described in chapter 3, as well
as the particles’ distribution in the domain, can be determined at any time.

Let pk j(t) = (xk(t), y j(t)) : xk(t) ∈ (xk−1(t), xk(t)] and y j(t) ∈ (y j−1(t), y j(t)] ∀ k, j =
0, 1, . . . N(t). Then, at any time t, if N(t) is large enough, the distribution c(pk j(t)) of
particles in Ωk j can be approximated according to the reconstruction formula with the
imposed conditions given in equation (5.14). Of course, this approximation is more
meaningful for large values of N(t).



c(pk j(t)) = wk j(t)
|Ωk j(t)| , for k, j ∈ {1, . . . , N(t)}

c(pk0(t)) = c(pk1(t)) , for k ∈ {0, . . . , N(t)}

c(p0 j(t)) = c(p1 j(t)) , for j ∈ {0, . . . , N(t)} ,

(5.14)

where |Ωk j(t))| is the area of sub-domain Ωk j at the time t:

|Ωk j(t)| = |Ωk
x(t)| |Ω

j
y(t)|

=

√
(xk2(t) + x(k+1)2(t))(y j2(t) + y( j+1)2)(t) ,

(5.15)

for Ωk
x = [xk, xk+1) and Ω

j
y = [y j, y j+1).

The following subsection presents and elaborates the conglomerate of algorithms used
to implement the two-dimensional example problem being considered.
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5.2.1.1 Algorithms for the 2D-implementation

The main algorithm’s framework is referenced as "2D_driver_simulation". It’s com-
ponent algorithms are "f_eval" and "solver", which in turn, have other components.
The functions "distribute_particles", "create_boxes", "vfloc", "vset",
"merge_flocc" and "merge_source" are defined in f_eval. As shown in
2D_driver_simulation, these functions are the building blocks of the model.

Algorithm 3 2D-implementation of the proposed model: 2D_driver_simulation

1. From f_eval.create_particles, obtain No particle locations

and weights in Ω, and denote them as (x(0), y(0)) and w(0),

respectively.

2. Using (x(0), y(0)) and w(0) as parameters, obtain(v f x(0), v f y(0))

from f_eval.vfloc.

3. For the time-step dt, let dt f =κdt such that κ is contained
in (0, 1). Using f_eval.solver, integrate (v f x, v f y)

with dt f to obtain the particles’ positions after

flocculation:(x f (dt f ), y f (dt f )).

4. Apply f_eval.merge_flocc to (x f (dt f ), y f (dt f )) and w(0) to obtain

a total of N̂ particles in Ω, with the merged particles

located at (x̂ f (dt f ), ŷ f (dt f )) with weights ŵ f (dt f ) and floccule

sizes n̂F f (dt f ).

5. With (x̂ f (dt f ), ŷ f (dt f )), ŵ f (dt f ) and n̂F f (dt f ) as parameters,

compute the particles’ settling velocities from

f_eval.vset.

6. Complete the integration step by applying f_eval.solver
to the results from step 5, using the remaining step size

dts=(1−κ)dt. This gives the particles’ positions after

flocculation and settling:(x f s(dt), y f s(dt)).

7. Set the results obtained from step 6 as (x(dt), y(dt)), w(dt)
and nF(dt).

8. At the any time T > t > dt, repeat steps 2-7 to get
(x(t), y(t)), w(t) and nF(t).
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Algorithm 4 2D-implementation of the proposed model (continued)

9. At t = t∗ < T when the source term is not zero, generate the
source particles and add them to the domain described in

algorithm (2). Note that, in the example under consideration,

the source particles are generated in the same way as the

initial particles since they both have the same distribution.

10. Find the ratio between the total weight of particles still in
the domain at the time t in (0,T), and the total weight of all
suspended particles during the simulation, which includes,

the initially suspended particles and the source particles.

Express the obtained remaining mass fraction as a percentage

to get the so-called remaining concentration percentage of

the suspended particles in the domain.

Indeed, the create_particles function, which is shown in algorithm (5), creates
particles according to a given distribution at any time ( that is, at the initial time or other
times when the source term is a non-zero function). The algorithm for creating boxes is
similar to algorithm (5). As indicated in algorithm (3), the "boxes" are meaningful for
detecting clustering particles after adding a source term and for identifying floccules.
Therefore, depending on when a box is needed, it may be either Ωk or Λk , as discussed
in section (5.1).

Algorithm 5 Particle creation and distribution: f_eval.create_particles

1. Divide Ω into equal non-overlapping sub-domains, and

identify each particle by its position (xk, yk) contained

in the volume (sub-domain), which is defined as Ωk =

(yx−1(t), xk(t)] X (yy−1(t), yk(t)] for k = 0, ..., N2.

2. Set the initial weight of each particle defined in equation
(5.12).

Also, vfloc and vset evaluate the flocculation and the settling velocities of the parti-
cles. They are implemented as shown in algorithms (6) and (7).
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Algorithm 6 The flocculation velocity: f_eval.vfloc

1. Find the distances, dk j(t), between the k-th particle or
position (xk(t), yk(t)) and the other particles (x j(t), y j(t)) in
the domain for all k, j = 0, 1, ..., N2

2. Compute the gradient of the attraction kernel Gεa:
∇(xk,yk)G

ε
a((x, y)) = (

∂Gε
a

∂xk ,
∂Gε

a

∂xk ). Recall that for a 2D-case, Gεa(x, y)
= ε−1Ga(ε

−2(x, y))

3. Find the potential floccule size nFk
pot of the particle as

described in section (3.1.2.1.1) but for this 2D-case, consider
the left and right directions for the first dimension, and

the upward and downward directions for the second.

4. Compute γnFth
(nFpot) as shown in the equations (2.13) and (2.14).

5. Using γnFth
from step 4 and the particle’s weight wk(t),

compute the flocculation velocity vk
f (t) as shown in equation

(3.5) for each dimension: vk
f = (vk

f x, v
k
f y).

Algorithm 7 The settling velocity: f_eval.vset

1. For the particle (xk(t), yk(t)) with the floccule size nFk(t),
compute µ̃(t) as shown in equation (2.9).

2. From equation (2.17), compute the diameter of each particle
using the given mass of suspended particles m̃(kg).

3. From equation (2.8), compute vk
f s = (0, vk

f s) since the settling

velocity gives only a downward motion.

The merge_flocc and the merge_source functions merge clustering particles and
give the number of particles in the system, as well as their respective locations, weights,
floccule sizes, and the new number of particles in the domain. Its implementation is
summarized in algorithm (8).

Again, as demonstrated in algorithm (3), solver integrates the evaluated flocculation
and the settling velocities of the particles using fractional time steps. This is so because
of the assumption that the flocculation and floccule-settling phenomena occur simulta-
neously, and that the latter phenomenon depends on the former one.
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Algorithm 8 The particle merger: f_eval.merge_flocc or f_eval.merge_source

1. Given particles’ positions at a time, find clusters or
floccules by searching the created boxes (Ωk for sources

and Λk for floccules) to determine where each particle lies.

2. Extract the positions and weights of the particles contained
in the same box, and merge them according to equations (5.7) -
(5.9).

3. Remove the merged particles from the domain and replace
them with the new positions, weights and floccule sizes

obtained from step 2. Also, find and update the new number

of particles in the domain.

5.2.2 2D-Simulation results and discussion

The figures below illustrate the particles’ locations and their reconstructed concentrations
across the two-dimensional domain considered. More precisely, figure (5.7) shows the
results in simulation for the flocculation parameter β = 0.1 without a source term. Also,
the case of β = 0.65 without a source term is shown by figure (5.8). Finally, figures
(5.9) and (5.10) demonstrate the result for β = 0.65 with the source term introduced
earlier and later during the simulation, respectively.

The subfigures (a) and (b) of each figure indicate the initial and final locations; and
concentrations of the particles in the domain, respectively. From there, it can be observed
that the particles’ distribution at the end of the simulation (blue circles) changed due to
the flocculation and the settling phenomena.

Furthermore, the final number of particles is less than the initial number (No = 100)
because settled particles are allowed to move out of the domain through the bottom
{[0, 1] × 0}, and also because any group of flocculating particles is merged into a single
particle.

The sizes of the markers used in the figures are proportional to the floccule sizes. By
this indicator, it can be seen that more larger-sized floccules were produced in the case
of β = 0.65 (figure (5.8)) than for β = 0.1 (figure (5.7)).

Starting with the uniform concentration c(x(0), y(0)) = 1, figures (5.7) (b) - (5.10) (b),
show that the final concentrations were higher at some points of the domain than others.
By the reconstruction formula in equation (5.14), high concentrations could either be
as a result of an increased mass or a decreased volume; or a combination of both. For
instance, in figure (5.7) (b), comparing the size of the green triangle to the identical-sized
blue ones, it can be estimated that the high concentration in the former’s case is due to
a smaller volume, which suggests that that region is more populated.
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As expected, adding the source generally increased particle weights, floccule sizes and
the remaining total mass of particles in the domain. However, the results ( see figures
(5.9) and (5.10) ) do not indicate a substantial difference in the remaining total mass
in terms of the time the source was introduced. Studies are underway to determine if
more information regarding this can be obtained by using the model variation given in
equation (5.11).
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Figure 5.7 For No = 100 and β = 0.1 without a source term, (a) shows the particles location
at the initial time (orange circles) and the final time (blue circles), and (b) shows the final
reconstructed concentration (triangles) at various points in the domain. The sizes of both
markers are proportional to floccule sizes.
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Figure 5.8 For No = 100 and β = 0.65 without a source term, (a) shows the particles location
at the initial time (orange circles) and the final time (blue circles), and (b) shows the final
reconstructed concentration (triangles) at various points in the domain. The sizes of both
markers are proportional to floccule sizes.
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Figure 5.9 For No = 100 and β = 0.65with the source term introduced earlier in the simulation,
(a) shows the particles location at the initial time (orange circles) and the final time (blue circles),
and (b) shows the final reconstructed concentration (triangles) at various points in the domain.
The sizes of both markers are proportional to floccule sizes.
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Figure 5.10 For No = 100 and β = 0.65 with the source term introduced later in the simulation,
(a) shows the particles location at the initial time (orange circles) and the final time (blue circles),
and (b) shows the final reconstructed concentration (triangles) at various points in the domain.
The sizes of both markers are proportional to floccule sizes.
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Chapter 6

Concluding remarks and ongoing
research

This research aimed to propose a novel theoretical model for the flocculation and the
floccule-settling phenomena of suspended fine-grained particles in settling columns.
By implementing the formulated model and analyzing a series of simulation results,
this thesis has shown that the proposed model can estimate the spatial distribution
and temporal evolution of suspended particles in settling columns. In particular, it
can be used to reproduce the experimental curve showing the remaining concentration
percentage of suspended particles (PN

r ) as a function of time.

The proposed model was formulated based on the Lagrangian approach of modeling,
whereby the motion of individual particles is described rather than their collective behav-
ior. By assuming that the flocculation and the settling phenomena occur simultaneously
with the latter depending on the former at a given time, the motion of each particle
embedded in N number of particles was described by an ODE (Ordinary Differential
Equation) consisting of two sub-models, namely, the flocculation sub-model and the
floccule-settling sub-model.

The flocculation sub-model’s formulation is based on the theory of non-local interacting
particles. By this, interactions between suspended particles are expressed in terms of
an attractive kernel, which depends on inter-particle distances. On the other hand, the
floccule-settling phenomenon was modeled by adapting a generic equation describing
the settling behavior of individual (or discrete) particles. More specifically, spherical
sediments were considered for simplicity, but other shapes of fine-grained particles can
also be used.

Furthermore, the model was extended to include a source term (increase in the total
mass of suspended particles) to be applied to physical problems like (re-)suspensions
caused by dredging and the release of pollutants in open waters.

The proposed model is regulated by three main parameters: α, β and nFth. The parame-
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ters β and nFth are featured in the flocculation model: β controls the range and strength
of attraction between particles while the so-called threshold floccule size nFth controls
the number of particles in the simulated floccules. Physically, β can be interpreted as
the propensity of particles to flocculate (e.g. sediment type) while nFth signifies the
natural tendency of floccules to be stable. Also, α serves as a correction term in the
floccule-settling sub-model to prevent an overestimation.

The model was implemented for both one-dimensional and two-dimensional domains.
In both cases, it was implemented via the deterministic Particle Method, which is
considered a numerical method in its rights. Two other parameters were implored for
the model’s implementation. One of them is the threshold distance dth, which was used
in prescribing the distances between flocculating particles; and the other one is κ, which
is a numerical time-scale factor that was used for solving the model.

Through settling column-test simulations, the influence of the model’s parameters on
the spatial distribution and temporal evolution of suspended particles was examined.
In particular, the effect of the flocculation phenomenon on the settling behavior of the
suspended particles was investigated.

The results obtained in simulation show excellent agreement with the corresponding
experimental result from Weber (1972) and Özer (1994). Also, the results corroborate
the understanding demonstrated in previous studies like Özer (1994), Je and Chang
(2004), Lisi et al. (2016) and Di Risio et al. (2017) that suspended fine-grained particles
do not have constant settling velocities because they undergo a flocculation phenomenon.

However, there is an ongoing study about the model’s variant, which is based on the
alternative assumption that the flocculation and the settling phenomena do not take place
simultaneously, even if the latter depends on the former.

Although the model was implemented only for the case of a uniform initial distribution of
the suspended fine particles, it can also be implemented for unequal initial distributions,
as long as the distribution can be discretized in the sense of Particle Methods.

The model is limited to suspensions in environments with negligible turbulence like
settling columns. A further study is recommended to compare the model’s results with
other settling-column tests. In addition, for its generalizability, future studies could
build on it to include the effect of turbulent diffusion.

Also, it is proposed that the model is slightly modified to depend only on particle weights
and not on floccule sizes since the former is more meaningful in the implementation.
Moreover, in some cases, the latter can be derived from the former.

Overall, the proposed model presents a novel theoretical approach for describing floccu-
lation and for studying floccule-settling. Aside from its ability to estimate the evolution
of suspended particles with time, it can also approximate the spatial distribution of the
particles, which is one of the most challenging aspects of existing models. Obtaining
this information is meaningful because it helps designers, contractors, legislators, and
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other stakeholders to curb the adverse effects of the (re-)suspension caused by sediments
handling activities such as dredging and the release of pollutants in open waters.
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